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Introduction

Doppler tracking data of both Pioneer 10 & 11, two NASA deep-space
probes launched on 1972 and 1973 towards opposite directions in the outer
solar system, evidenced an anomalous blueshift at a rate of 6× 10−9 Hz/s
of the two-way S-band radio signal (2.1-2.3 GHz) used to communicate
with ground. This effect corresponds to a nearly constant deceleration of
about 9× 10−13 km/s2 (Anderson et al., 2002a) but neither on-board gener-
ated mechanisms nor external causes were found to explain this acceleration,
which is currently known as the Pioneer anomaly. The inability to find an
unambiguous explanation suggested it could be the manifestation of some
new physical phenomena and stirred the physics community to interest. In-
deed, any hypothesis involving a gravitational origin runs into contradiction
with planetary ephemerides and therefore would imply a strong violation of
the weak equivalence principle. By this, there have been several attempts to
explain the Pioneer anomaly with alternative cosmological theories and, in
some cases, with exotic physics.

Nowadays, recent improvements of the thermal model of the two probes,
allowed by new telemetry data and design information not available at the
epoch of 2002 work, seem promising to reconcile the anomalous accelera-
tion with on-board thermal recoil forces. However, the growing interest on
the last decade about the Pioneer anomaly suggested that a dedicated deep-
space mission to test its origin could be convenient (Anderson et al., 2002b;
Nieto and Turyshev, 2004; Dittus et al., 2005). This belief has been rein-
forced by observing that other deep-space probes, including also Cassini,
were not considered adequate to test the nature of the Pioneer anomaly, al-
though a rough indication of a similar effect was just observed during Galileo
and Ulysses spacecraft orbit reconstruction (Anderson et al., 1998).

The use of Cassini spacecraft was generally disappointed because it is
3-axis stabilized and thermal radiation from the three on-board radioisotope
thermoelectric generators (RTGs), collected into cavities covered by insulat-
ing blankets, induces a large systematic acceleration, the magnitude of which
is hardly predictable. Also the Voyager 3-axis stabilization system placed un
upper limit to the spacecraft acceleration sensitivity. Concerning Galileo and
Ulysses, the main limitation comes out from systematic effects due to the
solar radiation pressure.

vi
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The present research is aimed at demonstrating that a novel approach,
based on the estimates of Cassini non-gravitational accelerations during the
entire mission, allows disentangling unambiguously the RTG’s systematic
bias from any anomalous acceleration with the magnitude of the Pioneer
anomaly. The proposed method exploits the propellent consumption and the
consequent mass decrease exhibited by Cassini spacecraft, especially during
the Saturn Orbit Insertion (SOI) maneuver. In the end, should Cassini un-
ambiguously rule out any additional acceleration, it would be the definite
proof that the Pioneer anomaly is in reality an on-board generated mech-
anism. On the other hand, if the acceleration were detected from Cassini
orbit reconstruction, it would imply a serious revisitation of known physics
laws.

Cassini mission is devoted to the study of the Saturnian system. It was
launched on October 15, 1997, and after a seven year journey, on July 1,
2004, was captured by gravitational attraction of Saturn. From that epoch
Cassini is successfully orbiting about Saturn, producing a wealth of scientific
discoveries. This work is entirely based on the analysis of Cassini tracking
data, embracing both cruise and Saturnian phases.

Cassini navigation and orbit reconstruction is accomplished at Jet Propul-
sion Laboratory (JPL) mainly using two-way coherent Doppler and range
data at X-band (7.2-8.4 GHz). During the cruise phase the spacecraft atti-
tude was controlled by a set of balanced thrusters while Cassini employed
reaction wheels during the Saturnian phase. However, the stringent require-
ments of three cruise radio science experiments, occurred during two solar
oppositions and a solar conjunction between the orbits of Jupiter and Sat-
urn, required the use of reaction wheels and about 110 days of continuous
high gain antenna (HGA) Earth pointed attitude without any maneuver
corrupting the orbit coherence. Further, Cassini is endowed with a novel
Ka-band (34-32.5 GHz) multi frequency radio system which enabled simul-
taneous two-way coherent links at X/X, X/Ka and Ka/Ka bands and the
complete cancellation of dispersive plasma noise (Bertotti et al., 1993) up to
few solar radii (Tortora et al., 2004). The full capabilities of this advanced
radio system were used during cruise radio science experiments and provided
Doppler data of unprecedented accuracy, with an Allan deviation less than
1.5 × 10−14 at 1000 s integration time (Asmar et al., 2005).

At the epoch of the first radio science experiment (6.65 AU) the non-
gravitational acceleration due to the solar radiation pressure, driven by the
frontal area-to-mass ratio (0.0023 m2/kg), decreased to ∼ 5× 10−13 km/s2,
that is about 15% of the RTG’s acceleration bias. Being thruster firings not
required for attitude purposes, other non-gravitational forces were negligible.
Cassini design makes the solar pressure acceleration quite simple to be mod-
eled during tracking periods, since the only fixed 4 m parabolic HGA faces
the Sun (only a magnetometer boom gives an additional 10% contribution).
HGA thermo-optical properties, requiring an in-flight calibration, have been
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inferred from temperature readings of two sensors mounted on the HGA
back side (Clark, 2008) and a simplistic thermal model (Di Benedetto et al.,
2009).

Accurate modeling of the solar radiation pressure, as well as high accu-
racy data and spacecraft attitude stability, yield the first accurate estimates
of Cassini RTG’s accelerations. Our three orbit solutions singled out an in-
ward acceleration of about 3× 10−12 km/s2 (mass changes among the three
experiments were negligible) with only ∼1-3% of relative uncertainty, in a di-
rection nearly coincident with that of the Pioneer anomaly. This acceleration
requires about 30% of anisotropic thermal emission and is more than three
times larger than the Pioneer anomaly. By this, the Pioneer anomaly could
be in principle hidden by RTG’s estimates because the exact fraction of ther-
mal power non-isotropically radiated is unknown. Fortunately the proper
conditions to verify this hypothesis occurred after the large SOI maneuver
on July 1, 2004, and Huygens release about six months later, which nearly
halved the spacecraft mass. Huygens was a probe housed on-board Cassini
which travelled with the mother spacecraft to study Titan atmosphere.

The large increase of non-gravitational accelerations allows testing the
RTG’s force model and disentangling the thermal recoil acceleration from
one approximately following the equivalence principle. Unfortunately, an
unrecoverable malfunction of Cassini KaT (Ka-band translator) occurred on
2003 prevents in the tour phase the same Doppler data accuracy achieved
during the cruise. However, the nearly 6 years of two-way X-band Doppler
data provide the estimation accuracy required to infer updated values of
RTG’s accelerations.

The complex Saturnian system environment makes the orbit determina-
tion procedure much more complicate. Further, a periodic thruster activity
(either to perform desaturation maneuvers and change Cassini orbital ele-
ments) as well as continuous attitude reorientations of the spacecraft between
tracking periods are potential error sources affecting RTG’s estimates. The
best solution we found to move around these issues has been using a multi
arc approach, which allowed: 1) combining arcs as short as single tracking
passes with the HGA always Earth pointed, 2) discarding arcs containing ma-
neuvers and 3) avoiding use of stochastic models to fit data. This method
is based on the distinction between local and global parameters and the
proper combination of partial derivatives into the orbital filter. The multi
arc method has been widely used within this work. Also in the cruise phase,
combining the three batches of data in a multi arc solution allowed inferring
HGA reflectivity model also from tracking data. This solution agrees with
that used in the single arcs, providing an a posteriori validation of the HGA
thermal model used.

Finally, cruise and tour estimates have been compared to test if any
anomalous acceleration is acting on Cassini. A small acceleration bias, whose
value corresponds to about 45% of the Pioneer anomaly, has been detected
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from RTG’s estimates. However this is consistent with a null value within
2-σ confidence level and has an outward direction, opposite to the Pioneer
anomaly.

Chapter 1 reviews the main concepts about the Pioneer anomaly, from
the original work of Anderson et al. (2002a) to current knowledge, providing
a general background for the object of this thesis.

Chapter 2 starts with an overview of the Cassini mission and spacecraft
design, mainly focusing on those aspects relevant for this work. It then pro-
ceeds with a detailed description of the proposed experiment and derives
mathematically the attainable estimation accuracy of Cassini anomalous ac-
celerations.

Chapter 3 deals with the theory of the orbit determination, which is
the mathematical background of this work. Numerical estimates have been
obtained with the Orbit Determination Program (ODP) of JPL, currently
used in all NASA/JPL missions. By this, a detailed description of the filter
of this orbit determination code is given.

Chapter 4 describes Doppler and range observables, the two data type
used. They are both dealt in a twofold manner. The former deals with
the data information content while the latter with real TT&C systems, as
employed at NASA Deep Space Network (DSN). The second part of this
chapter deals with noise affecting both Doppler and range data.

Chapter 5 gives the numerical results obtained by data reduction process
along with the setup used and the sensitivity analyses carried out to check
the solutions.

Chapter 6 shows the interpretation of results in terms of possible gravita-
tional anomalies on Cassini. The comparison of RTG’s acceleration estimates
is extended also to numerical solutions obtained by Cassini navigation team
(NAV) and Robert Jacobson, the team leader of the research group at JPL
working on the orbit determination of natural satellites of Saturn.

Chapter 7 gives conclusions and suggestions for future work.



Chapter 1

The Pioneer anomaly

Conversely to general belief, more than 300 years after the publication
of the historical “Principia” of Newton (1687) and nearly one century after
Einstein establishment of General Relativity (1915), the knowledge of gravi-
tation is still incomplete.

Observations of the galaxy rotation curves (Volders, 1959) and the evi-
dence of an expanding universe (Riess et al., 1998; Perlmutter et al., 1999;
Paal et al., 1992) turned out to be inconsistent with the newtonian dynam-
ics and found explanations thanks to dark matter, postulated by Zwicky in
1937 (Zwicky, 1937), and dark energy. However, alternative cosmological
models (e.g., MOND - Modified Newtonian Dynamics) put forward expla-
nations of these two effects without invoking neither dark matter nor dark
energy (Milgrom, 1983a,b; Bekenstein and Milgrom, 1984; Bekenstein, 2005,
2006). Dvali et al. (2003) argued that these cosmological theories could be
tested by precision gravitational measurements within the scale of our so-
lar system and therefore indication of an apparent anomalous acceleration
(Anderson et al., 1998, 2002a) seemed to offer the first concrete chance.

The Pioneer anomaly is an unexpected and still incompletely explained
acceleration experienced by two NASA deep-space probes, Pioneer 10 &
11, during their journey to the outer solar system. It was inferred from
Doppler data used to navigate the spacecraft, which exhibited in a wide
range (20-70 AU) a small continuos frequency drift. This effect can be
modeled as a nearly constant additional sunward acceleration amounting
to ∼ 9× 10−13 km/s2, which deviated of some hundreds of km per year the
two probes from the expected trajectory. Since none internally generated
thrust or any other known external force was found capable to explain this
acceleration (Anderson et al., 2002a), the Pioneer anomaly appeared as the
first concrete manifestation of the breakdown of the newtonian gravity, draw-
ing attention also to other anomalies observed during some Earth flybys of
other spacecraft (Anderson et al., 2008).

This possibility engaged the interest of the fundamental physics com-

1



CHAPTER 1. THE PIONEER ANOMALY 2

munity and encouraged many proposals to the international space agencies
for dedicated missions. The large interest about the Pioneer anomaly relies
on the direct consequences it could have on fundamental physics. Indeed,
since this acceleration has been never detected by planetary ephemerides,
if it were really gravitationally originated it would imply a violation of the
weak equivalence principle. By this, the objection to hypotheses involving
a gravitational origin is that some on-board generated effect was originally
overlooked (mainly related to anisotropic thermal emission from spacecraft
devices) and that new physics is not required (Scheffer, 2003).

This first chapter describes the original work and the current understand-
ing of the Pioneer anomaly, providing the background for the experiment
carried out with the Cassini spacecraft, object of this doctoral thesis. It
is organized as follows: § 1.1 and § 1.2 deal with the Pioneer mission and
spacecraft design; § 1.3 describes the original detection of the anomalous
acceleration and some proposed explanations; § 1.4 gives a critical review of
part of the existing literature and proposed investigations for the near future
while § 1.5 introduces the specific contribution coming from this work.

1.1 Pioneer 10 & 11 mission

The launch of Pioneer 10 on March 1972, followed by Pioneer 11 on
April 5, 1973, marked the beginning of the exploration of the outer solar
system. The name of the two spacecraft was appropriate for their role in
paving the way for sequent missions. For the first time in human experience
a man-made object travelled through the asteroid belt and provided direct
observations and close-up images of Jupiter (Pioneer 10). The measurements
of the intense radiation environment near Jupiter was crucial in designing the
Voyager and Galileo spacecraft. Even if the original plan foresaw a mission
plan of 600-900 days duration, the over-engineered and conservative design of
the two spacecraft, as well as the continuous upgrade of ground Deep Space
Network (DSN) allowed the exceptional longevity (more than 30 years) of the
mission. After Jupiter (and for Pioneer 11 also Saturn) encounters, occurred
respectively 21 and 20 months after launch, which marked the successful
conclusion of the first cruise phase, the two spacecraft followed hyperbolic

Pioneer 10 Pioneer 11

Launch March 3, 1972 April 5, 1973
Jupiter encounter December 3, 1973 December 4, 1974
Saturn encounter September 1, 1979
Last telemetry received April 27, 2002 September 30, 1995

Table 1.1: Pioneer mission milestones.
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Figure 1.1: Pioneer 10 & 11 interplanetary trajectories.

trajectories near the plane of the ecliptic to opposite sides of the solar system
(see Figure 1.1).

Pioneer 10 mission ended nominally on March 31, 1997, when it was 67
AU far from the Sun. However the spacecraft continued to be tracked by
NASA DSN as a part of an advanced study in support of NASA’s future
interstellar probe mission (from NASA web site1). Pioneer 11 mission ended
on September 30, 1995, but a switch failure of its radio system on October
1, 1990, caused the loss of coherent Doppler signal and no useful data were
generated for scientific investigations after that date (see Table 1.1).

1.2 Spacecraft design

The two spacecraft had an almost identical design, dominated by simplic-
ity. Under the 2.74 m high gain antenna (HGA), two adjoining hexagonal
compartments held engineering subsystems (fuel tank, electrical power sup-
plies, most control and navigation electronics) and science instruments (see
Table 1.2). Three extensible booms, spaced at 120°, were attached to the
main compartment (see Figure 1.2). Both the two spacecraft had at launch
a total mass of about 259 kg.

They were equipped with an S-band (λ ≈ 13 cm) Deep Space Transpon-
der (DST). The up-link signal (2.11 GHz) was retransmitted by the HGA
to ground at 2.29 GHz in a coherent mode at the exact turnaround ratio
of 240/221; thus, not limited by on-board instrumentation, the accuracy of
Doppler frequency measurements was at mHz level. Both the two spacecrafts
transmitted continuously at a power of 8 W.

1http:/www.nasa.gov/centers/ames/missions/archive/pioneer.html



CHAPTER 1. THE PIONEER ANOMALY 4

Science instruments

JPL Helium Vector Magnetometer
ARC Plasma Analyzer
U/Chicago Charged Particle Experiment
U/Iowa Geiger Tube Telescope
GSFC Cosmic Ray Telescope
UCSD Trapped Radiation Detector
UCS Ultraviolet Photometer
U/Arizona Imaging Photopolarimeter
CIT Jovian Infrared Radiometer
GE Asteroid/Meteoroid Detector
LaRC Meteoroid Detector
Flux-Gate Magnetometer (Pioneer 11 only)

Table 1.2: Pioneer scientific instrumentation.

The electrical power was provided by four radioisotope thermoelectric
generators (RTGs), each providing at launch about 40 W of electric power.
The thermal source for the thermoelectric devices in the RTGs was the 238Pu
(half life time ≈ 87.74 years). Each of these RTGs contained 18 capsules of
238Pu and had a total thermal power (at launch) of about 640 W. These
four RTGs were located at the end of two 3 m booms, being the third 6 m
long and holding a magnetometer sensor.

Both the two spacecraft were designed to spin in the plane of the HGA at
∼ 4.28 rpm. For purposes of attitude control, there were also three thruster
cluster assemblies (each comprising two 4.5 N thrusters) at the rim of the
HGA, allowing three types of maneuvers: spin/despin, precession and veloc-
ity changes. One cluster thruster was tangentially oriented (with respect to
the HGA) for spin/despin, while the other two were aligned with the spin
axis. Different combinations of thruster firing allowed precession and velocity
changes.

Great distances from the Earth in the extended mission required a mini-
mum of attitude reorientation maneuvers to compensate for Earth’s motion
about the Sun and spacecraft hyperbolic escape trajectories.

1.3 Discovery of the anomalous acceleration

The S-band DST operating in a coherent mode and the spinning attitude
control made both Pioneer 10 & 11 excellent platforms for accurate celes-
tial mechanics experiments, being the acceleration sensitivity at the level of
10−8 cm/s2. Compared with the actual space-era, the knowledge of the solar
system at the epoch of the Pioneer missions was poorer and therefore the
possibility to carry out such accurate experiments was a primary outcome.



CHAPTER 1. THE PIONEER ANOMALY 5

Figure 1.2: Drawing of Pioneer spacecraft.

Detection of small bodies, primarily in the Kuiper belt (a region extending
from 30÷55 AU), was expected to be observed from the gravitational pull af-
fecting the trajectory of the two spacecraft. The perturbing acceleration due
to the solar radiation pressure complicated this search until the two space-
craft reached 20 AU. Indeed at that distance it decreased approximately
below 5× 10−13 km/s2, as shown in Figure 1.3, and the residual uncertainty
of the solar pressure model, driven by the fixed frontal area-to-mass ratio
(∼ 0.023 m2/kg), decreased under the spacecraft acceleration sensitivity. At
last the search could start.

While searching for yet undiscovered bodies, the main observed effect was
a continuous blueshift of Doppler data of about 6× 10−9 Hz/s (see Figure
1.4), which can be accounted for by a nearly constant deceleration along the
line-of-sight, according to:

a =
∆f

f

c

τ
. (1.1)

This acceleration has been called the Pioneer anomaly and estimated as
(8.74 ± 1.33) × 10−13 km/s2 (Anderson et al., 2002a). Table 1.3 summarizes
the number of data and other information concerning the study of 2002.
Numerous internal check of the Orbit Determination Program (ODP) used
at Jet Propulsion Laboratory (JPL) and the agreement with the results of
another independent software (CHASMP) discarded the hypothesis of a code
error. Further, another independent analysis of Pioneer 10 radiometric data
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Figure 1.3: Acceleration due to solar pressure radiation on Pioneer 10 & 11
probes, from Anderson et al. (2002a).

has been carried out by Markwardt (2002) using another orbit determination
code expressly developed to this task. He also confirmed the finding.

The authors of the work of 2002 argued that none on-board effect (or a
combination of them) can explain the anomaly. However, as also they noted,
only a very small fraction of the total thermal power (∼ 2500 W at launch)
emitted in a preferential way from the RTGs (∼ 63 W, corresponding to
about 3% of the total), according to

a =
P

Mc
, (1.2)

where P is the fraction of thermal power anisotropically radiated, M is the
spacecraft mass and c the speed of light, could account for this accelera-
tion even thought this was unexpected from spacecraft design. Essentially,
this explanation did not convince them because of the disagreement between
acceleration estimates during the mission (see Figure 1.5) and the expo-
nential decay of the 238Pu. Scheffer (2003) made opposite deductions by

Doppler data Distance [AU] Years

Pioneer 10 20055 40-70.5 11.5
Pioneer 11 19198 22.4-31.7 3.75

Table 1.3: Data used to estimate the Pioneer anomaly, from Anderson et al.
(2002a).
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Figure 1.4: Pioneer 10: Doppler frequency drift, from Anderson et al.
(2002a).

Figure 1.5: Estimates of the unmodeled accelerations. Pioneer 10 esti-
mates span from 1981 to 1989, while Pioneer 11 from 1977 to 1989, from
Anderson et al. (2002a).

re-examining possible radiation asymmetries and concluded that they suffice
to account for the anomalous acceleration; thus the need to invoke external
causes or new physics vanishes.

Summarizing, the different hypotheses about the nature of the Pioneer
anomaly can be broadly grouped into two main categories:
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1. new physics is needed;

2. some conventional force has been overlooked.

Concerning the first group, many hypotheses involve violations of Newton-
Einstein gravity laws (in particular the ∝ 1/r2) whereas the accuracy of
planetary ephemerides oppose strong constrains. Indeed an additional accel-
eration a = 9× 10−13 km/s2 can be parameterized as a change of the solar
mass ∆µ = 1.4 × 10−4 at the distance of Neptune orbit (30 AU) while the
current observational accuracy limits ∆µ = 6 × 10−11 (from JPL web site).
The consequence is that any gravitational origin would imply a considerable
violation of the weak equivalence principle.

1.4 Status of current investigations

The JPL’s study of 2002 revealing the Pioneer anomaly and the con-
troversial hypotheses about its origin stirred many scientists and research
groups to look for a possible explanation. The scientific literature about the
Pioneer anomaly has grown so fast that it is practically impossible to be
exhaustive here. However, thanks to the efforts of Slava G. Turyshev and
Viktor T. Toth, most of the material and actual understanding of the Pio-
neer anomaly has been gathered in a single manuscript (Turyshev and Toth,
2010), summarizing the more relevant improvements from 2002 to nowadays.
They firstly underlined the several analyses which confirmed the result:

- ODP and CHASMP (Anderson et al., 2002a);

- code written by Markwardt (2002);

- HELIOSAT orbit determination program (Olsen, 2007);

- code written by Toth (2009);

- dedicated software package called ODYSSEY (Levy et al., 2009).

These analyses evidenced both secular decrease and short terms variations
of the acceleration and therefore the constancy can no longer be assumed.
Further it is nowadays universally accepted that in the work of 2002 the
magnitude of the thermal recoil force was significantly underestimated be-
cause most of the information about spacecraft design, thermal and electrical
telemetry have not been available till 2005. These new information are now
subject of an on-going research activity.

Whereas heat dissipation was immediately the most likely candidate to
explain the anomaly, another proposed approach was looking for the ac-
celeration on the orbit of other bodies in the solar system. As argued by
Anderson et al. (2002a), an acceleration with the magnitude of the Pioneer
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anomaly would have been clearly detected by the orbits of the inner planets.
Further, Tangen (2007) demonstrated that also available data for the three
outer planets are incompatible with such perturbative effect. On the other
hand, using deep space spacecraft to investigate the Pioneer anomaly has
been generally disappointed because of the three-axis stabilization employed
by most of them (or other factors limiting the measurement accuracy).

Even though Turyshev argued that before submitting dedicated missions
to the international space agencies, a complete analysis of the Pioneer ex-
tended data set is mandatory, there is just a great number of proposed
concept missions. On 2004 the European Space Agency (ESA) invited the
scientific community to participate in a Call for Themes for Cosmic Vision
2015-2025 and among the 32 proposals in the field of fundamental physics,
5 were for space experiments to investigate the Pioneer anomaly. Different
concepts for dedicated missions are described by Anderson et al. (2002b);
Nieto and Turyshev (2004); Dittus et al. (2005). Rathke and Izzo (2006) dis-
cussed also two possible scenarios for non-dedicated missions to explore the
Pioneer anomaly.

1.5 Contribution from this work

Nieto and Turyshev (2004) argued that Cassini spacecraft does not yield
the necessary measurement accuracy to investigate the Pioneer anomaly, al-
though equipped with an advanced multi-frequency radio system operating si-
multaneously at X- and Ka-band, which provided the more accurate Doppler
measurements ever carried out. Their argumentations were mainly based on
the uncertainty of its largest systematic induced by the anisotropic thermal
emission from the three on-board RTGs (more than 3 times larger than the
Pioneer anomaly) and the employed 3-axis attitude control. However, as it
will be argued on the next chapter, the estimation strategy and the exper-
imental method used in this work differ significantly from what done with
the two Pioneer spacecraft and allow getting around the objections on using
Cassini to infer the nature of the Pioneer anomaly.

