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Introduction

All the bases are equal, but some
bases are more equal than others.

The issue of choosing the right reference frame or the right basis is crucial in
physics and mathematics. As it is taught in any basic course of linear algebra,
given a diagonalizable linear transformation on a finite dimensional vector space,
one can choose, amongst the infinite number of bases of the vector space, a basis
that better describes the linear transformation, namely a basis that diagonalizes the
transformation. In general the situation is more complicated and the choice of a
proper basis depends on the peculiarities of the problem we are interested in.

A clear example of this basis issue can be found in the study of solid state physics.
In the independent particle approximation, the one particle Schrödinger operator
that describes a crystalline insulating system usually has an absolutely continuous
spectrum. This means that the set of occupied states of the system corresponds to an
infinite dimensional subspace of the Hilbert space, corresponding to the pure states
of the system. Therefore it is necessary to choose a particular basis for the subspace
in order to make explicit computations. A special basis for this type of problem has
been introduced by G. Wannier in 1937 [113], the so called Wannier basis. This basis
clearly reflects the translational symmetry of the problem and, due to its ladder
structure, is easy to handle. Nowadays Wannier functions are extensively used in
computational physics to represent the charge distribution in crystalline solids [75].
Shortly, we can say that Wannier functions are to crystalline solids what atomic
orbitals are to isolated atoms. The spreading of the use of Wannier basis in the
scientific community has a twofold explanations: on one hand, the Wannier functions
turned out to be a very efficient tool for computational problems [74], since their use
has the advantage to reduce the computational time to a linear growth with respect
to the size of the sample (in contrast to old methods that show a cubic dependence
on the sample size) [55]; on the other hand, they provide a theoretical framework
able to describe phenomena where the behaviour of the electrons can be described by
semiclassical approaches, for example in the piezoelectric effect [100]. The problem
of a rigorous mathematical proof of the existence of exponentially localized Wannier
functions for time-reversal symmetric systems traces back to the work of W. Kohn
[67], with remarkable contributions by G. Nenciu [84, 86], B. Helffer and J. Sjőstrand
[61] and by the Italian group [89, 20, 90, 47].

In the last decades, starting with the discovery of the Quantum Hall effect by
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K. von Klitzing in 1981, the interest in insulating materials has seen an incredible
boost, see [25]. In fact, the two-dimensional Quantum Hall system is now recognized
as the archetypical example of what is called a topological insulator : a particular
material that is insulating in the bulk but can sustain a current on its edge [56]. The
discovery of these peculiar systems required the development of new mathematical
techniques being able to catch their exotic character.

The Wannier basis is commonly used to study the bulk properties of the physical
systems under consideration. Therefore, it is legitimate to ask if this special basis
is suitable for the study of topological insulators, in particular whether it is able
to discern if a specific system is a topological insulator or not. A first step in this
direction has been made by D.J. Thouless, in 1984 [111]. In his paper Thouless
showed that, for the Landau Hamiltonian, the projection onto a single Landau
level cannot admit a basis of well localized Wannier functions. In this context well
localized functions means functions whose tails decay at least as ‖x‖−2, as ‖x‖ → ∞.
This fact admits an intuitive physical explanation: the slow decaying of the Wannier
functions implies an infinite second moment of the probability measure associated
to the Wannier function. This delocalization is interpreted in [79] as a reflection of
the quantized bulk current that flows in the sample. Nevertheless, the mathematical
justification of Thouless’ argument for general Hamiltonian comes only in 2016,
when the existence of a critical exponent for the tails of the Wannier functions and
its relation to quantum transport has been rigorously proven by Monaco, Panati,
Pisante and Teufel [79] in the context of periodic gapped quantum systems. In
particular, they showed that the optimally localized Wannier functions for an isolated
group of energy bands can have only two possible types of tails decay, depending
on the topology of the bands under considerations: either they are exponentially
decaying or polynomially decaying with exponent α > −2 in dimension d = 2. This
result has been dubbed localization dichotomy in [79].

Although the results in [79] provides a complete and satisfying picture in the
case of periodic systems, it is a fact of life that perfect crystalline systems do not
exist in nature. Hence, the topological property of the systems must not depend on
the translational symmetry of the model. In this thesis, we foster the concept of
generalized Wannier basis as a suitable tool to understand the topological properties
of disordered systems. The generalized Wannier basis has been mathematically
studied for the first time in two significant works by A. Nenciu and G. Nenciu
[82, 83]. In particular, the long term goal of this work is to extend the localization
dichotomy to disordered systems. In the following pages we present the state of art
of the theory, we state a precise mathematical conjecture on the problem and report
about the original results achieved.

The localization dichotomy for periodic gapped quantum systems lays its basis
on two fundamental pillars: the well posed definition of Wannier functions on the one
hand and the characterization of the Bloch bundle by means of the Chern number
on the other hand. It is the intertwining of this two concepts that leads to the proof
of the localization dichotomy. Therefore, it is important to understand how these
two objects can be extended to a non periodic framework. The first three chapters
of the thesis are devoted exactly to this scope. In particular:

1. in Chapter 1 we review the theory of Wannier functions (WF) and their
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generalization for non periodic systems, the so called generalized Wannier
functions.

2. Chapter 2 is dedicated to the understanding of what happens to the Chern
number when translation symmetry is broken and the Bloch bundle cannot be
constructed. Firstly we define the Chern character by means of the magnetic
Bloch–Floquet transformation. Then, filling some missing details in the litera-
ture, we prove the Středa formula for continuous periodic gapped quantum
systems. In the end we study the Chern character through the magnetic field
response of the integrated density of states. In the literature this relation goes
under the name of gap labelling theorem. In particular we provide a new proof
of the gap labelling theorem and we extend it, in an approximate sense, to the
case of slowly varying magnetic field.

3. In Chapter 3 we study in detail an example of Wannier-like functions for
disordered systems in any dimension, namely the Prodan’s radial Wannier
functions. We prove the existence of this generalized basis also for non trivial
topological bands and investigate its relations with the transport properties of
the physical system.

After having settled the necessary basis for understanding the localization di-
chotomy in a non periodic setting, in Chapter 4 we state the conjecture on the
localization dichotomy for gapped quantum systems and we prove that the existence
of a generalized Wannier basis in the sense of Chapter 1 implies that the Chern
character is equal to zero.

Eventually, in Chapter 5 we investigate what happens when the definition of
Wannier basis is modified. Specifically, we drop the linear independence condition
in the definition of the Bloch frame, defining the so called Parseval frames. For
topological trivial bands we provide an explicit construction of the exponentially
localized Wannier basis, instead for topological non trivial bands we provide an
explicit construction of the exponentially localized Parseval frame. We extend the
proof by continuity of generalized Wannier basis/frame to the case of constant
magnetic field perturbation, admitting irrational value of the magnetic flux.

Since the materials contained in the thesis are the fruits of joint collaborations
with different people, despite our efforts to use a coherent notation in the whole
thesis, we could guarantee coherence and consistency of notation only chapter-wise.

All the chapters except the first one contain original material:

• Part of Chapter 2, whose principal results are Theorem 2.4.1 and Theorem 2.4.5,
is the fruit of a joint collaboration with H. Cornean and D. Monaco and it
has been submitted to a scientific journal for publication, the preprint can be
found on arXiv https://arxiv.org/pdf/1810.05623 [32].

• The material in Chapter 3 is based on a joint work with G. Panati. Theorem
3.1.1 and Proposition 3.2.4 describe the original results. The final manuscript
is in preparation.
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• In Chapter 4, Theorem 4.2.1 is the main result and it is the fruit of a joint
collaboration with G. Marcelli and G. Panati; the corresponding manuscript is
soon to be completed.

• Chapter 5 can be found on arXiv https://arxiv.org/pdf/1704.00932 [33] and the
main contributions of the author regard Section 5.2, Section 5.4, Section 5.8 and
Section 5.9. The main results are summarized in Theorem 5.3.4, Theorem 5.4.1
and Corollary 5.4.3. The paper is the result of a joint work with H. Cornean
and D. Monaco and it has been accepted for publication in Communication in
Mathematical Physics.

The interplay between physics and mathematics found a fertile ground in the
exotic phenomena of solid state physics and the understanding of physical phenomena
by means of Wannier functions is an example of this fruitful interaction. We hope that
the results presented hereafter could make a small contribution to the improvement
of this framework and be the starting point for further future developments.



1

Chapter 1

Generalized Wannier functions

In this first chapter we start by recalling the definition and fundamental properties of
the Wannier functions for periodic systems, then we review the different definitions
of Wannier functions for non periodic systems, namely the generalized Wannier
functions.

1.1 Heuristic physical picture

The mathematical foundations of the physics of condensed matter systems stands
on the (non relativistic) many-body theory of quantum mechanics, in which the
role of the leading actor is played by the many body Schrödinger equation. A
complete physical and mathematical model of a sample of material requires to take
into account the quantum dynamics of the nuclei and the electrons, considering their
quantum statistical nature and their mutual interaction mediated by the Coulomb
interaction. Nevertheless, considering that in a small sample of material the number
of “quantum bodies”, which is the sum of N electrons and M nuclei, is usually of
the order of magnitude of 1024 ∼ 1027, finding an exact solution to the many body
Schrödinger equation is a very challenging task, if not virtually impossible.

Therefore, this impasse is usually overcome by making approximations that are
physically and (not always) mathematically consistent and justified [24]. As a first
approximation, one can neglect the effect of the spin on the dynamics and, at a non
relativistic energy scale regime, the dynamics of the electrons and the nuclei can
be decoupled. Indeed, in view of the mass difference between electrons and nuclei,
one can assume that the nuclei are governed by a classical dynamics, whereas the
electrons are described using the law of quantum mechanics. This is the well-known
Born-Oppenheimer approximation, and there is a vast literature about it, both at
the physical and mathematical level. As a further approximation, one can assume
that the nuclei are fixed, hence their coordinates become parameters on which the
state of the system depends on. This approximation is quite rude and exclude a
priori the description of interesting physical phenomena in which the role of the
motion of the nuclei is important, for example the phonons interactions.

In the end, the resulting Hamiltonian operators describes only the degrees of
freedom of the electrons. The essential information that one would like to extract
from a model of a physical system, is the value of its ground state, namely the
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minimum of its energy. Despite of the approximations made, it remains very difficult
to prove the existence of the ground states for the electronic many body Schrödinger
operator, especially since one is interested in the thermodynamics limit of the system,
that amounts to assume the sample to be infinite and with an infinite number of
electrons, but with finite number of electrons per unit volume (note that in this
case the aim is to find the minimum of the energy per unit volume). Since the
dawn of quantum mechanics this has been a very active research field, and there
is a vast literature on the subject. Without entering in the delicate details of the
problem, we mention that a fruitful strategy turned out to be the Hartree-Fock
theory. The basic idea is to minimize the energy of the system only on a specific set
of configurations. Whenever the minimizer exists, it is called ground state of the
system. Using the Hartree-Fock approach, recently it has been proven [22] that for
a crystal with some defects, the ground state of the system is given exactly by the
projection on a spectral subspace of a one body Schrödinger operator. As a product
of the minimization procedure, the one body Hamiltonian operator encapsulates the
information of the interactions between the electrons and between the nuclei and
the electrons.

In this sense, the one body Hamiltonian operators that appear in this thesis
has to be thought as “mean field” operators, which contains, even though in an
approximate way, the information about the whole interacting many body physical
system.

1.2 Periodic case

Let us start by reviewing the model of a perfect crystal at zero temperature. Consider
the Hilbert space L2(Rd) with d ≤ 3 and a regular lattice Γ in Rd, that is

Γ =
{

x ∈ Rd | x =
d∑
i=1

aibi , ai ∈ Z
}
⊂ Rd ,

where the d vectors bi, 1 ≤ i ≤ d, called the generators of the lattice, are chosen to
be of norm one. Then consider the Hamiltonian 1

HΓ = 1
2 (P−AΓ)2 + VΓ (1.2.1)

where P is the momentum operator, that is the differential operator of first order
given by

P := −i∇ = −i(∂1, . . . , ∂d) ,

AΓ = (AΓ,1, . . . , AΓ,d) is the vector of multiplication operators that is associated to
the magnetic vector potential and VΓ is the multiplication operator associated to
the scalar electrostatic potential. Both AΓ and VΓ are supposed to be Γ-periodic,
namely

AΓ(x + γ) = AΓ(x) , VΓ(x + γ) = VΓ(x) , ∀x ∈ Rd , γ ∈ Γ .
1We use the Hartree unit system ~ = 1 = e = me.
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In order to not obscure the key points of the theory, we assume that AΓ ∈ C∞(Rd,Rd)
and VΓ ∈ C∞(Rd) are uniformly bounded with all their derivatives. In Remark 1.2.5
we discuss the generalization of the theory to unbounded and less regular potentials.
Under these assumptions, the domain of the Hamiltonian coincides with the Sobolev
space H2(Rd).

Define, for every γ ∈ Γ, the set of unitary operators {Tγ}γ∈Γ, where

(Tγf)(x) = f(x− γ) ,

namely the operator associated with a translation by a vector γ ∈ Rd. A straightfor-
ward computation shows that

TγTη = Tγ+η , ∀ γ, η ∈ Γ ,
T ∗γ = T−1

γ = T−γ .

This implies that the set {Tγ}γ∈Γ is a unitary representation of the discrete group
Zd ' Γ. That is, there exists a group homomorphism T• : Zd → U(H), where U(H)
denotes the subset of unitary operators in B(H). By direct computation one can
show that

HTγ = HTγ

for all γ ∈ Γ. This is the mathematical footprint of the fact that the Schrödinger
equation is modelling a translation invariant system and that Zd is a symmetry
group for the physical system [115]. Due to the underlying periodic structure it is
useful to imagine the whole space as being the union of small cells. Indeed, one can
decompose Rd in a disjoint sum of unit cells Ω centred at the points of the lattice Γ,
that is

Ω :=
{

x ∈ Rd | x =
d∑
i=1

aibi , ai ∈
(
−1

2 ,
1
2

]}
,

and Rd =
⊔
γ∈Γ(Ω + γ). We then introduce the concept of dual lattice. The dual

lattice Γ∗ of Γ is given by the set

Γ∗ :=
{

x ∈ Rd | x · γ ∈ 2πZ,∀γ ∈ Γ
}
,

where we identify the generators of the dual lattice as di, i = 1, . . . , d. Accordingly
one defines the unit cell of the dual lattice, which in the physical literature is known
as Brillouin zone, by

B :=
{

x ∈ Rd | x =
d∑
i=1

cidi , ci ∈
(1

2 ,
1
2

]}
.

Therefore, in order to properly study the properties of the system one needs a tool
that is capable to grasp the periodicity of the problem and the induced separation of
scales: the microscopic scale of the unit cell and the macroscopic scale of the crystal
as a whole. The right tool for this task is given by the Bloch–Floquet–Zak unitary
transform. Consider a vector ψ ∈ C∞0 (Rd) ⊂ L2(Rd) and define

(UBFZψ)(k, y) = 1
|B|1/2

∑
γ∈Γ

e−ik·(y−γ)ψ(y − γ) , k ∈ Rd , y ∈ Rd. (1.2.2)
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where |B| denotes the volume of the Brillouin zone. We note that the compactness
support property of C∞0 (Rd) guarantees that the transform UBFZ is a well defined
operator. Moreover we observe that it satisfies the following relations

(UBFZψ)(k, y + γ) = (UBFZψ)(k, y) , ∀γ ∈ Γ ,
(UBFZψ)(k + γ∗, y) = e−iγ∗·y(UBFZψ)(k, y) , ∀γ∗ ∈ Γ∗ .

Because of that we say that UBFZψ is Γ∗-pseudo-periodic in the first variable
and Γ-periodic in the second variable. Consider now the unit cell Ω endowed
with periodic boundary conditions, that is Td := Rd/Γ. Following [92], a more
elegant way to describe pseudo-periodicity requires the introduction of the operators
(τ(γ∗)f)(y) = e−iγ∗·yf(y), for all f ∈ L2(Td). An easy computation shows that
τ(·) : Γ∗ → U(L2(Td)) is a unitary representation of the set Γ∗, which as a discrete
group is isomorphic to Zd. Therefore it is convenient to define the space

Hτ :=
{
ψ ∈ L2

loc

(
Rd, L2(Td)

)
| ψ(k + γ∗) = τ(γ∗)ψ(k) , ∀ γ∗ ∈ Γ∗

}
.

The space Hτ is, up to an isomorphism, an example of direct integral of Hilbert
spaces, namely

Hτ '
∫ ⊕
B
dkL2(Td) ,

see [98, Section XIII.16] for a precise definition of the notation. In particular, it is a
Hilbert space endowed with the sesquilinear form defined by

〈ψ,ϕ〉Hτ =
∫ ⊕
B
dk〈ψ(k), ϕ(k)〉L2(Td) .

Then we have the following results:

Proposition 1.2.1 (Bloch–Floquet–Zak transform, [92]). The Bloch–Floquet–
Zak transform is a unitary Hilbert space isomorphism between L2(Rd) and Hτ ,

UBFZ : L2(Rd)→ Hτ .

Since HΓ commutes with the set of unitary operators {Tγ}γ∈Γ, we obtain a
fibered Hamiltonian [98, Section XIII.16] :

UBFZHΓUBFZ∗ =
∫ ⊕
B
dk h(k) (1.2.3)

where h(k) is Γ∗ covariant in the sense that

h(k + γ∗) = τ∗(γ∗)h(k)τ(γ∗) , ∀ γ∗ ∈ Γ∗ .

This implies that whenever two fiber Hamiltonians h(k) differ by a dual lattice
vector they are unitarily equivalent. Because of that, the spectral properties of the
family {h(k)}k∈Rd can be completely recovered from the subfamily {h(k)}k∈B .

Let us now look more carefully at the operator h(k). The fiber Hamiltonian h(k)
is given by

h(k) := 1
2 (−i∇y −AΓ(y)− k)2 + VΓ(y)
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where we have denoted by −i∇y the gradient that acts on L2(Td), i. e. with periodic
boundary conditions, and with a little abuse of notation we have denoted by VΓ(y)
and AΓ(y) the multiplication operators on L2(Td) associated to VΓ and AΓ. Note
that, due to the regularity of the potentials, the domain of h(k) is independent of k
and it is given by the Sobolev space H2(Td). Expanding the square we obtain that

h(k) = −1
2∆y + k ·W +W0 ,

where W = (W1, . . . ,Wd) and W0 are infinitesimally bounded (or “Kato small”)
operators with respect to the Laplacian. Then, applying [98, Lemma 16] we obtain
that h(k) is an entire family in the sense of Kato2. Using standard results in
perturbation theory and the fact that −∆y has discrete spectrum that accumulates
only at infinity, it follows that h(k) has a discrete spectrum for every k ∈ Cd. Now
we focus the attention only at k ∈ B. The analyticity property of the function
B 3 k→ h(k) implies that the spectrum of h(k) “changes smoothly” with respect
to k. Let us summarize all these results in the next theorem.
Theorem 1.2.2 (Properties of h(k), [98, 71]). Consider the family {h(k)}Rd
defined before, then:

(i) The family {h(k)}Rd is an entire analytic family in the sense of Kato with
compact resolvent.

(ii) The spectrum of each h(k) is discrete. The eigenvalues are labelled increasingly
by

λ1(k) ≤ λ2(k) ≤ . . . λi(k) ≤ . . . , i ∈ N .

(iii) The functions Rd 3 k 7→ λi(k) are Γ-periodic, continuous and piecewise
analytic.

(iv) The spectrum of HΓ can be reconstructed from the spectrum of the family
{h(k)}k∈B, namely

σ(H) =
⋃

k∈Rd
σ(h(k)) = {E ∈ R | ∃ i ∈ N ,k ∈ B s.t. λi(k) = E} .

(v) In absence of locally flat bands, that is λj(k) = E for all k ∈M with |M | > 0,
the spectrum of HΓ is purely absolutely continuous.

Note that the set Σ := {(k, λ) ∈ B× R |λ ∈ σ(h(k))}, that is sometimes called
Bloch variety, is an analytic manifold [51, 71] and it is the rigorous mathematical
definition of what is called energy band picture in the physics literature. Borrowing
the same terminology we usually refer to the graph of B 3 k 7→ λi(k) as to the i-th
(energy or Bloch) band.

Throughout all this thesis, a crucial role will be played by spectral gapped
Hamiltonians. When we talk about general gapped systems we mean that the
Hamiltonian governing the dynamics of the system has a spectral island, namely
there exists a part of the spectrum that is isolated from the rest.

2The family of operators {h(k)}Rd is such that the domain of h(k) is a set D(h(k)) := H2(Td)
independent on k ∈ Rd and, for every ϕ ∈ D(h(k)), the vector valued function h(k)ϕ is analytic in
k [98, p.16].
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Assumption 1.2.3 (Spectral gap assumption). We say that the Hamiltonian
HΓ satisfies a spectral gap assumption if it has a spectral island σ0 isolated from
the rest of the spectrum, that is there exists g > 0 such that

dist(σ0, σ(H) \ σ0) = g . (1.2.4)

Notice that in the context of periodic Schrödinger operators the notion of spectral
gap can be relaxed allowing the presence of local gaps only. Let us be more precise.

Assumption 1.2.4 (Local gap assumption). We say that the Hamiltonian HΓ
satisfies a local gap assumption if there exists a group of m bands such that they
are isolated from the other part of the spectrum, that is, define σ0(k) = {λi(k) , j ≤
i ≤ j +m, i, j ∈ N}, then there exists g > 0 such that

inf
k∈B

dist (σ0(k), σ(h(k)) \ σ0(k)) = g .

Clearly, a Hamiltonian satisfying the local gap conditions satisfies also the spectral
gap condition.

Remark 1.2.5. As we have mentioned before, all the results regarding the fibered
Hamiltonian can be extended to unbounded vector and scalar potentials AΓ and
VΓ. As soon as the family {h(k)}k∈B is an analytic family in the sense of Kato with
compact resolvent, all the results of the previous section holds. For example, it
is enough to require that AΓ ∈ L∞(T2,R2) when d = 2 or AΓ ∈ L4(T3,R3) when
d = 3 and ∇·AΓ, VΓ ∈ L2

loc(Rd) when 2 ≤ d ≤ 3. Others examples regarding weaker
hypothesis on the potentials can be found in [79, Remark 3.2 ] and references therein.

1.2.1 Wannier functions and composite Wannier functions

Assume now that the Hamiltonian HΓ satisfies the spectral gap Assumption 1.2.3.
By means of the Riesz formula we can define the projection P0 onto the spectral
island σ0

P0 := i
2π

∮
C
dz (HΓ − z)−1 ,

where C is a positively oriented contour encircling σ0. We are now interested in
finding an orthonormal basis of the range of P0. The results of the previous section
implies that P0 can be fibered via the Bloch–Floquet–Zak transformation, namely

P0 =
∫ ⊕
B
dkP0(k) , P0(k) = i

2π

∮
C(k)

dz (h(k)− z)−1 .

The main features of the family of projections {P0(k)}k∈Rd are collected in the
following proposition.

Proposition 1.2.6 ([90] and references therein). The family of projections
{P0(k)}k∈Rd satisfies the following properties.

(i) The map k 7→ P0(k) is a smooth map from Rd to B(L2(Td)), where B(L2(Td))
is equipped with the operator norm.
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(ii) The map k 7→ P0(k) extends to an analytic B(L2(Td))-valued function on the
domain

Sα := {k ∈ Cd | | Im(k)| < α} (1.2.5)

for some α > 0.

(iii) The map k 7→ P∗(k) is τ -covariant, that is

P0(k + γ∗) = τ∗(γ∗)P0(k)τ(γ∗) , ∀ γ∗ ∈ Γ∗ .

Remark 1.2.7. The proof of Proposition 1.2.6 is based on the analyticity properties
of the family {h(k)}k∈Rd and on Assumption 1.2.3. Note that for these results it
is sufficient for the Hamiltonian to satisfy a local gap condition, namely Assump-
tion 1.2.4. Then, despite the fact that P0 is ill defined, the family {P0(k)}k∈Rd is
well defined because it is possible to find a contour C(k) for every k ∈ Rd. Moreover,
the local gap assumption assures that the contour can be chosen locally constant
with respect to k, see [90] for more details.

Consider now for simplicity the case of dim (RankP0(k)) = 1, that is σ0(k) =
{λj(k)} for a specific j ∈ N. This means that an orthonormal basis for the range of
P0(k) is simply given by a normalized solution to

h(k)ϕj(k) = λj(k)ϕj(k) . (1.2.6)

A normalized solution ϕj(k) is called Bloch function. Recalling the idea of atomic
orbital for the single atoms, a Bloch function can be thought as k-space analogue
of an atomic orbital for an infinite lattice of atoms. Note that for periodic systems
the spectrum of the Hamiltonian is usually absolutely continuous, therefore it is not
possible to have proper atomic orbitals, namely square integrable eigenfunctions of
the Hamiltonian. Consider now the inverse Bloch–Floquet–Zak transform of the
Bloch function, namely

ψ0(x) := (UBFZ−1ϕj)(γ + x) := 1
|B|1/2

∫
B
dk eik·(γ+x) ϕj(k, x) , (1.2.7)

where we have used the unique decomposition of every point x ∈ Rd as

x = γ + x , γ ∈ Γ , x ∈ Ω .

The function ψ is called Wannier function. It is the real space counterpart of the
Bloch functions and it is analogous to a crystalline atomic orbital. Consider now
the translation operator Tγ and

wγ(x) := (Tγψ0)(x) = 1
|B|1/2

∫
B
dk eik·(x−γ) ϕj(k, x) . (1.2.8)

From the properties of the Bloch–Floquet–Zak transform it is not difficult to prove
that the set

{Tγψ0}γ∈Γ

is an orthonormal basis for the range of P0. The importance of the Wannier functions
relies on their localization properties. In particular their spatial localization is tightly
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correlated to the regularity of the Bloch functions with respect to k. In view of
the similarity of UBFZ with the Fourier transform, this relation is not surprising,
it is exactly the analogue of the integrability-regularity relation that holds true in
harmonic analysis.

The relation between regularity of Bloch functions and spatial localization
of Wannier functions is summarized in the following proposition, where in order
to simplify the notation, we use the Japanese bracket notation. Let Rd 3 x =
(x1, . . . , xd), then

〈x〉 :=
(
1 + ‖x‖2

) 1
2

is called the Japanese bracket of x.

Proposition 1.2.8. Consider UBFZ :L2(Rd)→ Hτ . Then, for every s ∈ N,

(i) 〈x〉sψ ∈ L2(Rd) ⇐⇒ (UBFZψ) ∈ Hτ ∩Hs
loc(Rd, L2(Td)) ;

(ii) 〈x〉sψ ∈ L2(Rd) , ∀s ∈ N ⇐⇒ (UBFZψ) ∈ Hτ ∩ C∞(Rd, L2(Td)) ;

(iii) eβ‖x‖ψ ∈ L2(Rd) ⇐⇒ (UBFZψ) ∈ Hτ ∩ Cω(Sβ, L2(Td)) ;

(iv) ψ ∈ Hs(Rd) ⇐⇒ (UBFZψ) ∈ L2(B, Hs(Td)) .

Remark 1.2.9. Note that the point (ii) of Proposition 1.2.8 can be extended to
fractional s by means of fractional Sobolev space theory, see [79] for more details on
the subject.

In view of (1.2.8) we have that the set of Wannier functions {Tγψ0}γ∈Γ is localized
around the lattice centres in the sense that there exists a constant M , that does not
depend on γ, such that

(i) ‖〈· − γ〉sψγ‖ ≤M ⇐⇒ (UBFZψ0) ∈ Hτ ∩Hs
loc(Rd, L2(Td)) ;

(ii) ‖〈· − γ〉sψγ‖ ≤M ∀s ∈ N ⇐⇒ (UBFZψ0) ∈ Hτ ∩ C∞(Rd, (Td) ;

(iii) ‖eβ‖·‖ψγ‖ ≤M ⇐⇒ (UBFZψ0) ∈ Hτ ∩ Cω(Sβ, L2(Td)) .

Nevertheless, there is one important consideration to do. The solution to the
eigenvalue equation (1.2.6) is uniquely determined up to a phase factor. Indeed,
the eigenvalue equation does not define a single eigenvalue problem but a family
of eigenvalue problems. Therefore, the usual phase-freedom translates to what is
called Bloch gauge freedom: for every f : B→ R, the function eif(k)ϕj(k), is again a
Bloch function. As a consequence, the regularity of the Bloch functions and in turn
the localization properties of the Wannier functions are determined by the choice
of the gauge function f . For computational reasons, see [55], it is legitimate to ask
for Wannier functions that are as localized as possible and this is equivalent to ask
for Bloch functions that are as regular as possible. Nevertheless, this is not always
possible and the obstruction to this fact has a precise topological meaning.

Notice that in the case that σ0 is composed by m bands, and each band satisfies
Assumption 1.2.4, one can simply iterate the construction made for the single band,
see Remark 1.2.7.
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As it is well discussed in the literature, see [2], the assumption of isolated Bloch
bands is highly non physical. Indeed, in real solids the Bloch bands do intersect
each other, thus it becomes necessary to develop a multi-band approach to overcome
the problem.

In the previous paragraph we have seen that, in the case of isolated bands, the
Bloch function is both eigenfunction of the fiber Hamiltonian h(k) and of the fiber
projection P0(k). Nevertheless, when band crossings are present and d > 1, we know
from general perturbation theory [64] that already the eigenprojections onto the
single band could not be smooth with respect to k. Therefore, in order to find a
well localized basis for the range of the fiber projection P0(k), one relaxes the notion
of Bloch function.

Definition 1.2.10 (Bloch frames). Consider the families of k dependent Hamilto-
nians {h(k)}k∈B and rank m projections {P0(k)}k∈B. Moreover, consider the family
of k orthonormal vectors {ϕi(k)}k∈B,i=1,...,m. Then, we say that {ϕi(k)}k∈B,i=1,...,m
is a Bloch frame for P0 if for every k

P0(k)ϕi(k) = ϕi(k) , i = 1, . . . ,m ,

and the ϕi ∈ Hτ are called quasi-Bloch functions. For any family of unitary m×m
matrices {U(k)}k∈B, the family of vectors {U(k)ϕi(k)}k∈B,i=1,...,m is still a Bloch
frame for the family {P0(k)}k∈B.

Therefore, in view of the previous definition we define the composite Wannier
functions.

Definition 1.2.11 (Composite Wannier function). We say that the set of
vectors {Tγψ0,i}γ∈Γ ,i=1,...,m is an orthonormal basis of composite Wannier functions
for the range of P0, if

ψ0,i := UBFZ−1ϕi ,

and {ϕi(k), i = 1, . . . ,m}k∈B is a Bloch frame for P0.

Remark 1.2.12. In some particular situations it might happen to have a Bloch
frame in which the quasi-Bloch functions are also Bloch functions. Explicitly,
the family of k orthonormal vectors {ϕi(k)}k∈B,i=1,...,m is a Bloch frame of Bloch
functions for P0 if for every k

h(k)ϕi(k) = Ei(k)ϕi(k) , P0(k)ϕi(k) = ϕi(k) , i = 1, . . . ,m .

Then, for any unitary matrix U(k) of the form

(U(k))ij = δije
ifi(k) , i, j = 1, . . . ,m ,

where fi : B→ R , i = 1, . . . ,m are generic real valued function, the set of vectors
{U(k)ϕi(k)}k∈B,i=1,...,m is still a Bloch frame of Bloch functions for the family
{P0(k)}k∈B. Accordingly, one has an orthonormal basis of Wannier functions for
the range of P0, if

ψ0,i := UBFZ−1ϕi ,

and {ϕi(k), i = 1, . . . ,m}k∈B is a Bloch frame of Bloch functions for P0.
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The objects described in Remark 1.2.12 are useful only when one deals with
a group of separated single energy bands. Since this situation is very rare in the
energy bands of topological insulators, in the following we will speak only about
Bloch frames and composite Wannier functions, as defined in Definition 1.2.11 and
Definition 1.2.10, sometimes omitting the adjective “composite”.

As a consequence of Proposition 1.2.8 the existence of a localized orthonormal
basis made by composite Wannier functions is equivalent to the existence of a
regular Bloch frame, where the correspondence between the adjective “localized”
and “regular” is explained in Proposition 1.2.8.

1.2.2 Systems with constant magnetic field

The periodicity assumptions made in the previous paragraphs about the magnetic
vector potential are such to exclude the case of a perfect crystal subjected to a
constant magnetic field. This is a very inconvenient problem for a theory that
aims to describe phenomena such as the Integer Quantum Hall Effect in which
the presence of a constant magnetic field plays a crucial role. The problem can
be solved by introducing the concept of magnetic translations [119], namely a set
of unitary operators that depends on the value of the magnetic field, and that
implements mathematically the translational symmetry of the system. Let us restrict
for simplicity to dimension d = 2, Γ = Z2 and consider the Hamiltonian HΓ defined
in (1.2.1) to which we add a constant magnetic field of strength b and orthogonal to
the plane R2, that is

H
(b)
Z2 = 1

2 (P−AZ2 − bA)2 + VZ2 , (1.2.9)

where A is the magnetic vector in the symmetric gauge, that is

A(x) = 1
2(−x2, x1) .

We also assume that the spectrum of H(b)
Z2 has a spectral island σ0(H(b)

Z2 ) and we
denote by Pb the spectral projection onto σ0(H(b)

Z2 ). As it has been first recognized
by Zak [119], the fibering of the Hamiltonian can be recovered if we assume that the
magnetic field flux per unit area satisfies a certain rationality condition. Let us show
this in details. In view of the underlying periodic structure of the problem, compare
with the previous section, every point x ∈ R2 can be uniquely decomposed as

x = γ + x , γ ∈ Z2 , x ∈ Ω .

Moreover, let φ be the usual Peierls magnetic phase, namely

φ(x,y) := 1
2 (x2y1 − x1y2) .

Consider b∗ such that, for every b∗ = 2πp/q for some p, q co-prime integer numbers
and define the (modified) magnetic translation of vector η ∈ Γ, τ̂b∗,η, to be the
following unitary operator

(τ̂b∗,ηψ)(γ + x) := e−ib∗η1η2/2eib∗φ(γ+x,η)ψ(γ − η + x) , ∀ψ ∈ L2(R2) . (1.2.10)
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By direct computation one can see that the Hamiltonian commutes with the magnetic
translations for every η ∈ Z2, namely τ̂b∗,ηH

(b)
Z2 = H

(b)
Z2 τ̂b∗,η. Again by direct

computation one can prove that the set {τ̂b∗,η}η∈Z2 forms a unitary projective
representation of the group Z2, that is

τ̂b∗,η τ̂b∗,ξ = e−ib∗η2ξ1 τ̂b∗,η+ξ , ∀ η, ξ ∈ Z2 .

Restricting the set of magnetic translation to the enlarged lattice

Z2
(q) :=

{
η ∈ Z2 | η = (γ1, qγ2) , γ ∈ Z2

}
,

implies that {τ̂b∗,η}η∈Z2
(q)

forms a true unitary representation of Z2, that is

τ̂b∗,η τ̂b∗,ρ = τ̂b∗,η+ρ , ∀ η, ρ ∈ Z2
(q) .

Moreover let us denote by Z2∗
(q) the dual lattice of Z2

(q) and by B(q) and Ω(q) the
restricted and enlarged unit cells of Z2∗

(q) and Z2
(q) respectively.

Whenever the Hamiltonian commutes with all the elements of a unitary represen-
tation of the group Z2, we can follow the procedure delineated before and construct
an unitary operator that is able to "diagonalize simultaneously" the Hamiltonian
and the unitary representation of Z2. However, it is important to recall that this
procedure is not unique and in the literature one can find basically two different
approaches with their respective transform, namely the Bloch–Floquet–Zak and the
Bloch–Floquet transform. Both these transforms have their own peculiarities, see
for example [77] for a review on the subject, and they are unitarily equivalent via an
explicit unitary transformation, see Section 2.5.1 for more details. In this chapter we
choose to write everything in terms of the Bloch–Floquet–Zak transform. However,
in Chapter 2 we also show how to work with the Bloch–Floquet transform.

Let us now define the magnetic Bloch–Floquet–Zak transform. For every ψ ∈
C∞0 (R2) we define the operator

(UBFZψ)(k, y) := 1
|B(q)|1/2

∑
η∈Z2

(q)

e−ik·(y−η) (τ̂b∗,ηψ)(y) , k ∈ R2 , y ∈ R2 . (1.2.11)

From (1.2.11) we see that

(τ̂b∗,η(UBFZψ)) (k, y) = (UBFZψ)(k, y) , ∀ η ∈ Z2
(q) , (1.2.12)

(UBFZψ) (k + η∗, y) = e−iη∗·y(UBFZψ)(k, y) , ∀ η∗ ∈ Z2∗
(q) , (1.2.13)

where with a little abuse of notation in (1.2.12), the magnetic translation τ̂b∗,η is
intended to act only on the second variable. Then, let h be the Hilbert space of square
integrable functions on Ωq that satisfy the magnetic periodic boundary conditions
(1.2.12) and let τ(η∗) be the unitary operator defined by (τ(η∗)g)(y) = e−iη∗·yg(y),
for all g ∈ h. An easy computation shows that τ(·) : Z2∗

(q) → B(h) is a unitary
representation of the abelian group Z2∗

(q). Therefore we can introduce the Hilbert
space

H(b∗)
τ :=

{
ψ ∈ L2(R2, h) | f(k + η∗) = τ(η∗)ψ(k) , ∀ η∗ ∈ Z2∗

(q)

}
'
∫ ⊕
B(q)

dk h .



12 1. Generalized Wannier functions

Then the magnetic Bloch–Floquet–Zak transform can be extended to the whole
Hilbert space and one obtains a unitary operator between L2(R2) and H(b∗)

τ such
that

UBFZ : L2(R2) 7−→
∫ ⊕
B(q)

dk h ,

UBFZH(b∗)
Z2 UBFZ∗ =

∫ ⊕
B(q)

dkH(b∗),τ
Z2 (k) ,

UBFZPb∗UBFZ∗ =
∫ ⊕
B(q)

dkP τb∗(k) .

Note that H(b∗),τ
Z2 (k) and P τb∗(k) are smooth and τ -equivariant functions of k, namely

P τb∗(k + η∗) = τ(η∗)P τb∗(k)τ(η∗)∗ , H
(b∗),τ
Z2 (k + η∗) = τ(η∗)H(b∗),τ

Z2 (k)τ(η∗)∗ ,

for all η∗ ∈ Z2∗
(q). Therefore all the results described before can be adapted to

this magnetic setting simply substituting the usual translations with the magnetic
translations defined by (1.2.10).
Remark 1.2.13. We want to emphasize that in the presence of a constant magnetic
field, a (composite) Wannier basis for the range of the projection P0 is built using
the magnetic translations instead of the usual translations.
Remark 1.2.14. The perturbation by a constant magnetic field has a very singular
character, see [86] and Section 2.4.2, and has to be handled with care. In this
section we have shown how to deal with a particular value of a magnetic field and, as
one can see from the definition of the magnetic Bloch–Floquet–Zak transform, the
value of b modifies both the definition of the unitary transform and its target space,
making the comparison between systems with different magnetic fields complicated.
In Chapter 5 we show how it is possible to define a transform that can treat systems
with different values of constant magnetic field.

1.2.3 Existence results

As it has been first realized by Nenciu [84, 86] for the special cases of a single isolated
Bloch band in generic dimension, and then rigorously proved by Panati for the
general case in [89], the construction of a smooth and periodic Bloch frame for a
given projection is not always possible and the obstruction has a clear topological
meaning. Indeed, given a projection P onto a spectral island of the Hamiltonian
H

(b)
Γ (possibly with b = 0) it is possible to define a vector bundle, known as Bloch

bundle [89].
Definition 1.2.15 (Bloch bundle). Let {P (k)}k∈Rd be a family of projections
satisfying the points (i) (resp. (ii)) and (iii) of Proposition 1.2.6. On the set Rd×Hτ
define the equivalence relation ∼ by

(k, ϕ) ∼ (k′, ϕ′) ⇐⇒ (k, ϕ) = (k′ + γ∗, τ(γ∗)ϕ′) for some γ∗ ∈ Γ∗

and denote the equivalence classes of ∼ by [k, ϕ]. Define the total space E by

E :=
{

[k, ϕ] ∈ Rd ×Hτ/ ∼ | ϕ ∈ RanP (k)
}
.
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Moreover define the projection π : E → B given by π([k, ϕ]) = k, where k ∈ B is
such that k = k + γ∗, with γ∗ ∈ Γ∗. Then one can check that the triple (E,B, π)
defines a smooth (resp. analytic) vector bundle E π−→ B, which is called Bloch bundle.

