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Abstract

In European countries, preservation of masonry architectural heritage is a felt

concern. The most fascinating landscapes are characterized by a large presence of

masonry structures that have become part of country cultural identity. This justi-

fies the lively interest towards the development of efficient computational tools to

assess the structural capacity of masonry buildings. Among the available modeling

strategies, finite element models seem to be suitable tools to characterize the evo-

lution of the nonlinear mechanisms occurring in the material under typical loading

conditions. This work focuses on finite element modeling of masonry structures at

different scales. A micromechanical model, based on a damage-plastic constitutive

law for masonry mortar joints, is developed to reproduce the structural response

of unreinforced masonry arches, by studying global force-displacement response

curves and collapse mechanisms. The proposed model is implemented in finite

element procedures, where the mesh-dependency problem is efficiently overcome

by adopting nonlocal integral formulations. To prove the efficiency of the adopted

model, the response of experimentally tested walls and arches is numerically re-

produced. Then, some parametric analyses on arches are performed with the aim

of analyzing the effect of most relevant geometrical and mechanical parameters

on the global structural response. Subsequently, the use of macromodeling tech-

nique based on smeared crack constitutive laws for the cyclic in-plane analysis

of masonry panels is explored. The numerical investigation is focused on two

material macromechanical models (total strain cracking and crack and plasticity)

that show some limitations when analyzing the behavior of masonry structures

subjected to in-plane cyclic loading. A modified version of the Drucker-Prager

model including cohesive softening is introduced to overcome these shortcomings.



It is proved that the numerical results correlate better with the experimental out-

comes. In particular, attention is focused on two different techniques adopted

to overcome the mesh-dependency of the finite element solution: fracture energy

regularization and nonlocal integral approach. A single-fixed smeared crack is

implemented in finite element procedures adopting these two different techniques.

Numerical applications are performed to prove the robustness and stability of

these two approaches.
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Chapter 1

Introduction

1.1 Motivations and historical background

Masonry is the oldest building material that is still currently utilized in building

activity. The construction technique, consisting of placing stone or brick units

on top of each other laid dry or bonded with mortar, has revealed itself as suc-

cessful, justified by its simplicity and durability. Despite the simplicity associated

with building in masonry, the several advantages that the material offers, such

as economy, high fire resistance, and recyclability, the analysis of the mechanical

behavior of masonry constructions remains a true challenge. However, as known,

a complex mechanical response emerges due to the heterogeneous material na-

ture, particularly the masonry material exhibits distinct directional properties

due to the mortar joints, which act as planes of weakness. Consequently, masonry

structures present complex mechanical behavior, typically nonlinear.

Structures may be classified as historical when they become part of our built

heritage (Oliveira, 2003). In European countries, the preservation of masonry

architectural heritage is a felt concern. The conservation of historical structures

has been received particular attention since they are among the principal com-

ponents of the historic environment. Fascinating landscapes are characterized

by a large presence of masonry structures that have become part of the country

cultural identity (see Figure 1.1). This justifies the lively interest in developing

efficient computational tools to assess the structural capacity of masonry build-

1



Chapter 1: Introduction

(a)

(b)

Figure 1.1: Some Italian masonry landscapes: (a) Ponte delle Torri, Spoleto (b)
Civita di Bagnoreggio.

ings. Indeed, the analysis of historical masonry presents an important trouble.

However, they often show significant structural vulnerability and have been seri-

ously damaged by natural disasters such as earthquakes, mainly due to the poor

material properties and often inadequate structural configurations. At structural

level, masonry buildings exhibit good resistance to vertical loads while performing

badly against horizontal actions. Figure 1.2 shows the main collapse mechanisms

distinguished based on the earthquake’s effects on masonry structures, namely

crumbling, out-of-plane and in-plane failures. When proper masonry textures are

adopted, limiting the crumbling phenomenon, it was widely estimated that out-

2



Chapter 1: Introduction

of-plane collapse mechanisms are the most frequent. The walls normally loaded

in their plane undergo flexure and, when internal stresses exceed the material

strength, crack patterns develop with directions depending on the edge restraint

positions. Some experimental tests on uncracked masonry panels loaded out-of-

plane can be found in Griffith et al. (2007). In-plane failure can involve sliding of

mortar joints, diagonal cracking bands or damaged zones located at the corners of

the panels, depending on geometry, loading and boundary conditions (Anthoine

et al., 1995).

(a) Masonry crumbling (b) Out-of-plane failure (c) In-plane failure

Figure 1.2: Failure mechanisms of masonry structures (Gatta, 2019).

Many ancient and historical masonry buildings are characterized by the pres-

ence of arches and vaults. In particular the arch is a fundamental constructive

element having both load-bearing and ornamental function. The analysis of the

earthquake’s effects has led to identify typical collapse mechanisms of unreinforced

masonry arches, that is the formation of nonlinear flexural hinges and voussoirs

sliding (see Figure 1.3).

Other mechanisms were studied and are present in the literature, but these

two are certainly considered the main ones. The flexural mechanism was largely

investigated conversely from the sliding, which in some situations is predominant

respect to the flexural one. Figures 1.4 and 1.5 show some famous examples of

artistic and cultural heritage, where sliding mechanism is strongly manifest.

Research in historical masonry constructions is essential to understand their

specificity, with the development of computational tools and consistent constitu-

tive models to reproduce the experimental outcomes. Many methods were pro-

posed to assess the structural capacity of masonry constructions (see Chapter 2.2).

3
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(a) Four-hinge mechanism (b) Sliding

Figure 1.3: Failure mechanisms of masonry arch: (a) Four - hinge mechanism and
(b) sliding; (Melbourne et al., 2007).

(a) (b)

Figure 1.4: (a) The Colosseum and (b) a detail of a sliding mechanism on one of
its arches.

The choice of the adopted methodology depends on several factors: searched in-

formation, computational cost, and available input data. Often simple aspects as

geometry data or characterization of the material mechanical properties are diffi-

cult to retrieve. Thus, identifying a unique model with general validity represents

a hard, perhaps unrealistic task.

Finite element approaches appear as attractive tools to describe the evolu-

tion of nonlinear mechanisms evolving in masonry material. Models based on
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(a) (b)

Figure 1.5: (a) Mausoleum of Teodorico and (b) a detail of a sliding mechanism
on one of its arches.

continuum damage and smeared crack well describe the degrading effects using

the consolidated principles of solid mechanics theory (see Section 2.3). Usually,

damage and crack models are combined with plasticity formulations, with the pur-

pose to also introduce the effects of irreversible strains and, thus, provide a more

realistic description of the material mechanical response in terms of hysteretic

dissipation properties (see Chapter 4).

1.2 Objectives and scopes

The aim of this study relies on the above considerations and is focused on two

different scales of modeling and analysis of the possible failure mechanisms on

the masonry structures, through finite element models that well represent the

masonry response. The main objectives can be summarized as follows:

� Development of a micromechanical model suitable for capturing the strongly

nonlinear behavior of the complex structures as unreinforced masonry arches,

to investigate their collapse mechanisms. Based on an existing damage-
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plastic constitutive law, a new user finite element is implemented to numer-

ically reproduce the behavior of masonry structures;

� Validation and enrichment of existing smeared crack macromechanical mod-

els implemented in finite element codes widely spread in the scientific com-

munity. A modified version of a literature model is formulated to overcome

some shortcomings of reproducing the response of masonry structures;

� Strain localization due to the softening: mesh-adjusted softening modulus

(crack band approach) and regularized softening models. A fixed smeared

crack model is implemented. Two different techniques are used to avoid

the well-known mesh-dependency drawback emerging in cases of strain-

softening: fracture energy and nonlocal integral regularization. Analyses

of simple structures are presented to prove the robustness and stability of

these two approaches.

1.3 Organization of the thesis

The thesis is organized as follows:

� Chapter 2 offers the main aspects regarding the state of the art correlated

with the topic discussed subsequently. In the first section, an overview of

the principal characteristics of the material masonry is given to identify

recurrent features of the mechanical response. A review of the structural

behavior and the collapse mechanisms of two main structural elements, walls

and arches, is later presented. In the second section, the available model-

ing strategies for masonry structures are described, emphasizing the finite

element (FE) approach. In the third section, the available literature ma-

terial models based on continuum damage, smeared crack and plasticity

are described to highlight the fundamental aspects and drawbacks, respec-

tively. Lastly, the strain-softening phenomenon is defined, and the so-called

mesh-dependency problem is addressed. Two possible solutions, adopted in

this thesis, known as fracture energy and nonlocal integral regularization

technique, are explained.
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� Chapter 3 presents a new damage-plastic model for the micromechanical

analysis of 2D masonry structures. First, the existing constitutive law is

illustrated and the main aspects related to the finite element implemen-

tation are presented. A comparison between numerical and experimental

outcomes are proved for two masonry walls to validate the model. Particu-

larly, the complexity of the arch mechanics, proved by many experimental

campaigns, led the scientific community to develop efficient and accurate

numerical models. Indeed, the structural response of unreinforced masonry

arches submitted to asymmetrical vertical concentrated loads is studied, by

analyzing both global force-displacement response curves and collapse mech-

anisms. Numerical results are validated by comparison with experimental

ones, and parametric numerical studies investigate the influence of geometry

and material mechanical parameters. The finite element model appears to

be a suitable and efficient tool to accurately describe evolution of degrading

mechanisms and capture the typical collapse modes of arches.

� Chapter 4 proposes a modified version of an existing smeared crack model

motivated by the investigation of the use of macro-modeling technique based

on smeared crack model, that showed some limitations when analyzing the

behavior of masonry structures subjected to in-plane cyclic loading. A suite

of numerical simulations is performed referring to an experimental campaign

on two masonry panels. The results obtained from the modified model better

correlate with the experimental output.

� Chapter 5 moves towards the exploration of the regularization technique.

A fixed smeared crack model is formulated. Two different approaches are

implemented to avoid the well-known mesh-dependency drawback emerging

in strain-softening cases: fracture energy and nonlocal integral regulariza-

tion. Analyses of simple structures are presented to prove the robustness

and stability of these two approaches. A comparison between them is shown.

� Chapter 6 summarizes the main contributions and offers overall concluding

remarks.
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Chapter 2

State of the art

2.1 Historical masonry constructions

Masonry is an ancient building material that has been widely used during his-

tory, and is still used nowadays. Being the main structural technique adopted in

historical construction, a broad understanding of masonry mechanical behavior is

fundamental for the preservation and conservation of our cultural heritage, first,

section 2.1.1 introduces the principal features of the masonry material. In section

2.1.2, a review of the structural behavior and collapse mechanisms of two main

masonry structural elements, walls and arches, is subsequently given. In particu-

lar the main historical developments of arches are revised, from the constructive

point of view.

2.1.1 Mechanical behavior of masonry material

Masonry is a heterogeneous material that can be decomposed into three compo-

nents, that is mortar, units and interfaces (representing the mechanical interaction

between mortar and units). A large number of arrangements can be accomplished

with these three components, generated from their different combinations. Stones

and bricks have been used as units that can be joined together using mortar or just

by mere superposition. Based on stone combination in the construction and de-

gree of refinement in the surface finish, stone masonry can be broadly categorized

as shown in figure 2.1.
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(a) Rubble (b) Ashlar (c) Coursed ashlar

Figure 2.1: Stone masonry textures (Lourenço, 1998).

Several types of brick masonry can be found, depending on the stretchers and

header arrangement. Figure 2.2 shows some examples of the most widespread

textures.

(a) Running bond (b) Flemish bond (c) English bond

Figure 2.2: Most common brick masonry textures.

Despite many typologies, the overall mechanical behavior presents several char-

acteristic features. Indeed, the characterization of ancient structures and mate-

rials, used by advanced numerical models, is an arduous task. Nevertheless, ex-

perimental investigations have been conducted to carry out detailed information

about the material properties that can be adopted and used to design procedures

based on numerical models. Here an overview of recurrent features will be given,

analyzing the behavior of the composite material. A more detailed description

of the mechanical properties of the three components, in particular mortar and

units and unit-mortar interface, that is often regarded as the weakest component of

masonry composite material, can be found in several references (Drysdale et al.,

1982; McNary and Abrams, 1985; Van der Pluijm, 1993, 1997; Van der Pluijm

et al., 2000). Tensile and shear responses were largely investigated by pointing
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out peculiar characteristics in terms of strength, fracture energy, and stress-strain

relationship, which strongly affect the composite response.

2.1.1.1 Uni-axial behavior of composite material

From a phenomenological point of view, masonry can be considered as a compos-

ite material with an overall orthotropic behavior. The different elastic mechanical

properties of mortar and units and their geometrical arrangement govern the or-

thotropy of the elastic response. Moreover, mortar joints typically act as weak

planes, and the structural response is heavily dependent on their orientation. The

uni-axial compressive strength of masonry in the direction normal to the bed joints

has been observed as the most significant structural material property. Several au-

thors (McNary and Abrams, 1985) used uni-axial compressive tests to investigate

strength, stiffness, and deformation capacity of masonry. The different strengths

and deformable characteristics of units and mortar are precursors of failure, as

proved by the pioneering work of Hilsdorf (1969). For instance, considering mor-

tar softer than bricks, as usually happens, a tri-axial compression state in the

mortar and a combined compression/bi-axial tension in the brick occur under

uni-axial compressive load normal to bed joints, see Figure 2.3. Thus, the lateral

mortar expansion is restrained by bond and friction between brick and mortar.

Consequently, vertical cracks develop in the units leading to the specimen col-

lapse, see Figure 2.3. Because of the material anisotropic nature, the strength

and failure mode varies with various bed joints’ inclinations (Page, 1981, 1983).

If the loading direction is parallel to bed joints, the bed joints’ splitting in tension

transpires. For average inclinations, a mixed mechanism is met, see Figure 2.4

Masonry tensile strength is strongly dependent on both mechanical properties

of the constituent materials and orientation of the applied stresses concerning bed

joint direction. In general, for tensile stress normal to bed joints, tensile strength

can be considered equal to tensile bond strength between mortar and units. On

the contrary, failure is associated with excessive stress in the bricks when low

strength units characterize masonry, and high tensile bond strength is considered.

For tensile loading parallel to the bed joints, a complete test program was set-up

by Backes (1985). The author examined masonry wallets under direct tension,
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Figure 2.3: Compressive behavior for uni-axial load normal to bed joints: (a) state
of stress in masonry constituents and (b) failure mode of a masonry prism.

(a) θ = 0
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(b) θ = 22.5
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(c) θ = 45
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Figure 2.4: Page (1981, 1983): local state of stress in masonry prisms under
uni-axial compression with different orientation θ from the bed joint direction.

and observed that tension failure was influenced by the type of the mortar and

masonry units. For more durable mortar and weaker masonry units, the tension

cracks moved along the head mortar joints and through the center of the bricks as

shown in Figure 2.5 (a). For weak mortar joints and strong masonry units, zigzag

paths appeared, see Figure 2.5 (b).

Figure 2.6 shows different modes of failure observed by Page (1983) on solid

clay units masonry walls subjected to uni-axial tension. As can be seen, for

intermediate inclinations of the bed joints, the failure is concentrated at joints.
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(a) (b)

Figure 2.5: Failure modes of masonry walls under direct tension: (a) cracks pass-
ing along mortar and bricks and (b) zigzag type for load parallel to bed joint
orientation, from Backes (1985).

(a) θ = 0

ϑ 

(b) θ = 22.5

ϑ 

(c) θ = 45

ϑ 

(d) θ = 67.5

ϑ 

(e) θ = 90

Figure 2.6: Page (1983): local state of stress in masonry prisms under uni-axial
tension with different orientation θ from the bed joint direction.

The shear response of masonry joints is a complex task; it has been observed

that it heavily depends on the test set-up’s ability to generate a uniform state of

stress in the joints. Different test configurations are possible, and details can be

found in Van der Pluijm (1993, 1998), Hofmann and Stockl (1986), Atkinson et al.

(1989). It is noted that the shear strength increases with the confining compression

stress because of the frictional behavior of masonry. Moreover, the real behavior of

the mortar joint is generally non-associative. A recurrent behavior is the reduction

of dilatancy angle both with increasing relative tangential displacement, as a

consequence of progressive smoothing of asperities, and also under the action of

growing normal stresses.

Quasi-brittle materials like masonry typically show softening behavior, com-
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monly attributed to material heterogeneity, due to different phases and material

defects, like flaws and voids (Lourenço, 1997). Strain-softening is defined as a

gradual decrease of the mechanical resistance under a continuous increase of de-

formation imposed on a material specimen or structure (Lourenço, 1996). Figures

2.7, 2.8, 2.9 show characteristic stress-displacement diagrams for quasi-brittle ma-

terials in uni-axial tension, uni-axial compression, and pure shear, respectively.

The area under the σ - δ is the fracture energy associated to mode I, denoted by

GfI and GcI , for tension and compression, respectively. Shear behavior is gov-

erned by the mode II fracture energy GfII , defined by the area under the τ - δ

diagram. A more detailed description will be give in section 2.3.

σ

σ

δ

Gf I

σ

Figure 2.7: Typical behavior of quasi-bittle materials under tensile loading and
definition of mode I fracture energy GfI .

δ

σ σ

σ
Gc

Figure 2.8: Typical behavior of quasi-bittle materials under compressive loading
and definition of fracture energy Gc.
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Figure 2.9: Behavior of masonry under shear and definition of mode II fracture
energy.

2.1.1.2 Bi-axial behavior of composite material

Due to the material anisotropy, masonry strength depends heavily on the orien-

tation of the principal stresses with respect to the material axes defined by bed

and head joints directions. Therefore, the constitutive behavior of masonry un-

der bi-axial states of stress cannot be completely described in the basis of the

constitutive response under uni-axial loading conditions (Lourenço, 1996). The

response under bi-axial states is relevant to fully characterize masonry mechanical

behavior. The most complete experimental research regarding the characteriza-

tion of masonry bi-axial behavior was done by Page (1983), as already mentioned.

The tests were carried out with half-scale solid clay units. Both the orientation

of the principal stress ratio considerably affected the failure mode and strength.

Figure 2.10 shows the experimental test data in terms of bi-axial strength for

different value of θ, defined as the rotation angle between the principal stresses

and the material axes. Anisotropic behavior is considerably proved, as tensile and

compressive strengths parallel and normal to bed joints differed. Furthermore,

increasing resistance was obtained for bi-axial compressive loads. Different failure

modes occurred: cracking and sliding in bed and/or head joints for uni-axial

compression and collapse for cracking in the joints alone or combined bricks and

joint failure for tension-compression load. In bi-axial compression, failure occurred

by splitting of the specimen at mid-thickness, in a plane parallel to the external

free surfaces, independent on the orientation of the principal stresses. Other

researchers have been conducted the bi-axial tests, see Ganz and Thürlimann
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Figure 2.10: Masonry bi-axial strength: experimental results of Page (1981, 1983)
for (a) θ = 0°, (b) θ = 22.5°and (c) θ = 45°.

(1982) for hollow clay units masonry, Naraine and Sinha (1991) for half-scale

clay brick specimens and Alshebani and Sinha (2000) for a calcium-silicate brick

masonry.

2.1.2 Structural elements: walls and arches

In this section, a brief introduction about the most widely spread masonry struc-

tural elements, like walls an arches and their failure mechanisms is given. In

particular, the development of the architecture of the arch is described, and sub-

sequently a historical review about their collapse mechanisms is reported (Heyman
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and Jacques, 1998).

2.1.2.1 Walls and damage mechanisms

As far as walls are concerned, each geographical region and period in history

presented various building methods. Masonry walls can be classified into load-

bearing ones, supporting vertical loading and sustaining the vertical load of build-

ings, and shear walls, providing in-plane strength and contributing to resist the

lateral forces caused by wind and earthquake. In the following section the dif-

ferent types of walls are shown, considering the type of masonry that composes

it, in particular stone and brick masonry textures as figures (2.1 and 2.2) show,

respectively. Stone masonry was widely used by Egyptians and by Incas in Peru.

Initially, their constructions were built with irregular masonry. It is worth not-

ing how the not aligned courses, both vertical and horizontal, led the walls with

significant stone interlocking, giving an intrinsic strength against horizontal ac-

tions. Nevertheless, it is only with Classic Greek builders that masonry assumed

modern aspect: fine ashlar stones quite dressed in parallelepiped shape with no

mortar joint. As a general consideration, the more homogeneity of the masonry

and the exclusion of the bending stresses on the blocks led to a more efficient

wall, also with a smaller thickness (Roca et al., 2019). The classification of stone

masonry, due to its intrinsic complexity, deserved particular attention. The local

and global behavior of masonry walls is influenced by the type and quality of ma-

terials, the presence of connections through the leaves, the shape and dimension

of the elements, the thickness of mortar joints and the constructive techniques

(Binda et al., 1999). Research on the morphology of stone masonry wall sections

in Italy was started in the early 1990s (Abbaneo et al., 1993; Binda et al., 2000).

Abbaneo et al. (1993) and Binda et al. (2003) distinguished stone masonry walls

into four groups, corresponding to one leaf, two leaves, three leaves and dry joint

walls (Figure 2.11).

During the same years, Giuffrè (1993a) also investigated the mechanical behav-

ior of stonework masonry typologies. As a result of the investigation and typology

classification, the masonry typologies were summarized in the form of a report.

