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Definition

In mathematics, the term variational analysis usually
denotes the combination and extension of meth-
ods from convex optimization and the classical cal-
culus of variations to a more general theory [5].
However, in computer vision literature, the term is fre-
quently encountered as just a synonym for calculus
of variations. This branch of mathematics deals with
the minimization of functionals, which are real-valued
functions on infinite-dimensional spaces, most fre-
quently spaces of functions.

Background

In the continuous world view, images are modeled
as functions on a domain � � R

n. Geometric enti-
ties like curves and surfaces are manifolds, which
can be described as level sets of functions or by
the characteristic functions of their interior region.
Consequently, computer vision problems can often
successfully be formulated as minimization problems
on infinite-dimensional spaces, where the solution is
given as the minimizer of an energy functional EW
V ! R on the space V of admissible functions.
The minimization of such a functional thus requires a
calculus on infinite-dimensional spaces, which is pro-
vided by the classical branch of mathematics called
calculus of variations [3, 4]. It provides necessary
conditions which have to be satisfied by the mini-
mizing function, probably most well known is the
Euler-Lagrange equation, a partial differential equa-
tion for the unknown. However, the methods of the
calculus of variations usually provide only conditions
for local minima, while it is of course desirable to for-
mulate models where one has some guarantees about
the optimality of the solution.

Recently, there has therefore been much effort to
formulate computer vision in a way that the final min-
imization problem is a convex functional. The main
advantage is that there are no local minima in the
sense that each local minimizer is automatically a
global optimum. Furthermore, for optimization, it is
possible to enhance the techniques from the calculus
of variations with methods from convex optimization,
thus obtaining very efficient minimization algorithms
[1, 4, 5].
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The formulation of variational models as convex
problems requires convex regularizers. A particularly
powerful regularizer was found to be the total variation
of a function [2]. Besides convexity, it has certain inter-
esting geometric properties which make it possible to
obtain convex formulation of segmentation and mini-
mal surface problems. See the entry on total variation
for more details.

Theory

See the entry on the variational method.
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Definition

The variational method is a way to solve problems
given in the form of a variational model,
i.e., as an energy minimization problem on an
infinite-dimensional space which is typically a

function space. It employs tools from the mathematical
framework of variational analysis.

Background

Ikeuchi and Horn’s shape-from-shading paper and
Horn and Schunck’s optical flow paper, which
appeared in AIJ simultaneously, are the earliest rep-
resentative works to introduce a variational method
to computer vision [7]. Inspired by the extraordinary
success of the idea, variational methods have been
extensively studied in computer vision and become a
very popular tool for a wide variety of problems. They
are particularly successful in mathematical image pro-
cessing, where they are used to describe fundamental
low-level problems, like image segmentation [9, 11],
denoising [15], and deblurring [3], but have also been
employed for high-level tasks like 3D reconstruc-
tion [4, 10].

In a variational model, the solution to a problem
is obtained as the minimizer of an energy defined on
a typically infinite-dimensional space, for example, a
function space. The underlying world view is a con-
tinuous one similar to classical physics, where images
are regarded as functions on R

n, while curves and
surfaces, encountered, for instance, in image segmen-
tation and 3D reconstruction, are regarded as mani-
folds.

In view of this, it is not surprising that the mathe-
matical framework of variational analysis used to deal
with these problems was developed in close conjunc-
tion with new insights in physics in the early twentieth
century [5]. It is a calculus for functionals on infinite-
dimensional spaces, which together with tools from
differential geometry and measure theory yields the
Euler-Lagrange equations of such a functional as a
necessary condition for a minimum. Commonly, solu-
tions to the Euler-Lagrange equations are obtained
either by directly solving a discretization or via a
gradient descent technique.

Usually, only a local minimum is obtained this
way. Recently, however, much effort has been devoted
to formulate variational problems with convex ener-
gies, either directly or using relaxation techniques.
In the case of a convex energy, the solution to the
Euler-Lagrange equation yields a global optimum. Fur-
thermore, the methods from variational analysis can
be enhanced with methods from convex analysis and

http://dx.doi.org/10.1007/978-0-387-31439-6_682
http://dx.doi.org/10.1007/978-0-387-31439-6_683


Variational Method 841 V

V

convex optimization, yielding powerful and efficient
optimization methods.

Theory

There are two classical types of variational problems,
which require a slightly different mathematical appa-
ratus. The first class is concerned with the minimizer
of a functional which is defined on a (usually infinite-
dimensional) vector space V , for example, a function
space. It typically arises when the goal is to recover
images, as in the problems of image denoising and
deblurring.

The second type is more complex and deals with
weighted minimal surfaces, i.e., minimizers of a class
of functionals defined for surfaces. This type of prob-
lem arises when one tries to recover manifolds, like
curves in image segmentation or surfaces in 3D recon-
struction. It can be related to the first case by intro-
ducing a variation of a surface and employing methods
from differential geometry.

Functionals on vector spaces The foundation for the
variational method for functionals on vector spaces
is the variational principle, which states that a mini-
mum of a functional is a stationary point [2, 5]. Let
E W V ! R be a functional on the Banach space V and
then a point u 2 V is called stationary if the Gâteaux
derivatives ıE.uIh/ in all directions h vanish, i.e.,

0 D ıE.uIh/ WD lim
˛!0

1

˛
.E.u C ˛h/ � E.u// : (1)

Typically, the functional E is given as an integral over
a domain˝ . In order to apply the variational principle
in this case, one writes the Gâteaux differential in the
form

ıE.uIh/ D
Z
˝

�u � h dx; (2)

where �u is a function on ˝ which depends on u.
The du Bois-Reymond Lemma then implies that if

ıE.uIh/ D 0 for all h, then in fact �u D 0 on ˝ . This
is a partial differential equation for the unknown u and
a necessary condition which has to be satisfied by a
minimizer. It is called the Euler-Lagrange equation of
the functional E .

A frequent form for the energyE is the formulation

E.u/ D
Z
˝

L.u.x/;ru.x/; x/ dx; (3)

with a Lagrangian function L. In this case, an
explicit formula for the Euler-Lagrange equation can
be derived using the chain rule and theorem of Gauss
for integration by parts. It reads

@L
@u

� div

�
@L
@.ru/

�
D 0; (4)

with either Neumann boundary conditions on u or
Dirichlet boundary conditions on possible directions h.

Minimal surfaces. A minimal surface ˙ � R
n is a

local minimizer of the surface area integral

A .˙/ WD
Z
˙

˚ dA; (5)

with a real-valued weight function ˚ � 0 and dA
denoting the surface area element. The dimension of
the surface is one less than the embedding space. Prob-
lems of this form can be handled by introducing a
variation of the surface as a differentiable map

X W ˙ � .��; �/! R
n; (6)

where X.˙; 0/ D ˙ and a one-parameter family
˙� D X.˙; �/ of regular surfaces is given depending
on � 2 R. The variational principle then implies that a
minimal surface satisfies

d

d�

ˇ̌
ˇ̌
�D0

A .˙�/ D 0 (7)

for all possible variations. In [6], the Euler-Lagrange
equation was derived in arbitrary dimension using
methods from Cartan geometry [16], for the general
case that ˚ depends on the location s on the sur-
face and the local normal n. For a more elementary
deduction for two-dimensional surfaces, see, for exam-
ple, [4, 14], where [14] also deals with other classes of
minimal surfaces which minimize weighted mean or
Gaussian curvature.

The main result of [6] is that a minimal surface
necessarily satisfies

.˚s;n/ � Tr .S/ ˚ C div˙.˚n/ D 0; (8)

where Tr .S/ is the trace of the shape operator of
the surface, also known as the Weingarten map or
second fundamental tensor. Using either explicit sur-
face evolution methods or the level set method [13], a
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local minimum can be obtained via gradient descent
as a stationary solution of a corresponding evolution
equation.

In a more modern framework, the weighted surface
area is replaced with the weighted total variation [1, 2]
of the characteristic function of the surface interior.
Optimization then takes place over the set of binary
functions of bounded variation, which means that the
difficult minimal surface problem has been reduced
to the more simple first case discussed above. Using
convex relaxation techniques, this allows to solve cer-
tain classes of weighted minimal surface problems,
which, for instance, arise in segmentation [12] and 3D
reconstruction [10], in a globally optimal manner. The
entry on total variation provides more details on this
topic.
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Definition

Image mosaicing is the process of generating a com-
posite image (mosaic) from a video sequence, or in
general from a set of overlapping images of a scene
or an object, usually resulting in a mosaic image
with a larger field of view than any of the original
images.

Background

When collecting video of a scene or object, each
individual image in the video may be limited
compared to the desired final product, includ-
ing limitations in the field of view, dynamic
range, or image resolution. This is the case
not only with personal video capture [1, 9, 13]
but also with image-based rendering [11, 14, 15],
aerial videography [7, 10, 18–20], and document dig-
itization [5]. Generating mosaics with larger fields of
view [5, 6, 9, 13, 14, 19], higher dynamic ranges [4],
and/or higher image resolutions [8] facilitates video
viewing, video understanding, video transmission, and
archiving. When the major objective of video mosaic-
ing is to generate a complete (e.g., 360ı) view of an
object (or a scene) by aligning and blending a set of
overlapping images, the resulting image is also called
a video panorama [9, 14, 15].

Theory and Application

Video mosaicing takes in a video sequence and gen-
erates one or more mosaiced images with either a
larger field of view, a higher dynamic range, a higher
image resolution, or a combination of them. This entry
will mainly discuss the principles in generating large
field of view mosaics (panoramas), but the princi-
ples can also be (mostly) applied to mosaics for other
objectives (high dynamic range imaging and super-
resolution imaging). Here, video mosaicing implies
that the images in the sequence are taken by a video
camera, usually at 30 frames per second, but images
taken by a digital camera such that there is a large
amount of spatial overlap between two consecutive
frames can also be viewed as a video sequence.

There are three key components in a typical video
mosaicing algorithm: motion modeling, image align-
ment, and image composition. Depending on the type
of camera motion and the structure of the objects or
scenes, the motion model can be a 2D rigid motion
model (rotation, translation, scaling), an affine model,
a perspective model (homography), or a full 3D motion
model.

Many popular video mosaicing methods [16], for
example, in [4, 15], assume a pure rotation model
of the camera in which the camera rotates around
its center of projection (i.e., the optical center, some-
times called nodal point). In this case, the motion
between two consecutive frames can be modeled by
a homography, which is a 3 � 3 matrix. Then, depend-
ing on the fields of view (FOVs) of the mosaic, the
projection model of the mosaic can be a perspec-
tive projection (FOV is less than 180ı), a cylindrical
projection (FOV is 360ı in one direction), or a spher-
ical projection (full 360ı FOV in both directions).
Figure 1 illustrates the relations between the original
images and the three types of mapping surfaces each
image can be projected onto: planar, cylindrical, and
spherical.