The existence of a Bloch frame for the projection P is therefore equivalent to the
existence of a continuous, non vanishing and periodic global section for the Bloch
bundle associated to {P (k)}k∈Rd , which in turns is equivalent to the topological
triviality of the vector bundle in the category of smooth Hermitian vector bundle
over B(q) . One can prove, see [89], that for vector bundles over smooth manifold
in low dimension (d ≤ 3), like B(q) for example, the topological obstruction to the
existence of a continuous, non vanishing and periodic global section is given by the
non vanishing of the first Chern numbers, where the Chern numbers associated to P
are defined by3

c(P )ij = 1
2πi

∫
B(q) ij

dki dkj TrH (P (k) [∂iP (k), ∂jP (k)]) ∈ Z, 1 ≤ i < j ≤ d.

Indeed, the following Theorem by Panati [89] gives a complete answer to the
question about the existence of exponentially localized (composite) Wannier basis
for time-reversal symmetric systems.
Theorem 1.2.16 ([89]). Let d ≤ 3 and consider the smooth (resp. analytic) Bloch
bundle associated to {P (k)}k∈Rd. Assume moreover that the Bloch bundle is time-
reversal symmetric, that is there exists an antiunitary operator Θ called time-reversal
operator such that

Θ2 = 1 , P (−k) = ΘP (k)Θ−1 .

Then the Chern numbers cij(P ) are equal to zero and the Bloch bundle admits a
smooth (resp. analytic on Sα) and periodic global section.
Remark 1.2.17. Notice that the time-reversal operator Θ in Theorem 1.2.16 obeys
Θ2 = 1. Time-reversal operators with such property are called bosonic time-reversal
operators. A more accurate physical model of electrons in a crystal would require to
consider also the spin degrees of freedom of the electrons. In that case one needs to
consider fermionic time-reversal operators, namely time-reversal operator Θ such
that Θ2 = −1. The same result of Theorem 1.2.16 is valid also when Θ2 = −1, see
[77, Theorem 2] for more details.

In Chapter 5 we give an interpretation of the topological obstructions in terms
of unitary matching matrices together with a direct proof of the fact that the Chern
numbers are integers. Most important, we provide an explicit algorithm that allows
to build the smooth Bloch frame. As a by-product we obtain an explicit construction
of the exponentially localized Wannier basis in the topological trivial cases.

1.2.4 The localization dichotomy for periodic gapped quantum sys-
tems

In 1984 Thouless proved [111] that the Wannier functions spanning a single Landau
level cannot decay faster than |x|−2. Thouless’ proof is based on the non vanishing

3Notice that in dimension d = 2 there is only one Chern number. Hence we use the simpler
notation c12(P ) =: c(P ).
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Hall current for a single Landau level. This work laid the foundations of the idea
that the localization of Wannier functions is related to the transport properties of
the systems. In particular one is tempted to interpret the dissipationless transport in
the topologically non trivial phases as a consequence of the de-localization properties
of the Wannier functions. In 2016, a work by Monaco, Panati, Pisante and Teufel
[79] put on a firm mathematical ground this idea. Indeed, they proved a theorem
for 2 ≤ d ≤ 3, which for d = 2 reduces to the following statement.

Theorem 1.2.18 ([79]). Consider a periodic gapped Hamiltonian H(b)
Γ of the form

(1.2.9). Assume that H(b)
Γ satisfies Assumption 1.2.4. Let {P0(k)}k∈R2 be the family

of spectral projections associated to the local spectral islands σ0(k), k ∈ R2. Then
one can construct an orthonormal basis {wa,γ}1≤a≤m, γ∈Γ of RanP0, where

P0 = UBFZ−1
∫ ⊕
B
dkP0(k)UBFZ ,

consisting of composite Wannier functions such that each Wannier functions wa,γ
satisfies

sup
1≤a≤m, γ∈Γ

∫
R2
dx〈x− γ〉2s |wa,γ(x)|2 ≤Ms < +∞ , for every s < 1 ,

where Ms is a positive constant independent of γ. Moreover, the following statements
are equivalent:

(a) there exists a basis of composite Wannier functions {wa,γ}1≤a≤m, γ∈Γ with
finite second moment, that is

sup
1≤a≤m, γ∈Γ

∫
R2
dx 〈x− γ〉2

∣∣∣wa,γ(x)

∣∣∣2 ≤M1 < +∞ ,

where M1 is a positive constant.

(b) There exists a basis of composite Wannier functions {wa,γ}1≤a≤m, γ∈Γ that are
exponentially localized, namely there exists α > 0 such that for all 0 < β < α

sup
1≤a≤m, γ∈Γ

∫
R2
dx e2β‖x−γ‖

∣∣∣wa,γ(x)

∣∣∣2 ≤ M̃β < +∞ ,

where M̃β is a positive constant.

(c) The Bloch bundle constructed from the family of projections {P0(k)}k∈R2 is
topologically trivial, that is c(P0) = 0 .

As one can see directly from Theorem 1.2.18, the localization of Wannier functions
presents a dichotomic behaviour: if the system is topologically trivial then one can
not only find a Bloch gauge that makes second moment of the Wannier function
being finite, but it is possible to find a Bloch gauge that makes the corresponding
Wannier functions to be exponentially localized. On the contrary, if the system
is topologically non trivial, in the sense that its Chern number is different from
zero, then there is no chance to find a basis of Wannier functions with finite second
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moment. In these terms, the topology of the Bloch bundle manifests itself as a
“phase transition” on the localization of the Wannier functions. It is for these reasons
that this result has been dubbed localization dichotomy in [79, 78]

As we mentioned in the Introduction, the long term goal of this work is the
generalization of Theorem 1.2.18 for generic gapped quantum systems, without
periodicity, taking this as a lodestar, in the next section we proceed by giving a
precise definition of Wannier functions in the absence of a periodicity lattice.

1.3 Non periodic case: generalized Wannier functions
As it emerges from the previous sections, the definition of Wannier functions mainly
relies on the existence of k-space structure and a related fibered Hamiltonian.
However, distilling the true essence of the concept of Wannier basis, one can say
that it is a special basis capable of describing important transport and topological
features of a certain spectral subspace of the original Hamiltonian. In this respect
it is possible to ask for a generalization of the concept of Wannier basis for non
periodic systems.

Historically, the first result on the construction of Wannier functions for non
periodic systems has been obtained by Kohn and Onffroy in 1973 [68]. They
considered a centrosymmetric one-dimensional periodic system with a bounded
impurity at the centre of symmetry. Relying on the pioneering idea of des Cloizeaux
of band projection operator [42, 41], that is the position operator X restricted to the
range of the projection P on the subspace of interest, namely PXP , they proved the
existence of exponentially localized Wannier-type functions. Motivated by this work,
in 1982 Kivelson [65], extended the result of Kohn and Onfrroy to more general type
of disordered systems. In the paper by Kivelson there is an interesting statement
that, in some sense, summarizes the true essence of the Wannier functions. Quoting
Kivelson’s words [65]:

This definition [the one by des Cloizeaux] of the Wannier functions
is intuitively appealing; the Wannier function is the "best" approximation
to an eigenstate of the position operator that can be made out of states
in the band [of interest].

The first mathematically rigorous result on the existence of Wannier-type func-
tions can be found in the paper by G. Nenciu and A. Nenciu [82] in 1993. They
consider fairly general time-symmetric gapped Hamiltonian operator in generic
dimension and prove the existence of exponentially localized Wannier-type basis “by
continuity”. The definition of generalized Wannier basis that we adopt hereafter
is based on the definition given there. We will extensively review the approach of
“existence by continuity” in Section 1.4 and in Chapter 5. After that, the most
remarkable result came with a work by the same authors [83] in 1998. They proved
that, in one dimension, basically every reasonable gapped quantum system admits a
generalized Wannier basis.

All these works put in evidence that the definition of Wannier functions can
be given directly in position space and therefore it is a legitimate question to ask
whether Wannier functions (or at least some weaker version of them) exist even in
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absence of periodicity. Let us summarize this discussion with a quote by G. Nenciu
and A. Nenciu [82]:

Summing up all the known results, one is tempted to conjecture
that for time-reversal-invariant Hamiltonians generalized Wannier bases
exist for all bounded isolated parts of their spectra, irrespective for the
periodicity properties.

This conjecture is still an open problem and we hope that this work could
contribute with a step forward toward the solution of the problem.

Moreover, the take-home message that we get from the research line that starts
with Thouless [111] and arrives at the more recent work [79], is that the localization
properties of the Wannier functions reflects the topological and transport properties
of the model taken into account. Therefore, having access to a generalized Wannier
basis for non periodic materials could be an useful and interesting tool in order to
understand their physical properties.

In the following we will provide a mathematically rigorous framework to all these
concepts.

First let us start by defining the localization functions.

Definition 1.3.1 (Localization function). We say that a continuous function
G : [0,+∞)→ (0,+∞) is a localization function if lim‖x‖→+∞G(‖x‖) = +∞ and
there exists a constant CG such that

G(‖x− y‖) ≤ CG G(‖x− z‖) G(‖z− y‖) , ∀x,y, z ∈ R2 . (1.3.1)

Then, in order to leave the safer periodic world, we require some -mild- assump-
tions on the Hamiltonian operator.

Assumption 1.3.2 (Potentials regularity). The following assumptions hold:

(i) The scalar potential V is in L2
loc(R2) with uniform L2 bound, that is

sup
x∈R2

∫
|x−y|≤1

|V (y)|2dy < ∞. (1.3.2)

(ii) The magnetic vector potential A : R2 → R2 is in L2
loc(R2,R2) ∩ L4

loc(R2,R2)
with distributional derivative ∇ ·A ∈ L2

loc(R2).

Assumption 1.3.3 (Properties of the Hamiltonian operator). We consider
a Hamiltonian operator of the form

HA := −∆A + V ,

where −∆A = (−i∇−A)2 is called the magnetic Laplacian. We require that the
magnetic vector potential A and the scalar potential V satisfy the assumptions
described in Assumption 1.3.2. Furthermore, assume that

H1. HA is selfadjoint on a suitable dense domain DA ⊂ L2(R2);
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H2. HA has a spectral gap g, namely there exist two non empty sets σ0, σ1 ⊂ R
and E± ∈ R such that

σ(HA) = σ0 ∪ σ1

and
supσ0 < E− < E+ < inf σ1 . (1.3.3)

We call gap the interval g := (E−, E+). Let µ ∈ g. We call Pµ the spectral
projection onto σ0.

Note that we sometimes refer to Pµ also with the name of Fermi projection,
reminding the many body interpretation as the projection onto the space of “occupied”
states of the system.
Remark 1.3.4. Under Assumption 1.3.2, V is infinitesimally bounded with respect
to the Laplacian, [98, Theorem XIII.96] , and also with respect to −∆A, [7, Theorem
2.4].

Recall that the Japanese bracket of x is defined by,

〈x〉 :=
(
1 + ‖x‖2

) 1
2 .

Then, if B = (B1, B2) is a vector of two commuting self-adjoint operators, by
functional calculus, we define

〈B〉 :=
(
1 +B2

1 +B2
2

) 1
2

to be the Japanese bracket of B.
Proposition 1.3.5. If the Hamiltonian operator HA satisfies Assumption 1.3.3,
then the following statements hold:

(i) HA is essentially selfadjoint on C∞0 (R2).

(ii) HA is bounded from below.

(iii) The operator
H(α) := eiα〈·〉He−iα〈·〉 (1.3.4)

defined for α ∈ R, admits an analytic continuation as an analytic family in
the sense of Kato to a strip

Sα0 :=
{
x+ iy ∈ C

∣∣ |y| < α0
}
, (1.3.5)

for any α0 > 0.

Proof. The statement (i) and (ii) are proved in [73, Theorem 3].
Now consider the statement (iii). This is another well-known property and a

proof of it can be found in [10]. Let us recall here the idea of the proof. By simple
computation we get

eiα〈·〉HAe
−iα〈·〉 = −∆A + V + 2α∇〈x〉 · (−i∇−A)

+ iα∆〈·〉+ α2|∇〈x〉|2

=: −∆A + V + L(α) .
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Since by Assumption 1.3.2 the potential V is infinitesimally bounded with respect to
−∆A, see Remark 1.3.4, in order to guarantee the analytic continuation properties
we need only to show that L(α) is infinitesimally bounded w.r. to −∆A for every
α ∈ R. Then, let z ∈ ρ(−∆A) such that z = iµ with µ ∈ R, and consider the
following operator

L(α)(−∆A − z)−1 =
[
2α∇〈x〉 · (−i∇−A) + iα∆〈x〉+ α2|∇〈x〉|2

]
(−∆A − z)−1 .

(1.3.6)
Since ∇〈x〉 and |∇〈x〉|2 are bounded operators, we only need to study (−i∇ −
A)(−∆A − z)−1. For every ϕ ∈ D(−∆A) we have that

〈(−i∇−A)(−∆A − z)−1ϕ, (−i∇−A)(−∆A − z)−1ϕ〉

= 〈(−∆A − z)−1ϕ,
(
(−i∇−A)2 − z

)
(−∆A − z)−1ϕ〉

+ 〈(−∆A − z)−1ϕ, z(−∆A − z)−1ϕ〉 .

Hence it follows that ∥∥∥(−i∇−A)(−∆A − z)−1ϕ
∥∥∥ ≤ 2
|µ|

1
2
.

Which in turns implies that∥∥∥L(α)(−∆A − iµ)−1
∥∥∥ ≤ C|µ|− 1

2 .

From [1, Proposition 2.42] we get that L(α) is infinitesimally bounded with respect
to −∆A, then we can conclude the proof applying [98, Problem XII.11] and [98,
Lemma p.16].

Under Assumption 1.3.2, the projection Pµ admits a jointly continuous integral
kernel that is exponentially localized,

|Pµ(x; y)| ≤ Ce−β‖x−y‖ , (1.3.7)

for some β > 0 and C > 0. This is a standard result [104, 19] in the theory of
Schrödinger operators and it is basically a consequence of the gap condition and
of the regularity of the potentials, see Assumption 1.3.2. The main tool needed to
prove the exponential localization of Pµ is the theory of Combes–Thomas estimates.
For the reader’s convenience, in Section A.1.1 we review the Combes–Thomas theory
and prove (1.3.7).

Following the idea in [83] we define the generalized Wannier functions.

Definition 1.3.6. Pµ admits a generalized Wannier basis (GWB) if there exist:

(i) a Delone set D ⊆ R2, i. e. a discrete set such that ∃ 0 < r < R <∞ :

(a) ∀x ∈ R2 there is at most one element of D in the ball of radius r centred
at x (in particular, the set has no accumulation points);

(b) ∀x ∈ R2 there is at least one element of D in the ball of radius R centred
at x (the set is not sparse);
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(ii) a localization function G, a constant M > 0 independent of γ ∈ D and an
orthonormal basis of RanPµ, {ψγ,a}γ∈D,1≤a≤m(γ)<∞ with m(γ) ≤ m∗ ∀γ ∈ D,
satisfying ∫

R2
|ψγ,a(x)|2G(‖x− γ‖) dx ≤M.

We call ψγ,a a generalized Wannier function (GWF) with centre γ.

The existence of a GWB implies that the integral kernel of Pµ can be written as

Pµ(x; y) =
∑
γ,a

ψγ,a(x)ψγ,a(y) , ∀x,y ∈ R2 .

Using the usual “bra-ket” physicists notation it is possible to write the projection as

Pµ =
∑
γ,a

|ψγ,a〉 〈ψγ,a|

where the series has to be intended as the strong limit of the finite sums of projections
on the one-dimensional spaces spanned by each GWF.

Notice that from the L2 localization estimate in Definition 1.3.6 (ii) we can
extract a L∞ estimate using equation (1.3.7). Indeed, consider

sup
x∈R2

∣∣∣G(‖x− γ‖)1/2ψγ,a(x)
∣∣∣ ≤ ∫

R2
dyG(‖x− γ‖)1/2 |Pµ(x; y)| |ψγ,a(y)|

≤
∫
R2
dyG(‖x− y‖)1/2 |Pµ(x; y)| G(‖γ − y‖)1/2 |ψγ,a(y)|

≤
(∫

R2
dyG(‖x− y‖) |Pµ(x; y)|2

)1/2 (∫
R2
dyG(‖γ − y‖) |ψγ,a(y)|2

)1/2

where in the last equation we have used the Cauchy-Schwarz inequality. Thus, for
every localization function G, such that G(‖x‖) ≤ eβ‖x‖ where β satisfies (1.3.7), we
have that there exists a positive constant C such that(∫

R2
dyG(‖x− y‖) |Pµ(x; y)|2

)1/2 (∫
R2
dyG(‖γ − y‖) |ψγ,a(y)|2

)1/2
≤ C .

Therefore we obtain the L∞ estimate on the GWF

|ψγ,a(x)| ≤ C G(‖x− γ‖)−1/2 , for a.e. x ∈ R2. (1.3.8)

Note that, a posteriori, the estimate (1.3.8) is true for every x since the range of
Pµ is contained in the domain of the Hamiltonian HA, which in turn contains only
continuous functions, see Section A.1.1. Let us introduce the following terminology:

• If the localisation function G is an exponential, that is G(‖x‖) = e2α‖x‖ for
some α > 0, then we say that the GWB is exponentially localized.

• If the localisation function G is of polynomial type, that is G(‖x‖) = 〈x〉2s for
some s > 0, then we say that the GWB is s-localized.
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It is straightforward to see that, whenever the GWB is exponentially localized, then
it is also s-localized for every s > 0.

Remark 1.3.7. Definition 1.3.6 of generalized Wannier basis differs from the one
given in [83] because of the requirement of D being a Delone set and because
of the uniform bound m∗ on the degeneracy of the eigenvalues. As one can see
from Theorem 1.3.8, in [83] the lattice D coincides with the discrete spectrum of
a particular selfadjoint operator and it is not defined as an independent object.
Nevertheless, in view of the physical meaning of the irregular lattice D and of
the eigenvalue degeneracy, we believe that this requirement has to be taken into
account. We postpone to future investigations the study of the weakest assumptions
on the potential V guaranteeing that the one-dimensional generalized Wannier basis
constructed from the operator X̃ := PµXPµ, using the approach in [83], satisfies
Definition 1.3.6.

Proving the existence of generalized Wannier functions in the full generality is
not an easy problem. Currently there are only two articles about this problem. The
already cited paper [83] in the one-dimensional setting and the work by Cornean,
A. Nenciu and G. Nenciu [83] that deals with almost one-dimensional systems. In the
first paper it is proved the existence of an exponentially localized basis of functions
for the Fermi projection for one-dimensional systems, while in the second paper the
construction is extended to systems in Rd, d ≤ 3, without magnetic field and with
a confining potential of the following type. In dimension d ≤ 3 consider a scalar
potential V that satisfies the Assumption 1.3.2 and such that, setting the notation
Rd 3 x = (x1,x⊥), it holds

lim
R→∞

sup
x1∈R ;|x⊥|≥R

∫
|x−y|≤1

dy |V (y)| = 0 .

More relevantly, in the work [35], the authors implicitly prove that the lattice of
localization satisfies the properties (a) of the Delone set definition. In the following
we will recall what is known about the existence of one-dimensional generalized
Wannier basis.

Theorem 1.3.8 (Existence of 1D generalized Wannier basis,[83, 35]). Con-
sider the Hilbert space L2(R) and the Hamiltonian operator

H = −∆ + V

satisfying Assumption 1.3.3. Let P0 be the projection on the spectral island σ0. Then

(i) The operator X̃ := P0XP0 is selfadjoint on the domain H1(R) ∩ RanP0.

(ii) X̃ has purely discrete spectrum.

(iii) The set of eigenfunctions of X̃, {ψλ,i}λ∈σ(X̃),1≤i≤m(λ) is an orthonormal basis
for the range of P0.

(iv) Each eigenfunction is exponentially localized around the value of its eigenvalue,
i. e. there exist two positive constants M1, α such that∥∥∥eα| · −λ|ψλ,i∥∥∥ ≤M1 for all 1 ≤ i ≤ m(λ) .
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(v) The density of the spectrum is uniformly bounded from above. Denote by #(I)
the number of isolated points in the set I. Then there exists a positive constant
M2 such that

#
(
(−L,L) ∩ σ(X̃)

)
≤M2L .

Note that the orthonormal set in Theorem 1.3.8, that is {ψi,λ}λ∈σ(X̃),1≤λ≤m(λ) ,
is not a generalized Wannier basis in the sense of Definition 1.3.6 for two reasons:

(i) The proof of Theorem 1.3.8 does not show the existence of an upper bound on
the multiplicity of the eigenvalues, namely the existence of the constant m∗ in
Definition 1.3.6.

(ii) As it is clear from the statement of Theorem 1.3.8, the role of the lattice is
played by the spectrum of X̃. However, the theorem only shows that the set
has no accumulation points, but there is no proof regarding the “not too sparse”
property.

These two facts are still open questions and we plan to work on them in the future.
Remark 1.3.9. A key step in the proof of Theorem 1.3.8 is to prove that X̃ is a
compact operator. Unfortunately, the compactness property is peculiar only for
one-dimensional systems. Indeed, already in dimension d = 2, it is not necessarily
true. Consider for example the 2-dimensional system

HZ2 = −∆ + VZ2

with VZ2 smooth. Consider the family of translations in the direction e2 := (0, 1),
that is {Tne2}n∈N. Therefore we have that

[
X̃, Tne2

]
= 0 for every n ∈ N. By

functional calculus this implies that for every µ ∈ R[(
X̃ − µ

)−1
, Tne2

]
= 0 . (1.3.9)

The relation (1.3.9) is sufficient to prove that X̃ cannot have a compact resolvent.
Let us prove it by contradiction. Suppose that

(
X̃ − µ

)−1
is a compact operator

and consider the sequence {ϕn}n∈N defined by

ϕn = Tne2ϕ

with ϕ ∈ C∞0 (R2) and ‖ϕ‖ 6= 0. The sequence {ϕn}n∈N is clearly bounded since
‖ϕn‖ = ‖ϕ‖. Therefore, by definition of compact operator we can extract a sub-
sequence from {

(
X̃ − µ

)−1
ϕn}n∈N, that is {

(
X̃ − µ

)−1
ϕnk}nk∈N such that it is

convergent in norm, namely limk→+∞
(
X̃ − µ

)−1
ϕnk = ψ. Equation (1.3.9) implies

that ∥∥∥∥(X̃ − µ)−1
ϕnk

∥∥∥∥ =
∥∥∥∥Tne2

(
X̃ − µ

)−1
ϕ

∥∥∥∥ =
∥∥∥∥(X̃ − µ)−1

ϕ

∥∥∥∥ ,
which does not depend on n. Hence it follows

‖ψ‖2 =
∥∥∥∥(X̃ − µ)−1

ϕ

∥∥∥∥2

= lim
k→+∞

〈ψ,
(
X̃ − µ

)−1
ϕnk〉 = lim

k→+∞
〈
(
X̃ − µ

)−1
ψ, Tnke2ϕ〉 = 0 ,
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which is absurd and thus
(
X̃ − µ

)−1
can not be a compact operator. This simple,

but at the same time instructive example, shows that the strategy used in [83] cannot
be generally extended to higher dimensions but a new approach is needed.

1.3.1 Importance of intertwining with translations

Every well posed generalization of a concept must include the starting point idea as
a particular subcase. In this respect, we now show that the construction of a GWB
presented in [83] reduces to the construction of a composite Wannier basis in the
sense described above.

Consider a one-dimensional system that is periodic with respect to some regular
lattice Γ ⊂ R, so that the corresponding Hamiltonian operator is

HΓ = −∆ + VΓ ,

with HΓ satisfying Assumption 1.3.3. Then, the Hamiltonian, together with its
functions defined via functional calculus, commute with the set of translations
{Tγ}γ∈Γ. This implies that

TγX̃ = X̃Tγ − γPµ .

Thus, for every eigenvector ψ of X̃, namely X̃ψ = λψ, we have that

X̃Tγψ = (λ+ γ)Tγψ .

This has two important implications. First, it implies that the spectrum σ(X̃) is Γ
periodic, that is, if λ ∈ σ(X̃) then λ+ γ ∈ σ(X̃) for all γ ∈ Γ. In particular, assume
for simplicity that the generator of the lattice Γ has norm greater than one4, then
Theorem 1.3.8 (iv) implies that the density of the number of points in the spectrum
is bounded. Hence, defining the unit cell (that is actually an interval) by Ω, we have
that

#
(
(−L,L) ∩ σ(X̃)

)
= L#

(
Ω ∩ σ(X̃)

)
<∞ .

Second, it implies that the orthonormal basis of generalized Wannier basis has a
ladder structure, namely the eigenpairs are given by

{λ+ γ, Tγψi,λ}λ∈σ(X̃)∩Ω , 1≤λ≤m(λ) , γ∈Γ .

The Wannier functions are then exponentially localized around the points λ and we
interpret this fact as the presence of the atoms in the crystal. Nevertheless, note that
the symmetry of the Hamiltonian is given by the lattice Γ and not by the discrete
set σ(X̃). This is coherent with the existence of composite lattices: usually there is
more than one atom per unit cell and the positions of the atoms do not coincide
with the points of the symmetry lattice.

In order to show that the generalized Wannier basis is actually a composite
Wannier basis one still has to show that the generalized Wannier basis is “compatible”
with the periodic structure. This result can be found in the master thesis of Costa
[39].

4It is not a strict assumption, since if HΓ is periodic with respect to Γ, it is periodic also with
respect to the lattice nΓ, n ∈ N.
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Proposition 1.3.10 ([39]). Assume that P0 admits a generalized Wannier basis
with eigenpairs of the form

{λ+ γ, Tγψi,λ}{λ∈σ(X̃)∩Ω , 1≤i≤m(λ)
} , γ ∈ Γ .

Then {UBFZψi,λ}λ∈σ(X̃)∩Ω , 1≤λ≤m(λ) is a Bloch frame for the family {P0(k)}k∈B
where

P0 =
∫ ⊕
B
dk P0(k) .

Even though a straightforward generalization of the work contained in [83] is
not possible, see Remark 1.3.9, it is possible to exploit the same strategy in order to
construct some kind of special basis for the range of the projection. A particular
basis made of Wannier-like function has been defined by Prodan [96] in 2015 for time-
reversal symmetric disordered systems in any dimension. In Chapter 3 we extend
Prodan’s construction in order to take into account also systems with magnetic fields
and we provide an explicit construction of that special orthonormal basis for the
lowest Landau level. Nevertheless, as we will extensively argue later, the existence
of such a basis for the first Landau level shows that these functions are not capable
to grasp the transport properties of the systems, in contrast with the (composite)
Wannier functions [111, 79].

1.4 Impurities and almost periodic cases
The considerations made in the previous sections show that proving the existence
of a generalized Wannier basis in the full generality is far from being an easy task.
However, if one knows that the Fermi projection of a reference system admits a gen-
eralized Wannier basis, it is possible to prove the existence of a generalized Wannier
basis for systems that are small perturbations of the reference one. This procedure
is called proof by continuity and it is based on the existence of a Kato–Sz.-Nagy
unitary that intertwines the Fermi projections of the two systems. The first proof
of existence of a generalized Wannier basis by continuity goes back to the work of
G. Nenciu and A. Nenciu [82] where they consider Hamiltonians without magnetic
field, then the same type of proof has been extended in the case of perturbation of
time-reversal symmetric Hamiltonian operators by a small magnetic field by Cornean,
Herbst and G. Nenciu [30]. In Chapter 5 we will show how to extend the results of
[30] starting from magnetic Schrödinger Hamiltonians. In this section we recall the
proof of [82] explicitly considering unbounded perturbing potentials. The physical
model we have in mind is the periodic crystal with a countable number of impurities
that breaks the periodicity of the system. In general the impurities can be locally
described by Coulomb-type potentials.

Theorem 1.4.1 ([82]). Consider a family of Hamiltonians {Hλ}λ∈[0,1] where each
Hλ is defined by

Hλ := −∆ + V + λW ,

and V,W satisfy Assumption 1.3.2. Assume that each Hamiltonian satisfies As-
sumption 1.3.3 and assume that there exists a constant ` such that the size of the
spectral gap of the Hamiltonian Hλ, namely gλ, is bounded from below, that is
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infλ∈[0,1] gs = ` > 0. If H0 admits an exponentially localized GWB basis, then, for λ
sufficiently small, also Hλ does.

Proof. The strategy of the proof is to show that, for λ sufficiently small, we can
“unitarily transport” the generalized Wannier functions from the range of P0 to the
range of Pλ without losing their localization properties.

Let us show this in detail. Consider the spectrum of H0, that is σ0. Since H0 is
bounded from below, see Proposition 1.3.5, the spectral island σ0(H0) is contained
in a finite interval of length D. Then, consider a closed contour C that encloses
σ0(H0), since the potential W is infinitesimally relatively bounded with respect to
H0, we can apply [64, Theorem IV.3.16] together with [64, Theorem IV.2.14] and
prove that there exists λ∗ such that for λ < λ∗ , the spectral islands σ0(Hλ) are
enclosed in the same contour C. We can assume (enlarging the contour if necessary)
that the contour C is such that

inf
λ∈[0,λ∗]

inf
E∈σ0(Hλ) ,z∈C

|E − z| ≥ `

4 .

Then, via the Riesz formula, the projections onto the spectral islands σ0(Hλ) can be
written using the same positively oriented contour C, that is

Pλ = i
2π

∮
C
dz (Hλ − z)−1 .

From the Combes–Thomas estimates, see Proposition A.1.4 we get that there exist
two positive constants K and α such that

sup
a∈Rd

sup
z∈C

∥∥∥eα〈·−a〉 (Hλ − z)−1 e−α〈·−a〉
∥∥∥ ≤ K . (1.4.1)

Notice that the constant α can be chosen such that eα〈x〉 ≤ cG0(‖x‖)
1
2 , for some

c > 0. Moreover, from the fact that W is infinitesimally relatively bounded we have
that

sup
z∈C

∥∥∥W (H0 − z)−1
∥∥∥ ≤ K ′ . (1.4.2)

Then, using (1.4.2) we obtain the norm continuity of the projection with respect to
the parameter λ

‖Pλ − P0‖ =
∥∥∥∥ λ2π

∮
C
dz (Hλ − z)−1W (H0 − z)−1

∥∥∥∥ ≤ λC .
Moreover we have

eα〈·−a〉 (Pλ − P0) e−α〈·−a〉 = λ

2π

∮
C
dz eα〈·−a〉 (Hλ − z)−1 e−α〈·−a〉

·Weα〈·−a〉 (H0 − z)−1 e−α〈·−a〉 .

Performing the Combes–Thomas rotation we get that eα〈·−a〉 (Hλ − z)−1 e−α〈·−a〉 =
(Hλ − z)−1B where B is a bounded operator. Using both (1.4.1) and (1.4.2) we
obtain

sup
a∈Rd

∥∥∥eα〈·−a〉 (Pλ − P0) e−α〈·−a〉
∥∥∥ ≤ λC . (1.4.3)
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Therefore, at the price of choosing a new λ∗ smaller than the previous one, we have
that ‖Pλ − P0‖ ≤ 1

2 and we can therefore define the Kato–Sz.-Nagy operator via the
formula

Uλ :=
(
1− (Pλ − P0)2

)−1/2
{PλP0 + (1− Pλ) (1− P0)} ,

where the first square root factor has to be intended by means of the functional
calculus for bounded operators. The operator Uλ is unitary and intertwines the two
projections, namely

Pλ = UλP0U
∗
λ .

Since, for every integer n, it holds

eα〈·−a〉 (Pλ − P0)n e−α〈·−a〉 =
(
eα〈·−a〉 (Pλ − P0) e−α〈·−a〉

)n
,

from (1.4.3) we deduce that, for λ small enough,∥∥∥eα〈·−a〉Uλe
−α〈·−a〉

∥∥∥ ≤ C (1.4.4)

where C is a positive constant that is independent of a . We are now ready to prove
the existence of the generalized Wannier basis for the range of Pλ. Consider the
generalized Wannier basis of P0, namely {ψη,b}η∈D0,1≤b≤m(η)<+∞ with localization
function G0(‖x‖) := e2α0‖x‖, then

{Uλψη,b}η∈D0,1≤b≤m(η)<+∞ (1.4.5)

is clearly an orthonormal basis for the range of Pλ. Moreover, for any exponential
localization function Gλ(‖x‖)

1
2 ≤ eα〈x〉 we have

Gλ(‖ · −η‖)
1
2Uλψη,b

= Gλ(‖ · −η‖)
1
2 e−α〈·−η〉eα〈·−η〉Uλe

−α〈·−η〉eα〈·−η〉G0(‖ · −η‖)−
1
2G0(‖ · −η‖)

1
2ψη,b .

Therefore, using (1.4.4), we obtain
∥∥∥Gλ(‖ · −η‖)

1
2Uλψη,b

∥∥∥ ≤ C ′. Note that the
positive constant C ′ does not depend on η. This prove that the set defined in (1.4.5)
is actually a generalized Wannier asis.

As mentioned in the proof, the key idea is to show that it is possible to unitarily
transport the Wannier functions from one systems to the other. The unitary
responsible for the transport has to keep track of the centre of localization of the
Wannier functions and therefore it has to be localized in space in the sense of (1.4.3).
In the following chapters we will see that a finer notion of localization for the unitary
will be of crucial importance for our results. Moreover, notice that the localization
function of the perturbed system is bounded by the localization function of the
unperturbed one, hence this suggests that the localization of the Wannier functions
is stable under a suitable small perturbation. We will discuss this point in Chapter 4,
in particular see Remark 4.2.3.
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Remark 1.4.2. The main application of Theorem 1.4.1 is the case of a time-reversal
symmetric H0 commuting with a representation of the group Zd, that is when H0
describes a periodic and time-reversal symmetric system. Then, as we have seen in
the previous sections, H0 always admits an exponentially localized Wannier basis
and then Theorem 1.4.1 says that, in presence of mild disorder that does not close
the gap, one can still construct a basis of exponentially localized generalized Wannier
functions for the perturbed system.

The results presented so far show that the quest for the existence of generalized
Wannier basis is reasonable since there are plenty of examples for which a generalized
Wannier basis without any k-space counterpart does exist.



27

Chapter 2

Chern number in position space

In this chapter we investigate the properties of the Chern number in position space
from different perspectives. First, starting from the definition of Chern number in
the periodic setting we define the Chern character. Then, we present a proof of
the Středa formula: since the original argument presented in the work by Cornean,
Nenciu and Pedersen [38] did not explicit all the technical details, we show them
here for the sake of completeness. In the last section we provide a proof of the gap
labelling theorem for Bloch–Landau Hamiltonians. The last part of the chapter is
the fruit of a joint work with H. Cornean and D. Monaco [32].

2.1 From k-space to position space
In the previous chapter, see Section 1.2.3, we have shown that the existence of a
Wannier basis is tightly related to the geometric concept of Chern number. The
Chern number is usually expressed in the k-space, however, in order to generalize the
localization dichotomy to non periodic systems, we are interested in understanding
the Chern number without any reference to the underlying k-space. The natural
idea is to use the magnetic Bloch–Floquet–Zak transform in order to identify the
counterpart of the Chern number in position space.

Let us start with a technical proposition that extend to the setting of Section 1.2.2
a result already proved in [91] for time-reversal symmetric Hamiltonians.

Proposition 2.1.1. Consider a bounded selfadjoint operator A on L2(R2) such that
it is fibered in the magnetic Bloch–Floquet–Zak representation and A(k) is a trace
class operator with Trh |A(k)| ≤ C for every k ∈ B(q). Then the trace per unit cell
of A exists and is given by

Tr(AχΩ(q)+γ) = 1
|B(q)|

∫
B(q)

dk TrhA(k) . (2.1.1)

Correspondingly, the trace per unit volume of A, called T (A), exists and is given by

lim
L→∞

1
|ΛL|

Tr(AχL) = 1
4π2

∫
B(q)

dk TrhA(k) , (2.1.2)

where ΛL denotes the square of side length 2L centred in zero, that is ΛL := (−L,L]2.
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Proof. Since A is a fibered operator, we have that A = τ̂b∗,ηAτ̂b∗,−η for every η ∈ Z2
(q).

Moreover, χΩ(q) = τ̂b∗,ηχ(Ω(q)+η)τ̂b∗,−η, hence

Tr(AχΩ(q)) = Tr(Aτ̂b∗,ηχΩ(q) τ̂b∗,−η) = Tr(Aχ(Ω(q)+η)) . (2.1.3)

Then, in order to evaluate the trace Trh(A1Ω(q)) we need an orthonormal basis of
RanχΩ(q) ⊂ L2(R2). Consider the set of functions {gγ∗}γ∗∈Z2∗

(q)
, where

gγ∗(x) := χΩ(q)(x)eiγ∗·x , γ∗ ∈ Z2∗
(q) .

The set {gγ∗}γ∗∈Z2∗
(q)

is clearly an orthonormal basis for RanχΩ(q) . Moreover

(UBFZgγ∗)(k, y) = 1
|B(q)|1/2

e−ik·yeiγ∗·y =: eγ∗(k, y) ,

hence for every fixed k ∈ B(q) the set of functions {eγ∗(k, ·)}γ∗∈Z2∗
(q)

is an orthonormal
basis of h. Since UBFZ is a unitary transformation, it follows that

Tr(AχΩ(q)) =
∑

γ∗∈Z2∗
(q)

〈gγ∗ , AχΩ(q)gγ∗〉

= 1
|B(q)|

∫
B(q)

dk
∑

γ∗∈Z2∗
(q)

〈eγ∗(k, ·), A(k)eγ∗(k, ·)〉h

= 1
|B(q)|

∫
B(q)

dk TrhA(k) .

(2.1.4)

For an arbitrary measurable subset Λ ⊂ Ωq, the same computation with χΩ(q)
replaced by χΛ shows that

|Tr(AχΛ)| ≤ 1
|B(q)|

∫
B(q)

dk Trh |A(k)| ≤ C .

Therefore, since every ΛL can be decomposed in the sum of a number of unit cells
plus some remainders terms that are negligible with respect to the area of ΛL, in
the limit L→ +∞ we have

lim
L→∞

1
|ΛL|

Tr(AχL) = 1
|Ω(q)||B(q)|

∫
B(q)

dk TrhA(k) .

Consider now the operator C := iΠ0 [[X1,Π0] , [X2,Π0]], where we denote by Π0
the spectral projection onto an isolated spectral island of the magnetic Hamiltonian
operator H(b)

Z2 defined in (1.2.9). Under the general Assumption 1.3.3, C is a bounded
selfadjoint operator because the commutators [Xi,Π0], i ∈ {1, 2}, are bounded
operators due to the gap condition. Indeed, for every ϕ ∈ C∞0 (R2), by means of the
Riesz formula we obtain

[Xi,Π0]ϕ = i
2π

∮
C
dz

[
Xi,

(
H

(b)
Z2 − z

)−1
]
ϕ .
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Notice that the Combes–Thomas estimate guarantees that
(
H

(b)
Z2 − z

)−1
: D(Xi)→

D(Xi) is a bounded operator on the domain of Xi, which in turn assures that the
commutator is well defined. Therefore we have

[Xi,Π0]ϕ = i
2π

∫
C
dz
(
H

(b)
Z2 − z

)−1 [
H

(b)
Z2 , Xi

] (
H

(b)
Z2 − z

)−1
ϕ

= 1
2π

∫
C
dz
(
H

(b)
Z2 − z

)−1
(−i∇−AZ2 − bA)i

(
H

(b)
Z2 − z

)−1
ϕ .

Since (−i∇−AZ2 − bA)i is infinitesimally bounded with respect to H(b)
Z2 and the

contour C is a compact subset of ρ(H(b)
Z2 ), there exists a positive constant C inde-

pendent of ϕ such that ‖ [Xi,Π0]ϕ‖ ≤ C‖ϕ‖. Hence the commutator [Xi,Π0] can
be extended as a bounded operator to the whole Hilbert space. Then, in order to
apply Proposition 2.1.1 we have to check that C is a fibered operator with uniformly
trace-class fibers. This is an easy consequence of

[τ̂b∗,η, Xi] = −ηiτ̂b∗,η ,

which implies that
[C, τ̂b∗,η] = 0 .

Considering that UBFZ XUBFZ∗ = i∇k we obtain the explicit form of the operator
C(k), that is

C(k) := −iΠτ
0(k) [∂1Πτ

0(k), ∂2Πτ
0(k)] .

The smoothness of Πτ
0(·) as a function of k, see Proposition 1.2.6, assures that the

operator in (2.1) is continuous in k. Moreover, since Πτ
0(k) projects onto a subspace

of dimension m for every k ∈ B(q), we have

sup
k∈B(q)

Trh |C(k)| = sup
k∈B(q)

TrΠτ0 (k)h |C(k)|

≤ sup
k∈B(q)

m‖|C(k)|‖h = sup
k∈B(q)

m‖C(k)‖h ≤ C ,

where in the last inequality we used the norm continuity in k of C(k). Therefore all
the hypothesis of Proposition 2.1.1 are satisfied and we get that

lim
L→∞

1
|ΛL|

2πi Tr (χLΠ0 [[X1,Π0] , [X2,Π0]]χL)

= 1
2πi

∫
B(q)

dk Trh (Πτ
0(k) [∂1Πτ

0(k), ∂2Πτ
0(k)]) .