The presence of some features, including the connection elements, is a crucial pa-
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Figure 2.11: Typical stone masonry sections: one, two, and three leaves Binda
et al. (1999).

rameter for evaluating the mechanical behavior of walls. Other authors (Da Porto

et al., 2003) investigated the problems related to stone masonry walls classifi-

cation. Accordingly, it was reported that the most frequently-observed stone

masonry typology is made of two or three leaves, which are not interconnected

with the outer leaves made of irregularly shaped stones bonded in sub-horizontal

courses. The average thickness of the observed walls is about 50 cm. After the

severe earthquake in Italy in 2009, Cardani and Binda (2013) suggested a set of

guidelines for the characterization of the masonry quality for on-site visual in-

spection. Case study masonry walls were selected from several regions. Masonry

walls are classified with regards to the following six factors: the type of masonry

units, the shape of the stone elements (regular or irregular), the thickness of the

horizontal mortar joint, the horizontality of the courses, the presence of wedges

and the type of cross-section of the masonry wall (one or multiple leaves). In

conclusion, the authors declared that the visual inspection of the texture does

not adequately identify masonry quality. For a better understanding of masonry

properties, in-situ and laboratory tests are needed.

Bricks were first hurled around 3500 BC in Mesopotamia, present-day Iraq,

one of the world’s high-risk seismic areas. From Roman aqueducts and public

buildings to the Great Wall of China, from the domes of Islamic architecture to

the early railway arch bridges, from the first 19th century tall American buildings

to the 20th-century nuclear power plants, bricks have been utilized as a structural
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material in all applications of construction and civil engineering (D’Ayala, 2004).

As discussed earlier, according to the way that brick is laid and how the brick

facing is oriented in the finished wall, different patterns may be fixed. Brick ma-

sonry walls are commonly composed of several layers or two outer leaves with a

cavity filled with rubble and their characteristic depends on two factors (D’Ayala,

2004). As for the first factor, integrity and shear resistance of brick masonry

walls is affected by the extent and quality of the bond between mortar and bricks.

The second factor is the connection between the leaves. This is ensured by head-

ers, consisting of bricks located through the wall at regular intervals. Old brick

masonry usually has thick sections (often more than 600 mm) with a much less

homogeneous distribution of the bricks in the section than in modern ones (Binda

and Saisi, 2001). In some cases, only the outer leaf is composed of regular bricks,

while the internal part is made of pieces of bricks and large mortar joints. The

thickness of joints is usually much lower than that of the brick in a ratio 1-2/5.

Although, this was not the case of late Roman architectures and Byzantine con-

structions where the mortar joints were much thicker than before. From a study

carried out on Milan Roman walls and Ravenna Byzantine walls the following

classification could be made (Figure 2.12): (I) solid walls with thin joints, (II)

solid walls with thick joints, (III) solid walls with multiple leaves (with different

thickness of the leaves) (Binda and Saisi, 2002).

(a) St Giovanni in
Conca, Milan

(b) St Michele in
Africisco, Ravenna

(c) St Simpliciano
Basilica, Milan

Figure 2.12: Examples of brick masanry section Binda and Saisi (2002).

Rosa Valluzzi et al. (2009) gave a classification of brick masonry walls of dif-

ferent structural typologies of historical buildings. The authors sorted out the

masonry walls in terms of masonry typology (type of brick) and thickness.
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Two significant collapse mechanisms can quite describe damage of masonry

walls, known as out-of-plane and in-plane. As described by Giuffrè (1993a), the

first occurs when connections between orthogonal walls and between walls and

floors are particularly weak. This is frequently the case in existing stone masonry

buildings without tie rods, with a lack of interlocking at the connection of inter-

secting walls, the presence of supported wooden floors, and thrusting roofs. If

proper devices improve connections and the masonry panels behavior involves an

effective overall building configuration, in-plane mechanisms govern the response.

According to the goal of this research, attention is focused on the in-plane collapse

mechanisms, instead a comprehensive review of out-of-plane mechanisms can be

found in Sorrentino et al. (2017). Remarks of seismic damage of masonry walls

and experimental laboratory tests (Anthoine et al., 1995) proved that masonry

panels subjected to in-plane loading show two common behavior types with dis-

tinct failure modes associated, flexural and shear collapse mechanisms (Magenes

and Calvi, 1997), respectively, see Figure 2.13. The first can show two different

failure configurations, mostly depending on the relation between the applied ver-

tical load and the material compressive strength. Suppose the applied vertical

load is high to compressive strength. In that case, the panel is characterized by

a widespread damage pattern, with sub-vertical cracks oriented towards the more

compressed corners. This failure is known as crushing. Conversely, suppose the

applied vertical load is low to compressive strength. The horizontal load allows

tensile flexural cracking at the corners, and the panel starts to behave as a nearly

rigid body rotating about the toe. This failure is known as rocking. As well, the

shear behavior presents two different failure configurations that can develop in

sliding shear or diagonal crack. Sliding, usually on a horizontal bed joint plane,

occurs when the development of flexural cracking at the corners reduces the re-

sisting section. Instead, the formation of a diagonal crack develops at the center

of the panel and then propagates towards the corners.

Many experimental tests attempted to investigate the influence of several pa-

rameters that influence the different failure modes activation, recognizable as the

wall geometry, boundary conditions, acting axial load, mechanical characteristics

of masonry constituents, and the masonry geometrical characteristics. It is worth

pointing out that it is not always easy to distinguish the occurrence of a spe-
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Figure 2.13: Typical failure modes of masonry walls: (a) rocking; (b) sliding shear
failure; and (c) diagonal cracking (adapted from Calderini et al. (2009)).

cific type of mechanism, since many interactions may occur between them. Many

studied were done to understand in which case one mode can prevail (Giuffrè,

1993b; Magenes and Calvi, 1997; Lourenço et al., 2005). In general, as addressed

by Calderini et al. (2009), it was assessed that rocking tends to win in slender

walls, while bed joint sliding tends to occur only in very squat walls; in mod-

erately slender walls, diagonal cracking tends to predominate over rocking and

bed joint sliding for increasing levels of vertical compression. Diagonal cracking

propagating through blocks tends to prevail over diagonal cracking propagating

through mortar joints for increasing vertical compression levels. The increasing

interlocking of blocks may transition from diagonal cracking through mortar joints

to rocking blocks or bed joint sliding. Commonly, crushing occurs for high lev-

els of vertical compression. The effect of geometry is one of the most significant

parameters that influences masonry wall failure mode under seismic action in the

above respects. In the section 4.1.4, the experimental tests performed at the Joint

Research Centre of Ispra (Anthoine et al., 1995) will be numerical simulated and

analyzed to highlight this aspect. They showed how a slender wall is characterized

by a flexural response with high-damaged zones located at the top and bottom

sides starting from the corners. In contrast, a squat wall exhibits a brittle fail-

ure with diagonal cracks in the middle of the panel due to the dominant shear

mechanism.
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2.1.2.2 Arches and damage mechanisms

The masonry arch is the most significant and one of the most ancient masonry

elements expressing in itself the most marked peculiarities, both conceptual and

geometrical, of other more complex masonry structures. The arch’s understand-

ing is one of the most innovative ideas in the history of constructions providing

significantly to the evolution of structures and human progress. Arches appeared

in the Mesopotamian brick architecture, as early as the 2nd millennium BC. Their

orderly use started with the Ancient Romans, who were the first to utilize this

technique to extend structures. It is a primitive element whose structural analysis

could lead us to know better and understand old masonry structures’ behavior. In

this section, a brief investigation, both historical and structural, about masonry

arch is presented with this aim. As addressed in Iannuzzo (2018), since the arch

affirms its function on the need to span on opening, its form is probably from an

evolution of some other primitive systems used for the same idea. In Figure 2.14,

the post and lintel system, the corbelled arch, and the arch are shown.

(a) (b) (c)

Figure 2.14: Three methods of spanning a passageway: (a) post and lintel system,
(b) corbelled arch, (c) arch. (from Iannuzzo (2018)).

Post and lintel system (Figure 2.14 (a)), or a trabeated system, is a building

system where vertical elements with spaces between them hold strong horizontal

elements. The horizontal elements are called by various names like lintel, header,

or architrave, while the supporting vertical elements may be called posts, columns,

or pillars. This structural system is a significant principle of Neolithic architecture

and Ancient Indian, Greek and Egyptian architecture also; furthermore, it was

spread in North and Central America by Mayan and in South America by Inca
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architecture.

(a) (b)

Figure 2.15: Some types of post and lintel system: (a) Stonehenge (b) Machu
Picchu (from Iannuzzo (2018)).

From a structural point of view, the two posts are under compression; the lintel

is subjected to flexural compressive and tensile stresses due to the self-weight and

the loads above it. The system’s static mechanism represents the highest problem

to a post and lintel construction for the limited weight supported and for the small

distance that can be spanned. Corbelled arches were commonly used by ancient

civilization around 2000 BC. The first examples of this kind of constructions go

back around 3000 BC, like tholos tomb on the Iberian Peninsula and elsewhere

around the Mediterranean. In many parts of the world, it is possible to observe

constructions related, more or less directly, to the corbelled arch: Ancient Egyp-

tian pyramids from around the time of Sneferu, Ebla in Syria, Ugarit, Nuraghe

constructions in ancient Sardinia, Hittites constructions in ancient Anatolia, cer-

tain pre-Columbian Mesoamerican constructions, and many others in India and

Cambodia.

The corbelled arch (Figure 2.14 (b)) is a sort of intermediate step between

a post-lintel structure and the proper arch. Contrary to what one might guess,

their similarity is only geometrical because the structural behavior is different.

This arch-like construction adopts the corbelling’ technique (placing stones pro-

gressively cantilevering) to span a space or void in a structure. Thus, the corbel

arch is built by offsetting from each supporting side successive courses of stone to
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(a) (b)

Figure 2.16: Some historical examples of a corbelled arch: (a) Kompong Kdei
Bridge of Cambodia, (b) False arch at “Cuadrángulo de las monjas” at Uxmal in
Yucatán - Maya architecture (from Iannuzzo (2018)).

project towards the symmetry axis until the courses meet at the archway’s apex.

Corbelling the courses means that the arches can be constructed with no center-

ing or shorting. This peculiar characteristic of corbel arches is because almost

all other arches request some temporary support (Roca et al., 2019). Although

improved load-bearing efficiency over the post and lintel design, corbeled arches

are not fully self-supporting structures. The corbeled arch is the so-called “false

arch.” This behavior leads to an important difference from proper arches: not

all of the structure’s tensile stresses caused by the superstructure’s weight are

transformed into compressive stresses.

Even if some ancient Sumerian buildings include examples of simple small

arches and brick masonry arches discovered in the ruins of Ur in Mesopotamia

(1400 BC), the development and the wide spreading of the arch structure appeared

later. If the Etruscans were the first to make systematic use of the masonry

arches, the Romans employed this structure largely, diffusing this kind of system in

Europe by constructing many relevant masonry arch structures such as aqueducts,

bridges, and finally the most famous ancient building constructed with arches: The

Colosseum (see Figure 2.17).

From a structural point of view, the arch is a pure curved compression form,

which could span a large area by resolving forces into compressive stresses elimi-
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Figure 2.17: Some historical arch structures: Colosseum.

(a) (b)

Figure 2.18: Some historical arch structures: (a) Arch of Triumph (destroyed) in
Syria’s Palmyra ruins, (b) aqueduct in the Old Town of Segovia (from Iannuzzo
(2018)).

nating tensile stresses. In Figure 2.19 some typical shapes of arch are reported.

An overview of the static behavior investigated over the years on the mecha-

nisms of the arches is reported.

Vitruvio in De architectura showed to have intuited the pushing effect exerted
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Figure 2.19: Some types of arch.

by the vault on the piers. Leon Battista Alberti (De Re Aedificatoria; 1452 )

decreed the aesthetic and symbolic principles and the proportions underlying the

dimensioning of the structures, Leonardo da Vinci (Codes of Madrid, Forster II

Code, 1490-1505 ) defined the arch as “an arch is nothing but a strength caused

by two weaknesses.” As reported in a drawing of the Forster II Code (Figure 2.21

(a)), it seems that Leonardo arrived at a criterion of safety reported in Figure

2.21 (b) and a failure rule shown in Figure 2.21 (c): someone could think that

the lines depicted in Figure 2.21 (b) and Figure 2.21 (c) describe a line of thrust

due to a load acting at the keystone (Figure 2.21 (a)) and much larger than the

self-weight of the arch. Leonardo synthesized the failure rule with these words:

“. . . the arch will not crack if the chord of the outer arch will not touch the inner

arch . . . ” in which it is possible first to see a primitive formulation of the rule

according to which the line of thrust has to lie within the arch geometry.

The first analytical study on the mechanics of the arch can be traced back

to Robert Hooke. During his career, he showed experiments on arches model.

He knew the arch’s intimate physical behavior, but he did not give the corre-

sponding mathematical theory during his life. Hooke noted that if he could solve

the catenary problem, he would, at the same time, have found the solution of the

shape of the perfect arch carrying the same loads in compression. Hooke, who was

Cristopher Wren’s collaborator in carrying out the work on St Paul’s Cathedral
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Figure 2.20: The pushing effect exerted by the vault on the piers for Vitruvio.

(a) (b) (c)

Figure 2.21: A famous drawing from the Forster Codex (a) which shows an ex-
perimental test on an arch made by Leonardo da Vinci. He formulated a safety
criterion (b) and a failure rule (c).

in London after the Great Fire (1666) (Figure 2.22), as well as being a member

of the Royal Society, observed that an upside-down catenary works only in com-

pression, just as a catenary works only in tension. Since the nineteenth century,

various scientists have tried to prove that Hooke’s work on the catenary guided

Wren, but the evidence is not certain.

Starting from Hooke’s intuition, expressed in the aphorism “ut pendet contin-

uum flexile, sic stabit contiguum rigidum inversum”, studies on these structures’

optimal profile continued. The search for the resolution of the catenary problem

was not trivial. Leibniz (1691) and after Huygens and Johann Bernoulli, with

his older brother Jakob (Problema de curvatura fornicis) also seem to have re-

solved the issue at about the same time: anyhow, their solutions were not rigorous
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Figure 2.22: Structure of St Paul’s Cathedral in London.

mathematically.

Though with some mistakes, the problem was solved some years later by Gre-

gory (1697). Gregory cleared that if the thrust line lies within the arch can be

found, then, the arch is stable. Finally, Gregory understood that the horizontal

action on an arch’s abutment is the same as pulling an equivalent hanging chain.

La Hire in La Hire (1695) investigated a semi-circular arch assembled from rigid

voussoirs and considered frictionless joints between them. He provided important

contributions to the development of the arch’s static, using for the first time

the mechanics for the study of an arch, analyzed as composed by rigid bodies.

The innovation in La Hire’s consists of the use of the force polygon and the

corresponding funicular polygon for the arch. Although the funicular polygon for

an arch can be viewed as a “discrete” line of thrust, he posed himself the problem of

finding the weights of the voussoirs such that equilibrium should be kept. Since he

assumed that the contact joints are smooth, the thrust line must be orthogonal to

the joints conducting to a paradoxical statement. If the springing line is horizontal,
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it follows that the springing voussoirs must have an infinite weight to guarantee

the stability of the arch. For the first time, sliding mechanisms were taken into

account. Indeed La Hire remarked that friction between the voussoirs would

confer the necessary stability to the structure. Though then in La Hire (1712), he

returned to the arch given a different hypothesis: the friction was taken to be so

large that sliding could not occur. Then, the direction of the line of thrust was

no longer fixed as before, and the line of thrust, is in this case, undetermined.

Figure 2.23: Collapse scheme for De La Hire.

Was in that period that the French engineer Bernard Forest de Bélidor made

widespread use of La Hire’s method and in his work Bélidor (1729), he spent an

entire section on arches treating them approximately using La Hire’s theories but

applying some changes with the basic aim to establish a set of design rules.

In this historical context, Couplet noted that the voussoirs could not slide each

other allowing only detachments and excluded from the calculation any resistance

in compression of the masonry. Couplet wrote in Couplet (1729) and in Couplet

(1730) two remarkable memoirs on arch thrust, implicitly arrogating Heyman’s

three basic assumptions: no tensile strength, infinite compressive strength, and

sliding cannot occur. Furthermore, Couplet formalized in this work two ways of

approaching any structural problem: through equilibrium (statics), considering

the thrust lines, and through deformation (mechanisms). In particular, he states

that an arch will not collapse if the chord of half the extrados does not touch

the intrados but is entirely lying within the arch geometry. In his work, Couplet

tackled the problem to find the minimum thickness of a round arch subjected only
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to its weight. Later, he reworks the La Hire and Bélidor approaches to evaluate

the abutment thrust and the whole structure’s stability. The Couplet’s work was

noted quickly and had a big spread.

Indeed, as mentioned in Heyman (1966), Danyzy (Danyzy, 1732) made sev-

eral tests following the Couplet’s approach. He used arches made from plaster

voussoirs and he found confirmations of Couplet’s results. Although the Danyzy’s

results were published not before 1778, Frezier (Frézier, 1737) reported in his work

a plate showing the Danyzy’s experimental. Still, the analysis of St.Peter Dome,

conducted by Poleni, are worth mentioning. Their object is the investigation of

the numerous injuries that had occurred on the dome designed by Michelangelo.

Before Poleni’s examinations note that Giacomo Della Porta modified the project,

that built it by raising the top of 7 meters and transforming Michelangelo’s hemi-

spherical dome into a raised dome. Poleni showed a deep knowledge of La Hire and

Couplet’s work and a profound understanding of the concept of Hooke’s hanging

chain. Poleni thought of the dome as made up of segments that leaned against

each other at the top so that the mechanical behavior was traced back to that

of the arch. Using the mechanism of the arch, he explained the cracking of the

dome, according to the meridians.

Call Gregory back (Gregory, 1697), which, according to Poleni, is the first to

argue that catenaries give us the curves of the most “existent” strings: “Qualis

tamen sit fornicis figura legitima, ad usque editas nostras demonstrationes igno-

ratam est.” He drew inspiration even from work by Stirling (1717) using a catenary

formed by smooth spheres. After experimental tests conducted in Padua, he con-

cluded that the crack pattern was due only to the poor material used for the

construction’s inferior part. The dome was repaired and reinforced between 1743

and 1744 with iron hoops, and the cracks were patched (through “scuci e cuci”).

A more decisive development in the study of the arch was due to Coulomb.

In his famous memoir “Essai sur une application des règles de maximis et min-

imis a quelques problèmes de statique relatifs a l’Architecture” (Coulomb, 1773)

Coulomb resolved many problems considering failure imaginary planes along which

the slip could occur concerning the cohesion and the friction of the material. Al-

though, concerning the masonry arches, Coulomb took into account the strength

of the material and assessed the stability only with equilibrium considerations
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Figure 2.24: Meridians and parallels; crack detected in the dome of St. Peter’s
(Vanvitelli, 1743).

through maximum and minimum principles. Moreover, he stated that the arch’s

failure could occur only with the formation of hinges between voussoirs, conclud-

ing that the friction was enough to prevent any sliding. Coulomb’s work meant a

pillar in the development of the mechanics of the arches.

Although his example was not followed, deserving of note is the work offered by

Lorenzo Mascheroni in 1785 and reissued in 1819 and 1829. With perfect control

of the kinematic analysis, he showed that the collapse could occur according to

four distinct mechanisms in a symmetrical arch, which, if not all equally probable,

have nevertheless be taken into account to establish a rigorous theory. Despite

this, almost all subsequent authors would have followed the Colombian approach.

Successively, indeed, Navier mentioned the Coulomb approach for arches the-

ory. In his famous lessons, Résume des Leçons Données a l’Ecole des Ponts et

Chassées (Navier, 1833-38), Navier resumes the problem of arches with the hy-

pothesis of Coulomb, specifying its contents. It takes into consideration the four
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collapse mechanisms of a symmetrical arch. Michon makes a decisive contribu-

tion. In 1848 (Michon, 1848) he published a collection of “Tables et formules

pratiques pour l’établissement des voutes cylindriques” with which the analysis

of the mechanisms of collapse found a definitive solution. As addressed in Becchi

and Foce (2002), from the point of view of modern structural mechanics, the stud-

ies on collapsing analysis that was carried out earlier represent a valuable term

of comparison. Indeed, in modern times the stability of the arch falls within the

frame of Limit Analysis (see Section 2.2.4), through which the degree of safety of

the structure can be assessed.

The first application of limit analysis is from Kooharian with his work “Limit

Analysis of Voussoir (Segmental) and Concrete Arches” (Kooharian, 1952). This

paper represents the starting point for the application of Limit Analysis to ma-

sonry structures.

Considering the Heyman’s plasticity hypothesis (Heyman, 1966) regarding the

impossibility of mutual sliding between the ashlars, it is reasonable to think that

the nineteenth-century and earlier authors’ classification is more general consid-

ering cases with sliding in the presence of friction.

2.2 Modeling approaches for masonry structures

and analysis strategies

In the last half-century, the scientific community put a great deal of effort into

the computational analysis of masonry structures in order to develop tools for

the prediction and assessment of their structural behavior. Different approaches

and scales of representation of the mechanical behavior have been proposed. In

this section, a short outline of available methods is presented and attention is

focused on the finite element models (FEM) description, according to the goal of

this research.
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2.2.1 FEM based approaches

Finite element models involving nonlinear constitutive laws with damage and

plasticity inner variables appear as promising tools for assessing the structural

capacity of masonry buildings. These models are usually classified concerning the

modeling scale used, distinguishing between micromechanical, macromechanical,

and multiscale models.

2.2.1.1 Micromechanical Finite Element Approach

The different components of masonry, units, mortar and unit-mortar interface,

are distinctly modeled in the micromechanical approaches. In this method, all

the internal structure information is described; thus, the complex interaction be-

tween the masonry constituents is naturally taken into account. As opposed to

the macromechanical approaches (see Section 2.2.1.2), which are preferred for

large scale modeling, these methods are suitable to estimate all the constituents’

local behavior. One of the first pioneers in this method was Page (1978), who

attempted to apply micro-modeling approaches to masonry structures. Under

this approach, nonlinear interface elements were used to represent mortar joints,

accounting for high compressive strength, low tensile strength, and limited shear

strength dependent on the level of compression and the composite material’s bond

strength. For the bricks, linear-elastic continuum finite elements were used. Ex-

perimental tests conducted by the author determined the non-linear stress-strain

relationships and the failure criteria. Figure 2.25 schematically shows the most

common micro-models.