The possible implications of the Pioneer anomaly on the fundamental
physics makes this work relevant. It represents the first concrete attempt to
understand the origin of the Pioneer anomaly by using another spacecraft
data. Should Cassini to be not affected by any similar effect, it would be
the definite evidence that the Pioneer anomaly is in reality an internally
generated effect. In the end, should be case, the scientific motivation for a
dedicated mission vanishes, allowing a large cost saving to the international
space agencies.



Chapter 2

Cassini tests the Pioneer

anomaly

The anomalous acceleration of the two Pioneer spacecraft left an open
issue unsolved, which can be simply stated as: “Is it an internally generated
effect or the manifestation of some still unknown physical effect?”.

As stated also on § 1.4, investigations about the Pioneer anomaly with
other spacecraft were formerly proposed by Anderson et al. (2002a). Among
the five main candidates, Voyager 1 & 2 were discarded because of the em-
ployed three-axis stabilization (relied upon thrusters). Ulysses and Galileo,
whereas making evidence of a possible acceleration term consistent with the
Pioneer anomaly (Anderson et al., 1998), turned out to be unable to provide
the required measurement accuracy, mainly because of the perturbation ris-
ing from the solar radiation pressure. Lastly, also Cassini was recognized
to be potentially helpful thanks to its sophisticated radio system, enabling
highly stable links at X- and Ka-band, but so far no concrete studies have
been carried out. The main objection on using Cassini comes out from the un-
certainty of its largest non-gravitational acceleration (due to the anisotropic
thermal emission from the three on-board RTGs), which was about three
times larger than the Pioneer anomaly during the interplanetary cruise. By
this, most of the recent work about the Pioneer anomaly focused on develop-
ing an improved thermal model of the spacecraft (allowed by new telemetry
and design information). These new studies are aimed at finding a possible
agreement between the thermal recoil force and the temporal and spatial
variations of the acceleration estimates during the long extent of the Pioneer
mission.

This work represents the first concrete effort to test the origin of the Pio-
neer anomaly with another spacecraft. The fundamental idea is quite simple
and it is based on the comparison between the estimates of Cassini RTG’s sys-
tematic acceleration, carried out with Doppler and range data during three
cruise radio science experiments and the Saturnian phase. The large mass

10
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decrease (∼ 40%) experienced by Cassini after the Saturn Orbit Insertion
(SOI) maneuver and Huygens probe release increased all non-gravitational
accelerations and allows disentangling them from an acceleration approxi-
mately following the equivalence principle.

In the first part of this chapter, Cassini mission and spacecraft design
will be briefly reviewed (§ 2.1 and § 2.2) by focusing on those elements which
made this experiment possible. Finally, this latter will be detailed on § 2.3
along with the different estimation strategies used during the cruise and the
Saturnian phase.

2.1 Cassini mission

Cassini/Huygens is a NASA/ESA/ASI joint mission devoted to the study
of the Saturnian system. The spacecraft was launched on October 15, 1997,
from Cape Canaveral (Florida) in the tenth day of the primary launch win-
dow with a Titan IVB-Centaur rocket. The telecon system was required to
complete the initial acquisition of the DSN X-band uplink within 30 minutes
after spacecraft separation from the Centaur rocket. The initial acquisition
was accomplished by the Canberra (Australia) tracking station while Cassini
communicated via LGA2 in a coherent mode. The initial acquisition pass
marked the beginning of the seven year journey towards Saturn.

2.1.1 The interplanetary cruise phase

The original mission plan of the inner cruise phase was to take no major
science data. However, scheduled activities included a combination of cali-
bration and data science collection, including a 25-day instrument checkout
sequence.

In the early phase of the mission, Cassini carried out two Venus grav-
ity assists (on Apr. 26, 1998 and Jun. 24, 1999), suffering the thermally
adverse environment of the inner solar system. Later gravity assists with
the Earth and Jupiter occurred on Aug. 18, 1999, and Dec. 30, 2000 (see
Figure 2.1 and Table 2.1 for details). Until Cassini reached approximately
2.7 AU (between Mars and Jupiter orbit), the fixed 4 m diameter HGA was
constantly pointed toward the Sun, ensuring thermal and radiative insula-
tion for scientific and engineering instrumentation located on the main bus.
In that period communications with the DSN were provided by two LGAs,
operating at X-band (7.2-8.4 GHz). LGA1 is atop the prime focus feed while
LGA2 is mounted near the aft end of the spacecraft, providing coverage when
LGA1 is shaded by spacecraft body.

Cassini has an active three-axis stabilization control system. Until the
HGA had to be Sun-pointed the attitude was mainly controlled by a set of
balanced thrusters. In addition, Cassini has also a reaction-wheels based
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Figure 2.1: Cassini velocity profile throughout the nominal mission.

control system, used during cruise radio science experiments and most of the
tour phase.

As anticipated, requirements about HGA pointing were relaxed at 2.7 AU
where the solar flux decreased at Φ ≈ 180 W/m2. In the outer cruise phase
the HGA was the primary antenna and the full capabilities of Cassini multi-
frequency radio system became available. During the 40-day duration of
gravity wave experiments (around solar oppositions) and 30-day duration of
solar conjunction experiment the attitude was controlled by reaction wheels.

2.1.2 The Saturnian phase

On July 1, 2004, Cassini/Huygens successfully completed the 627 m/s
SOI maneuver and was inserted into an highly eccentric, 116 day orbit around
Saturn. A periapsis raise maneuver (PRM) of 393 m/s was executed 53
days after the SOI to eliminate another ring crossing and to set up the first
targeted encounter with Titan. These events marked the beginning of an
in-depth exploration of the Saturnian system, which produced a wealth of

Event Epoch Altitude Inbound Outbound ∆V
km km/s km/s km/s

Launch Oct. 15, 1997
1st Venus flyby Apr. 26, 1998 337 37.2 40.9 3.7
2nd Venus flyby Jun. 24, 1999 598 39.2 42.3 3.1
Earth flyby Aug. 18, 1999 1166 35.0 39.1 4.1
Jupiter flyby Dec. 30, 2000 9721846 11.6 13.7 2.1
Saturn arrival Jul. 1, 2004

Table 2.1: Cruise phase milestones. Velocities are expressed in the heliocen-
tric reference frame.
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Event Epoch

Saturn arrival Jul. 1, 2004
Huygens release Dec. 25, 2004
Equinox Mission From Jul. 1, 2008

to Jul. 1, 2010
Solstice Mission till 2017

Table 2.2: Saturnian phase milestones.

scientific discoveries. About six months later the SOI, the Huygens probe
separated from the mother spacecraft (Dec. 25, 2004) and made contact
with Titan’s atmosphere just 20 days later (Jan. 14, 2005), completing
successfully its two hour parachute descent.

The prime mission, completed on Jun. 30, 2008, four years after the SOI,
included 74 orbits around Saturn, 45 Titan flybys and several encounters
with other icy satellites. In Jun. 2008 Cassini began a two-year extended
mission (Equinox Mission), lasting to Jul. 2010, with 60 additional orbits,
26 Titan flybys, 7 Enceladus flybys and one flyby each of Dione, Rhea and
Helene. A further extension to Saturn’s solstice (Solstice Mission), occurring
in 2017 has been recently approved by NASA. Such long and complex mission
was made possible by careful design and accurate implementation of Titan’s
gravity assists, which minimized propellant consumption while meeting the
scientific requirements of the mission. Titan is not only one of the main
objectives of the mission, but it is also the engine that made it possible.
Indeed, a typical close flyby can change Cassini’s velocity by as much as
800 m/s relative to Saturn, enough to allow a wide variety of orbital changes.
Figure (2.2) shows the complex Cassini mission profile during the prime and
the Equinox missions.

Each orbit is operationally divided into high and low activity periods.
High activity periods corresponds to targeted icy satellites and Titan flyby
as well as Saturn periapsis passes. Whatever high or low activity periods
occur, at least one tracking pass per day is scheduled during the tour phase,
yielding an extended and useful navigation data collection.

2.2 Spacecraft design

Information about Cassini design can be retrieved from Henry (2002) and
Cassini mission web page1. The Cassini spacecraft is the largest interplan-
etary spacecraft ever built by NASA. It is approximately 6 m high and at
launch weighted about 5655 kg, of which 2523 kg was dry mass and 3132 kg
was propellant.

1http://www.nasa.gov/mission_pages/cassini/main/
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Figure 2.2: North pole (left side) and Saturn equatorial-plane view (right
side) of Cassini trajectory (black line) along with the orbit of the eight in-
ner icy satellites (red lines): prime (upper) and two year extended mission
(lower).

Atop the spacecraft there is the HGA, which is a fixed 4 m diameter,
parabolic, cassegrain feed antenna constructed of graphite epoxy layers and
an aluminum honeycomb core. The HGA assembly also includes the first
low gain antenna (LGA1), a pair of sun sensors, several feeds for the Radar
instrument and a receive path for the Huygens Probe signal. The HGA
serves as the primary antenna for orbiter communications and is one of the
key elements of the radio science instrument. Equipment for a total of twelve
different science instruments is carried onboard the Cassini orbiter while
other six found place on the Huygens probe (all instruments are listed in
Table 2.3).

Below the HGA is the electronics bus. The electronics bus features 12
bays and a ‘penthouse’. Each bay consists of an outboard shear plate, an
inboard shear plate and stringers connecting these plates. Within the bays
are housed the majority of the spacecraft electronics (see Table 2.4). The
penthouse is mounted to the top of bus bay 11. It is another electronics bay
housing additional electronics for the Radar instrument.

The electronics bus is constructed of aluminum. The top of the electron-
ics bus is covered by an electrically conductive cap to create a Faraday cage.
The magnetometer boom is mounted to the top of the electronics bus. Af-
ter the last Earth flyby it was deployed from a canister to its full length of
10.5 m. It is partially visible on the schematic drawing on Figure (2.3). The
boom is constructed of 3 fiberglass longerons and supporting cross members
and has a triangular cross-section. The boom is home to inboard and out-
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INSTRUMENTS (SENSORS) ABBREVIATION

Orbiter Instruments

Cassini Plasma Spectrometer CAPS
Composite Infrared Spectrometer CIRS
Cassini Radar RADAR
Radio Frequency Instrument Subsystem RFIS
Magnetometer MAG
Imaging Science Subsystem ISS

(Wide Angle Camera) (WAC)
(Narrow Angle Camera) (NAC)

Visible and Infrared Mapping Spectrometer VIMS
Radio and Plasma Wave Science RPWS
Ion and Neutral Mass Spectrometer INMS
Magnetospheric Imaging Instrument MIMI
(Charge-Energy Mass Spectrometer) (CHEMS)
(Low-Energy Magnetospheric Measurement System) (LEMMS)
(Ion and Neutral Camera) (INCA)
Cosmic Dust Analyzer CDA
Ultraviolet Imaging Spectrograph UVIS

Huygens Probe Instruments

Aerosol Collector and Pyrolyzer ACP
Descent Imager and Spectral Radiometer DISR
Doppler Wind Experiment DWE
Gas Chromatograph/Mass Spectrometer GCMS
Huygens Atmospheric Structure Instrument HASI
Surface Science Package SSP

Table 2.3: Cassini/Huygens science instruments.

board magnetometer sensors. The inboard sensor is located about half way
out the boom. The upper shell structure (USS) connects the bottom of the
electronics bus to the propulsion module. It is a conic section of aluminum to
which the following assemblies are mounted: remote sensing pallet, the CDA
instrument, an articulated reaction wheel assembly, the RPWS antenna as-
sembly, the MIMI INCA and electronics, the ultra stable oscillator and the
probe support electronics. The combination of the electronics bus and upper
shell structure is referred to as the upper equipment module (UEM). The
remote sensing pallet (RSP) and fields and particles pallet (FPP) are two
aluminum structures attached to the USS that support science instruments.
The RSP supports the ISS NAC, ISS WAC, VIMS, CIRS, UVIS and two
stellar reference units. The fields and particles pallet supports the INMS,
the CAPS, MIMI CHEMS and MIMI LEMMS. The propulsion module sub-
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Bay n° Assemblies Within Bay

Bay 1 attitude control computers, sun sensor electronics
Bay 2 power distribution
Bay 3 power subsystem remote engineering units,

power control, shunt regulator, pyro
Bay 4 science calibration, magnetometer, and radio & plasma

wave electronics
Bay 5 radio system amplifiers
Bay 6 transponders, command detectors, ultra-stable

oscillator electronics, telemetry control units
Bay 7 radio frequency instrument electronics
Bay 8 command and data subsystem electronics
Bay 9 solid state recorders, backdoor ALF injection loader
Bay 10 reaction wheel electronics
Bay 11 remote sensing pallet remote engineering units,

radar electronics
Bay 12 imaging science electronics, accelerometer
Penthouse additional radar electronics

Table 2.4: Content of orbiter electronics bay.

system (PMS) attaches to the bottom of the USS. The primary structure
is a cylindrical, semi-monocoque, aluminum shell. Housed within this shell
are two tanks for bipropellants. Attached to the outside of the shell are a
helium tank, spherical monopropellant tank, four thruster booms, two main
engines, two pressurant control components assemblies, two propellant isola-
tion components assemblies and an electronics bay.

The bottom of the spacecraft is named the lower equipment module
(LEM). It is also made of aluminum. Attached to the LEM are three ra-
dioisotope thermoelectric generators (RTGs), three reaction wheels (RWA),
low gain antenna 2 (LGA2) and a deployable and retractable cover for the
main engines.

2.2.1 Cassini coordinate system

Cassini coordinate system origin is on the spacecraft centerline in the
plane defined by the interface between the electronics bus and the upper
equipment module. The ‘X’ axis points radially outward in the direction of
the stellar reference units’ boresight (which is perpendicular to the remote
sensing boresight), while the ‘Y’ axis points in the direction of the magne-
tometer boom. The ‘Z’ axis completes the right-handed coordinate system,
pointing down toward the main rocket engine (from Henry (2002)).

Cassini coordinate system defines spacecraft attitude and allows relating
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Figure 2.3: Drawing of Cassini spacecraft and coordinate system.

both external surface non-gravitational accelerations and internally gener-
ated thrust with the adopted inertial reference frame, used to propagate
spacecraft trajectory. Figure 2.3 shows a drawing of Cassini spacecraft along
with its structural coordinate system.

2.3 Experimental method to test the nature of the

Pioneer anomaly with Cassini

The experiment is essentially based on the comparison among the esti-
mates of RTG’s induced accelerations during different phases of the mission.
The mass changes of the spacecraft allows disentangling the non-gravitational
accelerations from an hidden (and unexpected) additional gravitational term.

Doppler and range observables (coming from cruise science dataset and
tour navigation collection data) are the two data type used to estimate RTG’s
accelerations. The interplanetary transfer phase and the Saturnian phase
require different estimation approaches, mainly based on single and multi
arc orbital fits. The orbit determination code used is the ODP (of property
of JPL), the same code used on the last decades by NASA/JPL navigation
teams.
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2.3.1 Inner cruise phase

Thruster firings, orbital maneuvers and the unavailability of the HGA
(because Sun pointed) in the early phase of the mission (inner cruise) denied
the possibility to exploit the sophisticated Cassini radio tracking system. The
two LGAs used for communications and the proximity to the Sun did not
allow accurate measurements of the on-board non-gravitational accelerations.
There are no useful tracking data for this work coming from the inner cruise
phase. However, telemetry data of two temperature sensors mounted on the
HGA back side were monitored regularly during the first 800 days (until
2.7 AU), providing an in-flight calibration of HGA surface emittance and
absorptance properties (Clark, 2008) required by the solar pressure model.

2.3.2 Radio science experiments in the outer cruise phase

The first appropriate conditions to estimate Cassini non-gravitational
accelerations occurred only after Jupiter encounter, when four radio science
experiments, carried out during three solar oppositions (Nov. 26, 2001 to
Jan. 4, 2002, Dec. 6, 2002 to Jan. 14, 2003 and Nov. 10 to Nov. 30, 2003)
and a solar conjunction (Jun. 6, 2002 to Jul. 5, 2002), required a total
amount of about 130 days with the HGA pointed towards the Earth.

During the three opposition gravity wave experiments (GWE) Cassini has
been tracked as continuously as possible for about 40 days (±20 days around
solar oppositions). Although source of gravity waves in the low frequency
band and very-low frequency band (around 1 mHz & 1 µHz) is accessible to
spacecraft Doppler tracking, the search is complicated by the unavailability
to predict the shape or even the likely strength of these waves. Anyway, the
expected signal amplitude is small, as the resulting perturbation on Doppler
data. The extent to which all noise sources enters Doppler observables de-
pends from transfer functions (Wahlquist et al., 1977; Estabrook et al., 1978;
Armstrong and Schutz, 1989). In any case, the noise level must be kept as
low as possible and any unmodeled motion of the spacecraft itself, entering
directly into Doppler records, must be also minimized.

In order to meet the stringent requirements of the GWEs, other science
instruments were turned off and the spacecraft itself was kept dynamically
quiet. Differently from the rest of the cruise phase, when the pointing require-
ments were adequately served by a system of on-board thrusters2, reaction
wheels were employed. Indeed, the 3 dB beamwidth angle3 when Ka-band
is used amounts to (Maral and Bousquet, 2006)

θ3dB = 70

(
c

fD

)
≃ 0.16◦, (2.1)

2The on-board thrusters were controlled by the Attitude and Articulation Control
System (AACS) despite being part of the Propulsion Module Subsystem (PMS).

3The angle between the directions in which the gain falls to half its maximum value.
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where f = 32 GHz, D = 4 m and the coefficient depends on the chosen
illumination law. Finally the required pointing accuracy was well above
the level allowed by thruster firings. Obviously no maneuvers were allowed
during these experiments.

During solar oppositions, the solar coronal plasma noise has its minimum.
Further, Cassini was the first interplanetary spacecraft equipped with a full
two-way Ka-band link (34-32.5 GHz), involving larger immunity to disper-
sive noise sources4 and providing Doppler measurements of unprecedented
accuracy. The Allan deviation of Doppler residuals at 1000 s integration time
was 1×10−14 or less at solar oppositions (Asmar et al., 2005), roughly corre-
sponding to 1.5 µm/s two-way range-rate accuracy. This result was achiev-
able only thanks to dedicated instruments, namely water vapor radiometers
(WVRs), expressly developed to support Cassini GWEs by calibrating the
non-dispersive tropospheric noise.

However, Cassini multi-frequency radio system, enabling simultaneous
links in the X/X, X/Ka and Ka/Ka bands, proved its full capabilities during
the solar conjunction experiment of 2002 (SCE1). The proper combination
of Doppler observables (Bertotti et al., 1993) from the three links allowed
the complete cancellation of solar coronal plasma scintillations up to 8 solar
radii (Tortora et al., 2004). The achieved Allan deviation of Doppler resid-
uals at 1000 s integration time was 1.5 × 10−14 (∼ 2.25 µm/s); thus not far
from what achieved during solar oppositions. The 20-day duration of the
solar conjunction experiment allowed the most accurate test ever made of
the General Relativity (GR) (Bertotti et al., 2003), measuring with unprece-
dented accuracy the PN parameter γ controlling the light deflection passing
close to the Sun. As for the opposition experiments, the attitude control
employed reaction wheels and no maneuvers were allowed.

Requirements of both GWEs and SCE1 yielded a very simple dynam-
ical model to fit Doppler and range data5. Apart from the gravitational
attraction of the solar system bodies and GR corrections due to the Sun,
Jupiter and Saturn, it included only non-gravitational terms due to the so-
lar radiation pressure and the anisotropic thermal emission from the three
on-board RTGs. The latter produces an acceleration decreasing exponen-
tially (238Pu half life time is 87.74 years) while solar flux decreases as the
inverse square of the heliocentric distance. During these experiments, when
the HGA was pointed to the Sun and shielded the spacecraft bus, the total
mass was about 4600 kg and the frontal area-to-mass ratio was 0.0023 m2/kg.
This quantity drove the solar pressure acceleration, which was roughly equal
to 2× 10−11 km/s2 at 1 AU6. This acceleration decreased below that of the

4At radio frequencies the charged particle path delay is ∝
1

f2 .
5Cassini has also a two-way X-band ranging system.
6Both Pioneer spacecraft had the frontal area-to-mass ratio one order of magnitude

higher than Cassini. This is crucial for Cassini to reduce the perturbative effect of the
solar radiation pressure at relative low distances from the Sun.
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RTGs at about 2.5 AU, while at the distance of the first radio science ex-
periment (6.65 AU) it was about 5× 10−13 km/s2. Although significantly
smaller than RTG systematic, the solar radiation pressure is more difficult
to model because it is affected by variations of HGA thermo-optical proper-
ties.

The orbit reconstruction from Jupiter encounter to SOI (outer cruise
phase ≈ 3.5 years) was accomplished by Cassini Navigation Team (NAV),
which did not accounted for HGA surface properties variations and included
stochastic models to absorb poorly modeled accelerations. Their orbital so-
lution singled out an acceleration of about 3× 10−12 km/s2 along the space-
craft ‘Z’ axis and 1× 10−12 km/s2 in the ‘X-Y’ coordinate plane. According
to eq. (1.2), the leading term along ‘Z’ requires a net thermal emission of
about 4.3 kW, corresponding to about 30% of the total thermal fuel inven-
tory due to three insulating blankets above the three RTGs (see Figure 2.3).

The first goal of this work has been getting independent estimates of
this anisotropic thermal emission during the cruise phase. Conversely to
NAV approach, tracking data of three radio science experiments (the first
two solar oppositions7 and the solar conjunction) have been fitted separately
providing three independent solutions. The simple dynamical model and the
arc length of the three experiments (tens of days) allow deterministic fits
solving for a reduced number of parameters, namely spacecraft state vector
and RTG’s accelerations. By deterministic we mean that stochastic noise
process was not used to compensate for unmodeled accelerations.

During oppositions and conjunction experiments the angle between the
line-of-sight and the heliocentric radial direction stayed always within 3°.
By this, the spacecraft ‘Z’ axis was always nearly aligned with the Pioneer
anomaly direction (approximately Sun pointed).

The main difficulty of these three orbital fits is the proper evaluation
of the solar radiation pressure acceleration. Since it also pushes along the
spacecraft ‘Z’ axis during ground tracking, it is highly correlated with the
RTG’s radial component and cannot be estimated by tracking data. The
problem was moved around by inferring the HGA reflectivity coefficient used
by ODP solar pressure model (Ekelund et al., 1996) from a simplistic thermal
model (Di Benedetto et al., 2009) and temperature sensors readings (Clark,
2008).

2.3.3 Multi arc method on the Saturnian phase

After SOI maneuver and Huygens release, Cassini decreased its mass
of about 1.8 t, increasing all the non-gravitational accelerations. The new
values of RTG’s accelerations allows testing their force model and verifying
if cruise estimates were hiding any gravitational anomaly. However, in the

7Data from the third solar opposition experiment were not available to us.
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Saturnian system, the orbit determination is much more complex because
of 1) inaccuracies of gravity field models, 2) thruster firings, 3) variations
of thermo-optic coefficients of spacecraft surfaces and 4) some unmodeled
accelerations8.

NAV estimated new values of non-gravitational accelerations from data
arcs spanning intervals of at least 1.5 revs about Saturn, during which Cassini
slowly decreased its mass (∼ 1% each orbit) because of sporadic orbital cor-
rection maneuvers. In order to compensate for model errors, NAV included
also stochastic process noise in the orbit determination procedure. Acceler-
ations up to ∼ 5× 10−13 km/s2 (mainly accounting for inaccuracies of the
reflectivity models) are modeled in 8 hour batches, except during close fly-
bys or maneuvers, when either this level and the sampling frequency can
be increased (by several orders of magnitude). Further, Cassini changes
continuously its orientation between tracking periods to perform scientific
observations. This is a potential source for aliasing between ‘Z’ and ‘X-Y’
plane components of RTG’s accelerations. In the end, both process noise and
attitude changes can affect NAV estimates, requiring a different estimation
strategy.