However, the applications of video mosaics from a
pure rotation camera are limited to mostly consumer
applications such as personal photography, entertain-
ment, and online maps. For more specialized appli-
cations such as surveillance, remote sensing, robot
navigation, and land planning, to name a few, the
motion of the camera cannot be limited to a pure rota-
tion. Translational motion usually cannot be avoided,
causing the motion parallax problem to arise. There
are three kinds of treatments for the motion parallax
problem. First, when the translational components are
relatively small, the motion models can be approx-
imated by a pure rotation. In this case, the gener-
ated mosaics lack geometric accuracy, but with some
treatments for the small motion parallax and moving
targets, such as de-ghosting [15], the mosaics gen-
erally look very good. Second, if the scene can be
regarded as planar, for example, because the distance
between the camera and the scene is much larger than
the depth range of the scene, the perspective motion
model (homography) or, in some applications, a 2D
rigid motion model or an affine model can be used
[6, 10, 20]. In these cases, the problems are much
simpler due to the 2D scene assumption. Finally, a
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Video Mosaicing, Fig. 1
Mapping a set of overlapping
images into a mosaic: planar,
cylindrical, or spherical

3D camera motion model is applied when the trans-
lational components of the camera motion are large
and the scene is truly 3D. In this case, motion paral-
lax cannot be ignored or eliminated. Examples include
a camera mounted on an airplane or a ground vehicle
translating a large distance [7, 11, 13, 19], or a cam-
era’s optical center moving on a circular path [9, 14].
Here, multi-perspective projection models are used to
generate the mosaics, enabling stereo mosaics or stereo
panoramas to be created that preserve the 3D informa-
tion in the scene, allowing the structure to be recon-
structed and viewed in 3D. In this case, the accuracy
of geometric modeling and image alignment is crucial
for achieving the accuracy of 3D reconstruction and
viewing.

Image alignment (or image registration) is the pro-
cess of finding the alignment parameters (e.g., the
homography in the rotational case) between two con-
secutive images. Image alignment is a critical step
in mosaic generation, for both seamless mosaicing
and for accurate geometric representation. There are
two approaches to image registration: direct meth-
ods or feature-based methods. In a direct method, a

correlation approach is used to find the motion param-
eters. Here, the images are divided into small blocks
and each block in the first image is searched for over
a predefined spatial range in the second image. The
best match is determined by finding the maximal cor-
relation value. Other approaches such as using optical
flow or using an iterative optimization framework also
belong to the direct methods, in which no explicit fea-
ture points are extracted. In a feature-based method,
a feature detection operator such as the Harris corner
or SIFT (Scale Invariant Feature Transform) detector
is used first, then the detected features are matched
over the two frames to build up matches [16]. Either
way, a parameter model is fitted using all the matches,
usually using a robust parameter estimation method to
eliminate erroneous feature matches. For more accu-
rate or consistent results, a global optimization can be
applied among more than two frames. For example,
global alignment may be applied to all the frames in
a full 360ı circle in order to avoid gaps between the
first and the last frame [15].

Image composition is the step of combining aligned
images together to form the viewable mosaic. There
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are three important issues in this step: compositing
surface determination, coordinate transformation and
image sampling, and pixel selection and blending.
Mosaicing with the rotational camera model is a good
starting point to discuss these issues (Fig. 1); mosaic
compositing under other motion models are discussed
afterwards.

If the video sequence only has a few images, then
one of the images can be selected as the reference
image, and all the other images are warped and aligned
with this reference image. In this case, the reference
image with a perspective projection is the compositing
surface, and therefore the final mosaic is a larger per-
spective image, which is an extension of the field of
view of the reference image. However, this approach
only works when the view angles of the images span
less than 90ı. If the camera rotates more than 90ı, a
cylindrical or a spherical surface should be selected
as the compositing surface. A cylindrical surface is a
good representation when a full 360 panoramic mosaic
is to be generated, in one direction. And a spherical
surface is suitable if 360ı � 360ı mosaics are to be
created.

After a compositing surface is selected, the next
issue is coordinate transformation and sampling. This
is also called image warping. Given the motion param-
eters obtained in the image registration step, the map-
ping between each frame to the final compositing
surface can be calculated: For any pixel in an original
image frame, its pixel location in the compositing sur-
face can be calculated. For generating dense pixels, an
interpolation schema is needed, such as nearest neigh-
bor, bilinear, or cubic interpolation methods. Usually a
backward mapping relation is utilized such that in the
mapping area on the compositing surface, each pixel
obtains a value from the original image frame, line
by line, and column by column. Therefore, for each
integer pixel location in the mosaic, a decimal pixel
location can be found in the original image; then an
interpolation method is used in the original image to
generate the value of the pixel in the mosaic.

The third important issue in image composition is
pixel selection and blending. Naturally in generating
mosaics, there are overlaps among consecutive frames,
resulting in two key questions: First, where do we
place the seam (i.e., the stitching line) (the pixel selec-
tion problem)? Second, how do we select the values
of pixels in the overlapping areas (the pixel blend-
ing problem)? For the second problem, the simplest

methods are to average all the pixels in the same loca-
tion in the overlapping area, or to use their median
value. The former might create a so-called ghost effect
due to moving objects, small motion parallax, or illu-
mination changes, while the latter approach may gen-
erate a slightly better view effect. More sophisticated
blending methods include Laplacian pyramid blend-
ing [3] and gradient domain blending [1]. The pixel
selection problem is important when moving objects
or motion parallax exists in the scene. In these cases,
to avoid a person being cut in half or appearing twice
in the mosaic, or to avoid cutting a 3D object that
exhibits obvious motion parallax and hence could pro-
duce obvious misalignment in the mosaic, an optimal
seam line can be selected at pixel locations where there
are minimum misalignments between two frames [4].

Other considerations in image composition are high
dynamic range imaging [4] and improved image res-
olution mosaicing [8]. For the former, a composite
mosaic represents larger dynamic ranges than individ-
ual frames using varying shutter speeds and exposures,
while the latter uses the camera motion to generate
higher spatial resolution in the mosaiced image than
that of the original images.

So far the discussions on image composition have
focused primarily on 2-D mosaics, assuming either the
camera motion is (almost) a pure rotation, or the scene
is flat or very far from the camera, in order to avoid
or reduce the motion parallax problem. When motion
parallax cannot be avoided, 3-D mosaics have to be
considered. Methods have been proposed to generate
mosaics, for example, for curved documents based on
3-D reconstruction [5], when the camera motion has
translational components. Needless to say, with 3-D
reconstruction, a composite image with a new per-
spective view, or a new projection representation (such
as orthogonal projection), can be synthesized from
the original images. However, the drawback of this
approach is a full 3-D reconstruction is needed, which
is both computationally expensive and prone to noise.
A more practical yet still fundamental approach with-
out 3-D reconstruction is to generate multi-perspective
mosaics from a video sequence, such as mosaics on
an adaptive manifold [10], creating stitched images of
scenes with parallax [7], and creating multiple-center-
of-projection images [11]. When the dominant motion
of the camera is translation, the projection model of the
mosaic can be a parallel-perspective projection, in that
the projection in the direction of the motion is parallel,



V 846 Video Mosaicing

Video Mosaicing, Fig. 2 A 360ı panoramic mosaic generated on a cylindrical surface http://www-cs.engr.ccny.cuny.edu/~zhu/
ThlibCylinder.JPG

VideoMosaicing, Fig. 3 A pair of concentric mosaics of the City College of New York campus http://www-cs.engr.ccny.cuny.edu/
~zhu/CSCI6716/CCNYCampus.jpg

Video Mosaicing, Fig. 4 A pair of pushbroom mosaics of the Amazon rain forest http://www-cs.engr.ccny.cuny.edu/~zhu/
57z10StereoColor.jpg

whereas the projection perpendicular to the motion
remains perspective. This kind of mosaic is also called
pushbroom mosaic [17] since the projection model of
the mosaic in principle is the same as pushbroom imag-
ing in remote sensing. A more interesting case is that
by selecting different parts of individual frames, a pair
of stereo mosaics can be generated that exhibit motion
parallax, while each of them represent a particular
viewing angle of parallel projection [19]. To generate
stereo mosaics, the motion model is 3D, and there-
fore, a bundle adjustment for 3D camera orientation is
needed. The projection model is parallel perspective,
and therefore, the composting surface is a plane that
holds the parallel-perspective image. To generate a true
parallel-perspective view in each mosaic for accurate
3D reconstruction, pixel selection is carried out for that
particular viewing angle and a coordinate transforma-
tion is performed based on matches between at least
two original images for each pixel. A similar princi-
ple can be applied to concentric mosaics with circular
projection [9, 14].

In some applications such as surveillance and map-
ping, geo-referencing mosaicing is also an important
topic. This is usually done when geo-location meta-
data is available, for example, from GPS and IMU
measurements [18, 20] taken with the video/images.
Geo-referenced mosaics assign a geo-location to each

pixel either by directly using the metadata from the
video frames used to generate the mosaic or, when
metadata is not available, by aligning the video frames
to a geo-referenced reference image such as a satellite
image.

Video mosaicing techniques are also used for
dynamic scenes, such as to generate dynamic pushb-
room mosaics for moving target detection [17] and to
create animated panoramic video textures in which dif-
ferent portions of a panoramic scene are animated with
independently moving video loops [2, 12].

Open Problems

Some open problems can be found in a good sur-
vey paper on image alignment and stitching [16].
These include robust alignments for stereo mosaics
(or mosaics with motion parallax), mosaics for high
dynamic range imaging and for super-resolution imag-
ing, and dynamic mosaics.

Experimental Results

Figure 2 shows a 360ı panoramic mosaic represented
on a cylindrical surface, which is generated from a

http://www-cs.engr.ccny.cuny.edu/~zhu/ThlibCylinder.JPG
http://www-cs.engr.ccny.cuny.edu/~zhu/ThlibCylinder.JPG
http://www-cs.engr.ccny.cuny.edu/~zhu/CSCI6716/CCNYCampus.jpg
http://www-cs.engr.ccny.cuny.edu/~zhu/CSCI6716/CCNYCampus.jpg
http://www-cs.engr.ccny.cuny.edu/~zhu/57z10StereoColor.jpg
http://www-cs.engr.ccny.cuny.edu/~zhu/57z10StereoColor.jpg
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video sequence taken by a video camera that roughly
rotates around its optical center. Figures 3 and 4 show
two stereo mosaics that can be viewed with a pair of 3D
glasses, red for the right eye and the cyan for the left
eye. High-resolution mosaics can be viewed by click-
ing the images in the figures in the online edition. The
concentric stereo mosaic in Fig. 3 is generated from a
video sequence taken by a handheld video camera that
undertakes an off-center rotation with 360 degrees of
field of view coverage. Figure 4 is a pair of pushbroom
stereo mosaics created from a video sequence taken by
a camera looking down from an airplane flying over
the Amazon rain forest.
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Video Retrieval, Fig. 1 General scheme for detecting visual
concepts in images, with three typical concepts highlighted.
First, researchers project extracted image features into visual
words. Then they train concept models from both the visual

words and the concept labels using machine learning. Finally,
during testing, researchers assign concept probabilities to previ-
ously unlabeled images

Definition

Video retrieval is the process of searching in video
based on an analysis of its visual content.