In the so-called detailed micromechanical strategy (see Figure 2.25 (a)), bricks

and mortar are described through continuum finite elements, whereas discontin-

uous elements model the mortar interfaces. The elastic and inelastic properties

of all the components can be realistically taken into account. The detailed mi-

cromodeling is probably the most accurate tool to reproduce the real behavior of

masonry. This strategy leads to very accurate results but requires an intensive

computational effort. Alternately, simplified micromodels were developed, which

consider joints as mechanical units representing both mortar and unit-mortar in-

terface and adopt either expanded units with elastic response and potential crack
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Figure 2.25: Micromodeling technique (Gatta, 2019).

interfaces or continuum nonlinear model for bricks (Figures 2.25 (b) and (c), re-

spectively). It is also possible to model both bricks and mortar with continuum

elements without using interface elements (see Section 3.1.1).

Within this framework, different constitutive laws were proposed for each con-

stituent material, according to the assumption reported below by Addessi and

Sacco (2012): model for the brick, that can be considered as:

� rigid;

� deformable with linear response;

� interface or continuum material with nonlinear response;

and model for the mortar, that can be considered as

� interface or continuum material characterized by linear response;

� interface or continuum material characterized by nonlinear response.
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Micromechanical models were widely adopted by several authors in literature,

Lourenço and Rots (1997); Gambarotta and Lagomarsino (1997); Oliveira and

Lourenço (2004); Sacco and Toti (2010); Raffa et al. (2013); Minga et al. (2018)

and these use a discrete description of masonry micro-structure, mixing continuum

and interface elements for bricks and mortar joints, respectively.

The model suggested by Lourenço and Rots (1997) is widely used. The authors

implemented a constitutive interface model based on an incremental formulation of

plasticity theory. They proposed a composite yield surface to simulate the tensile

failure of mortar joints, shear response of joints, and crushing of units under

monotonic loading. Furthermore, cracks in the units were taken into account by

placing a potential crack interface in each unit’s middle part. A modified version

of the model was later introduced by Oliveira and Lourenço (2004) to accurately

reproduce the interface cyclic behavior’s main characteristic (Figure 2.26).

(a) (b)

Figure 2.26: Micro-modeling of a high (a) and a law (b) wall, from Oliveira and
Lourenço (2004).

Sacco and Toti (2010) presented another interesting interface model (Figure

2.27). The authors proposed a formulation of the interface to represent the inter-

action between brick-mortar at the contact surface, which considers the combined

effect of damage and friction. The model was used to model masonry elements,

particularly to investigate the behavior of unreinforced masonry arches.
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Figure 2.27: Sacco and Toti (2010): (a) damaging states of brick-mortar interface
and (b) detailed micromodeling of a masonry arch.

2.2.1.2 Macromechanical Finite Element Approach

In the macromechanical approaches, masonry is modeled as a continuum de-

formable body, considered as a homogenized medium.

Basic cell
(RVE)

Homogenized 
continuum

Homogenization

Figure 2.28: Macro-modeling technique: masonry as a homogeneous material.

These models are based on phenomenological constitutive laws for the masonry

material. The definition of suitable homogeneous constitutive laws is a challenging

task, in that an appropriate relationship has to be established between average

masonry strains and stresses. The continuum parameters must be defined us-
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ing tests on sufficiently large-sized specimens subjected to homogeneous states of

stress. As an alternative to difficult experimental tests, it is possible to estimate

the individual components experimentally and consider the obtained data as input

parameters of numerical homogenization procedures and multiscale approaches,

where the constitutive law of the material is obtained from a homogenization

process which relates the structural-scale model to a material-scale model (see

Section 2.2.1.3). Despite some difficulties in identifying the constitutive law of

the equivalent homogenized material and the mechanical parameters, macrome-

chanical models are probably the most popular and common approaches due to

their low computational burden. They are widely used to analyze real complex

structures. Figures 2.29 and 2.30 show some examples of structures modeled with

macromechanical techniques.

(a) (b)

Figure 2.29: Ponte delle Torri: Spoleto: (a) real structure and (b) FE model used
by Addessi et al. (2020b).

Macromechanical models show significant useful advantages compared to more

detailed approaches describing discontinuities. In particular, FE meshes are sim-

pler since they do not accurately describe masonry internal structure. The finite

elements can have dimensions greater than the single brick units. This type of

modeling is most valuable when a compromise between accuracy and efficiency is

needed.

Different constitutive laws have been proposed to describe masonry mechanical

behavior. A classical model is the No-Tension Material law, where a zero tensile
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Figure 2.30: Ciocci et al. (2018): FE model of the Ica Cathedral in Peru.

strength is assumed; thus, fracture strains arise when the stress is zero. The

hypothesis of no-tension material has been widely used to analyze the stability of

masonry vaults and domes (Heyman, 1966). Other elegant approaches that used

the no-tension law are present in literature (Angelillo, 1994; Alfano et al., 2000;

Bruggi and Taliercio, 2015). Although they represent solutions for such a complex

problem, their applicability to real case studies is still limited. Furthermore,

although the assumption of null tensile strength can be considered, in general,

conservative, this could lead to failure mechanisms which are not coherent with

the ones experimentally observed, given that actually masonry tensile strength of

masonry is low but no zero.

Other macromechanical approaches have been developed, using constitutive

laws based on continuum damage mechanics (see Figure 2.29), discrete and smeared

fracture mechanics (see Figure 2.30), and plasticity theory (Lourenço et al., 1997;

Sena-Cruz et al., 2004; Karapitta et al., 2011; Addessi and Sacco, 2014). A more

detailed description will be later addressed in Section 2.3.

Due to their efficiency, their diffusion in commercial FE codes and the rela-

tively few mechanical parameters to chosen, smeared crack and isotropic damage

models have been widely adopted to investigate masonry structures. However, in
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some cases, their availability for the simulation of masonry structures’ collapse be-

havior presents some shortcomings, mainly due to the anisotropy of masonry and

its heterogeneity. But poor information, usually available on historic structures’

mechanical properties, favors often using these less accurate models.

More sophisticated models have been developed (Berto et al., 2002; Pelà et al.,

2013; Gatta, 2019) taking account orthotropic response that represents scientifi-

cally sound solutions. Furthermore, their application on real case study has been

limited because their computational effort and the number of material proper-

ties to be mechanically characterized are considerably higher than isotropic ap-

proaches. As highlighted before, this modeling technique represents, despite its

intrinsic limits, a good compromise between accuracy and computational effort,

and a large number of proposed models prove a strong interest in its development.

2.2.1.3 Multiscale models and computational homogenization

Multiscale modeling has caught hold between micro and macro approaches in

the last decades to study heterogeneous microstructured materials’ mechanical

response as masonry. Two main families based on homogenization procedures and

multiscale approaches could be identified. As addressed in Lloberas-Valls et al.

(2012), the first approach is known as Concurrent Multiscale Method (Brasile

and Casciaro, 2009; Leonetti et al., 2018; Reccia et al., 2018). As a multiscale

model, it concerns the study of multiple length scales and information exchange

among them. The micro-structural scale is adaptively included and resolved in the

structural model, establishing a strong coupling between macro and micro scales.

Different versions of concurrent multiscale methods have been employed to analyze

damage masonry structures in previous works by some authors Greco et al. (2016,

2017). Still, a well-known model that is worth mentioning is Leonetti et al. (2018).

As addressed by the authors, as the location of damage initiation and evolution

is not known a priori in general, these multiscale methods are provided with an

adaptive ability, meaning that the model can automatically refine itself according

to a suitably defined zooming-in criterion based on the first failure detection at

the microscopic scale (see Figure 2.31).

The associated model refinement criterion requires evaluating microscopically
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(a) (b) (c)

Figure 2.31: From Leonetti et al. (2018):schematic representation of the adap-
tive model refinement strategy: (a) initial coarse mesh composed of homogenized
macro-elements; (b) intermediate multi-level mesh with partial structural damage;
(c) final multi-level mesh at incipient collapse.

informed first failure surfaces, which consider both classical and bending defor-

mation effects, by catching advantage of a couple-stress based homogenization

technique. The second approach is known as Computational Homogenization

Method (Masiani and Trovalusci, 1996; Cecchi et al., 2005; Mistler et al., 2007).

Assuming that the length scales are separated, this approach establishes a weak

coupling between them. This approach divides the structural problem into two

scales: an equivalent homogenized medium is studied at the macrolevel, where the

constitutive response at each material point is determined by homogenizing the

stress field computed in a properly selected representative volume element (RVE).

To this aim, several RVEs geometries have been proposed to account for differ-

ent periodic and non-periodic patterns of masonry (Anthoine, 1995). Indeed, the

RVE contains a detailed description of masonry components, geometry, arrange-

ment, and constitutive behavior and is analyzed at micro-scale. The constitutive

response at macrolevel, initially unknown, is derived by applying concepts of lo-

calization and homogenization within a scale transition procedure (see Figure

2.33).

A strain driven formulation is usually assumed, consisting of evaluating the

macroscopic strain vector E at each material point of the macrolevel model, which

is adopted as input data for the linked sub-domain (the before mentioned RVE).

An accurately defined boundary values problem (BVP) has to be solved to deter-

mine the stress field on the RVE and, then, the corresponding macroscopic stress
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Figure 2.32: Examples of RVEs adopted for the derivation of homogenized ma-
sonry mechanical properties, (a) Anthoine et al. (1995), (b) Cavalagli et al. (2011),
(c) Taliercio (2014), (d) Stefanou et al. (2015) and (e) Milani (2011); (D’Altri
et al., 2019).

Boundary
value problem

MACROSCALE MICROSCALE

Σ

E

Figure 2.33: Multiscale technique: transition between macro and microscale.

Σ using the Hill-Mandel equivalence principle. Different boundary conditions, i.e.

prescribed displacements, prescribed tractions, and periodic conditions were con-

sidered for the RVE to obtain the best estimation of the homogenized mechanical

properties.
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As mentioned in D’Altri et al. (2019), alternative multiscale approaches can

be found in the scientific literature, which may differ in terms of:

� Continuum type adopted in the structural-scale model (Cauchy continuum,

Cosserat continuum, etc);

� Type of homogenization procedure (first or second order computational ho-

mogenization, transformation field analysis (TFA), etc);

� Type of modeling of the RVE (i.e. modeling strategy adopted for the

material-scale model, e.g. block-based models).

These approaches generally work on step-by-step and point- by- point transitions

between the structural-scale model and the material-scale model, and vice-versa.

Multiscale computational homogenization methods are commonly implemented

within the FEM framework and, so, also called FE2 approaches. Most of these

approaches are based on FE first-order homogenization schemes. Still, well-known

models that are worth mentioning are (Sacco, 2009; Zucchini and Lourenço, 2009;

Addessi and Sacco, 2011; De Bellis and Addessi, 2011; Addessi and Sacco, 2012).

2.2.2 Structural component models

The most simple approach to model complex historic buildings is given by defin-

ing different structural elements, using truss, beam, panel, plate, or shell elements

to represent columns, piers, arches, and vaults. The macro-element method ide-

alizes the structure into structural components with nonlinear phenomenological

responses, mainly according to empirical criteria inspired by the observation of

post-earthquake damage patterns. For the study of buildings, significant research

efforts have been devoted to the development of rigid and deformable macro-

elements. Commonly earthquake-damage observations showed that cracks and

damage are concentrated in piers and spandrels that are typically identified as

the two main structural components. The subdivision of the structure into com-

ponents is an a-priori operation conducted by who interprets the structural scheme

of the building. The macro-element modeling is one of the most simplified ap-

proaches adopted to investigate masonry structures, but this also shows some
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drawbacks. In particular, in some cases, it assumes that any activation of local

failure mode, mainly associated with the out-of-plane response of masonry walls,

is prevented, contrary to a reality where out-of-plane and in-plane damages can

simultaneously arise. They cannot account for structural details and the a-priori

idealization of the structure requires a certain level of expertise in modeling. Sev-

eral formulations have been proposed and a detailed classification can be found in

D’Altri et al. (2019), which distinguishes two main categories: equivalent beam-

based (Lagomarsino et al., 2013; Addessi et al., 2015; Liberatore et al., 2017) and

spring-based approaches (Chen et al., 2008; Caliò et al., 2012).

flexural hinge

shear hinge

rigid offset

piers

spandrels

(a) (b)

Figure 2.34: From Addessi et al. (2015): (a) equivalent frame scheme and (b)
distribution of the plastic hinge.

The first, commonly known as “equivalent frame models,” reproduces the ma-

sonry panels behavior with nonlinear beam elements (see Figure 2.34). As an

example, in Sangirardi et al. (2019) the authors consider the walls as an assem-

ble of deformable one-dimensional elements connected through rigid nodes, which

are indeed undamaged parts of the walls. Piers and spandrels can be identified

as the main load-bearing components. The nonlinear behavior can be modeled

using either distributed or lumped inelasticity. In this case, the lumped approach

consists of placing flexural and shear hinges at both the ends and mid-span of

the elements, respectively. Here the authors used a sophisticated approach, in-
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(a) (b)

Figure 2.35: From Caliò et al. (2012): (a) equivalent mechanical scheme and (b)
example of damage scenarios

troducing a modified version (Liberatore et al., 2019) of the Bouc-Wen model,

accounting for the strength degradation, in the constitutive laws of the flexural

and shear hinges, to simulate the complex nonlinear behavior of masonry panels

under cyclic loads. The spring-based approach approximates the in-plane response

of walls using nonlinear springs. An interesting advance in this method’s context

is the macro-element model developed by Caliò et al. (2012), where the basic

panel element is described by four rigid edges connected by four hinges and two

diagonal nonlinear springs. Each side of the panel can interact with other panels

using a discrete distribution of nonlinear springs (see Figure 2.35).

2.2.3 Discrete element method

The Discrete element (DE) method was proposed by Cundall (1971) for the analy-

sis of fracture mechanics problems. Later, this approach was applied to solids and

has also been used to model masonry structures. This method is characterized

by modeling the material as an assemblage of distinct blocks, the masonry units

(Lemos, 2007), interacting along the boundaries.

There are presently various discrete element formulations applied to the study

of masonry structures. In general blocks can be considered both rigid and de-

formable. For structures where relatively low stresses and strains occur in the
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Figure 2.36: From Mamaghani et al. (1999): Failure mode of a masonry arch.

blocks, the undeformable blocks’ hypothesis is rather realistic. On the other hand,

the consideration of block deformability approaches discrete element method. An

overview of the DE methods is from Lemos (2007), where various formulations

were reviewed to clarify the main differences that can be found in the contact as-

sumptions, block representation and solution methods. Several applications have

been conducted on real masonry structures using rigid or elastic blocks. A large

number of references are reported in Lemos (2007), Roca et al. (2010) and D’Altri

et al. (2019).

2.2.4 Limit analysis

Starting from the 18th century the principles of statics were applied to masonry

structures by Poleni, Coulomb, La Hire, Couplet, and many others. Engineers

and architects in the past used considerations related to limit analysis intuitively,

but without a general theory. J. Heyman had the merit of the formulation of

the theorems of limit or plastic analysis for masonry structures (Heyman, 1966).

According to this formulation the limit theorems of plasticity can be applied to

masonry structures provided the following conditions are verified:

� Zero tensile strength, that is no tensile forces can be transmitted between

masonry blocks;

� Infinite compressive strength;
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� No sliding between joints.

The presence of mortar at the joints may provide some weak adhesion; there-

fore, the first hypothesis may be slightly conservative. The second hypothesis is

reasonable because masonry resists well to compressive actions. Moreover, his-

torical buildings usually present stresses under service loading that are one or

two orders of magnitude below the stone’s crushing strength (Roca et al., 2019).

The last one assumes an infinite friction coefficient. Although this is not correct,

most cases analyzed in literature concerned slender masonry arches where sliding

failures are quite rare. This is not true for squat arches, how in section 3.3 will

be investigated. These conditions allow for applying the lower-bound and upper-

bound theorems, which lead to the so-called static and kinematic approaches for

the analysis of masonry structures, respectively. The limit analysis does not need

much computational requirements and knowledge of the practitioner but is still

powerful compared to the more sophisticated nonlinear approaches today adopted

in modern engineering. A comparison between limit analysis and nonlinear anal-

ysis in terms of the capacity curve for an arch loaded at a quarter span is shown

in figure 2.37.

Vertical displacement at quarter span (mm)

L
o
ad

 f
ac

to
r

Limit analysis
Geometrically linear
Geometrically nonlinear 

Figure 2.37: Adapted from Lourenço (2001): comparison between limit and non-
linear analysis for a masonry arch loaded at quarter span with point load.

As addressed by Roca et al. (2019), it is possible to observe that the capacity

curve can follow the structure’s entire behavior from linear elasticity until the

maximum load capacity and beyond it, providing the same capacity as limit anal-

ysis, if nonlinear geometrical effects are ignored. If nonlinear geometrical effects
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are contemplated, the capacity of the arch is reduced to a moderate extent. On

the other hand, limit analysis supplies only the maximum capacity with no in-

formation about the load history and damage progression. As mentioned before,

the collapse mechanism can be investigated by applying static and kinematic ap-

proaches. Regarding the last one, Giuffrè (1994) and Carocci (2001) applied the

kinematic limit analysis to study masonry structures’ vulnerability through their

decomposition into rigid blocks. Recent computer-based limit methods, princi-

pally based on the kinematic approach, were developed by assuming the following

hypothesis:

� Material is characterized by zero tensile and infinite compressive strength;

� Shear failure at joints is perfectly plastic;

� Limit load occurs with small displacements.

It should be noted that the mentioned plastic limit theorems can be used

only if the normality condition stands, adopting a simple frictional Coulomb law

with an associated flow rule. Nevertheless, no dilatancy occurs in some real sam-

ples, and non-associative rules should be assumed. The non-compliance with the

normality rule means that plasticity’s fundamental theorems will not generally

provide a unique solution, as highlighted by Drucker (1954) almost half a century

ago. Several methods were proposed for the assessment of masonry structures by

limit analysis. For instance Orduña and Lourenço (2005) suggested a solution pro-

cedure for the non-associated limit analysis of rigid block masonry assemblages,

incorporating non-associated flow rules and a coupled yield surface. Gilbert et al.

(2006) introduced a simple iterative approach based on the successive solution of

linear programming sub-problems. Baggio and Trovalusci (2000) proposed that

the solution of the limit analysis problem in the presence of friction at interfaces

between rigid blocks, i.e. a nonlinear programming problem, is obtained by solv-

ing a preliminary problem of linear programming, corresponding to a linearized

limit analysis in the presence of dilatancy at the interfaces. As an example, Figure

2.38 shows the results of the mentioned procedure applied to two-dimensional as-

semblages made of polygonal stones modeling the masonry walls of three different

historical centers in Italy. The walls are characterized by many contact surfaces
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for each stone and their scattered orientation (Figure 2.38 (a)). The considered

external forces were the self-weight and the increasing horizontal body action fac-

torized by the multiplier α. The results show a quasi-monolithic behavior of all the

walls despite the scatter size, texture, and stone orientation in the masonry. The

procedure appears to be successful and able to give a sound collapse mechanism

(Figure 2.38 (b)).

(a) (b)

Figure 2.38: From Baggio and Trovalusci (2000): (a) masonry textures and col-
lapse multiplier, (b) collapse mechanism and collapse multiplier of walls in “opus
poligonale” subjected to inclinated body force.

As already mentioned, a kinematic analysis should be used as a complemen-

tary tool when more sophisticated analyses are performed. Indeed, in the pres-

ence of good-quality masonry with homogeneous constructive characteristics and

structural behavior, when subjected to seismic loading, ancient structures can be

investigated as an assembly of independent and considerably autonomous sub-

structures (2.2.2). For instance, Betti and Vignoli (2011) evaluated the seismic

vulnerability of the Basilica of the Santa Maria dell’Impruneta by using both a

finite element macro-model and the limit analysis.
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2.3 Overview of constitutive models for masonry

The mechanical behavior of masonry material is complex and highly nonlinear,

even for moderate stress levels. The available literature on material modeling

includes models based on the theories of plasticity, hyperelasticity, hypoelasticity,

fracture mechanics, plastic-fracture or continuum damage mechanics. This section

briefly describes the fundamental aspects and the main purposes, characterizing

the constitutive models that will later be used, implemented, and modified. In

particular, basic concepts will be defined for the continuum damage models, the

smeared crack models, and the plasticity models.