A multi arc approach allowed moving around these issues (Milani et al.,
1995, 2002; Milani and Gronchi, 2010). This method is based on combined
fits of different batches of data covering arcs of arbitrarily length, each one
with its own initial condition, as if coming from different spacecraft. It
provides a single solution of the global parameters, those common to all
arcs, which are conceptually distinguished from local parameters (e.g. ini-
tial state vector or ∆V ), which are specific of each single arc. By selecting
the arc length as short as a single tracking pass ensures the spacecraft at-
titude to be always Earth pointed and the radial component to be uncorre-
lated with the other two. At Saturn distance (≈ 9.5 AU) the line-of-sight
is nearly coincident with the spacecraft-Sun direction, providing newly the
alignment between the spacecraft ‘Z’ axis and the direction of the Pioneer
anomaly. Further, no stochastic algorithms are required to fit the data, since
the over-parameterization of the solve-for-parameter vector, accomplished by
local parameters, can absorb small or poorly modeled accelerations. Another
great benefit of the multi arc approach is that each tracking pass containing
maneuvers and whether Saturn periapsis or any close satellite flyby can be
simply discarded from the multi-arc solution.

NAV orbital solutions provided the reference trajectory to map Cassini
state vector at the beginning of each tracking pass. The multi arc method
has been applied to the nearly 6 years of tour navigation data, getting inde-
pendent estimates of RTG’s accelerations.

8As planetary albedo and non-isotropic thermal emission from spacecraft instrumenta-
tion.
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2.3.4 Disentangling RTG and Pioneer like acceleration

Once cruise and tour estimates of RTG’s accelerations are available, they
can be compared to test the RTG’s (mass)× (acceleration) force model. The
hypothesis of an hidden and nearly constant acceleration can be expressed
as

a =
M0

Mi
aRTG + aGrav., (2.2)

where M0 is a reference mass and Mi the actual mass. The two right hand
terms correspond to a non-gravitational acceleration (due to the RTGs) and
an acceleration following the equivalence principle9. Considering two esti-
mates referred to different masses yields the algebraic system10

aC = âRTG + aGrav.

aT = âRTG

(
MC

MT

)
+ aGrav.,

(2.3)

where the left subscripts stand for cruise and tour estimates. In the above
system M0 = MC and âRTG refers to the cruise value. Using the matrix
notation

[
aC

aT

]
=




1 1
MC

MT
1



[
aRTG

aGrav.

]
. (2.4)

Inversion of the system (2.4) provides each term as a function of cruise and
tour estimated accelerations

[
aRTG

aGrav.

]
=

MT

MT −MC




1 −1

−
MC

MT
1



[
aC

aT

]
. (2.5)

Writing down explicitly the gravitational term shows that it vanishes if the
estimated accelerations vary as expected according to mass changes

aGrav. =

[
aT −

MC

MT
aC

]
MT

MT −MC
. (2.6)

Eq. (2.6) provides also the attainable uncertainty of the inferred gravita-
tional term, given the uncertainties of cruise and tour estimates. Since they
are uncorrelated

9Since the Pioneer anomaly appeared to be nearly constant over large distances, there
isn’t evidence for any other presumable dependance.

10The only difference when more than two estimates are available is that system (2.3)
can be solved in a least square sense.
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σGrav. =

√(
MT

MT −MC

)2

σ2T +

(
MC

MT −MC

)2

σ2C . (2.7)

Eq. (2.7) states that final uncertainty is more sensitive to cruise estimate
accuracy, being MC > MT . Assuming for simplicity the two terms equivalent
yields to

σGrav. ≈ 1.4

∣∣∣∣
MC

MT −MC

∣∣∣∣ σC . (2.8)

Since MC ≈ 4600 kg and MT ≈ 2800 kg, with σC/aC ≈ 1% (corresponding
to σC ≈ 3× 10−14 km/s2), a rough estimation of the attainable accuracy is
therefore

σGrav. ≈ 1× 10−13 km/s2. (2.9)

This value is about one order of magnitude lower than the Pioneer anomaly,
which we recall is (−8.74± 1.33) × 10−13 km/s2 (Anderson et al., 2002a). In
the end, the proposed experiment can provide the estimation accuracy re-
quired to assess if Cassini spacecraft is affected by any additional acceleration
similar to the Pioneer anomaly.



Chapter 3

The orbit determination

method

The understanding of physical laws governing the motion of celestial bod-
ies has been for centuries a fascinating subject for human mind. Newton’s
establishment of the law of universal gravitation laid a rigorous mathematical
foundation to the three laws of Keplero (derived from Tycho Brahe catalogue
observations) and to the modern field of orbit determination. The Einstein
General Relativity (1915) went beyond Newton’s view of gravity and can-
celled out some discrepancies between observations and theoretical motion
(e.g., the perihelion precession of Mercury).

In the last few decades, advent of modern computers changed radically
the practical methods of the orbit determination and the possibility to man-
age a great number of observations led the change from a deterministic to a
statistical approach. In the former, the number of observations was equal to
the unknowns and in general rather limited, requiring in the simplest case a
minimal set of six scalar quantities to calculate an orbit. On the contrary, the
latter approach uses a number of observations by far larger than unknown
state parameters but always lower than total unknowns (observational er-
rors and state parameters). In this case a least squares method provides
the solution through an iterative procedure based on differential corrections.
At each iteration the observations are compared with values computed from
a model of the trajectory. The discrepancies, called “residuals”, are mini-
mized by adjusting dynamical and measurement parameters and therefore
improving the model. The classical formulation of the differential corrections
method is also referred to as the batch processor. An alternate approach is
the sequential processing algorithm, which is also commonly referred to as
the Kalman filter (Kalman, 1960).

This chapter describes the fundamental theory of the statistical orbit
determination and the batch estimator. Sequential algorithms will not be
covered here, since they are more suitable for real-time applications (e.g.

24
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navigation and attitude control) and not used in this work. Both formula-
tions are implemented in the ODP filter (SIGMA) (Estefan et al., 2000).

This chapter is organized as follows: § 3.1 gives an overview of the orbit
determination problem while § 3.2 describes the mathematical formulation
of the batch estimator with differential corrections; § 3.3 and § 3.4 deal
with square root methods, as used in the current version of SIGMA, and
the consider covariance filter, a suitable extension of the standard batch
estimator. The last chapter treats the multi arc method, a further extension
of the batch estimator often used in geophysical and scientific applications.

3.1 The orbit determination problem

The minimum purpose of the orbit determination is to infer (and predict)
the position and velocity of an object at a given epoch, moving under the in-
fluence of a gravitational field. The law of gravitation established by Newton
laid the mathematical foundation to the three laws of Keplero and stated
that only six independent quantities sufficed to completely specify an orbit.
Deviations from the nominal solution can be due to either observational er-
rors and perturbations. The simplest solution to filter out these errors is to
recalculate the orbit from new observations and take the improved solution
as the average of all preceding determination of elements. However, obser-
vations may also be used to improve the dynamical model and identify the
source of small perturbations. By way of example, observations of Uranus’
orbit, discovered in 1781 from the English astronomer William Herschel,
showed slight deviations from the expected orbit until 1846, when Neptune
was discovered exactly where it had to be to account for the required grav-
itational perturbation, as deduced analytically by Adams and Leverrier. In
some cases, these kind of discrepancies have been removed only by a complete
revisitation of fundamental laws of gravity, as for the perihelion precession of
Mercury, which was not accounted for by newtonian dynamics but predicted
by General Relativity.

The problem of perturbed motion has been tackled in many different
ways. Historically there are two main categories of perturbation techniques:
special perturbations and general perturbations. The former involves the nu-
merical integration of the equations of motion by including all necessary
perturbing accelerations; thus producing a specific solution that is valid only
for the given data (initial conditions and force model parameters). On the
opposite, general perturbations techniques involve an analytic integration
of series expansion of the perturbing accelerations. In general, this latter
method, whereas more difficult, provides an intuitive insight of the nature
and consequence of the perturbing accelerations, as for the motion in a non-
spherical gravitational field.

Lagrange was concerned with the small discrepancies on planetary mo-
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tion about the Sun due to the gravitational attraction of the other planets
and developed, in 1781, the method of variation of parameters (VOP), yield-
ing the analytic expression of the time rate of change of the osculating orbital
elements1. He applied the method by modeling the perturbative acceleration
as the gradient of a potential function (conservative field). This formulation
provides the Lagrange’s planetary equations of motion. Gauss developed
a similar formulation which works also for non-conservative accelerations.
These methods can be classified as special techniques if the analytic expres-
sion is then integrated numerically to find the values of orbital elements at
some later time.

In space mission applications, the numerical integration of the equation of
motion provides the most accurate solution to handle the non-gravitational
accelerations which often affect the trajectory of a spacecraft. This is made
possible thanks to modern computer capabilities. However, the intrinsic
stochastic nature of some perturbations requires the spacecraft trajectory to
be continuously corrected by new observations through a method based on
differential corrections. In particular, the preliminary orbit is improved by
adjusting some parameters which minimize the differences, called residuals,
between real observations and values these would have been if the space-
craft traveled exactly along the nominal orbit. There are many formulations
based on the method of differential corrections; however the main difference
is in the data processing algorithm. Data can be processed all together
(batch processor) or individually as new observations are acquired (sequen-
tial estimator). The original algorithm of sequential estimator was originally
developed by Swerling (1959), but the more popular treatment is due to
Kalman (1960). One of the main advantage of sequential approach is that
only scalar divisions are required. Moreover, data previously processed will
not be processed again, decreasing considerably the computational cost. By
this, sequential algorithms are more suitable for real-time and near real-time
applications (e.g., navigation and attitude control). In this work we used
only the batch processor and therefore the sequential algorithms will not be
covered.

3.2 Method of differential correction

The two key elements in the orbit determination are: 1) orbits and 2)
observations. An orbit is a solution of an ordinary differential equation which
can be reduced in its first-order form

dX

dt
= F (X, t,µ) (3.1)

1These elements represent the keplerian orbit with initial conditions r(t1) and ṙ(t1) if
all perturbations were suddenly turned off at time t1.
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having the general solution

X(t) = X(t, t0,X0,µ), (3.2)

where X0 are the initial conditions and µ is the vector of model parameters
(e.g., geopotential coefficients). Concerning spacecraft orbit determination,
µ usually includes also some terms driving non-gravitational accelerations
(e.g. surface thermo-optic coefficients).

The initial conditions X0 are never known exactly and must be deter-
mined by using observations. Each type of observation requires an analyt-
ical expression to be predicted. Usually it involves non linear relationship
with time, state vector and others kinematical parameters ν (e.g., tracking
station coordinates)

Y = Y(X, t,ν). (3.3)

For instance, eq. (3.3) for the ideal range2 can be expressed as

ρ (t) =

√
(X (t)−Xs (t))

2 + (Y (t)− Ys (t))
2 + (Z (t)− Zs (t))

2, (3.4)

where {X,Y,Z}T and {Xs, Ys, Zs}
T are, respectively, the cartesian coordi-

nates of the observed object and tracking station, evaluated in the same
inertial reference frame.

The differences between the observed and computed values of observa-
tions form the vector of residuals, which is a function of time and both
dynamical and kinematical parameters

ǫi = λi −Y(X, t,ν) = ǫi(X, t,µ,ν). (3.5)

This vector is never null even starting from true initial conditions X0, work-
ing with infinite “arithmetic precision” and knowing exactly µ and ν because
observations are always affected by measurement noise. The noise affecting
each observation makes the number of total unknowns (observational errors
and state parameters) always greater than number of observations, avoiding
a deterministic solution. A least squares approach provides the optimal so-
lution X̂0 to fit the data, minimizing the sum of squares of the observation
residuals. The basic theory of this method is historically due to Gauss (1809)
and even if modern computer technology changed computational approaches,
the basic idea stayed the same.

If the predicted trajectory is close enough to the real trajectory, the
non linear relationship involved in eqs. (3.1) and (3.3) can be linearized,
taking advantages from tools of the linear estimation theory. Linearization

2Instrumental error and finite speed of light have been ignored.
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requires the estimation procedure to be iterated until some converge criteria
is reached.

The following treatment makes large use of the notation of Tapley et al.
(2004) and is not intended to give rigorous proofs of mathematical details.

3.2.1 Linearization procedure

In the orbit determination problem, both dynamic and observations in-
volve non-linear relationships

Ẋ = F (X, t), X(tk) ≡ Xk (3.6)

Yi = G(Xi, ti) + ǫi; i = 1, . . . , l (3.7)

where Xk is the n-dimensional state vector3 at time tk, while Yi is the
p-dimensional set of observations at time ti. In general p < n and m =
p×l ≫ n. This problem is commonly referred to as the non-linear estimation
problem. If a reference trajectory X∗ is available at each time t, this problem
can be successfully dealt with techniques of the linear estimation theory.
In particular the non-linear state estimation is replaced by a linear state
deviation estimation. This is accomplished by defining

x(t) = X(t)−X∗(t) (3.8)

y(t) = Y(t)−Y∗(t) (3.9)

from which follows

ẋ(t) = Ẋ(t)− Ẋ∗(t). (3.10)

Equations (3.6) and (3.7) can be expanded in a Taylor’s series about the
reference trajectory

Ẋ = F (X, t) = F (X∗, t) +

[
∂F (t)

∂X(t)

]∗
[X(t)−X∗(t)]

+OF [X(t)−X∗(t)]

Yi = G(Xi, t) + ǫi = G(X∗
i , t) +

[
∂G

∂X

]∗

i

[X(ti)−X∗(ti)]i

+OG [X(ti)−X∗
i (t)] + ǫi

(3.11)

where [ ]∗ indicates that partial derivatives are evaluated on the reference
trajectory. The hypothesis on the reference trajectory allows neglecting the

3Now it includes also µ parameters.
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higher order terms OF and OG. Further, if the two conditions Ẋ∗ = F (X∗, t)
and Y∗

i = G(X∗
i , ti) are used in eq. (3.11), then eqs. (3.10) and (3.9) become

ẋ(t) = A(t)x(t) (3.12)

yi = H̃ixi + ǫi (3.13)

with the two matrices A(t) and H̃i being, respectively:

A(t) =

[
∂F (t)

∂X(t)

]∗
H̃i =

[
∂G

∂X

]∗

i

.

Eq. (3.13) is not in its final form because it still faces with an unknown state
vector for each observation yi. The number of parameters to be solved-for
can be drastically reduced by observing that the solution of eq. (3.12) has
the general form

x(t) = Φ(t, tk)xk, (3.14)

where Φ(t, tk) is called the state transition matrix. This matrix maps the
state vector from tk to ti and can be used to reduce the number of unknowns
state vector parameters from l × n to n. Indeed

y1 = H̃1Φ(t1, tk)xk + ǫ1

y2 = H̃2Φ(t2, tk)xk + ǫ2

...

yl = H̃lΦ(tl, tk)xk + ǫl

(3.15)

and with the following definitions

y ≡



y1
...
yn


 , H ≡



H̃1Φ(t1, tk)

...

H̃nΦ(tn, tk)


 , ǫ ≡



ǫ1
...
ǫn


 , (3.16)

the observation equation can be replaced by

y = Hx+ ǫ. (3.17)

3.2.2 The weighted least squares solution

The original idea of Gauss was to fit an unknown function of time with
a linear combination of same base function and fit parameters

f(t) =

N∑

k=1

xkfk(t). (3.18)
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In this case the unknown function is the observation analytical expression
(3.13) and the residual can be expressed as

ǫi = Yi −

N∑

k=1

xkfk(ti). (3.19)

The cost function to be minimized must be a quadratic function of residuals
to avoid that contributions with opposite signs cancel out. Therefore a logical
choice is

J (xk) =
1

2
ǫTW ǫ =

l∑

i=1

1

2
ǫTi wiǫi (3.20)

where W is a weight matrix accounting for a difference confidence level for
each observation (not present in the simple least squares formulation). The
last equivalence of eq. (3.20) is valid only assuming

W =




w1 0 · · · 0
0 w2 · · · 0

. . .

0 0 · · · wl


 , (3.21)

that is observations are not time-correlated, although this is not a necessary
condition. Each observation vector has its own weight matrix associated:

y1 = H̃1Φ(t1, tk)xk + ǫ1; w1

y2 = H̃2Φ(t2, tk)xk + ǫ2; w2

...

yl = H̃lΦ(tl, tk)xk + ǫl; wl.

(3.22)

The weighting matrices wi are p-dimensional and are usually diagonal, mean-
ing that different type of observations are uncorrelated. An higher weight
reflects an higher confidence level and makes the solution more sensitive to
data borne information. Eqs. (3.22) can be written as

y = Hxk + ǫ; W (3.23)

and substituted into eq. (3.20)

J (xk) =
1

2
(y−Hxk)

T W (y−Hxk) . (3.24)

The cost function is minimized nulling its first derivative with respect to xk

∂J

∂xk
= 0 = − (y −Hxk)

T WH = −HTW (y −Hxk) . (3.25)
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Eq. (3.25) can be rearranged in the classical form

(
HTWH

)
xk = HTWy (3.26)

which is referred to as the normal equation. The matrix HTWH is the
information matrix and is composed by a quadratic combination of the
partial derivatives of observables quantities with respect to the solved-for-
parameters, scaled with the observations weight matrix. If the information
matrix is positive definite it can be inverted, yielding

x̂k =
(
HTWH

)−1
HTWy. (3.27)

Eq. (3.27) provides the k-differential correction to be summed to the a priori
values and yields the least squares solution, that is X̂k = Xk−1+x̂k. The non-
linearity of original equations requires some iterations until convergence is
effectively reached. More accurate is the initial trajectory and less iterations
are required. The inverse of the information matrix

Pk =
(
HTWH

)−1
(3.28)

provides information about the accuracy of estimated parameters. It can
be demonstrated that if the weighting matrix W is choosen as the inverse
of the measurement noise covariance matrix, Pk represents the parameters
covariance matrix. The rank of this matrix is related to system observability.
If all parameters of the state vector X are uniquely solvable Pk will be of full
rank, depending on the number and the information content of observational
data.

3.2.3 A priori information

The estimation formula (3.27) does not account for any given statistical
property of the solve-for-parameters. Conservatively, they can be always
assumed with a quite reasonable large and physically meaningful a priori
uncertainty4. In many other cases, this a priori confidence level can be
the result of other experiments (e.g. for physical constants) or the solution
coming from previous data reduction (e.g. for state vector component). In
this latter case the problem to refer the post-fit solution to the initial time
of a new batch of data occurs.

As eq. (3.27) provides an estimate at time tj, this can be mapped to the
initial time tk of a new batch of data with eq. (3.14)

xk = Φ(tk, tj) x̂j . (3.29)

The overbar indicates an a priori solution at time tk. Propagation of the
covariance matrix can be obtained as follows:

4On the opposite, excessive contrains could represent a dangerous strategy.
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P k ≡ E
[
(xk − xk) (xk − xk)

T
]
. (3.30)

By using eq. (3.29), eq. (3.30) becomes

P k ≡ E
[
Φ (tk, tj) (x̂j − xj) (x̂j − xj)

T ΦT (tk, tj)
]

(3.31)

and since Φ (tk, tj) is deterministic, it follows that

P k = Φ(tk, ti)PjΦ
T (tk, ti) . (3.32)

The a priori estimates provided by eq. (3.29) can be treated as additional
observations:

yk = H̃kxk + ǫk

xk = xk + ηk
(3.33)

where

E [ǫk] = 0

E
[
ǫkǫ

T
k

]
= Rk

E [ηk] = 0

E
[
ηkǫ

T
k

]
= 0

E
[
ηkη

T
k

]
= P k.

(3.34)

Rk is the covariance of the measurement noise. Definitions (3.16) can be
extended to

y =



yk

. . .
xk


 ; H =



H̃k

. . .
I


 ;

ǫ =



ǫk
. . .
ηk


 ; R =



Rk 0

. . .

0 P k


 .

(3.35)

The mathematical derivation from eq. (3.24) to eq. (3.27) stayed unchanged
and provides now the normal solution with a priori information

x̂k =
(
HTR−1H

)−1
HTR−1y (3.36)

where the weight matrix W has been just replaced by R−1, as requested by
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the minimum variance solution. From

x̂k =




[
H̃T

k

... I

]


R−1

k 0
. . . . . .

0 P
−1
k





H̃k

. . .
I








−1




[
H̃T

k

... I

]


R−1

k 0
. . . . . .

0 P
−1
k





yk

. . .
xk








(3.37)

the normal solution can be written as

x̂k =
(
HT

k R
−1
k Hk + P

−1
k

)−1 (
HT

k R
−1
k yk + P

−1
k xk

)
. (3.38)

Eq. (3.38) corresponds to a cost function with an additional term represent-
ing the a priori information

J (xk) =
1

2
(y −Hxk)

T W (y −Hxk)+
1

2
(xk − xk)

T W k (xk − xk) . (3.39)

Excessive constrains to parameters (e.g. W k too high or equivalently P k too
small) let the solution to be driven from the second term and it is not repre-
sentative of the data information content. This is also evident by regarding
at the final covariance matrix

Pk =
(
HT

k R
−1
k Hk + P

−1
k

)−1
. (3.40)

If there are no a priori correlations among parameters, the matrix P k is
diagonal. A great advantage on using a priori information is that often
inclusion of P k reduces the ill-conditioning of the information matrix, whose
inversion is a serious problem in the orbit determination procedure. The
square root methods give an alternative formulation to reduce numerical
errors.

Another advantage on using a priori information is that P k can prevent
the solution to walk away during the iterative procedure. Usually the orbit
determination process is initialized by selecting X∗(t0) such that x0 = 0, so
that P 0 reflects the accuracy of the initial conditions X∗(t0). As discussed
above X∗

0 is treated as an observation and the value X∗
0 + x0 should be held

constant at each iteration. At each step the initial condition vector X∗
0 is

augmented of the quantity x̂0, that is, (X∗
0)n = (X∗

0)n−1 + (x̂)n−1. Holding
X∗

0 + x0 constant results in the following expression for (x0)n

X∗
0 + x0 = (X∗

0)n−1 + (x0)n−1

= (X∗
0)n + (x0)n

= (X∗
0)n−1 + (x̂)n−1 + (x0)n
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or
(x0)n = (x0)n−1 − (x̂0)n−1 (3.41)

In other words, xk is a quantity changing at each iteration such that a priori
values of state parameters, which the a priori covariance matrix P k is referred
to, are kept constant.