Background

The cause for the general video retrieval problem is the
semantic gap: the lack of correspondence between the
low-level features that machines extract from the visual
signal and the high-level conceptual interpretations a
human gives [1]. In order to bridge the gap, many
retrieval solutions have been proposed in the past, e.g.,
by using text, speech, tags, or example images [2, 3].
But the most authentic and cognitive hardest is to type

a concept from visual information and to retrieve the
images carrying that concept [4].

Theory

The video retrieval method of choice in the field is
rendered in Fig. 1. The first step is to extract from an
image locally measured features, lots of them, ranging
from 40 to 100,000. The features are invariant descrip-
tors which cancel out accidental circumstances of the
recording caused by differences in lighting, viewpoint,
or scale. In order to capture the complexity of the
world, many texture, shape, and color descriptors need
to be extracted.
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Snow
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Video Retrieval, Fig. 2 Video retrieval progress as evaluated
on 36 concept detectors (�) derived from broadcast video data
using state-of-the-art search engines from 2006 and 2009. The
figure highlights performance for three typical concepts. The top
of the skewed bar indicates the maximum average performance

by training on similar examples, and the bottom indicates the
minimum performance when training on a data set of completely
different origin [7]. Progress in video retrieval is substantial
and quickly maturing in robustness for real-world usage of any
concept

The second step is to project the descriptors per
pixel onto one of 4,000 words. They are not real words
but rather summarizations of one local patch of the
image describing one detail: a corner, a texture, or a
point. Researchers initially only summarized the image
at the most salient points, but it now appears that
full-density descriptions are superior.

In the third step, a machine-learning algorithm con-
verts the visual words into one of the semantic con-
cepts. In fact, it assigns a probability to all of the
concepts simultaneously, which are used for rank-
ing images in terms of concept presence. Researchers
train the algorithm with the help of manually labeled
examples. Because there are far more negative exam-
ples than positive ones, they intensively compute the
optimal machine-learning parameters using grids and
GPUs.

Detecting an object such as the American flag is
relatively simple if one has an answer to the variance
in sensory conditions like illumination and shading,

as the flag always shows the same colors and color
transitions. Note that a geometrical model of a flag
would fail almost always as it rarely appears like a
straight square. To detect a walking person from one
image requires a richness of poses learned from a
labeled set, and snow is even harder to detect as it
is white, is texture-free, and may assume all sorts of
shapes. Remarkably, although none of the features in
current detection methods is specific to any of the con-
cepts, the technique can still detect any of them with
sufficient success.

Application

Crucial drivers for progress in video retrieval are
international search engine benchmarks such as
ImageCLEF (Cross-Language Evaluation Forum),
Pascal VOC (Visual Object Classes), PETS (Per-
formance Evaluation of Tracking and Surveillance),
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and VACE (Video Analysis and Content Extraction).
However, thus far the National Institute of Standards
and Technology TRECVID (TREC Video Retrieval)
benchmark [5] has played the most significant
role.

The aim of the TRECVID benchmark is to pro-
mote progress in video retrieval by providing a large
video collection, uniform evaluation procedures, and
a forum for researchers interested in comparing their
results. NIST performs an independent examination of
results using standard information retrieval evaluation
measures, like average precision. With participation
from more than 100 teams, including University of
Oxford, Tsinghua University, and Columbia Univer-
sity, TRECVID has become the de facto standard for
evaluating video retrieval research.

TRECVID has been an important driver for the
community in sharing resources for validity of video
retrieval experiments, most notably the manual anno-
tations provided by the Large Scale Concept Ontol-
ogy for Multimedia [6]. Due to the open character
of benchmarks, effective concept detection approaches
are quickly handed over from one group to another
implementing fast convergence on successful methods.
It was shown recently that in just 3 years, performance
has doubled [7]. For learned concepts, detection rates
degenerate when applied to data of a different origin.
However, in this setting also, performance has doubled
in just 3 years; see Fig. 2.

Open Problems

Despite good progress many problems in video
retrieval remain to be solved. Apart from the need
to further improve the robustness and efficiency of
concept detectors, there is also a need to expand the
number of detectors and to facilitate retrieval mech-
anisms that cater for on-the-fly search [8]. For both
scenarios, the widely available socially tagged image
examples on the web seem suited. Another open prob-
lem considers complex search requests by the combi-
nation of detectors at query time into events or short
stories. Even though individual detectors may be rea-
sonable, their combination often yields nothing but
noise. Finally, the problem of explaining to a user what
visual information in the video was the characteristic
evidence in making a meaningful retrieval decision is
unsolved.
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Definition

View and rate-invariant human action recognition is
the recognition of actions independent of the camera
viewpoint, action speed, and frame rate of capture of
the video.
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Background

At its essence, human action is the movement of the
body through a sequence of poses. The visual appear-
ance of a given action in a video sequence depends
upon several classes of variables: (1) the geometry of
the person performing the action, (2) the style of the
action being performed, (3) the clothing worn by the
person, (4) the camera viewpoint, and (5) the time
taken, not only for the entire action but also for each
individual pose transition to complete. A generally
applicable human action recognition system needs the
ability to classify an action from its visual appear-
ance regardless of the values of the above classes of
variables. In other words, the system needs to be sub-
ject invariant, style invariant, clothing invariant, view
invariant, and rate invariant. Subject invariance, style
invariance and clothing invariance have seen relatively
little progress so far. While progress has been made
on view invariance and rate invariance, the collective
body of work has not yet matured. Therefore, this entry
summarizes the main approaches that have been pro-
posed so far, highlighting their motivations, theoretical
foundations, and limitations.

Theory

Human action recognition is dependent upon modules
isolating different humans in the scene. Therefore, in
the following, it is assumed that human detection has
been performed and image regions corresponding to
a single human performing an action have been iden-
tified and are provided as an input to the view and
rate-invariant human action recognition system.

View-Invariance
The objective of view invariance arises mainly in the
case of monocular video. Multiple cameras allow the
possibility of acquiring the depths of image points,
which makes the view-invariance problem much eas-
ier. Therefore, this section focuses only on monocular
video.

Detecting an action requires a model, either explicit
or implicit. An explicit model for human action can be
based on the temporal sequences of body joint angles.
Recovery of joint angles from image sequences is dif-
ficult due to joints being physically hidden behind

skin and clothing and due to the unknown viewpoint.
Although it may be possible to theoretically estab-
lish viewpoint invariance using explicit models, such
approaches are limited by the difficulties involved in
recovering joint angles.

Alternatively, actions can be modeled implicitly,
based on quantities derived directly from the observed
images. However, such models maintain at best a ten-
uous link to the hidden joint angles, making it difficult
to theoretically establish view invariance.

Given difficulties with both types of approaches, it
is not surprising to note that no theoretically sound and
practically applicable algorithm has been designed so
far that can recognize human actions invariant to view-
point changes. Nevertheless, two classes of approach
have emerged based on explicit and implicit models for
human action that are described in more detail below.

Geometry-Inspired Approaches
Geometry-inspired approaches draw upon results from
geometric invariance and apply them to points on the
body as it moves. Geometry driven approaches depend
upon body parts having been detected, tracked, and
labeled across frames. Extremities of the body such
as the head, hands, and feet have a better chance of
being detected, whereas internal joints such as shoul-
ders, elbows, and knees are harder to detect. Therefore,
methods based on extremities have a better chance of
working in practice than methods based on the full
body. However, such methods are limited in applica-
bility due to the exclusion of internal joints. Methods
to infer the full 2D body pose from silhouettes have
been proposed [2, 11], but a system integrating such
methods with a full-body-based view-invariant action
recognition method has not been demonstrated yet.
An example of an extremity-based approach is [9].
Examples of full-body approaches are [6, 7], and [13].

Image-Based Approaches
An implicit model of an action can be based upon
a manifold of appearances arising from the same
action as seen from different viewpoints. Given an
unknown action from an unknown viewpoint, appear-
ance descriptors are extracted and matched with
learned appearance descriptors. Matching error is cal-
culated either based on pixel-wise dissimilarity of the
silhouettes [5, 18], or in a derived space such as Hu
moment space or Fourier shape space [14].
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An implicit model for an action can also be based
upon exploiting self-similarity. The observation used
in such a method is that although a given pose
may appear different from different views, repeating
instances of the same pose across time will be self-
similar in a given view, provided that the viewing angle
between the subject and the camera for the pose is the
same. Constructing a pair-wise self-similarity matrix
across time will produce structures that appear similar.
Such an approach assumes the existence of repeated
poses in the action and works best when there are many
repeating instances within one action cycle. Examples
of such approaches include [3] and [12].

Rate Invariance
A robust action recognition system has to be invariant
to the rate at which the action is performed. This will
enable the results of the action recognition system to be
invariant to the frame rate of the camera and the rate at
which the actor is performing these actions. While a
linear rate invariance is sufficient to handle frame-rate
variations, it is necessary to model and be able to han-
dle nonlinear rate variations in order to handle the rate
changes that are due to actors, speed of performance.
This is because the actors may perform different sub-
actions at varying relative rates thereby leading to a
nonlinear rate change across the entire action.

Motivation
Consider the INRIA iXmas activity recognition dataset
[17]. Shown in Fig. 1(L) is the distribution of the
number of frames in different executions of the same
activity for four distinct activities. Figure 1(L) clearly
shows that for the same activity, the rate of execution
and consequently the number of frames during the exe-
cution varies significantly. Moreover, in most realistic
scenarios, this temporal warping might also be inher-
ently nonlinear making simple resampling methods
ineffective. This implies that for uncontrolled scenar-
ios, the variations due to temporal warpings could be
even more significant. Ignoring this temporal warp-
ing might lead to structural inconsistencies apart from
providing poor recognition performance. The sequence
of images shown in the first two rows of Fig. 1(R)
corresponds to two different instances of the same indi-
vidual performing the same activity. There is an obvi-
ous temporal warping between the two sequences. If
this temporal warping is ignored, the distance between

these two sequences will be large, leading to incor-
rect matching. Moreover, if some statistical description
of the activity, like an average sequence, is required,
then ignoring the temporal warping could lead to struc-
tural inconsistencies like the presence of four arms and
two heads in the average sequence, shown in the third
row of Fig. 1(R). If temporal warping is accounted for,
then such inconsistencies are avoided and the distance
between the two sequences is rightly small. The fourth
row shows a typical average sequence obtained after
accounting for time warping.