2.3.1 Continuum damage models

According to this theory, constitutive equations are derived considering the mate-

rial as a continuum medium. Under certain load conditions, the material structure

may begin to destroy. Small cracks may form, voids, and other forms of small cavi-

ties develop in highly stressed parts. Such deterioration weakens the material and

lowers its load-carrying capacity. In a pioneering paper, Kachanov (1958) pro-

posed to describe such deterioration’s collective effect through a continuous field

variable termed damage. Because of their nature, it is obvious that these defects

are discrete entities; therefore, an inherently discrete process was modeled by a

continuous variable. What was lost in accuracy in modeling the deterioration was

then gained in computational simplicity. A suitable measure of the internal degra-

dation state was taken into account from a scalar internal variable that did not

have a clear physical meaning. Further developments have defined the damage

variable as the reduction of the cross-sectional area due to microcracking. The

simplest version of the isotropic damage model considers the damaged stiffness

tensor as a scalar multiple of the initial elastic stiffness tensor, i.e., damage is

characterized by a single scalar variable. This approach’s principal features will

be pointed out to understand better a more sophisticated model, based on damage

and plasticity, that will be formulated in Chapter 3.1.1 of this thesis. Figure 2.39

(a) shows a representative volume element (RVE) in the neighborhood of point M

of a damaged medium and a plane passing through M with normal n to define
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the damage variable as follows:

D(M,n) =
Ad
A

, (2.1)

where A is the sectional area and Ad represents area of defects. Based on its

definition, damage variable can vary between 0 and 1, corresponding to the vir-

gin and fully damaged material, respectively. If isotropic damage is considered,

dependency from the normal n is neglected and 2.1 is further simplified:

D(M) =
Ad
A

, (2.2)

To use classical laws of continuous mechanics, the formulation of continuum

damage models needs a definition of equivalent criterion between the damaged

material configuration and a fictitious undamaged one. To this purpose, the net

stress concept has to be presented. This is usually done by considering a simple

uni-axial tensile test, depicted in Figure 2.39 (b). As the applied force F is

increased, the transversal section A0 decreases due to Poisson’s effect and the

onset of microcracks. Thus, by denoting with A the reduced cross-sectional area

caused by the transverse strains, the nominal, σ0, and the ’true’, σ, tension, are

expressed as:

σ0 =
F

A0

, σ =
F

A
. (2.3)

If small hypothesis holds A0 = A and, consequently, σ0 = σ. Thus, by ac-

counting for the microvoids area, the net stress results as:

σ̄ =
F

Ã
=

F

A(1−D)
=

σ

1−D . (2.4)

Extention of previous concepts to the pluri-axial case is trivial when isotropic

damage is considered, with net stress σ̄ defined as:

σ̄ =
σ

1−D . (2.5)

Strain and energy equivalence principles are introduced to complete the con-

cepts fundamental for the formulation of the continuum damage models, as ad-
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Figure 2.39: Damage mechanics concepts: (a)RVE,(b) effective area Ã.

dressed by Gatta (2019).

2.3.1.1 Strain equivalence principle

The hypothesis of equivalent strain, based on empirical nature, establishes that “

the strain behavior of damaged material is represented by constitutive equations

of the virgin material in the potential of which the effective stress simply replaces

the stress”(Lemaitre, 1985). Ignoring the effect of plastic strain, the constitutive

laws for a virgin and damaged material result, sequentially:

σ = Cε , σ̄ = Cε , (2.6)

where C is the stiffness matrix of the undamaged material. It is useful to introduce

the C̃ matrix, which considers mechanical properties degradation. Thus, the

stress-strain relationship of the damaged material can be rewritten as a function

of σ and C̃:

σ = C̃ε . (2.7)

By deducing ε from the preceding equation and substituting it in Eq.2.62, the

latter condition is obtained:
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σ̄ = (CC̃
−1

)σ , (2.8)

where CC̃
−1

denotes the damage operator, which can be expressed, by assuming

isotropic damage, as follows:

CC̃
−1

= (1−D)−1I , (2.9)

with I identity matrix. Consequently, the effective damage matrix C̃ and the net

stress σ̄ are expressed as:

C̃ = (1−D)C , (2.10)

and

σ̄ =
σ

1−D . (2.11)

Conclusively, by describing the effective stress σ̃ as the stress acting on the

undamaged material, the illustrated principle establishes an equivalence between

effective and net stress:

σ̄ = σ̃ =
σ

1−D . (2.12)

2.3.1.2 Energy equivalence principle

The energy equivalence principle assumes that “the elastic energy stored in a

damaged material Λd is equal to the elastic energy of an undamaged equivalent

material Λ0 except that stresses are replaced by the net stresses” (Cordebois et al.,

1982). The energy stored in the material Λd is:

Λd =
1

2
σT C̃

−1
σ , (2.13)

while the elastic strain energy of the equivalent undamaged material Λ0 is defined

as:

Λ0 =
1

2
σ̄TC−1σ . (2.14)
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Thus, by using energy equivalence and net stress definition (Eq.2.5), the ma-

terial damaged stiffness matrix C̃ results:

C̃ = (1−D)2C , (2.15)

and, consequently, the effective stress is:

σ̃ = Cε =
1

(1−D)2
C̃ε . (2.16)

2.3.2 Smeared crack models

Rashid (1968) introduced the smeared crack formulation for concrete fracture.

Conversely from the discrete approach (Blaauwendraad and Grootenboer, 1981;

Blaauwendraad, 1985) where a crack is modeled as a geometrical discontinuity, this

considers the medium, where different cracks are present, as a continuum material

(Rots, 1988). The approach starts with the notion of stress and strain and permits

a description in terms of stress-strain relations. Similar to plasticity, which will be

investigated in Section 2.3.3, in smeared formulation a decomposition of the total

strain into an elastic part, and an inelastic part called the crack strain is used.

Instead of postulating a yield condition and a flow rule, the inelastic strain due

to crack opening is related directly to the traction transmitted across the crack

plane.

Figure 2.40: From Jirásek (2011): (a) Schematic representation of smeared crack
model as an elastic unit coupled in series to a crack unit, (b) local coordinate
system aligned with the crack.
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Smeared crack concepts can be classified into fixed and rotating smeared crack

approaches. With a fixed concept, the crack orientation is fixed during the entire

computational process. In contrast, a rotating approach allows the crack’s orien-

tation to co-rotate with principal strain axes. Principal features of this approach,

considering a one-dimensional model, will be pointed out to understand better

the constitutive laws that will be used and modified in Chapter 4 of this thesis.

As highlighted before, smeared crack model decomposes the total strain into two

parts, one corresponds to the deformation of the uncracked material, and the

other is the contribution of cracking. A general nonlinear material law can rule

the uncracked material’s response, but it is ordinarily considered linear elastic. In

one dimension setting, the strain decomposition is written as:

ε = εe + εc , (2.17)

and the elastic strain εe is related to stress by Hooke’s law:

σ = Eεe . (2.18)

The crack strain, εc, represents in a smeared manner the additional deforma-

tion due to the opening of cracks. The additive strain decomposition corresponds

to a rheological model in which an elastic spring is linked in series with a unit

describing the crack’s contribution, as shown in Figure 2.40 (a) (Jirásek, 2011).

Since the coupling is serial, both units transmit the same stress, σ. Originally, the

material is considered in its virgin state, the crack strain vanishes, and the overall

response is linear elastic. A crack is started when the stress reaches the material’s

tensile strength. A constitutive law rules the stress evolution after a first crack is

formed. It was assumed that the traction sent by the crack drops to zero instantly

after crack initiation. On the structural level, such an approach leads to results

that are not objective regarding the mesh size, as will be explained in Section

2.4. To ensure proper energy dissipation and avoid unrealistic stress jumps, it is

needed to describe the loss of cohesion as a gradual process. This phenomenon is

physically supported because the formation of a macroscopic stress-free crack is in

a heterogeneous material preceded by the initiation, growth, and coalescence of a

network of microcracks. For modeling, we replace such a complex system of small
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non-contiguous cracks with an equivalent cohesive crack, which can still transmit

stress. This cohesive stress is then considered a function of the crack strain,

σ = f c(εc) (2.19)

where the appropriate form of the function f c should be identified from exper-

iments. The three equations (2.17, 2.18, 2.19) fully define the one dimensional

smeared crack model (provided that the strain increases monotonically). It should

be noted that considering a real material, in a general multi-dimensional setting,

microcracks have different sizes, shapes, and orientations. They are not neces-

sarily planar, and their faces are rough. It is useful for the formulation of these

models (see Section 4), to introduce local coordinates aligned with the crack (see

Figure 2.40 (b)). The initiation criterion should also specify the initial orienta-

tion of the crack. Traditional smeared crack models control crack initiation by

the Rankine criterion of maximum principal stress.

2.3.3 Plasticity models

The origins of the theory of plasticity can be chased back to the middle of the

nineteenth century. Following the substantial development that took place, partic-

ularly in the first half of the twentieth century, this theory is set on sound mathe-

matical foundations. It is considered as one of the most successful phenomenolog-

ical constitutive models of solid materials. Materials whose behavior can be prop-

erly described by plasticity theory are called plastic (or rate-independent plastic)

materials. Basically, after being subjected to a loading program, these materials

may sustain permanent or plastic deformations when completely unloaded. Here

the theory described is restricted to infinitesimal deformations, and just the most

important concepts and mathematical expressions are reviewed. A more com-

prehensive treatment of the theory of plasticity can be found in de Souza Neto

et al. (2011). From a phenomenologic point of view, plastic materials share some

important features of their behavior. As addressed in de Souza Neto et al. (2011),

a brief description of such common features can be given using a uni-axial tension

experiment with a metallic bar.

Typically, uni-axial tension tests with ductile metals produce stress–strain

54



Chapter 2: State of the art

Figure 2.41: (a) Uniaxial tension experiment with ductile metals and (b) Uniaxial
tension mathematical model (de Souza Neto et al., 2011).

curves of the type shown in Figure 2.41 (a). Some significant phenomenological

properties can be distinguished:

� The existence of an elastic domain, i.e., a range of stresses within which the

material’s behavior can be considered as purely elastic, without the evolution

of permanent (plastic) strains. The so-called yield stress delimits the elastic

domain. In Figure 2.41 (a), segments O1Y0 and O1Y1 define the elastic

domain at two different states. The associated yield stresses correspond to

points Y0 and Y1;

� If the material is more loaded at the yield stress, then plastic yielding (or

plastic flow), i.e., evolution of plastic strains, occurs;

� Following the evolution of the plastic strain, an evolution of the yield stress

itself is also seen. This phenomenon is known as hardening.

The microscopic mechanisms that give rise to these common phenomenological

properties can be quite distinguished for different material types. However, the

goal of the mathematical theory of plasticity is to afford constitutive continuum

models able of describing with sufficient accuracy the phenomenological behavior
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of materials that possess the characteristics discussed in the above. As an ex-

ample, the constitutive equations for an overall one-dimensional plasticity model,

following the uni-axial experiment test are described.

Referring to Figure 2.41 (b), that shows an idealized version of 2.41 (a), the

model is defined, as follow:

� Elastoplastic split of the axial strain into the sum of an elastic component

εe and a plastic component εp is one of the chief hypotheses:

ε = εe + εp ; (2.20)

where the elastic strain is defined as:

εe = ε− εp ; (2.21)

� Following the definition of the elastic axial strain, the constitutive law for

the axial stress can be expressed as:

σ = Eεe ; (2.22)

� A yield criterion stated using a yield function has to be introduced to define

the elastic domain delimited by yield stress;

Φ(σ, σy) = |σ| − σy ; (2.23)

� A plastic flow rule has to be addressed, defining the evolution of the plastic

strain;

ε̇p = γ̇sign(σ) ; (2.24)

� A hardening law has to be defined, characterizing the evolution of the yield

limit.

σy = σy(ε̄
p) ε̄p = γ̇ . (2.25)
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The most common plasticity developed models used in masonry analysis are

based on Tresca, von Mises, Mohr-Coulomb, and Drucker-Prager criteria. Litera-

ture models are i.e. Lourenço et al. (1997); Oliveira and Lourenço (2004); Saritas

and Filippou (2009).

2.4 Overview of localization problems and reg-

ularization techniques

Laboratory experiments show that, when loaded at a constant strain rate under

either uni-axial or multi-axial stress conditions, masonry materials’ responses are

characterized phenomenologically by a constitutive response in which stress in-

creases monotonically with strain to a peak value and then decreases with further

increase in strain characterized by localized deformation. This phenomenon is

called “strain softening” and, as already mentioned in Section 2.1.1, is a typical

masonry material behavior. A salient feature of strain softening is that the tangent

modulus becomes negative. Strain softening is usually co-occurred with localized

deformation. However, finite element analysis with strain softening models, based

on classical theory of continuum mechanics, usually suffers from pathological mesh

dependence. The so-called mesh dependence means two aspects: one is that the

size of the localization zone becomes small with refined finite element mesh; an-

other is that the load-displacement responses are associated with the mesh size

and do not have converge to a meaningful and unique solution. Such drawbacks

are a consequence of the loss of the mathematical problem well-posedness, which

appears using the classical local constitutive laws for softening materials. Ill-posed

problems can be regularized using different methods presented in the open liter-

ature: Cosserat or micro-polar models (De Borst, 1991; Addessi, 2014); higher-

order gradient models (Peerlings et al., 1996; Addessi et al., 2002); integral type

nonlocal models (Pijaudier-Cabot and Bazant, 1987; Toti et al., 2015); chang-

ing the mesh topology in anticipation of material failure; fracture energy models

(Lourénço et al., 1997; Comi and Perego, 2001). Before entering the description

of two possible solutions, adopted in this thesis known as fracture energy regu-

larization approach and nonlocal integral regularization technique, the problem’s
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nature is explained briefly, through a one dimension example. Later, in Chapter

5, will be demonstrated and studied the pathological sensitivity of the numerical

results to the discretization, referring to multiple dimensions cases.

2.4.1 Strain localization due to softening

A simple one-dimensional localization problem is reported from Jirásek (2002),

to demonstrate the pathological sensitivity of the numerical results to the dis-

cretization. Consider a bar of a constant cross section A and total length L under

uni-axial tension (see Figure 2.42).

L u

F

F = Aσ

Figure 2.42: Bar under uni-axial tension (Jirásek, 2002).

A bi-linear stress-strain constitutive relation with linear elastic behavior up

to the peak stress, ft (damage-onset strength) followed by linear softening, (see

Figure 2.43 (a)), is assumed to represent the material response.
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Figure 2.43: (a) Stress-strain diagram with linear softening and (b) two strain
values corresponding to the same stress level (Jirásek, 2011).

If ε0 = ft/E, where E is Young’s modulus of elasticity, the peak stress is

achieved. The tensile strain at which, after the damage onset, the transmitted
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stress disappears (tensile failure strain) is denoted by εf . When a displacement u

is applied at one of the supports, the response continues linear elastic up to peak

stress σ = ft. After the peak stress, the resistance of the bar starts decreasing. At

each cross-section, stress can reduce either at increasing strain (softening behavior)

or decreasing strain (elastic unloading). The equation of equilibrium implies that

the stress profile must rest uniform along the bar. However, at any given stress

level σ̄ between zero and ft, there are two values of strain εs and εu or which the

constitutive equation is satisfied, Figure 2.43 (b), and so the strain profile does

not have to be uniform. Indicating by Ls the cumulative length of the softening

regions and by Lu = L − Ls the cumulative length of the unloading regions, the

material, for example, can be softening in an interval of lengths Ls and unloading

everywhere else in an interval of length Lu. When the stress is quite relaxed to

zero, the strain in the softening region is εs = εf and, the strain in the unloading

region is εu = 0.

Therefore, the total bar elongation is uf = Lsεs + Luεu = Lsεf . Still, the

softening region length Ls remains undetermined and can take any value within

the interval [0, L]. However, it means that the structural problem has infinitely

many solutions. The corresponding post-peak branches of the load-displacement

diagram fill the fan shown in Figure 2.44.

F

u

F
0
= AFt

L 0 L fε ε

Figure 2.44: Fan of possible post-peak branches of the load-displacement diagram
(Jirásek, 2011).

The uncertainty in the length Ls of the softening regions is removed if im-

perfections are taken into account. The imperfections can be associated with the

material (its properties are non-uniform) or the bar geometry (sectional bar di-

mensions are non-uniform). If the strength in a small region is assumed lightly
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lower than in the remaining portion of the bar, when the applied stress reaches

the reduced strength, softening starts, and the stress decreases; consequently, the

material outside the weaker region must unload elastically because its strength has

not been exhausted. Therefore if the loading process is done on a bar with geomet-

ric or material imperfections, the strain will localize in the weakest cross-section

combined with vanishing energy dissipation. As stated above, it’s possible to con-

clude that the softening region size cannot exceed its size with minimum strength.

However, the region with minimum strength can be arbitrarily small, and the cor-

responding softening branch can be arbitrarily close to the elastic branch of the

load-displacement diagram. Therefore, as explained by (Jirásek, 2011), the stan-

dard local damage model accounting for strain-softening leads to a solution that

has several problems: (1) the region of material softening is infinitely small; (2) the

load-displacement diagram always exhibits snap-back, independently of the struc-

tural size and the material ductility; (3) the total amount of energy dissipated

during the failure process is zero.
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Figure 2.45: Effect of mesh refinement on the numerical results: load-displacement
diagrams and strain profiles (Jirásek, 2011).

To summarize, as noticed before in the introduction, from the mathemati-

cal point of view, these problems are linked to the so-called loss of ellipticity of

the governing differential equation, which occurs when the tangent modulus, after

peak-stress, ceases to be positive. The boundary value problem becomes ill-posed;

i.e., it does not have a unique solution with continuous dependence on the given

data. From the numerical point of view, ill-posedness is manifested by the sen-

sitivity of the results to the size of finite elements. If finite elements discretize
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a bar and the numerical algorithm suitably captures the localized solution, the

softening region extends over one element. The slope of the post-peak branch

depends on the number of elements, see Figure 2.45.

2.4.2 Fracture energy regularization

The fracture energy method is frequently used in engineering applications based

on an adjustment of the stress-strain diagram depending on the element’s size.

This technique was originally introduced for softening plasticity (Pietruszczak

and Mroz, 1981), but it is best described in the context of crack models (Bažant

and Oh, 1983). Before going to explain the theory for the last models, a general

definition is reported. The method assumes that dissipation within the single

element has to be independent of the element size. To this end, the stress-strain

curve is properly modified. The energy dissipated in the finite element is equal

to Gf , assigned value in tension and compression (previously defined in Section

2.1.1.2). A characteristic length he is defined for each element, which depends on

the size, shape, and interpolation function of the used finite element. The specific

fracture energies gf , defined in Eq. 2.26, is then scaled so that it results gfh
e = Gf

for each element (Comi and Perego, 2001),with:

gf =
∫ εu
ε0
σ(ε)dε+ 1

2
σ0ε0 (2.26)

With particular notice to smeared crack models, in a fracture process, the in-

elastic part of deformation is due to the opening of microcracks that later merge

and form a macroscopic crack. These models design the inelastic deformations as

the cracking strain. Still, the material can be treated as a continuum. Neverthe-

less, as the crack opening is a displacement discontinuity, it must be modified into

an equivalent strain by smearing over a particular distance in reality. Naturally,

the numerical results agree to reality only if the simulated softening region’s width

is equal to the smearing distance. As addressed by Jirásek (2011), the technique

to be described adjusts the curve slope that represents the inelastic behavior de-

pending on local mesh characteristics, i.e., it works with a mesh-adjusted softening

modulus. Here a simple case is described to understand the method better. A dis-

crete crack, considering for simplicity just the normal component and a uni-axial
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situation, can be described by traction law in the general form:

σ = fw(w) ; (2.27)

where w is the crack opening and σ the stress component normal to the crack. If

the crack opening is smeared over a distance h, the resulting cracking strain is

εc =
w

h
=
f̃w

h
; (2.28)

where f̃w is the inverse function of fw. Equation 2.28 combined with the elastic

law εe = σ
E

gives the inverse stress-strain relation:

ε = εe + εc =
σ

E
+
f̃w

h
; (2.29)

describing the softening branch of the stress-strain diagram. In multiple dimen-

sions, the correct value of h is influenced by the mesh size and the inclination

of the crack band (generally inelastic strain localized in a band of element) to

the mesh line. Based on this type of evidence and on numerical experiments,

Rots (1988) suggested certain rules for choosing the equivalent element size, h,

for several typical situations. A more rigorous approach was developed by Oliver

(1989). In practical simulations, it seems reasonable to compute h as the size of

the element projected onto the crack normal. This estimate can be developed by

applying a correction factor proposed by Červenka et al. (2005).

2.4.3 Nonlocal integral regularization

As addressed by Addessi (2000) this approach is certainly considered more general

and rational. Considering a continuous model, the locality hypothesis is removed,

where the response at a point of the material depends only on the values that a

certain set of constitutive variables assumes at that point. The idea is to extend

the physical field of classical continuous models, adopting a generalized continuous

approach, in which an internal length measure is introduced. Continuous nonlocal

models take into account the complex interaction mechanisms existing in the

progressive degradation of materials. They are based on the idea that, in the
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presence of the high gradients of damage and deformation, which characterize the

localization phenomena, the response at a point of the material is influenced, in

a certain way, by the mechanical behavior around it. Such models for materials

with heterogeneous microstructure were developed and originally applied to elastic

materials, considering the tension at a point as a function of the deformation,

defined as the mean of the distribution over a certain material representative

volume (see figure 2.46) centered in the same point. The scatter of microstresses

and smoothed macrostress profile demonstrates how the stress value at the center

of representative volume differs from the stress corresponding to average strain

over this volume.

x

y

x
s

s

�
�(s)

�(x)

x

Figure 2.46: Representative volume of material used for nonlocal strain average
(Bažant and Jirásek, 2002).

The formation of a crack in the center of the volume element does not depend

only on the value that the deformation assumes in the center, but on the global

deformation in a properly defined neighborhood, which determines the value of

the deformation energy inside it. The nonlocal deformation variable at a given

point x is defined as the weighted average on a certain volume of material Ωr:

ε̄(x) = 1
Ωr(x)

∫
Ωr
α(|x− s|)ε(s)dΩ(s) ; (2.30)

where ε(s) is the local deformation tensor, α(|x− s|) is the weight function that

63



Chapter 2: State of the art

depends on the distance r = |x−s| between the point considered, with coordinates

x, and the points contributing to the mean, Ωr is a normalized volume such that,

if the deformation is uniformly distributed, the average coincides with the local

value:

Ωr(x) =
∫

Ωr
α(|x− s|)dΩ(s) . (2.31)

The weight function is such that it assumes a maximum value at point x and

decreases as it moves away from the point itself. Generally, the bell shape is

chosen for it. Typical examples are the second-order parabola, the fourth-order

parabola, the cosine function, the Gaussian normal distribution function, etc.