(2.1.5)

Remark 2.1.2. When a trace class operator A has a jointly continuous integral
kernel, the trace of A can be expressed as an integral, that is

Tr(A) =
∫
R2
dxA(x; x) , (2.1.6)

see [99, Lemma p.65]. Note that, when the diagonal elements of the integral kernel
are periodic, namely

A(x; x) = A(x+ γ;x+ γ) = A(x;x) , x = x+ γ , x ∈ R2 , x ∈ Ω , γ ∈ Z2 ,
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then the trace per unit volume becomes an integral over the unit cell Ω. Indeed, we
have that

T (A) := lim
L→∞

1
|ΛL|

Tr(χLAχL) = lim
L→∞

1
|ΛL|

∫
ΛL
A(x; x) .

Let [x] denote the integer part of x and define [L]′ := [L + 1/2] − 1/2; from now
on we consider L > 1/2. Due to the periodicity hypothesis, the square Λ[L]′ can be
precisely covered by (2[L]′)2 translated copies of the unit cell Ω, that is

Λ[L]′ =
⋃

γ∈(Z2∩Λ[L]′ )
(Ω + γ).

When L 6= [L]′, ΛL cannot be covered precisely by an integer number of unit cells,
however it holds that |ΛL \ Λ[L]′ | ≤ 4 ([L]′ + 1) . Therefore,

lim
L→∞

1
|ΛL|

∫
ΛL
A(x; x)

= lim
L→∞

1
|Λ[L]′ |+ |ΛL \ Λ[L]′ |

(∫
Λ[L]′

A(x; x) +
∫

ΛL\Λ[L]′
A(x; x)

)

=
∫

Ω
dxA(x;x)

(2.1.7)

where in the last equality we have used that limL→∞
|ΛL\Λ[L]′ |

Λ[L]′
= 0 and the continuity

of the integral kernel of A, so that
∣∣∣∫ΛL\Λ[L]′

A(x; x)
∣∣∣ ≤ C[L]′.

Then, following a long path of scientific contributions (whose list will be detailed
later), we find natural to set the following definition of Chern character.

Definition 2.1.3 (Chern character). Let P be a spectral projection, the Chern
character of P is defined by

C(P ) := lim
L→∞

2π
4L2 Tr (iχLP [[X1, P ] , [X2, P ]]PχL) , (2.1.8)

whenever the limit on the right exists.

Definition 2.1.3 naturally suggests some questions.

1. Which are the conditions that guarantee that the Chern character is well
defined and an integer quantity?

2. When the system is time-reversal symmetric but non-periodic, does the Chern
number vanish?

3. The Chern character is a function of the Fermi projection. What happens
when the Hamiltonian is perturbed? Does the Chern number change or is it a
stable (in some precise sense that has to be defined) quantity?

4. The Chern number is related to the transport properties of the system, in
particular is proportional to the Hall conductivity [112, 105]. Does the Chern
character have some physical meaning in non periodic systems?
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In this thesis we address all the questions above, in particular:

1. In Chapter 4 we prove that under very mild hypothesis on the Hamiltonian,
namely Assumption 1.3.3, the existence of a well localized generalized Wannier
basis implies that the Chern character is well defined and is zero. In Section 2.4
we show that a periodic Hamiltonian perturbed by a magnetic field (possibly
with irrational value of the corresponding flux) has a well defined and integer
valued Chern character.

2. In Section 2.3 we show that the Chern number vanishes whenever the Hamil-
tonian satisfies Assumption 1.3.3 and it is time-reversal symmetric.

3. In Section 2.4 we prove that the Chern character is stable under perturbation
by a constant magnetic field. As a by-product of our proof we obtain that
whenever two projections are Kato–Sz.-Nagy unitarily equivalent with a well
localized unitary, they have the same Chern character.

4. In Section 2.2 we provide an alternative proof of the relation between transverse
conductivity and Chern character, namely the well-known Středa formula.
After that, in Section 2.4 we show that the Chern character can be interpreted
as the response coefficient of the integrated density of states with respect to
constant magnetic perturbations.

Remark 2.1.4. Some of these issues have been already addressed by different people
and interesting results can be found in the literature in various contexts. In the
next sections we will try to make a comparison with the existing literature, see
Remark 2.2.2 and Section 2.4.1.

2.2 Středa formula and Chern character
Consider the setting of [38], that we briefly recall here for the reader’s convenience.

We are interested in studying the behaviour of a 2-dimensional Fermi gas sub-
jected to a constant magnetic field orthogonal to the plane. The one-electron
dynamics in the Hilbert space L2(R2) is described by the Hamiltonian operator 1

Hb := −1
2∆A + V , (2.2.1)

where
−∆A = (−i∇− bA)2 =: P2

A , (2.2.2)
b ∈ R and A is a magnetic vector potential in the symmetric gauge that is A(x1, x2) =
1
2(−x2, x1). We set b = −1

cB, where B is the strength of the physical magnetic
field and c is the speed of light. Moreover assume that the scalar potential V is
Z2-periodic, smooth and has uniformly bounded derivatives and the Hamiltonian
Hb satisfies Assumption 1.3.3, in particular it has a spectral gap. We denote by Π(b)

0
the projection onto the isolated spectral island σ0(Hb). Note that, as before, every
point x ∈ R2 can be uniquely decomposed as

x = γ + x , γ ∈ Z2 , x ∈ (−1/2, 1/2]2 =: Ω . (2.2.3)
1We use the Hartree units system ~ = 1 = e = me.
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In the following we often make use of this decomposition. Define the magnetic
translations 2 as

(τb,γψ) (x) := eibφ(x,γ)ψ(x− γ) , ∀ ψ ∈ L2(R2) , (2.2.4)

where φ(x,y) := 1
2 (x2y1 − x1y2) is the usual Peierls magnetic phase. Since the

potential V is periodic with respect to the lattice Z2, that is V (x+ γ) = V (x) for
every γ ∈ Z2, we have that the Hamiltonian commutes with the magnetic translations
defined in (2.2.4). The Fermi projection has a jointly continuous integral kernel, see
Section A.1, and, due to the commutation with the magnetic translations, it satisfies

Π(b)
0 (x; x′) = eibφ(x,γ)Π(b)

0 (x− γ; x′ − γ)e−ibφ(x,γ) .

Therefore, in view of Remark 2.1.2, the integrated density of states I
(
Π(b)

0

)
of Π(b)

0 ,
defined by the trace per unit volume of the Fermi projection, is given by:

I
(
Π(b)

0

)
:= T

(
Π(b)

0

)
=
∫

Ω
dxΠ(b)

0 (x;x) ,

where we have highlighted the magnetic field dependence with the superscript “(b)”.
Let us now describe the Fermi gas. Consider a system of independent electrons

in the grand canonical ensemble, namely assume that the physical system is in
the thermodynamic equilibrium with a reservoir, which can exchange particles and
energy with the system. More precisely, consider the family of square boxes {ΛL}L≥1
with the convention used before. The one particle Hilbert space is L2(ΛL) and the
one particle Hamiltonian is denoted by H(L)

b and is given by (2.2.1) restricted to ΛL
with Dirichlet boundary conditions, see [38] for a more precise discussion about this.
Assume that the temperature T = 1

kβ , where k is the Boltzmann constant, and the
chemical potential µ are fixed by a reservoir of energy and particles. Without entering
into the details about the grand canonical ensemble and the Fock space formalism
(mainly because we are not performing any thermodynamic limit and we defer the
interested reader to [38] for more precise statements), assume that at time t = −∞
the system is at equilibrium with the reservoir and the perturbation is adiabatically
switched on until t = 0. The corresponding time-dependent Hamiltonian operator is

H
(L)
b (t) = H

(L)
b + V (t) ,

where the time dependent potential is given by

V (x, t) =
(
eiωt + e−iω̄t

)
Ex2 , t ≤ 0 ,x ∈ ΛL , =ω < 0 , E ∈ R.

Notice that the role of the adiabatic parameter is played by the imaginary part of
ω, namely =ω. The state of the system is described by a time dependent density
matrix ρ(t) that satisfies the Liouville equation

i∂tρ(t) =
[
H

(L)
b (t), ρ(t)

]
, ρ(−∞) = fFD(H(L)

b ) ,

2Note that the magnetic translations τb,γ defined in (2.2.4) and the modified magnetic translations
τ̂b,γ defined in (1.2.10), differ only by a phase factor.
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where fFD denotes the Fermi-Dirac distribution

fFD(x) := 1
eβ(x−µ) + 1

, x ∈ R , β > 0 , µ ∈ R . (2.2.5)

In the interaction picture and using the Dyson expansion one can argue that the
solution to the Liouville equation is given by

ρ(0) = fFD
(
H

(L)
b

)
− i
∫ 0

−∞

[
V I(s), fFD

(
H

(L)
b

)]
ds+O(E2) ,

where V I(t) := eitH(L)
b V (t)e−itH(L)

b . The current density that flows through the
system at t = 0 is given by

j(L) = i
|ΛL|

TrL2(ΛL)
(
fFD

(
H

(L)
b

) [
X, H(L)

b

])
+ 1
|ΛL|

TrL2(ΛL)

(∫ 0

−∞

[
V I(s), fFD

(
H

(L)
b

)]
ds
[
X, H(L)

b

])
+O(E2) .

(2.2.6)

The conductivity tensor is therefore given by the first order coefficient of the current
density expansion in E. Since we are interested in the transverse conductivity, we
consider only the first component of the current density, namely j1 and we have (see
[38] for more details )

σ(L)(B, T, ω) := σ
(L)
12

= − i
|ΛL|

TrL2(ΛL)

(∫ 0

−∞

[
eisH(L)

b X2e
−isH(L)

b , (PA)1

]
fFD

(
H

(L)
b

)
eisωds

)
.

In [38] and [37], it is proved that the conductivity admits a thermodynamic limit
[38, Theorem 3.1] given by

σ(B, T, ω) := lim
L→∞

σ(L)(B, T, ω) = − 1
2πω

∫
Ω
dx

[∫
Γβ,ω

fFD(z)Σ(z, ω)dz
]

(x;x)

(2.2.7)
where

Σ(z, ω) := (PA)1 (Hb − z)−1 (PA)2 (Hb − z − ω)−1

+ (PA)1 (Hb − z + ω)−1 (PA)2 (Hb − z)−1 ,
(2.2.8)

and Γβ,ω is the anticlockwise oriented contour in the complex plane defined by

Γβ,ω := {x± id | a ≤ x ≤ +∞}
⋃
{a± iy | − d ≤ y ≤ d} , d := min

{
π

2β ,
|=ω|

2

}
,

where a is a lower bound on the spectrum of Hb, see Figure 2.1.
After that, the authors of [38] prove the so called Středa formula [110], namely

that the limit ω → 0 of the transverse conductivity (that hereafter we call simply
transverse conductivity), in the limit zero temperature, is given by the derivative of
the integrated density of states with respect to the magnetic field:

lim
ω→0

lim
T→0

σ(B0, T, ω) =
d I

(
Π(b)

0

)
db

∣∣∣∣∣∣
b=b0

. (2.2.9)
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<(z)

=(z)

(
µ, πβ

)

(
µ,−π

β

)

Γβ,ω

µ1

0.2

=ω

d

−d

σ(H)σ(H)
a

Figure 2.1. Graphical representation of the contour Γβ,ω. Note that the length scale used
on the imaginary axis is 1/5 of the length scale used on the real axis.

The derivation carried out in [38] for (2.2.7) is made for three dimensional
systems, taking into account also the spin degrees of freedom. Moreover, in the proof
of equation (2.2.9), contained in [38], there are some steps that are not completely
detailed. Assuming that the result for the thermodynamic limit of the conductivity,
that is (2.2.7), holds true also for two dimensional systems, we show here a detailed
proof of the Středa formula adapting the techniques presented in [37] and we show
that the transverse conductivity is proportional to the Chern character of the Fermi
projection.

Theorem 2.2.1. Assume that the formula for the thermodynamic limit of the trans-
verse conductivity (2.2.7) holds true in dimension d = 2. Then, taking first the limit
T → 0 and then ω → 0, one gets

C(Π(b0)
0 )

2π = lim
ω→0

lim
T→0

σ(b0, T, ω) =
d I

(
Π(b)

0

)
db

∣∣∣∣∣∣
b=b0

,

where C(Π(b0)
0 ) is the Chern character of the Fermi projection Π(b0)

0 , see Defini-
tion 2.1.3.

Remark 2.2.2. In the context of our work, this result is of fundamental importance:
it provides a rigorous mathematical connection between the position space Chern
number and the transport properties of the systems when there is no k-space
involved. Note that the result is not new. Indeed, it first appeared in the context
of discrete systems in the work by Bellissard, van Elst and Schulz-Baldes [15]
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<(z)

=(z)

(
µ, πβ

)

(
µ,−π

β

)

Γ2
β,ωΓ1

β,ω

µ1

0.2

=ω

σ(H)σ(H)
a

d

−d

Figure 2.2. Graphical representation of the contours Γ1
β,ω and Γ2

β,ω. Note that the length
scale used on the imaginary axis is 1/5 of the length scale used on the real axis.

and subsequently the first equality has been rigorously proved also in the case of
unbounded operators, see the paper by Bouclet, Germinet, Klein and Schenker [18]
and the more recent book by De Nittis and Lein [40]. In addition, recently there
has been important rigorous results regarding the quantization of Hall conductance
for interacting electrons systems, see the paper by Hastings and Michalakis [60],
the work by Giuliani, Mastropietro and Porta [54], the paper by Giuliani, Jauslin,
Mastropietro and Porta [53] and the work by Monaco and Teufel [81].

However, we want to emphasize that this is the first derivation of the Středa
formula considering the limit of zero temperature and zero frequency. We consider
this result in view of future further investigation about the role of topology and the
behaviour of topological insulators at finite temperature.

2.2.1 Proof of Theorem 2.2.1

Consider the formula for the conductivity (2.2.7). Due to the gap in the spectrum,
for |ω| < g := E+−E−

4 , we can replace the integral over z on the contour Γβ,ω with
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the integral on the anticlockwise contour Γ1
β,ω ∪ Γ2

β,ω where

Γ1
β,ω := {x± id | a ≤ x ≤ E− + g}

⋃
{a+ iy | − d ≤ y ≤ d}⋃

{E− + g + iy | − d ≤ y ≤ d} ;

Γ2
β,ω := {x± id | x ≥ E− + g}

⋃
{E+ − g + iy | − d ≤ y ≤ d} ,

see Figure 2.2.
In view of this decomposition of the contour Γβ,ω, we have

σ(b, T, ω) =− 1
2πω

∫
Ω
dx

[∫
Γ1
β,ω

Σ(z, ω)dz+

∫
Γ1
β,ω

(fFD(z)− 1) Σ(z, ω)dz +
∫

Γ2
β,ω

fFD(z)Σ(z, ω)dz
]

(x;x) .

(2.2.10)
Since the new contour, namely Γ1

β,ω ∪ Γ2
β,ω, does not intersect the singularity line (

the singularities of the Fermi-Dirac distribution (2.2.5) all lie on the line3 µ + iy,
y ∈ (−∞,+∞) ), we can choose Γ1

β,ω ∪ Γ2
β,ω to be independent of β simply setting

d = |=(ω)|
2 , we call these new contours Γ1

ω and Γ2
ω .

We are now ready to perform the limit β → ∞, which corresponds to T → 0.
First of all notice that all the three operators in the square bracket in equation
(2.2.10) have a jointly continuous integral kernel. Indeed, consider the two operators
defined by the closed complex contour Γ1

ω. Integrating by parts with respect to the
complex variable z one obtains∫

Γ1
ω

Σ(z, ω)dz

= −
∫

Γ1
ω

dz z (PA)1 (Hb − z)−2 (PA)2 (Hb − z − ω)−1 + (z → z − w)

−
∫

Γ1
ω

dz z (PA)1 (Hb − z)−1 (PA)2 (Hb − z − ω)−2 + (z → z − w) .

Therefore, integrating by parts N times with respect to the complex variable z, one
obtains 2N+1 terms, half of them is of the form∫

Γ1
ω

dz
zN

N ! (PA)1 (Hb − z)−N1 (PA)2 (Hb − z − ω)−N2 + (z → z − w) ,

and the other half is of the form∫
Γ1
ω

dz

(
FNFD(z)− zN

N !

)
(PA)1 (Hb − z)−N1 (PA)2 (Hb − z − ω)−N2 + (z → z − w) ,

where N1, N2 ∈ N satisfy N1 +N2 = N + 2 and 1 ≤ N1, N2 < N + 2. Moreover, we
have denoted by FNFD(z) the N -th exponentially decreasing antiderivative of fFD(z)
and (z → z − w) means a term similar to the previous one but with z exchanged
with z − w.

3The Fermi energy µ is defined by µ := E+−E−
2 .



2.2 Středa formula and Chern character 37

Similarly, one can integrate by parts the term defined by the complex integral
on the open contour Γ2

ω. However, in this case one has to be more careful due to the
contribution at infinity of the boundary terms. First, notice that the contour Γ2

ω

is at finite distance from the spectrum of Hb, therefore Proposition A.1.1 implies
that the norm of the operator Σ(z, ω) grows at most polynomial in z ∈ Γ2

ω and
(A.1.27), together with a Schur estimate implies, that the operator of the form
(PA)i (Hb − z)−Nj also have a norm that grows at most polynomially in z ∈ Γ2

ω.
Furthermore, the antiderivatives of fFD(z) are exponentially decreasing as <(z)→
+∞. This is sufficient to show that the boundary terms coming from the integration
by parts vanishes. Then, the third operator reduces to a sum of terms of the form

∫
Γ2
ω

dzFNFD(z) (PA)1 (Hb − z)−N1 (PA)2 (Hb − z − ω)−N2 + (z → z − w) .

In Section A.1 we prove that the operators of the type (PA)1 (Hb − z)−N1 have a
jointly continuous integral kernel and satisfy (A.1.27). Therefore, the three operators
under the integral with respect to x in (2.2.10), have a jointly continuous integral
kernel. Moreover, because of that, we can separate the three operators and evaluate
the integral and the limit β →∞ separately for each operator. Consider the third
term after the integration by parts with respect to the complex variable z. For β
large enough we have

∣∣∣∣∣
(∫

Γ2
ω

dzFNFD(z) (PA)1 (Hb − z)−N1 (PA)2 (Hb − z − ω)−N2

)
(x;x′)

∣∣∣∣∣
≤ C

∫
Γ2
ω

dz〈|z|〉10e−
α
r
‖x−x′‖e−(<(z)−g)β ≤ C

∫
Γ2
ω

dz〈|z|〉10e−(<(z)−g)α ≤ C ,
(2.2.11)

for some positive constants α and C, where in the first inequality we have used the
estimate (A.1.27). From the estimate (2.2.11) it follows that we can exchange the
integrals with the limit β →∞. Therefore, in view of limβ→∞ e

−(<(z)−g)β = 0, the
third term vanishes in the limit β → +∞. By mimicking this argument, the same
can be proven for the second term.

Consider now the first term of (2.2.10). Performing the change of variable
z = z′ − ω

2 in the first addendum of Σ(z, ω), and the change of variable z = z′ + ω
2

in the second addendum of Σ(z, ω), we can rewrite the first term of (2.2.10) as a
complex integral around a suitable closed contour Γ that encloses only the spectral
island contained in Γ1

ω such that Γ ⊂ ρ(H + ω) for |ω| < g. Explicitly, we obtain

σ(B, T = 0, ω)

= − 1
πω

∫
Ω
dx

[∫
Γ
dz (PA)1

(
Hb − z + ω

2

)−1
(PA)2

(
Hb − z −

ω

2

)−1
]

(x;x) .

(2.2.12)
Because of the choice of Γ, the integrand in (2.2.12) is analytic in ω in a

neighbourhood of the origin, therefore we can expand it in power series of ω. To
simplify the notation, we drop for a while the subscript “b” of the Hamiltonian. By
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expanding the resolvent we obtain

σ(B, T = 0, ω) = − 1
π

∫
Ω
dx

[∫
Γ
dz

1
ω

(PA)1 (H − z)−1 (PA)2 (H − z)−1

+ 1
2

∫
Γ
dz (PA)1 (H − z)−1 (PA)2 (H − z)−2 − (PA)1 (H − z)−2 (PA)2 (H − z)−1

+O(ω)
]

(x;x) .
(2.2.13)

Notice that all the terms involved in the previous expression, (considering also the
terms of order one in ω) are bounded. Apparently there is a a first order pole in ω in
the first term of (2.2.13). However, thanks to the presence of the complex contour
integral, the integral kernel of the operator is zero along the diagonal, hence the
pole does not contribute to the integral with respect to x. Let us prove this claim.
Consider[

(H − z)−1 , Xi

]
= i (H − z)−1 (PA)i (H − z)−1 , i = 1, 2 , (2.2.14)

where the commutator is initially well defined only on smooth functions. From
(2.2.14) we get

i 1
π

∫
Γ
dz (PA)1 (H − z)−1 (PA)2 (H − z)−1

= i 1
π

∫
Γ
dz (PA)1

[
(H − z)−1 , X2

]
= 2 [(PA)1 Π0, X2] .

Integrating by parts with respect to the complex variable z and using that
the operator (PA)1 (Hb − z)−N has a jointly continuous integral kernel for N large
enough, it follows that (PA)1 Π0 has a smooth integral kernel. Therefore we get

(2 [(PA)1 Π0, X2]) (x; x′) = 2(x′2 − x2) ((PA)1 Π0) (x; x′) .

This shows that

− 1
π

(∫
Γ
dz (PA)1 (H − z)−1 (PA)2 (H − z)−1

)
(x;x) = 0 .

Putting together all the previous results and taking the limit ω → 0 we obtain

σ(b, T = 0, ω = 0)

= − 1
2π

∫
Ω
dx

[∫
Γ
dz (PA)1 (H − z)−1 (PA)2 (H − z)−2

− (PA)1 (H − z)−2 (PA)2 (H − z)−1
]

(x;x)

. (2.2.15)

In the following we prove that the expression (2.2.15) for the conductivity is
proportional to the Chern character of Π0.
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Consider the definition of the Chern character rewritten using the Riesz projection
(to simplify the notation we drop for a while also the superscript (b)):
C(Π0)

2π := iT {Π0 [[Π0, X1] , [Π0, X2]]}

= − i
4π2|Ω|

∫
Ω
dx

{
Π0∮

C1
dz1

∮
C2
dz2

[[
(H − z1)−1 , X1

]
,
[
(H − z2)−1 , X2

]]
Π0

}
(x;x) ,

(2.2.16)
where we have chosen the positively oriented contours C1 and C2 such that they
encircle the spectral island related to Π0 and such that C1 is always strictly inside
the area delimited by C2. Let us start by studying the two contour integrals and
considering only one term of the commutator. The other term will follow easily
afterwards. Consider the following expression[

(H − z)−1 , Xi

]
= i (H − z)−1 (PA)i (H − z)−1 , i = 1, 2 , (2.2.17)

where the commutator is initially defined only on smooth functions and then extended
by continuity to the whole Hilbert space. The first term of the commutator becomes

−
∮
C1
dz1

∮
C2
dz2 (H − z1)−1 (PA)1 (H − z1)−1

· (H − z2)−1 (PA)2 (H − z2)−1 .

(2.2.18)

Since the contours Ci are in the resolvent set of Hb, we can use the resolvent formula

(H − z1)−1 (H − z2)−1 = 1
z1 − z2

(
(H − z1)−1 − (H − z2)−1

)
. (2.2.19)

By using the resolvent formula in (2.2.18), we obtain the sum of two terms defined
by

A := −Π0

∮
C1
dz1

∮
C2
dz2

1
z1 − z2

(H − z1)−1 (PA)1 (H − z1)−1 (PA)2 (H − z2)−1 Π0 ,

B := Π0

∮
C1
dz1

∮
C2
dz2

1
z1 − z2

(H − z1)−1 (PA)1 (H − z2)−1 (PA)2 (H − z2)−1 Π0 .

Consider the first term A. Assuming that we can permute the terms under the
complex integral, and using again the resolvent formula, we get the sum of others
two terms

A1 := Π0

∮
C1
dz1

∮
C2
dz2

1
(z1 − z2)2 (PA)1 (H − z1)−1 (PA)2 (H − z2)−1 Π0 ,

A2 := −Π0

∮
C1
dz1

∮
C2
dz2

1
(z1 − z2)2 (PA)1 (H − z1)−1 (PA)2 (H − z1)−1 Π0 .

(2.2.20)
The proof of the cyclicity property is postponed to Section 2.2.2.

In A1 we can perform the integration in z1. Since 1
(z1−z2)2 is analytic in the

interior of the area encircled by C1, we can use Cauchy integral formula and after
using the cyclicity property proved in Section 2.2.2, we obtain

− 2πi
∮
C2
dz2(PA)1Π0 (H − z2)−2 (PA)2 (H − z2)−1 Π0 . (2.2.21)
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Using the spectral representation of H we have that∮
C2
dz2

∫ ∫
λ,λ′∈σ0(H)

(PA)1 (λ− z2)−2E(H)(dλ)(PA)2
(
λ′ − z2

)−1
E(H)(dλ′) ,

where E(H) denote the spectral family of H. Notice that, for every λ, λ′ ∈ σ0(H) it
holds that ∮

C2

1
(λ− z2)2

1
(λ′ − z2)dz2 = 0 , (2.2.22)

by the residue theorem. Therefore, if it is possible to exchange the order of the two
integrals, we can prove that A1 = 0. The next lemma is devoted exactly to prove
that we can actually exchange the order of the two integrals.

Lemma 2.2.3. The expression in (2.2.21) is identically zero.

Proof. Define R(z) := (H − z)−1. Take f, g ∈ C∞0 (R2) and consider the following
scalar product

〈f,
∮
C2
dz2(PA)1Π0R

2(z2)(PA)2Π0R(z2)Π0 g〉

= 〈f,
∮
C2
dz2(PA)1R(i)Π0 (H − i) Π0R

2(z2)

· (PA)2R
2(i)Π0R(z2)Π0 (H − i)2 Π0 g〉

=
∮
C2
dz2〈f, (PA)1R

2(i)Π0 (H − i)2 Π0R
2(z2)

· (PA)2R
2(i)Π0R(z2)Π0 (H − i)2 Π0 g〉 ,

(2.2.23)

where the last equality follows by recalling that (PA)1R(i) and (PA)2R(i) are
bounded operators, and by the convergence in the uniform operator topology of the
Riemann sums of the complex integral.

Then, for every ε > 0, we introduce the regularizing operator
(
e−ε〈X〉f

)
(x) =

e−ε〈x〉f(x) for every f ∈ L2(R2). Considering the following limit in the operator
norm

lim
ε→0

e−ε〈X〉(PA)2R
2(i)Π0R(z2)Π0 (H − i)2 Π0

= (PA)2R
2(i)Π0R(z2)Π0 (H − i)2 Π0 ;

we obtain that

lim
ε→0

∮
C2
dz2〈f, (PA)1R(i)Π0 (H − i) Π0R

2(z2)e−ε〈X〉(PA)2R
2(i)

·Π0R(z2)Π0 (H − i)2 Π0 g〉

= 〈f,
∮
C2
dz2(PA)1R(i)Π0 (H − i) Π0R

2(z2)(PA)2R
2(i)Π0R(z2)Π0 (H − i)2 Π0 g〉

(2.2.24)
where we have used the fact that the integrand is bounded and we are integrating
on a bounded subset of C. In order to prove that the right hand side of (2.2.24) is
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zero, we show that for every ε the left hand side is zero. First of all consider the
operator Aε := e−ε〈X〉(PA)2R

2(i). From

e−ε〈X〉(PA)2R
2(i) = e−ε〈X〉 (−∆A + i)−1 (−∆A + i) (PA)2R

2(i) (2.2.25)

it follows that Aε is a compact operator. Indeed, e−ε〈X〉 (−∆ + i)−1 is a compact
operator and together with Lemma 3.1.3 it implies that also e−ε〈X〉 (−∆A + i)−1 is
compact operator. Moreover, (−∆A + i) (PA)2R

2(i) is a bounded operator. Hence
Aε is the limit in the uniform operator topology of finite rank operators, that is

lim
N→∞

TN = Aε , (2.2.26)

where TN :=
∑N
j=1 |f̃j〉〈g̃j | with f̃j ,g̃j ∈ L2(R2). Therefore

〈f,
∮
C2
dz2(PA)1R(i)Π0 (H − i) Π0R

2(z2)AεΠ0R(z2)Π0 (H − i)2 Π0 g〉

= 〈f,
∮
C2
dz2(PA)1R(i)Π0 (H − i) Π0R

2(z2) lim
N→∞

TNΠ0R(z2)Π0 (H − i)2 Π0 g〉

= lim
N→∞

N∑
j=1

∮
C2
dz2〈f, (PA)1R(i)Π0 (H − i) Π0R

2(z2)f̃j〉

· 〈g̃j ,Π0R(z2)Π0 (H − i)2 Π0 g〉 .
(2.2.27)

Using now the spectral family of Hb, we obtain that the last expression is equal to∮
C2
dz2

∫ ∫
λ,λ′∈σ0(H)

(λ− z2)−2 (λ′ − z2
)−1 〈Cf,E(H)(dλ)f̃j〉〈Dg̃j , E(H)(dλ′)g〉 .

(2.2.28)
where C and D are bounded operators. Therefore we can apply Fubini’s theorem
and exchange the order of the three integrals. Since the integral in z2 vanishes,
we have proved that the expression in (2.2.23) is zero for every f, g ∈ C∞0 (R2). A
standard density argument concludes the proof.

The second term, A2, is zero simply integrating in z2. Indeed the function
(z2 − z1)−2 admits an antiderivative and we are integrating along a closed contour.

Consider now the term B. Even in this case, assuming again that we can permute
the term under the complex integral, and using again the resolvent formula, we
obtain two terms

B1 +B2 := −Π0

∮
C1
dz1

∮
C2
dz2

1
(z1 − z2)2 (PA)1 (H − z2)−1 (PA)2 (H − z2)−1 Π0

+ Π0

∮
C1
dz1

∮
C2
dz2

1
(z1 − z2)2 (PA)1 (H − z2)−1 (PA)2 (H − z1)−1 Π0 .

(2.2.29)
The first term B1 is zero for the same reason of A2, then it remains only B2. By
performing the integration in z1 we obtain

−2πiΠ0

∮
C2
dz2(PA)1 (H − z2)−1 (PA)2 (H − z2)−2 Π0 .
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Eventually, considering also the second term of the commutator, we obtain that
the expression for C(Π0) is equal to :

− 1
2π

∫
Ω
dx

[
Π0

∮
C2
dz2(PA)1 (H − z2)−1 (PA)2 (H − z2)−2 Π0

−Π0

∮
C2
dz2(PA)2 (H − z2)−1 (PA)1 (H − z2)−2 Π0

]
(x;x) .

(2.2.30)

A direct comparison with formula (2.2.15) is not successful, in particular the
expression (2.2.30) is the same of the one in(2.2.15) apart from the two Π0 under
the integral with respect to x. Therefore we proceed in the following way. Since
Π0 is a projection, it squares to itself, hence instead of calculating the derivative of
I(Π0), we consider the derivative of I(Π2

0). We start by calculating
(
Π(b+ε)

0

)2
.

In order to compute the first derivative, we expand
(
Π(b+ε)

0

)2
in power of ε and

consider only the first order terms. First of all consider that the gaps in the spectrum
of Hb are stable against small variations of the magnetic field [85], therefore, from
the magnetic perturbation theory [87], we get the following expansion

Π(b+ε)
0 (x; y) = eiεφ(x,y)Π(b)

0 (x; y)

=: eiεφ(x,y)Π(b)
0 (x; y) + εeiεφ(x,y)W (x; y) +O(ε2) .

(2.2.31)

Where W (x; y) is given by

W (x; y) = i
2π

∮
C2

{∫
R2
dx′ (Hb − z)−1 (x; x′)S(x′ − y) (Hb − z)−1 (x′; y)

}
dz ,

(2.2.32)
with S(x′ − y) = (PA)x′ · A(x′ − y), where the notation (PA)x′ means that the
operator (PA) acts only on the variable x′. Taking into account the explicit formula
(2.2.31), the integral kernel of

(
Π(b+ε)

0

)2
is given by(

Π(b+ε)
0

)2
(x; y) = eiεφ(x,y)Π(b)

0 (x; y)

+ ε

∫
R2
dx′eiεφ(x,x′)Π(b)

0 (x; x′)eiεφ(x′,y)W (x′; y)

+ ε

∫
R2
dx′eiεφ(x,x′)W (x; x′)eiεφ(x′,y)Π(b)

0 (x′; y)

+O(ε2) .

(2.2.33)

Notice that the terms of order ε2 are bounded due to exponential localization of
the integral kernel of Π0. Since we have to compute the trace of

(
Π(b+ε)

0

)2
, we are

interested only in the diagonal elements of the integral kernel, namely(
Π(b+ε)

0

)2
(x; x) = Π(b)

0 (x; x) + ε

∫
R2
dx′Π(b)

0 (x; x′)W (x′,y) +W (x; x′)Π(b)
0 (x′; x)

+O(ε2)

where we have used φ(x,x′) + φ(x′,x) = 0. Hence, the derivative with respect to b
of the integrated density of states is given by

2
|Ω|

∫
Ω
dx {Π0W} (x;x) , (2.2.34)
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where we have used the cyclicity property.
Consider now the integral kernel W (x,y). From equation (2.2.17) and A(x) =

1
2(−x2,x1) we obtain that

A(x′ − y) (Hb − z)−1 (x′; y) = − i
2e3 ∧

[
(Hb − z)−1 PA (Hb − z)−1

]
(x′; y) ,

where e3 := (0, 0, 1). Therefore, substituting the last expression in (2.2.32) we get

d I
(
Π(b)

0

)
db

=
d I

((
Π(b)

0

)2
)

db

= − 1
2π

∫
Ω
dx

[
Π(b)

0

∮
C2
dz2 (Hb − z2)−1 (PA)1 (Hb − z2)−1 (PA)2 (Hb − z2)−1 Π(b)

0

−Π(b)
0

∮
C2
dz2 (Hb − z2)−1 (PA)2 (Hb − z2)−1 (PA)1 (Hb − z2)−1 Π(b)

0

]
(x;x) .

Hence we obtain that
d I

(
Π(b)

0

)
db

∣∣∣∣∣∣
b=b0

=
C
(
Π(b0)

0

)
2π . (2.2.35)

Considering Π(b)
0 , instead of (Π(b)

0 )2, and repeating the same argument (see [38] for
the explicit computation) one also obtains that

C(Π(b)
0 )

2π = σ (b0, T = 0, ω = 0) . (2.2.36)

Therefore the proof of Theorem 2.2.1 is concluded.
Remark 2.2.4. The Středa formula, as it was showed in [110] by Středa, is given by
equation (2.2.35). Instead, equation (2.2.36) goes under the name of gap labelling
theorem. The proof we have shown for equation (2.2.36) is not particularly illumi-
nating, in fact it follows the inverse logical path: we started from the definition of
the Chern character and we proved that it is equal to the derivative of the integrated
density of states. In Section 2.4 we provide a simpler and more elegant proof of the
gap labelling theorem starting from the integrated density of states and showing
directly that the first order contribution in ε to the integrated density of states
I
(
Π(b+ε)

0

)
is given by the formula of the Chern character given in Definition 2.1.3.

2.2.2 Integral kernels and cyclicity

This section is devoted to the proof of cyclicity under the trace per unit volume
when the operators involved have jointly continuous integral kernel. Let us recall
the underlining idea from [38]. Consider two operators K1 and K2 with jointly
continuous integral kernels such that, for all x,y ∈ R2,

Ki(x; y) = Ki(x + γ; y + γ) , ∀γ ∈ Z2 , i ∈ 1, 2 ,

we are interested in evaluating the trace per unit volume, see Remark 2.1.2, given by

T (K1K2) =
∫

Ω
dx

∫
R2
dyK1(x; y)K2(y;x) .
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Then, from the translation invariance of the kernel we obtain∫
Ω
dx

∫
R2
dyK1(x; y)K2(y;x) =

∑
γ∈Z2

∫
Ω
dx

∫
Ω
dyK1(x; y + γ)K2(y + γ;x)

=
∑
γ∈Z2

∫
Ω
dx

∫
Ω
dyK1(x− γ; y)K2(y;x− γ)

=
∫

Ω
dy

∫
R2
dxK2(y; x)K1(x; y) = T (K2K1) ,

(2.2.37)
which shows that we can cycle the operators under the trace per unit volume. Note
that this result in general is not obvious, since it would require to know some
properties regarding the commutator between Ki and χL. We want to use the
previous argument in order to show that, for m ∈ {0, 1},

T
(

Πm
0

∮
C
dz (Hb − z)−1 (PA)i (Hb − z)−1 (PA)j (Hb − z)−1 Πm

0

)
= T

(
Πm

0

∮
C
dz(PA)i (Hb − z)−1 (PA)j (Hb − z)−2 Πm

0

)
.

(2.2.38)

Hence we have to write the operator under the trace as a product of two operators with
jointly continuous integral kernel such that their diagonal elements are translation
invariant. Let us show this in details. By integrating by part N times on the closed
contour C we obtain a sum of terms of the form∮

C
dz

zN

N ! (Hb − z)−N1 (PA)i (Hb − z)−N2 (PA)j (Hb − z)−N3 ,

where N1, N2, N3 ∈ N satisfy N1 +N2 +N3 = N + 3 and 1 ≤ N1, N2, N3 < N + 3.
In Section A.1 we show that, for M > 0 large enough, the operators of the form
(Hb − z)−M and (PA)j (Hb − z)−M have a jointly continuous integral kernel that
grows at most polynomially in the complex variable z and is exponentially localized
near the diagonal, see (A.1.23) and (A.1.27). Therefore, the operators K1 :=
Πm

0 (Hb − z)−N1 (PA)i (Hb − z)−N2 and K2 := (PA)j (Hb − z)−N3 Πm
0 have a jointly

continuous integral kernel and the traces per unit volume in (2.2.38) make sense. In
view of the boundedness of the contour C, in order to apply the cyclicity argument
showed in (2.2.37), it remains only to check that the diagonal elements of their
integral kernels are translation invariant. Since both (Hb − z)−1 and PA commute
with the magnetic translations, their integral kernels satisfy

Ki(x; y) = eiφ(x,γ)Ki(x− γ; y− γ)e−iφ(x′,γ) x,x′ ∈ R2 , γ ∈ Z2 .

Therefore we have that Ki(x; y) = Ki(x − γ; y − γ) and we can freely apply the
cyclicity argument in the proof of the previous section.

2.3 Time-reversal symmetry always implies zero Chern
character

In time-reversal symmetric systems, it is the existence of the time-reversal symmetry
operator Θ that implies the vanishing of the Chern number of the Fermi projection.
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Indeed, by plugging the relation

ΘΠ0(k)Θ−1 = Π0(−k)

in the definition of the Chern number (5.3.2) the previous claim can be easily proved,
see also [89]. The question we want to answer is whether this property requires the
existence of an underlining periodic structure, or rather it is sufficient to have a
time-reversal symmetric system.

Consider a Hamiltonian operator H that satisfies Assumption 1.3.3. Assume that
the Hamiltonian is time-reversal symmetric, that is assume that the magnetic vector
potential A = 0 so that the Hamiltonian is a real operator. Therefore, consider the
projection Π0 onto the isolated spectral island of H. By the holomorphic functional
calculus, also Π0 is a real operator. Since we know from Section A.1 that Π0 has
a jointly continuous integral kernel, as a real and selfadjoint operator its integral
kernel satisfies

Π0(x; y) = Π0(y; x) , ∀x,y ∈ R2 .

This means that Π0 = Π>0 , where we denoted with > the operator whose integral
kernel coordinates are switched. The Chern character of Π0 is given by

C(Π0) = lim
L→∞

2π
4L2 Tr (iχLΠ0 [[X1,Π0] , [X2,Π0]] Π0χL) =: lim

L→∞

2π
4L2 Tr (CL) ,

compare with Definition 2.1.3. In Chapter 4 we prove that CL is a trace class
operator for every L, hence the previous formula is well defined whenever the limit
on the right hand side exists. From the joint continuity of the integral kernel of Π0
and from the identity

[Xi,Π0] (x; y) = (x− y)Π0(x; y) , ∀x,y ∈ R2 ,

one can easily deduce that the integral kernel of CL is also jointly continuous. The
action of switching the variables of the integral kernel of bounded linear operator is
the infinite dimensional analogue of the transposition operation on matrices. Indeed,
if A is a trace class operator with jointly continuous integral kernel it holds that

Tr(A) =
∫
R2
dxA(x; x) ,

which implies Tr(A) = Tr(A>). Moreover, if B and C are trace class operators with
jointly continuous integral kernel we have that

(BC)> (x; y) =
∫
R2
dx′B(y; x′)C(x′; x)

=
∫
R2
dx′C>(x; x′)B>(x′; y) = C>B>(x; y) ,

which implies
[B,C]> (x; y) =

[
C>, B>

]
(x; y) . (2.3.1)

Applying these two properties to Tr (CL), we have the following chain of equalities

Tr (CL) = Tr
(
C>L

)
= Tr

{
i (χLΠ0 [[X1,Π0] , [X2,Π0]] Π0χL)>

}
= Tr

{
i (Π0χL)>

[
[X2,Π0]> , [X1, P ]>

]
(χLΠ0)>

}
.