Rate Invariance in Gait Recognition
Results on gait-based person identification shown in
[1] indicate that it is very important to take into account
the temporal variations in the person’s gait. In [15],
preliminary work indicating that accounting for execu-
tion rate enhances recognition performance for action
recognition was presented. Typical approaches for
accounting for variations in execution rate are either
directly based on the dynamic time-warping (DTW)
algorithm [8] or some variation of this algorithm [15].
A method for computing an average shape for a set
of dynamic shapes inspite of the existence of varying
rates of execution is provided in [4]. A method to learn
the best class of time-warping transformations for a
given classification problem is proposed in [10].

Decoupling Feature Variability from Rate Variability
The most common way to handle rate variations in
the execution of an action is to decouple the varia-
tions in features from the variations in dynamics due
to rate changes. This is done by modeling an action
sequence as a composition of these two sources of
variability – variability on the feature space and vari-
ability due to execution rate. Keeping the model on
the feature space completely independent of the model
on the space of execution rates allows for the abil-
ity to exploit any of the above-mentioned viewpoint-
invariant features. Therefore, as more sophisticated
features become available, such models will be able
to exploit the characteristics of those features while
retaining the ability to deal with variations in exe-
cution rate. If the chosen features are viewpoint and
anthropometry invariant, then the resulting algorithm
becomes invariant to all the three significant modes
of variations – viewpoint, anthropometry, and execu-
tion rate.
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View and Rate-Invariant
Human Action
Recognition, Fig. 1 Figure
courtesy [16] (L) Histogram
of the number of frames in
different executions of the
same action in the INRIA
iXmas dataset. The
histograms for four different
activities are shown. (a) Cross
arms (b) Sit down (c) Get up
(d) Wave hands. (R) Row 1,
Row 2: Two instances of the
same activity. Row 3: A
simple average sequence.
Row 4: average sequence after
accounting for time warps
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Dynamic Time Warping
Dynamic time warping (DTW) [8] is the most common
algorithm that is used for accounting for the nonlinear
execution rate variations. The DTW algorithm which
is based on dynamic programming computes the best
nonlinear time normalization of the test sequence in
order to match the template sequence by searching over
the space of all time warpings. The advantage of using
DTW is that by cleverly using dynamic programming,

the complexity of the search space is considerably
reduced. The usual temporal consistency constraints
used in order to reduce the space of time warpings
are:
– End point constraints: The start and the end of the

activity trajectories must match exactly.
– Monotonicity: The warping function should be

monotonically increasing, i.e., the sequence of
action units must be unchanged.
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– Continuity: The warping function must be
continuous.

The DTW algorithm thus computes the best time warp-
ing between a test sequence and a template sequence.
Once the best time warping is computed, then the
test sequence is then unwarped according to the com-
puted warp. The unwarped action sequences are now
time-synchronized since all temporal rate variations
have been accounted for. From each frame of the
unwarped sequence, features (typically view-invariant
features) are extracted and then matched in order
to result in an algorithm that is both view and rate
invariant.

Open Problems

Approaches that are theoretically view invariant are
based on inherent parameters of an action such as joint
angles or positions. Unless these methods are coupled
with methods that infer the inherent joint parameters,
they will not be of practical value. On the other hand,
image-based approaches are practical but not generally
and probably view invariant. An open problem in view-
invariant action recognition is to find a method that is
theoretically sound and yet practical.
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Definition

Vignetting is a reduction of an image’s brightness at
the periphery compared to the center of the image. It
describes the effective falloff in irradiance for off-axis
points for imaging systems.
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Background

In real imaging systems, the image brightness is often
reduced at the periphery compared to the center of
the image. This effect is known as vignetting and is
undesirable for computer vision algorithms that rely on
measured pixel intensities. Vignetting can be caused
by several mechanisms. The image irradiance varies
across the field of view according to the fourth power
of the cosine of the field angle. This off-axis illu-
mination falloff is one of the prominent reasons for
vignetting and is also referred to as cosine-fourth
falloff [1].

Vignetting can also be caused by optical and
mechanical effects. Light rays arriving at oblique
angles to the optical axis may be obstructed by the
aperture stop, lens rim, or improper lens hood. This
could lead to spatially varying attenuation over the
entire image. A large aperture causes more vignetting,
and using a small aperture (increasing the F-number)
can reduce it. Real lenses often have multiple lens
elements to correct for spherical and chromatic aber-
rations. Rear lens elements may be partially occluded
by front lens elements, reducing off-axis illumination.

For digital cameras, pixel vignetting is another
vignetting effect caused by the variation in angular
sensitivity of digital sensors to the incoming light. A
micro-lens array on top of the sensor helps to collect
off-axis light and can reduce pixel vignetting.

Pupil aberration [2] is another cause of irradiance
falloff at the periphery. This is attributed to nonlin-
ear refraction of rays resulting in a nonuniform light
distribution across the aperture.

Theory

It is important to remove vignetting effects for com-
puter vision applications. A simple way to remove
vignetting is to capture a reference photo of a uni-
formly illuminated white background. This reference
photo can be used to cancel the vignetting effect on
subsequent images captured by the camera. However,
such a reference photo is valid only for the images cap-
tured under the same camera settings (zoom, aperture)
and the same illumination conditions. This approach
cannot be used on photos captured under settings
other than those used for the reference photo or on
photos captured by unknown cameras. Techniques that

Vignetting, Fig. 1 An example of vignetting

model the vignetting effects to recover a vignetting-
free image [3–8] are useful in such scenarios (Fig. 1).

Let x D Œu; v� denote a pixel x with coordinates
u and v. The observed image intensities I.x/ can be
modeled as

I.x/ D CRF.kL.x/V .x//; (1)

where L.x/ is the true irradiance, V.x/ denotes the
attenuation due to vignetting, k is the exposure value,
and CRF.:/ is the camera response function. Several
models for the vignetting function V.x/ exist [3, 5, 6].
The polynomial vignetting model is given by

V.x/ D 1C
DX
nD1

ˇnr.x/2n; (2)

where r.x/ is the distance of pixel x from the image
center. Similar model based on hyperbolic cosine func-
tions is described in [7].

In [9], Kang and Weiss proposed a model to cor-
rect for vignetting effects using a single photo of a flat,
textureless surface. Their model describes the overall
image attenuation in terms of an off-axis illumination
factor A.x/, a camera tilt factor T .x/, and a geometric
factor G.x/:

V.x/ D A.x/G.x/T .x/; (3)

where

A.x/ D 1

.1C r2.x/=f 2/2
; (4)
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G.x/ D 1 � ˛r.x/; (5)

T .x/ D cos �.1C tan �

f
.u sin � v cos //3; (6)

f denotes the effective focal length and ˛ is a constant
describing the geometric factor G.x/. The camera tilt
factor T .x/ is described using a tilt axis in a plane par-
allel to the image plane at an angle  with respect to
the x-axis, and the tilt angle is denoted by � . T .x/ is
used to account for the foreshortening of the imaged
surface with respect to the camera. An extended ver-
sion of Kang-Weiss model is described in [3]. These
models can be used to correct the vignetting effects.

Application

Vignetting is usually an undesirable effect caused by
real imaging systems. Due to vignetting, the observed
image intensities deviate from those predicted by stan-
dard models of image formation. Thus, computer
vision algorithms may not perform well in pres-
ence of vignetting. On the other hand, photographers
sometimes introduce intentional vignetting for artis-
tic effects, such as to draw attention to the center of
the frame. Vignetting can also be used for camera
calibration under certain conditions [9, 10].

Vignetting models can be used to recover a
vignetting-free image. Examples of vignetting removal
are presented in [3–5]. Vignetting correction is also
used in stitching multiple photos to compensate for
the varying intensity of scene points across different
images [5, 6].
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Definition

Viscosity solution is a notion of weak solution for
a class of partial differential equations of Hamilton-
Jacobi type.

Background

A first-order partial differential equation of the type

H.x; u.x/;Du.x// D 0 (1)

is called a Hamilton-Jacobi equation. A function u is
said to be a classical solution of (Eq. 1) over a domain
if u is continuous and differentiable over the entire

http://dx.doi.org/10.1007/978-0-387-31439-6_562
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domain and x, u.x/, andDu.x/ (the gradient of u at x)
satisfy the above equation at every point of the domain.
Consider the boundary value problem

ju0.x/j � 1 D 0 for x 2 .�1; 1/, u.˙1/ D 0. (2)

By Rolle’s theorem, it is easily seen that classical solu-
tions of the previous problem do not exist, whereas
there exist infinite many weak solutions, that is, con-
tinuous functions which satisfy the equation at almost
every point (the saw-tooth solutions, see Fig. 1a).

At first, this situation can seem rather atypical, but
in fact, it is nothing of the sort. For example, it con-
cerns the distance functions which are widely used
in computer vision. In particular, it is easy to see
that the distance function of a closed curve in a plan,
which typically has strong edges (see Fig. 1), is almost
everywhere a solution of the Eikonal equation

jDu.x/j � F.x/ D 0 (3)

with F.x/ D 1 and u.x/ D 0 on the curve. Also,
in general, as in the case of (Eq. 2), this last equa-
tion has no classical solution. Another typical example
concerns the shape-from-shading problem which nat-
urally yields a Hamilton-Jacobi equations having the
same behavior. In particular, by modeling the prob-
lem with an orthographic camera, a directional front
lighting, and a Lambertian surface, the problem con-
sists then in solving an Eikonal equation in which the
function F depends on the considered image.

It is therefore very important to have a theory which
allows merely continuous functions to be solutions of
Hamilton-Jacobi equations and to provide at the same
time a way to select the relevant solution among the
weak solutions of the problem.

Theory

The notion of viscosity solution was introduced at the
beginning of the 1980s by M. G. Crandall and P. L.
Lions [11], and it is related to Kruzkov’s theory of
entropy solutions for scalar conservation laws.

The basic idea is to replace the differentialDu.x/ at
a point x where it does not exist (e.g., because of a kink
in u) with the differentialD�.x/ of a smooth function

� touching the graph of u, from above for the subso-
lution condition and from below for the supersolution
one, at the point x.