Bažant (1984) and Bazant et al. (1984), extending this logic to softening materi-

als, developed nonlocal integral models to overcome the analytical and numerical

problems related to the deformation’s localization. Other types of operators have

been developed and can be adopted to define the constitutive variable, such as

a nonlocal average. Still, the nonlocal models of the integral type are addressed

to this thesis’s goal. In the original formulation of the nonlocal integral models,

all the constitutive variables are defined as integral means. However, this choice

entails considerable complications due to:

� the model predicts nonlocal behavior in every situation, even in the elastic

or plastic field with positive hardening;

� some unstable deformation modes at zero energy may arise; in this case, it

is necessary to superimpose a continuous local model.

The models developed later are based on the idea that only the variables that

control the softening behavior should be defined as nonlocal. Regarding the elastic

part of the deformation, it is appropriate to keep the classic definition of nonlocal.

In the field of damage mechanics, integral formulations have been extensively

studied and applied to numerical cases. The first models proposed (Pijaudier-

Cabot and Bažant, 1987) are based on the nonlocal definition of the variable

Y , which controls the evolution of the damage D, identified, in this specific case,

with the strain energy. The latter is therefore replaced in the model by its integral

mean. Thus the evolution of the damage is controlled by the nonlocal variable Ȳ .
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If the evolutionary equation of the damage is integrable, it appears in a functional

expression as:

D = g(Ȳ ) (2.32)

Simultaneously, the damage model’s load function has also been formulated

in terms of the nonlocal variables. In later developments (Bažant and Pijaudier-

Cabot, 1988), the authors propose to replace the damage variable D with its

nonlocal definition.

D̄ = 1
Ωr(x)

∫
Ωr
α(|x− s|)D(s)dΩ(s) ; (2.33)

In general, it can be stated that by introducing any variable that makes

the dissipation variation nonlocal, the localization of the dissipated energy in

a zero-dimensional volume is avoided. It should be noted that near the analyzed

medium’s contour, a portion Ω∗ of the representative volume Ωr can come out of

the same contour. For points belonging to Ω∗, the previous definition has been

replaced with the following one.

Ȳ = 1
Ωr−Ω∗

∫
Ωr−Ω∗

α(|x− s|)D(s)dΩ(s) . (2.34)

In the case of a body with infinite extension, the representative volume Ωr

is equal to the length l for a one-dimensional continuum, to the area of a circle

of diameter l for a two-dimensional continuum, to the volume of a sphere of

diameter l for a three-dimensional continuum. The length l, called characteristic

length, represents the material’s property and is the same order of magnitude

of the inhomogeneity (Rodrıguez-Ferran et al., 2004; Toti et al., 2015; Tesei and

Ventura, 2016).
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Micromechanical finite element

modeling of masonry structures

This section describes a damage-plastic model for the micromechanical analysis

of 2D masonry structures. First, the existing constitutive law (Sacco, 2009) is

illustrated. A new user finite element, modified and enriched to describe masonry

curved geometry and the occurring damage and friction plasticity mechanisms

is introduced and the main aspects related to the finite element implementation

are presented. A comparison between numerical and experimental outcomes is

performed for masonry walls to validate the model. Lastly, the static response of

masonry arches is studied. Numerical results are validated by comparison with

experimental outcomes, and parametric numerical studies investigate the influence

of geometry and material mechanical parameters.

3.1 Damage-plastic model

According to the micromechanical approach, bricks and mortar are separately

modeled, assuming that nonlinear mechanisms are localized at mortar joints.

Thus, a linear elastic stress–strain relationship is assumed for blocks, as:

σb = Cbεb (3.1)
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where σb =
{
σb1 σ

b
2 τ

b
12

}T
and εb =

{
εb1 ε

b
2 γ

b
12

}T
are the brick stress and strain

vectors, respectively, and Cb denotes the elastic isotropic constitutive matrix for

plane-stress condition, equal to:

Cb =
E

(1− ν2)

1 ν 0

ν 1 0

0 0 (1−ν)
2

 (3.2)

As for the mortar, the damage-friction law proposed by Sacco (2009) is adopted,

accounting for damage, unilateral contact and friction plasticity mechanisms. This

permits to describe flexural and shear failure mechanisms typical of masonry struc-

tural elements (Addessi and Sacco, 2016a,b, 2018).

In the existing formulation, the model was capable of reproducing the flexural

and shear mechanisms related to fracture mode I and mode II, as illustrated

in Figure 3.3, only considering the vertical and horizontal mortar joints. A local

coordinate system was introduced with T and N denoting the parallel and normal

directions to the mortar joint, respectively, as shown in Figure 3.1.

Figure 3.1: Mortar joints: local axis xT -xN .
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Here, the model is extended to consider arbitrarily oriented joints. To this

end, a new local coordinate system (xT , xN), shown in Figure 3.2, is introduced

according to the arbitrary inclination of the mortar joint. Again T and N de-

note the parallel and normal directions to the mortar joint, respectively. Then,

the mortar constitutive law is written considering the intrinsic reference system

defined according to the actual joint rotation.

x
T

x
N

x
1

x
2

θ

Figure 3.2: Mortar joints: local axis xT -xN .

The local strain vector, ε = {εT εN γNT}T , is evaluated on the basis of that re-

ferred to the global reference system, εG = {ε1 ε2 γ12}T , by means of the standard

transformation rule:

ε = RεG (3.3)

where R is the rotation matrix expressed as functions of the angle θ between the

axes xT and x1 (Figure 3.2) and equal to:

R =

 cos2θ sin2θ cosθsinθ

sin2θ cos2θ −cosθsinθ
−2cosθsinθ 2cosθsinθ cos2θ − sin2θ

 (3.4)

Accordingly, the stress vector σ = {σT σN τNT}T is introduced and the constitu-

tive law is expressed as:

σ = Cm(ε− π) (3.5)

being Cm the mortar elastic stiffness matrix equal to:
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Cm =

C
m
TT Cm

NT 0

Cm
NT Cm

NN 0

0 0 Gm

 (3.6)

and π the vector of the inelastic strains accounting for damage, D, unilateral

contact, c, and slip, γpNT , defined as:

π = D(c+ εP ) (3.7)

where c and εP are the contact and friction strain vector, respectively:

c =


h(εN)εT

h(εN)εN

0

 εP =


0

0

γpNT

 (3.8)

In Eq. (3.7), h(εN) is the Heaviside function (h(εN) = 1, if εN ≥ 0, and h(εN) = 0

otherwise), introduced to model the unilateral effect phenomenon under reversal

loadings. Indeed, brittle-type materials, like masonry, exhibit stiffness recovery

due to the re-closure of tensile cracks when the material undergoes compressive

states. The damage variable D in Eq. (3.7) takes into account fracture modes I

and II. To this end, quantities ηN and ηNT are introduced as:

ηN =
εN,0 σN,0

2gcI
ηNT =

γNT,0 τNT,0
2gcII

(3.9)

which depend on the first cracking strains, εN,0 and γNT,0, on the peak values of

the normal and shear stresses, σN,0 and τNT,0, and on the specific fracture energies

gcI and gcII for mode I and mode II, respectively.

In Figure 3.3 the normal and shear stress–strain relationships are illustrated.

To formulate the damage evolution problem, the following damage associated

variable is defined:

β =

√(〈εN〉+
εN,0

)2

+

(
γNT
γNT,0

)2

− 1 (3.10)
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Figure 3.3: Mortar joints: constitutive laws for mode I and mode II.

on the basis of which the damage variable evolution law is stated as:

D = maxhist

{
0 ,min

{
1,

1

η

(
β

1 + β

)}}
(3.11)

with:

η = 1− 1

α2

[
〈εN〉2+ ηN + (γNT )2ηNT

]
(3.12)

measuring the coupling of the two fracture modes and α =
√
〈εN〉2+ + (γNT )2 with

the Macaulay’s brackets 〈•〉+ selecting the positive part of the quantity •.
As evident from Eq. (3.11), the damage variable D is evaluated as the maximum

value attained during the loading history, so that to satisfy the thermodynamic

irreversibility condition of the degrading process.

To govern the evolution of the inelastic slip strain γpNT , modeling the frictional

mechanisms at the interface between mortar and bricks and occurring only if

damage is activated, the classical Coulomb yield function is adopted, that reads:

ϕ(σd) = µσdN + |τ dNT | (3.13)

being µ the friction parameter and σd the stress defined on the mortar joint

damaged part (Sacco, 2009). Eventually, to completely solve the plastic problem,
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the following non-associated flow rule is considered:

γ̇pNT = λ̇
τ dNT
|τ dNT |

(3.14)

together with the classical loading-unloading Kuhn-Tucker conditions

λ̇ > 0, ϕ(σd) ≤ 0, λ̇ϕ(σd) = 0 (3.15)

3.1.0.1 Nonlocal regularization

To overcome the mesh-dependency problem occurring when strain-softening con-

stitutive laws are introduced in the FE formulation, a regularization technique,

based on the nonlocal integral approach, is adopted. According to this formula-

tion, the nonlocal strain ε̄ at point x of the k-th mortar joint is evaluated as:

ε̄(x) =
1∫

Ωk ψ(x,y)dΩk(y)

∫
Ωk

ψ(x,y)ε(y)dΩk(y); (3.16)

where Ωk denotes the area of the mortar joint k. The weight function ψ, measuring

the influence of the generic point placed at y on the analyzed point located at x,

is assumed as the classical Gaussian:

ψ(x,y) = e−( ‖x−y‖
lc

)
2

(3.17)

being lc the nonlocal radius related to the characteristic length of the mortar. To

be noted is that no interaction between the different joints is accounted for.

Once the nonlocal strain in Eq. (3.16) is evaluated, this is used to define quantities

η, β and α in Eqs. (3.10), (3.12) and, consequently, to solve the damage evolution

problem.

3.1.1 Computational aspects

In this section computational aspects concerning the evaluation of the solution

of the micromechanical problem are discussed. A new user FE is implemented

in the FEAP code (Taylor, 2017), formulated on the basis of the presented gen-
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eralized version of the constitutive law. Isoparametric quadrilateral 4-node FEs

are introduced, each equipped with two translation displacement degrees of free-

dom, to model mortar and bricks. The adopted FE procedure is standard. First

the strain vector εG, in the global coordinate system is computed, starting from

element nodal displacement ue. Matrix Le is defined as Le = DxN
e, where Ne

contains the 2D displacement shape functions, referred to the 4 element nodes,

while matrix Le = DxN
e contains their derivatives according to the 2D com-

patibility operator, Dx. Then, the local strains are evaluated by applying the

rotation inverse matrix R−1 defined in Eq. 3.4. Subsequently, the nonlocal strain

ε̄ at point x of the k-th mortar joint is evaluated by using Eq. (3.16). Then

the evolutionary problems of the damage and plastic variables governing the con-

stitutive response are solved at each of the 2 Ö 2 quadrature points. To this

aim, a predictor-corrector algorithm is followed. At the current iteration k + 1,

the strains are estimated. Based on these, the damage associated variable βk+1 is

computed, together with parameter ηk+1 governing the coupling of fracture modes

I and II. Then, the damage variable Dk+1 is updated. After that, the unilateral

contact problem is solved by evaluating the Heaviside function H(εk+1
N ) and ck+1

the contact vector. Finally, if the mortar is affected by the damaging process,

the friction problem is resolved by adopting a prediction-correction technique. A

trial prediction of the plastic strains is computed by setting their values equal to

those evaluated at the previous time step tn. The trial normal and shear stresses

are then evaluated, based on which the trial yield function fk+1,tr is calculated.

The correction phase is performed if fk+1,tr > 0. Once the damage, the unilateral

contact and the friction problems are solved, the values of the inelastic strains

are updated. The scheme of the described solution algorithm is reported in Table

3.2. Lastly, the stress vector in the local coordinate system is computed and by

using the rotation matrix R, the global stress vector is obtain as σG = Rσ . The

scheme of the described procedure is reported in Table 3.1.
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1. Compute strains εG starting from displacements ue:
εG = Leue

2. Evaluate strains ε in the material intrinsic - coordinate system :
ε = R−1εG

3. Calculate the nonlocal damage associated variable ε̄ by using Eq.(3.16)

4. Solve damage-friction evolution problem according to Table 3.2

5. Compute stresses σ:
σ = Cm(ε− π)

6. Evaluate stresses σG:
σG = Rσ

Table 3.1: Computational procedure for mortar.

3.2 Response of masonry walls

To validate the proposed FE suitable to describe masonry straight and curved

geometry, loaded in-plane or out-of-plane, the results two experimental cam-

paigns on walls loaded out-of-plane are considered, analyzing both the global

load-displacement response and the damage distribution. The model has been

tested to evaluate the mechanisms that are hierarchically the most recurrent.

The numerically obtained results from the proposed micromechanical model have

been compared with a multiscale model (Addessi et al., 2020a), formulated using

the same constitutive law and experimental outcomes.

First, an experimental campaign conducted by (Bellini et al., 2017) is repro-

duced. Three masonry walls reinforced with FRCM (Fiber Reinforced Cementi-

tious Matrix) composite materials, whose geometry is shown in Figure 3.4, have

been tested. The test set-up was conceived to reproduce a six-point bending

scheme; each wall was pinned at the bottom and top edge. Four equal forces were

applied orthogonal to the wall plane utilizing distribution beams. Lateral edges

of the wall were not restricted, and two rigid supports separated bottom and top

edge from the hinges used to reproduce the supported configuration (Figure 3.6).
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Iteration ’k + 1’

Damage evaluation

- strains
εk+1
N , εk+1

T , γk+1
NT

- damage associated variable
βk+1 (Eq. (3.10))

- combination parameter of mode I and II
ηk+1 (Eq. (3.12))

- damage
Dk+1 (Eq. (3.11))

Unilateral effect evaluation

if εk+1
N ≤ 0 then H

(
εk+1
N

)
= 0 else H

(
εk+1
N

)
= 1

- inelastic contact vector
ck+1 (Eq. (3.8))

Sliding friction plasticity evaluation

if Dk+1 > 0

- Prediction phase

γp,k+1,tr
NT = γpNT

-trial yield function

fk+1,tr = µσd
k+1,tr

N + |τ dk+1,tr

NT |

-check sliding friction

if fk+1,tr < 0 ⇒ ∆γPNT = 0 else

- Correction phase

∆λk+1 = 1
Gm
fk+1,tr with

∆γp,k+1
NT = λk+1 τ

d,k+1
NT

|τ d,k+1
NT |

Table 3.2: Damage-friction solution procedure .
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Each wall was subjected to an axial load equal to 60 kN applied through hydraulic

jacks located at the top of the upper hinge.

(a) (b)

Figure 3.4: Out-of-plane test set-up. (Bellini et al., 2018).

The test process was as follows:

� application of the axial load;

� installation of the FRCM reinforcement layer;

� application of the transverse forces, performing an initial loading cycle for

a small maximum load level;

� transverse forces increased until specimen failure.
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The wall investigates is denoted GFRCM-02. The numerical responses for an

unreinforced wall with the same geometric/mechanical properties are also ana-

lyzed. Because of symmetry, only half of the wall is modeled. A plane stress

formulation, above mentioned in section 3.1.1 with a 2D four-point quadrilat-

eral FEs and within a 2x2 Gauss integration rule is adopted. The mechanical

parameters used for brick and mortar are indicated in Table 3.3, deduced from

the experimental measurements contained in the reference paper. The mortar

nonlocal radius, lc, is set equal to the joint thickness 25 mm, assumed as mortar

characteristic length. The transverse forces are monotonically increased; that is,

the initial loading cycle is neglected, as, in this loading phase, the wall remains in

a linear elastic material range.

Mechanical material parameters

Eb [MPa] Em [MPa] σN,0 [MPa] τNT,0 [MPa] gcI [MPa] gcII [MPa] µ

10000 2550 0.34 0.7 2.1 × 10−2 8.7 × 10−2 0.5

Table 3.3: Material parameters for the bricks and mortar of the masonry wall.

Then, a FRCM reinforcement is considered. This last consisted of glass fiber

grids embedded in a lime-based mortar layer, 6-10 mm thick, connected to the

wall face experiencing tensile strains. Truss finite elements are used to model the

reinforcing layer. An elasto-plastic with hardening constitutive law (see Figure

3.5) is chosen; thickness and equivalent mechanical parameters of the reinforcing

layer are assumed as indicated in Table 3.4.

Mechanical FRCM parameters

Thickness [mm] Er [MPa] σor [MPa] Hr [MPa]

8.038 9856 0.8 43

Table 3.4: Mechanical parameters for the reinforcing layer of the masonry wall
reinforced with FRCM.

In Figure 3.8 (a) and (b) a detail of FE discretization used for brick and mor-

tar, for unreinforced and reinforced models is shown, respectively. In particular,

the color blue indicates the brick material, whereas the other colors describe the
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Figure 3.5: Elasto-plastic with hardening constitutive law for FRCM.
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Figure 3.6: Geometry of the masonry wall reinforced with FRCM composite ma-
terials (Addessi et al., 2018).

mortar. The red lines represent the schematic boundary condition. In Figure 3.8

(b) the FRCM is represented by the green line.

Figure 3.7 shows the global response curve (red line) obtained with the pro-

posed micromechanical model in terms of one applied transverse force versus mid-

height deflection and compares it with that resulting from the multiscale approach

(dashed line) proposed in Addessi et al. (2018) and with the experimental out-

comes in Bellini et al. (2017) (blue line). The numerical micromechanical responses

show a good agreement with the multiscale model and experimental outcomes for
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Figure 3.7: Global response curves for masonry wall reinforced with FRCM
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Figure 3.8: FE brick and mortar discretization for (a) unreinforced and (b) rein-
forced numerical model of the masonry walls (Bellini et al., 2018).
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the reinforced wall. As addressed in Addessi et al. (2018), the FRCM compos-

ite layer installation increases wall resisting capacity, as correctly detected by

the numerical model. For F > 5 kN, the reinforcement prevents wall collapse,

which occurs for a higher value of the applied load due to reinforcement failure.

The mortar layer attached to the reinforcement starts cracking due to increasing

load when wall deflection increases. Positions of the cracks initially correspond

to the mortar joints at the mid-height zone, where tensile strains appear higher.

Then, cracks propagate along the wall height. Therefore, the tensile stresses in

the glass fiber grid progressively grow until its failure produces the wall collapse.

Comparison the numerical simulation of the unreinforced wall obtained with the

micromechanical and the multiscale model is also illustrated, showing a very good

match.

(a) (b) (c)

Figure 3.9: Distribution of the damage variable D with the proposed microme-
chanical model in the unreinforced wall (a) Mid - height deflection = 5 mm, (b)
Mid - height deflection = 15 mm (c) damage color bar.

Figure 3.9 (a) and (b) shows the the distribution of the damage variable D
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(a) Stage A (b) Stage B

Figure 3.10: From (Addessi et al., 2018): masonry wall reinforced with FRCM
composite materials: comparison of the vertical strains obtained with the mi-
cromechanical and multiscale models.

defined in Eq.(3.11) for the unreinforced wall, considering two different mid-height

deflection values. The color bar (Figure 3.9 (c)) clearly indicates that damage can

vary between 0 and 1, corresponding to the virgin and fully degraded material

state. Lastly, in Figure 3.10, the estimated vertical strain distribution in the

reinforcing layer for the micromechanical and multiscale models are plotted for

stage A and B, i.e. the two loading steps indicated by the black line in Figure

3.7. The micromechanical model (gray lines) shows the real concentrations of

the strains which localize in correspondence to the mortar joints. This strain

localization first affects only a portion of the wall at mid-height (stage A) and

then gradually extends along the entire wall (stage B).

The second considered application is from the experimental campaign con-

ducted by Van der Pluijm (1999). A four-point out-of-plane bending response
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of a masonry wall is studied and numerically modeled. Figure 3.11 shows the

specimen geometry and boundary conditions. The top and bottom of the wall

are supported at the middle of the outermost brick alignments, and two forces,

distributed along the width, act orthogonally to the specimen plane. Tables 3.5

and 3.6 contain the adopted mechanical parameters for mortar and brick, de-

duced from the experimental measurements reported in Van der Pluijm (1999).

The mortar nonlocal radius, lc, is set equal to the joint thickness 13 mm, assumed

as mortar characteristic length. Accounting for the specimen’s symmetry, the

micromechanical numerical model considers only one-half of the wall.

Figure 3.11: Four-point out-of-plane bending test of the masonry wall: specimen
geometry (Van der Pluijm, 1999).

Mortar

Em [MPa] νm [MPa] σN,0 [MPa] τNT,0 [MPa] gcI [MPa] gcII [MPa] µ

5000 0.8 0.4 1.9 1.8 × 10−4 1.5 × 10−4 0.82

Table 3.5: Four-point out-of-plane bending test of the masonry wall: material
parameters for mortar.
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Bricks

Eb [MPa] νb [MPa]

16700 0.13

Table 3.6: Four-point out-of-plane bending test of the masonry wall: material
parameters for bricks.

The structure is modeled in the flexure plane and discretized the bed mortar

joints and the bricks with quadrilateral FEs having a uniform thickness. In Figure

3.12 a detail of FE discretization used for brick and mortar for the model is shown.

In particular, the color blue indicates the brick material, whereas the green color

describe the mortar. The red lines represent the schematic boundary condition.

Figure 3.12: FE brick and mortar discretization for the numerical model of the
masonry wall (Van der Pluijm, 1999).

The cross-section curvature K is estimated as the average value occurring in

the central region where the moment is constant, following the proposal in Serpieri

et al. (2017). The nonlinear response of the wall in terms of maximum bending

moment m per unit width versus the corresponding cross-section curvature K is

plotted in Figure 3.13. The numerical results for the proposed micromechanical
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model (red line) are compared with the multiscale model (dashed line) and the

experimental ones (blue line). The shaded area corresponds to the experimental

confidence region. The upper and lower bound linear-parabola curves have been

estimated by adopting the upper and lower confidence intervals for the parameters,

also considered in Serpieri et al. (2017). The numerical curves are contained in the

confidence area and satisfactorily describe the initial stiffness, the peak strength,

and the collapse mechanisms of the wall. The difference between the numerical

and the experimental curves mostly depends on the calibration of the material

parameters, whose experimental measurements are considerably uncertain.