3.3 The ODP filter: SIGMA

The normal formulation provided on the previous paragraphs was used
in the original version of SIGMA. In the latest versions of this code, this has
been replaced by the square-root formulation (Moyer, 1971), which is theo-
retically equivalent but numerically superior. The square root formulation
decreases problems on inverting the information matrix, which is often ill-
conditioned and greatly influenced by round-off errors. In essence, it replaces
the normal formulation

(
HTWH + P

−1
x

)
x̂ = HTWy+ P

−1
x,

↓

M x̂ = N

(3.42)

with

Rx̂ = b, (3.43)

where R is the square root of M and its condition number is the square root
of that of M ; thus suffering less round-off errors in the inversion procedure.
The square root of a matrix is not unique; SIGMA uses an upper triangular
matrix R, obtained by successive Householder ortoghonal transformations
(see § 3.3.1). From the definition of the square root of a matrix:

M =
(
M1/2

)T
M1/2, (3.44)

the performance index J can be written as

J =
(
W 1/2ǫ

)T (
W 1/2ǫ

)
= ‖W 1/2ǫ‖2 = ‖W 1/2 (Hx− y) ‖2. (3.45)

Minimization of J implies also minimization of

J1/2 = ‖W 1/2 (Hx− y) ‖. (3.46)

By introducing now the ortoghonal matrix with the following properties:

1. QQT = I;
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2. Q−1QT hence QTQ = I;

3. if Q1 and Q2 are orthogonal matrices, then so is Q1Q2;

4. for any vector

‖Qx‖ = ‖x‖ =
(
xTx

)1/2
; (3.47)

allows rewriting eq. (3.46) as

J1/2 = ‖QW 1/2 (Hx− y) ‖. (3.48)

The ortoghonal matrix Q can be selected such that

QW 1/2H =

[
R
0

]
, (3.49)

where R is an upper triangular matrix. The same matrix applies to

QW 1/2y =

[
b

e

]
(3.50)

and the performance index becomes

J1/2 =

∥∥∥∥
[
R
0

]
x−

[
b

e

]∥∥∥∥ . (3.51)

Since only the upper part of eq. (3.51) depends from x, the cost function is
minimized if it is null, that is

Rx̂ = b. (3.52)

Evaluation of eq. (3.52), requiring the inversion of the upper triangular
matrix R, can be accomplished in three different ways by SIGMA (Moyer,
1971):

1. backward substitution;

2. singular value decomposition (SVD);

3. the “mass below the diagonal” technique.

Each numerical solution technique yields

x̂ = R−1b. (3.53)
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Figure 3.1: Householder transformation: elementary reflection.

3.3.1 Householder transformations

The matrix Q which triangularizes the information array (H,y) is the
product of n Householder transformations (Householder, 1958). The algo-
rithm used by SIGMA to calculate Q is given by Hanson and Lawson (1969).
These transformations are based on the Hermitian (or elementary reflector
or Householder transformation) matrix

T = I − 2ûuT (3.54)

where ûT û = 1. The matrix T satisfies the following conditions:

1. T is symmetric;

2. T is idempotent: T 2 = I;

3. T is ortoghonal: TT T = I,

and has the advantage of nulling a complete column in a single operation.
It can be demonstrated that the matrix T provides the geometric reflection
shown in Figure 3.1, where un is the plane perpendicular to u. That is

z =
(
zT û

)
û+ v (3.55)

and

Tz = −
(
zT û

)
û+ v. (3.56)

The real interest on matrix T is that it can be used to introduce zeros in any
column vector, such that Tz = −σe1 where σ is a scalar and e1 is a unit
vector in the direction of z1. Since T is orthogonal
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Figure 3.2: Geometric representation of Householder algorithm.

‖Tz‖2 = ‖ − σe1‖
2 = σ2 = ‖z‖2 = zT z (3.57)

and therefore

σ = ±‖z‖. (3.58)

To obtain the specific transformation T which accomplishes this reduction,
the vector u must be chosen as

u = z+ σe =




z1
z2
...
zn


+




σ
0
...
0n


 . (3.59)

Figure 3.2 shows as eq. (3.59) works for a bi-dimensional array z, providing
the reference plane un to reflect it such that Tz = −σe1.

The Householder transformations apply recursively to the matrix W 1/2H.
In the first iteration the matrix T1 zeros out all elements of the first column
except for the first and changes all the others. Defining A =W 1/2H

T1A =




−σ1 ã12 ã13 . . . ã1n
0

0 Ã1
...
0



. (3.60)
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In the second iteration the Householder reflection applies only to the matrix
Ã1; that is it does not change the first row or column. The method con-
tinues zeroing elements below the diagonal until the upper portion of A is
triangular.

3.4 Consider parameters: definition

Eq. (3.38) provides the best unbiased solution of minimum variance if the
weight matrix is chosen as the inverse of the measurement noise covariance
matrix. However, this solution could be overly optimistic if the noise is not
purely randomly distributed or some parameters are poorly known.

In the orbit determination a consider parameter is a parameter that for
some reason is not estimated, but whose uncertainty is taken into account
in the final parameter covariance matrix. There at least two main reasons
to not include these parameters in the solve-for-parameter vector:

- computational cost and memory requirements;

- unobservability.

Usually, computational cost is a major issue for real time applications,
while the parameter observability is a mathematical issue related with the
rank of the information matrix; that is with the number and information
content of data. SIGMA can include in the final covariance matrix the effect
of the consider parameters (Moyer, 1971).

3.4.1 Mathematical formulation

The state vector z and the observation-state mapping matrix are now
partitioned as

z =

[
x

c

]
, H =

[
Hx

...Hc

]
(3.61)

where x is the n× 1 vector of solve-for-parameters and c is the q × 1 vector
of consider parameters. Again, since we are dealing with a linearized system,
c is the deviation of the consider parameter vector, that is c = C−C∗, and
eq. (3.23) is replaced by

yi = Hizi + ǫi = Hxi
x+Hcic+ ǫi, i = 1, . . . , l. (3.62)

A priori information in the form of data equations yield

y = Hxx+Hcc+ ǫ; ǫ ∼ (0, R)

x = x+ η; η ∼
(
0, P x

)

c = c+ β; β ∼
(
0, P cc

)
(3.63)
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where right terms are the statistical arrays of measurements, that is:

E(η) = E(β) = 0

E
[
ηηT

]
= P x

E
[
ββT

]
= P cc

E
[
ηǫT

]
= E

[
βǫT

]
= 0

E
[
ηβT

]
= P xc.

(3.64)

Further extension of definition (3.35) yields

z =

[
x

c

]
;ỹ =



y

x

c




Hz =



Hx Hc

I 0
0 I


 ;ǫ̃ =



ǫ

η

β


 ,

(3.65)

or in the more compact form

ỹ = Hzz+ ǫ̃; ǫ̃ ∼
(
0, R̃

)
(3.66)

with

R̃ =



R 0 0

0 P x P xc

0 P cx P cc


 . (3.67)

P cx is the cross-covariance matrix between solve-for and consider parameters.
As before the cost function is

J = 1/2ǫ̃T R̃−1ǫ̃ (3.68)

and the correspondent solution

ẑ =
(
HT

z R̃
−1Hz

)−1
HT

z R̃
−1ỹ. (3.69)

In order to isolate the quantities of interest, we define

R̃−1 =



R−1 0 0

0 Mxx Mxc

0 M cx M cc


 (3.70)

and it can be shown that
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Mxx = P
−1
x + P

−1
x PxcM ccP cxP

−1
x (3.71)

=
(
P x − P xcP

−1
cc P cx

)−1
(3.72)

Mxc = −
(
P x − P xcP

−1
cc P cx

)−1
P xcP

−1
cc (3.73)

= −MxxP xcP
−1
cc (3.74)

M cx = −
(
P cc − P cxP

−1
x P xc

)−1
P cxP

−1
x =M

T
xc (3.75)

M cc =
(
P cc − P cxP

−1
x P xc

)−1
. (3.76)

Eq. (3.69) can be rewritten as

(
HT

z R̃
−1Hz

)
ẑ = HT

z R̂
−1ỹ (3.77)

or with matrix notation

[(
HT

x R
−1Hx +Mxx

) (
HT

x R
−1Hc +Mxc

)
(
HT

c R
−1Hx +M cx

) (
HT

c R
−1Hc +M cc

)
] [

x̂

ĉ

]
=

[
HT

x R
−1y +Mxxx+Mxcc

HT
c R

−1y+M cxx+M ccc

]
.

(3.78)

In a more compact form eq. (3.78) can be written as

[
Mxx Mxc

Mcx Mcc

] [
x̂

ĉ

]
=

[
Nx

Nc

]
(3.79)

By partitioning also the covariance matrix leads to

[
Pxx Pxc

Pcx Pcc

]
=

[
Mxx Mxc

Mcx Mcc

]−1

(3.80)

and it can be shown that

Pcx =−M−1
cc McxPxx (3.81)

Pxc =−M−1
xx MxcPcc (3.82)

Pxx =
(
Mxx −MxcM

−1
cc Mcx

)−1
(3.83)

Pcc =
(
Mcc −McxM

−1
xx Mxc

)−1
. (3.84)

By using the Schur identity, eq. (3.83) can be rearranged as

Pxx =M−1
xx +M−1

xx Mxc

(
Mcc −McxM

−1
xx Mxc

)−1
McxM

−1
xx (3.85)
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and with the definition

Sxc ≡ −M−1
xx Mxc (3.86)

the parameters covariance matrix can be written as

Pxx = Px + SxcPccS
T
xc (3.87)

where

Px =M−1
xx =

(
HT

x R
−1Hx +Mxx

)−1
. (3.88)

The matrix Sxc is the sensitivity matrix and is the matrix composed by
the partial derivatives of estimated parameters with respect to the consider

parameters

Sxc =
∂x̂

∂ĉ
. (3.89)

Now, by using eqs. (3.84), (3.88) and (3.83), the solution of the system (3.79)
can be written as

x̂ =PxNx + Sxcĉ

ĉ =Pcc

(
Nc + ST

xcNx

)
.

(3.90)

According to their definition, consider parameters are not estimated and kept
fixed to their a priori values, that is ĉ and Pcc can be replaced by, respectively,
c and P cc. Equations that require modifications are

Pcc = P cc

Pxx = Px + SxcP ccS
T
xc

Pxc = SxcP cc

x̂ = PxNx + Sxcc.

(3.91)

Usually the a priori covariance between state and consider parameters is
unknown, that is P xc can be assumed as a null matrix and Mxx and Mxc

become

Mxx = HT
x R

−1Hx + P x ≡ P−1
x

Mxc = HT
x R

−1Hc

(3.92)

while the expression of the sensitivity matrix reduces to

Sxc = −PHT
x R

−1Hc. (3.93)

If the the a priori deviation of consider parameters is chosen such that
c = 0 and the latter assumption is taken (P xc = 0), the values of solved-for
parameters are equal to the normal batch estimation but the final covariance
matrix includes also the term SxcP ccS

T
xc.
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3.5 The multi arc method

The multi arc method is a very powerful tool commonly used in geodesy
and scientific applications (Milani et al., 1995, 2002). The aim of this method
is to combine and fit together different batches of data, in order to provide
a single solution of some common parameters of interest and to increase the
estimation accuracy.

The method relies essentially upon the division of the model parameters
into two different categories: global and local parameters. Global parameters
are those common to all arcs (e.g., gravitational parameters or geopotential
coefficients) while local parameters are those parameters whose values differ
for each arc. The latter type include, as a minimum, state vector components
but could also include, for instance, maneuver parameters.

Mathematically, the multi arc method is based on the proper combination
of the design and weight matrices (Milani and Gronchi, 2010). Once these
are built, the estimation algorithm is perfectly equivalent to what depicted
on previous sections. To appreciate how this method works, consider for
simplicity only two arcs with the following solve-for-parameters vectors

z1 =



x1

x

c


 ; z2 =



x2

x

c


 , (3.94)

where x1 and x2 are the local parameters of each arc while x are the global
parameters. For sake of completeness, there are also some consider parame-
ters c; here they are equal for the two arcs but it is not a necessary restriction.
The two vectors z1 and z2 can be merged together to form a single vector

z =




x1

x2

x

c


 . (3.95)

Now, the partial derivatives of the observed quantities with respect to z

(considering also a priori information as additional observations) yields
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HT =




∂y1

∂z

∂y2

∂z

∂x1

∂z

∂x2

∂z

∂c

∂z




=




∂y1

∂x1
0

∂y1

∂x

∂y1

∂c

0
∂y2

∂x2

∂y2

∂x

∂y2

∂c

Iy1
0 0 0

0 Iy2
0 0

0 0 Ix 0

0 0 0 Ic




. (3.96)

The matrix HT has a block structure which reflects the fact that partial
derivatives of the first batch of data are null with respect to the local pa-
rameters of the second batch, while both batches of data depend on global
parameters (first two rows of third column). According to eq. (3.96), the
global weight matrix is

WT =




W1 0 0 0 0 0
0 W2 0 0 0 0
0 0 Wx1

0 0 0
0 0 0 Wx2

0 0
0 0 0 0 Wx 0
0 0 0 0 0 Wy




(3.97)

The design matrix (3.96) and the weight matrix (3.97) build the informa-
tion matrix, whose inversion gives the differential corrections to be added to
a priori values of parameters. This matrix has large portions of zeros; that
is it do not require the full storage in memory. However, its inverse, which
is the covariance matrix, is de facto a full matrix.

The mathematical formulation of the multi arc method applies equiv-
alently both to: 1) batches of data from different spacecraft; 2) different
batches of data coming from the same spacecraft. This work deals entirely
with the latter case. The multi arc method allows fitting data without using
state noise compensation algorithms. Indeed, since this method is used to
increase the estimation accuracy of global parameters, one is usually not in-
terested to local parameters, which are expected to absorb all model errors.
By this, since the over-parameterization is mainly accomplished by additional
spacecraft state vectors, the trajectory coherence between two adjoining arcs
is not required. However, the arc length must be appropriate to absorb the
unmodeled accelerations. Roughly speaking, higher perturbations require
shorter arcs.



Chapter 4

Radio metric observables

Navigation of Cassini is accomplished through a variety of different radio
and optical techniques, which provide some scalar quantities related to the
distance, velocity and angular position with respect to an Earth tracking
station or a celestial body. The particular mix of observations used mainly
depends on the available on-board radio system, the mission phase and nav-
igation accuracy requirements. Usually, during any interplanetary transfer
phase the orbit navigation mainly relies on Doppler and range techniques,
while during an approaching phase these are commonly supported by op-
tical observations and images of the target body. Indeed, providing direct
information about their relative distance, they are useful especially when
the ephemerides of the target body are quite uncertain. Instead, during the
orbiting phase the navigation is mainly based on Doppler data while range
data are more suitable to improve planetary and satellite ephemerides.

Doppler and range are also one of the most common data type used for
radio science experiments, which involve familiarity with celestial mechanics,
space communications, planetary physics, modeling of atmosphere and inter-
planetary media, fundamental physics and orbit determination techniques.

Unfortunately a great number of error sources limits the accuracy of radio
metric measurements. Evaluation of the noise statistical properties is crucial
and errors must be as low as possible. Underestimation of the noise level
can make the orbit determination overly optimistic and bring to failure of
navigation targets.

This chapter gives an overview of range and Doppler observables, the two
data type used in this work. Since the subject is so vast it is not intended to
be exhaustive. However also the ground and spacecraft segments, support-
ing both navigation and radio science experiments, are described. The last
section deals with the more relevant noise sources affecting tracking data.

44
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4.1 Range and range-rate observables

Range and range-rate observables are scalar quantities used to infer the
position and velocity of a spacecraft with respect to a receiving equipment,
commonly an Earth tracking station1. The understanding of tracking tech-
niques deals with:

1. the data information content;

2. realization of real measurements.

Idealistic measurements are very suitable to depict the data information
content since real systems deal with many technicalities which risk the reader
to get lost. By this, the two aspects will be covered separately.

4.1.1 Data information content

Range and range-rate measurements provide information about the rel-
ative distance and velocity along the line-of-sight between a spacecraft and
an Earth tracking station (or any other receiving instrument). Ideally they
can be expressed as:

ρ = [(rS − rG) · (rS − rG)]
1/2 (4.1)

and

ρ̇ =
ρ · ρ̇

ρ
, (4.2)

where the two subscripts stand for spacecraft and ground station. Eqs. (4.1)
and (4.2) provide a measure of the instantaneous geometric range and time
rate of change of range, ignoring subtle issues as the finite speed of light or
the measurement errors.

For the geometry depicted in Figure 4.1, the slant range-rate of a deep-
space spacecraft can be approximated by (Hamilton and Melbourne, 1966)

ρ̇ (t) = ṙ (t) + ωers cos δ sin (ωet+ φ+ λs − α) (4.3)

1However other configurations are possible, e.g. satelitte-to-satellite tracking.
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Figure 4.1: Spacecraft and station coordinates.

where

ṙ = geocentric range rate

ωe = mean rotation rate of Earth

rs = distance of tracking station from Earth spin axis

λs = longitude of tracking station

α = right ascension of spacecraft

δ = declination of spacecraft

φ = phase angle that depends on the epoch.

The range-rate signal is essentially a sinusoid superimposed to a ramp func-
tion ṙ (t), representing the spacecraft geocentric velocity (see Figure 4.2).
The diurnal modulation results from rotation of the tracking station about
Earth’s spin axis. The amplitude and phase of this modulation provide
information about spacecraft declination and right ascension. Velocities nor-
mal to the line-of-sight are more difficult to measure and require several
days of Doppler data. Furthermore, also the spacecraft range can be deter-
mined from multiple Doppler passes, because of solar system gravitational
constrains.
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Figure 4.2: Idealized range-rate observables, from Thornton and Border
(2000)

Eq. (4.3) stresses as an error of tracking station longitude traduces
into an error of spacecraft right ascension, hardly detectable using only
range-rate data. Usually, ground station locations are more precisely esti-
mated (at cm level) with Very Long Baseline Interferometry measurements
(VLBI), whereas also radio metric data can be used. Since the range sig-
nature is similar to Doppler one, using both type of data can be very use-
ful to detect possible model errors and improve poorly known accelerations.
Thornton and Border (2000, chap. 3.6) give a very explanatory example of
the benefits on using a combination of Doppler and range data.

Another remarkable issue concerns the reference system transformation
embedded in eqs. (4.1) and (4.2). The equations of motion of an interplane-
tary spacecraft are usually integrated in the International Celestial Reference
Frame (ICRF) centered in the solar system barycenter (SSB) while the posi-
tion of any Earth tracking station is given in the ODP in the International
Terrestrial Reference Frame (ITRF), which is a system co-rotating with the
Earth and originated in its center of mass (CoM). Because of the irregular
motion and rotation of the Earth spin axis, location of the instantaneous
spin axis and value of the rotation-rate are periodically provided by the In-
ternational Earth Rotation Service (IERS) through a time series of Earth
Orientation Parameters (EOP). Then planetary ephemerides provide the po-
sition of Earth CoM in the ICRF.

4.1.2 Real measurements

TT&C applications (Tracking, Telemetry and Commands) involve some
knowledge in the field of signal theory and digital signal processing. Range
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and range-rate quantities are not measured directly but inferred from other
observed ones. For instance, what is really measured on range techniques is
the difference between the phase of the received ranging signal (modulated
into the signal carrier) and an Earth replica of the transmitted signal. This
phase difference allows inferring the time of flight from the transmitting
source to the receiving equipment, which is related to range by

ρ = c (tR − tT ) , (4.4)

where c is the speed of light and the subscripts stand for receiving and
transmitting times.

On the other hand, range-rate measurements are based on the Doppler
effect experienced by a signal travelling between two sources moving with
respect to each other. The change of frequency of the signal is a consequence
of the Lorentz transformations in the special theory of relativity. For the
simplest case of a spacecraft transmitting at constant frequency fT (one-way
link), the received frequency is

fR = γfT (1− β cos θ) (4.5)

where

fR = received frequency

fT = transmitted frequency

v = magnitude of spacecraft velocity

c = speed of light

β =
v

c

γ =
1√

1− β2

θ = angle between spacecraft velocity vector

and vector from receiver to spacecraft.

Since v cos θ = ρ̇ and ρ̇≪ c, eq. (4.5) can be written as

fR =

√
c− ρ̇

c+ ρ̇
fT ≈

(
1−

ρ̇

c

)
fT (4.6)

The relative frequency shift is then related to range-rate ρ̇ by

∆f

f
=
fT − fR
fT

=
ρ̇

c
. (4.7)

Depending of whether the signal is generated on-board by means of an
Ultra Stable Oscillator (USO) or at a ground station, measurements are
one-way or two-way. If the receiving station is not the same which had
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Band Uplink Frequency (MHz) Downlink Frequency (MHz)

S 2110-2120 2290-2300
X 7145-7190 8400-8450
Ka 34200-34700 31800-32300

Table 4.1: Uplink & downlink allocated frequencies for deep space commu-
nications.

sent the signal they are said three-way. The best performances are provided
by two-way measurements, mainly thanks to the complete removal of syn-
chronization errors between station clocks. However, in deep space missions
many often the round-trip-light-time (RTLT) exceeds ground station and
spacecraft mutual visibility because of Earth rotation over a tracking pass.

In deep-space communications, signals use well defined frequency bands
of the electromagnetic spectrum. Table 4.1 shows the allocated frequencies
for deep space communications, according to a nomenclature established
during the second world war. The use of Ka-band is a recent upgrade of the
DSN capabilities (developed to support Cassini mission). This trend towards
higher frequencies is driven by larger immunity to charged particles (solar
plasma and ionosphere) and best radio-link performances.

Range

The most common type of range measurements within the DSN is two-
way coherent ranging. This means that an exact ratio between the uplink and
downlink frequency exists. One-way ranging is not typically used because of
lack of synchronization between spacecraft and ground station clocks, which
traduces into an error in the measurement delay. This error is by far the
largest contribution and limits the accuracy of one-way ranging2. In two-way
ranging this problem vanishes using the same clock. Also three-way ranging
is possible but difficulties on calibration of the clock offset between ground
stations place an upper limit to the attainable ranging accuracy. However
two-way and three-way ranging are conceptually similar.

Range measurements are made phase-modulating a ranging signal into
the carrier frequency (at S- or X-band3). This signal is demodulated, fil-
tered and amplified by spacecraft ranging channel, before being newly phase-
modulated into the downlink carrier. At DSN ground stations, downlink car-
rier is demodulated and the phase of ranging signal measured and registered.
The difference between the phases of the transmitted and received ranging

2One-way ranging is used in a different technique called differential one-way ranging
(DOR) based on the reception of the signal by two DSSs. Here the clock error cancels out
in the interferometric measurement (Thornton and Border, 2000).

3Currently Ka-band ranging systems have not been yet implemented.
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Uplink
Downlink

S X Ka

S
240

221

880

221

3344

221

X
240

749

880

749

3344

749

Ka
240

3599

880

3599

3344

3599

Table 4.2: Spacecraft turnaround ratio.

signal provides information about the RTLT.
At large distances the downlink signal-to-noise spectral density ratio is

typically small. Therefore the received signal is generally integrated for many
seconds in order to mitigate receiver noise. Since during the integration time
the phase changes, the receiver equipment must be able to reproduce the
time rate of change of phase. In order to do that, in the standard sequential
ranging employed at DSN, the highest frequency component of the ranging
signal, called range clock, is related to the carrier frequency by βfT , where
β for an X-band uplink is

β =
221

749
· 2−7−C , (4.8)

while C is an integer number called clock component. Due to bandwidth
limitations at the DSN, C ≥ 4 and the range clock is about 1 MHz (λC ≃
300 m). Larger values of the range clock frequency corresponds to higher
measurement accuracy.

The transmitted frequency can be pre-compensated for most of the uplink
Doppler effect through an implicit function of time αU , reducing the stress
of the carrier tracking loop in the spacecraft transponder. Consequently
the frequency received at the spacecraft is αUfT , while the ranging signal is
αUβfT . The spacecraft transponder demodulates and filters the ranging sig-
nal from the uplink carrier. This is then amplified and phase-modulated into
the downlink carrier, whose frequency is equal to the uplink frequency multi-
plied by the turnaround ratio G. On the contrary, the range clock frequency
is unchanged through the spacecraft transponder. Table 4.2 shows typical
values of spacecraft turnaround ratio. Cassini has a Ka/Ka turnaround ratio
equal to 14/15.

Also the ground received frequency can be pre-compensated for the down-
link Doppler effect through the function αD. Therefore the received downlink
carrier frequency is αDGαUfT , while the range clock is αDαUβfT . The ratio
between range clock and carrier frequencies is β/G, which is used along with
accurate measurements of the downlink frequencies by the carrier tracking
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loop to provide an estimate of the received range clock frequency. This esti-
mate is used to generate a local model of the ranging signal with the same
rate of change of phase as the received range clock during the integration
time.