(2.3.2)
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Consider the operator Π0χL, it has a jointly continuous integral kernel given by

Π0χL(x; y) = Π0(x; y)χL(y) ,

hence we have that

(Π0χL)> (x; y) = Π0(y; x)χL(x) = Π0(x; y)χL(x) = (χLΠ0) (x; y) , (2.3.3)

where in the second equality we have used the time-reversal symmetry of Π0. Consider
now the commutators [Xi,Π0]

[Xi,Π0]> (x; y) = [Xi,Π0] (y; x) = (yi − xi)Π0(y; x)
= (yi − xi)Π0(x; y) = − [Xi,Π0] (x; y) ,

(2.3.4)

where again in the third equality we have used the time-reversal symmetry of Π0.
Plugging (2.3.3) and (2.3.4) in (2.3.2), we obtain

Tr {iχLΠ0 [[X2,Π0] , [X1, P ]] Π0χL} = −Tr {iχLΠ0 [[X1, P ] , [X2,Π0]] Π0χL} .

Therefore we have that Tr (CL) = −Tr (CL) and this implies Tr (CL) = 0 which in
turn implies C(Π0) = 0 .

The above argument shows that the vanishing of the Chern character for time-
reversal symmetric systems does not depend on the k-space structure of periodic
systems.

2.4 Beyond Diophantine Wannier diagram:
gap labelling for Bloch–Landau Hamiltonian

In this section we analyse the relations between the Chern character and the
integrated density of states, in particular we provide a new proof of the gap labelling
theorem for Bloch–Landau Hamiltonian. As a by-product we show that the Chern
character is stable with respect to perturbation by a constant magnetic field. This
section is the reproduction of [32] which is the fruit of a joint collaboration with
H. Cornean and D. Monaco.

It is well known that, given a two-dimensional purely magnetic Landau Hamilto-
nian with a constant magnetic field b which generates a magnetic flux ϕ per unit
area, then any spectral island σb consisting of M infinitely degenerate Landau levels
carries an integrated density of states Ib = Mϕ. Wannier later discovered a similar
Diophantine relation expressing the integrated density of states of a gapped group
of bands of the Hofstadter Hamiltonian as a linear function of the magnetic field
flux with integer slope.

We extend this result to a gap labelling theorem for any two-dimensional Bloch–
Landau operator Hb which also has a bounded Z2-periodic electric potential. Assume
that Hb has a spectral island σb which remains isolated from the rest of the spectrum
as long as ϕ lies in a compact interval [ϕ1, ϕ2]. Then Ib = c0 + c1ϕ on such intervals,
where the constant c0 ∈ Q while c1 ∈ Z. The integer c1 is the Chern character of the
spectral projection onto the spectral island σb. We also show that, as a Corollary
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of the main result, the Fermi projection on σb, albeit continuous in b in the strong
topology, is nowhere continuous in the norm topology if either c1 6= 0 or c1 = 0 and
ϕ is rational.

Our proofs, otherwise elementary, do not use non-commutative geometry but
are based on gauge covariant magnetic perturbation theory which we briefly review
for the sake of the reader. Moreover, our method allows us to extend the analysis to
certain non-covariant systems having slowly varying magnetic fields.

2.4.1 Introduction and main results

It is by now textbook material [72, 93] that each Landau level of an electron moving
freely in two dimensions in the presence of a constant magnetic field B carries a
density of states per unit area equal to the magnetic field flux ϕ = B

2πc , in Hartree
units where e = 1 = me = ~.

In 1978, Wannier [114] realized by an ingenious counting argument that the
integrated density of states of any isolated group of mini-bands of the Hofstadter
Hamiltonian [62], a discrete analogue of the magnetic Laplacian, is a linear Diophan-
tine function of the rational magnetic flux. Moreover, its slope is an integer which
remains unchanged as long as the group of mini-bands under consideration remains
isolated from the other ones. More specifically, if IB0 denotes the integrated density
of states associated to M mini-bands of the Hofstadter Hamiltonian at magnetic
field B0 such that B0 = 2πcp/q, with p, q ∈ Z co-prime integers, then

q IB0 = M + c1p, c1 ∈ Z. (2.4.1)

Notice that the left-hand side of the above equality counts the number of charge
carriers in a supercell of area q. Without giving a formal proof, Wannier came to
the natural conclusion that this relationship should also hold for all irrational values
of the flux: this allowed him to label the gaps in the spectrum of the Hofstadter
Hamiltonian by “diagrams” consisting of linear functions of magnetic flux with
integer slopes. No wonder that his paper was rather cryptically entitled A Result
Not Dependent on Rationality for Bloch Electrons in a Magnetic Field.

In 1982, starting from the linear response ansatz, Středa [110] showed that the
Hall conductivity is proportional to the derivative with respect to the magnetic flux
of the integrated density of states of the Fermi projection, provided the Fermi energy
is in a gap. Then in [109] he used Wannier’s result from 1978 in order to conclude
that the Hall conductivity is proportional to an integer, namely c1 in the above
formula (2.4.1).

Still in 1982, Thouless, Kohomoto, Nightingale and den Nijs [112] showed that
the Hall conductivity is proportional to the Chern number of the Fermi projection
whenever the number of magnetic flux quanta per unit cell is rational, and thus
identified the geometric origin underlying the integer c1: this relation of the Hall
conductivity with topological numbers was later clarified by Avron, Seiler and Simon,
see [8]. Reasoning in analogy with the Hofstadter model, and inspired by Wannier’s
work, Thouless and his collaborators concluded that the results should persist also
at irrational values of the magnetic flux. This led Avron and Osadchy to produce
“colored Hofstadter butterflies”, where the gaps in the spectrum of the Hofstadter
Hamiltonian are labelled according to their associated Chern number [88, 6].
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For discrete and continuous gapped models of Bloch electrons, Wannier’s result
and its connection with the Chern character for all real flux values were rigorously
formulated by Bellissard [12, 13] in the language of non-commutative geometry. The
equality argued by Wannier, generalizing (2.4.1) to any b, was dubbed “gap labelling
conjecture” in [12], and translated in a statement about the K-theory of certain
crossed product C∗-algebras. Bellissard proved the gap labelling conjecture for
aperiodic crystals without magnetic field in [14]; the full proof of the “magnetic” gap
labelling conjecture was achieved by Benameur and Mathai in [16, 17]. In the case
of periodic potentials, the proof of the K-theoretic reformulation of the magnetic
gap labelling conjecture can be traced back to a theorem by Elliott [44] on the
K-theory of the rotation C∗-algebra, elaborating upon earlier results by Connes [27],
Pimsner and Voiculescu [94], and Rieffel [101] for the two-dimensional case which
is also of interest for the work presented in this section. Unfortunately, Bellissard
used the term “Středa formula” to denote the equality between the derivative of the
integrated density of states and the Chern character, although Středa’s contribution
strictly consisted in relating the derivative with respect to the magnetic field of the
integrated density of states with the Hall conductivity, within linear response. We
note that the actual “Středa formula”, in the latter sense, was rigorously proved in
the gapped continuous case by Cornean, Nenciu and Pedersen in [38], in Section 2.2.1
we reported the proof with the detailed steps.

Schulz-Baldes and Teufel [102] significantly improved the results of Středa and
also extended the results of [13] to the case when the Fermi energy is situated in a
mobility gap (see also [15] for the proof of integrality of the Chern character in the
latter regime). Of a similar flavour are certain higher-dimensional generalizations of
the “Středa formula”, presented in the monograph by Prodan and Schulz-Baldes
[97]. We note though that their proofs are formulated for bounded Hamiltonian
operators.

Goals and structure

In this section, we first provide a proof of the Wannier diagrams for unbounded
continuous Bloch–Landau Hamiltonians; we achieve this in Theorem 2.4.1 (i) and (ii).
As a by-product, we show in Corollary 2.4.2 that while the Fermi projection is always
everywhere continuous in the strong topology as a function of the magnetic flux,
there are situations in which this map is nowhere continuous in the norm topology!

Our second novel result, Theorem 2.4.5, extends the gap labelling (in a weaker
sense) to more general perturbations; in particular, we are interested in perturbations
given by slowly varying magnetic fields, which generically break covariance.

The main tool we use is the so-called gauge covariant magnetic perturbation
theory developed by Cornean and Nenciu [36, 87, 37, 29]. We do not use noncom-
mutative geometry, and clarify the physical meaning of the “gap labelling” through
Wannier diagrams.

In the rest of this section we formulate our two main result, namely Theorem 2.4.1
and Theorem 2.4.5. In Section 2.4.2 we prove Theorem 2.4.1, in Section 2.4.4 we
prove Theorem 2.4.5, while in Appendix 2.5.1 we review the magnetic Bloch–Floquet
transform and the Chern number. We end with Appendix 2.5.2 in which we review
the gauge covariant magnetic perturbation theory.
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The covariant setting

We consider a Bloch–Landau Hamiltonian acting on L2(R2), and defined in Hartree
units by

Hb = 1
2 (P− bA)2 + V ,

where P = −i∇ is the usual momentum operator, b = −1
cB ∈ R and B is the

magnetic field strength, A = 1
2(−x2, x1) is the magnetic potential in the symmetric

gauge. V is a Z2-periodic electric potential; although we could handle certain
singularities, in order to streamline the proofs we choose to work with bounded V ’s.
Under these conditions, Hb is essentially selfadjoint on C∞0 (R2).

Suppose that the spectrum of Hb has an isolated spectral island σb; by definition,
isolated means that it is separated by the rest of the spectrum by one or two gaps.
The edges of these gaps vary continuously with b [85], thus via the Riesz formula we
can define the spectral projection

Πb = i
2π

∮
C

(Hb − z)−1 dz

where C is a positively oriented simple contour encircling σb and staying at a positive
distance from the spectrum as long as the two gaps we started with remain open. We
note that the nature and the structure of σb can dramatically change when b varies,
i.e. internal mini-gaps can open or close, but as a set, σb varies continuously with
respect to the Hausdorff distance. It is possible to prove that Πb admits a jointly
continuous integral kernel, see Appendix 2.5.2. Using Combes–Thomas estimates
[26, 37] (see also Appendix 2.5.2) one can prove the existence of α,C > 0 such that

|Πb(x; x′)| ≤ Ce−α‖x−x′‖, ∀x,x′ ∈ R2. (2.4.2)

These two constants can be chosen uniformly in b as long as b varies in an interval
such that σb is well separated from the rest of the spectrum.

Let ΛL be the square of side-length L > 1 centred at the origin and let χL be its
characteristic function. Due to (2.4.2) we have that both χLΠbe

α‖·‖/2 and e−α‖·‖/2Πb

are Hilbert–Schmidt operators, thus

χLΠb =
{
χLΠbe

α‖·‖/2
}{

e−α‖·‖/2Πb

}
(2.4.3)

is trace class with Tr(|χLΠb|) ≤ C L2.
In the above considerations, the periodicity of V played no role. When V is

Z2-periodic, we decompose every point x ∈ R2 uniquely as

x = γ + x , γ ∈ Z2 , x ∈ (−1/2, 1/2]× (−1/2, 1/2] =: Ω .

Define the Peierls antisymmetric phase by

φ(x,x′) := 1
2(x′1x2 − x′2x1) , ∀x,x′ ∈ R2 . (2.4.4)

The phase satisfies the composition rule

φ(x,y) + φ(y,x′) = φ(x,x′) + φ(x− y,y− x′) ∀x,y,x′ ∈ R2 . (2.4.5)
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The Hamiltonian Hb commutes with the magnetic translations τb,η, defined for every
η ∈ Z2 by

(τb,ηψ)(x) := eibφ(x,η)ψ(x− η) , ∀ψ ∈ L2(R2) .

Because Πb then also commutes with the magnetic translations, for every η ∈ Z2 we
have

Πb(x; x′) = eibφ(x,η)Πb(x− η; x′ − η)e−ibφ(x′,η) . (2.4.6)

We can then define the integrated density of states for the projection I(Πb) by
the formula

I(Πb) := lim
L→∞

1
|ΛL|

Tr(χLΠb) =
∫

Ω
Πb(x;x)dx , (2.4.7)

where the second inequality is a consequence of the Z2-periodicity of Πb(x; x), implied
by (2.4.6).

Let Xj be the multiplication operator with xj . Due to (2.4.2) we have that the
commutators [Xj ,Πb] have continuous integral kernels given by (xj − x′j)Πb(x; x′)
and which are exponentially localized near the diagonal. Due to the (2.4.6) we see
that these commutators also commute with the magnetic translations. Again by
(2.4.6), the integral kernel of iΠb [[X1,Πb] , [X2,Πb]] is such that for all η ∈ Z2

(iΠb [[X1,Πb] , [X2,Πb]]) (x; x′)
= eibφ(η,x) (iΠb [[X1,Πb] , [X2,Πb]]) (x− η; x′ − η)e−ibφ(η,x′) .

The Chern character, according to Definition 2.1.3, is given by

C(Πb) = 2π
∫

Ω
(iΠb [[X1,Πb] , [X2,Πb]]) (x;x)dx . (2.4.8)

We are now prepared to formulate our first main result, a gap labelling theorem
for Bloch–Landau Hamiltonians.

Theorem 2.4.1. Assume that Hb has an isolated spectral island σb which remains
isolated and varies continuously in the Hausdorff distance as long as b ∈ (b1, b2). Let
Πb be its corresponding spectral projection. Then:

(i) the map (b1, b2) 3 b 7→ I(Πb) ∈ R is continuously differentiable and

dI(Πb)
db

= 1
2πC(Πb) (2.4.9)

with C(Πb) as in (2.4.8);

(ii) the Chern character is constant on (b1, b2) and

C(Πb) = c1 ∈ Z;

Moreover, there exists a rational number c0 ∈ Q such that

I(Πb) = c0 + c1
b

2π , b ∈ (b1, b2). (2.4.10)
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As a by-product of the above gap labelling theorem, we can deduce information
regarding the singularity of the magnetic perturbation. To formulate the statement
more precisely, we will need the notion of a localized Wannier-like basis. In the
present context, we say that the Fermi projection Πb admits a localized Wannier-like
basis if

Πb(x; x′) =
M∑
j=1

∑
γ∈Z2

ψj,γ(x)ψj,γ(x′), ψj,γ(x) := eiθ(x) τb′,γwj(x), (2.4.11)

where M ∈ N, θ : R2 → R, b′ ∈ R, and the functions wj ∈ L2(R2) are such that

|wj(x+ γ)| ≤ Ce−α‖γ‖ (2.4.12)

for some α,C > 0 uniform in j ∈ {1, . . . ,M} and x ∈ Ω. Notice that a localized
Wannier-like basis is a particular type of generalized Wannier basis in the sense of
Definition 1.3.6, where the role of the Delone set is played by the regular lattice Z2.
Moreover, a localized Wannier-like basis has a lot more structure than a generalized
Wannier basis. Indeed, it has almost a ladder structure, in the sense that all the
elements of the basis can be generated from a finite set of functions by first acting
with a magnetic translation and then with a unitary operator. The reason behind
this structure will be clarified in Chapter 5, compare with Corollary 5.4.3.

Corollary 2.4.2. Under the same assumptions as in Theorem 2.4.1, the map
(b1, b2) 3 b 7→ Πb is everywhere continuous in the strong topology.

Moreover, for b ∈ (b1, b2), assume that either c1 6= 0 in (2.4.10), or c1 = 0 and
Πb admits a localized Wannier-like basis. Then we have

lim
ε→0
‖Πb+ε −Πb‖ = 1. (2.4.13)

In particular, the above limit holds if c1 = 0 and b/(2π) is rational.

Remark 2.4.3. Corollary 2.4.2 highlights the singularity of the magnetic pertur-
bation: the map b 7→ Πb is everywhere continuous in the strong topology, but
dramatically fails to be continuous in the norm topology.

While the case c1 6= 0 is a rather straightforward consequence of Theorem 2.4.1,
the case c1 = 0 is more involved. A less general situation of this case was already
treated by Nenciu [86, Lemma 5.8]. He only considered b = 0 while σ0 was a simple
absolutely continuous band for which he assumed the existence of an orthonormal
basis of exponentially localized Wannier functions. The strategy behind our proof is
essentially the same as Nenciu’s, but we generalize his argument in particular to any
rational flux, by showing in Appendix 2.5.1 that also in this case one can construct
an orthonormal basis of localized Wannier functions for the Fermi projection.

Motivated by magnetic perturbation theory (see Chapter 5, where (2.4.11) is
shown to hold for certain perturbations around rational-flux Fermi projections), we
conjecture that (2.4.13) and the existence of a localized Wannier-like basis as in
(2.4.11) should also hold for all irrational fluxes when c1 = 0.

Remark 2.4.4. The Chern character, also known as the real space Chern number,
has been studied by Avron, Seiler and Simon in [9]. In that work the authors connect
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the formula of the Chern character to the index of pair of projections, which is
always an integer by construction. Hence, applying the results in [9] to our setting,
one obtains that for values of b that do not close the gap of Hb, the Chern character
is actually an integer. However, two comments are in order:

• the projection Πb is not norm continuous with respect to b, see Corollary 2.4.2.
Therefore, even though C(Πb) is an integer, in principle it could take different
integer values for different values of b in the interval (b1, b2);

• the proof that the Chern character is an integer provided in [9] takes into
account a more general setting (Landau Hamiltonian with disordered scalar
potential) but relies on some results by Connes regarding non-commutative
geometry. Indeed, quoting the authors word in [9]:

That such integrals can be evaluated explicitly, and have geometric
significance is a result of Connes [28] and is a rather amazing fact.

Because of that we decided to exhibit a different, self consistent and in our
opinion more evident proof of the Chern character integrality in the setting of
the Bloch–Landau Hamiltonians.

Slowly varying magnetic perturbations

Here we discuss the generalization of the above Diophantine formula (2.4.10) to
magnetic field perturbations that are slowly varying with respect to the lattice Z2, in
the sense of space adiabatic perturbation theory. Let A(x) = (A1(x1, x2),A2(x1, x2))
be a C2 magnetic potential 4 and define B := ∂2A1 − ∂1A2. We assume that B is
at least C1 with bounded derivatives in the following way:

sup
x∈R2

|∂αB(x)| ≤ Cα , α ∈ N2, |α| ≤ 1. (2.4.14)

On top of that, we require that in the limit of large scales the magnetic field has a
constant (positive) flux per unit area, that is

〈B〉 := lim
L→∞

1
|ΛL|

∫
ΛL
B(x)dx ≥ 0. (2.4.15)

Let 0 < λ� 1 denote the slow variation parameter. Let us introduce Aλ(x) :=
A(λx). Then Aλ produces a weak and slowly varying magnetic field Bλ(x) :=
λB(λx). Let us consider the perturbed Hamiltonian of the form

Hb,λ := 1
2 (P− bA +Aλ)2 + V , (2.4.16)

with b, A and V as before. Up to a gauge transformation, we may assume that Aλ
is given in the transverse gauge:

Aλ(x) =
(∫ 1

0
sBλ(sx)ds

)
(−x2, x1). (2.4.17)

4We incorporate in A the factor 1
c
.
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Hb,λ remains essentially selfadjoint on C∞0 (R2). As in the previous section, we
assume that Hb,0 has an isolated spectral island σb,0. Since the perturbing magnetic
field is of order λ, then for λ small enough the perturbation given by Aλ does not close
the gap between σb,0 and the rest of the spectrum [85, 87] (see also Appendix 2.5.2).
Thus Hb,λ still has a spectral island σb,λ “close to” σb,0. Via a Riesz integral we can
define Πb,λ to be the spectral projection onto the spectral island σb,λ.

The operator Hb,λ is not necessarily covariant anymore (i.e., it need not commute
with some magnetic translations) and we can no longer be sure that Πb,λ admits an
integrated density of states in the sense of (2.4.7), namely the existence of the limit

lim
L→∞

pLb,λ, where pLb,λ := 1
|ΛL|

Tr (χLΠb,λ)

is not always guaranteed. Nevertheless, the lim inf and lim sup of pLb,λ always exist
because the sequence is bounded in L (see also (2.4.3)).

Now we are ready to state the second main result of this section.
Theorem 2.4.5. Let Πb,λ be the spectral projection defined above. Denote by Iλ
either lim sup

L→∞
pLb,λ or lim inf

L→∞
pLb,λ. Then

Iλ = I(Πb,0) + λ
〈B〉
2π C(Πb,0) +O(λ2) , (2.4.18)

where 〈B〉 is defined in (2.4.15).
Remark 2.4.6. Theorem 2.4.5 says that even if the integrated density of states
might not exist, the first order terms in λ of lim supL pLb,λ and lim infL pLb,λ are equal
and proportional to the Chern character of the unperturbed projection, thus the
possible failure in the existence of an IDS is only quadratic in λ.

2.4.2 Proof of Theorem 2.4.1 and Corollary 2.4.2

Proof of (i)

Let us fix some b ∈ (b1, b2) and assume that ε 6= 0 is such that b + ε ∈ (b1, b2).
Proving (2.4.9) is equivalent to showing

I(Πb+ε) = I(Πb) + ε

2πC(Πb) + o(ε) , ε→ 0 . (2.4.19)

It is well known in the literature [36, 87] that the constant magnetic field induces
a singular perturbation. Fortunately, in order to compute I(Πb+ε) we only need
a good control on the diagonal value Πb+ε(x; x) of the integral kernel. The gauge
covariant magnetic perturbation theory provides us with a convergent expansion in
ε of exactly such objects.

First of all, we define the selfadjoint operator Π̃(ε) given by the following integral
kernel:

Π̃(ε)(x; x′) = eiεφ(x,x′)Πb(x; x′) . (2.4.20)
Using the gauge covariant magnetic perturbation theory as in [87] (see also Ap-
pendix 2.5.2) one can show that there exist two constants α,K > 0 such that∣∣∣Πb+ε(x; x′)− Π̃(ε)(x; x′)

∣∣∣ ≤ |ε|Ke−α‖x−x′‖ . (2.4.21)
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In fact, as we have shown in Section 2.2.1, we could give an explicit formula for the
difference in the left hand side in all orders of ε, but the expression is complicated
and contains contributions coming from all spectral subspaces of Hb, not just from
the one corresponding to Πb. Using such an exact formula in order to show that the
first order contribution in ε to I(Πb+ε) is proportional to C(Πb) requires a careful
preliminary massage to the Chern character formula, that in the end make the proof
lengthy and not very transparent.

Instead, to prove (2.4.19) we will use a quite different strategy which only involves
the integral kernel of Πb, the knowledge that Πb is a projection, and the a-priori
zero-order estimate (2.4.21). This strategy consists of two steps:

Step 1. Using the fact that Π̃(ε) is an “almost” projection, we will explicitly con-
struct an auxiliary “true” projection P(ε) which, for |ε| small enough, is
unitarily equivalent to Πb+ε. The estimate (2.4.21) implies that the unitary
operator that intertwines the two projections has an integral kernel that is
exponentially localized, see (2.4.26). Hence P(ε) has the same integrated
density of states as Πb+ε (see Lemma 2.4.7 below).

Step 2. We will study the asymptotic in ε of the integrated density of states of P(ε)

and show that

I(P(ε)) = I(P(0)) + ε

2πC(Πb) + o(ε) , ε→ 0 . (2.4.22)

Step 1

Define the operator
∆(ε) :=

(
Π̃(ε))2 − Π̃(ε) .

The operator ∆(ε) measures how far Π̃(ε) is from being a projection. Using (2.4.2)
and (2.4.5) one can prove (see (2.4.29) below and also Section 5.9.3) that if ε is small
enough then

|∆(ε)(x; x′)| ≤ |ε|Ke−α‖x−x′‖ . (2.4.23)

Thus we can construct the following orthogonal projections (see also [87] for more
details):

P(ε) := Π̃(ε) +
(
Π̃(ε) − 1

21
){

(1 + 4∆(ε))−1/2 − 1
}
. (2.4.24)

Since the integral kernel of ∆(ε) is exponentially localized and of order ε, one can
prove (see Lemma 5.8.5) that∣∣∣{(1 + 4∆(ε))−1/2 − 1 + 2∆(ε)}(x; x′)

∣∣∣ ≤ ε2Ke−α‖x−x′‖ (2.4.25)

This estimate, combined with definition (2.4.24) and with (2.4.21), yields the follow-
ing pointwise estimate:∣∣∣(Πb+ε − P(ε)

)
(x; x′)

∣∣∣ ≤ K|ε| e−α‖x−x′‖ . (2.4.26)

Due to (2.4.26) we have that ‖Πb+ε − P(ε)‖ ≤ C|ε| ≤ 1/2 when |ε| is sufficiently
small, hence we can consider the Kato–Sz.-Nagy unitary operator Uε [64] such that



2.4 Gap labelling for Bloch–Landau Hamiltonian 55

Πb+ε = UεP(ε)U∗ε . From its explicit expression one can obtain the following estimate
(cf. Lemma 5.8.5 ): ∣∣(Uε − 1) (x; x′)

∣∣ ≤ Ce−α‖x−x′‖ , (2.4.27)
which holds for some positive constants C and α, provided |ε| is small enough.

Now we prove that Πb+ε and P(ε) have the same integrated density of states if
|ε| is small enough. In order to do that, we use the following general lemma.
Lemma 2.4.7. Let P1 and P2 be two orthogonal projections acting on L2(R2) such
that their integral kernels satisfy (2.4.2). Assume that there exists a unitary operator
U such that P1 = UP2U

∗ and whose integral kernel satisfies (2.4.27).
Then we have

lim
L→∞

1
|ΛL|

|Tr(χLP1)− Tr(χLP2)| = 0 .

In particular, if both P1 and P2 admit an integrated density of states like in (2.4.7),
then I(P1) = I(P2).

Proof. Reasoning as in (2.4.3) we observe that the operators χLP1, χLP2 and χLUP2
are trace class. Using the trace cyclicity we obtain the identity

Tr(χLP1)− Tr(χLP2) = Tr ([χL, U ]P2U
∗) .

Denoting byW := U−1 we see from (2.4.27) thatW (x; x′) is exponentially localized
near the diagonal and

Tr ([χL, U ]P2U
∗) = Tr ([χL,W ]P2) + Tr ([χL,W ]P2W

∗) .

Both traces can be bounded by a double integral of the type∫
R2
dx′

∫
R2
dx e−α‖x−x′‖|χL(x)− χL(x′)| .

In the above integral, the integrand is non-zero only if one variable belongs to ΛL
and the other one lies outside ΛL. Due to the symmetry, it is enough to estimate∫

ΛL
dx′

∫
R2\ΛL

dx e−α‖x−x′‖ .

For a fixed x ∈ ΛL we have the inequality

e−α‖x−x′‖ ≤ e−α dist(x,∂ΛL)/2e−α‖x−x′‖/2, ∀x′ ∈ R2 \ ΛL.

By integrating with respect to x′ at fixed x we can bound the above double integral
by ∫

ΛL
dx e−α dist(x,∂ΛL)/2 ≤ C L,

hence when dividing by L2 = |ΛL| we obtain the claimed convergence to zero.

Using (2.4.6) one can prove by direct computation that the operator Π̃(ε) com-
mutes with the magnetic translations τb+ε,η. Since P(ε) is a function of Π̃(ε), it also
commutes with the same magnetic translations, thus Π̃(ε)(x; x) and P(ε)(x; x) are
periodic functions and the integrated densities of states I(Π̃(ε)), I(P(ε)) exist. Due
to (2.4.26) and (2.4.27) we can apply Lemma 2.4.7 to P(ε) and Π̃(ε) = UεP(ε)U∗ε and
conclude that

I(Πb+ε) = I(P(ε)).
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Step 2

We now prove (2.4.22). Let us begin by studying P(ε) in detail. Using the same
method yielding (2.4.26) but taking into account also the term of order ε we obtain
the estimate∣∣∣P(ε)(x; x′)−

{
Π̃(ε) − 2Π̃(ε)∆(ε) + ∆(ε)

}
(x; x′)

∣∣∣ ≤ Cε2e−α‖x−x′‖ .

This leads to∣∣∣P(ε)(x; x)− P(0)(x; x)−
{
−2Π̃(ε)∆(ε) + ∆(ε)

}
(x; x)

∣∣∣ ≤ Cε2, (2.4.28)

where we used that Π̃(ε)(x; x) = Πb(x; x) = P(0)(x; x), independent of ε.
Exploiting the composition rule for the Peierls phase (2.4.5), the fact that Πb is

a projection, and the exponential localization of the integral kernel of Πb, we obtain

∆(ε)(x; x′)

=
∫
R2
dy

(
eiεφ(x,y)Πb(x; y)eiεφ(y,x′)Πb(y; x′)− eiεφ(x,x′)Πb(x; y)Πb(y; x′)

)
= i

2e
iεφ(x,x′)ε

∫
R2
dy
[
(x− y)2(y− x′)1 − (x− y)1(y− x′)2

]
Πb(x; y)Πb(y; x′)

+O(ε2e−α‖x−x′‖) .
(2.4.29)

Noticing that ∆(ε)(x; x) = 0+O(ε2) it follows that only −2Π̃(ε)∆(ε)(x; x) contributes
to the first order expansion in ε of P(ε)(x; x) in (2.4.28). More precisely

− 2
(
Π̃(ε)∆(ε)

)
(x; x)

= −2
∫
R2
dx̃ eiεφ(x,x̃)Πb(x; x̃)∆(ε)(x̃; x)

= iε
∫
R2
dx̃ Πb(x; x̃)

∫
R2
dy [(x̃− y)1(y− x)2 − (x̃− y)2(y− x)1] Πb(x̃; y)Πb(y; x)

+O(ε2)
= ε (iΠb [[X1,Πb] , [X2,Πb]]) (x; x) +O(ε2).

This proves (2.4.22), see (2.4.8).
The continuity of C(Πb) as a function of b ∈ (b1, b2) can be shown using the

same method, i.e. by replacing Πb+ε with Π̃(ε) in the expression of C(Πb+ε) then
using (2.4.21) and the composition rule (2.4.5) for the magnetic phases. In fact, one
can prove infinite differentiability in this way.

Proof of (ii)

From Theorem 2.4.1 (i) we know that the derivative of the integrated density of
states is a continuous function and it is proportional to the Chern character C(Πb)
for every b restricted to compact intervals in (b1, b2) where the spectral island σb
remains isolated from the rest of the spectrum.

The main observation, proved for the convenience of the reader in Appendix 2.5.1,
is that the map

(b1, b2) 3 b 7→ C(Πb) ∈ R
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takes integer values when b/(2π) ∈ Q. Since the map is at the same time uniformly
continuous on any compact interval included in (b1, b2), a straightforward argument
shows that it must be constant and thus everywhere equal to an integer c1 ∈ Z.

In order to prove (2.4.10), let us fix some b0 ∈ (b1, b2) such that b0/(2π) = p/q ∈
Q. Then for every other b in this interval we have by (2.4.9)

I(Πb) = I(Πb0) + c1
b

2π −
c1p

q
.

In Appendix 2.5.1 we will prove that Πb0 is a fibered operator. In the magnetic
Bloch–Floquet representation, the fiber of Πb0 at a fixed quasimomentum k is a
rank-M orthogonal projection. Also, σb0 is the union of M mini-bands (which might
overlap). When we compute I(Πb0) with the help of (2.5.5), the result is that
I(Πb0) = M/q ∈ Q. Thus setting c0 := (M − c1p)/q concludes the proof.

2.4.3 Proof of Corollary 2.4.2

Continuity in strong topology is known since at least Kato [64], who used asymptotic
perturbation theory. For the sake of the reader we present here a much shorter
proof based on magnetic perturbation theory. By a standard density argument it is
enough to show that

lim
ε→0
‖(Πb+ε −Πb)ψ‖ = 0

for every ψ with compact support. This follows from (2.4.2), (2.4.20), (2.4.21), from
the inequality ∣∣∣eiεφ(x,x′) − 1

∣∣∣ ≤ |ε| |φ(x,x′)| ≤ |ε| ‖x− x′‖ ‖x′‖/2

and the fact that ‖x′‖ |ψ(x′)| is in L2(R2).
Now let us continue with proving the discontinuity in norm topology. We start

with a general fact: if P1 and P2 are orthogonal projections, then ‖P1 − P2‖ ≤ 1 [64,
Chap. I, Problem 6.33]. Hence in order to prove (2.4.13) it is enough to show that
the lim inf cannot be less than one.

Let c1 6= 0. Assume that (2.4.13) is false. Then there would exist an a ∈ [0, 1) and
a sequence εn 6= 0, depending on a, such that εn → 0 and limn→∞ ‖Πb+εn −Πb‖ = a.
This implies the existence of some n0 such that for every n ≥ n0 we have

‖Πb+εn −Πb‖ ≤
(1 + a)

2 < 1.

Then Πb+εn and Πb would be intertwined by a Kato–Sz.-Nagy unitary. Let us now
prove that the Kato–Sz.-Nagy unitary satisfies (2.4.27). Fix n > n0 and define the
operator Dn := Πb+εn − Πb. Since the kernel of both operators is exponentially
localized, see (2.4.2), one can find two constants α and C that does not depend on
n, such that

|Dn(x; x′)| ≤ Ce−α‖x−x′‖ . (2.4.30)

Then, for all 0 ≤ δ < δ0 < α, it holds∣∣∣Dn(x; x′)eδ‖x−x′‖ −Dn(x; x′)
∣∣∣ ≤ Cδe−α2 ‖x−x′‖ , (2.4.31)
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which is a simple consequence of |e‖x‖ − 1| ≤ ‖x‖e‖x‖. Hence, choosing δ small
enough, using the triangle inequality and (2.4.31) together with a Schur–Holmgren
estimate, we obtain

sup
x0∈R2

∥∥∥e±δ‖·−x0‖Dne
∓δ‖·−x0‖

∥∥∥ < 1 . (2.4.32)

From the explicit formula of the Kato–Sz.-Nagy unitary Un that intertwines Πb+εn
and Πb, one has that

Un−1 =
((

1−D2
n

)− 1
2 − 1

)
(1 + 2Πb+εnΠb −Πb −Πb+εn)+2Πb+εnΠb−Πb−Πb+εn .

Since the projections Πb+εn and Πb have an exponentially localized integral kernel,
see (2.4.2), we only have to prove that the operator

((
1−D2

n

)− 1
2 − 1

)
has an

integral kernel that satisfies (2.4.27). Therefore, consider((
1−D2

n

)− 1
2 − 1

)
= Dn

( ∞∑
k=0

(2k + 1)!!
(k + 1)!2(k+1) (Dn)2k

)
Dn

=: Dn

( ∞∑
k=0

tk(Dn)2k
)
Dn .

From the estimate (2.4.32) we get that

sup
x0∈R2

∥∥∥∥∥e−δ‖·−x0‖
( ∞∑
k=0

tk(Dn)2k
)
eδ‖·−x0‖

∥∥∥∥∥ ≤ C .

Moreover, from the estimate
∣∣∣e−δ‖x−x0‖Dn(x; x′)eδ‖x′−x0‖

∣∣∣ ≤ Ce−
α
2 ‖x−x′‖ and the

Cauchy-Schwarz inequality, one deduces that

sup
x0∈R2

∥∥∥e−δ‖·−x0‖Dne
δ‖·−x0‖

∥∥∥
B(L2,L∞)

≤ C .

The previous two estimates imply that

sup
x0∈R2

∥∥∥∥∥e−δ‖·−x0‖Dn

( ∞∑
k=0

tk(Dn)2k−1
)
Dne

δ‖·−x0‖
∥∥∥∥∥
B(L2,L∞)

≤ C ,

hence e−δ‖·−x0‖
(∑∞

k=0 tk(Dn)2k
)
Dne

δ‖·−x0‖ is a Carleman operator and in particular
has an integral kernel. Furthermore, notice that Πb+ε and Πb+ε map the Hilbert
space into the space of continuous functions (see Section A.1.1), hence also the
operator e−δ‖·−x0‖

(∑∞
k=0 tk(Dn)2k

)
Dne

δ‖·−x0‖ shares the same property. Therefore,
by mimicking the strategy in [37] and extensively revised in Section A.1, we can
show that

sup
x0∈R2

∥∥∥∥∥eδ‖·−x0‖
( ∞∑
k=0

tk(Dn)2k+1
)

(x0; ·)
∥∥∥∥∥
L2(R2)

= sup
x0∈R2

∥∥∥∥∥eδ‖·−x0‖
( ∞∑
k=0

tk(Dn)2k+1
)

(·; x0)
∥∥∥∥∥
L2(R2)

≤ C .
(2.4.33)
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Using this, together with (2.4.30), the Cauchy-Schwarz and the triangle inequality,
we eventually obtain that

sup
x,x′

eδ‖x−x′‖
∣∣∣∣((1−D2

n

)− 1
2 − 1

)
(x; x′)

∣∣∣∣
≤ sup

x,x′

∫
R2
dx̃ eδ‖x−x̃‖ |Dn(x; x̃)| eδ‖x̃−x′‖

∣∣∣∣∣
( ∞∑
k=0

tk(Dn)2k+1
)

(x̃; x′)
∣∣∣∣∣

≤ sup
x∈R2

∥∥∥eδ‖·−x‖ |Dn(x; ·)|
∥∥∥
L2(R2)

sup
x′∈R2

∥∥∥∥∥eδ‖·−x′‖
∣∣∣∣∣
( ∞∑
k=0

tk(Dn)2k+1
)

(·; x′)
∣∣∣∣∣
∥∥∥∥∥
L2(R2)

≤ C .

Thus the unitary Un obeys the conditions of Lemma 2.4.7, hence I(Πb+εn) = I(Πb)
if n is large enough, which contradicts that c1 6= 0.

Now let c1 = 0, and assume (2.4.11). Let us define the unit vector

Ψε,η(x) := eiεφ(x,η)ψ1,η(x), η ∈ Z2.

Using (2.4.20), (2.4.21), and the exponential decay (2.4.12) of w1 we obtain the
existence of C > 0 such that for all η

〈Ψε,η,Πb+εΨε,η〉 ≥ 1− C |ε|.

Also

‖Πb+ε −Πb‖ ≥ 〈Ψε,η, (Πb+ε −Πb)Ψε,η〉 ≥ 1− C |ε| −
M∑
j=1

∑
γ∈Z2

|〈Ψε,η, ψj,γ〉|2 .

Since the left hand side is independent of η we have the inequality

‖Πb+ε −Πb‖ ≥ 1− C |ε| − inf
η∈Z2

M∑
j=1

∑
γ∈Z2

|〈Ψε,η, ψj,γ〉|2 . (2.4.34)

We will now show that

lim
|η|→∞

M∑
j=1

∑
γ∈Z2

|〈Ψε,η, ψj,γ〉|2 = 0,

which inserted in (2.4.34) would finish the proof. By changing γ into η + γ we will
investigate ∑

γ∈Z2

|〈Ψε,η, ψj,γ+η〉|2 .

Due to the exponential localization of the wj ’s and using the triangle inequality one
can prove the existence of two constants α,C > 0 such that

|〈Ψε,η, ψj,γ+η〉| ≤ Ce−α‖γ‖, ∀η ∈ Z2.

Thus the proof would be over if we can prove that for fixed γ we have

lim
|η|→∞

〈Ψε,η, ψj,γ+η〉 = 0.
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Let us compute

〈Ψε,η, ψj,γ+η〉 = 〈eiεφ(·,η)eiθ(·) τb′,ηw1, e
iθ(·) τb′,γ+ηwj〉

= 〈eiεφ(·,η) τb′,ηw1, e
ib′φ(η,γ) τb′,ητb′,γwj〉 ,

where we used the fact that magnetic translations form a projective representation
of Z2. An easy computation, exploiting φ(η, η) = 0, shows that multiplication by the
phase factor eiεφ(·,η) commutes with the magnetic translation τb′,η. Up to a factor of
modulus one, the above scalar product is then proportional to the integral∫

R2
e−iεφ(x,η)w1(x)eibφ([x],γ)wj(x− γ)dx

where [x] ∈ Z2 denotes the “integer part” in the decomposition x = x + [x] with
x ∈ Ω. The above integral is proportional to the Fourier transform of the L1 function

w1(x)eibφ([x],γ)wj(x− γ),

evaluated at the point ξ = ε
2(−η2, η1). Since γ is fixed and ε 6= 0, the Riemann-

Lebesgue lemma implies that the integral goes to zero when |η| → ∞. The proof of
Corollary 2.4.2 is over.