Figure 3.13: Adapted from Addessi et al. (2017), four-point out-of-plane bending
test of the masonry wall: maximum moment m per unit width versus curvature
K.

3.3 Response of unreinforced masonry arches

Subsequently, the static response of masonry arches to vertical eccentric loads is

investigated in terms of global force-displacement curves and failure mechanisms.
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First, the numerically obtained results are validated by comparison with experi-

mental outcomes, referring to an experimental campaign carried out at University

of Minho (Oliveira et al., 2010). Then, parametric numerical studies are performed

to investigate the influence of geometry and material mechanical parameters on

masonry arches nonlinear structural response.

3.3.1 Experimental-numerical comparison

The experimental campaign conducted by Oliveira et al. (2010) and finalized

to evaluate the efficiency of strengthening solutions on the behavior of masonry

arches is here considered, aiming at validating the accuracy and efficiency prop-

erties of the described micromechanical numerical procedure. Half-scaled unrein-

forced and strengthened specimens were tested under displacement control up to

failure. The arches were built up with 100×50×25 mm3 solid clay bricks and lime-

based mortar with a constant intrados thickness of approximately 10 mm. The

resulting geometry is shown in Figure 3.14 (b), being characterized by internal

span of 1467 mm, internal radius R = 750 mm and arch thickness t = 50 mm. The

out-of-plane width of the arch is equal to 450 mm. As for the loading conditions,

a monotonically increasing vertical displacement s was applied at the nineteenth

brick counted from the left arch impost, that is at about a quarter of the span.

Herein, the attention is focused on the two reference arches, called US1 and

US2, tested with no strengthening. These exhibited a similar behavior in terms of

failure mode with the formation of the typical four hinge mechanisms. However,

some differences emerged between their global vertical load (F )-vertical displace-

ment (s) curves, as evident from the blue dashed lines in Figure 3.15. These

discrepancies, both appearing in the pre-peak stiffness and maximum load, were

probably caused by variation of the mortar tensile strength.

The experimental response of these arches is here numerically reproduced,

discretizing each brick and mortar joint with 5 × 3 and 5 × 1 FEs, respectively.

The assumed material parameters are contained in Table 3.7, where Ei and Gi

(i = b,m) denote the Young’s and shear modulus, respectively. These are deduced

by the experimental data reported in Oliveira et al. (2010) and the numerical

simulation performed by Di Re et al. (2018). For both materials, the unit weight
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Figure 3.14: Circular arch tested by Oliveira et al. (2010): (a) Construction of
the arch and (b) geometry and loading condition.

γ = 17 kN/m3 is assumed.
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Figure 3.15: Comparison between numerical and experimental force-displacement
response curves.

Elastic material parameters

Eb [MPa] Gb [MPa] Em [MPa] Gm [MPa] µ

5000 2083.3 1200 500 0.5774

Table 3.7: Elastic material parameters adopted for bricks and mortar.

Damage material parameters

σN,0 [MPa] τNT,0 [MPa] gcI [MPa] gcII [MPa]

0.25 0.25 1.8 × 10−3 1.25 × 10−3

Table 3.8: Damage material parameters adopted for mortar.

The mortar nonlocal radius, lc is set equal to the joint thickness 10 mm, as-

sumed as mortar characteristic length.

Figure 3.15 compares the numerically obtained global curve, depicted with solid

red line, with the experimental outcomes. It emerges a satisfactory agreement, as

the peak load predicted by the numerical simulation is close to that experimentally

evaluated for the US1 arch. On the numerical curve, circle red markers indicate

points at which significant cracked sections arise, showing that the steep drops

of the strength correspond to the onset of the flexural hinges. Indeed, according

86



Chapter 3: Micromechanical finite element modeling of masonry structures

to the experimental test, the failure mechanism involves the formation of hinges

located, alternately, at the arch intrados and extrados. This is shown in detail in

Figure 3.16, which compares the failure mechanism experimentally detected (Fig.

3.16 (a)) with the distribution of the damage variable D defined in Eq.(3.11) at

the end of the numerical analysis, on the arch final deformed configuration (Fig.

3.16(b)). The color bar at the right of Figure 3.16 (b) clearly indicates that dam-

age can vary between 0 and 1, corresponding to the virgin and fully degraded

material state. Moreover, Figure 3.16 (b) shows the location of the four hinges,

numbered according to the formation sequence (see Fig. 3.15), and a detail of the

FE discretization used for brick and mortar.

Finally, it should be remarked that both numerical and experimental response

curves in Figure 3.15 predict a peak load much higher than the collapse load eval-

uated by the classical limit analysis (indicated in Figure 3.15 with dashed black

line). This interesting aspect will be investigated deeper in Section 3.3.3. How-

ever, this is caused by the not negligible tensile strength of the mortar, which

moves away from the first hypothesis of the standard limit analysis. Anyway,

when the failure mechanism is completed, that is, when all the four hinges are

formed, the residual load approaches to the limit analysis collapse load.
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Figure 3.16: Circular arch tested by Oliveira et al. (2010): (a) experimental and
(b) numerical failure mechanisms (FH = ’flexural hinge’).

3.3.2 Effect of geometry

Starting from the results presented in the previous section, the arch geometry

influence is investigated in the following. In particular, the thickness/internal ra-

dius ratio is varied, by considering four values of t/R ratio, that is 0.13, 0.20, 0.27
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and 0.33. The analyses are performed assuming the same internal span (1467 mm)

and internal radius (750 mm), thus only varying the thickness t and, consequently,

the external radius. Moreover, the vertical displacement is always applied at the

nineteenth brick counted from the left impost, mimicking the loading conditions

in Figure 3.14 (b). The adopted material parameters are those contained in Table

3.7 and Table 3.8.

Figure 3.17(a) shows the vertical force (F )-vertical displacement (s) curves

for all the analyzed cases, including the ratio t/R = 0.07 corresponding to that

studied in Section 3.3.1. Different pre-peak stiffness emerge as a consequence of the

increased thickness value, as well as different post-peak behavior. In particular,

steeper softening branches occur with increasing ratio t/R. This is due to the

variation of the collapse mechanism, which moves from four flexural hinges to a

mixed mode involving both flexural and shear hinges, as schematically depicted

in Figure 3.17 (b).

The final damage distributions in the arches deformed configuration are re-

ported in Figure 3.18 (a-d), pointing out that the thicker arches, corresponding

to t/R = 0.27 and t/R = 0.33, present voussoirs sliding near the load application

point and at the right impost, together with a flexural hinge near the left impost.

However, the structural responses are quite complex, as they show variation of the

type of hinges during the loading history. Let us focus on the degrading process of

the arch with t/R = 0.33, chosen as example. Before reaching the peak load, flex-

ural hinges arise, placed near to the load application point and at the right impost,

as clearly shown in Figure 3.19 (a) by the damage distribution evaluated at point

A (corresponding to s = 0.5 mm) in Figure 3.17 (a). Then, a significant drop of

the strength appears in the load-displacement response curve (see the black curve

in Fig. 3.17 (a)), caused by the voussoirs sliding at the load application point and

the formation of the flexural hinge near to the left impost. This modification of

the collapse mode is evident from the damage map in Figure 3.19 (b), which refers

to point B (s = 0.7 mm) in Figure 3.17 (a). The further increase of the applied

displacement does not cause significant variation of the damage distribution and,

consequently, a slight increase of the strength emerges in the load-displacement

response curve characterized by the stiffness of the damaged arch. Finally, at the

end of the loading history, another abrupt strength decay appears (point C in the
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Figure 3.17: Effect of the t/R ratio: (a) load-displacement curves, (b) maximum
load and failure mechanism (FH = ‘flexural hinge’, SH = ‘shear hinge’).

global response curve in Figure 3.17 (a)). Thi is due to the modification of the

hinge at right impost, which changes from flexural to shear type leading to the

final damage distribution depicted in Figure 3.18 (d).

To conclude, according to results presented in Misseri et al. (2018); Nodargi
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et al. (2020), it clearly emerges the strong influence of the arch geometric proper-

ties on the failure mechanism formation and progression, moving from the classical

flexural hinge mechanism to more complex mixed modes, also involving the for-

mation of shear slidings.
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Figure 3.18: Distribution of the damage variable D for different values of t/R at
the end of the analyses: (a) t/R = 0.13, (b) t/R = 0.20, (c) t/R = 0.27 and (d)
t/R = 0.33. (FH = ‘flexural hinge’, SH = ‘shear hinge’).
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Figure 3.19: Distribution of the damage variable D for arch with with t/R = 0.33
at different values of the applied displacement s: (a) s = 0.5 mm and (b) s =
0.7 mm. (FH = ‘flexural hinge’, SH = ‘shear hinge’)
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3.3.3 Effect of material parameters

Some parametric analyses are here performed to investigate the influence of some

relevant material parameters. Geometry (t = 50 mm) and loading conditions

adopted by Oliveira et al. (2010) are considered. Three sets of analyses are carried

out: the first studies the effect of the material tensile strength σN,0, the second

investigates the influence of the mode I fracture energy gcI and the last analyzes

the arch response as the friction coefficient µ varies.

Four values of the mortar tensile strength are considered, that is σN,0,r/2,

σN,0,r/4, σN,0,r/8 and σN,0,r/40, being σN,0,r the reference value contained in Ta-

ble 3.7 and Table 3.8. The resulting response curves are plotted in Figure 3.20,

together with the value of the collapse load resulting from the limit analysis ap-

proach. The curves are characterized, as expected, by a decreasing maximum

value of the peak load Fmax, as the material tensile strength decreases. It is

worth noting that the peak load approaches to the limit analysis collapse value

when the tensile strength vanishes, according to the hypothesis of this last ap-

proach, considering zero tensile strength for masonry. Moreover, it appears that

the load-displacement curve can approach to the limit value either from the top or

the bottom (Lourenço, 2001; Cancelliere et al., 2010), depending on the material

tensile strength characteristic. Thus, the shape of the global response curve is

strongly influenced by the tensile constitutive response of the mortar, not only on

the peak load value, but also on the post-peak behavior showing a more severe

softening branch as the tensile strength grows.

As for the effect of the mode I fracture energy gcI , three values are selected:

gcI,r/4, gcI,r/2 and gcI,r × 2, with gcI,r the reference energy reported in Table

3.8. By observing the results shown in Figure 3.21 in terms of load-displacement

curves, again it emerges that the peak load and the slope of the softening branch

are strongly affected by the variation of gcI . The green and violet curves, which

refer to the lowest values of gcI , show steep drops of the strength, whereas the light

blue curve, which refers to the highest value of gcI , presents a less severe softening

branch. This is due to the different occurred collapse mechanism. Although, for

all the analyzed cases, flexural failure modes are detected (see Figure 3.22 (a-c)),

localized damaged zones appear for the lower values of gcI (Figure 3.22 (a,b)).
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Figure 3.20: Material parameters effect: influence of the tensile strength.

Conversely, for the highest adopted value of the fracture energy, damage spreads

around the regions where significant tensile strains occur (Figure 3.22 (b)). It is

also interesting to note that the location of the hinges is modified by varying the

fracture energy.
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Figure 3.21: Material parameters effect: influence of mode I fracture energy.
.

Finally, the structural response is investigated considering different friction
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Figure 3.22: Distribution of the damage variable D at the end of the analyses for
t/R = 0.07 and different values of gcI : (a) gcI = gcI,r/4, (b) gcI = gcI,r/2 and (c)
gcI = gcI,r × 2.

coefficient values, chosen within a realistic range for masonry material. In detail,

behavior of arches characterized by ratio t/R = 0.27 and t/R = 0.33, whose

collapse mode involved shear sliding in case of µ = 0.5774 (see Figure 3.18 (c,d)),

is studied assuming µ = 0.5, 0.65, 0.7. The other material parameters refer to those

contained in Table 3.7 and Table 3.8. For the lowest value of µ, both arches show

voussoirs sliding (Figure 3.23 (a,b)), similarly to the reference case of µ = 0.5774.

On the contrary, when the friction coefficient increases, the interlocking effect’s

increment can prevent the shear sliding mechanism and let flexural mode prevail.

This phenomenon already appears in case of µ = 0.65 for the thinner arch (t/R =

0.27) and it is obviously confirmed when µ = 0.7 (Figure 3.23 (c,e). Instead,

the failure mechanism of the thicker arch still involves voussoirs sliding in case of

µ = 0.65, testifying that effect of geometry prevails over that of friction (Figure

3.23 (d)). Then, setting µ = 0.7, the flexural mechanism emerges, as evident from

Figure 3.23 (f). To summarize, it appears that the friction coefficient value can

strongly affect the overall arch response, as this can move the collapse mechanism

from shear sliding to the classical four flexural hinges formation and vice-versa.
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Figure 3.23: Distribution of the damage variable D at the end of the analyses for
t/R = 0.27 (a,c,e) and t/R = 0.33 (b,d,f) and different values of µ: (a,b) µ = 0.5,
(c,d) µ = 0.65 and (e,f) µ = 0.7.

3.4 Summary

In this chapter a damage-plastic model for the micromechanical analysis of 2D

masonry structures was described. First, the existing constitutive law was illus-

trated, and the main aspects related to the finite element implementation were

presented. The numerical procedure has been properly formulated to study ma-

sonry structural elements characterized by general geometry and arrangement.

To overcome mesh-dependency drawback, occurring in cases of strain-softening

behavior, a nonlocal integral approach has been introduced in the FE procedure,

thus overcoming localization problems. To validate the new element, a comparison
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between numerical and experimental outcomes were performed for masonry walls.

Two experimental campaigns (Bellini et al., 2017) and Van der Pluijm (1999) were

reproduced. The results gave a very good agreement with the experimental and

multiscale outcomes obtained with the model in Addessi et al. (2020a), formulated

using the same constitutive law.

Then, the structural response of unreinforced masonry arches has been numer-

ically analyzed. First, model efficiency and accuracy has been tested by repro-

ducing the outcomes of experimentally tested arches (Oliveira et al., 2010). The

resulting load-displacement response curve and failure mechanism showed a very

good agreement with the experimental evidence. Subsequently, parametric analy-

ses have been performed to investigate the effects of some relevant geometric and

mechanical parameters. As concerns the influence of geometry, numerical tests

have been carried out by varying the thickness/internal radius ratio from 0.07 to

0.33. It emerged that, as the ratio t/R increases, failure mechanism moves from

four flexural hinges to a mixed mode involving both flexural and shear hinges, lead-

ing to a more brittle behavior. Indeed, literature studies (Di Carlo et al., 2018)

confirm that arch geometric parameters permit to identify the possible failure

mechanisms under seismic load conditions. Regarding the mechanical parameter

effects, a strong influence of the mortar tensile strength and the mode I fracture

energy has appeared on the trend of the global response, mainly affecting the

collapse load value and the brittleness of the post-peak response. The adopted

procedure has proved to reproduce the results coming from the limit analysis ap-

proach, when the assumptions of this last are approached. Moreover, it emerged

that the arch collapse mechanism depends on the assumed friction coefficient

value: for fixed geometry, the failure mode involving shear sliding changes into

the flexural hinge mechanism, as friction increases. However, the limit value that

determines the variation of the failure mode is a peculiar characteristic of each

arch, being influenced by the coupled effect of geometry and friction.

95



Chapter 4

Macromechanical finite element

modeling of masonry structures

This section explores the use of macromechanical approaches based on smeared

crack models, implemented in DIANA (2019), for the monotonic and cyclic in-

plane analysis of masonry panels. The numerical investigation is focused on two

material macromechanical models, known as total strain cracking and crack and

plasticity models. These showed some limitations when analyzing the behavior

of masonry structures subjected to in-plane cyclic loading. A modified version

of the Drucker-Prager model including cohesive softening is introduced in the

crack and plasticity model to overcome these shortcomings. A suite of numerical

simulations is performed referring to an experimental campaign on two masonry

(squat and slender) panels (Anthoine et al., 1995). A comparison of distinctive

features of flexural and shear response of these structural elements is addressed.

The results derived from the two FE macro-models are compared with the exper-

imental outcomes, highlighting the effects of geometry, stiffness degradation, and

post-peak energy dissipation. Furthermore, a comparison with the damage-plastic

macromechanical model proposed in Gatta et al. (2018) is performed.
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4.1 Smeared crack constitutive models

The simplicity of the smeared crack approach captured the attention of the scien-

tific community, and most of the FE codes have adopted this approach. In such

a context, as earlier mentioned, this study investigates the use of macromechan-

ical constitutive models to analyze the nonlinear degrading response of masonry

structures.

The study focuses on two material constitutive laws belonging to the class

of the so-called smeared crack models (Rots, 1988; De Borst and Nauta, 1985),

known as total strain cracking and crack and plasticity, which will be described

below.

4.1.1 Total strain cracking model

The Total Strain Rotating Crack (TSRC) model is used in this study. This com-

putes the stress as a function of the strain and follows a smeared approach to

describe the fracture process. According to the rotating concept, the crack di-

rections are updated to rotate with the principal directions and to be aligned

with them during loading history. The constitutive model based on total strain

is developed along the lines of the modified compression field theory, originally

proposed by Vecchio and Collins (1986). The three-dimensional extension of this

theory was proposed by Selby (1995), whose theoretical description was the basis

of the implementation in Diana. The basic concept of the TSRC model is that the

stress vector is evaluated referring to the intrinsic reference system of the crack.

As described in Feenstra (1993), agreeing to the definition of total formulation,

the constitutive model is developed in terms of strains. Here, a two dimensional

formulation is considered. As described in Section 2.3.2, an additive decomposi-

tion of the incremental total strain vector is assumed into an elastic, reversible,

part ∆εe and an inelastic, irreversible, part ∆εc. Thus, the incremental strain

vector is given by:

∆ε = ∆εe + ∆εc (4.1)

The corresponding incremental stress vector is expressed as:
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∆σ = De∆εe (4.2)

with De the linear-elastic stiffness matrix.

The co-rotational formulation is generally correlated to the elasticity-based

total strain crack model (Rots, 1988; Willam et al., 1989). In this model, the

co-rotational formulation is applied to assume that the local constitutive model,

which describes the relation between the local stress and strain vectors, is con-

verted into the global coordinate system with the transformation matrix defined

by the principal directions of the strain vector.

The incremental strain vector in the global coordinate system is expressed as

∆ε, which is transformed into the incremental strain vector in the intrinsic coor-

dinate ∆εl, where l indicates the local system (n, t) following the crack directions,

with the strain transformation matrix N:

∆εl = N∆ε (4.3)

In a co-axial rotating concept the strain transformation matrix N depends on the

current strain vector, whereas in a fixed concept, the strain transformation matrix

is fixed upon cracking. The strain transformation matrix N results:

N =

 c2
xn c2

yn cxncyn

c2
xt c2

yt cxtcyt

2cxncxt 2cyncyt cxncyt + cyncxt

 (4.4)

with cxn the cosine between the i and j axis. The constitutive model has to be

formulated in the local coordinate system in the form:

∆σl = D(εl)∆εl (4.5)

with D(εl) the tangent stiffness matrix. The updated incremental stress vector

in the global coordinate system is finally given by:

∆σ = NT∆σl . (4.6)

The constitutive model before cracking is usually assumed to be governed by a
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linear-elastic model. After crack initiation the Poisson effect is generally neglected

and the Poisson ratio is set equal to zero. The post-crack behavior is then de-

scribed by an orthotropic, uncoupled, stiffness matrix, i.e.∆σnn

∆σtt

∆τnt

 =

En 0 0

0 Et 0

0 0 βG

 =

∆εnn

∆εtt

∆γnt

 (4.7)

The smeared fracture process is activated when the maximum principal stress

at the material point exceeds the tensile strength (see Figure 4.1).

σ

σ
II

I

Figure 4.1: Failure surface in principal stress space.

During loading, the masonry is subjected to tensile and compressive stresses,

resulting in cracking and crushing of the material. Different tensile and com-

pressive functions, based on fracture energy, can be adopted (DIANA, 2019).

The shape of softening branch in the stress-strain law controls the cracking phe-

nomenon, being governed by the fracture energy parameter of the material given

by the area under the stress-strain diagram. Two values are introduced for the

fracture energy parameters, i.e. Gt and Gc that are associated, respectively, with

the tensile and compression behavior. In this study, an exponential law gov-

erns the softening branch in tension and a hardening-softening parabolic law the

post-peak response in compression. Herein, fracture energy values are estimated

following the indications in Lourenço (2010).
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Figure 4.2: Masonry stress-strain law: tensile and compressive law for TSRC
model.

The modeling of the shear behavior is also introduced in the fixed crack and

combined rotating to fixed crack where the shear stiffness is usually reduced after

cracking. A possible formulation (DIANA, 2019) is based on the definition of a

constant shear stiffness reduction, i.e.,

Gcr = βG (4.8)

with β the shear retention factor, 0 ≤ β ≤ 1. For the rotating crack model the

shear retention factor can be assumed equal to one.

γ

τ

βG

Figure 4.3: Constant shear retention for TSRC model.

In an incremental-iterative solution scheme, the equilibrium between the inter-
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nal force vector and the external load vector is achieved with a Newton-Raphson

iterative procedure. For this purpose, the constitutive model should also define

the stiffness matrix, which is utilized to reach equilibrium. In Diana, two ap-

proaches to the stiffness matrix are used: the secant and the tangent stiffness

matrix. The first approach has proved to be robust and stable in structures with

extensive cracking. The latter has shown superiority in the analysis, where local-

ized cracking and crack propagation are the most important phenomena.