During uplink transmission, samples of the phase ψ (t) of the ranging
signal are recorded periodically. Knowledge of the tuning history of the
uplink carrier provide knowledge of the time derivative dψ (t) /dt as well.
The relationship between the phases of the received and transmitted ranging
signal is

ψR (t) = ψT (t− τ (t)) (4.9)

while its time derivative, since the phase corresponds to the rate of change
of the angular frequency, is

2παDαUβfT = 2πβfT (1− τ̇) (4.10)

and therefore

τ̇ = 1− αDαU . (4.11)

A local model of the ranging signal is available thanks to the carrier
tracking loop and the ratio β/G, which is constituted by known quantities.
This model has the same rate of change of the received signal

ψL = ψT (t− τ (t))− ϕ (4.12)

to the extent that ϕ is constant. ϕ is the phase term and is unknown. This
is the result of the correlation process between the model and the received
ranging signal, yielding

ψR (tR) = ψL (tR) + ϕ. (4.13)

Accurate range measurements require ϕ to be approximately constant. How-
ever, if the signal travels through dispersive media (e.g. ionosphere and solar
plasma), the phase term is no more proportional to the phase delay of the
carrier and the ratio β/G is no more exact. This results in a drift of ϕ and
places an upper limit to the integration time.

The delay τ is obtained by the phase difference ψT (tT ) − ψR (tR). The
fundamental equation is

ψT (tT )− ψT (tR − τ (tR)) =

tTw

tR−τ(tR)

dψT

dt
dt. (4.14)

Equation (4.9) at reception time is

ψR (tR) = ψT (tR − τ (tR)) , (4.15)
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which allows rewriting eq. (4.14) as

ψT (tT )− ψR (tR) =

tTw

tR−τ(tR)

dψT

dt
dt. (4.16)

Now all terms in eq. (4.16) are known but τ (tR). In particular the left-hand
side is the phase difference between phase at transmission and reception time.
The right-hand side is the integrated history of range clock frequency at the
transmitting station. τ (tR) is calculated as the quantity to make eq. (4.16)
an equality.

All the above description would work well if the code’s period were greater
than RTLT since the phase offset would translate immediately in a measure
of distance travelled by the signal. On the other hand, ambiguity occurs if
the code period is only a fraction of the RTLT. For deep-space missions the
RTLT is of the order of some hours and generation and phase measurements
of such long codes are impractical.

Fortunately an a priori estimate of the spacecraft position reduces the
distance to be solved for. The code period has only to be longer than the
uncertainty of this a priori estimate since the number of code periods within
the predicted distance can be computed. In order to do that the range
signal contains more components than just the range clock. Each component
(except the range clock) has a frequency half of its predecessor according to
the component number n

fn =
221

749
· 2−7−nfT . (4.17)

Table 4.3 gives an example of a sequential ranging code used at the DSN.

n fn (Hz) waveform Integration Time

C = 4 1,032,000.000 sine-wave (range clock) T1 = 100 s
5 516,000.000 sine-wave T2 = 2 s
6 258,000.000 square-wave times range clock T2 = 2 s
7 129,000.000 square-wave times range clock T2 = 2 s
8 64,500.000 square-wave times range clock T2 = 2 s
9 32,250.000 square-wave times range clock T2 = 2 s

10 16,125.000 square-wave times range clock T2 = 2 s
11 8,062.500 square-wave times range clock T2 = 2 s
12 4,031.250 square-wave times range clock T2 = 2 s

L = 13 2,015.625 square-wave times range clock T2 = 2 s

Table 4.3: Example of sequential ranging signal, from Berner et al. (2007).
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Range-rate

Range-rate measurements are conceptually simpler than ranging. As
stated previously, they are based upon the Doppler effect experienced from
two sources moving with respect to each other. Eq. (4.7) has shown, for
a one-way link, the relationship between the carrier frequency shift and the
time rate of change of range. This latter is always much lower than the
speed of light (for interplanetary space missions ρ̇ is up to tens of km/s)
and therefore the received carrier frequency turns out to be very close to the
transmitted frequency multiplied by the spacecraft turnaround ratio.

A Doppler counter registers the cycles of the received frequency over
a given count time Tc. In practice the received frequency is beaten with
a ground replica of the downlink carrier to simplify the counter operation.
Indeed, mixing two waves with equal amplitude and very similar frequency

ψ1 = A cos (k1x− ω1t) ψ2 = A cos (k2x− ω2t) , (4.18)

yields

ψ = 2A cos

(
k1 − k2

2
x−

ω1 − ω2

2
t

)
· cos

(
k1 + k2

2
x−

ω1 + ω2

2
t

)
, (4.19)

which represents a wave propagating (phase velocity ≈ ω/k) with a wave
number and frequency almost equal to the original waves and with the am-
plitude modulated with another wave having a frequency extremely lower.
A low-pass filter removes the high frequency component, surviving only the
Doppler tone while a Doppler counter measures the total phase change. Each
time the phase of the received signal slips one cycle relative to the phase of
the transmitted signal, the distance over which the signal has propagated has
increased of one wavelength, or about 3.6 cm at X-band. The frequency shift
experienced by the signal can be computed by dividing the Doppler count
measurements over the integration time Tc. This frequency shift represents
an averaged value over the integration time and its accuracy can change
significantly. At DSN complexes, the accumulated Doppler cycle count is
available every 0.1 s (Moyer, 2000). The count interval or count time Tc
can be as short as 0.1 s or as long as 43200 s., depending on the spacecraft
dynamics. Typically, during any interplanetary phase, integration times are
larger than ones selected during planetary orbiting or close flyby.

The timetag of the Doppler observable is the midpoint of the count time
so that start and end times of the count interval are

t3e(ST ) = TT +
1

2
Tc

t3s(ST ) = TT −
1

2
Tc.

(4.20)
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4.2 Ground segment

Ground antennas of the Deep Space Network (DSN) are located on three
complexes at Goldstone (California), Madrid (Spain) and Canberra (Aus-
tralia). Each complex is made up of several large and different antennas
which underwent several upgrades during the last decades. The most of
them currently used are listed in Table 4.4.

In two-way and three-way measurements, the uplink signal is generated
from a receiver/exciter sybsystem which uses a frequency standard at the
Deep Space Station. This frequency standard is a part of the Frequency and
Timing Subsystem (FTS), which includes also clocks, frequency and time
distribution equipments and phase calibrations generators. Each complex
has at least four frequency standards: one serves as the source for all coherent,
precision frequencies and provides the reference for the station master clocks
while the others serve as backup should the selected reference fail or indicate
instability. Three types of atomic frequency standards are deployed at the
DSN complexes:

1. hydrogen masers;

2. cesium-beam standard;

3. linear (mercury) ion trap standard using a high quality voltage con-
trolled (quartz) crystal oscillator.

Figure 4.3 shows the performances of the three frequency standards and that
of a cryogenic sapphire oscillator4 (CSO) in terms of their Allan Deviation,
over the averaging time τ . Reference frequencies are then distributed by
a system of high-quality frequency synthesizers, distribution amplifiers and
cables designed to minimize degradation to the frequency standard perfor-
mance. :w

The signal can be modulated by command and ranging signal and is
amplified by the exciter system to a level of about 20 kW. It is then radiated
through feed horns and collimated by a large parabolic ground antenna dish.

4A non-atomic oscillator.

Diameter [m] Type Identifiers

70 14, 43, 63
34 High Efficiency (HEF) 15, 45, 65
34 Beam Waveguide (BWG) 24, 25, 26, 34, 54, 55
34 High-speed Beam Waveguide (HSB) 27

Table 4.4: DSN ground antennas.
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Figure 4.3: Allan deviation of frequency standards, from Benjauthrit (2004).

After retransmission from the spacecraft, the signal is detected by DSN
ground receiving equipment, amplified, downconverted and recorded for later
analysis.

4.3 Spacecraft segment

The signal sent by a DSN ground station is intercepted by Cassini HGA
and sent back to ground after passing through the on-board radio system,
which exploits Ka-band capabilities. The trend towards higher frequencies
is essentially driven by: 1) the need for higher data transmission rates for
science data return (downlink rates required ∼ 14÷ 166 kb/s) and 2) larger
immunity to charged particle effects from the ionosphere and interplanetary
plasma. Cassini multi-frequency radio system allowed a nearly complete
cancellation of the plasma noise thanks to simultaneous two-way links at
X/X, X/Ka and Ka/Ka bands.

The three main subsystem of the on-board radio tracking system are:

1. the Radio Frequency System (RFS);

2. the Radio Frequency Instrument Subsytem (RFIS);
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3. the Antenna Subsystem, consituted by an high gain antenna (HGA)
and two low gain antennas (LGA1 & LGA2).

The primary function of the RFS is to perform commands, telemetry and
to support spacecraft communications at X-band. Table 4.5 shows the key
components of the RFS. The two DSTs can operate both as a receiver and
a transmitter, but only one DST may be powered on at a time. The X-
band receiver hardware demodulates the uplink signal and routes it to the
CDU or to the ranging channel, according to the modulation mode. The
DST receives a 7.2 GHz uplink signal (lock threshold as low as -155.8 dBm)
and translates it to the 8.4 GHz downlink. The downlink signal, generated
by the X-band exciter, can be a pure carrier or a modulated signal with
telemetry, ranging or DOR tones. The X-band DOR tone frequencies are
derived from the X-band downlink carrier frequency through the 1/2200
and 1/440 ratios (∼ 3.825 and 19.125 MHz). The X-TWTA amplifies the X-
band exciter output to 20 W (19 W EOL) for transmission by the antenna
subsystem. The RFS has three modes of operation:

1. two-way coherent mode;

2. two-way non-coherent mode, where the receiver is locked to the uplink
signal but the exciter is referenced to the USO or to the transponder’s
auxiliary oscillator;

3. one-way mode, with the exciter referenced to the USO or auxiliary
oscillator.

The USO is the on-board crystal oscillator used in radio science exper-
iments (atmospheric and ring occultations). It generates an input signal
at 115 MHz (12F1), that can be redirected to the S-band transmitter (SBT,
part of the RFIS), the Ka-band exciter (KEX, part of the RFIS) or the DST.

Cassini command waveform consists of non-return-to-zero (NRZ) data
that is binary phase-shift key (BPSK) modulated onto a 16 kHz sinusoidal
subcarrier. The command rates are spaced by factors of 2 from 7.8125 b/s
to 500 b/s.

The TCU has mainly three functions:

Name Description n°

DST Deep Space Transponder 2
USO Ultra Stable Oscillator 1
CDU Command and Detector Unit 2
TCU Telemetry and Control Units 2

X-TWTA X-band Travelling wave tube amplifiers 2

Table 4.5: Main Cassini RFS components.
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1. telemetry modulation and encoding;

2. interface with the command and data subsystem (CDS);

3. control of the RFS and RFIS,

and can establish the different RFS states in response to the CDS command
input. The interface between CDS and the TCU is regulated by CDS.

The RFIS elements are devoted to radio science experiments, producing
Ka-band and S-band signals. Primary elements are the SBT, the KEX,
the Ka-band translator (KAT) and the Ka traveling wave tube amplifier
(Ka-TWTA). The SBT and KEX are primarily involved in one-way radio
science experiments (atmospheric and ring occultations), even if the KEX
can be used also in two-way mode (X up, Ka down) to enable full plasma
cancellation. The SBT transmits a 13.5 W, 2298 MHz carrier derived from
the 115 MHz USO reference signal (multiplied by a factor of 20). The KEX
generates a nominal 32 GHz carrier by mixing the 8.4 GHz X-band carrier
and its 115 MHz USO signal (multiplied by 11/3), then multiplies the output
by 4. The RFIS includes a combiner for the KEX 32 GHz and the KAT
32 GHz signal, the last being obtained turning a nominal 34 GHz uplink
signal with a 14/15 ratio for retransmission to ground. The KAT is capable
of generating a downlink with an Allan deviation of 4 × 10−16 at 1000 s.
integration time from input signal as low as -132 dBm. Amplification of
both the KEX and KAT is accomplished in the Ka-TWTA. When operated
simultaneously, part of the output power is lost in intermodulation products.
The amplifier produces a total output power of 7.2 W when operating with
one carrier and 5.7 W in dual-carrier mode (1.9 W for the X/Ka signal and
3.8 W for the Ka/Ka signal). All elements of RFIS feed the HGA only.
The RFIS also provides the one-way communications link from the probe
(Huygens) to the Cassini Orbiter.

The last major component of the on-board radio science instrument is
the antenna subsystem, which provides and supports all telecommunication
functions, as well as science experiments. Table 4.6 gives a summary of the
Cassini Antenna subsystem capabilities. In the early phases of mission the
HGA was required to be Sun-pointed (until Cassini reached 2.7 AU) and
therefore the two LGAs were used to communicate with ground.
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Primary usage Configuration Frequency Gain Polarization Beamwidth
(MHz) (dB) (deg)

Command LGA1 X-up 7175 8.44 RCP or LCP ∼ 32
Telemetry LGA1 X-down 8425 8.94 RCP or LCP ∼ 24
Command LGA2 X-up 7175 8.4 RCP or LCP ∼ 40
Telemetry LGA2 X-down 8425 9.0 RCP or LCP ∼ 40
Command HGA X-up 7175 44.7 RCP or LCP 0.555
Telemetry HGA X-down 8425 46.6 RCP or LCP 0.635
Probe relay HGA S-up chain A 2040 34.7 LCP 2.425
Probe relay HGA S-up chain B 2098 35.3 RCP 2.28

Radio science HGA S-down 2298 35.8 RCP 2.125
Radio science HGA Ka-up 34316 54.1 LCP 0.164
Radio science HGA Ka1 and Ka2 down 32028 56.4 RCP 0.167

Radar HGA Ku up and down 13776.5 49.8 Linear N/A

Table 4.6: Cassini antenna subsystem.
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4.4 Noise on radio metric observables

Doppler and range observables are both affected by some errors that
limit the accuracy to which spacecraft trajectory and other parameters can
be estimated. The end-to-end accuracy of tracking data relies upon systems
providing high phase stability and ranging accuracy. According to the dif-
ferent nature of each error source, they can be more easily described in the
time or Fourier domain.

For Doppler measurements, a widely accepted figure of merit charac-
terizing frequency stability in the time domain is the Allan deviation σy
(Barnes et al., 1971), defined as

σ2y (τ) =
1

2
〈(y (t+ τ)− y (t))2〉 (4.21)

where y is the relative frequency shift ∆f/f averaged over an integration
time τ

yi (τ) =
1

τ

∫ ti+τ

ti

y (t) dt, (4.22)

and 〈〉 denotes infinite time average. This quantity is particularly suited to
characterize the frequency stability of oscillators and radio systems, because
it is unaffected by linear drifts in frequency.

The differential relationship between range and range-rate observables

y (t) =
1

c

dl

dt
, (4.23)

where l is the two-way optical path, enables to infer from σy an approximate
expression of range variations over a time scale τ : ∆l ≈ cτσy (τ). In the
current era, radio science experiments require a frequency stability as low
as σy ≈ 1 × 10−14 at 1000 s integration time. This corresponds to a range
variation of about 3 mm over the same integration time, which is by far lower
than current ranging performances (∼ 1 m two-way, Berner et al. (2007)).
On the other hand, range errors are highly stable over long time scales (days
or often years), while y (t) suffers strong drifts mostly due to reference master
station oscillators (discussed on § 4.2); therefore short arc information are
usually derived from Doppler measurements while range measurements are
suitable to long arc strategy.

The different noise sources can be broadly grouped into four main cate-
gories:

1. media propagation;

2. electronics;

3. mechanical;
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4. numerical.

During the last year of this doctoral thesis, the available Cassini data set and
also ESA/Rosetta spacecraft data have been subject of an in-depth analysis,
funded by ESA and not yet concluded, to consolidate the error-budget of
current radio metric systems (Doppler, ranging and ∆DOR). Results are
very encouraging, especially for Doppler data, while ranging and ∆DOR
require some additional analyses.

4.4.1 Transmission media

The planetary atmosphere and the solar coronal plasma affect the phase,
frequency and amplitude of signals passing through them. However, the
signal-to-noise ratio (SNR) is always enough, even in the worst atmospheric
conditions, to neglect amplitude effects. Instead the main effects are a time
varying group delay and a shift of the carrier frequency for, respectively,
range and Doppler measurements.

The Earth atmosphere induces both dispersive and non-dispersive noise
because of the ionized and neutral nature of the particles constituting the
different layers. The dispersive effects are mostly concentrated in the iono-
sphere, the part of the atmosphere stretching from 50 to 1000 km that is
ionized by solar radiation. At radio frequencies and wavelength λ, the re-
fractive index fluctuations of ionosphere are proportional to λ2, as for solar
coronal plasma. Because of this dispersive behavior, plasma scintillation is
much weaker for radio link using Ka-band (≈ 32 GHz) rather than, e.g., S-
band (≈ 2.3 GHz). Moreover, dispersion also allows isolation of the plasma
scintillation in multilink observations (Bertotti et al., 1993).

On the opposite, the troposphere is responsible for the most part of non-
dispersive noise. Being frequency independent, an accurate calibration is
difficult and requires dedicated instruments and techniques: dual-frequency
GPS measurements or microwave radiometers.

Ionosphere and coronal plasma

The ionosphere is the layer of the upper Earth atmosphere, characterized
by the presence of ions and free electrons (due to solar radiation). Ionospheric
effects have both diurnal and seasonal modulations (due to Earth rotation
and orbit about the Sun). Furthermore also the solar cycle has an influence.
However, ionospheric effects are physically equivalent to those due to solar
corona and interplanetary plasma.

The phase velocity of any signal can be defined as

Vφ =
λ

T
= λf =

ω

k
(4.24)
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where k = 2π/λ is the angular wavenumber5 . Vφ is the velocity at which the
phase of any frequency component propagates in space. The group velocity
Vg is defined as

Vg ≡
∂ω

∂k
(4.25)

and ω (k) is called the dispersion relation. Vg can be thought of as the velocity
at which the signal waveform (or envelope) propagates through space. From
eq. (4.24), the relationship between phase and group velocity is

Vg = Vφ + k
∂Vφ
∂k

= Vφ − λ
∂Vφ
∂λ

, (4.26)

where the last equality uses the definition of k. In a dispersive medium, Vφ
changes with frequency and therefore Vφ and Vg differ.

Properties of ionosphere and solar coronal plasma are specified by the
refractive index nφ and sometimes also from a group refractive index ng

nφ =
c

Vφ
; ng =

c

Vg
. (4.27)

There is the following relationship between the two indices:

ng =
nφ

1 +
λ

nφ

∂nφ
∂λ

. (4.28)

When nφ is known as a function of the vacuum wavelength, the group refrac-
tive index can be written as

ng = nφ − λ
∂nφ
∂λ

(4.29)

The phase refractive index can be defined through the mathematical series

nφ = 1 +
a1
f2

+
a2
f3

+ · · · (4.30)

which substituted into eq. (4.29) yields

ng = 1−
a1
f2

−
2a2
f3

− · · · (4.31)

By neglecting higher order terms, phase and group delays turn out to be in-
versely proportional to the square of the frequency and opposite for, respec-
tively, Doppler and range measurements. a1 is related to the total electron
content (TEC) along the path.

5Sometimes it also referred to as simply wavenumber, even if a more precise definition
of wavenumber is k = 1/λ, expressing the number of cycles per unit distance.
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As pointed above, Cassini was the first spacecraft equipped with a multi-
frequency system enabling simultaneous two-way links at X/X, X/Ka and
Ka/Ka bands. This configuration allowed the nearly complete cancellation
of plasma noise up to few solar radii (Tortora et al., 2004). Plasma noise
is removed solving for its uplink and downlink contribution. This is accom-
plished by writing down a set of three equations into three unknowns ΓND,
Γ↑ and Γ↓. ΓND is the non-dispersive relative frequency shift while the other
two are the uplink and downlink plasma contributions for an X-band carrier

ΓX/X = ΓND + Γ↑ +
1

α2
X/X

Γ↓

ΓX/Ka = ΓND +
1

β2
Γ↑ +

1

α2
X/Ka

Γ↓

ΓKa/Ka = ΓND +
1

β2
Γ↑ +

1

β2α2
Ka/Ka

Γ↓.

(4.32)

Solution of the system (4.32) provides the so called plasma free observable

ΓND ≃ ΓKa/Ka +
1

13
ΓX/X +

1

35
ΓX/Ka. (4.33)

An unrecoverable KaT failure on 2003 caused the loss of the Ka/Ka link and
therefore the accuracy achieved by Doppler data during the cruise was not
available during the Saturnian tour. Figure 4.4 shows the RMS of Cassini
Doppler residuals at 60 s. integration time during the first two cruise radio
science experiments (red crosses), when the three links were all available,
and that of standard navigation X-band data used in the Saturnian tour
(≈ 8.4 GHz). The plasma is clearly the dominant noise source at low Sun-
Earth-probe angles (SEP), although it can be drastically reduced by using
multi-frequency system. Approaching to solar opposition (SEP → 180◦),
the small difference between RMS of cruise and tour residuals as well as the
nearly flat trend indicates that some other noise source becomes dominant.

Troposphere

The troposphere is the lower layer of the Earth atmosphere (∼ 0÷ 12 km)
and the region where almost entirely the non-dispersive scintillation at mi-
crowave frequencies (S- X- and Ka-band) takes place. Tropospheric noise
cannot be mitigated by using higher frequencies and requires other calibra-
tion techniques or dedicated instruments (WVRs). Whereas both affected,
tropospheric noise effect is negligible for range observables but critical for
Doppler ones.

The direct effect is an apparent lengthening of the signal path, which
experiences a group velocity
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Figure 4.4: RMS of Cassini Doppler data at 60 s integration time. Red
crosses refer to cruise data (plasma free observables) while blue crosses refer
to X-band Doppler data acquired in the Saturnian phase.

∆ρ =

∫

ρ
(n− 1) dρ = 10−6

∫

ρ
Ndρ (4.34)

where n is the refractive index and N the refractivity while the integral is
computed along the signal path. Because of the troposphere composition, N
is made up of two components: a dry hydrostatic part and a wet part. They
can be modeled (Smith and Weintraub, 1953) as

Ndry = 77.6
p

T

Nwet = 3.73 · 105
e

T 2

(4.35)

where p and e are expressed in [mB] and T in [K°]. e is the partial pressure
of the water vapor [mB].

The dry path delay amounts to about 2 m at zenith elevation but can be
accurately calibrated. Indeed the hypothesis of hydrostatic equilibrium, al-
ways well confirmed, allows inferring the vertical pressure profile from surface
meteorological measurements. Hopfield (1971) and Black (1978) provides a
good analytical approximation of integral (4.34) along the line-of-sight. How-
ever, also using the following approximated elevation model
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Figure 4.5: Zenith path delay due to wet troposphere measured by an AWVR
at DSS 25 at Goldstone, California on DOY 171/2002.

∆ρ = ∆ρZ
1

sinE
(4.36)

limits the error to about 1 cm at 15° and lower at higher elevation an-
gles; Sovers et al. (1998) assume an error in the total tropospheric delay
of 2÷ 3 cm in VLBI measurements, mostly confined under 25◦ ÷ 30◦. How-
ever, this elevation model could be no longer accurate if particular weather
conditions occur (e.g. strong cold fronts) because of significant horizontal
pressure and temperature gradients.

The wet delay cannot be reliably inferred from ground data because of
the poor mixing of the water vapor and its high variability. Figure (4.5)
shows a typical behavior of the wet zenith path delay. It typically ranges
from 5 to 20 cm at zenith.

Doppler measurements are much more seriously affected by the hardly
predictable scintillation of Nwet, which causes instability of the signal carrier
frequency. The range-rate error can be computed by differencing eq. (4.36)
and taking into account both refractivity scintillation and elevation changes

∆ρ̇ =
∆ρZ
Tc

·
1

sinE
−∆ρZ

cosE

sin2E
·
∆E

Tc
. (4.37)

For the dry component, the Doppler signal induced by elevation changes is by
far the dominating term, amounting to about 1 mm/s over a typical tracking
pass duration for a deep-space two-way link (see Figure 4.6), corresponding
to 100 mHz at X-band carrier (400 mHz at Ka-band). However, this signal
is easily accounted for and removed from Doppler data.
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contributions considered.