2.4.4 Proof of Theorem 2.4.5

The strategy of the proof resembles that of Theorem 2.4.1. In this section we denote
by Πλ ≡ Πb,λ the Fermi projection on the isolated spectral island σb,λ of Hb,λ. We
start by showing the existence of an auxiliary projection P(λ), unitarily equivalent
to Πλ, which can be used to explicitly compute the first order expansion in λ of Iλ
in Theorem 2.4.5.

Let us introduce the phase factor given by

φλ(x,x′) :=
∫ x′

x
Aλ ≡

∫ 1

0
Aλ(x′ + s(x− x′)) · (x− x′) ds. (2.4.35)

Note that when Aλ (see (2.4.16)) comes from a constant magnetic field, we obtain
the usual Peierls phase (2.4.4).

Using results from magnetic perturbation theory [87] (see also Appendix 2.5.2)
we have

|Πλ(x; x′)− eiφλ(x,x′)Π0(x; x′)| ≤ Cλe−β‖x−x′‖ . (2.4.36)

As before, we define the operator Π̃λ through its integral kernel:

Π̃λ(x; x′) := eiφλ(x,x′)Π0(x; x′).

We also define the auxiliary projection P(λ) (the analogue of P(ε) from the previous
section) as

P(λ) := Π̃λ +
(
Π̃λ − 1

21
){

(1 + 4∆(λ))−1/2 − 1
}
, ∆(λ) := Π̃2

λ − Π̃λ , (2.4.37)

such that ∣∣∣(Πλ −P(λ)
)

(x; x′)
∣∣∣ ≤ Cλe−α‖x−x′‖ . (2.4.38)
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From this, one can prove, see Section 5.8.1, that if λ is small enough, then one
can construct the Kato–Sz.-Nagy unitary U(λ) such that Πλ = U(λ)P(λ)U(λ)∗ and
moreover ∣∣∣(U(λ) − 1)(x; x′)

∣∣∣ ≤ Ce−α‖x−x′‖ . (2.4.39)

Now we are ready to prove equation (2.4.18). We only show the proof for the
lim sup case since the lim inf case is completely analogous.

The operator χLP(λ) is trace class (cf. (2.4.3)) and we have the trivial identity

1
|ΛL|

Tr (χLΠλ) = 1
|ΛL|

(
Tr (χLΠλ)− Tr

(
χLP

(λ)
))

+ 1
|ΛL|

Tr
(
χLP

(λ)
)
.

Thanks to Lemma 2.4.7, the first term on the right hand side of the above
identity converges to zero as L→∞, hence taking the lim sup of both sides yields

Iλ = lim sup
L→∞

1
|ΛL|

Tr
(
χLP

(λ)
)
. (2.4.40)

What we have to prove now is that

lim sup
L→∞

1
|ΛL|

Tr
(
χLP

(λ)
)

= I(Π0) + λ
〈B〉
2π C(Π0) +O(λ2) . (2.4.41)

As we have done in the case of a constant magnetic field, we need to study the
expansion in λ of the trace on the left hand side of (2.4.41) using (2.4.37), and
control the behaviour at large L. We separately analyse each term of (2.4.37).

Denote by fλ(x,y,x′) the magnetic flux generated by the slowly varying magnetic
perturbation through the triangle 〈x,y, x′〉 with corners situated at x, y and x′:

fλ(x,y,x′) = φλ(x,y) + φλ(x,y)− φλ(x,x′) =
∫
〈x,y,x′〉

λB(λx̃) dx̃. (2.4.42)

Since B has uniformly bounded derivatives (see (2.4.14)), we obtain

|fλ(x,y,x′)| ≤ λCB‖x− y‖‖y− x′‖ (2.4.43)

with CB a positive constant that only depends on the magnetic field B. Using
equations (2.4.38), (2.4.42), and the fact that Pλ is a projection we obtain

∆(λ)(x; x′) =
∫
R2
eiφλ(x,y)Πλ(x; y)eiφλ(y,x′)Πλ(y; x′)dy− eiφλ(x,x′)Πλ(x; x′)

= eiφλ(x,x′)
∫
R2
eifλ(x,y,x′)Πλ(x; y)Πλ(y; x′)dy− eiφλ(x,x′)Πλ(x; x′)

= eiφλ(x,x′)i
∫
R2

fλ(x,y,x′)Πλ(x; y)Πλ(y; x′)dy +O(λ2e−α‖x−x′‖) .

Given two vectors x and y we denote by {x ∧ y} := x1y2 − x2y1. From (2.4.42) we
have

fλ(x,y,x′) = λ

2B(λx′){(x−y)∧(y−x′)}+
∫
〈x,y,x′〉

λ
(
B(λx̃)−B(λx′)

)
dx̃ . (2.4.44)
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From (2.4.14) we deduce that B is a Lipschitz function:

|B(x)−B(x′)| ≤ KB‖x− x′‖, ∀x,x′ ∈ R2. (2.4.45)

Using the above estimate, the fact that the diameter of a triangle is less than the
sum of the lengths of any two of its sides, and knowing that the area of the triangle
is less than the product of the same two side-lengths, we get∣∣∣∣∣

∫
〈x,y,x′〉

λ
(
B(λx̃)−B(λx′)

)
dx̃
∣∣∣∣∣

≤ λ2KB

(
‖x− y‖2‖y− x′‖+ ‖x− y‖‖y− x′‖2

)
.

(2.4.46)

Therefore, exploiting (2.4.44), (2.4.46) and the exponential localization of the integral
kernel of Πλ, we obtain

∆(λ)(x; x′)

= iλ
∫
R2
dyB(λx′)1

2{(x− y) ∧ (y− x′)}Πλ(x; y)Πλ(y; x′) +O(λ2e−α‖x−x′‖) .

Putting x = x′ in the above equation we see that ∆(λ)(x; x) = O(λ2) thus ∆(λ) gives
no contributions of order zero or λ to |ΛL|−1 Tr

(
χLP

(λ)
)
, uniformly in L ≥ 1 (cf.

the argument below (2.4.28)).
For the next term in the expansion (2.4.37) we have

− 2
(
P(λ)∆(λ)

)
(x; x)

= iλB(λx)
∫
R2
dx̃ Π0(x; x̃)

·
∫
R2
dy [(x̃− y)1(y− x)2 − (x̃− y)2(y− x)1] Π0(x̃; y)Π0(y; x)

+O(λ2)
= λB(λx) (iΠ0 [[X1,Π0] , [X2,Π0]]) (x; x) +O(λ2) .

Thus we need to understand the behaviour of

lim sup
L→∞

1
|ΛL|

∫
ΛL
B(λx) (iΠ0 [[X1,Π0] , [X2,Π0]]) (x; x)dx .

Because the integrand is uniformly bounded, it is enough to consider integer values
for L, and in order to simplify the notation we assume that L = 2L′+ 1 with L′ ∈ N.
In this case we have

ΛL = {x = x+ γ, x ∈ Ω, |γj | ≤ L′}.

Let us denote by C(x) := (iΠ0 [[X1,Π0] , [X2,Π0]]) (x; x). We have that C(x+ γ) =
C(x) for every x ∈ Ω and γ ∈ Z2. Moreover∫

ΛL
B(λx)C(x) dx =

∑
|γj |≤L′

∫
Ω
B(λx+ λγ)C(x)dx
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=
∑
|γj |≤L′

∫
Ω
B(λγ)C(x)dx

+
∑
|γj |≤L′

∫
Ω

(B(λx+ λγ)−B(λγ))C(x)dx

= C(Π0)
2π

∑
|γj |≤L′

B(λγ) + λO(L2)

by (2.4.45). Therefore, in view of (2.4.15), in order to complete the proof it suffices
to show that

lim sup
L→∞

∣∣∣∣∣∣ 1
|ΛL|

∑
|γj |≤L′

B(λγ)− 1
|ΛλL|

∫
ΛλL

B(x)dx

∣∣∣∣∣∣ = O(λ) . (2.4.47)

This is a consequence of the formula |ΛL| = λ−2|ΛλL| and of (2.4.45). Indeed a
computation similar to the above yields

λ2B(λγ) =
∫
|xj−λγj |≤λ/2

B(x)dx +O(λ3),

which gives (2.4.47) upon summing over γ ∈ ΛL ∩ Z2. In turn, using (2.4.15), the
estimate (2.4.47) can be rewritten as

lim sup
L→∞

1
|ΛL|

∑
|γj |≤L′

B(λγ) = 〈B〉+O(λ) .

This ends the proof of Theorem 2.4.5.

2.5 Appendix

2.5.1 Bloch–Floquet(–Zak) transform and the Chern number

In this appendix we discuss the magnetic Bloch–Floquet transform and the Chern
character. The discussion is adapted to the special class of integral operators we
work with.

Let b0 = 2πp/q for some p, q co-prime integer numbers and define the (modified)
magnetic translation of vector η ∈ Z2, τ̂b0,η, to be the following unitary operator:

(τ̂b0,ηf)(x) := eib0η1η2/2eib0φ(x,η)f(x− η) , ∀f ∈ L2(R2) . (2.5.1)

By direct computation one can prove that the set {τ̂b0,γ}γ∈Z2 forms a unitary
projective representation of the group Z2, that is

τ̂b0,γ τ̂b0,ξ = e−ib0γ2ξ1 τ̂b0,γ+ξ , ∀ γ, ξ ∈ Z2 .

Considering the enlarged lattice

Z2
(q) :=

{
η ∈ Z2 | η = (γ1, qγ2) , γ ∈ Z2

}
,
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we have that {τ̂b0,η}η∈Z2
(q)

is a true unitary representation of Z2
(q), that is

τ̂b0,η τ̂b0,ρ = τ̂b0,η+ρ , ∀ η, ρ ∈ Z2
(q) .

Let us denote by Z2∗
(q) the dual lattice of Z2

(q) and by B(q) and Ω(q) the unit cells of
Z2∗

(q) and Z2
(q) respectively, i.e.

B(q) := (−π, π]× (−π/q, π/q] , Ω(q) := (−1/2, 1/2]× (−q/2, q/2].

B(q) is usually called the (magnetic) Brillouin zone. We introduce the Bloch–Floquet
unitary (denoted by UBF ) as the operator which maps L2(R2) onto

∫⊕
B(q)

L2(Ω(q))dk
and acts on f ∈ C∞0 (R2) as

(UBF f)(k, y) := 1
|B(q)|1/2

∑
γ∈Z2

(q)

e−ik·γ (τ̂b0,−γf)(y) , k ∈ B(q) , y ∈ Ω(q) .

Its adjoint acts in the following way:

(U∗BFψ)(y + η) = 1
|B(q)|1/2

∫
B(q)

eik·ηe−ib0η1η2/2eib0φ(y,η)ψ(k, y)dk. (2.5.2)

Assume that T is a bounded operator on L2(R2) with a jointly continuous integral
kernel T (x; x′) for which there exists α,C > 0 such that

|T (x; x′)| ≤ C e−α‖x−x′‖, ∀x,x′ ∈ R2.

We also assume that T commutes with the magnetic translations (2.5.1) which leads
to (see also (2.4.6))

T (x; x′) = eib0φ(x,η)T (x− η; x′ − η)e−ib0φ(x′,η) , ∀ η ∈ Z2
(q) ,

or, by replacing x′ with y + η and x by x+ γ,

T (x+ γ; y + η) = eib0φ(γ,η)eib0φ(x,η)T (x+ γ − η; y)e−ib0φ(y,η) , ∀x, y ∈ Ω(q).

Then a straightforward computation shows that UBFTU∗BF is a fibered operator∫⊕
B(q)

tkdk where tk is bounded on L2(Ω(q)) and has the jointly continuous integral
kernel

tk(x; y) :=
∑
η∈Z2

(q)

e−ik·ηe−ib0η1η2/2e−ib0φ(x,η)T (x+ η; y), ∀x, y ∈ Ω(q). (2.5.3)

We observe that the above kernel is Z2∗
(q) periodic in k and its Fourier coefficients

give us back the original kernel:

T (x+ η; y) = 1
|B(q)|

∫
B(q)

tk(x; y)eik·ηeib0η1η2/2eib0φ(x,η)dk, ∀x, y ∈ Ω(q).

In particular:

1
|Ω(q)|

∫
Ω(q)

T (x;x)dx = 1
4π2

∫
B(q)

(∫
Ω(q)

tk(x;x)dx
)
dk. (2.5.4)
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Most importantly, if T is an orthogonal projection like Πb in (2.4.6) with b = b0, then
its corresponding fiber denoted by pk is also an orthogonal projection, real analytic
and periodic in k, with finite (and constant) rank, and (2.5.4) can be restated as:

lim
L→∞

1
|ΛL|

TrL2(R2)(χLΠb0) = 1
4π2

∫
B(q)

TrL2(Ω(q))(pk)dk = rank(p)
q

∈ Q. (2.5.5)

Next we study the operator

T = i Πb0 [[X1,Πb0 ], [X2,Πb0 ]]

which appears in (2.4.8). The commutators [Xj ,Πb0 ] have kernels given by (xj −
x′j)Πb0(x; x′) and thus they are exponentially localized around the diagonal and
commute with the magnetic translations. Let us find the fiber of [Xj ,Πb0 ].

Denote by UZ the fibered unitary operator acting on
∫⊕
B(q)

L2(Ω(q))dk given by
the fiber

(uZkψ)(x) := e−ik·xψ(x), ∀ψ ∈ L2(Ω(q)).

The Zak modification of the Bloch–Floquet unitary is UBFZ := UZUBF , and it will
be called the Bloch–Floquet–Zak (BFZ) transform. The integral kernel of the BFZ
transform applied to Πb0 can be read off from (2.5.3):

pZk (x; y) :=
∑
η∈Z2

(q)

e−ik·(x+η−y)e−ib0η1η2/2e−ib0φ(x,η)Πb0(x+ η; y), ∀x, y ∈ Ω(q).

Differentiating with respect to kj and conjugating back with (uZk )∗ we obtain that
the fiber of [Xj ,Πb0 ] in the Bloch–Floquet representation is

(uZk )∗ i
(
∂kjp

Z
k
)
uZk .

Thus the Bloch–Floquet fiber of T becomes

tk = −i pk(uZk )∗[∂k1p
Z
k , ∂k2p

Z
k ]uZk .

Introducing this into (2.5.4) and using trace cyclicity we obtain

∫
Ω
T (x; x)dx = 1

|Ω(q)|

∫
Ω(q)

T (x;x)dx = − i
4π2

∫
B(q)

TrL2(Ω(q))
(
pZk [∂k1p

Z
k , ∂k2p

Z
k ]
)
dk.

Thus

2π lim
L→∞

1
|ΛL|

TrL2(R2)(χLT ) = 1
2πi

∫
B(q)

TrL2(Ω(q))
(
pZk [∂k1p

Z
k , ∂k2p

Z
k ]
)
dk =: C(pZ).

After an elementary but long computation one may show that

TrL2(Ω(q))
(
pZk dpZk ∧ dpZk

)
− TrL2(Ω(q))

(
pk dpk ∧ dpk

)
= d

{
TrL2(Ω(q))(pk (uZk )∗ ∧ duZk )

}
.

The right hand side is periodic in k, therefore after integration on the Brillouin zone
and an application of Stokes’ Theorem we obtain that C(pZ) = C(p). The latter is
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well known to be an integer from the theory of vector bundles: for a direct proof
(showing that it equals the winding number of the determinant of a certain smooth
and 2π-periodic unitary matrix), see Proposition 5.5.3. More about the number
C(pZ) can be found e.g. in [89].

In particular, when C(p) = 0 we may find (see Chapter 5) an orthonormal
basis {ξj(k, y)}j∈J , where J = {1, · · · , rank(p)}, in the range of pk which consists
of real analytic vectors in k and which are also periodic. Applying the inverse
Bloch–Floquet transform as in (2.5.2) we obtain exponentially localized Wannier
vectors

wj(y + η) := 1
|B(q)|1/2

∫
B(q)

eik·ηe−ib0η1η2/2eib0φ(y,η)ξj(k, y)dk, y ∈ Ω(q), η ∈ Z2
(q),

such that

Πb0(x; x′) =
rank(p)∑
j=1

∑
γ∈Z2

(q)

(τ̂b0,γwj)(x)(τ̂b0,γwj)(x′)

=
rank(p)∑
j=1

∑
γ∈Z2

(q)

(τb0,γwj)(x)(τb0,γwj)(x′).

Notice that the above is exactly in the form (2.4.11) in the statement of Corol-
lary 2.4.2.

2.5.2 Kernel regularity, exponential localization and gauge covari-
ant magnetic perturbation theory

In this appendix we sketch the main ideas behind the estimates (2.4.21) and (2.4.36)
and collect all the regularity results on integral kernels that we have used in the
proofs, directly or indirectly. We only focus on (2.4.36) because (2.4.21) is nothing
but (2.4.36) when the magnetic field perturbation vanishes.

Assume that the total magnetic field is given by b+Bλ(x) where

sup
x∈R2

|∂αBλ(x)| ≤ λ|α|+1Cα, α ∈ N2, |α| ≤ 1.

Define the family of vector potentials depending on the parameter y ∈ R2:

Aλ(x,y) :=
(∫ 1

0
sBλ(y + s(x− y))ds

)
(−x2 + y2, x1 − y1).

We have the estimates

|∂αxAλ(x,y)| ≤ λ|α|+1Cα ‖x− y‖, α ∈ N2, |α| ≤ 1. (2.5.6)

It turns out that they all generate the same magnetic field Bλ(x). Denote by
Aλ(x) := Aλ(x,0), as in (2.4.17). Then we must have that Aλ(x) and Aλ(x,y)
differ by a gradient, and one can show that

Aλ(x)−Aλ(x,y) = ∇xφλ(x,y)

where φλ(x,y) is nothing but the magnetic phase defined in (2.4.35).
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An identity which plays a fundamental role in the gauge covariant magnetic
perturbation theory is

(Px −Aλ(x))eiφλ(x,y) = eiφλ(x,y)(Px −Aλ(x,y)), Px := −i∇x . (2.5.7)

For the constant magnetic field b we introduce the linear magnetic potential bA(x) =
b
2(−x2, x1) with magnetic phase b φ(x,x′) (see (2.4.4)), and we have the identity

(Px − bA(x))eibφ(x,y) = eibφ(x,y)(Px − bA(x− y)). (2.5.8)

Let us recall a general result about the resolvent of any magnetic Schrödinger
operator H = 1

2m(P−a)2 +V with a bounded magnetic field (the magnetic potential
may grow) and a bounded electric potential, not necessarily periodic. Let K ⊂ ρ(H)
be a compact subset of the resolvent set of H. Then there exist two constants
α,C > 0 such that for every z ∈ K the resolvent (H − z)−1 has an integral kernel
(H − z)−1(x; x′) which is continuous outside the diagonal x = x′ and moreover
[104, 19]

sup
z∈K

∣∣∣(H − z1)−1(x; x′)
∣∣∣ ≤ C ln

(
2 + ‖x− x′‖−1

)
e−α‖x−x′‖ , ∀x 6= x′ ∈ R2 .

(2.5.9)
This shows that the resolvent’s kernel behaves like the one of the free Laplace
operator in two dimensions. The constants α and C can be chosen to be independent
of the magnitude of the magnetic field due to the diamagnetic inequality. The
exponential decay is a consequence of Combes–Thomas estimates [26, 37].

In the case of a purely magnetic Landau operator HLandau := 1
2m(P− bA)2 its

resolvent admits an explicit kernel of the type

(HLandau + 1)−1(x; x′) = eibφ(x,x′)F (‖x− x′‖)

where F decays exponentially at infinity (it is in fact a Gaussian if b 6= 0) and has a
local logarithmic singularity, see [36]. Also, using (2.5.8) one can show that there
exist α,C > 0 such that∣∣∣{(Px − bA(x)) (HLandau + 1)−1(x; x′)

∣∣∣ ≤ C‖x− x′‖−1e−α‖x−x′‖ , ∀x 6= x′ ∈ R2 .

(2.5.10)
We are interested in the integral kernel of the resolvents of

Hλ = 1
2m(P− bA−Aλ)2 + V, H0 = 1

2m(P− bA)2 + V.

Without loss of generality we may assume that the spectrum of H0 is non-negative.
The second resolvent identity

(H0 + 1)−1 = (HLandau + 1)−1 − (HLandau + 1)−1V (H0 + 1)−1,

together with (2.5.9), (2.5.10) and the fact that V is bounded, lead to the existence
of α,C > 0 such that∣∣∣(Px − bA(x))(H0 + 1)−1(x; x′)

∣∣∣ ≤ C‖x− x′‖−1e−α‖x−x′‖ , ∀x 6= x′ ∈ R2 .

(2.5.11)
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Now if K is some compact set in ρ(H0) and z ∈ K, then from the first resolvent
identity

(H0 − z)−1 = (H0 + 1)−1 + (z + 1)(H0 + 1)−1(H0 − z1)−1

together with (2.5.9) and (2.5.11) we conclude that there exist α,C > 0 such that

sup
z∈K

∣∣∣(Px − bA(x))(H0 − z)−1(x; x′)
∣∣∣ ≤ C‖x− x′‖−1e−α‖x−x′‖ , ∀x 6= x′ ∈ R2 .

(2.5.12)
We are now ready to deal with the magnetic perturbation induced by Aλ. If

z ∈ ρ(H0) we define the operator Sλ(z) given by the integral kernel

Sλ(z)(x; x′) := eiφλ(x,x′)(H0 − z)−1(x; x′). (2.5.13)

From (2.5.9) we see that |Sλ(z)(x; x′)| is pointwise bounded by a function of x− x′
which is in L1(R2), thus via Schur’s criterion Sλ(z) defines a bounded operator. The
main observation is that the range of Sλ(z) lies in the domain of Hλ − z and using
(2.5.7) we have

(Hλ − z)Sλ(z) =: 1 + Tλ(z) (2.5.14)
where Tλ(z) has an integral kernel given by

Tλ(z)(x; x′) := −2eiφλ(x,x′)Aλ(x,x′) · (Px − bA(x))(H0 − z)−1(x; x′)

+ eiφλ(x,x′)
{
|Aλ(x,x′)|2 − i divxAλ(x,x′)

}
(H0 − z)−1(x; x′).

From this formula we see, by using (2.5.6), (2.5.9) and (2.5.12), that |Tλ(z)(x; x′)|
is also bounded by an L1(R2)-function of x− x′, namely

|Tλ(z)(x; x′)| ≤ Cλe−α‖x−x′‖. (2.5.15)

The factor λ ensures that ‖Tλ(z)‖ ≤ Cλ < 1 uniformly in z ∈ K if λ is small enough.
Hence we have that Hλ − z is invertible and

(Hλ − z)−1 = Sλ(z){1 + Tλ(z)}−1.

Multiplying both sides of (2.5.14) by (Hλ− z)−1 then yields a resolvent-like identity:

(Hλ − z)−1 = Sλ(z)− (Hλ − z)−1Tλ(z). (2.5.16)

We have just proved that the gaps in the spectrum of H0 are stable. Thus if σ0
is an isolated spectral island of H0 and C ⊂ ρ(H0) is a positively oriented simple
contour which encircles σ0, then C also belongs to ρ(Hλ) if λ is small enough and
we can define two Riesz projections as

Πλ = i
2π

∮
C

(Hλ − z)−1 dz, Π0 = i
2π

∮
C

(H0 − z)−1 dz.

Using (2.5.9) and the identities Πλ = Π2
λ and Π0 = Π2

0 one can show that the integral
kernels of both projections are no longer singular and, at the same time, they have
an exponential localization near the diagonal, see also Appendix A.1 for more details.
Moreover, by applying the Riesz integral to (2.5.16), using the explicit expression
(2.5.13) for Sλ(z)(x; x′), and noting that

sup
z∈C
|{(Hλ − z)−1Tλ(z)}(x; x′)| ≤ C λe−α‖x−x′‖

from (2.5.15), we finish the proof of (2.4.36).
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Chapter 3

A case study: ultra generalized
Wannier functions

In Chapter 1 we gave a definition of generalized Wannier basis and in Chapter 2
we generalized the concept of Chern number by means of position-space objects. In
this chapter we show that relaxing the concept of generalized Wannier functions
permits to construct a large number of different types of generalized Wannier basis.
However, at the same time we provide an explicit example that evidences how this
new objects are not capable to encode the transport properties of physical systems.
We review and extend the Prodan’s construction of radially localized generalized
Wannier basis, that hereafter are called Ultra Generalized Wannier basis (UGWB),
for Hamiltonian operators that satisfy Assumption 1.3.3. After that we explicitly
construct a ultra generalized Wannier basis for the lowest Landau level. The results
in this chapter are a joint work with G. Panati.

3.1 Prodan’s ultra generalized Wannier basis

As we recalled in Chapter 1 the construction of a generalized Wannier basis in
dimension d = 1 is based on the spectral theory of the reduced position operator
X̃ = PµXPµ. In particular, the eigenvalues and eigenvectors of X̃ are interpreted as
points of a (not necessarily regular) lattice and, respectively, generalized Wannier
functions for the spectral projection Pµ. As it is well known, the operator X is an
unbounded operator whose spectrum is purely absolutely continuous and covers
the entire real line R. However, the projection of the action of X onto the spectral
subspace associated to Pµ gives the chance to create discrete spectrum. Indeed, by
definition of discrete spectrum, ϕ ∈ L2(R2) is an eigenvector for X if and only if ϕ
is in the kernel of (X − λ) with λ ∈ R, that is

(X − λ)ϕ = 0 .

Clearly the kernel of (X − λ) contains only the zero vector. Consider now the
eigenvalue equation for X̃. Since P 2

µ = Pµ, we have that ϕ ∈ PµL
2(R2) is an

eigenvector for X̃ if and only if ϕ is in the kernel of Pµ (X − λ)Pµ. Because of the
infinite dimension of the kernel of Pµ, in principle it is possible to find an infinite



70 3. A case study: ultra generalized Wannier functions

number of eigenvectors. This is exactly what happens in the d = 1 case. Therefore,
in the range of Pµ, it is logical to interpret the eigenvalues of X̃ as points in the
space, since

XPµϕ = λPµϕ+ ϕ⊥

where Pµϕ⊥ = 0. This fundamental idea is behind both the construction of the
one-dimensional generalized Wannier basis and the ultra generalized Wannier basis.
Notice that the same argument holds true if we consider f(X) in place of X.
However, it is necessary for f to be invertible in order to recover a true lattice from
the spectrum of the operator f(X).

We showed in Chapter 1 that in d > 1 the operator PµXiPµ is not necessarily
compact. However, if one considers f(X) instead of Xi it is possible to overcome
the compactness problem. This is exactly the key idea in the paper by Prodan [96].
In the following we extend the Prodan’s construction also for systems that are not
time-reversal symmetric. We present here the results for d = 2, however the proof
can be easily extended in the same way to d > 2.
Theorem 3.1.1 (Generalization of [96]). Consider a Hamiltonian operator H
satisfying Assumption 1.3.3. For q > 0, let Wq be the following bounded, selfadjoint
operator

Wq : PµH → PµH , Wq := Pµe
−q〈X〉Pµ . (3.1.1)

Then:

(i) Wq is a compact operator, hence its spectrum is discrete, of finite degeneracy,
and has only one accumulation point at zero.

(ii) Let (λi, {ψi,j(x)}j≤mi<∞)i∈N be the set of eigenpairs for Wq, with eigenvalues
{λi}i∈N ordered decreasingly. Define

〈ri〉 := − ln(λi)
q

, (3.1.2)

where the expression makes sense since all the eigenvalues are positive. Then,
all the eigenvectors decay exponentially at infinity with a rate β and are radially
localized in the sense that

sup
i,j

∫
R2
e2β|〈x〉−〈ri〉|′ |ψi,j(x)|2dx ≤M <∞ , (3.1.3)

with |y|′ = y if y ≥ 0 and |y|′ = −1
2y if y < 0.

We call ultra generalized Wannier basis (UGWB) a basis for the range of Pµ
with the radial localization property described in Theorem 3.1.1 (ii).
Remark 3.1.2. Note that it is not possible to construct a two-dimensional lattice
using the spectrum of Wq. Nevertheless, it is possible to identify a sequence of
concentric annuli where each Wannier function is concentrated in. Although on one
hand this particular localization shape can be useful for some radially symmetric
problems [96], on the other hand the radial localization clearly breaks the translation
symmetry, that is, even in the case of a periodic system the ultra generalized Wannier
basis cannot be built by acting with the symmetry translation group on a finite set
of functions.
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In order to prove Theorem 3.1.1 we need a technical lemma that is already
present in the literature. For the sake of completeness we recall here the main steps
of the proof. The lemma is about the relative compactness of operators with respect
to a Hamiltonian operator, with and without magnetic field.

Lemma 3.1.3 ([7]). Let H be as in the Assumption 1.3.3 and T be a positive
multiplication operator and E ∈ R. If T (−∆ + E)−1 is a compact operator, then
also T (−∆A + E)−1 is a compact operator.

The proof of Lemma 3.1.3 is an application of the Dodd–Fremlin–Pitt criterion
of compactness. We write here the statement of the theorem, while the proof can be
found in [95].

Theorem 3.1.4 (Dodd–Fremlin–Pitt criterion of compactness). Consider
two bounded operators T, S on the Hilbert space H = L2(Rn). We say that T ≤· S if,
for every ψ ∈ H it holds that

|Tψ(x)| ≤ (S|ψ|) (x) for a.e. x ∈ Rn . (3.1.4)

If S is a compact operator and T ≤· S, then T is also a compact operator.

Proof of Lemma 3.1.3. By writing the resolvent as

(−∆A + E)−1 =
∫ ∞

0
dt e−tEet∆A (3.1.5)

and using the diamagnetic inequalities [104]

et∆A
≤· et∆ , (3.1.6)

one obtains
T (−∆A + E)−1 ≤· T (−∆ + E)−1 . (3.1.7)

Then [7, Theorem 2.2] guarantees that T (−∆A + E)−1 is a compact operator.

3.1.1 Proof of Theorem 3.1.1

The proof of Theorem 3.1.1 basically follows the argument of [96], with the exception
of step (i) where the presence of the magnetic field has to be taken into account.
The proof has two crucial ingredients. One is the diamagnetic inequality in the form
of the Dodd–Fremlin–Pitt criterion and the other is the Combes–Thomas estimate.

(i) Thanks to the gap hypothesis, one may use the Riesz formula to obtain

Wq = Pµ
i

2π

∮
C
e−q〈X〉(HA − z)−1dz (3.1.8)

where C is a positively oriented curve surrounding the spectral island σ0(HA).
Since −∆A is bounded from below, see Proposition 1.3.5 with V = 0, there
exists a ∈ R such that (−∆A + a)−1 is a bounded operator. Hence we have

Wq = Pµ
i

2π

∮
C
e−q〈X〉(−∆A + a)−1(−∆A + a)(HA − z)−1dz . (3.1.9)
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As it is proved in [96], e−q〈X〉(−∆ + a)−1 is an operator of the form f(X)g(P )
with f, g ∈ Ls(R2) for s ≥ 2. In view of [1, Proposition 2.34], one concludes
that e−q〈X〉(−∆ + a)−1 is an operator in the s-Schatten class [106] and hence
compact. So we can apply Lemma 3.1.3 with T = e−q〈X〉 and conclude that
also e−q〈X〉(−∆A + a)−1 is a compact operator.
Moreover

(−∆A + a)(HA − z)−1 = (−∆A + V − z − V + z + a)(HA − z)−1

= 1 + (z + a)(HA − z)−1 − V (HA − z)−1.

The first two summands are bounded operators and V (HA− z)−1 is a bounded
operator because V is relatively bounded w.r. to −∆A, see Remark 1.3.4. Since
the compact operators are a closed ideal in B(H), and the contour C ⊂ C is
compact, one concludes that that Wq is a compact operator.

(ii) This part is the same as in [96]. Let ψ be a normalized eigenvector, Wqψ = λψ.
We have that, for any q > 0,

λ = 〈ψ,Wqψ〉 =
∫
R2
e−q〈x〉|ψ(x)|2dx ≤ e−q‖ψ‖2 = e−q . (3.1.10)

In particular, this shows that 0 < λ < 1. Consider nowWβ , with β small enough
such that we can apply the Combes–Thomas estimate (Proposition A.1.5)
which together with Riesz formula implies∥∥∥eβ〈X〉Pµe−β〈X〉∥∥∥ ≤ C .
One notices that[∫

R2
e2β〈x〉|ψ(x)|2dx

] 1
2

=
∥∥∥eβ〈X〉ψ∥∥∥

= λ−1
∥∥∥eβ〈X〉Wβψ

∥∥∥
= λ−1

∥∥∥eβ〈X〉Pµe−β〈X〉ψ∥∥∥ ≤ λ−1C .

(3.1.11)

Therefore the eigenfunctions of Wβ decay exponentially at infinity with rate β.

(iii) Since the eigenvalues λi are positive and accumulate at zero, {〈ri〉} is a sequence
of positive numbers which increase monotonically to infinity. Let ψi be the
eigenvector relative to λi, then (3.1.11) becomes∫

R2
e2β(〈x〉−〈ri〉)|ψ(x)|2dx ≤ C2 . (3.1.12)

On the other hand

1 = λ−1 〈ψi,Wβψi〉 =
∫
R2
eβ(〈ri〉−〈x〉)|ψ(x)|2dx . (3.1.13)

By defining M = max{1, C2}, we obtain the radial localization of the theorem.
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Remark 3.1.5. At a first glance, it seems that there is some freedom in the choice
of the multiplication operator which appears in the definition of Wq; however there
are - at least- two main constraints. First, as one can see from the proof of Theorem
3.1.1, the multiplication operator e−q〈·〉 which defines Wq via (3.1.1) has to be in
Ls(R2) for some s in order to prove the compactness of Wq. Moreover, to prove an
estimate similar to (3.1.11) the multiplication operator has to be related with the
Combes–Thomas estimates theory. These two constraints together, heavily restrict
the possible choices of multiplication operators that can be used to define Wq.

3.2 An explicit example: the Landau Hamiltonian

After having proved the existence of the ultra generalized Wannier basis in a general
setting, it is a valid question to ask whether the UGWB is a merely mathematical
artefact or it does carry some information about the transport properties of the
solid modelled by the Hamiltonian operator HA. In this regards, we now explicitly
construct the UGWB for the lowest Landau level.

Consider the Landau Hamiltonian operator (LH), namely the Hamiltonian
operator acting in L2(R2) and describing a point charge particle moving under the
influence of a constant magnetic field perpendicular to the xy plane defined by

HL := 1
2(−i∇− bAL)2 , (3.2.1)

where AL is the magnetic potential corresponding to a constant magnetic field in
the symmetric gauge, that is AL(x) = 1

2(−x2, x1). We set b = Q
c (B · e3), where

Q denotes the charge of the particle, c is the speed of light and B is the uniform
magnetic field. Up to an appropriate choice of the orthonormal frame, one can
always assume that b > 0, as we do hereafter. Notice, however, that the dynamics
depends on the sign of the charge, since for positive charges one has (B · e3) > 0,
while (B · e3) < 0 for negative charges. HL is essentially selfadjoint on the dense
domain C∞0 (R2) and its spectrum is discrete and given by

En = |b|2 (2n+ 1) , n ∈ N, (3.2.2)

where each En is infinitely degenerate and it is called the nth Landau level1.
Each Landau level, and in particular the lowest Landau level (LLL) is unitarily

equivalent to the Segal-Bargmann space [52]. This unitary equivalence provides a
simple characterization of the vectors in the LLL and will be used to construct the
explicit example of UGWB. Let us now briefly recall how to unitarily identify the
two spaces. Define the following operators

K1 := 1
b

(P1 + b

2X2) , K2 := P2 −
b

2X1 ;

G1 := 1
b

(P2 + b

2X1) , G2 := 1
b

(−P1 + b

2X2) .
(3.2.3)

1With a little abuse of terminology, we use the term “nth Landau level” or “lowest Landau level”
also to refer to the corresponding eigenspaces.
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Note that the operators (G1, G2) are the quantum analogous of the coordinates
of the cyclotron orbit in the classical theory. By a simple substitution, one can
write the Hamiltonian as HL = 1

2
(
K2

2 + b2K2
1
)
. All the operators defined in (3.2.3)

are essentially selfadjoint on C∞0 (R2), see [58, Proposition 9.40], and by explicit
computations one observes that they satisfy the following commutation relations

[K1,K2] = i1 , [G1, G2] = − i
b
1 ,

[Kj , Gl] = 0 , ∀ j, l ∈ {1, 2} .
(3.2.4)

Consider now the couple of ladder operators, namely

B =

√
b

2 (G1 − iG2)

B∗ =

√
b

2 (G1 + iG2) .

One can easily check that [B,B∗] = 1. Mimicking the algebraic approach to the
Hamiltonian of the harmonic oscillator, one can prove that the number operator
B∗B has discrete spectrum and the role of the raising and lowering operators is
played now by B∗ and B respectively. A simple computation shows that the vector

ϕ0(x) =
(
b

2π

) 1
2
e−
|b|
4 ‖x‖

2 (3.2.5)

is an eigenfunction for HL with eigenvalue E0, namely ϕ0 is in the LLL. By direct
computation one can also check that the eigenfunction ϕ0 defined in (3.2.5) satisfies

Bϕ0 = 0.

This means that ϕ0 is in the kernel of the number operator B∗B. Since the operators
Gi commute with the operators Ki, we have that

HL(B∗)nϕ0 = (B∗)nHLϕ0 = 0 .

Therefore all the infinite eigenvectors of the number operator B∗B are eigenvectors
of HL corresponding to the lowest Landau level. Since B∗B is a selfadjoint operator,
eigenvectors corresponding to different eigenvalues are orthogonal.

The previous discussion shows that the LLL can be constructed using only the
operator B and B∗. Explicitly, B acts as

(Bψ) (x, y) =
√

1
2b

(
∂ψ

∂x1
(x, y)− i ∂ψ

∂x2
(x, y) + b

2(x1 − ix2)ψ(x, y)
)
,∀ψ ∈ C∞0 (R2) .

Identifying R2 with the complex plane, namely x1 + ix2 =: z ∈ C, and setting

∂ := 1
2
∂

∂z
= 1

2

(
∂

∂x1
− i ∂

∂x2

)
, ∂̄ := 1

2
∂

∂z̄
= 1

2

(
∂

∂x1
+ i

∂

∂x2

)
,

we have that
Bψ(z) =

√
1
2b

(
2∂ + b

2 z̄
)
ψ(z)



3.2 An explicit example: the Landau Hamiltonian 75

and similarly

B∗ψ(z) =
√

1
2b

(
−2∂̄ + b

2z
)
ψ(z) .

If we substitute ψ with the eigenvector ϕ0 defined in (3.2.5), we get that

Bϕ0(z) = 0 , B∗ϕ0(z) =

√
b

2 zϕ0(z) .

This means that the action of the raising operator B∗ on ϕ0 amounts to multiplication
by z. Therefore, since the LLL is a closed subspace, we get that a generic function
in the LLL is of the form

ψ(z) = f(z)ϕ0(z)

where f(z) is analytic and such that∫
C
dz|f(z)|2|ϕ0(z)|2 <∞ .

From the commutation relation [B,B∗] = 1 one can deduce that the action of B
and B∗ can be described only in terms of the analytic function f , that is

(Bfϕ0) (z) =
√

2
b

(∂f(z))ϕ0(z) , (B∗fϕ0) (z) =

√
b

2 zf(z)ϕ0(z) .

To be more precise, one considers the Gaussian measure dµ := Ne−
|b|
4 |z|

2
dz, with

N positive constant, and defines the weighted L2-space

L2(C, dµ) :=
{
g : C→ C :

∫
C
|g(z)|2dµ <∞

}
endowed with the scalar product

〈f, g〉SB :=
∫
C
f(z)g(z)dµ(z) .

Definition 3.2.1 (Segal [103], Bargmann [11]). Let Hol(C) be the space of
entire functions. The Segal-Bargmann space SB(C) is defined as

SB(C) :=
{
g ∈ Hol(C) :

∫
C
|g(z)|2dµ(z) <∞

}
= L2(C, dµ(z)) ∩Hol(C) .

It is straightforward to identify the LLL and the Segal-Bargmann space via the
unitary operator U : Π0L

2(R2)→ SB(C) defined by

(Uψ)(z) = f(z)

where ψ(x, y) = f(x, y)ϕ0(x, y), and Π0 denotes the projection onto the LLL. There-
fore we obtain

UΠ0BΠ0U
∗ =

√
2
b
∂ , UΠ0B

∗Π0U
∗ =

√
b

2 z .
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Notice that the operators Gi are related to the operator z and ∂ by the following
relations

UΠ0(B +B∗)Π0U
∗ = UΠ0(

√
2bG1)Π0U

∗ =
√

1
2b (2∂ + bz) ,

UΠ0(B∗ −B)Π0U
∗ = UΠ0(i

√
2bG2)Π0U

∗ =
√

1
2b (bz − 2∂) .