Definition 1 (i) A continuous function u is said to
be a viscosity subsolution of (Eq. 1) if for any x
and for any smooth function � such that u�� has
a maximum point at x, then

H.x; u.x/;D�.x// � 0:

(ii) A continuous function u is said to be a viscosity
supersolution of (Eq. 1) if for any x and for any
smooth function � such that u� � has a minimum
point at x, then

H.x; u.x/;D�.x// � 0:

(iii) A continuous function u is said to be a viscosity
solution of the Hamilton-Jacobi equation if it is a
viscosity subsolution and supersolution.

There is also an equivalent definition for viscosity
solution which involves the notion of sub- and super-
differentials (see [5]).

It is straightforward to observe that solutions in the
classical sense are viscosity solutions. Inversely, if a
viscosity solution u is differentiable at x, then it solves
the equation at this point in the classical sense. Hence,
the notion of viscosity solution includes the one of
classical solution.

By looking closely at the definition, one can under-
stand rather intuitively how it allows a specific weak
solution to be selected among the other ones and which
of them is selected. In fact, this definition eliminates
a certain type of edges. In particular for Hamilton-
Jacobi (Eq. 2), the definition allows upward edges, but
not downward edges. Thus, in Fig. 1, all the weak
solutions of (Eq. 2) which have downward edges are
then excluded. Also, only the maximal weak solution
(represented in red) is a viscosity solution.

In addition, the definition of viscosity solutions
selects among the almost everywhere solutions the
one which is consistent with the regularized prob-
lem. In fact, the name “viscosity” is motivated by the
consistency of the notion with the method of “van-
ishing viscosity”: the viscosity solution of (Eq. 2) can
be obtained as the limit for � ! 0 of the classical
solutions of
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Viscosity Solution, Fig. 1
Distance functions in 1D and
2D: (a) three examples of
weak solutions of (Eq. 2) The
red curve corresponds to the
viscosity solution. (b)
Example of a closed curve in
the plan. (c) Distance function
(represented as a color map)
to the curve displayed in (b).
To improve the visibility, the
distance function is only
displayed inside the curve. As
usually, one can distinguish
strong edges we have partly
highlighted by green curves.
This gives the skeleton of the
shape. (d) 3D representation
of the function distance (c).
The distance function is the
viscosity solution of the
Eikonal Equation (Eq. 3),
with F.x/ D 1 and u.x/ D 0

on the curve
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��u00.x/C ju0.x/j � 1 D 0 for x 2 .�1; 1/, u.˙1/ D 0

(4)

(the term � has the physical meaning of a viscosity
coefficient).

The main characteristics of the notion of viscosity
solution are:

(i) A very efficient and flexible way to prove unique-
ness theorems and comparison principles

(ii) General existence results obtained via the adapta-
tion of the classical Perron’s method, by approxi-
mation arguments (such as the vanishing viscosity
method in (Eq. 3)), by means of representation
formulas (via dynamic programming methods in
optimal control theory), etc.

(iii) The stability of the notion of viscosity solu-
tion with respect to the uniform convergence,
and its generalizations, which allows to prove,
for example, the convergence of numerical
schemes

(iv) The correct formulation of various boundary con-
ditions, including the classical Dirichlet, Neu-
mann, and oblique derivative conditions

For good accounts of the viscosity solution the-
ory, we refer to [4, 5, 7, 13]. Finally, let us note that
the notion and the theory of viscosity solutions have
been extended to a large class of partial differential
equations. In particular, a number of results allow us
to deal with second-order equations [10], degenerate
equations [9], and integro-differential equations [1, 8].
The application to convergence of numerical schemes
is also very important; see, for example, [6] and the
appendix by Falcone in [5].

Application

The range of applications of the notion of viscosity
solution is enormous, including common class of par-
tial differential equations such as evolutive problems
and problems with boundary conditions, equations
arising in optimal control theory (the Hamilton-Jacobi-
Bellman equation), differential games (the Isaacs’
equation), second-order equations arising in stochas-
tic optimal control and stochastic differential games,
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and geometric equations (mean curvature and Monge-
Ampere equations).

In computer vision, it has various applications.
In particular, the distance functions and the Eikonal
equations are widely used. Nowadays, thanks to the
links between the viscosity solutions and the optimal
control theory [5], one can easily prove that the dis-
tance functions correspond to the viscosity solutions
of the Eikonal equations, which, moreover, provide
various convenient tools for computing them. Also,
all these notions have played an important role in
shape representation [14, 23], in morphology [2, 21],
in tractography [12, 15, 18], and in general, in image
processing [3, 18, 22]. Furthermore, they are inten-
sively used in the level set framework where the
curves and the surfaces are represented by their signed
distance functions [17, 22]. The latter framework is
used extensively, for example, in segmentation and 3D
reconstruction.

Another main application of the notion of vis-
cosity solution is to shape-from-shading problems,
which give rise to first-order differential and integro-
differential equations of Hamilton-Jacobi type; see
[16, 20], and the entry Shape from Shading. A natural
question in this context is why the viscosity solutions
provide suitable solutions to this specific problem. In
other words, why would the viscosity solutions have
more sense than any other weak solution? In fact, here,
the values of the viscosity solutions mainly come from
its amazing stability combined with its consistency
with the classical solution. To be more clear, let us
consider the shape-from-shading problem with a con-
tinuous image I of a real scene. In such a case, to
be physically plausible, the real surface u� behind this
image must be smooth (C1); otherwise, any infinites-
imal displacement of the light direction would break
this continuity property. Let I� be the virtual image
generated by the considered image formation model
with surface u�. I� is necessary close to I , if not
this would mean that the considered model is not
appropriate. Then, thanks to the stability properties,
the unique (To be well posed the problem in the vis-
cosity sense, we can assume that we have adequate
boundary constraints, for example, only Soner con-
straints on the boundary of the image if we consider the
model of [19].) viscosity solution u to the shape-from-
shading Hamilton-Jacobi equation associated with the
real image I is close to u�, because u� is the viscos-
ity solution to the same equation in which we replace

I by I� (since it is also a solution in the classical
sense). In other words, among all the weak solutions
of the considered shape-from-shading equation (which
has no solution in the classical sense with the real
image I because of the modeling errors and the noise),
the viscosity solution is necessarily close to the real
surface which has been photographed.
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Synonyms

Visual Inference

Related Concepts

�Cognitive Vision

Definition

Visual cognition is the branch of psychology that
is concerned with combining visual data with prior
knowledge to construct high-level representations and
make unconscious decisions about scene content [1].

Background

Although the terms visual cognition and cognitive
vision are strikingly similar, they are not equiva-
lent. Cognitive vision refers to goal-oriented computer
vision systems that exhibit adaptive and anticipatory
behavior. In contrast, visual cognition is concerned
with how the human visual system makes inferences
about the large-scale composition of a visual scene
using partial information [1–3].

Theory

Visual cognition, often associated with high-level
vision and top-down visual processing, constructs
visual entities by collecting perceived parts into coher-
ent wholes, determining which parts belong together.
Since the sensory data on which the processes of
visual cognition operate are typically incomplete and
insufficient to specify the percept of which we are

http://dx.doi.org/10.1007/978-0-387-31439-6_553
http://dx.doi.org/10.1007/978-0-387-31439-6_281
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aware, there are many possible solutions or interpre-
tations. Consequently, additional extraretinal informa-
tion, often referred to as object information, is used by
visual cognition to infer what the percept is.

The entities that are constructed by visual cogni-
tion include both static structures, such as perceived
surfaces and objects, and dynamic entities that emerge
over time, such as patterns of biological motion. The
dynamics of these visual entities can be used to infer a
causal relationship between events or to attribute some
sense of intentionality to the entity. Thus, the uncon-
scious inferences of visual cognition also impact on
the construction of a theory of mind for other cog-
nitive agents, i.e., the inference of the goals of other
agents [4].

A key role of the representations of visual cogni-
tion is their use to communicate with other centers
of the brain. Thus, visual cognition provides a bridge
to general high-level cognitive function while still
making its own independent cognitive inferences. In
essence, visual cognition constructs a representation
of the visual world which is constantly updated on
the basis of new visual data and which encapsulates
knowledge about the world in a high-level descrip-
tive manner that can be exchanged with the rest of the
brain.

Visual cognition addresses several distinct areas
such as visual attention (including spatial attention,
selective attention, visual search, change detection, and
the control of eye movements) [5–8], short-term and
long-term visual memory [9], and object, face, and
scene recognition [10, 11].

The processes of visual cognition are held to be
principally unconscious, operating rapidly on the flux
of visual data sensed by the retina in order to choose
the conscious percept of which we become aware.
Consequently, visual cognition embraces both the
selectivity of visual attention and unconscious infer-
ential decision-making.

Although the primary concern of visual cognition
is human visual perception and not computer vision,
the two fields share some common ground. For exam-
ple, many of the theories of visual cognition have their
roots in cognitivist psychology which asserts that cog-
nition is intrinsically computational [12, 13]. This has
led to several computational models of visual cog-
nition, combining relevant aspects of computer and
human vision.

Open Problems

There is some debate in the psychology community as
to where one should draw the line between vision and
cognition and how sharply one should draw it; for com-
prehensive discussion, see the paper by Pylyshyn [14],
the many commentaries on it (e.g., [15]), and his
response [16]. The issue revolves around the cogni-
tive impenetrability of visual perception: whether or
not any cognitive functionality such as inference or
rationality is involved in visual perception, especially
early vision. Cavanagh’s recent review [1] suggests
that the visual system does have its own indepen-
dent cognitive processes, quite apart from the more
general cognition that occurs in other parts of the
brain and with which the processes of visual cognition
interact.
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Related Concepts

�Object Class Recognition (Categorization)

Definition

Visual cortex model-based methods aim to develop
algorithms for object detection, representation
and recognition that attempt to mimic human visual
systems.

Background

Object recognition is difficult Like other natural
tasks that our brain performs effortlessly, visual recog-
nition has turned out to be difficult to reproduce in
artificial systems. In its general form, it is a highly
challenging computational problem which is likely to
play a significant role in eventually making intelligent
machines. Not surprisingly, it is also an open and key
problem for neuroscience.

Within object recognition, it is common to dis-
tinguish two main tasks: identification, for instance,
recognizing a specific face among other faces, and
categorization, for example, recognizing a car among
other object classes. We will discuss both of these tasks
below, and use “recognition” to include both.

Models of the visual cortex Over the last two
decades, some of the best performing recognition sys-
tems have come from research at the intersection

of computational neuroscience and computer vision.
Recent models of visual cortex based directly on
known functional anatomy [20, 21] and building on
earlier attempts (e.g., [1, 6, 15, 19, 22–24]) were able
to account for and predict a number of physiological
data from areas of the ventral stream from V1 and V2
to V4 and IT. This family of models was able to mimic
human performance in rapid categorization tasks [20].
Surprisingly, some of these models of visual cortex
were among the best computer vision systems at the
time [16–18, 21].