4.1.2 Crack and plasticity model

The Crack and Plasticity (CP) model is based on the smeared crack approach used

to simulate the tensile cracking behavior, whereas the Drucker-Prager plasticity

model is adopted to simulate the compressive response. The CP model can be

categorized as a multi-directional fixed smeared crack model with an elastic-plastic

constitutive law in compression. According to the multi-directional fixed crack

formulation, and differently from the fixed smeared crack model where only one

fixed crack can form at each point, more than one crack is allowed to form.

A brief description of the constitutive law is given starting from the multi-

directional fixed crack model that rules the tensile behavior. The first model

was probably proposed by Litton (1974), even since many other researchers, for

instance, De Borst and Nauta (1985) and Rots (1988) started to use it.

Here, an additive decomposition of the incremental total strain vector is as-

sumed into an elastic, reversible, part ∆εe and an inelastic, irreversible, part ∆εc.

The incremental strain vector is given by:

∆ε = ∆εe + ∆εc (4.9)

The incremental strain vector in Eq.4.9 refers to the global coordinate axes. The

sub-decomposition of the incremental crack strain ∆εc gives the possibility of

modeling several cracks that simultaneously occur and appears as:

∆εc = ∆εc1 + ∆εc2 + .... (4.10)

where ∆εc1 is the incremental global crack strain owing to a primary crack, ∆εc2
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is that owing to a secondary crack and so on. As highlighted in Rots (1988),

the essence of this approach is that at each fixed crack is assigned its own local

incremental crack strain vector ∆εcil , its own incremental traction vector ∆σcil ,

where l indicates the local system and its own transformation matrix Ni, and i

indicates the i-th crack. The relation between local and global incremental crack

strains for a single fixed crack reads:

∆εci = Ni∆εcil (4.11)

with Ni being the transformation matrix accounting for the orientation of the

crack. For a two dimensional configuration Ni is equal to:

Ni =

 li2x lixl
i
y

mi2
x mi

xm
i
y

2lixm
i
x lixm

i
y + liym

i
x

 (4.12)

where lix and mi
x form a vector which indicates the direction of the local n-axis

expressed in the global coordinates.

Lastly, the relation between the incremental global stress ∆σi and the local

incremental traction can be derived to be:

∆σcil = NiT∆σi (4.13)

Considering that:

∆σi = Dei∆εei (4.14)

where Dei is the linear-elastic stiffness matrix, it is also possible to obtain a relation

between the local incremental crack strain and the incremental crack traction:

∆σcil = Dci∆εcil (4.15)

where Dci is the 2× 2 crack matrix.

It is convenient to assemble these single-crack vectors and matrices into:

∆ε̃l
c =

[
∆εc1l ∆εc2l ....

]T
(4.16)
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∆σ̃l
c =

[
∆σc1l ∆σc2l ....

]T
(4.17)

Ñ =
[
N1 N2 ....

]T
(4.18)

in which ˜ denotes the assembly of multi-directional cracks. Replacing of Eq.4.11

into Eq.4.10 yields:

∆εc = Ñ∆ε̃l
c (4.19)

which is the incremental strain for the multiple-crack equivalent of Eq.4.11. In a

similar way, the single-crack traction-strain relation Eq.4.13 can be expanded for

an equivalent multiple-crack as:

∆σ̃l
c = D̃c∆ε̃l

c (4.20)

By properly combination of the equations above reported (4.9, 4.11, 4.13, 4.14,

4.15 ), the overall stress-strain relation is given by:

∆σ = [De −DeÑ[D̃c + ÑTDeÑ]−1ÑTDe]∆ε . (4.21)

A more accurate and detailed description of a fixed single-crack formulation

will be given in Chapter 5, according to the new element implementation formu-

lated in FEAP (Taylor, 2017).

In the multi-directional fixed crack model, implemented in Diana, the first

crack is formed perpendicular to the direction of the maximum principal stress.

After that, another crack is allowed to form if the tensile strength is again overcome

by the maximum principal stress and if the angle between the existing crack and

the direction of the maximum principal stress exceeds a certain value, i.e. the

threshold angle that is usually set to be 30° (Rots, 1988).

As a concern of the compressive response, Drucker-Prager plasticity model is

briefly described. The yield condition of Drucker-Prager is a smooth approxi-

mation of the Mohr-Coulomb yield surface, described by a conical surface in the

principal stress space. The formulation is given by:
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f(σ,η, κ) =

√
1

2
(σ − η)TP(σ − η) + αfπT (σ − η)− βc̄(κ) (4.22)

with c̄(κ) the cohesion as a function of the internal state variable κ, and η is the

back stress. P and π are the projection matrix and projection vector, respectively.

The scalar quantities αf and β are given by:

αf =
2sinφ(κ)

3− sinφ(κ)
, β =

6cosφ0

3− sinφ
(4.23)

The internal friction angle φ is also a function of the internal state variable. Its

initial value is given by φ0. The flow rule is given by a general non-associated flow

rule g 6= f , with the plastic potential given by:

g(σ,η, κ) =

√
1

2
(σ − η)TP(σ − η) + αgπT (σ − η) (4.24)

with the scalar αg defined by the dilatancy angle ψ:

αg =

√
2sinψ(κ)

3− sinψ(κ)
(4.25)

The plastic strain vector flow rule results as:

ε̇p = λ̇

{
P(σ − η)

2Ψ
+ αgπ

}
(4.26)

whit the scalar Ψ defined by:

Ψ =

√
1

2
(σ − η)TP(σ − η) (4.27)

The evolution of back stress η is given as:

η̇ =
2

3
(1− γ)

β

1 + 2αfαg

δc̄

δκ
κ̇

{
P(σ − η)

2Φ
+ αgπ

}
(4.28)

where γ is a scalar parameter which acts only in the cohesion hardening. The role

of the internal state variable κ in the plastic process is given by the hardening

hypothesis. For the Drucker-Prager yield condition, only the strain hardening
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hypothesis is considered. A more detailed description will be given in the next

section 4.1.3. A strain-hardening is introduced in the model to overcome some

shortcomings of the described classical model in reproducing masonry’s real re-

sponse.
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Figure 4.4: Masonry stress-strain law: tensile and compressive law for CP model.

Lastly, as for the TSRC model, the cracking phenomenon is governed by the

shape of the tensile softening, depending on the fracture energy Gt. For this

study, post-peak tensile stresses decrease following a linear law (see Figure 4.4).

The Drucker - Prager plastic model described before controls the compressive re-

sponse (see Figure 4.4). The numerical investigation, presented in 4.1.4, highlights

that the two material macromechanical models, TSRC and CP, show some limi-

tations when analyzing the behavior of masonry structures subjected to in-plane

cyclic loading. In particular, the numerical models cannot describe the hysteretic

dissipation mechanisms, which is the area under the experimental cyclic curves,

particularly relevant for the nonlinear response of the squat panels. A modified

version of the Drucker-Prager model, including cohesive softening, is introduced

and described in the following.
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4.1.3 Modified crack and plasticity model

The shortcomings of the described CP model, limiting its capability to reproduce

the real response of masonry are overcome, with the modified version proposed in

the following. In particular, with the aim of describing the degrading phenomena

also in compression, a cohesive softening is introduced in the Drucker-Prager

model, giving rise to the so-called Modified Crack and Plasticity model (MCP).

The compressive softening law is empirically included in the Drucker-Prager model

with strain hardening, whereas the tensile response still follows a bi-linear branch.

Consequently, the hardening-cohesion function in Figure 4.8 is implemented and

added in the existing model, thus modifying the compressive response of the CP

model.

In the case of strain hardening, the relation between the internal state variable

κ and the plastic stains is given in the principal space by:

κ̇ =

√
2

3
(ε̇p21 + ε̇p22 ) (4.29)

with [
ε̇p1

ε̇p2

]
= λ̇

(
1

2Φ

[
2σ1 − σ2

−σ1 + 2σ2

]
+ αg

[
1

1

])
(4.30)

Equation 4.29 can be elaborated in:

κ̇ = λ̇
√

1 + 2α2
g (4.31)

The derivation for a hardening- cohesion function with constant friction (φ0) and

dilatancy angle (ψ0) equal to 30° and the strain hardening hypothesis is presented.

Starting from a simple uni-axial test (see Figure 4.5), adopting a total strain

constitutive law (see Section 4.1.1), it was possible to build the c̄− κ relation to

add in the CP model. First, using the mechanical parameters reported in Table

4.1, the relation between σ1 and total strain ε1 is shown in Figure 4.6.

Figure 4.7 shows the uni-axial stress-plastic strain diagram. With the assump-

tion σ1 ≤ 0, the uni-axial plastic strain rate is given by:
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σ
1

Figure 4.5: Uni-axial test .
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Figure 4.6: Uni-axial stress strain diagram σ1 − ε1.
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Figure 4.7: Uni-axial stress strain diagram σ1 − εp1.
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ε̇p1 = −λ̇(1− αg) (4.32)

The value of ε̇p1 is obtained. Once defined αg, following Eq. 4.25, it is possible

to determine the relation between the uni-axial and internal state variable for a

strain hardening hypothesis:

κ̇ = −
√

1 + 2α2
g

1− αg
ε̇p1 (4.33)

Once fixed κ̇, κ, which here takes on the hardening variable’s meaning, is finally

defined. Lastly, if the friction angle is constant, the relation between the uni-axial

stress σ1 = −fc and the equivalent cohesion c̄ is given by:

c̄ = fc
1− αf
β

= fc
1− sinφ0

2cosφ0

(4.34)

Then, the hardening - cohesion function is obtained and shown in Figure 4.8.

Before adding the evaluated function in the CP model to analyze more complex

cases, simple tests were performed to assess its efficiency. Indeed, Figure 4.9 shows

the masonry stress-strain law adopted for the MCP model. It is interesting to note

that an elastic-plastic law does not yet govern the compressive behavior, but, as

we wanted, a strain-softening model is started.
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Figure 4.8: Cohesion hardening function.
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Figure 4.9: Masonry stress-strain law: tensile and compressive law for MCP
model.

4.1.4 Numerical application

The experimental campaign conducted by Anthoine et al. (1995) is here consid-

ered (Figure 4.10). Two solid clay panels, characterized by different height/width

ratio and assuming same boundary conditions, are investigated (Figure 4.11). The

bottom side of the walls is completely restrained, while the top side is prevented

from rotating. The panels are first subjected to a vertical force equal to 150 kN,

kept constant during the test. Then, a cyclic horizontal displacement history is

applied on a steel beam rigidly connected to the top of the walls. The lateral

displacement is imposed quasi-statically and is characterized by a cyclically in-

creasing amplitude. Two or three cycles are performed for each amplitude. The

geometry of the panels is shown in Figures 4.11 (a) and (b) with the thickness

equal to 250 mm.

The experimental response of these panels is compared with the numerical

prediction of the macromechanical models described before. A 2D 4-point quadri-

lateral FEs based on a plane stress formulation and a 2x2 Gauss integration rule is

adopted. A mesh made of 10x20 FEs is used for the high panel, while 10x14 FEs

are adopted for the low panel. To overcome the mesh-dependency of the FE solu-

tion, the smeared crack models presented above, TRSC and CP, employ a fracture

energy regularization (see Section 2.4.2). The mechanical parameters used in the
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FE models deduced from Magenes and Calvi (1997) are contained in Table 4.1,

where E is the Young’s modulus, ν the Poisson ratio, σt and σc are the tensile

and compressive strength values, respectively, Gt and Gc the value of tensile and

compressive fracture energy terms chosen according to Lourenço (2010), and Γ is

the masonry mass density. For the CP model, the other mechanical parameters

(c and φ0 deduced from Eq.4.34 and ψ0 suggested by Rots (1988)) need to be

defined, see Table 4.2.

E [MPa] ν σt [MPa] σc [MPa] Gt [N/mm] Gc [N/mm] Γ [T/mm3]

1700 0.15 0.25 6.2 0.015 1 1.652e−9

Table 4.1: Mechanical parameters adopted for TSRC and CP models.

c [MPa] φ0 [rad] ψ0 [rad]

1.7898 0.5236 0

Table 4.2: Additional mechanical parameters adopted for CP models.
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Figure 4.10: Experimental campaign: setup from Anthoine et al. (1995).
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(a) (b)

Figure 4.11: Geometry of the (a) high and (b) low panel.

Following the experimental loading history, a vertical force equal to 150 kN is

applied and kept constant during the test. Then, a monotonic horizontal displace-

ment history is imposed on the top of the walls. The results are monitored in terms

of global in-plane response curve, meaning the envelope capacity curve, by depict-

ing the total base shear versus the horizontal applied displacement. Figure 4.12

shows the comparison between the numerically obtained curves (red dashed and

blue dashed-point curves) and the envelopes (black star symbols) corresponding

to the cyclic experimental response for the high (Figure 4.12(a)) and low (Fig-

ure 4.12(b)) panels. Although some differences emerge between the two models,

the numerical results are in a quite good agreement with the experimental ones.

The TSRC model (blue dashed-point curves) gives a smoother nonlinear response,

whereas the CP (red dashed curves) shows sudden drops due to crack’s formation.

Moreover, in the case of the squat (low) panel, the TSRC also shows a sudden

brittle strength loss that is not clear for the CP model.

Regarding the cyclic tests performed within the selected experimental cam-

paign, the cyclic displacement-history shown in Figure 4.13 is applied to the two
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Figure 4.12: Comparisons between experimental and numerical (TSRC and CP)
force-displacement response curve under monotonic loading: (a) high (slender)
panel, and (b) low (squat) panel.

panels. The results obtained with the two FE models, the TSRC (blue dashed-

point curves) and CP (red dashed curves) models, are presented in Figures 4.14

and Figure 4.15 and compared with the experimental outcomes (black star sym-

112



Chapter 4: Macromechanical finite element modeling of masonry structures

bols) for high and low panels in terms of force-displacement global curve.

(a) (b)

Figure 4.13: Cyclic displacementet history applied to high (a) and low (b) panel.

Figure 4.14 shows a different trend for the global response curves of both

models. It can be explained by the different damage mechanisms that arise during

the evolution of the numerical and experimental tests. Indeed, the low wall shows

a brittle failure response, with the formation of shear diagonal crack in the middle

of the panel. The height-to-length aspect ratio of the geometry has a significant

influence on the failure mode of masonry walls under cyclic action in the above

respects.

A shear mechanism characterizes the response of the low panel; in converse

the high wall shows a flexural failure with the formation of large damaged zones

located at the top and bottom sides. Although the monotonic numerical analyses

seem to reproduce well the damage mechanisms occurring in the two panels (Fig-

ures 4.16 and 4.17), the comparison of the numerical and the cyclic experimental

results is not very satisfactory. In particular, the numerical models are unable

to describe the hysteretic dissipation mechanisms, which is the area under the

experimental cyclic curves, particularly relevant for the nonlinear response of the

low panel.

To overcome the latter limitation of both models in matching the experimental

response, the modified version of the CP formulation, i.e. the MCP model, is

adopted as introduced in Section 4.1.3.

Figure 4.18 shows the comparison between the results obtained with the MCP

model (magenta dashed curves) and the experimental outcomes (black star sym-

bols) for both the panels. The numerical results obtained for the high panel
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Figure 4.14: Comparison between experimental and numerical (TSRC) force-
displacement response curve under cyclic loading :(a) high and (b) low panel.

correlates now better with the experimental response. Yet, the advantage of us-

ing the MCP model is less evident in the case of low panel. To be noted is that,

in this model, the plasticity evolution is controlled by the cohesion that is, by

itself, ruled by the compressive strength. Therefore, an experimental compressive
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Figure 4.15: Comparison between experimental and numerical (CP) force-
displacement response curve under cyclic loading :(a) high and (b) low panel.

strength value, the effect of plasticity is not properly taken into account during the

dissipation process. Instead, an experimental cohesion value, numerical results are

more consistent with the experimental ones, although the compressive strength

threshold seems to be unrealistic. This issue deserves further investigations.
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(a) (b) (c) (d)

Figure 4.16: Crack patterns for the high (slender) wall: (a) TRSC s=2 mm; (b)
TRSC s=12 mm;(c) CP s=2 mm; and (d) CP s= 6 mm.

(a) (b) (c) (d)

Figure 4.17: Crack patterns for the low (squat) wall: (a) TRSC s=2 mm; (b)
TRSC s=7 mm;(c) CP s=2 mm; and (d) CP s= 4 mm

Furthermore, a comparison with the macromechanical continuum damage-

plastic model presented in Gatta et al. (2018) is performed (Figure 4.19). The

damage-plastic model reproduces better the experimental responses, especially for

the low wall. Indeed, this satisfactorily describes the energy dissipation effect due

to shear mechanisms occurring in the panel. A different plasticity formulation is

used here to reproduce better the global response that characterizes the failures,

usually grown for the masonry structures.

Regarding the crack patterns (Figure 4.20), both the MCP and the damage-

plastic CDP models are able to describe the distinctive features of flexural and
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Figure 4.18: Comparison between experimental and numerical (MCP) force-
displacement response curve under cyclic loading :(a) high and (b) low panel.

shear response shown by the high and low masonry panels, although the latter

model gives more spread damaged in respect to the MCP. This is due to the differ-

ent way that both models describe the degrading behavior of masonry, that is by

means of the introduction of a continuum damage variable or adopting a smeared
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Figure 4.19: Comparison between experimental and numerical (MCP and CDP)
force-displacement response curve under cyclic loading :(a) high and (b) low panel.

crack formulation, as well as to the different regularization technique used, frac-

ture energy regularization for the smeared crack models and non-local integral

approach for the damage-plastic continuum model. Concerning the regularization

issues topic, detailed analyses will be made in Chapter 5.
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(a)

(b)

Figure 4.20: Ispra (a) high and (b) low wall: crack distribution, at the end of
the analyses, for the MCP model (first column) implemented in DIANA code
(DIANA, 2019), distribution of the damage for the CDP model (second column)
implemented in FEAP code (Taylor, 2017) and experimental failure paths (third
column) from Anthoine et al. (1995).

4.2 Summary

The structural response of two masonry panels experimentally tested by Anthoine

et al. (1995) has been numerically reproduced through different macromechanical

FE models: (i) based on the smeared crack approach; and (ii) based on a contin-

uum damage-plastic model. In particular, the use of these two macro-modeling

techniques for the cyclic in-plane response prediction of these masonry panels was

explored. A fracture energy regularization technique was used for the smeared

crack models and a non-local integral approach for the continuum damage-plastic

model. Two material constitutive macro-models, known as Total Strain Cracking
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(TSRC) and Crack and Plasticity (CP), have been used to simulate the response

of the two panels. These have different geometries and, therefore, different damage

paths. Indeed, a shear mechanism characterized the behavior of the low panel. In

converse, a flexural rocking response distinguished the high wall with the forma-

tion of large damaged zones located at the top and bottom sides. The numerical

models have showed some shortcomings, i.e. although the numerical analyses

have showed a good agreement reproducing the damage mechanisms, the com-

parisons in terms of force-displacement curves were not completely satisfactory.

Regarding the TSRC model, the numerical results were consistent with the model

formulation built just with a cracking constitutive law. Conversely, although the

CP model is based on a coupled cracking-plastic constitutive law, its formulation

presents some limitations when taking into account the effect of plasticity during

the dissipation process. The latter issues were somehow solved through a mod-

ified version of the Drucker-Prager model (MCP) by including an implemented

cohesive softening law in the existing CP model. For the high wall, the numerical

results correlate better with the experimental output with respect to the CP and

TSRC models. For the low wall, the correlation was still not very satisfactory

and other modifications are required. Lastly, a comparison between the MCP

model, categorized as a smeared crack model, and a CDP macromechanical con-

tinuum damage-plastic model (Gatta et al., 2018) was performed. This latter

sophisticated model, where damage and plasticity are coupled, proved to be more

capable to reproduce the experimental outcomes in terms of force-displacement

global curve.
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Regularized smeared crack model

In this chapter, the implementation of a single-fixed smeared crack model in FEAP

code (Taylor, 2017) into a finite element procedure is illustrated. Details about

the computational aspects are provided. To avoid the well-known numerical prob-

lems typical of finite element models, due to strain localization and subsequent

spurious mesh sensitivity, two different approaches are used: fracture energy and

nonlocal integral regularization. Analyses of typical structures, used to prove the

robustness and stability of these two approaches, are presented. A comparison

between them is shown.

5.1 A single-fixed smeared crack model

Following the strategy adopted in Sena-Cruz (2005) formulation, the single-fixed

smeared crack model is described. As mentioned above, in Section 2.3.2, after

crack initiation, the basic assumption of smeared crack model is the decomposition

of the incremental strain vector ∆ε, into an incremental crack strain vector, ∆εc,

and an incremental elastic strain vector, ∆εe, and thus:

∆ε = ∆εe + ∆εc (5.1)

Herein, a two dimensional formulation is considered. A local coordinate system

is defined with axes n and t, being the crack normal and tangential directions,

respectively.
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Figure 5.1: Crack stresses, relative displacements and local coordinate system of
the crack (adapted from Sena-Cruz (2005)).

Hence, the incremental crack strain vector ∆εcl in the local system is defined

as:

∆εcl =
[
∆εcn,l ∆γct,l

]T
(5.2)

The incremental crack strain vector in the global coordinate system ∆εc has the

following three components:

∆εc =
[
∆εcx ∆εcy ∆γcxy

]T
(5.3)

The transformation matrix N of the incremental crack strain vector from the

global system to the local reads:

N =

[
cos2 θ sin2 θ 2 sin θ cos θ

− sin θcosθ sin θcosθ cos2 θ − sin2 θ

]
(5.4)

and
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NT =

 cos2 θ − sin θ cos θ

sin2 θ sin θcosθ

2 sin θcosθ cos2 θ − sin2 θ

 (5.5)

hence the incremental global crack strain is defined by:

∆εc = NT∆εcl (5.6)

being θ the angle between x and n (see Figure 5.1). The incremental local crack

stress vector ∆σcl is defined by:

∆σcl =
[
∆σcn,l ∆τ ct,l

]T
(5.7)

where ∆σcn,l and ∆τ ct,l are the incremental crack normal and shear stresses, respec-

tively. The relationship between ∆σcl and the incremental stress vector ∆σ can

be defined as:

∆σcl = N∆σ (5.8)

Assuming linear elastic behavior for the undamaged material, the constitutive

relationship between ∆εe and ∆σ is given by:

∆σ = De∆εe (5.9)

where De is the linear elastic constitutive matrix defined as:

De =
E

(1− ν2)

1 ν 0

ν 1 0

0 0 (1−ν)
2

 (5.10)

being E and ν the Young’s modulus and Poisson ratio of the material, respectively.