The wet scintillation adds also an higher frequency component, in the
range 0.001-0.01 Hz, to the dry geometric effect. This noise have been char-
acterized statistically using VLA data (Armstrong and Sramek, 1982):

Sy (f) = 3.6 × 10−28f−0.4 cos2 (πfT) Hz−1

σy (1000s) = 3× 10−14
(4.38)

Figure (4.7) shows a typical example of the wet tropospheric noise, which
is the more difficult part to be calibrated. In order to meet the tight re-
quirements of Cassini gravitational wave experiments (σy = 3 × 10−15 at
1000 s integration time), JPL has developed a new class of advanced water
vapor radiometers (AWVRs) with claimed calibration accuracies of 5-10%
of the wet delay. AWVR readings during GWE1 and SCE1 have been used
to calibrate the tropospheric noise on Doppler measurements and assess the
noise statistical properties. Figures (4.8) and (4.9) show the computed Allan
Deviation of tropospheric noise during each tracking pass at different inte-
gration times (100 s., 300 s. and 1000 s.). A comparison between the two
plots shows a lower scintillation level during GWE1 tracking passes (winter
night times) and higher during SCE1 ones (summer day times). The noise
difference is roughly equal to a factor of 4.

Even thought the use of AWVRs represents the best solution, there are
alternative methods to estimate the tropospheric delay, e.g. dual-frequency
GPS measurements6. In general these two methods shows a good agreement

6Essentially, being the orbit of GPS satellites known with great accuracy, dual fre-
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Figure 4.8: Allan deviations of wet tropospheric noise at different integration
times measured during GWE1 experiment.

at long time scales, even thought short time scales (100-1000s) are accessible
only to WVRs. The error at long time scales between these two methods is
in general few centimeters and mostly confined at low elevations.

quency measurements provide a calibration of dispersive noise (ionosphere) and the resid-
ual error is ascribed to troposphere.
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Figure 4.9: Allan deviations of wet tropospheric noise at different integration
times measured during SCE1 experiment

4.4.2 Electronics

Both on-board and ground station instrumentations can introduce noise
in terms of frequency stability and group delays. Limits of the instrumen-
tation accuracy mainly rise from design trade-offs and multipurpose func-
tionalities. Moreover, the contribution of these errors is highly measurement
dependent. Each on-board units must be carefully designed to meet the
operational and scientific requirements.

However, in 1990 the DSN frequency stability requirement of the overall
ground station and spacecraft X/X system was 5×10−15 at 1000 s, of which
4.5 × 10−15 was due to the ground electronics. The maximum allowed con-
tribution from the DST was then 2 × 10−15. During the ground tests, the
Cassini X/X DST and Ka band exciter (KEX) showed an Allan deviation,
respectively, of 1 × 10−15 and 3 × 10−17 1000 s. They do not constitute a
major error source affecting link stability.

Doppler measurements errors due to instrumentations result primarily
from thermal noise and instabilities in the signal path through the receiver
and exciter subsystem. As showed in § 4.2, stability of hydrogen masers and
the FTS employed at DSN do not limit Doppler and range accuracy.

On the other hand, group delays in the station and spacecraft electronics
currently represent the major error source in ranging systems. In particular,
uncalibrated delays of about 10 ns, equivalent to about 1.5 m, may occur.
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4.4.3 Mechanical noise

Mechanical noise is a general term comprehending different phenomena
as thermal and mechanical stresses, wind loading and Earth tides.

Thermal dilatations of ground antenna legs, quadripode and dish cause
a displacement of the phase centre, giving rise to a Doppler shift. The
same effect could be originated onboard Cassini, but both Saturn thermal
environment and its fixed HGA make conditions much more benign. In
addition, ground thermal drifts change the physical length of waveguides
and cables, causing a time varying path delay and Doppler shift. This effect,
related to diurnal temperature drifts, has a typical time scale of several hours.
Faster variations may occur when part of the antenna structures (such as the
legs) transitions from sunlight to shade (or vice versa) as the antenna dish
rotates.

Nothnagel et al. (1995) and Haas et al. (1999) give the thermal defor-
mation effects on group delay for alt-azimuth and polar antenna mounts
on VLBI geodetic measurements, while Skurikhina, E. (2001) gives models
for all other antenna with axis offset. These can be used also to infer the
effects on range and Doppler measurements7. By referring to the altitude-
azimuth mount shown on Figure 4.10, the group delay is (Nothnagel et al.,
1995; Haas et al., 1999; Wresnik et al., 2007)

∆τ =
1

c
[αf · (T (t−∆tf )− T0) · (hf · sin ǫ)

+αa · (T (t−∆ta)− T0) · (hp · sin ǫ+ hv − 1.8 · hs)] ,
(4.39)

7Which more precisely are phase delay measurements.

Figure 4.10: Alt-azimuth telescope mount, from Haas et al. (1999) based on
Nothnagel et al. (1995).
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where c is the speed of light [m/s] while αf , αa [1/K°] are the thermal ex-
pansion coefficients for the foundation and the antenna. hf , hp, hv , hs and
hd [m] are the dimension of the antenna’s components. The above equation
implicitly assumes that antenna’s components expand and shrink linearly in
the temperature range considered. T0 is the reference temperature, that is
the temperature at which thermal deformations are null and it is commonly
assumed equal to 20°. Since temperatures of the antenna’s components are
usually not directly available, this model is based on the surrounding air
temperature readings (T ). ∆tf and ∆ta are the time lags of the antenna
and foundations with respect to air temperature. By neglecting these latter
two terms, the effect on range-rate observables can be derived from eq. (4.39)
as

y =
1

c

dl

dt

[
αf · hf sin ǫ

∆T

∆t
+ αf ·hf (T − T0) cos ǫ

∆ǫ

∆t

+αa
∆T

∆t
(hp · sin ǫ+ hv − 1.8 · hs) + αa (T − T0) hp · cos ǫ

∆ǫ

∆t

]
.

(4.40)

For steel, the fractional dilatation is ∆l/l ≈ 10−5 K−1. A typical 30 m struc-
ture therefore undergoes to a change in linear dimensions ∆l ≈ 3 mm/K.
The corresponding frequency shift is therefore proportional to the time deriva-
tive of the temperature and is of order y ≈ 7 × 10−16 on a time basis of a
typical tracking pass duration. The above estimate for the Doppler shift
translates immediately in a power spectrum of the Doppler noise as

Sy (f) = 1× 10−27f2 cos2 (πfT )

(
L

30m

)2

ST (f)Hz−1 (4.41)

where ST is the power spectrum of temperature fluctuations and T is the
RTLT. The periodic spectral modulation is due to the uplink-downlink cor-
relation which appears in a two-way link.

Mechanical deformations of the antenna structure due to wind loading,
buffeting and gravity loading are a second and potentially more dangerous
source of error in Doppler measurements.

Gravity loading is a systematic effect depending on the source eleva-
tion. Gravitational deformations can induce a group delay up to 10 mm
(Sarti et al., 2009, 2011) for large antennas but have been measured for a
long time with good accuracy (0.3 mm or better) (Riley et al., 1990). A
varying multipath effect is also responsible for some signal delay variation.
The expected effect for a 34 m HEF antenna is about 8× 10−16.

Wind gusts excite the antenna structure at the frequencies of the normal
modes. These effects appear however at very short time scales. In addition
one has the time scales of the wind gusts, which are typically in the range
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10-20 s. Ground antennas are designed to be sufficiently rigid under wind
loading, but one can expect appreciable even in the presence of moderate
winds (4-5 m/s). Calm days are of course privileged for precision experiments.
In order to maximize the amount of quality data, sites with a low average
wind speed are preferred for the location of a ground antenna. For wind
speeds of up to 13.5 m/s which head directly into the dish, the fractional
stability is about 1× 10−15 over 1000 s.

Finally, the Earth’s crust is deformed from moon and sun tidal pull.
These effects are described from spherical harmonics multiplied by the dimen-
sionless tidal Love numbers, h and l. These number are known with great
accuracy (< 1%) from VLBI measures. At mid latitudes, diurnal and semi-
diurnal tides of about 15 cm translate into positional accuracies of 0.15 mm
over 1000 s. At the same integration time, the fractional frequency stability
is 5 × 10−16 over 1000 s (Riley et al., 1990). However, knowledge of this
signal spectrum allows filtering and therefore reducing the overall effect.

4.4.4 Numerical error

The world of real calculator is inherently linked with numerical error.
Most of the OD S/W use the floating point arithmetic and representation of
numbers, as defined by standard IEEE 754. In the floating point representa-
tion a number is expressed as

x = (−1)s ·m · 2E . (4.42)

where s gives the sign of the number, m is the mantissa and E the exponent
of the common binary calculator arithmetic. In the double precision repre-
sentation, a number is expressed by 64-bit words, so divided: a) 1 bit to the
sign; b) 11 bit to the exponent and c) 52 bit to the mantissa.

The least significant bit (LSB) represents the limit of the accuracy of the
quantity to be expressed due to finite mantissa length. For each number the
LSB depends of the order of magnitude of E and is equal to

LSB (x) = 2E−t, (4.43)

being t the lenght of the mantissa. The maximum absolute error is half of
the LSB, while the maximum relative error is

∆xRelMax
(x) =

1

2
2−t. (4.44)

The above quantity is referred to as the machine epsilon. For a double
precision representation (t = 52) the machine epsilon amounts to 1.1×10−16.

Whereas a detailed analysis of the numerical error is beyond the scope of
this work, the findings of the above cited study show that numerical noise has
been for a long time an overlooked contribution in the current era Doppler
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error budget (Asmar et al., 2005). In particular, whereas it depends upon
the integration time and the epoch (being related to time representation
used in OD codes), the average noise level of numerical noise on Cassini
Doppler X-band data at 60 integration time amounts to ∼ 1× 10−2 mm/s,
corresponding to about y ≈ 3 × 10−14 at the same integration time. This
error places a lower limit to the attainable end-to-end accuracy of Doppler
data when both plasma and tropospheric noise have their minima.



Chapter 5

Non-gravitational accelerations

Cassini trajectory is greatly influenced by some non-gravitational accel-
erations, which can be broadly grouped into two classes: impulsive and con-
tinuous.

Impulsive maneuvers are due to thruster firings and occur occasionally to
variate orbital parameters and perform spin/desaturation maneuvers. They
have a typical duration ranging from seconds to few minutes (they are not im-
pulsive in a strict sense) and can induce by far the highest non-gravitational
accelerations.

During the three cruise radio science experiments and most of time
throughout the Saturnian tour, Cassini employs reaction wheels for attitude
control. However, it sporadically employs also a thruster based attitude con-
trol. In principle, the use of thruster firings could affect the estimates of
RTG’s accelerations. By this, any arc containing any kind of maneuver has
been discarded from the analysis.

This chapter shows how Cassini non-gravitational accelerations are mod-
eled within the ODP and their numerical estimates throughout the entire
mission.

5.1 Mathematical models

5.1.1 RTGs

The three on-board RTGs, whose scheme is shown on Figure 5.1, are
the base components of the power and pyrotechnic subsystem (PPS). They
provide power through the natural radioactive decay of plutonium 238Pu,
whose half life time is 87.74 years.

Before launch, the three RTGs had a total thermal fuel inventory of
about 13 kW. The heat generated by this natural process is changed into
electricity by solid state thermoelectric converters. Each device was designed
to provide 276 W of electrical power at the beginning of the mission (1997).

72
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Figure 5.1: Radioisotope Thermoelectric Generator.

The nominal mission was planned to last 10.75 years (2008), when each RTG
was capable of providing about 216 W.

Atop each RTG an insulating blanket ensures spacecraft bus safety from
thermal radiation and induces a large anisotropic thermal emission along
the spacecraft ‘+Z’ axis. The asymmetric spacing of the three RTGs induces
also a relevant acceleration along Cassini ‘X-Y’ coordinate plane.

Within the ODP, this exponential decaying acceleration is modeled by
(Ekelund et al., 1996)

r̈ = RM

(
ArẐ +AxX̂ +AyŶ

)
e−β∆t (5.1)

where RM is the ratio of the spacecraft mass at injection to current mass and
Ẑ, X̂ , Ŷ are the spacecraft coordinate system unit vectors. The exponential
scale factor β is 2.5−10 s−1.

Figure 5.2 shows the nominal exponential decaying model by referring to
an initial acceleration a = 3× 10−12 km/s2. The two plots refer to a time
span equal to the 238Pu half life time (upper plot) and Cassini prime mission
(lower plot). They do not consider any mass variation of the spacecraft
throughout the entire mission.

5.1.2 Solar radiation pressure

Solar photons carry an amount of momentum given by the ratio between
energy and the speed of light E/c (E = ~ν). When they impact a solid
surface, a fraction of the solar photons is specularly reflected (ρs), a fraction
is absorbed (ρa) and the remaining diffusively reflected (ρd), such that

ρs + ρa + ρd = 1. (5.2)

This momentum exchange induces a non-gravitational acceleration which
is well above Cassini acceleration sensitivity. The elementary acceleration
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Figure 5.2: Exponential decay of RTG’s induced acceleration. The two plots
do not account for any real mass variation.

due to the incident sunlight, assuming a Lambertian diffuse reflectivity, is
(Milani et al., 1987)

dr̈ = −
Φ

cD2

[
(ρa + ρd) ŝ+ 2

(
ρs cos δ +

ρd
3

)
n̂
] dA
M

| cos δ| (5.3)

where Φ [W] is the solar flux at 1 AU, dA is the elementary area under
illumination considered, δ is the Sun’s aspect angle, D is the heliocentric
distance, M is the total mass and c the speed of light. The two unit vectors
ŝ and n̂ point, respectively, towards the photons direction and the outward
normal to the surface. The driving term is the area-to-mass ratio that for
Cassini amounts to about 0.0023 m2/kg, that is approximately one order of
magnitude lower than for the two Pioneer spacecraft. This acceleration was
roughly equal to 2× 10−11 km/s2 at 1 AU while at the epoch of the first
radio science experiment (6.65 AU) decreased to about 5× 10−13 km/s2, a
value achieved from Pioneer 10 & 11 at larger distances (about 20 AU)

(A/M)Pioneer

(A/M)Cassini
≈

(
20

6.65

)2

≃ 9. (5.4)

Although eq. (5.3) is sufficiently accurate, thermo-optic coefficients of
the exposed surfaces are difficult to infer and the solar pressure acceleration
turns out to be quite uncertain. Fortunately, Cassini design makes the effect
of the solar radiation particularly simple to be modeled during tracking peri-
ods. Indeed its frontal area-to-mass ratio is mainly driven by the HGA and
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Shape Dimension Area [m2] Perc.

HGA Circular r = 2 m 12.56 90%
Magn. boom Rectangular 9.62 m× 0.14 m 1.35 10%

Table 5.1: Cassini surfaces exposed to sunlight during tracking passages.

magnetometer boom surfaces, whereas the only HGA accounts for 90% of
the total frontal area (see Table 5.1). In other words, whereas the ODP solar
pressure model can account up to 10 spacecraft components, during tracking
periods only the parabolic antenna and the cylinders models are required.

The HGA surface is modeled as a parabolic antenna. When the HGA
front side is under full illumination the radial and transversal accelerations
are (Ekelund et al., 1996)

r̈R =

(
ΦP

Mr2sp

)
πR2

[
b1kνν + (1 + b2kµµ) cosα+ b3kνν cos 2α

+ b4kµµ cos 3α
]

(5.5)

r̈T = −

(
ΦP

Mr2sp

)
πR2 [b5kµµ sinα+ b3kνν sin 2α+ b4kµµ sin 3α] (5.6)

where

C1 = Solar flux at 1 AU [ kgkm3/m2s2]

rsp = Spacecraft heliocentric distance

M = Spacecraft mass

P = Shadow factor

R = Antenna radius

ÛA = Antenna pointing direction

α = Angle between ÛA and −Û sp

µ = Antenna specular reflectivity coefficient

ν = Antenna diffuse reflectivity coefficient

kµ,ν = Degradation coefficients

(5.7)

and bi are geometric coefficients dependent from antenna shape (mainly from
antenna depth). When α → 0 (e.g. during both solar conjunctions and op-
positions) the transversal acceleration vanishes, while the radial component
pushes along the spacecraft ‘+Z’ axis.

Since the magnetometer boom axis is aligned with Cassini ‘+Y’ reference
axis, the only relevant term for the cylinder model is (Ekelund et al., 1996)
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r̈T =

(
ΦP

Mr2sp

)
ah

[
π

2
kνν sin 2α +

4

3
kµµ cosα−

4

3
kµµ cos 3α

]
, (5.8)

where a and h are, respectively, the cylinder radius and length, being the
other quantities just defined. The subscript stands for transversal component
with respect to cylinder axis.

Reflectivity coefficients and degradation factors required by these two
models are measured and extrapolated during ground tests. However, they
can change during the mission and require an in-flight calibration. Variations
of the HGA thermo-optical properties have been inferred from temperature
readings of two sensors mounted on the HGA back side (Clark, 2008). The
inferred properties have been related to the diffuse reflectivity coefficient by
means of a simplistic HGA thermal model (Di Benedetto et al., 2009).

HGA thermo-optical properties

Cassini HGA has two coats of a French paint, PCBZ. This coating has
been selected among other candidates (HINCOM, NS43G and a mixture of
two) after evaluation of good thermal properties and meeting of electrical
conductivity mission requirements (Hsieh et al., 1993).

Effective thermal control requires a low solar absorptance and a high
infrared emittance. Absorptance values of 0.20 or less and emittance values
of 0.90 or greater were considered to be highly desirable. Low specularity,
less than 1%, was also considered highly desirable to minimize heating of
the Frequency Selective Subreflector (FSS) by radiation reflecting from the
HGA.

The HGA system has been manufactured by Alenia Spazio in Italy un-
der the sponsorship of Agenzia Spaziale Italiana (ASI). During test activities,
which involved both Alenia Spazio and JPL, some coated aluminum samples
were exposed to twice electron and proton radiation expected during the mis-
sion. About the ultraviolet exposure, only 2450 equivalent sun hours (esh)
were applied instead of the estimated 19000 esh; degradation value relevant
to the entire mission was then extrapolated. Emittance was measured with
a Gier-Dunkle reflectometer. Absorptance was measured by means of both
a Cary 17D spectrophotometer and a Perkin Elmer Lambda 9 spectropho-
tometer. The pre-launch solar absorptance value was approximately 0.15 ÷
0.20 (Fabiani and Costabile, 1997).

As pointed above, more accurate values of HGA thermo-optic coefficients
rather than spec values have been inferred in the early cruise phase. The
two temperature sensors mounted on the HGA back side were never exposed
to sunlight on that period. Assuming the HGA in thermal equilibrium and
neglecting the finite thermal conductivity of the structure, immediately after
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launch the thermal emissivity ε was estimated by using spec values of PCBZ
absorptance ρa and temperature readings

ε =
Φρa
σT 4

. (5.9)

Referring to an emission in the long-wavelength, thermal infrared, ε can be
assumed as constant during the mission (the thermal emission properties of
a body in space are largely unaffected by radiation and outgassing). Later in
the mission, the change of the absorptance coefficient can be retrieved from
the known value of ε and temperature readings (Clark, 2008).

The relation between the absorptance and the diffuse reflectivity co-
efficient ν has been inferred by considering of the ODP flat plate model
(Ekelund et al., 1996)

r̈R =

(
ΦP

Mr2sp

)
Ap [kνν + (1 + kµµ) cosφ+ kνν cos 2φ+ kµµ cos 3φ] (5.10)

where Ap [m2] is the flat plat area. The other quantities are defined on
§ 5.1.2 (φ is equivalent to α of the parabolic antenna model). Since the
specular reflectivity is negligible, assuming kµ,ν = 1 when φ→ 0 yields

r̈R ∝ (1 + 2ν) . (5.11)

Since the total momentum exchange between a solar photon impinging on a
surface is proportional to the sum of the absorbed flux ρaΦ and the reflected
one 5/3 (1− ρa) (assuming a pure Lambertian diffuse reflectivity), the thrust
Fr due to solar radiation pressure is proportional to

r̈R ∝
(5 + 2ρa)

3
. (5.12)

Finally, by comparison of the two previous expressions, one gets the relation
between ν and α (Di Benedetto et al., 2009)

ν =
1− ρa

3
. (5.13)

Given the absorptance values during the mission (Figure 5.3 was provided
by Stuart C. Clark of JPL), eq. (5.13) allows inferring the HGA diffuse
reflectivity coefficient ν.

5.1.3 Other systematics

During the cruise phase, the two above non-gravitational accelerations
are the only relevant terms for the Cassini spacecraft. Instead, during the
Saturnian tour, there are at least two other non-gravitational accelerations
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Figure 5.3: HGA surface absorptance throughout the mission, provided us
by S. C. Clark of JPL.

not accounted for in the dynamical model: 1) anisotropic thermal emission
from spacecraft bus and 2) Saturn planetary albedo.

An upper limit of the on-board available power is close to 700 W. As-
suming a 5% of this power emitted along the ‘Z’ axis yields an acceleration
roughly equal to 4× 10−14 km/s2 (P = aMc, M ≃ 2700 kg), which corre-
sponds to less than 1% of RTG’s accelerations.

Concerning the Saturn planetary albedo, as Cassini’s Saturn pericenter
passes are never closer than 3.5-5 Saturn radii and most of the time is spent
at much larger distances from the planet, planetary albedo is absolutely
negligible, being its magnitude (Milani et al., 1987)

r̈ =
AΦ

Mc

(
1

9.2

)2

AS

(
RS

r

)2

∼ 10−16 km/s2, (5.14)

where As and RS are the albedo and radius of Saturn, r is the Saturn-Cassini
distance and A is the frontal surface. The numerical value is obtained by
assuming As = 0.5, r = 106 km, A = 10 m2 and M = 2700 kg. Near Saturn
pericenter passes this acceleration can increase at most to ∼ 5× 10−15 km/s2,
that is about three orders of magnitude lower than RTG’s acceleration. Fur-
ther, tracking passes too close to Saturn have been discarded.
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5.2 Cruise estimates of RTG’s acceleration

5.2.1 Estimation setup

The dynamical model is particularly simple and includes the gravitational
accelerations of the Sun and all planets of the solar system, as obtained
from JPL planetary ephemerides (DE414 series). For planetary systems, the
gravitational parameter used in the numerical integration of the equation of
motion takes into account also satellite’s masses.

Relativistic corrections due to the Sun, Jupiter and Saturn are taken
into account, while gravitational perturbations in the solar system region
between the orbit of Jupiter and Saturn are negligible (Jupiter and Saturn
oblateness induce accelerations of the order 10−18 km/s2).

Since thruster firings were not allowed, the anisotropic thermal emission
induced by the three RTGs and the solar radiation pressure were the only
relevant non-gravitational accelerations for the trajectory propagation. The
ODP uses the numerical integrator DIVA (JPL, 2006), which is a variable
order and variable step integrator for q-th order and mixed order problems.
DIVA uses a PECE (predict, evaluate, correct, evaluate) scheme on the first
step, a PEC (predict, evaluate, correct) scheme for the rest of the start phase
and a PECE scheme thereafter. The predictor and corrector are orders k
and k+1 respectively, k ≤ 19, where k may differ from equation to equation
(Sharp, 2004). DIVA increases the tolerance if the round-off noise is deemed
to be too large.

Media calibrations have been used by adjusting computed values of range
and Doppler observables. The proper combination of Cassini two-way links
at X/X, X/Ka and Ka/Ka bands enabled cancellation of ionosphere and
solar coronal plasma noise (Bertotti et al. (1993)) while the frequency shift
induced by troposphere was calibrated by means of an advanced water va-
por radiometer (AWVR) installed near DSS 25 at Goldstone (California),
expressly developed to support Cassini cruise radio science experiments.