Computer Vision and the Visual Cortex:
Fundamental Differences

The recent past has shown convergence of com-
putational schemes and brain modeling. There still
are, however, major differences between models and
the cortex, as well as large differences in perfor-
mance between models and the brain. We will discuss
below two examples of prominent features of cortical
structure which have only a minor role in current
computational models.

Why Hierarchies
The organization of visual cortex is hierarchical, with
features of increasing complexity represented at suc-
cessive layers. Models of the visual cortex have nat-
urally adopted hierarchical structures. In contrast, in
computer vision, the large majority of current schemes
are nonhierarchical, with no clear difference in per-
formance between hierarchical and nonhierarchical
models. Some computational schemes, however, may
be implicitly hierarchical and possibly derive some
of their power from their hierarchical organization.
For instance, SIFT [13] can be regarded as a three-
layer network with the output roughly corresponding to
intermediate units in a hierarchical cortical model [19].
What is the possible advantage of hierarchical visual
representations, and can artificial systems benefit from
adopting such representations?

Scale and position invariance One possible role of
feature hierarchies is the need to achieve a useful
trade-off between selectivity to complex patterns and
sufficient tolerance for changes in position and scale,
as seen in the response of IT neurons [10–12]. While
scale and position invariance can be achieved quite

http://dx.doi.org/10.1007/978-0-387-31439-6_337
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readily in computer vision systems by sequentially
scanning the image at different positions and scales,
such a strategy appears unlikely to be realized in neural
hardware. When properly measured, scale and posi-
tion tolerance for new objects is less than originally
claimed [2], but still substantial [8, 12]: for at least
some of the cells in AIT, position tolerance is on the
order of 2–4 degrees in the fovea and scale invariance
is on the order of a factor of 2–4, which is remarkable
large. It is still not entirely clear how such general-
ization can be achieved without training for different
positions and sizes for each object. It appears possi-
ble that hierarchical representations make it possible to
transfer invariant recognition from previously trained
objects to novel objects by the reuse of shared parts at
multiple levels.

A second possible advantage of hierarchical repre-
sentations has to do with efficiency – computational
speed and use of computational resources. For
instance, hierarchy may increase the efficiency of deal-
ing with multiple classes in parallel, by allowing the
use of shared features at multiple levels. An increase
in efficiency may also be related to the issue of sam-
ple complexity. Hierarchical architectures in which each
layer is adapted through learning to properties of the
visual world may reduce the complexity of the learning
task and thus the overall number of labeled exam-
ples required for training. Finally, hierarchies also offer
an advantage in not only obtaining recognition of the
object as a whole but also recognizing and localizing
parts and subparts at multiple levels, such as a face
together with the eyes, nose, mouth, eyebrow, nostril,
upper lip, and the like (see [5]).

Feed Forward vs. Back Projections
A feed-forward architecture from V1 to prefrontal
cortex, in the spirit of the Hubel and Wiesel simple-
complex hierarchy, seems to account for several prop-
erties of visual cells. In particular, recent “readout”
experiments measuring information that could be read
out from populations of IT cells [8] confirm previous
estimates that, after about �100 ms from onset of the
stimulus, performance of the classifier was essentially
at its asymptotic performance during passive viewing.

In addition, feed-forward models also appear to
account for recognition performance of human sub-
jects for images flashed briefly and followed by a mask
[20–22].

The evidence suggests, therefore, that a feed-
forward process is sufficient for a fast initial recog-
nition phase, during which primates can already
complete difficult recognition tasks involving “what”
is in the image. What, then, is the role of the exten-
sive anatomical back projections in the primate visual
system?

Their role may be restricted to learning, but we
believe it is broader. Even when the feed-forward pro-
jections by themselves may be capable of answering
the “what” question of vision, the back projections
may play a role in answering the detailed question
of “what is where” [14]. This proposal is similar
to previous ideas suggesting that visual cortex fol-
lows a hypothesis-and-verification strategy [3, 7] or a
Bayesian inference procedure in which top-down pri-
ors are used to compute a set of mutually consistent
conditional probabilities at various stages of the visual
pathway [9]. A recent model [5] along these lines
demonstrated the use of initial classification using a
bottom-up sweep, followed by precise localization of
the object and its parts and subparts by a top-down
pass.

Top-down pathways in the visual cortex also
include the dorsal stream and connections between
the dorsal and the ventral stream that are likely to
be involved in attentional effects. A Bayesian model
[4], which takes into account these bottom-up and top-
down signals, performs well in recognition tasks and
predicts some of the main psychophysical and phys-
iological properties of attention. For natural images,
the top-down signal improves object recognition per-
formance and predicts human eye fixations well. The
top-down flow of information combined with a hierar-
chical representation allows the system to answer not
only the what question, that is, to perform object iden-
tification and categorization, but also the what is where
question, that is, identification and localization at mul-
tiple levels. This is a useful addition, but at the same
time we do not believe that the process of vision can
be fully characterized in terms of answering “what is
where” [14]. For example, humans can recognize sub-
tle aspects of actions, goals, and social interactions
at a level which is far beyond the capabilities of our
present algorithms. They also can answer essentially
any reasonable question, beyond what and where, on
any given image – in a kind of Turing test for vision.
The top-down pathway is likely to play an important
role for this broader range of visual tasks.
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Discussion: Future

We briefly consider two problem domains for future
studies. The first focuses on how to close the gap
between computer and human vision in the tasks con-
sidered above – object categorization and identifica-
tion. The second part considers broader aspects of
vision and its roots in evolution.

Closing the Performance Gap

One general question regarding possible improve-
ments in visual recognition is whether recognition
is obtained by multiple specialized mechanisms or
by a uniform scheme applied to different recogni-
tion tasks. For example, suggestions have been made
that general categorization and individual recogni-
tion may be subserved by different mechanisms or
that face recognition may depend on special mecha-
nisms, not used for other object categories. It appears
to us that the underlying computational problems in
different recognition tasks are similar and can there-
fore be approached by the same general scheme,
applied to different training sets (and possibly imple-
mented by more than a single neuronal mechanism).
It is also possible that certain cortical regions could
specialize in specific categories (such as faces or
locations) not because they implement different recog-
nition strategies, but to facilitate selective readout by
other cortical regions. The basic recognition scheme
could be augmented, however, by specialized mech-
anisms, dealing with special cases and exceptions.
The full system could then be a combination of
a scheme that may be characterized as rule based,
which can capture the main properties of a cate-
gory and generalize broadly to novel examples, and
a memory-based recognition scheme, which can deal
with atypical cases and exceptions to the rule-based
scheme.

We next consider future directions which we think
could play a useful role in bringing the performance of
artificial recognition models closer to the performance
level of human vision. These are not the only possible
routes for closing the performance gap, but they pro-
vide examples of promising general directions moti-
vated by human perception that could usefully be
incorporated into artificial systems.

Continuous learning of rich models In current
computational schemes, a model for the object or
category of interest is constructed during a learn-
ing stage and then used for recognition. In contrast,
the primate visual system shows continuous plastic-
ity and can continue to learn when confronted with
new examples. The disadvantage of a fixed limited
training stage is that the resulting object model may
remain too simple. A visual category often contains a
core of typical examples but also a large number of
possible variations, atypical members, and counterex-
amples. An object can be recognized by its overall
shape, but also by small distinguishing parts, and both
aspects need to be included in its representation. To
achieve human-level performance, it appears there-
fore that it will be necessary to construct rich object
models, learned continuously from a large number of
examples.

Such use of continuous learning raises interest-
ing computational challenges: new methods will be
required to learn from errors, and to continuously
modify an existing representation based on new
incoming information, possibly combining rule-based
and memory-based mechanisms mentioned above.

Integrating segmentation and recognition Recog-
nition and segmentation are related tasks in the per-
ception of objects: we can usually recognize the object
and at the same time identify in the image the precise
region containing the object of interest. Historically,
segmentation and recognition were treated in computer
vision as sequential processes: figure-ground segmen-
tation first identifies in the image a region likely to
correspond to a single object; recognition processes are
subsequently applied to the selected region to identify
the segmented object. More recently, computational
models started to treat the two tasks together, per-
forming object segmentation not only in a bottom-up
manner based on image properties, but also in a top-
down manner based on object representations stored
in memory. This led to substantial progress in object
segmentation; however, most current recognition sys-
tems do not include segmentation as an integral part
of the recognition process. It seems to us that recog-
nition and segmentation are closely linked tasks, and
their solutions constrain each other. This integration
appears to be supported by considerable physiologi-
cal and psychophysical evidence [25, 26]. A closer
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integration of recognition and segmentation at both the
object and part levels is likely therefore to improve the
recognition of objects and their parts.

A Greater Challenge: Vision and Evolution

The brain uses vision, together with other senses,
to obtain knowledge about the world and act upon
it. This knowledge goes beyond object recognition
and categorization: vision is also used, for exam-
ple, to recognize actions performed by agents in the
surrounding environment as well as their goals and
social interactions.

It seems to us that these broader aspects of visual
recognition cannot be efficiently handled by simple
extension of existing recognition methods. It is likely
that in addition to the general learning mechanisms
currently used in object recognition models, the brain
also uses specialized mechanisms, which have evolved
to focus on and extract information required for mak-
ing judgments about actions, goals, social interactions,
and the like. Innate structures and circuits in the brain
by themselves do not incorporate full solutions to these
challenging problems, but are more likely to provide
useful constraints and initial biases which later lead,
guided by learning from the environment, to powerful
specific mechanisms.

A general broad question for future studies is there-
fore the nature of the innate machinery used by the
visual system, its genetic encoding, and how the com-
bination of innate machinery and learning from the
environment leads to our understanding of the visual
world.
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Visual Hull

David C. Schneider
Image Processing Department, Fraunhofer Heinrich
Hertz Institute, Berlin, Germany

Synonyms

Shape from Silhouette

Definition

The visual hull of a three-dimensional object is a
bounding volume of the object which is computed
from the object’s silhouettes in the images of multiple
calibrated cameras by intersecting the object’s viewing
cones.

Background

The concept of visual hull is based on two intu-
itions: Firstly, the shape of a three-dimensional object
is bounded by the silhouette of its projection in an
image. Secondly, if several projections from multi-
ple viewpoints are available, these constraints can be
combined to obtain an approximation of the object’s
shape. The practical relevance of visual hull algorithms
lies in the fact that they can compute an approximate
3D shape using only silhouettes and calibration data.
These are often easier and faster to obtain than image-
to-image correspondences, especially for camera con-
figurations with few cameras and/or wide baselines.
Visual hull computation is the prototypical example of
a shape-from-silhouette method.