In a similar way, a relationship between ∆σcl and ∆εcl is established to simulate

the crack opening and the shear sliding using a crack constitutive matrix Dc

∆σcl = Dc∆εcl (5.11)
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where Dc is a 2×2 matrix including mode I and mode II crack fracture parameters.

Starting from incorporating the equations 5.1 and 5.6 into equation 5.9 yields, by

combining the equations, a constitutive law of the cracked material is obtained:

∆σ = De(∆ε−NT∆εcl ) (5.12)

Pre-multiplying both members of equation 5.12 by T leads to:

N∆σ = NDe∆ε−NDeNT∆εcl (5.13)

Substituting equation 5.9 into the left side of equation 5.13 yields reads as:

∆σcl + NDeNT∆εcl = N∆σ∆ε (5.14)

Including equation 5.11 into the left side of equation 5.14, the following equation

defining the incremental crack strain vector in the local system is obtained:

∆εcl = (Dc + NDeNT )−1NDe∆ε (5.15)

The inclusion of equation 5.15 in equation 5.12 leads to the constitutive law of

the cracked material, which reads:

∆σ = (De −DeNT (Dc + NDeNT )−1NDe)∆ε (5.16)

or

∆σ = Dcc∆ε (5.17)

where Dcc is the following constitutive matrix for the cracked material:

Dcc = De −DeNT (Dc + NDeNT )−1NDe (5.18)

In the present model the crack constitutive matrix Dc is assumed to be diagonal:

Dc =

[
Dc
I 0

0 Dc
II

]
(5.19)

124



Chapter 5: Regularized smeared crack model

In this matrix Dc
I and Dc

II are the mode I and mode II stiffness modulus associated

with the crack behavior. Evaluation of these will be described in the following

sections, distinguishing the computational procedure on the basis of the adopted

regularization technique. The crack-dilatancy effect and shear-normal stress cou-

pling is not considered in the present approach. The shear-normal stress coupling,

however, may be simulated indirectly, allowing non-orthogonal cracks to form and

relating Dc
II with the crack normal strain.

σ

σ
II

I

Figure 5.2: Rankine yield surface in the 2D principal stress space.

The crack initiation in the present model is governed by the Rankine yield

surface (see Figure 5.2), i.e., when the maximum principal stress σI , exceeds the

uni-axial tensile strength, fct, the crack is formed.

5.1.1 Fracture energy regularization

According to Rots (1988) in the local system, the relation between the crack stress

σcn,l and the crack strain εcn,l in the normal direction can be written as follows:

σcn = fty

(
εcn,l
εcn,l,ult

)
(5.20)

in which ft is the tensile strength and εcn,l,ult the ultimate crack strain. The

general function y represents the actual softening. If the softening behavior on
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the constitutive level is related to the mode I fracture energy GI
f through an

equivalent length or crack bandwidth denoted as h (as mentioned in section 2.4.2),

the following relation can be derived:

GI
f = h

∫ εcn,l=∞

εcn,l=0

σcn,l(ε
c
n,l)dε

c
n,l (5.21)

Substitution of equation 5.20 into equation 5.21 results:

GI
f = hft

∫ εcn,l=∞

εcn,l=0

y

(
εcn,l
εcn,l,ult

)
dεcn,l (5.22)

with the assumption that ft is a constant. Change from the variable εcn,l to:

x =

(
εcn,l
εcn,l,ult

)
(5.23)

and consequently dεcn,l = εcn,l,ultdx it appears as:

GI
f = hft

(∫ x=∞

x=0

ydx

)
εcn,l,ult (5.24)

where the ultimate crack strain εcn,l,ult is finite and it reads as:

εcn,l,ult =
1

α

GI
f

hft
(5.25)

with the factor α determined by the following integral:

α =

∫ x=∞

x=0

y(x)dx (5.26)

The ultimate crack strain εcn,l,ult is a material property, which can be calculated

from the tensile strength ft, the fracture energy GI
f and the element area repre-

sented by the equivalent length h. As mentioned in section 2.4.2, the correct value

of h is influenced by the mesh size and the inclination of the crack band. Based on

this type of evidence and on numerical experiments, Rots (1988) suggested certain

rules for choosing the equivalent element size h, for several typical situations. A

more rigorous approach was developed by Oliver (1989). These two method will

be investigated with the following numerical applications.
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For this model, a linear tension softening is chosen (see Figure 5.3).

σn,l

ε n,lεn,l,ult

f
t

G /hf

I

c

cc

Figure 5.3: Linear tension softening.

The relation of the crack stress is given by:

σcn,l
ff

=

{
1− εcn,l

εcn,l,ult
if 0 < εcn,l < εcn,ult

0 if εcn,l,ult < εcn,l <∞
(5.27)

where

εcn,l,ult = 2
GI
f

hft
(5.28)

and it is possible to define the mode I crack stiffness (see Eq. 5.19) as follows:

Dc
I = − f

2
t h

2GI
f

(5.29)

5.1.2 Nonlocal regularization

According to the regularization technique, based on the nonlocal integral ap-

proach, the nonlocal integral definition of the crack strain variable is introduced:

∆ε̄cl (x) =
1∫

Ωr
ψ(x, s)dΩr(s)

∫
Ωr

ψ(x, s)∆εcl (s)dΩr(s) (5.30)

where ∆ε̄cl is the nonlocal quantity at point x, and ∆εcl is the corresponding local

variable at the generic point located at s lying in the neighborhood of x. The

weight function ψ, measuring the influence of the generic point placed at s on the
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analyzed point located at x, is assumed as the classical Gaussian function:

ψ(x, s) = e−( ‖x−s‖
lc

)
2

(5.31)

being lc the nonlocal radius related to the material internal characteristic length.

Once the nonlocal strain in equation (5.30) is evaluated, this is used to solve the

crack evolution problem. For this model, a linear tension softening is chosen (see

Figure 5.4).

σn,l

ε n,lεn,l,ult

f
t

g
f

I

c

cc

Figure 5.4: Linear tension softening.

The crack stress is given by:

σcn,l
ff

=

{
1− ε̄cn,l

εcn,l,ult
if 0 < ε̄cn,l < εcn,ult

0 if εcn,l,ult < εcn,l <∞
(5.32)

where,

εcn,l,ult = 2
gIf
ft

(5.33)

and it is possible to define the mode I crack stiffness (see Eq. 5.19) as follows:

Dc
I = − f 2

t

2gIf
(5.34)

The modeling of the shear behavior is also introduced following the procedure

described in section 4.1.1. Thus, the mode II crack stiffness modulus results as:

Dc
II =

β

1− β
G (5.35)
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5.1.3 Computational aspects

In this section computational aspects concerning the evaluation of the solution

of the macromechanical problem are discussed. A user FE is implemented in the

FEAP code (Taylor, 2017), formulated on the basis of the presented version of

the constitutive law. Isoparametric quadrilateral 4-node FEs are introduced, each

equipped with two translation displacement degrees of freedom, to model the ma-

terial. The adopted FE procedure is standard. First the strain vector ε, in the

global coordinate system is computed, starting from element nodal displacement

ue. Matrix Le is defined as Le = DxN
e, where Ne contains the 2D displacement

shape functions, referred to the 4 element nodes, while matrix Le = DxN
e con-

tains their derivatives according to the 2D compatibility operator, Dx. Then, the

stresses are evaluate (see Eq.5.9) by using the linear elastic constitutive matrix

De defined in equation 5.10. Subsequently, according to the crack initiation in

the present model, that is governed by the Rankine yield surface (see Figure 5.2),

the maximum principal stress σI is calculated. If σI exceeds the uniaxial ten-

sile strength,ft, the crack is formed. Then the evolutionary problem of the crack

governing the constitutive response is solved at each of the 2 Ö 2 quadrature

points.

1. Compute strains ε starting from displacements ue:
ε = Leue

2. Compute elastic stresses σe :
σe = Deεe

3. Calculate the maximum principal stress σI :

if σI exceeds the uniaxial tensile strength ft then solve crack evolution prob-
lem described above by using equations 5.6, 5.19 and 5.15 (fracture energy or
nonlocal approach).

4. Compute stresses σ by using equation 5.17.

Table 5.1: Computational procedure for the model.
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5.2 Numerical applications

To investigate localization and regularization issues, two classical numerical ex-

amples are selected analyzed by using the non regularized model that regularized

with fracture energy, and the nonlocal integral regularized model. The first ex-

ample concerns a variable cross section beam (see Figure 5.5).

H1 H2

L

Figure 5.5: Variable cross section beam: geometry and load condition.

The mechanical parameters of the model are given in the Table 5.2, where E

and ν denote the Young’s modulus and Poisson coefficient, respectively.

E [MPa] ν σn [MPa] GI
f [N/mm] gIf [MPa]

30000 0.2 3 0.3 9 × 10−4

Table 5.2: Mechanical parameters adopted for the models.

The behavior of the variable-height beam subjected to an imposed displace-

ment u at the end section is analyzed. The particular geometry of the beam

induces the localization of deformations and damage in the region close to the

end section, which is the one with the lowest height. The geometric characteris-

tics are reported in Table 5.3.

H1 [mm] H2 [mm] L [mm]

100 50 500

Table 5.3: Geometry parameters adopted for the models.
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Figure 5.6 shows the load-displacement curves obtained with the non regu-

larized model. Three different discretizations made of 25, 50, and 100 elements

are chosen, showing the dependence of the numerical solution on the number of

elements adopted.

0 0.05 0.1 0.15 0.2

u(mm)

0

40

80

120

160

R
(N

)

mesh  25   FEs

mesh 50   FEs

mesh 100 FEs

Figure 5.6: Non regularized load-displacement curves.

Subsequently, the analyses, performed with the fracture energy regularized

model are provided. As mentioned above, the correct value of h is influenced

by the mesh size and the inclination of the crack band to the mesh lines. Here,

two methods are investigated. The first was suggested by Rots (1988), and for

a linear two-dimensional element this is h =
√

2A, where A is the total area of

the element. For this application, A is equal to the area of the last element,

where crack occurs. In figure 5.7 the load-displacement curves are reported. The

same previous meshes of 25, 50, and 100 elements are considered still showing a

dependence of the numerical solution on the number of the elements adopted.

A more rigorous approach was developed by Oliver (1989). Different values

of the equivalent crack length are defined for quadrilateral and triangular linear

elements related to different crack patterns (see Figure 5.8). For this application,

the h value is defined as following:
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Figure 5.7: Fracture energy regularization using Rots’ method (Rots, 1988): load-
displacement curves.

h =
A

d
(5.36)

where A, in this case, is equal to the area of the last element and d (referring to

Figure 5.8) reads:

d =
(y3 − y2) + (y4 − y1)

2
(5.37)

In figure 5.9 the load-displacement curves are given. The three different dis-

cretizations of 25, 50, and 100 elements are considered showing the independence

of the numerical solution on the number of elements adopted. This method better

avoids the numerical problem and the effectiveness of the regularization technique

can be seen. To be noted is that the crack propagation remains concentrated in

the last element (see Figure 5.10).

At the end, figure 5.11 presents the results obtained by adopting the non-

local integral regularized model with the three different discretizations showing

the almost complete independence of the numerical solution from the number of

elements adopted, with lc = 30 mm. As shown in figure 5.12, in this case the
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Figure 5.8: Explicit values of the equivalent crack length for quadrilateral and
triangular linear elements related to different crack patterns (adapted from Oliver
(1989)).
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Figure 5.9: Fracture energy regularization using Oliver’ method (Oliver, 1989):
load-displacement curves.

crack propagation also involves the elements adjacent to the last one, giving an

objective measure of the cracked zone.

In the second example the response of the weak element beam shown in figure

5.13 is studied. The mechanical parameters of the model are reported in Table

5.4.
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(c) mesh 100 FEs

Figure 5.10: Crack strain patterns with fracture energy regularization for u = 0.1
mm: (a) mesh 25 FEs (b) mesh 50 FEs and (c) mesh 100 FEs.
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Figure 5.11: Nonlocal integral regularized smeared-crack model: load-
displacement curves.

E [MPa] ν σn [MPa] GI
f [N/mm] gIf [MPa]

1700 0.15 0.25 0.012 2 × 10−4

Table 5.4: Mechanical parameters adopted for the models.

The week element beam is subjected to an imposed displacement u at the

end section is analyzed. The central element is made weaker than the others by

assigning it a Young’s modulus Ẽ equal to 0.9E. The geometric characteristics

are reported in Table 5.5.

H [mm] L [mm]

50 500

Table 5.5: Geometry parameters adopted for the models.

The localization of the deformations and crack is induced in the area of the

weak central element. Figure 5.14 shows the load-displacement curves obtained

with the non regularized model. Three different discretizations of 25, 50, and 100
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(c) mesh 100 FEs

Figure 5.12: Crack strain patterns with nonlocal integral regularization for u =
0.1 mm: (a) mesh 25 FEs (b) mesh 50 FEs and (c) mesh 100 FEs.
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Figure 5.13: Weak element beam: geometry and load condition.

elements are chosen, showing the dependence of the numerical solution on the

number of elements adopted.
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Figure 5.14: Non regularized load-displacement curves.

Subsequently, the analyses, performed with the fracture energy regularized

model are provided. In figure 5.15 the load-displacement curves referring to the

adoption Rots’ method (Rots, 1988) are reported. The above three different dis-

cretizations are considered showing a dependence of the numerical solution on the

number of elements adopted.

In figure 5.16 the load-displacement curves are given, by using the approach

developed by Oliver (1989). The results obtained by adopting the three different

discretizations of 25, 50, and 100 elements show the independence of the numer-

ical solution on the number of elements adopted. Also for this second example,
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Figure 5.15: Fracture energy regularization using Rots’ method (Rots, 1988):
load-displacement curves.

this method better avoids the numerical problem and the effectiveness of the reg-

ularization technique can be noticed. The crack propagation is located just in the

weaker central element (see Figure 5.18).

Figure 5.17 presents the results obtained by adotping the nonlocal integral

regularized model with three different discretizations of 25, 50, and 100 elements,

respectively, showing the almost complete independence of the numerical solution

from the number of elements adopted. The adopted characteristic length is lc =

20 mm. As shown in figure 5.19 the crack propagation also involves the elements

adjacent to the weaker central one, giving an objective measure of the cracked

zone.

5.3 Summary

A single-fixed smeared crack model was implemented in the FEAP code (Taylor,

2017) into a finite element procedure. Details about the computational aspects

were also provided. To avoid the well-known numerical problems typical of finite

element models, due to strain localization and subsequent spurious mesh sensi-
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Figure 5.16: Fracture energy regularization using Oliver’ method (Oliver, 1989):
load-displacement curves.
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Figure 5.17: Nonlocal integral regularized smeared-crack model: load-
displacement curves.

tivity, two different approaches were used: fracture energy and nonlocal integral

regularization. Regarding the first approach it emerged that the choice of the
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(c) mesh 100 FEs

Figure 5.18: Crack strain patterns with fracture energy regularization for u = 0.1
mm: (a) mesh 25 FEs (b) mesh 50 FEs and (c) mesh 100 FEs.
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(c) mesh 100 FEs

Figure 5.19: Crack strain patterns with nonlocal integral regularization for u =
0.1 mm: (a) mesh 25 FEs (b) mesh 50 FEs and (c) mesh 100 FEs.
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equivalent element size h is a difficult task. The Rot’s method (Rots, 1988) was

not able to show satisfactory mesh independence of the numerical results. The

technique developed by Oliver (1989) better avoids the numerical problem, and

the effectiveness of the regularization technique was obtained. Lastly, the nonlocal

regularization, consisting of introducing a nonlocal variable associated with the

crack strain, was proved to be effective. Indeed, the numerical results obtained

from both the examples, using the nonlocal crack model, showed complete mesh

independence of the numerical solutions and a realist crack propagation.
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Conclusive remarks

The principal goal of this research was the investigation of finite element mod-

eling of masonry structures at different scales and the study of micromechanical

and macromechanical constitutive laws able to describe, accurately, the nonlinear

masonry behavior.

However, as emphasized in Chapter 2, some recurrent features can be identi-

fied, such as the strongly nonlinear material response, the anisotropic behavior,

and different collapse mechanisms relating to the main structures, thus walls and

arches. To numerically capture such nonlinear phenomena and collapse mecha-

nisms, the scientific literature proposes several modeling strategies, analyses and

possible constitutive laws.

Herein, first in Chapter 3 a damage-plastic model for the micromechanical

analysis of 2D masonry structures, formulated to study masonry structural ele-

ments characterized by general geometry and arrangement, was presented. The

model was implemented in a finite element procedure, which adopts a nonlo-

cal integral formulation to provide objective numerical results in case of strain-

softening. Moreover, a predictor-corrector procedure, based on the splitting method,

is adopted to solve the nonlinear evolution problem of damage and plasticity vari-

ables. To validate the model, a comparison between numerical and experimental

outcomes was performed for masonry walls. Then, the structural response of un-

reinforced masonry arches has been numerically analyzed. First, model efficiency

and accuracy has been tested by reproducing the outcomes of experimentally
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tested arches (Oliveira et al., 2010). Subsequently, parametric analyses have been

performed to investigate the effects of some relevant geometric and mechanical

parameters. As concerns the influence of geometry, numerical tests have been

carried out by varying the thickness/internal radius ratio. It emerged that, as

the ratio t/R increases, failure mechanism moves from four flexural hinges to a

mixed mode involving both flexural and shear hinges, leading to a more brittle

behavior. Regarding the mechanical parameter effects, a strong influence of the

mortar tensile strength and the mode I fracture energy has appeared on the trend

of the global response, mainly affecting the collapse load value and the brittleness

of the post-peak response. The adopted procedure has proved to well reproduce

the results coming from the limit analysis approach, when the assumptions of

this last are approached. Moreover, it emerged that the arch collapse mechanism

depends on the assumed friction coefficient value: for fixed geometry, the failure

mode involving shear sliding changes into the flexural hinge mechanism, as friction

increases. However, the limit value that determines the variation of the failure

mode is a peculiar characteristic of each arch, being influenced by the coupled

effect of geometry and friction.

Subsequently, in Chapter 4, the use of macromodeling techniques based on

smeared crack constitutive laws for the cyclic in-plane response prediction of ma-

sonry panels was explored. Two material constitutive macro-models, known as

total strain cracking and crack and plasticity, have been used to simulate the re-

sponse of a low and a high panel. These have different geometries and, therefore,

different damage paths. A shear mechanism characterized the behavior of the low

panel, conversely, a flexural rocking response distinguished the high wall with the

formation of large damaged zones located at the top and bottom sides. The nu-

merical models showed some shortcomings, i.e. although the numerical analyses

showed a good agreement reproducing the damage mechanisms, the comparisons

in terms of force-displacement curves were not completely satisfactory. Regard-

ing the total strain cracking model, the numerical results were consistent with

the model formulation built just with a cracking constitutive law. Conversely,

although the crack and plasticity model is based on a coupled cracking-plastic

constitutive law, its formulation presents some limitations when taking into ac-

count the effect of plasticity during the dissipation process. The latter issues were
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somehow solved through a modified version of the Drucker-Prager model by in-

cluding an implemented cohesive softening law in the existing crack and plasticity

model. For the high wall, the numerical results correlate better with the experi-

mental output with respect to the crack and plasticity and total strain cracking

models. For the low wall, the correlation was still not very satisfactory and other

modifications are required.

Lastly, a single-fixed smeared crack model was implemented to avoid the well-

known numerical problems typical of finite element models, due to strain local-

ization and subsequent spurious mesh sensitivity. Two different approaches were

used: fracture energy and nonlocal integral regularization. Regarding the first

approach it emerged that the choice of the equivalent element size h is a difficult

task. The Rot’s method (Rots, 1988) was not able to show satisfactory mesh

independence of the numerical results. The technique developed by Oliver (1989)

better avoids the numerical problem, and the effectiveness of the regularization

technique was obtained. However the nonlocal regularization, consisting of intro-

ducing a nonlocal variable associated with the crack strain, was effective. Indeed,

the numerical results obtained from both the examples showed complete mesh

independence of the numerical solutions and a realist damage distribution.

To conclude, present and future developments are listed here:

� other experimental campaigns on masonry arches and/or complex structures

may be chosen to analyze different geometries and loading conditions and

investigate the applicability of damage-friction model on different types of

masonry;

� other experimental campaigns on masonry panels and/or larger structures,

may be considered to further validate the capabilities of the smeared crack

numerical models to reproduce the masonry response under cyclic-loading

conditions and to better understand its advantages and limitations. Fur-

thermore, the analyzed constitutive models can be enriched, in particular

the modified crack and plasticity formulation, through rigorous mechanically

based modifications inspired by continuum damage-plastic models;

� masonry panels and/or complex structures may be chosen to prove the ro-
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bustness and stability of fracture energy and nonlocal integral regularization.

These strategies are needed to account efficiently for the highly nonlinear

behavior of the masonry material and to avoid localized structural response.
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Jirásek, M., 2002. Objective modeling of strain localization. Revue française de

génie civil 6, 1119–1132.
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