The multi-frequency scheme and AWVR calibrations were not applied
to GWE2 data since both X/Ka and Ka/Ka link data, as well as AWVR
readings, were not provided us by JPL. However, during solar oppositions
the solar coronal plasma noise has its minimum and the ionospheric noise
was calibrated with an alternative method relying on multidirectional, dual
frequency GPS measurements. This calibration system, based upon software
tools named Tracking System Analytical Calibrations (TSAC), allows also a
good removal of the dry component of the tropospheric delay using a com-
bination of weather data. However, the analysis of AWVR readings during
GWE1 and SCE1 experiments evidenced seasonal variations and lower wet
tropospheric noise during night times tracking conditions (see § 4.4.1), as for
the case of GWE2. By this, the quality of GWE2 radio metric data turned
out to be not far from that of GWE1 and SCE1. Further, lower elevation
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data, the most affected by media propagation noise, were rejected from the
orbit determination process by applying a 30° elevation mask.

Doppler data have been grouped and weighted on a pass by pass proce-
dure, in order to be compatible with the post-fit RMS of residuals. Therefore
the data weight is approximately equal to the inverse square of the mea-
surement noise. Range data (when available) are weighted with a similar
approach.

In order to avoid any constrain to solutions, large a priori uncertainties
have been used in the form of a diagonal covariance matrix. It makes excep-
tion only Cassini state vector during SCE1, where a full a priori covariance
matrix was provided us by NAV. The a priori uncertainty of Cassini state
vector components varies from about 100 to 650 km in position and 1.2 to
6.2 cm/s in velocity. Larger values refer to out-of-ecliptic components, whose
a priori knowledge is in general less accurate. A priori uncertainties of the
RTG’s accelerations exceed 100% of NAV estimated values. Since SCE1 so-
lution includes also the PN parameter γ, the a priori uncertainty used comes
from Viking experiment (Reasemberg et al., 1979) and is equal to 2 × 10−3.
This approach lets the post-fit covariance matrix to be driven always by the
information content of Doppler and range data.

All solutions include some consider parameters, namely magnetometer
boom and HGA reflectivity coefficients. The a priori uncertainty of the for-
mers is 0.18, that is about 100% of spec values. Instead, for the latter we
used 0.05 since the confidence level of coefficient inferred by eq. (5.13) in-
creased thanks to a multi arc solution of the three batches of data, which
confirmed within 1-σ the values of both RTG’s acceleration and HGA reflec-
tivity coefficient.

5.2.2 Numerical results

The three radio science experiments occurred approximately every six
months. Table 5.2 summarizes some general information as the heliocentric
distance, the duration of the experiments and Cassini mass along with the
number of Doppler and range data used in the orbital fits.

Initially, a complete 12-parameters fit of both GWE1 and GWE2 data

Epoch Distance Days Mass Doppler Range
[AU] [kg]

GWE1 Nov. 2001 6.65 40 4594.9 10420 2892
SCE1 Jun. 2002 7.38 20 4591.2 5754
GWE2 Dec. 2002 7.92 40 4591.2 13060 1839

Table 5.2: Summary of cruise radio science experiments. The distance is
referred to solar system barycentre.
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was attempted. It included the spacecraft initial conditions, RTG’s acceler-
ations and either HGA and magnetometer boom reflectivity coefficients. A
13-parameters fit for SCE1 included also the PN parameter γ. Table 5.3
and Table 5.4 show the post-fit correlation matrices of GWE1 and SCE1
of these first guess cases. GWE2 correlation matrix is not shown because
nearly equivalent to GWE1 one (geometric conditions are similar). The anti-
correlation coefficient between the RTG radial component and NUF (ODP
coded name of the HGA diffuse reflectivity coefficient ν) amounts to, respec-
tively, -0.97 and -0.59 for GWE1/GWE2 and SCE1. The two correlation
matrices singled out also an high correlation between the other two RTGs
components, which are not solvable.

NUF values exhibited a 18% variation from GWE1 to GWE2 (see Table
5.5) and turned out to be about 50% lower than spec value used by NAV
(0.32). Values of magnetometer boom coefficients were left unchanged with
respect to spec values (0.18), since there was no way to infer them more
accurately.

Table 5.5 and Figure 5.4 show numerical estimates of RTG’s acceleration
along Cassini ‘Z’ axis and formal 1-σ accuracy. They show also a fourth
multi arc solution, obtained by fitting together the three batches of data.
This latter solution would be rigorous only if the spacecraft mass were con-
stant. However, the real mass variation among the three experiments is
negligible (≪ 1%). Further, exploiting the different heliocentric distance
at which the three experiments took place, this multi arc solution allows
also decorrelating the two non-gravitational forces (RTGs and solar radia-
tion pressure), providing a quite accurate estimate of the average value of ν
(∼ 25% relative uncertainty). This value is consistent within 1-σ with those
used in the single arc solutions (see Table 5.5), providing a good validation of
(5.13) derived from the HGA thermal model. The multi arc solution solved
also for the PN parameter γ, providing the following result

γ = 1− (3.3± 2.4) × 10−5,

which is statistically coincident with Bertotti et al. (2003).
Figure 5.5 to Figure 5.9 show the post-fit Doppler and range residuals

of GWE1, SCE1 and GWE2. The average end-to-end one-way accuracy is
summarized on Table 5.6 and corresponds to about 6.2 µm/s for both GWE1
and SCE1 and 9.3 µm/s for GWE2. Ranging accuracy is approximately 1 m.
RMS of Doppler data (two-way) has been related to velocity error by

ρ̇ =
1

2

σ∆f

f
c (One-way), (5.15)

where f is the downlink frequency1. The error on range observables is ex-
pressed in RU, being 1 RU ≃ 28 cm.

1All plots show Doppler residuals scaled to X-band.
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X Y Z DX DY DZ NUF SPEC DIFF RTG-R RTG-X RTG-Y

X 1.00 0.17 -0.20 -0.60 -0.26 0.26 0.17 0.00 0.04 -0.15 -0.29 -0.26
Y 0.17 1.00 -1.00 -0.32 -0.79 0.79 0.00 0.00 0.00 0.02 -0.61 -0.62
Z -0.20 -1.00 1.00 0.33 0.80 -0.80 0.00 0.00 0.00 -0.02 0.62 0.62

DX -0.60 -0.32 0.33 1.00 0.58 -0.58 -0.54 -0.01 -0.13 0.52 0.64 0.60
DY -0.26 -0.79 0.80 0.58 1.00 -1.00 0.00 0.00 0.00 -0.03 0.95 0.95
DZ 0.26 0.79 -0.80 -0.58 -1.00 1.00 0.00 0.00 0.00 0.03 -0.95 -0.95

NUF 0.17 0.00 0.00 -0.54 0.00 0.00 1.00 0.00 0.00 -0.97 0.00 0.05
SPEC 0.00 0.00 0.00 -0.01 0.00 0.00 0.00 1.00 0.00 -0.02 0.00 0.00
DIFF 0.00 0.00 0.00 -0.13 0.00 0.00 0.00 0.00 1.00 -0.24 0.00 0.01

RTG-R -0.15 0.02 -0.02 0.52 -0.03 0.03 -0.97 -0.02 -0.24 1.00 -0.03 0.09
RTG-X -0.29 -0.61 0.62 0.64 0.95 -0.95 0.00 0.00 0.00 -0.03 1.00 -1.00
RTG-Y -0.26 -0.62 0.62 0.60 0.95 -0.95 0.05 0.00 0.01 0.09 -1.00 1.00

Table 5.3: Correlation matrix for a 12-parameters fit of GWE1 data. Coefficients less than 1% have been put equal to zero.
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X Y Z DX DY DZ NUF SPEC DIFF RTG-R RTG-X RTG-Y GAMMA

X 1.00 0.00 -0.09 -0.40 0.02 0.09 0.00 0.00 0.00 -0.31 -0.03 0.00 0.30
Y 0.00 1.00 -0.99 0.04 -0.77 0.77 0.00 0.00 0.00 0.03 -0.09 -0.09 -0.02
Z -0.09 -0.99 1.00 0.00 0.77 -0.78 0.00 0.00 0.00 0.00 0.09 0.09 -0.01

DX -0.40 0.04 0.00 1.00 -0.11 0.03 0.02 0.00 0.00 0.77 -0.04 0.01 -0.71
DY 0.02 -0.77 0.76 -0.11 1.00 -0.99 0.00 0.00 0.00 -0.09 0.37 0.37 0.06
DZ 0.08 0.77 -0.77 0.03 -0.99 1.00 0.00 0.00 0.00 0.02 -0.37 -0.37 0.00

NUF 0.00 0.00 0.00 0.02 0.00 0.00 1.00 0.00 0.00 -0.59 0.02 0.00 0.00
SPEC 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.00 0.00 -0.01 0.00 0.00 0.00
DIFF 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.00 -0.15 0.00 0.00 0.00

RTG-R -0.31 0.03 0.00 0.77 -0.09 0.02 -0.59 -0.01 -0.15 1.00 -0.05 0.01 -0.56
RTG-X -0.03 -0.09 0.09 -0.04 0.37 -0.37 0.02 0.00 0.00 0.05 1.00 0.99 0.03
RTG-Y 0.00 0.09 0.09 0.01 0.37 -0.37 0.00 0.00 0.00 0.01 0.99 1.00 0.00

GAMMA 0.30 -0.01 -0.01 -0.71 0.06 0.00 0.00 0.00 0.00 -0.56 0.03 0.00 1.00

Table 5.4: Correlation matrix for a 13-parameters fit of SCE1 data. Coefficients less than 1% have been put equal to zero.
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Figure 5.4: Single arc (blue) and multi arc (red) estimates of Cassini RTG’s
radial acceleration during three cruise radio science experiments.

Value σ ν[
km/s2

] [
km/s2

]
(NUF)

GWE1 -2.94 0.03 0.18± 0.05
SCE1 -2.96 0.09 0.16± 0.05
GWE2 -2.95 0.02 0.15± 0.05
Multiarc -2.95 0.01 0.19± 0.05

Table 5.5: Numerical estimates of RTG’s radial acceleration. Central values
and uncertainties (1-σ) are normalized with respect to 1 × 10−12. HGA
reflectivity coefficient ν is treated as consider parameter in the single arc
solutions and solved for in the multi arc solution.

Doppler range
[mHz] [µm/s] [RU] [m]

GWE1 0.34 6.07 3.31 0.92
SCE1 0.35 6.25
GWE2 0.52 9.28 3.83 1.07

Table 5.6: Average RMS of post-fit Doppler and range residuals.
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Figure 5.5: GWE1 post-fit Doppler residuals.

Figure 5.6: GWE1 post-fit range residuals.
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Figure 5.7: SCE1 post-fit Doppler residuals.

Figure 5.8: GWE2 post-fit Doppler residuals.
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Figure 5.9: GWE2 post-fit range residuals.
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5.2.3 Sensitivity analysis

In order to check our solutions, we performed a sensitivity analysis to
assess the influence of a different setup on results. In particular, we try to fit
only Doppler data rather than both Doppler and range data. To accomplish
this, the weight of GWE1 and GWE2 range data has been decreased up to
remove them from the orbital solution. Figure 5.10 shows the obtained re-
sults, where the weight of range data is expressed in range units (RU). The
best agreement with SCE1 is reached when the full information content of
range data is exploited (higher weight). The last bar of Figure 5.10 nearly
coincides with the solution shown on Figure 5.4. The slightly different es-
timation accuracy attained in this case is due only to a different a priori
uncertainty of ν (which do not affect in any way the central value). The
results for GWE2 case are nearly identical.

For SCE1, being range data not available, we checked the effect of the
parameter γ on RTG’s estimated acceleration. Figure (5.11) shows the com-
parison among results obtained, respectively, by:

1. estimating γ;

2. fixing γ to unity, as predicted by General Relativity, and considering
it exactly known (null a priori uncertainty);

3. using γ as a consider parameter.

When γ is estimated the a priori uncertainty is taken from Viking experiment
(Reasemberg et al., 1979) and the solution agrees with Bertotti et al. (2003).
On the opposite, if γ is treated as consider parameter the a priori uncertainty
is 4 × 10−5, corresponding to about 2-σ formal accuracy of Bertotti et al.
(2003) solution. In any case, the three solutions for the RTG’s acceleration
agree statistically within 1-σ confidence level.

Lastly, also magnetometer boom coefficients have been varied from spec
values but as expected its area is too small (see Table 5.1) to yield appreciable
effects on RTG’s estimated values.
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Figure 5.10: GWE1 sensitivity analysis. RTG’s acceleration as estimated by
using Doppler data only (red) and both Doppler and range data (blue). The
weight of range data (RU) changes between the two latter solutions.
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Figure 5.11: SCE1 sensitivity analysis. RTG’s estimated acceleration when
PN parameter γ is solved-for, fixed and treated as consider parameter.
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5.3 Tour estimates of RTG’s acceleration

The available data set of Cassini radio metric tour data spans from Jan-
uary, 2005, to February, 2011. It is completed by ancillary informations as
spacecraft attitude and TSAC media calibrations. This huge amount of data
(Cassini is tracked once a day) required the implementation of a dedicated
software package tool to accomplish automatically the preliminary procedure
required to run the ODP in the multi arc filter mode.

5.3.1 Preliminary estimation procedure

NAV orbital reconstruction provides Cassini ephemerides throughout the
Saturnian tour phase. Problems related to filter divergency and hardware
constrains (dimension of the only Cassini trajectory files exceeds quickly
several gygabytes) induce NAV to make separate orbital fits of Cassini data,
spanning at least 1.5 revs about Saturn. In each orbital fit, the dynamical
model used by NAV includes:

• gravitational attractions due to the Sun, planets and Saturn satellites;

• quadrupole gravity perturbations of Saturn and its satellites and higher
order terms for Saturn and Titan;

• gravitational perturbations of Saturn rings masses;

• non-gravitational accelerations due to thruster firings, RTGs and solar
radiation pressure;

• drag force due to Titan atmosphere (relevant during very close flybys);

• relativistic corrections due to the Sun, Jupiter and Saturn.

Some of these terms, as gravitational perturbations or Titan atmosphere den-
sity profile, could not be properly modeled in the early tour phase because
poorly known. Accumulation of science and navigation data throughout
the Saturn tour improved both Cassini dynamical model and satellite ephe-
merides and therefore the accuracy of the spacecraft orbital reconstruction.
However these improvements are used only to fit new data and therefore in
the early tour phase this latter could be in some cases quite inaccurate. Any-
way, stochastic accelerations have been always used in the NAV sequential
filter to absorb small unmodeled (or poorly modeled) accelerations and get
good orbital fits.

Cassini ephemerides allowed mapping initial conditions (and mass values)
just before the beginning of each tracking pass. Arc trajectories containing
either an orbital or a desaturation maneuver have been discarded from the
arc data set as well as those containing Saturn and Titan closest approaches.
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5.3.2 Multi arc setup

The dynamical model used to propagate all Cassini trajectories (one for
each tracking pass) is quite similar to that used by NAV. However there are
three significant differences:

1. the same satellite ephemerides model has been used for the entire tour
data set (currently SAT337)2;

2. ν is inferred by eq. (5.13);

3. stochastic accelerations are included neither in the trajectories propa-
gation nor in the multi arc filter.

Media calibrations are the same used by NAV. Since KaT was no more
available, the orbit determination relied only on two-way X-band Doppler
data and the plasma calibration scheme was not applicable. Also AWVR
readings, usually devoted only to support radio science experiments, were
sporadically available. Ionosphere and dry troposphere calibrations relied
on TSAC (discussed on § 5.2.1).

The weight of Doppler data has been inferred from the RMS of NAV
residuals, whereas increased of 15%. Range data have not been used3.

In the Saturnian system, gravity gradients constrain Cassini trajectory
and the uncertainty of Cassini position and velocity, expressed in the Saturn
system barycentre, can be, respectively, of few m and µm/s under favorable
conditions. However in some regions, especially near Saturn’s apocenter
passes, these could be higher. In order to avoid excessive constrains, the
a priori uncertainty used to constrain Cassini state vector is, respectively,
500 m for positions components and 3 µm/s for velocity ones in the form
of a diagonal covariance matrix. NAV provided us also the full covariance
matrices, but so far only for a limited period spanning from July, 2005, to
February, 2008.

As for the cruise phase, the a priori uncertainties of the RTG’s accelera-
tions exceed 100% of NAV estimated values and some consider parameters
are included in the filter. Temperature data from the two sensors on the
HGA (see § 5.1.2) are not available for the tour phase and ν was extrap-
olated from Figure 5.3 and eq. (5.13), providing an approximate value of
0.15. By this, its a priori relative uncertainty is 100% of this value. Both a
priori uncertainty and nominal values of magnetometer boom coefficients are
the same used for cruise estimates. The uncertainty of Saturn gravitational

2Available on JPL web site ftp://ssd.jpl.nasa.gov/pub/eph/satellites/nio/LINUX_PC
3When gravitational gradients are important, as in the Saturnian system, the orbit

determination is mainly based on Doppler data, which allows inferring the position of a
spacecraft with respect to the central body. On the other hand, range data are suitable
to improve the ephemerides of the central body.
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Body σ [km3/s2]

Saturn 1
Mimas 6.0 × 10−4

Encelauds 1.25 × 10−2

Tethys 3.8 × 10−3

Dione 1.5 × 10−3

Rhea 3.7 × 10−3

Titan 2.0 × 10−3

Hyperion 1.2 × 10−3

Iapetus 8.0 × 10−3

Phoebe 6.0 × 10−4

Table 5.7: Current knowledge of the gravitational parameter of Saturn and
its major satellites, from Jacobson et al. (2006, 2008).

parameter and that of its satellites is also taken into account in the final
estimation accuracy (see Table 5.7).

5.3.3 Numerical results: early Cassini orbits

The early Cassini orbits after Huygens probe separation (Dec. 25, 2004)
singled out a large bias affecting RTG’s accelerations, as estimated by Doppler
data spanning from Jan. 4, 2005, to Apr. 23, 2005. Figure 5.12 shows three
sets of solutions:

1. multi arc solutions using SAT337 satellite ephemerides (dark red);

2. multi arc solutions using ephemerides “of epoch” (light red);

3. NAV estimates (blue), which used ephemerides “of epoch”.

Table 5.8 shows the numerical values of RTG’s accelerations along with the
mass of Cassini from Titan 3 flyby (T3) to Saturn 7 rev (Sa 7). RTG’s
accelerations should have been ∼ 5× 10−12 km/s2, as expected by scaling
cruise estimates. Instead estimated values vary from 8× 10−12 km/s2 to
1.4 × 10−11 km/s2. These biases are the consequence of an error of Saturn
gravitational parameter affecting satellite ephemerides used by NAV during
the orbital reconstruction. Figure 5.13 shows the trend of GMSat as esti-
mated at JPL from January 2005 (T3) to April 2005 (T6). After that epoch
(Sa 8/E2/T6 in the figure), estimates of GMSat were corrected to the cur-
rent known value and the large bias disappeared4. NAV residuals, as well as
their estimates, do not make evidence of such huge model error, as shown

4The error of Saturn gravitational parameter on the early Cassini orbits was about
100 km3/s2, roughly equivalent to Dione GM (≈ 73 km3/s2).
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for example on Figure 5.14 and Figure 5.15 (other Doppler residuals until
April 2005 are not shown).

In order to evaluate if this error was completely absorbed by noise process
included in the NAV filter, we made a pass-through of their T3 Doppler
residuals by propagating Cassini trajectories without stochastic accelerations
(singled out from their solution), starting from mapped initial conditions.
This analysis was carried out with both old and SAT337 ephemerides releases.
Figure 5.16 shows the former case, where the signatures correspond to

δa ≈
1

2

∆f

f

c

τ
≈ 1.7 × 10−12 km/s2 (5.16)

being ∆f ≃ 2 mHz, f = 8.4 GHz and τ = 6 h. This value is consistent with
stochastic accelerations required by NAV to fit data (see Table 5.9).

Instead, the nearly 50 mHz signature observed when using SAT337 ephe-
merides points to a an error of Cassini initial conditions with respect to
Saturn system barycentre. The amplitude of this signature is supported by
theoretical considerations about errors of µSat. Indeed, this can be parame-
terized by

∆f = 2f
∆ρ̇

c
= 2f

δGM

r2
τ

c
≈ 5.3× 10−2 Hz (5.17)

where f = 8.4 GHz, δGM ≈ 100 km3/s2, r = 1.5× 106 km/s2 and τ = 6 h.
The value inferred from eq. (5.17) agrees with the signature seen on Doppler
data. At first order, an error of the newtonian point mass acceleration can
be expressed as

δa =
δGM

r2
− 2

GM

r3
δr, (5.18)

which yields, considering for simplicity a circular orbit, an error of Cassini
position equal to5

δr ≈
r

2

δGM

GM
= 7.5 km, (5.19)

having assumed r = 1.5 × 106 km and being δGM/GM ≈ 10−5. An error
δGM ≈ 100 km3/s2 can be also parameterized directly as an acceleration

δa ≈
δGM

r2
= 10−10 km/s2, (5.20)

which is about 20 times larger than RTG’s expected acceleration.
We tried also to fit only the Saturn outbound data (right side of Figure

5.16) in a new multi arc solution. However, also in this case a significant
bias (see Figure 5.18) affects the estimate of RTG’s acceleration. By this,
Doppler data until April 2005 have not been used for later analysis.

5This is the variation of Cassini orbit required to undergo the same gravitational ac-
celeration (δa = 0).



CHAPTER 5. NON-GRAVITATIONAL ACCELERATIONS 94

-1.6

-1.4

-1.2

-1.0

-8.0

-6.0

-4.0

-2.0

 0.0
T3 E1 T4 T5 Sa 7

× 
10

-1
2  k

m
/s

2

RTG′s  radial acceleration: early Saturnian phase

Figure 5.12: Multi arc estimates of RTG’s acceleration during early Cassini
orbits about Saturn after Huygens separation. Estimates are obtained by
using a multi arc filter and SAT337 (dark red) and old (light red) ephemerides
model. Blue bars refer to NAV estimates.

Value σ Mass Doppler data[
km/s2

] [
km/s2

]
[kg]

T3 −7.98× 10−12 1.7× 10−13 2862.26 2688
E1 −8.42× 10−12 2.2× 10−13 2823.39 1551
T4 −1.23× 10−11 4.8× 10−13 2821.65 930
T5 −1.38× 10−11 7.1× 10−13 2813.23 725
Sa 7 −9.53× 10−12 3.2× 10−13 2812.19 743

Table 5.8: Numerical estimates of RTG’s radial accelerations during early
Cassini orbits about Saturn. Number of Doppler data varies because of
different integration time and number of arcs used.
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Figure 5.13: Saturn GM estimates during early Cassini orbits. From T6 the
value was corrected to the current known value.

Time update Duration µ [km/s2] σ [km/s2]

I 1÷ 8 h 11 days 1.72 × 10−14 4.25 × 10−12

II 60 s. 40 minutes −3.39× 10−10 1.01 × 10−9

III 8 h 15 days −5.28× 10−14 1.79 × 10−13

Table 5.9: Stochastic accelerations singled out by NAV filter during T3 orbit
reconstruction. The arc is divided into three subset of data, according to a
different time update, which depends from Cassini dynamics.
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Figure 5.14: Post-fit Doppler residuals of T3 NAV orbit reconstruction.

Figure 5.15: Post-fit Doppler residuals of E1 NAV orbit reconstruction.
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Figure 5.16: Pass-through of T3 Doppler data by using old ephemerides.
Stochastic accelerations are removed from the orbit propagation.