(3.2.6)

We denote by P0 the projection on SB(C) acting in L2(C, dµ(z)). Fix now b = 4,
N = 1

π , simply to recover the standard definition of Segal-Bargmann space.
An easy calculation shows that (3.2.1) satisfies Assumption 1.3.3, therefore a

spectral projection onto any of the Landau level admits an UGWB in the sense of
Theorem 3.1.1. Moreover, in this setting, the Prodan operator Wq is a particular
restriction of a Toeplitz operator [117].

Definition 3.2.2 (Toeplitz operator). Let F be a bounded measurable func-
tion on the complex plane C, and MF the multiplication operator in L2(C, dµ(z))
associated to the function F , that is (MF g)(z) = F (z)g(z). The operator

TF := P0MF (3.2.7)

is called Toeplitz operator associated to the symbol F .

If we take as Pµ in Theorem 3.1.1 the orthogonal projection on the LLL, so that
Pµ = Π0, we have that Wq is unitarily equivalent to the restriction to RanP0 of the
Toeplitz operator associated to the symbol l(|z|) := e−q

√
(1+|z|2):

UWqU
∗ = P0 Tl P0 . (3.2.8)

Because of this particular structure, we are able to give an explicit formula both
for the eigenfunctions and eigenvalues of the Prodan operator Wq in the special case
of the Landau Hamiltonian operator. In particular this provides an explicit example
of an ultra generalized Wannier basis in presence of magnetic field. The crucial
result is given by the following theorem of Yoshino [117].

Theorem 3.2.3 (Yoshino [117]). Let F be a bounded integrable and radial function
over C, i. e. F (z) = F̃ (|z|2). Then the following statements hold:

(i) The functions {zm}m∈N are the eigenfunctions of TF .

(ii) The eigenvalue λm of TF , associated with the eigenfunction zm is given by

λm = 1
m!

∫ ∞
0

F̃ (s)e−ssmds . (3.2.9)

Proposition 3.2.4. The ultra generalized Wannier basis associated to the lowest
Landau level is given by the set {zm}m∈N, and the corresponding eigenvalue λm are
explicitly given by

λm = 1
m!

∫ ∞
0

e−q
√

(1+s)e−ssmds . (3.2.10)
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It is useful to obtain an estimate of 〈rm〉 for this UGWB. We notice that

λm ≤
e−q

m!

∫ ∞
0

e−ssmds = e−q
m!
m! = e−q . (3.2.11)

λm ≥
1
m!

∫ ∞
0

e−q(1+ s
2 )e−ssmds = e−q

m!

∫ ∞
0

e−s(1+ q
2 )smds . (3.2.12)

Thus we get

λm ≥
e−q

m!(1 + q
2)m+1

∫ ∞
0

e−ssmds = e−q(1 + q

2)−(m+1) . (3.2.13)

Summing up we obtain

1 ≤ 〈rm〉 ≤ 1 + (m+ 1) ln(1 + q

2)
1
q . (3.2.14)

It is also a well-known fact that every Landau level has a Quantum Hall conduc-
tivity, see for example [9], equal to 1

2π , in natural units, hence the Chern character of
Π0 is different from zero, see for example Theorem 2.2.1. Therefore, Proposition 3.2.4
provides an explicit example of a UGWB for a system that is not time-symmetric
and with non trivial topological features.

3.3 Conclusions
In this chapter we showed that the Prodan’s construction [96] of ultra generalized
Wannier basis can be extended to systems that are not time-reversal symmetric,
provided that they satisfy the general Assumption 1.3.3 on the Hamiltonian operator.
At a first look, this result seems to contradict the localization dichotomy paradigm
of [79] and summarized in Section 1.2.4. Indeed, it is not difficult to exhibit an
example of periodic gapped Hamiltonian satisfying Assumption 1.3.3 and such that
the Chern number associated to the isolated spectral island is non-zero. In fact,
by means of the simple example of the Landau Hamiltonian operator, we explicitly
proved that one can construct an ultra generalized Wannier basis even for systems
that are not topologically trivial, in the sense that their Chern character, defined
in Definition 2.1.3, is non-zero. Choosing the magnetic field b such that it satisfies
the rationality condition of Section 1.2.2 shows that one can construct an UGWB
when the usual Chern number (5.3.2) is non-zero. Therefore, this result shows that,
contrary to a composite Wannier basis, an ultra generalized Wannier basis does not
encode transport or topological information about the physical system.

As we already pointed out before, the UGWB for a periodic system has the
problem that it is not translation invariant, namely it does not have a ladder structure
like the usual Wannier basis. We believe that this is the reason why the UGWB
is not able to grasp the topological and transport properties of the system. We
are aware that the last claim is not a true theorem and future work is planned to
substantiate this claim on a solid mathematical background.
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Chapter 4

Localization implies topological
triviality

The decay properties in position space of the Wannier functions spanning a Fermi
projection are tightly related to the topological properties of the Bloch bundle
structure associated to the same projection. This paradigm is substantiated in
a precise form by the localization dichotomy proved in [79] and summarized in
Section 1.2.4.

In the previous chapters we paved the way to the generalization of Theorem 1.2.18
to the non periodic case. Indeed, in Chapter 1 we gave a clear definition of generalized
Wannier basis, then in Chapter 2 we explained how it is possible to extend the notion
of topological triviality in the disordered case. Finally, in Chapter 3 we showed,
by means of an explicit example, that the definition of generalized Wannier basis
has, to some extend, a rigid structure, in particular if one want to extract from it
information concerning the transport properties of the system.

In this chapter we state a precise conjecture about the generalization of Theo-
rem 1.2.18 to non periodic gapped systems and then we provide a proof for the first
part of the conjecture. Specifically, we show that the existence of a “well” localized
generalized Wannier basis for the projection Pµ implies the vanishing of the Chern
character of Pµ. The work presented in this chapter is a fruit of a joint collaboration
with G. Marcelli and G. Panati.

4.1 The Localization Dichotomy conjecture

Consider a Hamiltonian operator H satisfying Assumption 1.3.3. Then, the spectrum
σ(H) has a spectral island σ0(H) and Pµ is the projection onto σ0(H). In view
of the results of the previous chapters we are now ready to state a well-posed
conjecture on the generalization of Theorem 1.2.18 to the non periodic case. Recall
that the generalized Wannier basis and the Chern character have been defined in
Definition 1.3.6 and Definition 2.1.3 respectively.

Theorem 4.1.1 (Localization dichotomy conjecture). Let Pµ be the spectral
projection onto the spectral island σ0(H) of a gapped Hamiltonian H satisfying
Assumption 1.3.3. Then the following statements are equivalent
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(a) Pµ admits a generalized Wannier basis that is exponentially localized.

(b) Pµ admits a generalized Wannier basis that is s-localized with s = s∗.

(c) Pµ is topologically trivial in the sense that its Chern character C(Pµ) exists
and is equal to zero.

As we have already mentioned before, (a) implies (b) by a simple inequality.
In view of the argument in Section 2.3, proving that (c) implies (a) would solve
the Nenciu’s conjecture about the existence of generalized Wannier bases for time-
reversal symmetric systems. In the next section, we prove that (b) with s∗ > 5
implies (c). Clearly the result does not seem optimal. In fact, a true generalization
of Theorem 1.2.18 would require to have s∗ = 1. However, we believe that in order
to reach s∗ = 1 it is necessary to require stricter hypothesis on the potentials in
Assumption 1.3.3. Further work in this direction is planned for the future.

4.2 Main result

Recall the definition of generalized Wannier basis, Definition 1.3.6, and define the set
M := ∪γ∈D ({γ} × {1, . . . ,m(γ)}). Note that, by definition of GWB, there exists
m∗ > 0 such that m∗ > m(γ) for all γ ∈ D. Let us summarize our result in the
following theorem.

Theorem 4.2.1 (Localization implies topological triviality). Suppose that Pµ
admits a s-localized generalized Wannier basis, {ψγ,a}(γ,a)∈M for all s ≥ s∗ > 5, that
is ∫

R2
|ψγ,a(x)|2(1 + ‖x− γ‖2)s dx ≤Ms.

Then the Chern character of Pµ is zero, namely

T (iPµ [[X1, Pµ] , [X2, Pµ]]) = 0, (4.2.1)

where T is the trace per unit volume and X1 and X2 are the selfadjoint multiplication
operators by the respective component of the position operator, i. e. (Xiψ)(x) =
xiψ(x), for ψ ∈ D(Xi).

Theorem 4.2.1 clearly holds true also for a projection admitting an exponen-
tially localized GWB. Indeed, as we have underlined in Chapter 1, the exponential
localization of the GWB implies that the basis is also s-localized for every s > 0.

We recall that for every operator A (possibly unbounded), the trace per unit
volume T that appears in equation (4.2.1) is defined by

T (A) := lim
L→+∞

1
|ΛL|

Tr(χΛL AχΛL)

where ΛL := [−L,L]2 ⊂ R2 and χΛL is the indicator function of the set ΛL 1.We say
that the trace per unit volume of A exists whenever the right hand side exists and
is finite.

1Note that the function χΛL
coincides with the previously defined function χL.
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Before explaining the proof of Theorem 4.2.1 we show in the next section that
the operator CL := χΛLPµ [[X1, Pµ] , [X2, Pµ]]χΛL is a trace class operator, therefore
equation (4.2.1) makes sense and can be rephrased in the following way. Suppose that
the projection Pµ admits an s-localized GWB, then the function Ξ : [0,+∞)→ R
defined by

Ξ(L) := 1
|ΛL|

Tr(χΛL AχΛL) , ∀L ∈ [0,+∞)

is such that
lim

L→+∞
Ξ(L) = 0 .

After that, in Section 4.4 we detail the proof of Theorem 4.2.1. We start by
analysing the toy model case of compactly supported GWF. We use this simplified
case as an example to explain the basic strategy of the general proof.

Remark 4.2.2. Notice that in the proof of Theorem 4.2.1 we will not use the
“not too sparse” property of the Delone set. On the contrary, the “not to dense”
property will be used in the proof of Proposition 4.3.2, which is crucial in the
proof of Theorem 4.2.1. Despite of this fact, we decided to define the generalized
Wannier basis, see Definition 1.3.6, in terms of Delone set since we believe that this
mathematical object is the right generalization of a regular lattice. Future analysis
on this issue is planned for the future.

Remark 4.2.3. As by-product of Theorem 4.2.1, we have that the dichotomic
behaviour of the Wannier basis, summarized in Theorem 1.2.18, is “stable” with
respect to regular perturbations. Indeed, fix a periodic system such that its Chern
number is different from zero and suppose that we perturb the system with some small
disordered potential like in Theorem 1.4.1. We want to show that the localization
of the GWB cannot improve by perturbing the system with some regular (Kato
small) perturbation. By contradiction, suppose that the perturbed system has
an exponentially localized generalized Wannier basis. Applying Theorem 1.4.1, it
is possible to unitarily transport the GWB back to the original system. Then,
Theorem 4.2.1 implies that the Chern character is zero. Since we know from the
results of Chapter 2 that the Chern character coincides with the Chern number in
the case of periodic systems, we obtain a contradiction.

4.3 Well posedness of the problem

In this section we prove that the formal equation (4.2.1) has a precise mathematical
meaning.

First of all, it is useful to rewrite (4.2.1) in terms of commutators of the so
called band position operators. Let X̃j := PµXjPµ be the band position operator
in direction j ∈ {1, 2}. Then by a direct computation, exploiting only P 2

µ = Pµ and
[X1, X2] = 0, we get

χΛLPµ [[X1, Pµ] , [X2, Pµ]]

= χΛLPX1PX2P − χΛLPX2PX1P = χΛL

[
X̃1, X̃2

]
.



82 4. Localization implies topological triviality

Thus (4.2.1) becomes

T
(
i
[
X̃1, X̃2

])
= lim

L→+∞

1
4L2 Tr

(
χΛL i

[
X̃1, X̃2

]
χΛL

)
. (4.3.1)

Now we have to check that for all L, the operator χΛL

[
X̃1, X̃2

]
χΛL is trace class.

Indeed, each term in the commutator is trace class thanks to the following proposition.

Proposition 4.3.1. Consider the operators Pµ, Xi, i = 1, 2 and χΛL defined above.
Then, for every m,n ∈ N the operator

χΛLPµ(Xi)mPµ(Xj)n

is a trace class operator.

Proof. Consider the β of estimate (1.3.7), let 3η < β and consider the multiplication
operators e−η‖X‖ and eη‖X‖, then we have

χΛLPµ(Xi)mPµ(Xj)n

= χΛL e
4η‖X‖ e−4η‖X‖ Pµ e

2η‖X‖ (Xi)m e−2η‖X‖ Pµ (Xj)n .

In view of the estimates (1.3.7) and the triangle inequality, we have that∣∣∣(e−4η‖X‖ Pµ e
2η‖X‖ (Xi)m

)
(x; y)

∣∣∣ ≤ Ce−η‖x‖e−(β−3η)‖x−y‖ ,∣∣∣(e−2η‖X‖ Pµ (Xj)n
)

(x; y)
∣∣∣ ≤ C ′e−(β−η)‖x−y‖e−η‖x‖ .

Thus, the integral kernels of the two operators above are in L2(R2 × R2) and hence
they are Hilbert–Schmidt operators. Since the product of two Hilbert–Schmidt
operators is in the trace class ideal, and χΛL e

4η‖X‖ is a bounded operator, the proof
is concluded.

Proposition 4.3.1 shows that the operator
[
X̃1, X̃2

]
χΛL is a trace class operator,

and since χL is a bounded operator, χΛL

[
X̃1, X̃2

]
χΛL is also trace class, hence

equation (4.3.1) makes sense whenever the limit exists.
The mathematical core of the proofs is based on the estimates of discrete series

evaluated on points of the Delone set D. Because of that, it is useful to have an easy
way to estimate the value of the series we are interested in. The next proposition
serves exactly this purpose.

Proposition 4.3.2. Consider a continuous function

D : R2 → R ,

such that |D(x)| ≥ |D(y)| whenever |x| ≤ |y|. Then, there exists a constant K,
independent of L, such that for every L >> 1 it holds that

∑
γ∈D∩ΛL,a

|D(γ)| ≤ K
∫

ΛL
dx|D(x)| . (4.3.2)
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Proof. The proof is based on the same argument of the well-known Maclaurin-Cauchy
integral test. First of all, by definition of Delone set, we can find an r such that

D ∩Br(γ) = γ , ∀γ ∈ D,

where Br(γ) is the open ball of radius r centred in γ. Consider now ρ > r and all
the points in D such that |γ| ≤ ρ. By hypothesis on D, the number of points such
that |γ| < ρ is finite, so their contributions to the series is simply a constant, we call
it Kρ. Therefore we have∑

γ∈D∩ΛL,a
|D(γ)| = Kρ +

∑
γ∈D∩ΛL,|γ|≥ρ,a

|D(γ)| .

For every point γ ∈ D ∩ ΛL, such that |γ| ≥ ρ one can construct a square Ar(γ)
of area r2

2 such that one of the vertices of the square is γ and for all x ∈ Ar(γ) it
holds that |x| < |γ|. Note that Ar(γ) is exactly the square of diagonal length equal
to r constructed along the line passing through the origin and γ. It is also true that

Ar(γ) ∩D = γ , Ar(γ) ⊂ ΛL .

Therefore, we obtain that

∑
γ∈D∩ΛL,|γ|≥ρ,a

|D(γ)| = 2
r2

∑
γ∈D∩ΛL,|γ|≥ρ,a

|D(γ)|r
2

2

≤ 2
r2

∑
γ∈D∩ΛL,|γ|≥ρ,a

∫
Ar(γ)

dx|D(x)| ≤ 2m∗

r2

∫
ΛL
dx|D(x)| .

Then,

∑
γ∈D∩ΛL,a

|D(γ)| ≤

r2Kρ

2m∗

(∫
Λρ
dx|D(x)|

)−1

+ 1

 2m∗

r2

∫
ΛL
dx|D(x)| .

therefore the proof is concluded.

Remark 4.3.3. Note that we will extensively use the result of Proposition 4.3.2
through this section without explicitly referring to it every time.

4.4 Proof of Theorem 4.2.1

Before proceeding with the proof of Theorem 4.2.1, we first analyse a toy model
situation, namely the case of a generalized Wannier basis that is extremely localized.
The heuristic picture behind the toy model is the case of Wannier functions that
are “almost delta functions” centred at the points of the irregular lattice D. We
make use of this simple example to show the spirit of the proof and to introduce the
operators Γi that will be useful in the proof of the general case.
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4.4.1 Extremely localized GWB

Suppose that the Fermi projection admits a GWB made of generalized Wannier
functions extremely localized, i. e. the support suppψγ,a of every GWF is compact
and disjoint from the supports of the other GWFs, namely:

suppψγ,a ⊂ Kγ , Kγ b R2 ,

suppψγ,a ∩ suppψη,b = ∅ , ∀ (γ, a) 6= (η, b) ∈M .
(4.4.1)

Moreover we set
〈ψγ,a, Xiψγ,a〉 =: fi(γ, a) , i = {1, 2} . (4.4.2)

Then we can proceed by explicitly calculating the trace. Consider an orthonormal
basis for P⊥µ , {φj}j∈J , and consider the set I =M∪J . Then, as a basis for the
Hilbert space we take

{ei}i∈I = {ψγ,a}(γ,a)∈M ∪ {φj}j∈J .

By definition of trace we have

Tr(χΛLX̃1X̃2χΛL) = Tr(χΛLX̃1X̃2) =
∑
i

〈ei|χΛLPµX1PµX2Pµ |ei〉 (4.4.3)

where in the first equality we used Proposition 4.3.1. Notice that∑
i

∑
γ,a

∑
η,b

∑
ξ,c

〈ei|χΛL |ψγ,a〉 〈ψγ,a|X1 |ψη,b〉 〈ψη,b|X2 |ψξ,c〉 〈ψξ,c| |ei〉

=
∑
γ,a

∑
η,b

∑
ξ,c

〈ψξ,c|χΛL |ψγ,a〉 〈ψγ,a|X1 |ψη,b〉 〈ψη,b|X2 |ψξ,c〉 .

Consider now the terms 〈ψγ,a|Xi |ψη,b〉 with i = 1, 2. Since the Xi is a multiplication
operator we have that supp(Xiψγ,a) ⊆ supp (ψγ,a). Therefore, by the extremely
localized hypothesis (4.4.1) and (4.4.2), we get∑

γ,a

∑
η,b

∑
ξ,c

〈ψξ,c|χΛL |ψγ,a〉 〈ψγ,a|X1 |ψη,b〉 〈ψη,b|X2 |ψξ,c〉

=
∑
γ,a

∑
η,b

∑
ξ,c

〈ψξ,c|χΛL |ψγ,a〉 δγ,ηδa,bf1(γ, a)δη,ξδb,cf2(ξ, b)

=
∑
γ,a

〈ψγ,a|χΛL |ψγ,a〉 f1(γ, a)f2(γ, a) .
(4.4.4)

Note that the last sum involves only a finite number of GWFs, namely the ones such
that supp (ψγ,a) ∩ χΛL 6= 0. Repeating the entire calculation for Tr(χΛLX̃2X̃1) and
using the linearity of the trace we obtain

Tr
(
χΛL

(
X̃1X̃2 − X̃2X̃1

))
=
∑
γ,a

〈ψγ,a|χΛL |ψγ,a〉 (f1(γ, a)f2(γ, a)− f2(γ, a)f1(γ, a)) = 0. (4.4.5)

Hence it is clear that also the limit for L→ +∞ exists and it is equal to zero.
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Thus, if the generalized Wannier functions are extremely localized, equation
(4.2.1) holds true. Let us analyze the operators X̃i in the case of an extremely
localized generalized Wannier basis. From the definition of GWB we get that

X̃i =
∑
γ,a

∑
η,b

|ψγ,a〉 〈ψγ,a|X1 |ψη,b〉 〈ψη,b| =
∑
γ,a

γi |ψγ,a〉 〈ψγ,a| .

This means that the unbounded operator X̃i is a diagonal operator in the generalized
Wannier basis representation, with eigenvalues given by the i-th coordinates of the
points of D.

4.4.2 The operators Γi
Consider a GWB, with a generic localization function G (see Definition 1.3.6). In
this case one cannot expect the operator X̃i to be diagonal. Indeed, the expectation
value of the position operators in the GWB, namely

〈ψγ,a, Xiψη,b〉 ,

could have non vanishing off-diagonal elements.
Therefore, we introduce the operators Γi (i ∈ {1, 2}) by

Γi :=
∑
γ,a

γi |ψγ,a〉 〈ψγ,a| , (4.4.6)

which are defined on their maximal domains D(Γi). These operators will turn out
to be useful for the further analysis. Let us now prove some interesting properties of
the operators Γi.
Lemma 4.4.1. The operators Γi defined in equation (4.4.6) are integral operators.
Moreover

• if G(‖x‖) = e2α‖x‖ the integral kernel Γi(x; y) satisfies

|Γi(x; y)| ≤ Ce−β′|x−y| + C ′|xi|e−β
′|x−y|

for C,C ′ > 0 and β′ < α.

• if G(‖x‖) = 〈x〉2s, with s > 3
2 , the integral kernel Γi(x; y) satisfies

|Γi(x; y)| ≤ C〈x− y〉−(s− 3
2−ε) + C ′|xi| 〈x− y〉−(s−1−ε)

for every ε < s− 3
2 .

Proof. Consider the case G(‖x‖) = e2α‖x‖. Then the formal integral kernel of Γi is
given by

Γi(x; y) =
∑
γ,a

γiψγ,a(x)ψγ,a(y) .

For every fixed x,y ∈ R2 the sum over the indices {γ, a} is absolutely convergent,
namely

|Γi(x; y)| ≤
∑
γ,a

‖γ − x‖e−α‖x−γ‖e−α‖y−γ‖ +
∑
γ,a

|xi|e−α‖x−γ‖e−α‖y−γ‖

≤ Ce−β′‖x−y‖ + C ′|xi|e−β
′‖x−y‖ ,

(4.4.7)
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where in the first inequality we have used the L∞ estimate on the generalized Wannier
function (1.3.8), in the second inequality we have used the property (1.3.1) of the
localization function G and in the last inequality we have used Cauchy-Schwarz
inequality. Hence the operators Γi admit an unbounded integral kernel. Consider
now G(‖x‖) = 〈x〉2s, with s > 3

2 . Since

‖xi − γ‖ 〈x− γ〉−1 ≤ C

for some positive constant C, we obtain

|Γi(x; y)| ≤
∑
γ,a

〈x− γ〉−(s−1)〈y− γ〉−s +
∑
γ,a

|xi|〈x− γ〉−s〈y− γ〉−s

≤ Cs〈x− y〉−(s− 3
2−ε)

∑
γ,a

〈y− γ〉−( 3
2 +ε)〈x− γ〉−( 1

2 +ε)

+ Cs|xi| 〈x− y〉−(s−1−ε)∑
γ,a

〈y− γ〉−(1+ε)〈x− γ〉−(1+ε)

≤ C〈x− y〉−(s− 3
2−ε) + C ′|xi| 〈x− y〉−(s−1−ε) ,

(4.4.8)

where again in the first inequality we have used L∞ estimate on the GWF (1.3.8), in
the second inequality we have used the property (1.3.1) of the localization function
G and in the last inequality we have used Hölder’s inequality.

Moreover, in view of the estimates on the integral kernels, the operators Γi obey
some interesting trace class properties.

Proposition 4.4.2. Consider the operators Pµ, Xi, Γi, for i ∈ {1, 2} and χΛL
defined above. Assume that the localization function is of polynomial type, with
s > 9

2 , or exponentially growing. Then, for every i, j ∈ {1, 2}, m,n ∈ {0, 1} the
operator

χΛLPµ(Xi)1−m Γmi Pµ (Xj)1−n Γnj ,

is trace class.

Proof. The strategy of the proof is the same of Proposition 4.3.1. Let us show the
computations explicitly for the case i = 1, j = 2,m = 1, n = 0 and G(‖x‖) = 〈x〉2s.

We have that

χΛL Pµ Γ1 Pµ X2

= χΛL e
2α‖X‖ e−2α‖X‖Pµe

α‖X‖ e−α‖X‖ Γ1 〈X〉2+ε 〈X〉−2−ε Pµ 〈X〉 〈X〉−1 X2 ,

for some 0 < ε < 1. Then, in view of estimate (1.3.7) and property (1.3.1) we have
that ∣∣∣(〈X〉−2−ε Pµ 〈X〉

)
(x; y)

∣∣∣ ≤ C〈x〉−2−εe−β̃‖x−y‖

for some positive constants β̃, C. Therefore
(
〈X〉−2−ε Pµ 〈X〉

)
is a Hilbert–Schmidt

operator. Similarly, considering (4.4.8) instead of (1.3.7), we have∣∣∣(e−α‖X‖ Γ1 〈X〉2+ε
)

(x; y)
∣∣∣ ≤ e−α̃‖x‖C〈x− y〉−(s− 7

2−2ε) .
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where 0 < α̃ < α. Since s > 9
2 the integral kernel of

(
e−α‖X‖ Γ1 〈X〉2+ε

)
is in L2(R2×

R2) and hence the operator is Hilbert–Schmidt. Moreover, 〈X〉−1 X2 and χΛL e
2α‖X‖

are bounded operators and from the same computation in Proposition 4.3.1 we
deduce that

(
e−2α‖X‖Pµe

α‖X‖
)
is a bounded operator as well. This concludes the

proof.

Remark 4.4.3. Although the proofs of Proposition 4.3.1 and Proposition 4.4.2
are very similar, their hypothesis have a fundamental difference. Proposition 4.3.1
requires only the localization of the integral kernel of the projection which in turn is
based only on the existence of the gap in the spectrum of H, while Proposition 4.4.2
is based on the assumption of a GWB for the projection and on the particular decay
of the GWFs, namely on the localization function G.

Note that the hypothesis of orthonormality of the GWB implies that

ΓiPµ = PµΓi = Γi ,
ΓiΓj = ΓjΓi ,

and obviously, one has

Tr(χΛL(ΓiΓj − ΓjΓi)χΛL) = 0 .

Therefore
T ([Γi,Γj ]) = 0 .

As we have seen in the previous section, in case of an extremely localized GWB
we have that

Γi = X̃i i ∈ {1, 2} .

Heuristically speaking, the operators Γi represent the reduced position operators
built with an ideal very well localized GWB. The strategy of the proof is to study
“how far” the commutator between the reduced position operators is with respect to
the commutator between the operators Γi. For our purpose the notion of “distance”
(even if it is not a well defined distance) is encoded in the trace per unit volume.
Therefore we are interested in proving

T
([
X̃1, X̃2

]
−
[
Γ1,Γ2

])
= 0 .

4.4.3 Proof of Theorem 4.2.1

Let us now prove the main theorem. To make the proof as clear as possible we
proceed in the following way. We first recollect all the important estimates on the
GWB that we need for the proof in Proposition 4.4.4.

Proposition 4.4.4. Let the hypothesis of Theorem 4.2.1 be satisfied, then there
exist two positive constants IMO, IMI such that∑

ξ∈ΛL, c

∥∥∥χΛcLψξ,c
∥∥∥ ≤ IMOL , (4.4.9)



88 4. Localization implies topological triviality

∑
ξ /∈ΛL ,c

∥∥∥χΛLψξ,c
∥∥∥ ≤ IMIL , (4.4.10)

where we have defined χΛcL := 1−χΛL . Moreover there exist a function F : [0,+∞)→
[0,+∞) and three positive constants I1, I2, I3 such that

m(γ)∑
a

m(η)∑
b

|〈ψγ,a| (Xi − γi) |ψη,b〉| ≤ F (‖γ − η‖) , i = {1, 2} , (4.4.11)

and F satisfies the following integrability conditions∫
R2
dxF (‖x‖) =: I1 <∞ , (4.4.12)∫

R2
dxF (‖x‖)2 =: I2 <∞ , (4.4.13)∫

R2
dxF (‖x‖) ‖x‖ =: I3 <∞ . (4.4.14)

lim
L→+∞

∫
ΛL dx

∫
R2\ΛL dyF 2(‖x− y‖)

L2 = 0 . (4.4.15)

The proof of Proposition 4.4.4 is based on the one hand on the analysis of the
distributions of the L2 norm of the generalized Wannier functions with respect to the
squares ΛL, and on the other hand on a precise estimation of the off-diagonal elements
of the operators X̃i. All the details of the proof can be found in Section 4.4.4.

We stress that the decomposition of the integral kernel of Pµ as sum of generalized
Wannier functions is crucial in order to prove Proposition 4.4.4.

After some simple algebraic manipulation, we get

χΛL

([
X̃1, X̃2

]
− [Γ1,Γ2]

)
= χΛL

[(
X̃1 − Γ1

)
,
(
X̃2 − Γ2

)]
+ χΛL

[(
X̃1 − Γ1

)
,Γ2

]
+ χΛL

[
Γ1,

(
X̃2 − Γ2

)]
=: T1 + T2 + T3 .

In the following we will prove that

lim
L→∞

Tr(χΛLTj) = 0 , j ∈ {1, 2, 3} . (4.4.16)

Estimate of the trace

In order to calculate explicitly the trace in (4.4.16), we follow the strategy delineated
in the extremely localized case. First of all note that

χΛLT1 = χΛL

(
X̃1 − Γ1

)
Pµ
(
X̃2 − Γ2

)
Pµ − χΛLPµ

(
X̃2 − Γ2

)
Pµ
(
X̃1 − Γ1

)
Pµ ,

χΛLT2 = χΛL

(
X̃1 − Γ1

)
PµΓ2 Pµ − χΛLPµΓ2 Pµ

(
X̃1 − Γ1

)
Pµ ,

χΛLT3 = χΛLΓ1Pµ
(
X̃2 − Γ2

)
Pµ − χΛLPµ

(
X̃2 − Γ2

)
PµΓ1Pµ ;
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where all the summands involved in the three equations are trace class due to
Proposition 4.4.2. Exploiting the fact that the GWB is an orthonormal basis, we
obtain

Tr(χΛLT1) =
∑
ξ,c

∑
γ,a

∑
η,b

[
〈ψξ,c|χΛL |ψγ,a〉 〈ψγ,a| (X1 − γ1) |ψη,b〉 〈ψη,b| (X2 − η2) |ψξ,c〉

− 〈ψξ,c|χΛL |ψγ,a〉 〈ψγ,a| (X2 − γ2) |ψη,b〉 〈ψη,b| (X1 − η1) |ψξ,c〉
]
,

Tr(χΛLT2) =
∑
ξ,c

∑
γ,a

〈ψξ,c|χΛL |ψγ,a〉 〈ψγ,a| (X1 − γ1) |ψξ,c〉 (ξ2 − γ2) ,

Tr(χΛLT3) =
∑
ξ,c

∑
γ,a

〈ψξ,c|χΛL |ψγ,a〉 〈ψγ,a| (X2 − γ2) |ψξ,c〉 (γ1 − ξ1) .

We start with the trace of χΛLT2.∣∣∣∣∣∣
∑
ξ,c

∑
γ,a

〈ψξ,c|χΛL |ψγ,a〉 〈ψγ,a| (X1 − γ1) |ψξ,c〉 (ξ2 − γ2)

∣∣∣∣∣∣
≤

∑
ξ∈ΛL, c

∑
γ,a

δγ,ξδa,c| 〈ψγ,a| (X1 − γ1) |ψξ,c〉 (ξ2 − γ2) |

+
∑

ξ∈ΛL, c

∑
γ,a

∣∣∣〈χΛcLψξ,c
∣∣∣ |ψγ,a〉 〈ψγ,a| (X1 − γ1) |ψξ,c〉 (ξ2 − γ2)

∣∣∣
+

∑
ξ /∈ΛL ,c

∑
γ,a

|〈χΛLψξ,c| |ψγ,a〉 〈ψγ,a| (X1 − γ1) |ψξ,c〉 (ξ2 − γ2)|

= T21 + T22 + T23 .

The first series T21, is zero after the summation in γ. The series T22∑
ξ∈ΛL, c

∑
γ,a

∣∣∣〈χΛcLψξ,c
∣∣∣ |ψγ,a〉 〈ψγ,a| (X1 − γ1) |ψξ,c〉 (ξ2 − γ2)

∣∣∣
≤

∑
ξ∈ΛL, c

∑
γ,a

‖χΛcLψξ,c‖F (‖γ − ξ‖)‖γ − ξ‖ ≤ I3IMOL ,

where in the last inequality we have used (4.4.9) and (4.4.14).
Series T23 ∑

ξ /∈ΛL ,c

∑
γ,a

| 〈χΛLψξ,c| |ψγ,a〉 〈ψγ,a| (X1 − γ1) |ψξ,c〉 (ξ2 − γ2) |

≤
∑

ξ /∈ΛL ,c

∑
γ,a

‖χΛLψξ,c‖F (‖γ − ξ‖)‖γ − ξ‖ ≤ I3IMIL ,

where in the last inequality we have used (4.4.10) and (4.4.14).
We have obtained an asymptotic for the trace of χΛLT2: it goes at most linearly

in L as L→∞.
The term T3 is analogous to T2, hence it goes also at most linearly in L as

L→∞.
Now it remains to study T1.∑
ξ,c

∑
γ,a

∑
η,b

[
〈ψξ,c|χΛL |ψγ,a〉 〈ψγ,a| (X1 − γ1) |ψη,b〉 〈ψη,b| (X2 − η2) |ψξ,c〉
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− 〈ψξ,c|χΛL |ψγ,a〉 〈ψγ,a| (X2 − γ2) |ψη,b〉 〈ψη,b| (X1 − η1) |ψξ,c〉
]

=
∑

ξ∈ΛL, c

∑
γ,a

∑
η,b

[(
δγ,ξδa,c 〈ψγ,a| (X1 − γ1) |ψη,b〉 〈ψη,b| (X2 − η2) |ψξ,c〉

− δγ,ξδa,c 〈ψγ,a| (X2 − γ2) |ψη,b〉 〈ψη,b| (X1 − η1) |ψξ,c〉
)

−
( 〈
χΛcLψξ,c

∣∣∣ |ψγ,a〉 〈ψγ,a| (X1 − γ1) |ψη,b〉 〈ψη,b| (X2 − η2) |ψξ,c〉

−
〈
χΛcLψξ,c

∣∣∣ |ψγ,a〉 〈ψγ,a| (X2 − γ2) |ψη,b〉 〈ψη,b| (X1 − η1) |ψξ,c〉
)]

+
∑

ξ /∈ΛL ,c

∑
γ,a

∑
η,b

[
〈χΛLψξ,c| |ψγ,a〉 〈ψγ,a| (X1 − γ1) |ψη,b〉 〈ψη,b| (X2 − η2) |ψξ,c〉

− 〈χΛLψξ,c| |ψγ,a〉 〈ψγ,a| (X2 − γ2) |ψη,b〉 〈ψη,b| (X1 − η1) |ψξ,c〉
]

=
∑

ξ∈ΛL, c

∑
γ,a

∑
η,b

(R1(γ, η, ξ)−R2(γ, η, ξ)) +
∑

ξ /∈ΛL ,c

∑
γ,a

∑
η,b

R3(γ, η, ξ) .

Notice that, a posteriori, we are allowed to split the series since we are going to
prove that the series R1, R2 and R3 are absolutely convergent. The series R3 can be
easily estimated

∑
ξ /∈ΛL ,c

∑
γ,a

∑
η,b

∣∣∣ 〈χΛLψξ,c| |ψγ,a〉 〈ψγ,a| (X1 − γ1) |ψη,b〉 〈ψη,b| (X2 − η2) |ψξ,c〉

− 〈χΛLψξ,c| |ψγ,a〉 〈ψγ,a| (X2 − γ2) |ψη,b〉 〈ψη,b| (X1 − η1) |ψξ,c〉
∣∣∣

≤
∑

ξ /∈ΛL ,c

∑
γ,a

∑
η,b

‖χΛLψξ,c‖2F (‖γ − η‖)F (‖η − ξ‖)

≤ 2I2
1IMIL ,

where in the last inequality we have used (4.4.10) and (4.4.12).
Now we study the absolute convergence of the series R1 and R2. This allows to

separate the series and to exchange the order of summation. Let us start with the
series R1 ∑

ξ∈ΛL, c

∑
η,b

|〈ψξ,c| (X1 − ξ1) |ψη,b〉 〈ψη,b| (X2 − η2) |ψξ,c〉|

+ |〈ψξ,c| (X2 − ξ2) |ψη,b〉 〈ψη,b| (X1 − η1) |ψξ,c〉|

≤
∑

ξ∈ΛL, c

∑
η,b

2F (‖ξ − η‖)2 ≤ I2KL
2 ,

where in the last inequality we have used (4.4.13).
Then, the series R2:
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∑
ξ∈ΛL, c

∑
γ,a

∑
η,b

∣∣∣〈χΛcLψξ,c
∣∣∣ |ψγ,a〉 〈ψγ,a| (X1 − γ1) |ψη,b〉 〈ψη,b| (X2 − η2) |ψξ,c〉

∣∣∣
+
∣∣∣〈χΛcLψξ,c

∣∣∣ |ψγ,a〉 〈ψγ,a| (X2 − γ2) |ψη,b〉 〈ψη,b| (X1 − η1) |ψξ,c〉
∣∣∣

≤
∑

ξ∈ΛL, c

∑
γ,a

∑
η,b

‖χΛcLψξ,c‖2F (‖γ − η‖)F (‖ξ − η‖) ≤ 2I2
1IMOL ,

where in the last inequality we have used (4.4.9) and (4.4.12).
Since the series are absolutely convergent we can study them separately. Proving

the absolute convergence of the series R2 has also shown that it goes at most linearly
in L as L→∞.

Therefore so far we have shown that all the terms but the series R1 go at most
linearly in L. Thus, we need now to study in detail the series R1, namely

∑
γ,a

∑
η,b

∑
ξ∈ΛL, c

δγ,ξδa,c 〈ψγ,a| (X1 − γ1) |ψη,b〉 〈ψη,b| (X2 − η2) |ψξ,c〉

−
∑
γ,a

∑
η,b

∑
ξ∈ΛL, c

δγ,ξδa,c 〈ψγ,a| (X2 − γ2) |ψη,b〉 〈ψη,b| (X1 − η1) |ψξ,c〉

=
∑
η,b

∑
ξ∈ΛL, c

〈ψξ,c| (X1 − ξ1) |ψη,b〉 〈ψη,b| (X2 − η2) |ψξ,c〉

−
∑
η,b

∑
ξ∈ΛL, c

〈ψξ,c| (X2 − ξ2) |ψη,b〉 〈ψη,b| (X1 − η1) |ψξ,c〉 .

Note that we have freely exchanged the order of summation because, as we have
proved before, the series are absolute convergent.

For simplicity of notation we define

D(η, ξ) := 〈ψξ,c| (X1 − ξ1) |ψη,b〉 〈ψη,b| (X2 − η2) |ψξ,c〉 . (4.4.17)

Exchanging η and ξ in the second series, we get∑
η,b

∑
ξ∈ΛL, c

D(η, ξ)−
∑

η,b∈ΛL

∑
ξ,c

D(η, ξ)

=
∑

η∈D\ΛL, b

∑
ξ∈ΛL, c

D(η, ξ)−
∑

η,b∈ΛL

∑
ξ∈D\ΛL, c

D(η, ξ) .
(4.4.18)

Final Estimate

For our purpose we just need to study the asymptotic of the absolute value of the
series of R1, that is∣∣∣∣∣∣

∑
η∈D\ΛL, b

∑
ξ∈ΛL, c

D(η, ξ)−
∑

η,b∈ΛL

∑
ξ∈D\ΛL, c

D(η, ξ)

∣∣∣∣∣∣
≤

∑
η∈D\ΛL, b

∑
ξ∈ΛL, c

|D(η, ξ)|+
∑

η,b∈ΛL

∑
ξ∈D\ΛL, c

|D(η, ξ)|
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≤ 2
∑

η∈D\ΛL, b

∑
ξ∈ΛL, c

F 2(‖η − ξ‖).

It is clear from the definition of |F (η, ξ)| that |F (η, ξ)| /∈ `1(D×D). Hence we
cannot simply apply Lebesgue dominated convergence theorem in order to perform
the limit L→∞. Therefore we need to explicitly estimate the series. Now note that

|D(η, ξ)| ≤ F 2(‖η − ξ‖) . (4.4.19)

Therefore, from the proof of equation (4.4.15) in Proposition 4.4.4, it follows that∑
η∈D\ΛL, b

∑
ξ∈ΛL, c

F 2(‖η − ξ‖) ≤ kL as L→∞ , (4.4.20)

for some positive constant k. This proves that the trace per unit volume (4.3.1) goes
to zero and the proof is concluded.

4.4.4 Proof of Proposition 4.4.4

This section is devoted to the proof of Proposition 4.4.4. We assume the following.

Assumption 4.4.5. Assume that Pµ admits a GWB s-localized, that is

G(‖x‖) = 〈x〉2s (4.4.21)

for some s ≥ s∗ > 5.