The term “visual hull” was coined by Laurentini
[1, 2] who studied the properties of hulls obtained from
an infinite number of cameras. However, the under-
lying concepts – the intersection of viewing cones –
can be tracked back to the early 1970s (e.g., [3]).
Sometimes, the term “visual hull” is restricted to
the theoretical case of infinite camera count; hulls
computed from a finite number of cameras are then
regarded as approximations.

Theory

Definition
The visual hull of an object can be defined either as a
surface or as a volume. The following definition is vol-
umetric. Assume that the object can be represented as
a surface S in three-dimensional space. Further assume
that there are n cameras viewing the object. The view-
ing cone Ci of S with respect to camera i 2 1 : : : n is
a generalized cone defined as the union of all rays that
originate from the camera’s optical center ci and pass
through any point p on S (Fig. 1, right):

Ci D
[

p2S;��0
�p C .1 � �/ ci

The visual hull H of S is the intersection of all viewing
cones (Fig. 1, left):

H D
\

iD1:::n

Ci

Seen as a surface, the visual hull is the boundary of this
volume.

Properties
The visual hull bounds the shape it is constructed
from, that is, the volumetric intersection of the hull
and the original shape is the shape itself. How closely
an object’s true 3D shape can be approximated by its
visual hull depends on two factors:
(1) The geometry of the object. The visual hull can rep-

resent some but not all concavities of an object.
Intuitively, a concavity can be represented if (and
as far as) there exists a line through the concavity
which does not intersect the object. Or, equiva-
lently, it can be represented if and as far as there
exists a location and orientation for a camera such

http://dx.doi.org/10.1007/978-0-387-31439-6_206
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Visual Hull, Fig. 1 Left: The visual hull (yellow) of the object (A) is the intersection of the four viewing cones (green). Right: The
viewing cone of a 3D object and its relation to the object’s silhouette (mask) in an image

that the concavity in the object is represented as
a concavity in the silhouette of the object in the
camera image. A straightforward example of a rep-
resentable concavity is the handle of a tea cup. The
inside of the cup, on the other hand, is not rep-
resentable (unless a camera is placed inside the
cup).

(2) The number and placement of the cameras used
for computing the hull. A high count and a reg-
ular distribution of cameras are beneficial. With
a finite number of cameras, the visual hull typi-
cally has a “piecewise extruded” look Fig. 2 shows
an example of representable on non-representable
geometry in a visual hull reconstruction.

Algorithms
The above definition of the viewing cone only refers
to whether a ray intersects the surface and not where.
Therefore, the viewing cones can be computed with-
out knowledge of the shape S as long as the set of
intersecting rays can be computed. Whether a ray of a
specific view intersects the surface can be determined
from the view’s camera matrix and a foreground-
background mask, or silhouette, which classifies each
pixel as showing a part of S or the background. There-
fore, the visual hull is a shape approximation which
can be computed solely from calibrated cameras and a
foreground-background segmentation.

In contrast to the above definition, it is easier to
project voxels from the volume into the images than
to shoot rays into the volume. The most simple visual
hull algorithm is the following: First, all voxels of the
volume are marked as “occupied.” Then the voxels are
traversed and the center of each voxel is projected into
all available segmentation masks. A voxel is marked
as “unoccupied” if its center projects to a background
pixel in any of the masks.

For high volume resolutions, traversing all voxels is
inefficient with respect to memory usage and compu-
tation time. Therefore, many algorithms represent the
volume using a hierarchic spatial data structure such
as an octree, for example, [4, 5]. When octree cells
are projected into the segmentation masks, their spa-
tial extent must be accounted for: An octree cell must
be subdivided if any of its projections spans foreground
as well as background pixels.

While the volumetric approach makes hull compu-
tation relatively simple, it may complicate the further
use of the visual hull itself. For many applications,
such as rendering on graphics hardware or CAD, a
polyhedral surface representation is required. Com-
puting a surface from volume data is a nontrivial
task which is often approached with the marching
cubes algorithm. The resulting surfaces, however, may
require further processing to reduce their high polygon
count. This has led to the development of algorithms
which directly compute a polyhedral representation of
the visual hull, for example, [6, 7].

Application

The visual hull is often used as an initialization
and/or as a constraint for 3D reconstruction algo-
rithms. Since the visual hull bounds the true shape,
the true shape can be found by removing voxels
from the hull. Hull computation, on the other hand,
ignores consistency of appearance between multiple
views (“photoconsistency”). Therefore, volumetric 3D
reconstruction algorithms often aim at minimizing
a photoconsistency-based error by removing voxels
from the hull. Early examples are space carving [8] or
the multi-hypothesis algorithm of [9]. Visual hulls are
also used to initialize non-volumetric algorithms such
as patch-based stereo [10].
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Visual Hull, Fig. 2 Renderings of the visual hull of a toy house
(top row). The hull was computed from the masks (middle row)
of 216 turntable images of the object (bottom row). Note that

fine structures, like the beams, are well represented in the hull
as long as they are individuated in the masks. Surface details, on
the other hand, cannot be reproduced by the hull

The visual hull is sometimes used directly as
shape approximation (“proxy”) for image-based ren-
dering and visualization. This approach is partic-
ularly successfull for objects where the hull is a
good approximation of the actual shape, for example
the human body. Hull-based free-viewpoint rendering
systems for scenes with humans are described, for
example, by [12]. For this type of application, real-
time capable hull algorithms have been developed.
In [11], for example, new viewpoints are rendered
without explicitly representing the geometry of the
visual hull.

Obtaining a good segmentation is often a challenge
when using visual hull in practice. However, the hull
is more sensitive to some types of errors in the masks
than others: A voxel is only falsely marked as occu-
pied if the corresponding pixel is falsely classified as
foreground in all masks. Conversely, a voxel is falsely
marked as unoccupied if a pixel is falsely marked as
background in a single mask.
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Visual Inference

�Visual Cognition

Visual Patterns

�Model-Based Object Recognition

Visual Servoing

François Chaumette
Inria, Rennes, France

Synonyms

Vision-based control; Vision-based feedback

Related Concepts

�Pan-Tilt-Zoom (PTZ) Camera

Definition

Visual servoing refers to the use of computer vision
data as input of real-time closed loop control schemes
to control the motion of a dynamic system, a robot
typically.

Background

Visual servoing can be seen as sensor-based schema
control from a vision sensor. An iterative iteration of
the control scheme consists of the 16 following steps:
An iteration of the control scheme consists of the
following steps:
– Acquire an image.
– Extract some useful image measurements.
– Compute the current value of the visual features

used as inputs of the control scheme.
– Compute the error between the current and the

desired values of the visual features.
– Update the control outputs, which is usually the

robot velocity, to regulate that error to zero, i.e., to
minimize its norm.

For instance, for the first example depicted on Fig. 1,
the image processing part consists in extracting and
tracking the center of gravity of the moving people,
the visual features are composed of the two Cartesian
coordinates of this center of gravity, and the control
schemes computes the pan and tilt velocities so that
the center of gravity is as near as possible of the image
center despite the unknown motion of the people. In
the second example where a camera mounted on a six
degrees of freedom robot arm is considered, the image
measurements are a set of segments that are tracked in
the image sequence. From these measurements and the
knowledge of the 3D object model, the pose from the
camera to the object is estimated and used as visual
features. The control scheme now computes the six
components of the robot velocity so that this pose
reaches a particular desired value corresponding to the
object position depicted in blue on the images.

Theory

Main if not all visual servoing tasks can be expressed
as the regulation to zero of an error e.t/ which is
defined by

e.t/ D s.m.r.t//; a/ � s�.t/: (1)

The parameters in (Eq. 1) are defined as follows [1].
The vector m.r.t// is a set of image measurements
(e.g., the image coordinates of interest points, or the

http://dx.doi.org/10.1007/978-0-387-31439-6_785
http://dx.doi.org/10.1007/978-0-387-31439-6_334
http://dx.doi.org/10.1007/978-0-387-31439-6_100079
http://dx.doi.org/10.1007/978-0-387-31439-6_100080
http://dx.doi.org/10.1007/978-0-387-31439-6_496
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Visual Servoing, Fig. 1 Few images acquired during two
visual servoing tasks: on the top, pedestrian tracking using a pan-
tilt camera; on the bottom, controlling the 6 degrees of freedom

of an eye-in-hand system so that an object appears at a particular
position in the image (shown in blue)

Rc* Rc*

Rc
Rc

S*

S*

S
S

Visual Servoing, Fig. 2 If the goal is to move the camera from
frameRc to the desired frameRc� , two main approaches are pos-
sible: IBVS on the left, where the features s and s� are expressed

in the image, and PBVS on the right, where the features s and
s� are related to the pose between the camera and the observed
object

area, the center of gravity, and other geometric char-
acteristics of an object). These image measurements
depend on the pose r.t/ between the camera and
the environment. They are used to compute a vector
s.m.r.t//; a/ of visual features, in which a is a set of
parameters that represent potential additional knowl-
edge about the system (e.g., coarse camera intrinsic
parameters or 3D model of objects). The vector s�.t/
contains the desired value of the features, which can be
either constant in the case of a fixed goal or varying if
the task consists in following a specified trajectory.

Visual servoing schemes mainly differ in the way
that the visual features are designed. As represented
in Fig. 2, the two most classical approaches are
named image-based visual servoing (IBVS), in which

s consists of a set of 2D parameters that are directly
expressed in the image [6, 11], and pose-based visual
servoing (PBVS), in which s consists of a set of 3D
parameters related to the pose between the camera and
the target [11, 12]. In that case, the 3D parameters
have to be estimated from the image measurements
either through a pose estimation process using the
knowledge of the 3D target model, or through a par-
tial pose estimation process using the properties of the
epipolar geometry between the current and the desired
images, or finally through a triangulation process if
a stereovision system is considered. Inside IBVS and
PBVS approaches, many possibilities exist depend-
ing on the choice of the features. Each choice will
induce a particular behavior of the system. There also
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Visual Servoing, Fig. 3 In visual servoing, the vision sensor
can either be mounted on the robot (eye-in-hand configuration)
or observing it (eye-to-hand configuration). For the same robot
motion, the motion produced in the image will be opposite from
one configuration to the other

exist hybrid approaches, named 2-1/2D visual servo-
ing, which combine 2D and 3D parameters in s in order
to benefit from the advantages of IBVS and PBVS
while avoiding their respective drawbacks [10].