Figure 5.17: Pass-through of T3 Doppler data by using SAT337 ephemerides.
Stochastic accelerations are removed from the orbit propagation.
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Figure 5.18: Multi arc solutions of RTG’s acceleration by using different
ephemerids and subset of data referred to T3 orbit reconstruction.
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5.3.4 Numerical results: data after April 2005

The large bias affecting the multi arc solutions vanished if Doppler data
after April 2005 are used, that is when Cassini reference ephemerides was
computed by using a correct value of Saturn gravitational parameter.

Cassini state vectors have been constrained with full a priori covariance
matrices for a period spanning from July, 2005, to February, 2008. In order
to avoid excessive constrains, these matrices have been also scaled by a factor
of 25 (5-σ), providing another complete set of solutions. Figure 5.19 shows
the comparison between RTG’s estimated accelerations, obtained by:

• using nominal a priori covariance matrices (dark red);

• scaling them by a factor of 25 (light red);

• NAV orbit reconstruction (blue).

With the expection of a few cases, the multi arc and NAV estimates agree
always within 1-σ formal accuracy. Table 5.10 provides the numerical esti-
mates of the “dark red” solutions along with their reference mass and number
of Doppler data points used. Figure 5.20 to 5.26 show the post-fit Doppler
residuals of each multi arc solutions. Only Cassini passes where Cassini-
Saturn distance was larger than 5× 105 km have been considered. The dif-
ferent color indicates a different Tc (count time) of the X-band Doppler data.
Black, blue and red represent a Tc of, respectively, 300, 60 and 1 s. Each
plot provides also both the mean and RMS of Doppler residuals scaled to
Tc = 60 s. Assuming a pure randomly distributed white gaussian noise, this
can be made by means of the following formula

σy (60 s) = σy (Tc) ·

√
Tc
60
. (5.21)

During the last year of this doctoral thesis, Cassini radio metric data
set until February 2011 became available to us but the spacecraft covariance
matrices did not. By this, the overall estimation procedure was repeated
including Doppler data from April 2005 to February 2011, but constraining
Cassini state vectors with a priori uncertainties always in the form of a
diagonal covariance matrix, as described on § 5.3.2.

Figure 5.27 shows the RTG’s estimates obtained with the multi arc
method referred to the nearly 6 years of Doppler data, from T7 (April 2005)
to T74 (February 2011). The large difference of the attained estimation ac-
curacy (achieving only in a few cases a 4 ÷ 5% of relative uncertainty) was
initially investigated by superimposing in the plot the SEP (red curve) We
were looking for a possible correlation with the plasma noise6 but no evident

6In single frequency Doppler measurement at X-band, plasma noise is by far the largest
noise contribution for most of SEP angles (see Figure 4.4)
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RTG′s accelerations: multi arc and NAV estimates

Figure 5.19: Multi arc (red) and NAV estimates (blue) of RTG’s accelera-
tions. Cassini state vectors constrained with both nominal (dark red) and
scaled (light red) full a priori covariance matrices. Only Cassini passes where
Cassini-Saturn distance was larger than 5× 105 km have been considered.

correlation was found. Currently, the best explanation we have is that the
final accuracy is driven by favorable/unfavorable geometry of Cassini orbits,
essentially related to variations of the angle between the apsidal line and the
line-of-sight (allowed by Titan flybys). Althought geometric effects could in
principle explain the modulation of the attained estimation accuracy, surely
a more deep analysis in the near future is required.

In order to assess the effect of Saturn GM uncertainty and that of a dif-
ferent number of data, Cassini-Saturn distance under which tracking passes
are not considered have been varied from 1× 105 km (see Figure 5.27) to
2× 106 km (see Figure 5.28). In this latter case, the inner orbits of Cassini
about Saturn are not considered.
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Value σ Mass Doppler[
km/s2

] [
km/s2

]
[kg]

T7 −5.38 × 10−12 1.8× 10−13 2781.73 1000
H1 −5.80 × 10−12 1.5× 10−13 2767.14 801
D1 −5.11 × 10−12 1.4× 10−13 2767.05 856
T8 −5.22 × 10−12 0.9× 10−13 2739.54 970
R1 −5.35 × 10−12 0.8× 10−13 2726.12 1376
T9 −5.41 × 10−12 0.8× 10−13 2710.81 1475
T10 −5.40 × 10−12 0.8× 10−13 2710.14 1389
T11 −5.37 × 10−12 0.8× 10−13 2709.76 2364
T12 −5.33 × 10−12 0.8× 10−13 2709.53 2990
T13 −5.38 × 10−12 1.0× 10−13 2708.88 1846
T14 −5.52 × 10−12 1.0× 10−13 2707.49 1518
T15 −5.55 × 10−12 1.4× 10−13 2706.91 1715
T16 −5.93 × 10−12 1.4× 10−13 2704.91 1664
Sa27 −5.51 × 10−12 4.5× 10−13 2703.66 7258
T18 −5.33 × 10−12 3.3× 10−13 2698.46 2725
T19 −5.64 × 10−12 3.8× 10−13 2689.00 947
T20 −5.49 × 10−12 3.1× 10−13 2683.46 553
Sa32 −5.40 × 10−12 4.1× 10−13 2682.56 761
Sa33 −5.75 × 10−12 4.9× 10−13 2682.48 568
Sa34 −5.83 × 10−12 4.3× 10−13 2678.19 1826
T21 −5.75 × 10−12 4.6× 10−13 2677.95 363
T22 −6.35 × 10−12 3.4× 10−13 2677.95 567
T23 −5.80 × 10−12 1.2× 10−13 2670.42 1804
T24 −5.65 × 10−12 1.1× 10−13 2667.58 734
T25 −5.58 × 10−12 1.4× 10−13 2665.19 1170
T26 −5.55 × 10−12 1.4× 10−13 2664.43 1466
T27 −5.60 × 10−12 1.0× 10−13 2663.15 586
T28 −5.39 × 10−12 0.9× 10−13 2662.21 3546
T29 −5.15 × 10−12 1.3× 10−13 2656.55 2602
T30 −5.43 × 10−12 1.1× 10−13 2655.97 4432
T31 −5.45 × 10−12 1.4× 10−13 2648.26 3945
T32 −5.54 × 10−12 1.4× 10−13 2643.53 3650
T33 −5.89 × 10−12 1.9× 10−13 2640.29 2631
T34 −5.60 × 10−12 1.5× 10−13 2628.24 5864
T35 −5.68 × 10−12 1.5× 10−13 2621.02 5584
T36 −5.24 × 10−12 1.9× 10−13 2620.23 9205
T37 −5.62 × 10−12 1.7× 10−13 2607.50 12918
T38 −5.75 × 10−12 1.8× 10−13 2604.79 4452
T39 −5.98 × 10−12 3.1× 10−13 2602.82 4494
T40 −5.45 × 10−12 2.8× 10−13 2588.58 4406
T41 −5.51 × 10−12 3.7× 10−13 2577.90 14592

Table 5.10: Multi arc estimates and 1-σ formal accuracy of RTG’s estimated
acceleration. Cassini state vectors are constrained with nominal full a priori
covariance matrices.
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Figure 5.20: Cassini Doppler residuals from T7 to T9.
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Figure 5.21: Cassini Doppler residuals from T10 to T15.
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Figure 5.22: Cassini Doppler residuals from T16 to Sa 32.
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Figure 5.23: Cassini Doppler residuals from Sa33 to T24.
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Figure 5.24: Cassini Doppler residuals from T25 to T30.
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Figure 5.25: Cassini Doppler residuals from T31 to T36.
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Figure 5.26: Cassini Doppler residuals from T37 to T41
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Figure 5.27: Tour estimates of RTG’s acceleration from T7 (April 2005) to
T74 (February 2011). Red curve is the SEP angle throughout the Saturnian
phase. Each solution, comprising a different number of arcs, makes SEP
variations slightly irregular in the plot. Only passes where Cassini-Saturn
distance was larger than 1× 105 km have been considered.
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Figure 5.28: Tour estimates of RTG’s acceleration from T7 (April 2005) to
T74 (February 2011). Red curve is the SEP angle throughout the Saturnian
phase. Each solution, comprising a different number of arcs, makes SEP
variations slightly irregular in the plot. Only passes where Cassini-Saturn
distance was larger than 2× 106 km have been considered.



Chapter 6

Interpretation of results

6.1 Cruise estimates

Cassini orbital solutions, based on Doppler and range data acquired dur-
ing three cruise radio science experiments, were expected to provide nearly
identical estimates of the RTG’s accelerations, being mass variations among
the experiments absolutely negligible (∼ 3 kg) if compared with the total
spacecraft mass (∼ 4600 kg). The three solutions singled out an accelera-
tion ≃ 2.95 × 10−12 km/s2 along the spacecraft ‘Z’ axis (coincident with the
HGA axis) with relative uncertainties from ∼ 1% to ∼ 3%. This accelera-
tion requires that insulating heat shields covering the RTGs induce about
30% of anisotropic thermal emission. Because of Cassini fixed Earth-pointed
attitude throughout the three experiments, the other two components in the
spacecraft ‘X-Y’ coordinate plane (significantly lower) are difficult to solve
and do not affect the radial component.

Thruster firings were avoided during the experiments but the other rel-
evant non-gravitational acceleration, due to the solar radiation pressure, re-
quired an external calibration of the thermo-optical properties of surfaces
exposed to sunlight, being itself nearly aligned with the HGA axis during
tracking from ground and therefore difficult to separate from RTG’s induced
acceleration. Fortunately, since the fixed 4 m HGA shades the entire space-
craft bus, only its diffuse reflectivity coefficient was effectively required. We
used a simplistic thermal model of the HGA to relate temperature readings
of two sensors with the ODP reflectivity model. The HGA diffuse reflectivity
coefficient varied of 18% among the three experiments and was always about
50% lower than value used by NAV in their orbit reconstruction.

Cruise results survived every reasonable perturbations and were con-
firmed also by a fourth multi arc solution, obtained by combining the three
batches of data in a single fit. The different heliocentric distance of the three
experiments (see Table 5.2) allows disentangling the RTG and solar radia-
tion pressure accelerations and therefore to solve also for the HGA diffuse
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reflectivity. This fourth solution agrees statistically within 1-σ with the pre-
ceding single arc solutions both in term of the radial RTG’s acceleration and
the HGA diffuse reflectivity coefficient.

Limiting the analysis to cruise scientific data do not suffice to assess the
presence of an acceleration similar to the Pioneer anomaly on the Cassini
spacecraft. Indeed, 29% of the radial acceleration ascribed to the RTGs
coincides with the Pioneer anomaly and because of the three experiments
geometry it point approximately towards the Sun. By this, since we cannot
reliably predict the expected anisotropic thermal emission on Cassini, the
Pioneer anomaly could be in principle hidden by Cassini RTG’s accelerations.

6.2 Tour estimates

During Cassini orbital reconstruction in the Saturnian tour, NAV esti-
mated new values of RTG’s accelerations very close to what expected after
spacecraft mass changes (∆M ≈ 1.8 t, induced by Saturn insertion maneuver
and Huygens probe release).

However, the complex Saturnian system environment makes the orbit
determination much more complicate with respect to the cruise phase. In
particular, NAV makes large use of stochastic models to compensate for
poorly modeled or completely unmodeled accelerations. Moreover, periodic
maneuvers accomplished to variate/adjust Cassini orbital elements and per-
form desaturation of reaction wheels can affect NAV estimates. In addition,
also the continuous attitude reorientations executed by Cassini to perform
scientific observations when not tracked from ground are potential sources
of error. On the opposite, a multi arc strategy allowed us to:

• discard arcs with maneuvers;

• propagate and combine Cassini trajectories as short as single tracking
passes, enabling a fixed Earth-pointed attitude;

• fit data without inclusion of stochastic models in the estimation filter.

The multi arc solutions obtained with the nearly 6 years of X-band
Doppler data provided us different results according to the filter setup. In
particular, if Cassini state vectors are constrained with full a priori covari-
ance matrices (as singled out by NAV orbit reconstruction and currently
available to us only from April 2005 to February 2008) we get a very good
agreement (almost within 1-σ confidence level) with estimates carried out
by NAV. Also scaling by a factor of 25 (5-σ) these matrices do not change
significantly our results, being in some cases the 1-σ formal accuracy as low
as 8× 10−14 km/s2 (∼ 2% relative uncertainty). The main outcome is that
poorly modeled or unmodeled accelerations in the Saturnian system seem to
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be equivalently absorbed by process noise (NAV) or local parameters (multi
arc).

However, when we used only diagonal a priori covariance matrices to
constrain Cassini state vector throughout the entire tour data set, we ob-
tained,with few exceptions, much larger formal uncertainties. This is very
likely due to an excessive over-parameterization of the solve-for-parameter
vector, which prevents accumulation of Doppler data information content.
The trend of the estimation accuracies attained throughout the Saturn mis-
sion could be ascribed to unfavorable geometry of Cassini orbits, likely re-
lated to the angle between Cassini velocity and the line-of-sight, roughly
driven by the apsidal line of the spacecraft orbits, which changes continu-
ously thanks to Titan’s gravity assists. Only in a few cases, a more favorable
geometry allowed an estimation accuracy between 10% and 20%. This be-
havior implies that the information matrix is frequently driven by a priori
knowledge of Cassini state vectors (when full a priori covariance matrices are
used) rather than by data information content.

6.3 Disentangling RTG’s and anomalous accelera-

tions

The comparison between cruise and tour estimates of the acceleration
induced by Cassini RTGs along the spacecraft ‘Z’ axis allows testing their
force model. Since the 238Pu has an half life time ≈ 87.74 years, thrust due to
RTG’s anisotropic thermal emission is approximately constant to the extent
of the Cassini mission. By this, any deviation from the inverse mass law
of these non-gravitational accelerations can be thought of as an additional
acceleration along the spacecraft-Sun direction, as the Pioneer anomaly.

Figure 6.1 shows the trend of Cassini systematic bias, obtained by solving
in a least square sense eqs. (2.3) with cruise and tour estimates (entire data
set with a priori diagonal constrains). Since the early tour Cassini orbits
were affected by an error of Saturn gravitational parameter, we tried to
remove older Cassini passages from the solution. Moving along the ‘x’ axis,
discarding older data decreases the bias but also the estimation accuracy.

This obviously implies that the systematic is mostly due to older passages,
when the knowledge of Saturnian system was poorer and Cassini ephemerides
probably more inaccurate. This conjecture is partially supported by multi
arc solutions obtained with Doppler data before April 2005, when a huge
error of Saturn gravitational parameter affected significantly the estimates
of RTG’s accelerations (as shown on § 5.3.3). In any case, the upper value
of this systematic bias amounts to

a = (5.5± 0.9) × 10−13 km/s2

when all Saturn solutions are considered. A nearly equivalent result, equal to
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(6.0± 0.5) × 10−13 km/s2, is obtained by using tour estimates where Cassini
state vectors are constrained with full a priori covariance matrices (shown on
Figure 5.19). Instead, by using only tour data approximately before August
2006 reduces the estimated bias to

a = (4.0± 1.8) × 10−13 km/s2.

This latter value corresponds to an acceleration equal to 45% of the Pio-
neer anomaly and is consistent with null value at about 2-σ confidence level.
Further, having the opposite direction of RTG’s and Pioneer accelerations
(inward), it can be thought of as an outward additional acceleration.

The remarkable result is that Cassini spacecraft do not make evidence
of an anomalous acceleration equivalent to the Pioneer anomaly, whereas
a small bias equal to ∼ 4.0× 10−13 km/s2 has been detected. There are
essentially three ways to explain this bias:

1. the anisotropic thermal thrust is for some reason underestimated in
the three cruise radio science experiments;

2. some unaccounted (or poorly modeled) acceleration in the Saturnian
system yields an overestimation of the anisotropic thermal thrust;

3. an outward acceleration approximately following the equivalence prin-
ciple is missing in Cassini dynamical model.

The latter hypothesis is clearly very unlikely because it would involve
a violation of the equivalence principle. As for the Pioneer anomaly, any
additional acceleration of a∗ = 4× 10−13 km/s2 at Saturn distance is conve-
niently parameterized in a change of the solar mass ∆µ = a∗r2 = 6.2×10−6µ,
which is 5 order of magnitude beyond the current observational accuracy.

The former hypothesis, whereas unconvincing, is in principle possible.
Some simulations show that a systematic bias of about 1.6× 10−13 km/s2,
if added to cruise estimates, suffices to rule out the bias.

In the end, a small bias affecting tour estimates is the most likely can-
didate to explain deviations of non-gravitational accelerations from the ex-
pected values. In order to check the results, we tried to compare also our
cruise solutions with RTG’s accelerations estimated by NAV in the Satur-
nian system. Figure 6.2 shows these other results. Also in this case we tried
to remove older data but in this case the systematic bias amounts constantly
to about

a = (3.9± 0.6) × 10−13 km/s2.

A similar results is obtained by comparing the full set of NAV solution em-
bracing both Cassini cruise and Saturnian phase. The bias further decreases
to
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Figure 6.1: Upper limit to Cassini anomalous acceleration, as singled out
by the comparison of cruise and tour estimates of RTG’s acceleration. Only
passes where Cassini-Saturn distance was larger than 1× 106 km have been
considered.

a = (3.0± 0.5) × 10−13 km/s2.

by comparing our cruise solutions with those obtained in the Saturn phase by
R. Jacobson, the team leader of the group at JPL involved in numerical in-
tegration and improvement of planetary and satellite ephemerides. Whereas
his estimation filter is similar to that used by NAV (many days orbital fit
using stochastic compensating accelerations), the systematic vanishes com-
pletely by comparing only its estimates, embracing both cruise and tour
phases:

a = (−0.1± 1.6)× 10−13 km/s2.

This latter result is very noteworthy because obtained with improved Cassini
ephemerides generated during the satellite ephemerides update. All the pre-
vious results are summarized in Figure 6.3, where RSS (Radio Science Sub-
system) refers always to numerical solutions obtained in this work.

In the end, all results show that Cassini do not experience a Pioneer-like
acceleration, which is therefore very likely due to a combination of some
onboard generated thrust.
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Chapter 7

Conclusions and future works

The research presented in this thesis deals with an experiment aiming to
investigate the nature of the Pioneer anomaly, an unexpected acceleration
experienced by two NASA deep-space probes (Pioneer 10 & 11), which has
been indicated as a possible violation of the Newton-Einstein gravity laws
within the scale of our solar system.

The experiment is based upon the analysis of non-gravitational accel-
erations of Cassini spacecraft estimated during the interplanetary and the
Saturnian phase. Cassini is a NASA mission devoted to the study of Saturn
and its satellites. It provides a unique opportunity to test the origin of the
Pioneer anomaly. Indeed, the large mass decrease in the Saturnian phase
allows to separate non-gravitational and external accelerations. The large
mass decrease was experienced by the spacecraft after the SOI maneuver
and the Huygens probe release, which nearly halved its mass. As shown in §
2.3.4 and § 6.3, this allows disentangling the non-gravitational accelerations
from any hidden gravitational anomaly.

Thruster firings apart, the two leading non-gravitational accelerations of
Cassini spacecraft are due to RTG’s anisotropic thermal emission (mainly
along the spacecraft ‘Z’ axis) and solar radiation pressure. During tracking
periods (Earth-pointing attitude) the former is inward while the latter is
outward. At great distances from the Earth and especially during cruise
radio science experiments, occurring at solar oppositions and conjunction,
solar pressure and thermal thrust are nearly aligned and therefore difficult
to be separated in the orbital reconstruction.

Fortunately, the 4m fixed HGA of Cassini was designed to work as an
insulating radiation shield in the early phase of the mission (inner cruise),
when it was constantly Sun pointed. This implies it is approximately the
only spacecraft surface facing the Sun during tracking periods throughout the
entire mission, reducing considerably the complexity of the solar radiation
pressure model. Indeed, the only thermo-optical coefficients required in the
analysis are those of the HGA. We inferred its absorptance from readings of
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two temperature sensors mounted on the HGA back side. Once we calibrated
the solar radiation pressure, we could estimate RTG’s induced acceleration
by means of Cassini radio metric data (range and range-rate).

The first chance to estimate RTG’s accelerations occurred during three
radio science experiments, carried out in the outer cruise phase (between the
orbits of Jupiter and Saturn). Doppler and range data acquired at NASA
Deep Space Network (DSN) provided three independent estimates of the
RTG’s acceleration along the spacecraft ‘Z’ axis. Exploiting the advanced
Cassini Ka-band multi-frequency system, the three orbital solutions singled
out an inward acceleration equal to ∼ 2.95 × 10−12 km/s2 with formal accu-
racies varying from ∼ 1% to ∼ 3%.

We checked the stability of the solution by means of a sensitivity analysis.
The solutions survived every reasonable perturbation with changes not larger
than 1-σ. In addition, a fourth multi arc solution obtained by combining
the three batches of data in a single fit confirmed previous results. This
latter solution, exploiting the variation of the solar pressure accelerations at
different heliocentric distances, allowed also inferring HGA diffuse reflectivity
directly from tracking data and agreed with values inferred from the two
temperature sensors. Lastly, all cruise results imply that about 30% of the
RTG thermal power is radiated non-isotropically, leading to an acceleration
more than three times larger than the Pioneer anomaly.

We estimated again the RTG’s acceleration in the Saturnian phase. Due
to the mass reduction, they increased approximately to 5× 10−12 km/s2.
The huge amount of Doppler tracking data (6 years) requires the implemen-
tation of a dedicated data analysis package tool. The complex Saturn sys-
tem environment and the continuous attitude reorientation of the spacecraft
between tracking periods (to perform scientific observations) required a dif-
ferent and more complex estimation strategy with respect to one adopted in
the cruise phase. Each single tracking pass (once a day) has been fitted with
its own set of spacecraft initial conditions, combining the partial derivatives
coming from different arcs into a single information array. RTG’s accelera-
tions have been estimated from data arcs spanning intervals of at least 1.5
revs about Saturn because mass changes occurring in the Saturnian phase
do not allow a single global solution in the orbit determination code used
for data analysis (ODP). The constrain on the arc length led in many cases
to an excessive over-parameterization of local parameters and inaccurate es-
timates. In a few favorable cases, the achieved relative uncertainty in the
non-gravitational accelerations has been less than 10%. This level can be
attained in all solutions by constraining Cassini’s initial conditions with co-
variance matrices provided by the Navigation Team. Unfortunately these do
not cover the entire available data set.

Finally we compared cruise and tour estimates to disentangle endogenous
from external accelerations (such as the proposed “Pioneer anomaly”). The
solutions for the Pioneer-like acceleration ended up in a small bias, approx-
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imately (4.0 ± 1.8)× 10−13 km/s2. This estimate makes use of tour data
past August 2006. Inclusion of data before this epoch increased the bias to
about (5.5 ± 0.9)× 10−13 km/s2. However, in the early tour phase Cassini
ephemerides were more inaccurate and therefore have been considered as less
reliable. In any case, this bias can be interpreted as an additional outward

constant acceleration and therefore having an opposite direction with respect
to the Pioneer anomaly.

We compared our cruise solutions with two other set of independent
solutions referred to the cruise phase, one coming from NAV and the other
from R. Jacobson (JPL), the team leader of a group involved in the numerical
integration of natural satellites of Saturn. In these two cases, the bias is:
1) (3.9 ± 0.6)× 10−13 km/s2 (NAV); 2) (3± 0.5) × 10−13 km/s2 (R. J.) and
therefore compatible with our estimates.

These two solutions confirm an upper limit of roughly 4× 10−13 km/s2 to
additional outward accelerations which is fully incompatible with the Pioneer
anomaly.

One of the possible future development of this work could be a complete
reanalysis of the early data and the processing of new data (Cassini will
terminate its life by plunging into Saturn in 2017). In particular we could use
the improved Cassini ephemerides generated during the satellite ephemerides
update. Another possible way to proceed could be an assessment of Cassini
on-board unaccounted systematics due, for instance, to thermal recoil forces
of spacecraft instrumentation and subsystems during the Saturn phase.
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