Let us start with the proof of equations (4.4.9) and (4.4.10). Under Assump-
tion 4.4.5, the GWFs are not generally compactly supported but they are “mainly”
concentrated on their centres. The strategy is to separate the contribution of each
GWF in two terms: one that comes from the centre and the other that comes from
the tails.

Consider ΛL ⊂ R2. Let the centre of ψγ,a be in ΛL. To estimate “how much of
ψγ,a” is outside ΛL we look at the following∥∥∥χΛLψγ,a − ψγ,a

∥∥∥ =
∥∥∥χΛcLψγ,a

∥∥∥ (4.4.22)

where χΛcL is the characteristic function of the complementary set of ΛL.

∥∥∥χΛcLψγ,a
∥∥∥ =

(∫
R2
χΛcL(x) < x− γ >2s< x− γ >−2s |ψγ,a(x)|2dx

) 1
2

≤
(

sup
x∈R2

[
χΛcL(x) < x− γ >−2s

] ∫
R2
< x− γ >2s |ψγ,a(x)|2dx

) 1
2

≤M
1
2 max

{
< L− |γ1| >−2s, < L− |γ2| >−2s

}
≤M

1
2
(
< L− |γ1| >−2s + < L− |γ2| >−2s

)
.

(4.4.23)
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Instead, if the centre γ is outside ΛL we have that

∥∥∥χΛLψγ,a
∥∥∥ =

(∫
R2
χΛL(x)|ψγ,a(x)|2dx

) 1
2

≤
(

sup
x∈R2

[
χΛL(x) < x− γ >−2s

] ∫
R2
< x− γ >2s |ψγ,a(x)|2dx

) 1
2

≤M
1
2
(
< |γ1| − L >−2s χA1(γ)+ < |γ2| − L >−2s χA2(γ)

)
+M

1
2 <

√
||γ1| − L|2 + ||γ2| − L|2 >−2s χA3(γ) .

(4.4.24)
Where A1 := ([−∞,−L]∪ [L,∞])× [−L,L], A2 := [−L,L]× ([−∞,−L]∪ [L,∞])

and A3 := ΛcL \ (A1 ∪A2), and χAi , with i ∈ {1, 2, 3}, is the characteristic function
of the set Ai.

The proof of (4.4.9) and (4.4.10) then follows easily by explicit integration.
Before showing the computations, we recall the definition of some useful functions.
Let us start from the modified Euler beta function β̃ (p, q) that is defined as follows

β̃ (p, q) := β(p, q)
2 =

∫ +∞

0
dt

t2p−1

(1 + t2)p+q ,

with p, q positive numbers in order to assure integrability. Notice that β(p, q) is the
usual Euler beta function. We also define, for every positive x ∈ R, the modified
incomplete Euler beta function by

β̃ (p, q, x) :=
∫ x

0
dt

t2p−1

(1 + t2)p+q .

Moreover we set

β̃c (p, q, x) := β̃ (p, q)− β̃ (p, q, x) =
∫ +∞

x
dt

t2p−1

(1 + t2)p+q ,

it is clear that β̃c (p, q, x) goes to zero as x goes to infinity.
Consider now the series in (4.4.9) and the estimate (4.4.23). Then, we have

∑
ξ∈ΛL, c

∥∥∥χΛcLψξ,c
∥∥∥

≤
∑

ξ∈ΛL, c
M

1
2
[
< L− |γ1| >−2s + < L− |γ2| >−2s

]

≤
∫ L

−L
dx1

∫ L

−L
dx2M

1
2
[
< L− |x1| >−2s + < L− |x2| >−2s

]
≤M

1
2 8L

∫ +∞

0
dt

1
(1 + t2)s = M

1
2 8β̃

(1
2 , s−

1
2

)
=: IMOSL .

(4.4.25)

This proves (4.4.9). Then consider the series in (4.4.10) and the estimate (4.4.24),
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we get∑
ξ /∈ΛL ,c

‖χΛLψξ,c‖ ≤M
1
2
∑

ξ /∈ΛL ,c
< |ξ1| − L >−2s χA1(ξ)

+M
1
2
∑

ξ /∈ΛL ,c
< |ξ2| − L >−2s χA2(ξ)

+
∑

ξ /∈ΛL ,c
M

1
2 <

√
|ξ1 − L|2 + |ξ2 − L|2 >−2s χA3(ξ)

≤M
1
2 2
∫ +∞

L
dx1

∫ L

−L
dx2 < |x1| − L >−2s

+M
1
2 2
∫ L

−L
dx1

∫ +∞

L
dx2 < |x2| − L >−2s

+M
1
2 4
∫ +∞

L
dx1

∫ +∞

L
dx2 <

√
|x1 − L|2 + |x2 − L|2 >−2s

≤M
1
2 8Lβ̃

(1
2 , s−

1
2

)
+M

1
2

∫ π
2

0
dθ

∫ +∞

0
dρ

ρ

(1 + ρ2)s

= M
1
2

(
β̃

(1
2 , s−

1
2

)
8 + β̃ (1, s− 1) π

2L

)
L

< M
1
2

(
β̃

(1
2 , s−

1
2

)
8 + β̃ (1, s− 1) π2

)
L =: IMISL .

(4.4.26)
Now it remains to prove the second part of Proposition 4.4.4, the one regarding

the off-diagonal terms of X̃i. Let us begin by proving the existence of the function F
satisfying (4.4.11). In the extremely localized case we can take F to be any smooth
function that is equal to 1 at the origin and it is fast decaying as x→∞. Instead,
in this case the decay at infinity will be determined by the localization function G.
Consider the generic matrix element of X̃1 − Γ1, we have that

m(γ)∑
a

m(η)∑
b

| 〈ψγ,a| (X1 − γ1) |ψη,b〉 |

≤ (m∗)2 max
a≤m(γ)

max
b≤m(η)

| 〈ψγ,a| (X1 − γ1) |ψη,b〉 |

≤ (m∗)2
∫
R2
dx |ψγ,ã(x)| |x1 − γ1|

∣∣∣ψη,b̃(x)
∣∣∣ .

Where ã and b̃ are the maximizers of | 〈ψγ,a| (X1 − γ1) |ψη,b〉 |. Taking into account
the L∞ estimate (1.3.8) we get that, for ε > 0 small enough, it holds

(m∗)2
∫
R2
dx |ψγ,ã(x)| |x1 − γ1| |ψη,b(x)|

≤ (m∗)2
∫
R2
dx 〈x− γ〉−s|x1 − γ1|〈x− η〉−s

≤ (m∗)2
∫
R2
dx 〈x− γ〉−(s−2−ε)〈x− η〉−(s−2−ε)〈x− η〉−(2+ε)

≤ Cs(m∗)2〈γ − η〉−(s−2−ε) ,
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where in the last inequality we used property (1.3.1) of the localization function
and the translation invariance of the integral. The same computation goes through
exchanging X1 − γ1 with X2 − γ2, therefore, we have that the function F defined by

F (‖x‖) := Cs(m∗)2〈x〉−(s−2−ε)

satisfies (4.4.11). By direct simple computations, one can show that F satisfies also
the requirements (4.4.12) for every s > 4, (4.4.13) for every s > 3 and (4.4.14) for
every s > 5. This is the reason why the threshold in Theorem 4.2.1 is s∗ > 5. The
last requirement, (4.4.15), is a consequence of the next computation, which shows
that (4.4.15) is satisfied for every s > 7/2. Indeed, consider the integral∫

ΛL
dx
∫
R2\ΛL

dy 1
(1 + ‖x− y‖2)α . (4.4.27)

Since the integrand is positive the order of integration does not affect the result.
For a fixed x ∈ ΛL we have the inequality

1
(1 + ‖x− y‖2)α ≤

1
(1 + ‖x− y‖2)

α
2

1
(1 + (dist(x, ∂ΛL))2)

α
2
.

By integrating with respect to y we obtain∫
ΛL
dx
∫
R2\ΛL

dy 1
(1 + ‖x− y‖2)α

≤
∫

ΛL
dx
∫
R2\ΛL

dy 1
(1 + ‖x− y‖2)

α
2

1
(1 + (dist(x, ∂ΛL))2)

α
2

≤ 2πβ̃
(

1, α2 − 1
)∫

ΛL
dx(dist(x, ∂ΛL))2)

α
2 ,

Notice that last inequality requires α > 2. The integral with respect to x can be
now easily estimated by∫

ΛL
dx 1

(1 + (dist(x, ∂ΛL))2)
α
2
≤ 8β̃

(
1, α2 − 1

)
+ 8β̃

(1
2 ,
α

2 −
1
2

)
L = O(L) ,

where the last inequality requires α > 2, which means that s > 4. This concludes
the proof of Proposition 4.4.4.
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Chapter 5

Parseval frames of exponentially
localized magnetic Wannier
functions

Exponentially localized Wannier basis for a given spectral projection are a very
effective mathematical tool, however, as we recalled in Chapter 1, they do not always
exist. In this chapter we show that, even though there are cases where the desirable
exponentially localized Wannier basis is not constructible, it is always possible to
construct a Parseval frame of exponentially localized Wannier-like functions. As
a by-product of our proof, we show how to extend the proof “by continuity” of
the existence of a generalized Wannier basis for systems that are not time-reversal
symmetric. This chapter reproduces the content of the article [33], which is the fruit
of a joint collaboration with H. Cornean and D. Monaco. 1

Specifically, motivated by the analysis of gapped periodic quantum systems in
presence of a uniform magnetic field in dimension d ≤ 3, we study the possibility to
construct spanning sets of exponentially localized (generalized) Wannier functions
for the space of occupied states.

When the magnetic flux per unit cell satisfies a certain rationality condition, by
going to the momentum-space description one can model m occupied energy bands
by a real-analytic and Zd-periodic family {P (k)}k∈Rd of orthogonal projections of
rank m. A moving orthonormal basis of RanP (k) consisting of real-analytic and
Zd-periodic Bloch vectors can be constructed if and only if the first Chern number(s)
of P vanish(es). Here we are mainly interested in the topologically obstructed case.

First, by dropping the generating condition, we show how to algorithmically
construct a collection of m− 1 orthonormal, real-analytic, and Zd-periodic Bloch
vectors. Second, by dropping the linear independence condition, we construct a
Parseval frame of m+ 1 real-analytic and Zd-periodic Bloch vectors which generate
RanP (k). Both algorithms are based on a two-step logarithm method which
produces a moving orthonormal basis in the topologically trivial case.

1In the current version of the thesis, Chapter 5 has been modified according to the version of
the paper [33] that has been accepted for publication in Communication in Mathematical Physics.
The mathematical results are the same but the exposition has been improved. The previous version
can be found at the link https://arxiv.org/abs/1704.00932v3.
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A moving Parseval frame of analytic, Zd-periodic Bloch vectors corresponds to a
Parseval frame of exponentially localized composite Wannier functions. We extend
this construction to the case of magnetic Hamiltonians with an irrational magnetic
flux per unit cell and show how to produce Parseval frames of exponentially localized
generalized Wannier functions also in this setting.

Our results are illustrated in crystalline insulators modelled by 2d discrete
Hofstadter-like Hamiltonians, but apply to certain continuous models of magnetic
Schrödinger operators as well.

5.1 Introduction
As we have extensively recalled in Chapter 1, a large number of problems coming
from the condensed matter physics of crystalline insulators can be mathematically
described by means of a gapped Hamilton operator, where the gap in the spectrum is a
threshold for the occupied states. In this framework it is important to have a suitable
set of vectors in the Hilbert space that represents this energy window and encodes
all the relevant physical information contained in the gapped spectral island. The
reasons for that are multiple: from a theoretical point of view, one needs, for example,
to justify the use of effective Hamiltonians, say of tight-binding nature, that simplify
the analysis of the model while retaining the relevant features of the underlying
physical system; from the computational point of view, the use of a suitable basis
allows the efficient computation of physical quantities [55, 116, 100, 108, 74].

Summarizing the discussion of Section 1.2, we have that when the gapped
Hamiltonian is periodic, then it is possible to pass to the k-space representation
through the Bloch–Floquet transform [71], and the space of occupied states is
described by a Zd-periodic family of projections P (k), where d ≤ 3 is the dimension of
the system. The associated Bloch bundle [89, 77], the vector bundle over the Brillouin
torus Td := Rd/Zd ' (−1/2, 1/2)d whose fiber over k is the space RanP (k) ⊂
L2((0, 1)d) of occupied states at fixed crystal momentum k, contains all the physical
information pertaining the relevant gapped spectral island. A suitable set of vectors
spanning this space consists then of sections {ξa(k)}a∈{1,...,M} of the Bloch bundle.
The inverse Bloch–Floquet transform

wa(x+ γ) :=
∫

(−1/2,1/2)d
dk ei2πk·γξa(k, x), x ∈ (0, 1)d, γ ∈ Zd, (5.1.1)

defines then (composite) Wannier functions, which together with their translates
span the gapped spectral island of the Hamiltonian. For the theoretical purposes
mentioned above, it is important that these Wannier functions decay at infinity as fast
as possible, e.g. exponentially: by a Paley–Wiener-type argument, this is equivalent
to requiring that the Bloch vectors ξa(k) depend analytically on k [42, 41, 71].

The first goal of this chapter is to provide a constructive algorithm that produces
such a spanning set of localized Wannier functions, or rather the corresponding Bloch
vectors. Notice that in general the existence of an orthormal basis of (continuous,
periodic) Bloch vectors is topologically obstructed by the geometry of the Bloch
bundle [112, 111, 66, 89, 76] (see Section 5.3). However, if one relaxes the linear
independence condition, then this topological obstruction can be circumvented
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[3, 70, 71]: we provide a new proof of this result (formulated here as Theorem 5.3.2)
in the form of an algorithm for the construction of a “redundant”, non-orthonormal
spanning set of Bloch vectors (a Parseval frame, to be precise). As we will detail in
Section 5.3.2, this datum is sufficient for example to recover spectral properties and
construct effective models associated to the original Hamiltonian, even in lack of
orthonormality and linear independence.

This first result, applies to both continuous and discrete models of 2- and 3-
dimensional gapped crystals subject to a constant magnetic field whose flux per unit
cell satisfies a certain commensurability condition. In this chapter, we choose as
a recurring example the model of Hofstadter-like Hamiltonians, which are discrete
analogues of magnetic Schrödinger operators on the 2-dimensional lattice Z2 with
uniform magnetic field in the orthogonal direction. Hofstadter-like Hamiltonians
will be described in detail in Section 5.2; the application of the general result
Theorem 5.3.2 to these models is spelled out in Theorem 5.3.4.

When periodicity is lost, there is no underlying vector bundle structure for the
occupied states, and so the quest for a suitable set of spanning vectors becomes more
complicated. However, the question is still well-defined in the original position-space
representation, and one can ask whether a spanning set of localized (generalized)
Wannier functions exists.

To describe this non-periodic setting we specialize, for the sake of a more explicit
presentation, to Hofstadter-like Hamiltonians. Up to an explicit unitary “scaling”
transformation depending on the magnetic field (which corresponds roughly speaking
to considering a supercell for the lattice), these Hamiltonians become periodic under
the above-mentioned commensurability condition on the magnetic flux per unit cell,
see Proposition 5.2.1. Very concretely, in our case this condition requires that the
strength of the magnetic field be a rational multiple of 2π. For a value b0 for which
the latter condition is satisfied, we can apply the result from the first part, which
yields a Parseval frame of localized Wannier functions for every gapped spectral
island.

Perturbing around b0 ∈ 2πQ, say for b = b0 + ε with ε� 1, the spectral island
remains gapped but periodicity is lost when ε/(2π) is irrational [87]. Nevertheless, if
ε is small enough, we will show how one can extend the construction of a Parseval
frame of localized generalized Wannier functions for the spectral island at magnetic
field b0 to one at magnetic field b, see Theorem 5.4.1 and its Corollary 5.4.3. The
result essentially depends on Combes–Thomas exponential estimates for the resolvent
of the Hamiltonian. Once again, all the results for the type of discrete magnetic
Hamiltonians discussed above can be extended to continuous models and magnetic
Schrödinger operators, see Remark 5.9.7.

5.1.1 Comparison with the literature

We would like here to compare our results with the existing literature on the subject.
The most novel contributions in this chapter are given by Theorem 5.4.1 and its

Corollary 5.4.3 concerning the construction of spanning sets of localized Wannier
functions for magnetic Hamiltonians with an irrational magnetic flux. These provide
in particular a generalization in the discrete setting of the results of [30] which
assume time-reversal symmetry (hence zero magnetic flux per unit cell), consequently
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covering only the periodic case with no topological obstruction to the existence of
an orthonormal basis of localized Wannier functions, and perturbations theoreof.

The literature on the interplay between topology and existence of localized
Wannier functions in gapped periodic quantum systems is much more extended. Con-
cerning the topologically trivial case, namely when the existence of an orthonormal
basis is not topologically obstructed, our proof of Theorem 5.3.2(iii) (correspondingly
Theorem 5.3.4(ii)) provides a constructive algorithm for the results of [89, 77] (com-
pare also [70]), which are instead obtained by abstract bundle-theoretic methods.
There, the condition of topological triviality is obtained as a consequence of time-
reversal symmetry: constructive algorithms for Bloch bases under this symmetry
assumption have been recently investigated in [47, 46, 23, 30, 34, 31].

Moving to the topologically non-trivial setting, to the best of our knowledge
the only previous work which treated the problem of constructing an effective
magnetic Hamiltonian starting from a topologically obstructed Fermi projection
is [49]. However, there the authors only allow bounded magnetic potentials as
perturbations, thus excluding magnetic fields which do not vanish at infinity.

Even though the use of “non-orthogonal Wannier functions” (that is, of redudant
spanning sets of Wannier functions) is adopted in several computational schemes for
electronic structure, quantum chemistry and density functional theory [50, 55, 74],
in the mathematical literature the study of Parseval (or equivalently 1-tight) frames
of localized Wannier functions in the topologically obstructed case was initiated only
in [70], where an upper bound of the form M ≤ 2dm was given on the number of
Bloch vectors needed to span m isolated energy bands in dimension d. Improved
estimates on M for Bloch bundles in d ≤ 3 were announced in [71] and proved in
[3], yielding M = m+ 1 as in Theorem 5.3.2(ii) (correspondingly Theorem 5.3.4(ii)).
The results of [3] prove the existence of a Parseval (m+ 1)-frame of exponentially
localized Wannier functions when d ≤ 3, again by means of general bundle-theoretic
arguments. However, using powerful results from the theory of functions of several
complex variables, their proofs allow to show that the corresponding Bloch vectors are
analytic in the same analyticity domain of the family of projections {P (k)}k∈Rd . Our
techniques, even though more algorithmic and “explicit” in nature, allow instead only
to exhibit Bloch vectors which are real-analytic, that is, analytic in a complex strip
around the real axis which could in principle be much smaller than the analyticity
domain of the map k 7→ P (k). The problem of finding an explicit extension of these
Bloch vectors to this domain (again through “algorithmic” methods) is an interesting
research line, which we postpone to future investigation.

In this respect, it is also interesting to notice that exponential localization of
generalized Wannier Parseval frames is somewhat optimal. Indeed, it was recently
proved in [43] that if one requires the Wannier functions in a Parseval frame to be
compactly supported, then necessarily the Bloch bundle must be trivial.

5.1.2 Structure of the chapter

The chapter consists of three main parts.
The first part is devoted to the presentation of the reference physical model,

namely Hofstadter-like Hamiltonians, in Section 5.2, and of our main contributions,
whose proofs are postponed to the remaining two parts of the chapter, in Sections 5.3
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and 5.4. In particular, in Section 5.3 we present Theorem 5.3.2 on spanning sets of
vectors for periodic families of projections, as well as its application to Hofstadter-like
Hamiltonians with rational magnetic flux, that is, Theorem 5.3.4. After that, in
Section 5.4 we describe the extension of these results to Hofstadter-like Hamiltonians
with irrational but close-to-rational magnetic flux, namely Theorem 5.4.1 and its
Corollary 5.4.3. A brief outline of the constructive, algorithmic proof for these results
can be found in the discussion after Corollary 5.4.3.

The second part of the chapter focuses on our new proof of Theorem 5.3.2,
which is spread through Sections 5.5 to 5.7: in Section 5.5 we prove the third part
of Theorem 5.3.2 regarding the periodic topologically trivial case, in Section 5.6
we prove the first part of Theorem 5.3.2 on the maximal number of orthonormal
vectors, and finally in Section 5.7 we construct the Parseval frame for projections
with non-trivial topology. In the context of Hofstadter-like Hamiltonians, by going
back to position-space via the inverse Bloch–Floquet transform (5.1.1) this will prove
also Theorem 5.3.4.

The last part of the chapter is instead concerned with the proofs of Theorem 5.4.1
and Corollary 5.4.3. In Section 5.8 we show that the problem of finding Parseval
frames of localized Wannier functions for general Hofstadter-like Hamiltonians can
be recast in a more abstract problem regarding Fermi-like magnetic projections, see
Definition 5.8.2 and Lemma 5.8.4. In the last Section 5.9 we construct the required
Parseval frame and conclude the proof of Theorem 5.4.1.

5.2 The reference model: Hofstadter-like Hamiltonians

This section presents our motivating physical model of crystalline systems in presence
of uniform magnetic fields; we fix here some notation that will be used extensively
throughout the chapter. The quantum systems of interest are modelled by magnetic
Hamiltonians, like e.g. discrete tight-binding Hamiltonians where hoppings carry
Peierls magnetic phases, or continuous Schrödinger operators of the form 1

2(−i∇−
A)2 + V , where A (respectively V ) is the magnetic (respectively electrostatic)
potential. To fix a reference model, to be used in applications of more general results,
we now introduce Hofstadter-like Hamiltonians in the 2-dimensional discrete setting.

Consider a set of N points Y ⊂ [0, 1]2 ⊂ R2, and a collection of functions
hk : Y × Y → R which are real-analytic and Z2-periodic in k, meaning that the
maps R2 3 k 7→ hk(y, y′) ∈ R with fixed y, y′ ∈ Y are real-analytic and Z2-periodic.
Let us also introduce the skew-symmetric Peierls magnetic phase φ : R2 × R2 → R,
defined by

φ(x,x′) := (x′1x2 − x′2x1)/2 = {e3 · (x′ × x)}/2. (5.2.1)

We define, for b ∈ R, the bounded operator in `2(Z2×Y) ' `2(Z2)⊗ `2(Y) (note
that `2(Y) ' CN ) given by the following matrix elements:

Hb(γ, y; γ′, y′) := eibφ(γ+y,γ′+y′)T (γ − γ′; y, y′),

where T (γ; y, y′) :=
∫

Ω
dk ei2πk·γhk(y, y′)

(5.2.2)
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with γ, γ′ ∈ Z2, y, y′ ∈ Y, and the integral defining T is performed over Ω :=
(−1/2, 1/2)2. Then hk can be recovered via

hk(y, y′) =
∑
γ∈Z2

e−i2πk·γT (γ; y, y′), y, y′ ∈ Y, k ∈ R2.

The resulting operator Hb will be called an Hofstadter-like Hamiltonian; the original
Hofstadter model [62] would correspond to Y = {(0, 0)} (i.e. N = 1), hk =
2 cos(2πk1) + 2 cos(2πk2), while the Peierls phase would be written in the Landau
gauge and equal φL(x,x′) := (x2 − x′2)(x1 + x′1)/2. The magnetic phase eibφ(·,·) in
front of the “hopping” T models the presence of a uniform magnetic field B := b e3
orthogonal to the 2-dimensional crystal. The quantity −2bφ(e1, e2) = B · (e1 × e2)
is then the magnetic flux per unit cell, to be measured in units of the magnetic flux
quantum (which equals 1/2π in our units).

When b = 0 the spectrum of H0 is absolutely continuous and it is given by the
range of the N eigenvalues Ej(k) of hk as functions of k, that is,

σ(H0) = {E ∈ R : Ej(k) = E for some j ∈ {1, . . . , N} , k ∈ Ω} .

The graph of the function Ej is usually called the j-th energy (Bloch) band. Several
analytic properties of these non-magnetic energy bands are discussed in [5], see also
[118] for the infinite-dimensional generalization from k-dependent matrices to linear
operators on Banach spaces.

If the magnetic field strength b is such that b = b0 where b0/(2π) is rational, i.e.
there exists q ∈ N such that b0q ∈ 2πZ, then Hb0 is unitarily equivalent to a periodic
operator. Notice that the condition b0 ∈ 2πQ implies that the magnetic flux per unit
cell is a rational multiple of the flux quantum: we will thus call this the “rational
flux” condition. In order to formulate this unitary equivalence more precisely, and
to be able to study also values of the magnetic field strength b which are close to
b0, we will use the common technique of enlarging the unit cell in order to have an
integer-flux magnetic field: we introduce the new lattice Γq := (qZ)× Z ' Z2 and
denote by Yq its fundamental cell, namely

Yq = Bq × Y ⊂ R2, where Bq := {(0, 0), . . . , (q − 1, 0)} ⊂ R2.

Hence, every point in the crystal can be uniquely represented as

η̃ + x, η̃ ∈ Γq, x ∈ Yq,

where
η̃ = (qη1, η2), η1, η2 ∈ Z, x = y + z, z ∈ Bq, y ∈ Y.

In the following, we will often naturally identify η̃ = (qη1, η2) ∈ Γq with η = (η1, η2) ∈
Z2, and correspondingly identify e.g. the magnetic phases eiφ(η̃,η̃′) = eiqφ(η,η′) or,
with a little abuse of notation, the matrix elements T ((qη1, η2);x) = T (η̃ + z; y).

With this notation, we then have following result:

Proposition 5.2.1. Assume that b0q ∈ 2πZ as above. Set Q = Q(q) := qN . Then,
for every ε ≥ 0, there exists a family of Q×Q self-adjoint matrices hk,b0+ε which is
real-analytic and Z2-periodic as a function of k, real-analytic as a function of ε, and
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such that Hb0+ε is unitarily equivalent via a unitary operator Ub0+ε to an operator
in `2(Z2)⊗ CQ given by the matrix elements

H̃ε(γ, x; γ′, x′) := eiεqφ(γ,γ′)Tε(γ − γ′;x, x′),

where Tε(γ;x, x′) :=
∫

Ω
dk ei2πk·γhk,b0+ε(x, x′),

(5.2.3)

with γ, γ′ ∈ Z2 and x, x′ ∈ {1, . . . , Q}.

Proof. Write b0 = 2πp/q with p, q ∈ Z coprime, and let b = b0+ε, where ε > 0. Define
the unitary operator from `2(Z2)⊗`2(Y) to `2(Γq)⊗`2(Yq) acting on f ∈ `2(Z2)⊗`2(Y)
by

[Ubf ](η̃, x) := eib0η̃1η̃2/2eibφ(η̃,x)f(η̃ + z, y) (5.2.4)
= eiπpη1η2eibφ(η̃,x)f(η̃ + z, y) η̃ ∈ Γq, x ∈ Yq,

where we have used the unique decomposition Yq 3 x = y + z, z ∈ Bq, y ∈ Y. We
note the identity

φ(η̃ + x, η̃′ + x′) = φ(η̃, η̃′) + φ(η̃ − η̃′, x+ x′) + φ(x, x′) + φ(x, η̃)− φ(x′, η̃′).

By rotating Hb with Ub we have

[UbHbU
∗
b ](η̃, x; η̃′, x′) = eiεφ(η̃,η̃′)eib0η̃′1(η̃2−η̃′2)eib0(η̃1−η̃′1)(η̃2−η̃′2)/2

· eibφ(η̃−η̃′,x+x′)eibφ(x,x′)T (η̃ − η̃′;x, x′).

We observe that b0η̃′1(η̃2 − η̃′2) = 2πpη′1(η2 − η′2) ∈ 2πZ, thus eib0η̃′1(η̃2−η̃′2) = 1 and

(η̃, x; η̃′, x′) = eiεφ(η̃,η̃′)(−1)p(η1−η′1)(η2−η′2)

· eibφ(η̃−η̃′,x+x′)eibφ(x,x′)T (η̃ − η̃′;x, x′).

Upon the identification of γ̃ = (qγ1, γ2) ∈ Γq with γ = (γ1, γ2) ∈ Z2 as in the
comments before the statement, every operator on `2(Γq)⊗ `2(Yq) is identified with
an operator on `2(Z2)⊗ `2(Yq). In particular, the above unitary conjugation of the
Hofstadter-like Hamiltonian can be seen as acting in `2(Z2)⊗ `2(Yq) with matrix
elements

H̃ε(γ, x; γ′, x′) := eiεqφ(γ,γ′)(−1)p(γ1−γ′1)(γ2−γ′2)ei(b0+ε)(γ2−γ′2)(x1+x′1)/2

· e−iq(b0+ε)(γ1−γ′1)(x2+x′2)/2ei(b0+ε)φ(x,x′)

· T ((q(γ1 − γ′1), γ2 − γ′2);x, x′).
(5.2.5)

Notice that the whole expression on the right-hand side of the above, with the
exception of the phase eiεqφ(γ,γ′), depends only on the difference γ − γ′. Identifying
`2(Yq) ' `2(Bq) ⊗ `2(Y) ' Cq ⊗ CN ' CqN , we can thus determine a new Bloch
fiber for H̃ε, which will be a matrix of size qN × qN equal to

hk,b0+ε(x;x′) :=
∑
γ∈Z2

e−i2πk·γ(−1)pγ1γ2ei(πp/q+ε/2)γ2(x1+x′1)

· e−i(πp+qε/2)γ1(x2+x′2)ei(b0+ε)φ(x,x′)T ((qγ1, γ2);x, x′).

Moreover, the family of matrices hk,b0+ε is real-analytic in both k and ε. This is a
simple direct consequence of the exponential decay of T (γ) as a function of γ, which
in turn is a consequence of the real-analyticity in k of the original hk.
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Let us now use the above result to show how the original rational flux Hamiltonian
Hb0 is unitarily equivalent to a fibered operator. Indeed, if ε = 0, the Hamiltonian
H̃0 is periodic, that is, it commutes with the usual translation operators by shifts
in Z2. Therefore, it is possible to diagonalize it by using the usual Bloch–Floquet
theory [98, 69, 49, 71]. Consider the Bloch–Floquet transform UBF defined, for every
f ∈ C∞0 (Z2)⊗ `2(Yq), as

(UBFf)k(x) :=
∑
η∈Z2

e−i2πk·ηf(η, x) , k ∈ Ω, x ∈ Yq,

and then extended by continuity to a unitary operator UBF : `2(Z2) ⊗ `2(Yq) →
L2(Ω)⊗ `2(Yq).

Let us introduce the group of (modified) magnetic translations τ̂b0,η̃ defined for
every η̃ ∈ Γq by

[τ̂b0,η̃f ] (γ̃, x) := eib0η̃1η̃2/2eib0φ(γ̃+x,η̃)f(γ̃ − η̃, x), f ∈ `2(Γq)⊗ `2(Yq) . (5.2.6)

We stress that the phase factor eib0η̃1η̃2/2 is crucial in order to have a unitary
representation of the group Z2 (that is, τ̂b0,η̃ τ̂b0,γ̃ = τ̂b0,η̃+γ̃ for γ̃, η̃ ∈ Γq), instead of
just a projective one (compare Remark 5.2.2 below), when b0 ∈ 2πQ.

Define the following operator:

(UmBFg)k (x) := (UBFUb0g)k (x)
=
∑
η∈Z2

e−i2πk·η(τ̂b0,−(qη1,η2)g)(0, x), g ∈ C∞0 (Z2)⊗ `2(Y) . (5.2.7)

The unitary operator UmBF is a modified Bloch–Floquet transform. Then we have
the identity

UBFH̃0U∗BF = UmBFHb0U∗mBF =
∫ ⊕

Ω
dk h(k) , (5.2.8)

where the fiber Hamiltonian h(k) ≡ hk,b0 is periodic in k with respect to shifts in the
dual lattice

{
k ∈ R2 : k · η ∈ 2πZ ∀ η ∈ Z2} ' Z2 and acts on functions with fixed

crystal momentum k, so only on the degrees of freedom in the supercell Yq.
If the Hamiltonian Hb0 is gapped, then its Fermi projection Πb0 onto the (finite)

gapped spectral island is also unitarily equivalent to a direct integral
∫⊕
T2 dkP (k) of

(finite-rank) projections, and the same properties of regularity and periodicity in k
claimed in Proposition 5.2.1 for the fibers h(k) hold for P (k) as well.

While the original Hamiltonian Hb0 commutes with the modified magnetic
translations defined in (5.2.6), we stress, once again, that the Hamiltonian H̃0 is
truly a periodic operator. Indeed, H̃0 commutes with the usual translations defined,
for every f ∈ `(Z2)⊗ CQ, by

[τ0,ηf ] (γ, x) := f(γ − η, x) , η ∈ Z2 .

This is reflected by (5.2.8), where H̃0 is fibered by the Bloch–Floquet transform
UBF. The situation is different when we consider an irrational magnetic flux. Indeed,
the original perturbed Hamiltonian Hb0+ε commutes with the magnetic translations
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associated to b0 + ε, that is the unitary operator defined, for every f ∈ `(Z2)⊗ `(Y),
by [

τ (b0+ε)
η f

]
(γ, x) := ei(b0+ε)φ(γ+x,η)f(γ − η, x), η ∈ Z2 . (5.2.9)

Instead, because of the action of the unitary operator Ub0+ε, the Hamiltonian H̃ε
commutes with the unitary operator defined, for every f ∈ `(Z2)⊗ CQ, by

[τε,ηf ] (γ, x) := eiεqφ(γ,η)f(γ − η, x), η ∈ Z2 . (5.2.10)

Remark 5.2.2. More generally, notice that any operator A on `2(Z2)⊗ CQ whose
matrix elements are of the form

A(γ, x; γ′, x′) := eiεqφ(γ,γ′)aε(γ − γ′;x, x′), γ, γ′ ∈ Z2, x, x′ ∈ {1, . . . , Q} ,

commutes with the magnetic translations τε,η, η ∈ Z2, defined in (5.2.10). Indeed
for f ∈ `2(Z2)⊗ CQ

[Aτε,ηf ](γ, x) =
∑
γ′∈Z2

Q∑
x=1

eiεqφ(γ,γ′)aε(γ − γ′;x, x′) eiεqφ(γ′,η)f(γ′ − η, x′)

=
∑

γ′′=γ′−η∈Z2

Q∑
x=1

eiεqφ(γ,γ′′+η)aε(γ − γ′′ + η;x, x′) eiεqφ(γ′′+η,η)f(γ′′, x′)

= eiεqφ(γ,η) ∑
γ′′∈Z2

Q∑
x=1

eiεqφ(γ−η,γ′′)aε(γ − η − γ′′;x, x′) f(γ′′, x′)

= [τε,ηAf ](γ, x),
(5.2.11)

where we repeatedly used the skew-symmetry of the Peierls magnetic phase φ(·, ·).
Contrary to the modified magnetic translations τ̂b0,η defined in (5.2.6), the

translation operators τε,η do not form a unitary representation of the group Z2, but
rather a projective one. Indeed

τ∗ε,η = τε,−η and τε,ητε,η′ = eiεqφ(η′,η)τε,η+η′ , η, η′ ∈ Z2. (5.2.12)

The main achievement of Proposition 5.2.1 is to reduce the original Hamiltonian
Hb0+ε to the product of a phase factor times a fibered operator, that is Tε, whose
fiber hk,b0+ε acts in a fiber space whose dimension Q is independent of ε and which
only depends on b0 via q. This is crucial in order to control the perturbation induced
by ε, because the ε-dependent fiber operators act in the same space even as ε is
varying. Even though the representation in Proposition 5.2.1 is valid for all values
of ε, it will be used for ε sufficiently small, for which the spectral properties of Hb0

and Hb0+ε are “comparable” (i.e., for which the spectral gap of the rational-flux
Hamiltonian persists also at ε 6= 0).

5.3 Periodic setting: results for rational flux Hamilto-
nians

Having established a clear reference model, we now abstract from the periodic setting
of Hofstadter-like Hamiltonians satisfying a rational flux condition, and consider
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families of rank-m orthogonal projections {P (k)}k∈Rd , P (k) = P (k)2 = P (k)∗,
acting on some Hilbert space H, which are subject to the following conditions:

(i) the map P : Rd → B(H), k 7→ P (k), is smooth (at least of class C1);

(ii) the map P : Rd → B(H), k 7→ P (k), is Zd-periodic, that is, P (k) = P (k + n)
for all n ∈ Zd.

The rank m corresponds to the number of occupied energy bands in physical
applications. As discussed e.g. in [30, 79], the same setting arises also from continuous
models (described by a magnetic Schrödinger operator as the Hamiltonian) of gapped
periodic quantum systems subject to a magnetic field satisfying the rational flux
property: we note that, in this case, some technical modifications are required
to define the Bloch–Floquet representation, and one is led to use in this case the
so-called (magnetic) Bloch–Floquet–Zak transform (see also [49]).

Definition 5.3.1. A Bloch vector for the family of projections {P (k)}k∈Rd is a map
ξ : Rd → H such that

P (k)ξ(k) = ξ(k) for all k ∈ Rd.

A Bloch vector ξ is called

(i) continuous if the map ξ : Rd → H is continuous;

(ii) periodic if the map ξ : Rd → H is Zd-periodic, that is, ξ(k) = ξ(k + n) for all
n ∈ Zd;

(iii) normalized if ‖ξ(k)‖ = 1 for all k ∈ Rd.

A collection of M Bloch vectors {ξa}Ma=1 is said to be

(i) independent (respectively orthonormal) if the vectors {ξa(k)}Ma=1 ⊂ H are
linearly independent (respectively orthonormal) for all k ∈ Rd;

(ii) a moving Parseval M-frame (or M -frame in short) if M ≥ m and for every
ψ ∈ RanP (k) we have

ψ =
M∑
a=1
〈ξa(k), ψ〉 ξa(k) or equivalently ‖ψ‖2 =

M∑
a=1
|〈ξa(k), ψ〉|2 . (5.3.1)

If M = m, we call {ξa}ma=1 a Bloch basis.

In general, all the above conditions on a collection of Bloch vectors compete
against each other, and one has to give up some of them in order to enforce
the others. As was recalled in the Introduction, this is well-known in differential
geometry. Indeed, given a smooth, periodic family of projections, one can construct
the associated Bloch bundle E → Td [89], which is an Hermitian vector bundle over
the (Brillouin) d-torus Td = Rd/Zd, and Bloch vectors are nothing but sections for
this vector bundle. The topological obstruction to construct sections of a vector
bundle reflects in the impossibility to construct collections of Bloch vectors with the
required properties. For example:
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• in general, a Bloch vector can be continuous but not periodic, or viceversa
periodic but not continuous: in the latter case, one then speaks of local
sections of the associated Bloch bundle, defined in the patches where they are
continuous;

• global (continuous and periodic) sections may exist, but they may vanish in
Td, thus violating the normalization condition for a Bloch vector;

• when d ≤ 3, the topological obstruction to construct a (possibly orthonormal)
Bloch basis consisting of continuous, periodic Bloch vectors is encoded in the
Chern numbers [4, 89, 76]

c1(P )ij = 1
2πi

∫
T2
ij

dki dkj TrH (P (k) [∂iP (k), ∂jP (k)]) ∈ Z, 1 ≤ i < j ≤ d,

(5.3.2)
where T2

ij ⊂ Td is the 2-torus where the coordinates different from ki and kj
are set equal to zero. Only when the Chern numbers vanish does a Bloch basis
exist, in which case the Bloch bundle is trivial, i.e. isomorphic to Td × Cm.

In the first part of this chapter, we discuss the possibility of relaxing the condition
to be a continuous, periodic, and orthonormal Bloch basis in two possible ways, by
considering instead collections of M Bloch vectors such that

(i) M < m, and the continuous, periodic Bloch vectors are still orthonormal;

(ii) M > m, and the continuous, periodic Bloch vectors are still generating (hence
constitute an M -frame).

In the present context of families of projections arising from gapped crystalline
Hamiltonians, optimal existence results on orthonormal sets and Parseval frames
of Bloch vectors were first proved in [70, 3] via general bundle-theoretic argument,
as already mentioned in Section 5.1.1. Here “optimal” refers to finding the optimal
value M in each of the two situations (the maximal M in the first, and the minimal
M in the second). The results are summarized in the following

Theorem 5.3.2 ([3, 70]). Let d ≤ 3, and let {P (k)}k∈Rd be a smooth, Zd-periodic
family of orthogonal projections of rank m.

(i) There exist at least m− 1 independent Bloch vectors which are continuous and
Zd-periodic.

(ii) There exists a Parseval (m + 1)-frame of continuous and Zd-periodic Bloch
vectors (see (5.3.1)).

(iii) Assume furthermore that c1(P )ij = 0 ∈ Z for all 1 ≤ i < j ≤ d, where
c1(P )ij is defined in (5.3.2). Then, there exists an orthonormal Bloch basis of
continuous and Zd-periodic Bloch vectors.