The design of the control scheme is based on the
link between the time variation of the features and the
robot control inputs, which are usually the velocity of
the robot joints q. This relation is given by

Ps D Js Pq C @s
@t

(2)

where Js is the features Jacobian matrix, defined from
the equation above similarly as the classical robot
Jacobian. For an eye-in-hand system (see the left part
of Fig. 3), the term @s

@t
represents the time variation

of s due to a potential object motion, while for an
eye-to-hand system (see the right part of Fig. 3), it rep-
resents the time variation of s due to a potential sensor
motion.

As for the features Jacobian, in the eye-in-hand
configuration, it can be decomposed as [2]

Js D Ls
cVn J.q/ (3)

where
– J.q/ is the robot Jacobian such that vn D J.q/ Pq

where vn is the robot end effector velocity;

– cVn is the spatial motion transform matrix from the
vision sensor to the end effector. It is given by

cVn D
�

cRn Œctn��
cRn

0 cRn

�
(4)

where cRn and ctn are, respectively, the rotation
matrix and the translation vector between the sen-
sor frame and the end effector frame and where
Œc tn�� is the skew symmetric matrix associated to
ctn. Matrix cVn is constant when the vision sensor
is rigidly attached to the end effector, which is usu-
ally the case. Thanks to the robustness of closed
loop control schemes, a coarse approximation of
cRn and ctn is sufficient in practice to get an esti-
mation of cVn. If needed, an accurate estimation
is possible through classical hand-eye calibration
methods.

– Ls is the interaction matrix of s defined such that
s D Lsv where v is the relative velocity between the
camera and the environment.
In the eye-to-hand configuration, the features

Jacobian Js is composed of [2]

Js D �Ls
cVf

f Vn J.q/ (5)

where
– f Vn is the spatial motion transform matrix from the

robot reference frame to the end effector frame. It is
known from the robot kinematics model.

– cVf is the spatial motion transform matrix from the
camera frame to the reference frame. It is constant
as long as the camera does not move. In that case,
similarly as for the eye-in-hand configuration, a
coarse approximation of cRf and ctf is usually
sufficient to get an estimation of cVf :

A lot of works have concerned the modeling of the
visual features and the determination of the analytical
form of the interaction matrix. To give just an exam-
ple, in the case of an image point with normalized
Cartesian coordinates x D .x; y/ and whose 3D cor-
responding point has depth Z, its interaction matrix is
given by [6]

Lx D
��1=Z 0 x=Z xy �.1C x2/ y

0 �1=Z y=Z 1C y2 �xy �x
�

(6)
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where the three first columns contain the elements
related to the three components of the translational
velocity, and where the three last columns contain
the elements related to the three components of the
rotational velocity.

By just changing the parameters representing the
same image point, that is, by using the cylindrical
coordinates defined by � D p

x2 C y2 and 	 D
Arctan.y=x/, the interaction matrix of these parame-
ters has a completely different form [2]:

L.�;	/ D
� � cos 	=Z � sin 	=Z �=Z .1C �2/ sin 	 �.1C �2/ cos 	 0

sin 	=.�Z/ � cos 	=.�Z/ 0 cos 	=� sin 	=� �1
�

(7)

which implies that using the Cartesian coordinates
or the cylindrical coordinates as visual features will
induce a different behavior, that is, a different robot
trajectory and thus a different trajectory of the image
point.

Currently, the analytical form of the interaction
matrix is available for most classical geometrical
primitives, such as segments, straight lines, ellipses,
moments related to planar objects of any shape, and
also coordinates of 3D points and pose parameters.
Methods also exist to estimate off-line or online a
numerical value of the interaction matrix. Omnidirec-
tional vision sensors, the coupling between a camera
and structured light, and even 2D echographic probes
have also been studied. A large variety of visual fea-
tures is thus available for many vision sensors.

Once the modeling step has been performed, the
design of the control scheme can be quite simple.
The most classical control scheme has the following
form [2]:

Pq D ��bJs
C.s � s�/C bJs

C
@s�

@t
� bJs

C

c@s
@t

(8)

where � is a positive gain tuning the rate of conver-
gence of the system and bJs

C is the Moore-Penrose
pseudoinverse of an approximation or an estimation of
the features Jacobian. The exact value of all its ele-
ments is indeed generally unknown since it depends of
the intrinsic and extrinsic camera parameters, as well
as of some 3D parameters such as the depth of the point
in (Eqs. 6) and (7).

The second term of the control scheme anticipates
for the variation of s� in the case of a nonconstant
desired value. The third term compensates as much
as possible a possible target motion in the eye-in-hand
case and a possible camera motion in the eye-to-hand
case. They are both null in the case of a fixed desired

value and a motionless target or camera. They try to
remove the tracking error in the other cases.

Following the Lyapunov theory, the stability of the
system can be studied [1]. Generally, visual servoing
schemes can be demonstrated to be locally asymptot-
ically stable (i.e., the robot will converge if it starts
from a local neighborhood of the desired pose) if the
errors introduced in bJs are not too strong. Some par-
ticular visual servoing schemes can be demonstrated
to be globally asymptotically stable (i.e., the robot
will converge whatever its initial pose) under similar
conditions.

Finally, when the visual features do not constrain
all the robot degrees of freedom, it is possible to com-
bine the visual task with supplementary tasks such as
joint limits avoidance or the visibility constraint (to be
sure that the target considered will always remain in
the camera field of view). In that case, the redundancy
framework can be applied and the error to be regulated
to zero has the following form:

e D bJs
C.s � s�/C .I � bJs

CbJs/ e2 (9)

where .I � bJs
CbJs/ is a projection operator on the null

space of the visual task so that the supplementary task
e2 will be achieved at best under the constraint that the
visual task is realized [6]. A similar control scheme
to (Eq. 8) is now given by

Pq D �� e �
c@e
@t

(10)

This scheme has for instance been applied for the first
example depicted on Fig. 4 where the rotational motion
of the mobile robot is controlled by vision while its
translational motion is controlled by the odometry to
move at a constant velocity.
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Visual Servoing, Fig. 4 Few applications of visual servoing:
navigation of a mobile robot to follow a wall using an omnidirec-
tional vision sensor (top line), grasping a ball with a humanoid

robot (middle line), assembly of MEMS and film of a dialogue
within the constraints of a script in animation (bottom line)

Application

Potential applications of visual servoing are numerous.
It can be used as soon as a vision sensor is available and
a task is assigned to a dynamic system to control its
motion. A nonexhaustive list of examples is as follows
(see Fig. 4):
– The control of a pan-tilt-zoom camera, as illustrated

in Fig. 1 for the pan-tilt case
– Grasping using a robot arm
– Locomotion and dextrous manipulation with a

humanoid robot
– Micro- or nanomanipulation of MEMS or

biological cells
– Pipe inspection by an underwater autonomous

vehicle

– Autonomous navigation of a mobile robot in indoor
or outdoor environment

– Aircraft landing
– Autonomous satellite rendezvous
– Biopsy using ultrasound probes or heart motion

compensation in medical robotics
– Virtual cinematography in animation
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Synonyms

Adaptive gains; Coefficient rule; Color adaptation;
Ives transform; von Kries-Ives adaptation

Related Concepts

�White Balance

Definition

The von Kries hypothesis as applied to chromatic
adaptation is an approach that is the basis of most
modern color adaptation models. It was first hypothe-
sized by Johannes von Kries in 1902 [3]. The approach
requires one to apply a gain to each of the cone
responses, independently, so as to keep the adapted
appearance of a reference white constant.

Theory

In general terms, let us denote the three cone responses
in the human retina as L, M , S , and let the spectral
sensitivities of the cones be denoted by l.�/, m.�/, and
s.�/. Then for any given stimulus ir .�/ that is incident
on the retina, the cone responses are assumed to be
given by:

L D k

Z
�

Nl.�/ir .�/d�

M D k

Z
�

Nm.�/ir .�/d�

S D k

Z
�

Ns.�/ir .�/d� (1)

with k a normalizing constant, and Nl.�/; Nm.�/; Ns.�/ are
the spectral sensitivity functions of the three types of
color receptors in the eye. In the above equations, ir .�/
is given by:

ir .�/ D i.�/r.�/ (2)

where i.�/ denotes the illuminant and r.�/ denotes the
spectral reflectivity of a given surface.

The von Kries model is used to predict the response
of the cones under changes in the viewing conditions.
Specifically, an important change in the viewing con-
ditions is a change in the illuminant. Let us assume
that the illuminant i.�/ is replaced by a different
illuminant, ia.�/. In such a case, let us denote the

http://dx.doi.org/10.1007/978-0-387-31439-6_263
http://dx.doi.org/10.1007/978-0-387-31439-6_100131
http://dx.doi.org/10.1007/978-0-387-31439-6_100132
http://dx.doi.org/10.1007/978-0-387-31439-6_100133
http://dx.doi.org/10.1007/978-0-387-31439-6_100134
http://dx.doi.org/10.1007/978-0-387-31439-6_100135
http://dx.doi.org/10.1007/978-0-387-31439-6_467
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cone responses by La, Ma, and Sa. Then von Kries
hypothesis may be expressed as:

2
4LaMa

Sa

3
5 D

2
4kL 0 0

0 kM 0

0 0 kS

3
5
2
4LM
S

3
5 (3)

where kL, kM , and kS denote scale factors that are
applied independently to the three cone responses. It
is perhaps most common to see this above equation
represented with kL D 1=Lmax, kM D 1=Mmax, and
kS D 1=Smax where the max subscript denotes the max-
imal responses for the LMS cone functions under a
normative white stimulus.

In terms of representing the adaptation between the
original and new illuminants, in the von Kries model
the adapted stimuli are assumed to be given by:

2
4LaMa

Sa

3
5 D

2
64
Lmaxa
Lmax

0 0

0 Mmaxa
Mmax

0

0 0 Smaxa
Smax

3
75
2
4LM
S

3
5 : (4)

The von Kries approach, although described in the
space of LMS cone functions, can be easily extended
to be used in the space of XYZ tristimulus values,
defined in terms of colorimetry, rather than in the psy-
chophysically motivated LMS space. And indeed this
is typically done, by using a simple 3 � 3 transforma-
tion between the LMS cone fundamentals and XYZ
color-matching functions:

2
4LM
S

3
5 D M

2
4XY
Z

3
5 : (5)

The exact values used for matrix M depend on the
specific cone fundamentals and XYZ color-matching
functions chosen [1, 4].

Open Problems

This approach, although not truly accurate with regard
to experimental findings in color adaptation, is surpris-
ingly general in its application [2]. Many researchers
have been exploring the limitations of this hypothe-
sis and adapting it for use in modern color adaptation
models. In Chap. 9 of his book Fairchild provides a
comprehensive comparison of the von Kries model to
several other color adaptation models developed in the
past century [1].
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