Remark 5.3.3. By standard arguments, which we reproduce in Appendix A.2.1 for
the reader’s convenience, it is possible to improve the regularity of Bloch vectors if the
family of projections is more regular: the only obstruction is to continuity. In other
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words, if for example the map k 7→ P (k) is smooth or analytic, then a continuous
Bloch vector yields a smooth or real-analytic one by convolution with a sufficiently
regular kernel. Moreover, one can always make sure that all the other properties
(periodicity, orthogonality, . . . ) are preserved by this smoothing procedure.

As was already remarked in Section 5.1.1, in the case of an analytic family of
projections the techniques of [3, 70] allow to show the existence of Bloch vectors
which are analytic in the same analyticity strip. The explicit smoothing procedure
mentioned above, instead, only gives a weaker real analyticity (i.e. analyticity of the
Bloch vectors in a complex strip around the real k’s of a priori smaller width than
the one of the analyticity domain of the projections).

Abstract results concerning the existence of such collections of Bloch vectors can
be also found in the literature on vector bundles. For example:

(i) by [63, Chap. 9, Thm. 1.2], there exist m− `d continuous and periodic inde-
pendent sections of the Bloch bundle, where 2 `d = d(d− 1)/2e;

(ii) by [63, Chap. 8, Thm. 7.2], there exists an (m+rd)-frame for the Bloch bundle,
where rd = dd/2e.

The second of the above statements can be rephrased by saying that there exists a triv-
ial vector bundle F of rankm+rd that contains E as a subbundle. Indeed, if {ψa}m+rd

a=1
is a moving basis for F , then setting ξa(k) := P (k)ψa(k), a ∈ {1, . . . ,m+ rd}, de-
fines an (m+ rd)-frame for E (see also [48]). Notice that the above Theorem 5.3.2
for d = 3 yields an optimal number (M = m + 1) of vectors in a Parseval frame,
which is actually smaller than the number M = m+ rd=3 = m+ 2 predicted by the
general, bundle-theoretic result quoted above [63, Chap. 8, Thm. 7.2].

This kind of results have a much broader range of applicability and hold for a
large class of base manifolds (of which the base space of the Bloch bundle, namely
the d-torus for d ≤ 3, is only a very specific case). However, their proofs rely on
techniques from algebraic topology, specifically on homotopy and obstruction theory,
which may not be particularly suited to numerical implementations, because for
example they allow to construct the required objects only up to homotopies which
are often difficult to describe analytically.

Aiming at this type of applications in computational condensed matter physics,
as already mentioned in the Introduction (see also Section 5.3.2 below), our first
contribution in this direction is to provide an alternative, algorithmic proof of Theo-
rem 5.3.2, which explicitly exhibits the optimal number of orthonormal (respectively
generating) Bloch vectors via an algorithm, in a finite number of steps and working
out all analytical details (mostly in the Appendices and in references therein). The
algorithm we propose is sketched at the end of the next section, and the details of
our proof of Theorem 5.3.2 are presented in Sections 5.5 to 5.7.

5.3.1 Applications to Wannier functions

Concerning the specific case of Bloch bundles arising from condensed matter systems,
the construction of (real-analytic) Bloch vectors translates to the construction of

2We denote by dxe the smallest integer n such that x ≤ n.
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localized (composite) Wannier functions for the occupied states of the magnetic
Hamiltonian describing the crystal, by transforming the Bloch vectors back from
the k-space representation to the position representation via the Bloch–Floquet
transform (5.1.1) [71]. Our proof of the second part of Theorem 5.3.2 can then
be rephrased as the possibility to algorithmically construct Parseval frames for
the spectral island onto m gapped energy bands consisting of m+ 1 exponentially
localized Wannier functions, together with their (magnetic) translates. Although,
as mentioned above, the range of applicability of Theorem 5.3.2 on Bloch vectors
includes also spectral projections of certain magnetic Schrödinger operators, for
simplicity, and in order to avoid too many technical conditions, we only formulate
the result for Hofstadter-like Hamiltonians:
Theorem 5.3.4. Let Hb0 be an Hofstadter-like Hamiltonian on `2(Z2) ⊗ `2(Y)
corresponding to a magnetic field b0 ∈ 2πQ. Let Π = Πb0 be the spectral projec-
tion onto an isolated spectral island of Hb0 consisting of m energy bands, and let
UmBF ΠU∗mBF =

∫⊕
T2 dkP (k). Then:

(i) there exists an exponentially localized Wannier Parseval frame for the subspace
Ran Π ⊂ `2(Z2)⊗ `2(Y), i.e. there exist m+ 1 exponentially localized vectors
wa, a ∈ {1, . . . ,m+ 1}, such that

w =
∑
γ∈Z2

m+1∑
a=1
〈τ̂b0,γwa, w〉 (τ̂b0,γwa) for all w ∈ Ran Π;

(ii) if moreover c1(P ) = 0 ∈ Z, where c1(P ) ≡ c1(P )12 is defined in (5.3.2), then
there exist m exponentially localized vectors wa, a ∈ {1, . . . ,m}, such that
{τ̂b0,γwa}a∈{1,...,m}, γ∈Z2 is an orthonormal basis of Ran Π ⊂ `2(Z2)⊗ `2(Y).

We stress again that, using our proof of Theorem 5.3.2, the objects whose
existence is claimed in Theorem 5.3.4 can be constructed with a finite-step algorithm
that in principle can be numerically implemented.

5.3.2 Why are Parseval frames useful in solid state physics?

Inspired by [70], we advocate the use of Parseval frames of localized Wannier functions
as an efficient tool to derive tight-binding models for magnetic Hamiltonians, much
in the same way as orthonormal bases are used in topologically unobstructed cases,
e.g. under a time-reversal symmetry assumption [89, 77].

To substantiate this claim let us start by some general considerations, and
recall the definition of a classical Parseval Gabor frame [59, 107]. For every pair
(λ, γ) ∈ Zd×Zd = Z2d we consider the functions ψλγ(x) := e2πiλ·xg(x−γ) where g is a
smooth function, compactly supported in [−1, 1]d and such that

∑
γ∈Zd |g(x−γ)|2 = 1

for all x ∈ Rd. It is well-known that the set {ψλγ}λ,γ∈Zd forms an overcomplete
Parseval frame in L2(Rd), in the sense that any f ∈ L2(Rd) can be written as

f =
∑

λ,γ∈Zd
〈ψλγ , f〉ψλγ , with ‖f‖2 =

∑
λ,γ∈Zd

|〈ψλγ , f〉|2 .

Although a Parseval frame is not an orthonormal basis, one can represent any
reasonable linear (pseudo-differential) operator A on L2(Rd) as an “infinite double
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matrix” acting in `2(Z2d), where the matrix elements are given by A(λ, γ;λ′, γ′) :=〈
ψλγ , Aψλ′γ′

〉
[57, 45].

In applications one is typically interested in finding a generating set of vectors
for the subspace which is the range of an orthogonal Fermi projection Π onto an
isolated group of m bands of an Hamiltonian H unitarily conjugated to a fibered
operator

∫⊕
Td dk h(k). Our proof of Theorem 5.3.4 provides a way to construct the

smallest finite set of exponentially localized functions {wa}1≤a≤M with m ≤M such
that

Π =
∑
γ∈Zd

M∑
a=1
|Tγ wa〉 〈Tγ wa|

where γ 7→ Tγ is a suitable representation of the translation group Zd (e.g. Tγ = τ̂b0,γ
for rational-flux Hofstadter-like Hamiltonians in d = 2). In particular, the existence
of a Parseval frame allows to isometrically identify Ran Π with the space `2(Zd)⊗CM .
The number M is either m or m+ 1, depending on the vanishing or not of the Chern
numbers of the Bloch bundle associated to the fibers {P (k)}k∈Td of Π.

The analytic and periodic Bloch frame corresponding to the Parseval frame
{Tγ wa}1≤a≤M,γ∈Zd , see Theorem 5.3.2, can be also used to construct an effective
model to study, for example, the band structure of the fiber Bloch Hamiltonian h(k)
numerically through Fourier interpolation [116, 74]. By the gap condition and a shift
of the (Fermi) energy, we can assume that h(k) has a gap at zero energy and hence
has non-zero eigenvalues. Denote by Ej(k) 6= 0 the Bloch energy bands, labelled in
increasing order, and by ψj(k) the corresponding (normalized) Bloch eigenfunctions,
h(k)ψj(k) = Ej(k)ψj(k). Assume that the negative eigenvalues (below the spectral
gap and the Fermi energy) are labelled by j ∈ {1, . . . ,m}. We have

P (k) =
m∑
j=1
|ψj(k)〉 〈ψj(k)| , h(k)P (k) =

m∑
j=1

Ej(k) |ψj(k)〉 〈ψj(k)| .

The eigenvectors ψj(k) are not necessarily smooth in k even though h(k)P (k) is
smooth and periodic. Using our Parseval frame {ξa(k)}1≤a≤M as in (5.3.1), we can
introduce an M ×M matrix heff(k) acting on CM and given by

heff(k)aa′ := 〈ξa(k), h(k)ξa′(k)〉H , 1 ≤ a, a′ ≤M.

This matrix is both smooth and periodic; we show further that its non-zero spectrum
coincides with the relevant Bloch eigenvalues Ej(k). Define the vectors Ψj(k) ∈
CM , j ∈ {1, . . . ,m}, with components given by (Ψj(k))a = 〈ξa(k), ψj(k)〉H, a ∈
{1, . . . ,M}. Then, by the Parseval property (5.3.1),

〈
Ψj(k),Ψj′(k)

〉
CM =

M∑
a=1
〈ψj(k), ξa(k)〉H

〈
ξa(k), ψj′(k)

〉
H =

〈
ψj(k), ψj′(k)

〉
H = δjj′

and furthermore, by definition

heff(k) =
m∑
j=1

Ej(k) |Ψj(k)〉 〈Ψj(k)| .
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From the above we see that heff(k) has Ψj(k) as an eigenvector with corresponding
eigenvalue Ej(k).

Even though heff(k) has a (redundant) constant zero eigenvalue, no information
about the non-zero spectrum is lost. In particular, the m non-zero eigenvalues of
the M ×M matrix heff(k), coinciding with the relevant Bloch bands, are periodic
functions of k and can be sampled at a few points k in a mesh for (−1/2, 1/2)d.
Interpolating these few points with Fourier multipliers allows to approximate the
energy bands with great accuracy: this is guaranteed by the smoothness of the
constructed Parseval frame {ξa(k)}, which implies a very fast decay of their Fourier
coefficients (namely of the corresponding Wannier functions) and hence a fast
convergence of their Fourier series, see for example [116, 74] and references therein.

5.4 Non-periodic setting: results for irrational flux
Hamiltonians

Once the construction of Parseval frames is established for periodic projections, it is a
legitimate question to ask whether it is possible to extend this result to systems that
are not periodic. Our second novel result goes in this direction. As was explained
in Section 5.2, one such situation is provided by Hofstadter-like Hamiltonians on 2-
dimensional crystals subject to a magnetic field which has irrational flux through the
fundamental cell, in units of the magnetic flux quantum. As soon as the rationality
condition is not satisfied, the Bloch bundle construction fails. This is due to the
fact that, despite the Hamiltonian is still commuting with the set of magnetic
translations, they are not a unitary representation of the translation group Z2, but
only a projective one. Therefore, since there is no k-space description, one is forced
to build spanning sets of localized vectors for the Fermi projection onto an isolated
spectral island directly in position-space.

We approach the problem of an irrational magnetic flux perturbatively and
set b = b0 + ε with b0q ∈ 2πZ for q ∈ N and 0 ≤ ε � 1. We assume that the
periodic Hamiltonian H̃0 in (5.2.3), which is unitarily equivalent to the Hofstadter-
like Hamiltonian Hb0 , has an isolated spectral island consisting of m bands which
are associated to a Fermi projection P̃0 unitarily equivalent to the fibered operator∫⊕
T2 dkP0(k). Notice that, in the periodic Hamiltonian H̃0, the information about
the magnetic field b0 is encoded in the translation invariant matrix elements and
the Peierls phase is absent, therefore H̃0 is a sort of effective reference non-magnetic
Hamiltonian. If ε is small enough, then H̃ε will also have an isolated spectral island
[29] associated to a Fermi projection P̃(ε), with P̃(ε=0) = P̃0; notice that the number
of magnetic mini-bands may change. Note that, as it was explained in Section 5.2,
both H̃ε and P̃ε commute with the unitary operator defined in (5.2.10). Then our
second main result is the following.

Theorem 5.4.1. For η ∈ Z2, let τε,η be the unitary given defined in (5.2.10). Then
there exists ε0 > 0 such that for all 0 ≤ ε ≤ ε0 the following hold:
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(i) there exist m+ 1 exponentially localized vectors
{
w

(ε)
a
}

1≤a≤m+1 such that

P̃(ε) :=
∑
η∈Z2

m+1∑
a=1

∣∣∣τε,η w(ε)
a

〉〈
τε,η w

(ε)
a

∣∣∣ ; (5.4.1)

(ii) if moreover c1(P0) = 0 ∈ Z, where c1(P0) ≡ c1(P0)12 is defined in (5.3.2),
then there exist m exponentially localized vectors

{
w

(ε)
a
}

1≤a≤m such that the
set

{
τε,η w

(ε)
a
}

1≤a≤m, η∈Z2 is an orthonormal basis of Ran P̃(ε).

In the same spirit of the proof of Theorem 5.3.2, our argument for the above
result provides a constructive algorithm consisting of finitely many steps which
exhibits the required Wannier functions.

The above result can be rephrased in terms of the original Hofstadter-like
Hamiltonian Hb = Hb0+ε. In order to do so, we refer to the notion, introduced
in [82, 83] (see also [30]), of a generalized Wannier basis or Parseval frame for
Hamiltonians which do not commute with a unitary representation of the group Z2.

Definition 5.4.2. An exponentially localized generalized Wannier basis (respectively
Parseval frame) for the projection Π acting in `2(Z2)⊗CQ is a couple (Γ,W), where
Γ is a discrete subset of R2, and W = {ψγ,a}γ∈Γ, 1≤a≤m(γ)<m∗ , with m∗ > 0 and
independent of γ, is an orthonormal basis (respectively Parseval frame) for the range
of Π such that

∑
η∈Z2

Q∑
x=1
|ψγ,a(η, x)|2 eβ‖η−γ‖ ≤M, a ∈ {1, . . . ,m(γ)} ,

for some positive constants β,M > 0 uniform in γ.

Consider now the projection Πb of the original Hofstadter-like Hamiltonian.
As was explained in Section 5.2, at b = b0 the Hamiltonian Hb0 is fibered by the
magnetic Bloch–Floquet transform, UmBFHb0U∗mBF =

∫⊕
T2 dk h(k) (compare (5.2.8)),

and correspondingly UmBFΠb0U∗mBF =
∫⊕
T2 dkP (k). Then the following result easily

follows from Theorem 5.4.1 and Proposition 5.2.1.

Corollary 5.4.3. There exists ε0 > 0 such that for all 0 ≤ ε ≤ ε0 the following hold:

(i) there exists an exponentially localized generalized Wannier Parseval frame for
the projection Πb=b0+ε that is given by the couple

(
Z2, {U∗b τε,η w

(ε)
a }η∈Z2, 1≤a≤m+1

)
and satisfies

Πb =
∑
η∈Z2

m+1∑
a=1

∣∣∣U∗b τε,η w(ε)
a

〉〈
U∗b τε,η w

(ε)
a

∣∣∣ .
(ii) if moreover c1(P ) = 0 ∈ Z, where c1(P ) ≡ c1(P )12 is defined in (5.3.2),

then there exists an exponentially localized generalized Wannier basis for the
projection Πb=b0+ε, given by

(
Z2, {U∗b τε,η w

(ε)
a }η∈Z2, 1≤a≤m

)
.

Let us stress that the unitary Ub consists just of multiplication by a local phase
(compare (5.2.4)), hence it does not spoil the localization properties of the function
on which it is applied.
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The proofs of Theorem 5.4.1 and of its Corollary 5.4.3, crucially rely on Combes–
Thomas estimates and on gauge covariant magnetic perturbation theory for discrete
magnetic Hamiltonians, which we briefly review in Appendix A.2.5. These techniques
are available also for continuous magnetic Schrödinger operators: see [37] and
Appendix A.1 for the Combes–Thomas estimates, and [87, 29, 32] and Appendix 2.5.2
for magnetic perturbation theory. Thus, our proofs can be generalized to the
continuous setting with only minor efforts (compare Remark 5.9.7).

The generalized Wannier Parseval frame
{
ψη,a := U∗b τε,η w

(ε)
a
}
η∈Z2,1≤a≤m pro-

vided by Corollary 5.4.3 allows to construct effective Hamiltonians hb,eff(η, a; η′, a′) :=〈
ψη,a, Hbψη′,a′

〉
on `2(Z2)⊗ Cm, from which spectral properties of the restriction to

the isolated spectral island of the original Hofstadter-like Hamiltonian Hb can be
investigated, compare Section 5.3.2 above.

Since we consider Corollary 5.4.3 as the most important and novel contribution
of the chapter, we briefly sketch here the steps of its proof.

Step 1 First look at b = b0 ∈ 2πQ, or, said otherwise, at ε = 0. The projection Π0
is unitarily equivalent, via the modified Bloch–Floquet transform UmBF,
to an analytic and Z2-periodic family of rank-m projections {P (k)}k∈R2 .
Via a modified parallel transport in the second direction, one can extend
any orthonormal basis for P (0) to a smooth, Z-periodic orthonormal Bloch
basis for {P (0, k2)}k2∈R. Again parallel transport in the first direction will
lead to a smooth orthonormal Bloch basis {ψa(k)}k∈R2 for {P (k)}k∈R2 ,
which fails however to be periodic in k1:

ψb(k1 + 1, k2) =
m∑
a=1

ψa(k1, k2)α(k2)ab, b ∈ {1, . . . ,m} .

The unitary matrix α(k2) is called the matching matrix.

Step 2 Via a two-step logarithm, the matching matrix can be deformed continuously
to a diagonal matrix having all 1’s as the first m− 1 diagonal entries and a
k2-dependent phase as the last entry. The latter can also be “unwinded”,
that is, made equal to 1 for all k2 ∈ R, exactly when the Chern number of P
vanishes. Deforming the matching matrix allows in turn to modify the ψa’s
to a new orthonormal Bloch basis where m− 1 vectors are also Z2-periodic,
while the last one picks up a (topological) phase when looping in the first
direction over the Brillouin torus. A smoothing procedure further allows
to choose this Bloch basis as a regular function of k.

Step 3 Define P1(k) and P2(k) to be the subprojections of P (k) onto the space
spanned by the first m− 1 Bloch vectors constructed before and onto the
orthogonal complement of their span, respectively. Then {P2(k)}k∈R2 is a
smooth and Z2-periodic family of rank-1 projections. We double the space
dimension, and consider the projection P2(k)⊕ (CP2(k)C−1), where C is
a complex conjugation operator. This family of projections is topologically
trivial and, by what was explained in Step 1, it admits a smooth and
Z2-periodic Bloch basis consisting of two vectors. By projecting these two
Bloch vectors back to the original space, we obtain a Parseval 2-frame for
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the rank-1 projection P2(k), and consequently also a Parseval (m+1)-frame
for P (k), having all the desired properties.

Step 4 When applied to a rational-flux Hofstadter-like Hamiltonian Hb0 , the pre-
vious Steps produce an exponentially localized Wannier Parseval frame
{τ̂b0,γwa}1≤a≤m,γ∈Z2 for Πb0 by using the inverse magnetic Bloch–Floquet
transform. We now perturb around b0, passing to b = b0 + ε. Recall from
Proposition 5.2.1 that Hb0+ε = U∗b0+ε H̃ε Ub0+ε, where the matrix elements
of H̃ε have the form (5.2.3). Inspired by gauge covariant magnetic pertur-
bation theory [36, 87, 29], we consider the auxiliary Hamiltonian Hε defined
through its matrix elements as in (5.2.3), but with the hopping Tε replaced
by T0. We prove that the spectra of H̃ε and of Hε are close (in the Hausdorff
distance), and hence in particular that to every spectral projection P̃ε onto
a gapped spectral island of H̃ε there corresponds a spectral projection Pε
of Hε; even more, for |ε| small enough the two projections are unitarily
conjugated via a Kato–Nagy unitary Kε. Thus a Wannier Parseval frame
can be constructed for Πb if and only if it can be constructed for Pε, since
the two are unitarily conjugated via Ub0+εKε: the decay properties of the
matrix elements of the latter unitary imply that localization is preserved
under this unitary map.

Step 5 The projection Pε enjoys a number of properties, which we summarize in
the Definition 5.8.2 of a Fermi-like magnetic projection. In particular, it is
ε-close to the operator whose matrix elements are equal to the ones of P0
multiplied by the ε-dependent Peierls magnetic phase eiεφ(·,·). The latter is
not a projection anymore (it squares to itself only up to errors of order ε),
but it is much better-behaved as a function of ε. Exploiting gauge covariant
magnetic perturbation theory coupled with the procedure in Step 3, we
find localized vectors close to the magnetic translates via τε,γ of the ones
constructed previously at ε = 0, which give the required Parseval frame for
Pε (and hence for Πb by Step 4). See the discussion after Proposition 5.9.1
for a more detailed description of this procedure.

5.5 Proof of Theorem 5.3.2(iii): the topologically trivial
case

We begin by proving Theorem 5.3.2(iii) since elements of this proof will be essential
for the other two parts of Theorem 5.3.2. Thus we assume throughout this section
that {P (k)}k∈Rd , d ≤ 3, is a smooth and Zd-periodic family of rank-m projections on
the Hilbert spaceH with vanishing Chern numbers. We will construct an orthonormal
Bloch basis (so, a m-tuple of orthogonal Bloch vectors) which is continuous and
Zd-periodic. To stress that our proofs are algorithmic and explicit in nature, we use
the phrase “one can construct. . . ” in many of the following statements.
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5.5.1 The 1D case

We start from the case d = 1. Notice that any 1-dimensional family of projections
{P (k)}k∈R is topologically trivial, that is, it has vanishing Chern numbers (as there
are no non-zero differential 2-forms on the circle T).

Let T (k, 0) denote the parallel transport unitary along the segment from the
point 0 to the point k associated to {P (k)}k∈R (see Appendix A.2.2 for more details).
At k = 1, write T (1, 0) = eiM , where M = M∗ ∈ B(H) is self-adjoint.

Pick an orthonormal basis {ξa(0)}ma=1 in RanP (0) ' Cm ⊂ H, and define for
a ∈ {1, . . . ,m} and k ∈ R

ξa(k) := W (k) ξa(0), W (k) := T (k, 0)e−ikM .

Then {ξa}ma=1 gives a continuous, Z2-periodic, and orthonormal Bloch basis for
the 1-dimensional family of projections {P (k)}k∈R (compare [30, 34]). This proves
Theorem 5.3.2 in d = 1 (where the only non-trivial statement is part (iii)).

5.5.2 The induction argument in the dimension

Consider a smooth and periodic family of projections {P (k1,k)}(k1,k)∈Rd , and let
D := d − 1. Assume that the D-dimensional restriction {P (0,k)}k∈RD admits a
continuous and ZD-periodic orthonormal Bloch basis {ξa(0, ·)}ma=1. Consider now
the parallel transport unitary Tk(k1, 0) along the straight line from the point (0,k)
to the point (k1,k). At k1 = 1, denote T (k) := Tk(1, 0). Define

ψa(k1,k) := Tk(k1, 0) ξa(0,k), a ∈ {1, . . . ,m} , (k1,k) ∈ Rd. (5.5.1)

The above defines a collection of m Bloch vectors for {P (k1,k)}(k1,k)∈Rd which are
continuous, orthonormal, and ZD-periodic in the variable k, but in general fail to
be Z-periodic in the variable k1. Indeed, one can check that

ψb(k1 + 1,k) =
m∑
a=1

ψa(k1,k)α(k)ab, where α(k)ab := 〈ξa(0,k), T (k) ξb(0,k)〉

(5.5.2)
(compare [34, Eqn.s (3.4) and (3.5)]). The family {α(k)}k∈RD defined above is a
continuous and ZD-periodic family of m×m unitary matrices.

The possibility of “rotating” α(k) to the identity entails thus the construction of
a Bloch basis which is also periodic in k1. Formally, we have the following statement
(compare also [31, Thm.s 2.4 and 2.6]).
Proposition 5.5.1. For the continuous and periodic family {α(k)}k∈RD defined in
(5.5.2), the following are equivalent:
(i) the family is null-homotopic, namely there exists a collection of continuous and

ZD-periodic family of unitary matrices {αt(k)}k∈RD , depending continuously
on t ∈ [0, 1], and such that αt=0(k) ≡ 1 while αt=1(k) = α(k) for all k ∈ R;

(ii) assuming D ≤ 2, we have degj(detα) = 0 for all j ∈ {1, . . . , D}. In the
smooth case, this is the same as:

degj(detα) = 1
2πi

∫ 1

0
dkj trCm

(
α(k)∗ ∂α

∂kj
(k)
)

= 0 for all j ∈ {1, . . . , D} ;

(5.5.3)
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(iii) the family admits a continuous and ZD-periodic N -step logarithm, namely
there exist N continuous and ZD-periodic families of self-adjoint matrices
{hi(k)}k∈RD , i ∈ {1, . . . , N}, such that

α(k) = eih1(k) · · · eihN (k), k ∈ RD; (5.5.4)

(iv) there exists a continuous family of unitary matrices {β(k1,k)}(k1,k)∈Rd, d =
D + 1, which is ZD-periodic in k, with β(0,k) ≡ 1 for all k ∈ RD, and such
that

α(k) = β(k1,k)β(k1 + 1,k)−1, (k1,k) ∈ Rd;

(v) there exists a continuous and Zd-periodic Bloch basis {ξa}ma=1 for {P (k)}k∈Rd .

Proof. (i) ⇐⇒ (ii). The integer degj(detα) defined in (5.5.3) computes the winding
number of the continuous and periodic function kj 7→ detα(· · · , kj , · · · ) : R→ U(1),
j ∈ {1, . . . , D}. It is a well-known fact in topology that π1(U(m)) ' π1(U(1)) ' Z,
with the first isomorphism implemented by the map [α] 7→ [detα] and the second
one implemented by the map [ϕ] 7→ deg(ϕ) := (2πi)−1 ∫ 1

0 ϕ
−1 dϕ. It can be then

argued that these winding numbers constitute complete homotopy invariants for
continuous, periodic maps α : RD → U(m) when D ≤ 2 (see e.g [80, App. A]).
(i) ⇐⇒ (iii). Let {αt(k)}k∈RD be an homotopy between 1 and α, as in the statement.
Since [0, 1] is a compact interval and αt is ZD-periodic, by uniform continuity there
exists δ > 0 such that

sup
k∈RD

‖αs(k)− αt(k)‖ < 2 whenever |s− t| < δ. (5.5.5)

Let N ∈ N be such that 1/N < δ. Then in particular

sup
k∈RD

∥∥∥α1/N (k)− 1
∥∥∥ < 2

so that the Cayley transform (see Appendix A.2.3) provides a “good” logarithm for
α1/N (k), i.e. α1/N (k) = eihN (k), with hN (k) = hN (k)∗ continuous and ZD-periodic.

Using again (5.5.5) we have that

sup
k∈RD

∥∥∥α2/N (k) e−ihN (k) − 1
∥∥∥ = sup

k∈RD

∥∥∥α2/N (k)− α1/N (k)
∥∥∥ < 2

so that by the same argument

α2/N (k) e−ihN (k) = eihN−1(k), or α2/N (k) = eihN−1(k) eihN (k).

Repeating the same line of reasoning N times, we end up exactly with (5.5.4).
Conversely, if α(k) is as in (5.5.4), then

αt(k) := ei th1(k) . . . ei thN (k), t ∈ [0, 1], k ∈ RD,

defines the required homotopy between α0(k) ≡ 1 and α1(k) = α(k).
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(i) ⇐⇒ (iv). Let {αt(k)}k∈RD be an homotopy between 1 and α. We set

β(k1,k) := αk1(k)−1, k1 ∈ [0, 1], k ∈ RD,

and extend this definition to positive k1 > 0 via

β(k1 + 1,k) := α(k)−1 β(k1,k)

and to negative k1 < 0 via

β(k1,k) := α(k)β(k1 + 1,k).

We just need to show that this definition yields a continuous function of k1. We
have β(0+,k) = 1 and β(1−,k) = α(k)−1 by definition. Let ε > 0. If k1 = −ε is
negative but close to zero, we have due to the definition

β(−ε,k) = α(k)β(1− ε,k)→ α(k)β(1−,k) = 1 as ε→ 0.

Hence β is continuous at k1 = 0. At k1 = 1 we have instead

β(1 + ε,k) = α(k)−1 β(ε,k)→ α(k)−1 β(0+,k) = α(k)−1 as ε→ 0

and β is also continuous there. In a similar way one can prove continuity at every
integer, thus on R.

Conversely, if {β(k1,k)}(k1,k)∈R2 is as in the statement, then the required homo-
topy αt between 1 and α is provided by setting

αt(k) := β(−t/2,k)β(t/2,k)−1, t ∈ [0, 1], k ∈ RD.

(iv) ⇐⇒ (v). It suffices to set

ξa(k1,k) :=
m∑
b=1

ψb(k1,k)β(k1,k)ba, a ∈ {1, . . . ,m} ,

or equivalently

β(k1,k)ba := 〈ψb(k1,k), ξa(k1,k)〉 , a, b ∈ {1, . . . ,m} ,

for {ψb}mb=1 as in (5.5.1) and (k1,k) ∈ Rd.

To turn the above proof into a constructive argument, we need to construct the
“good” logarithms in (5.5.4).

Proposition 5.5.2. For D ≤ 2, let {α(k)}k∈RD be a continuous and ZD-periodic
family of unitary matrices. Assume that α is null-homotopic. Then it is possible to
construct a two-step “good” logarithm for α, i.e. N = 2 in Proposition 5.5.1(iii).

Proof. Step 1 : the generic form. We first need to know that one can construct
a sequence of continuous, ZD-periodic families of unitary matrices {αn(k)}k∈RD ,
n ∈ N, such that

• supk∈RD ‖αn(k)− α(k)‖ → 0 as n→∞, and
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• the spectrum of αn(k) is completely non-degenerate for all n ∈ N and k ∈ RD.

The proof of this fact is rather technical, and is deferred to Appendix A.2.4. In
the following, we denote α′(k) := αn(k) where n ∈ N is large enough so that

sup
k∈R

∥∥α′(k)− α(k)
∥∥ < 2.

Step 2 : α′ is homotopic to α. Since

sup
k∈RD

∥∥∥α′(k)α(k)−1 − 1
∥∥∥ = sup

k∈RD

∥∥α′(k)− α(k)
∥∥ < 2

we have that −1 always lies in the resolvent set of α′(k)α(k)−1, which then admits
a continuous and ZD-periodic logarithm defined via the Cayley transform:

α′(k)α(k)−1 = eih′′(k), h′′(k)∗ = h′′(k) = h′′(k + n) for n ∈ ZD. (5.5.6)

Therefore
αt(k) := α′(k) ei th′′(k), t ∈ [0, 1], k ∈ RD,

gives a continuous homotopy between α0(k) = α′(k) and α1(k) = α(k). As a
consequence, we have that α′ is null-homotopic, since α is by assumption.
Step 3 : a logarithm for α′. Denote by {λ1(k), . . . , λm(k)} a continuous labelling of
the periodic, non-degenerate eigenvalues of α′(k).

If m = 1, then α′(k) ≡ det(α′(k)) ≡ λ1(k) cannot wind around the circle, due
to the hypothesis that α′ is null-homotopic. This implies that one can choose a
continuous and periodic argument for λ1, namely λ1(k) = eiφ1(k) with φ1 : RD → R
continuous and ZD-periodic (compare e.g. [30, Lemma 2.13]).

If m ≥ 2, then the same is true for each of the eigenvalues λj(k), j ∈ {1, . . . ,m}.
Indeed, let φj : RD → R be a continuous argument of the eigenvalue λj . The function
φj will satisfy

φj(k + el) = φj(k) + 2πn(l)
j , l ∈ {1, . . . , D} , n

(l)
j ∈ Z,

where el = (0, . . . , 1, . . . , 0) is the l-th vector in the standard basis of RD and
the integer n(l)

j is the winding number of the periodic function R → U(1), kl 7→
λj(· · · , kl, · · · ). Fix l ∈ {1, . . . , D}, and assume that there exist i, j ∈ {1, . . . ,m} for
which n(l)

i 6= n
(l)
j . Define φ(k) := φj(k)− φi(k); then

φ(k + ej) = φ(k) + 2π
(
n

(l)
j − n

(l)
i

)
.

Since n(l)
j − n

(l)
i 6= 0, the periodic function λ(k) := eiφ(k) winds around the circle

U(1) at least once as a function of the l-th component, and in particular covers
the whole circle. So there must exist k0 ∈ RD such that λ(k0) = 1, or equivalently
λi(k0) = eiφi(k0) = eiφj(k0) = λj(k0), in contradiction with the non-degeneracy of
the eigenvalues of α′(k).

We deduce then that n(l)
i = n

(l)
j ≡ n(l) for all i, j ∈ {1, . . . ,m}. Set now

det(α′(k)) = eiΦ(k) for Φ(k) = φ1(k) + · · ·+ φm(k). Then the equality

Φ(k + el) = Φ(k) + 2π
m∑
j=1

n
(l)
j = Φ(k) + 2πmn(l)
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shows that necessarily n(l) = 0 for all l ∈ {1, . . . , D}, as otherwise the determinant
of α′ would wind around the circle contrary to the hypothesis of null-homotopy of
α′.

Finally, denote by 0 < g ≤ 2 the minimal distance between any two eigenvalues
of α′(k), and define the continuous and periodic function ρ(k) := φ1(k) + g/100.
Then ei ρ(k) lies in the resolvent set of α′(k) for all k ∈ R. As a consequence, −1 is
always in the resolvent set of the continuous and periodic family of unitary matrices
α̃(k) := e−i (ρ(k)+π) α′(k), which then admits a continuous and periodic logarithm
via the Cayley transform: α̃(k) = ei h̃(k). We conclude that

α′(k) = eih′(k) with h′(k) := h̃(k) + (ρ(k) + π)1. (5.5.7)

The family of self-adjoint matrices {h′(k)}k∈RD is still continuous and periodic by
definition.
Step 4 : a two-step logarithm for α. In view of (5.5.6) and (5.5.7) we have
eih′(k) α(k)−1 = eih′′(k) for continuous and periodic families of self-adjoint matrices
{h′(k)}k∈RD and {h′′(k)}k∈RD . This can be rewritten as α(k) = e−ih′′(k) eih′(k),
which is (5.5.4) for N = 2.

5.5.3 The link between the topology of α and that of P

We now come back to Theorem 5.3.2(iii). First we consider the case d = 2 (so
that D = d− 1 = 1). We have constructed in (5.5.2) a continuous and Z-periodic
family of unitary matrices {α(k2)}k2∈R, starting from a smooth, periodic family of
projections {P (k1, k2)}(k1,k2)∈R2 and an orthonormal Bloch basis for the restriction
{P (0, k2)}k2∈R. The next result links the topology of α with the one of P .

Proposition 5.5.3. Let {α(k2)}k2∈R and {P (k)}k∈R2 be as above. Then

deg(detα) = c1(P ).

Proof. The equality in the statement follows at once from the following chain of
equalities:

trCm (α(k2)∗∂k2α(k2)) = TrH (P (0, k2) T (k2)∗∂k2T (k2))

=
∫ 1

0
dk1 TrH (P (k) [∂1P (k), ∂2P (k)]) .

Their proof can be found in Appendix A.2.2 (compare [34, Sec. 6.3]).

We are finally able to conclude the proof of Theorem 5.3.2(iii).

Proof of Theorem 5.3.2(iii), d = 2. Given our initial hypothesis that c1(P ) = 0, the
combination of Propositions 5.5.1 and 5.5.3 gives that α is null-homotopic, and
hence admits a two-step logarithm which can be constructed via Proposition 5.5.2.
This construction then yields the desired continuous and periodic Bloch basis, again
via Proposition 5.5.1.
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Proof of Theorem 5.3.2(iii), d = 3. Let {P (k1, k2, k3)}(k1,k2,k3)∈R3 be a smooth and
periodic family of projections. Under the assumption that c1(P )23 = 0, the 2-
dimensional result we just proved provides an orthonormal Bloch basis for the
restriction {P (0, k2, k3)}(k2,k3)∈R2 , which can be parallel-transported to {k1 = 1} and
hence defines {α(k2, k3)}(k2,k3)∈R2 , as in (5.5.2). We now apply Proposition 5.5.3,
to the 2-dimensional restrictions {P (k1, 0, k3)}(k1,k3)∈R2 and {P (k1, k2, 0)}(k1,k2)∈R2

instead, and obtain that

deg2(detα) = deg(detα(·, 0)) = c1(P )12 = 0,
deg3(detα) = deg(detα(0, ·)) = c1(P )13 = 0

(5.5.8)

(compare Appendix A.2.2). Again by Proposition 5.5.1 the family α is then null-
homotopic, and one can construct its two-step logarithm via Proposition 5.5.2.
Proposition 5.5.1 illustrates how to produce the required continuous and Z3-periodic
Bloch basis.

5.6 Proof of Theorem 5.3.2(i): maximal number of or-
thonormal Bloch vectors

We come to the proof of Theorem 5.3.2(i), concerning the existence of m − 1
orthonormal Bloch vectors for a smooth and Zd-periodic family of projections
{P (k)}k∈Rd with 2 ≤ d ≤ 3. As usual, we have denoted by m the rank of P (k).

5.6.1 Pseudo-periodic families of matrices

Before giving the proof of Theorem 5.3.2(i), we need some generalizations of the
results in Section 5.5.2.

Definition 5.6.1. Let {γ(k3)}k3∈R be a continuous and Z-periodic family of uni-
tary matrices. We say that a continuous family of matrices {µ(k2, k3)}(k2,k3)∈R2 is
γ-periodic if it satisfies the following conditions:

µ(k2 + 1, k3) = γ(k3)µ(k2, k3) γ(k3)−1, µ(k2, k3 + 1) = µ(k2, k3), (k2, k3) ∈ R2.

We say that two continuous and γ-periodic families {µ0(k)}k∈R2 and {µ1(k)}k∈R2

are γ-homotopic if there exists a collection of continuous and γ-periodic families
{µt(k)}k∈R2 , depending continuously on t ∈ [0, 1], such that µt=0(k) = µ0(k) and
µt=1(k) = µ1(k) for all k ∈ R2.

Notice that a γ-periodic family of matrices is periodic in k3 and only pseudo-
periodic in k2: the family γ encodes the failure of k2-periodicity.

Proposition 5.6.2. Let {α(k2, k3)}(k2,k3)∈R2 be a continuous and γ-periodic family
of unitary matrices, and assume that deg2(detα) = deg3(detα) = 0. Then one can
construct a continuous and γ-periodic two-step logarithm for α, namely there exist
continuous and γ-periodic families of self-adjoint matrices {hi(k)}k∈R2, i ∈ {1, 2},
such that

α(k2, k3) = eih1(k2,k3) eih2(k2,k3), (k2, k3) ∈ R2.
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Proof. The argument goes as in the proof of Proposition 5.5.2. One just needs to
modify Step 1 there, where the approximants of α with completely non-degenerate
spectrum are constructed obeying γ-periodicity rather than mere periodicity (com-
pare Appendix A.2.4). It is also worth noting that both the spectrum and the
norm of µ(k2 + 1, k3) coincide with the spectrum and the norm of µ(k2, k3) for any
γ-periodic family of matrices µ, and that the Cayley transform of a γ-periodic family
of unitary matrices {α(k2, k3)}(k2,k3)∈R2 is also γ-periodic. Hence, logarithms con-
structed via functional calculus on the Cayley transform are automatically γ-periodic
(see Appendix A.2.3). Finally, observing that the spectrum of a γ-periodic family of
matrices is Z2-periodic, the rest of the argument for Proposition 5.5.2 goes through
unchanged.

The next result generalizes Proposition 5.5.1 considerably.

Proposition 5.6.3. Assume that D ≤ 2. Let {α0(k)}k∈RD and {α1(k)}k∈RD be
continuous and periodic families of unitary matrices. Then the following are equiva-
lent:

(i) the families are homotopic;

(ii) degj(detα0) = degj(detα1) for all j ∈ {1, . . . , D}, where degj(det ·) is defined
in (5.5.3);

(iii) one can construct a continuous family of unitary matrices {β(k1,k)}(k1,k)∈Rd ,
d = D + 1, which is ZD-periodic in k, with β(0,k) ≡ 1 for all k ∈ RD, and
such that

α1(k) = β(k1,k)α0(k)β(k1 + 1,k)−1, (k1,k) ∈ Rd.

If D = 2, then the above three statements remain equivalent even if one replaces
periodicity by γ-periodicity and homotopy by γ-homotopy.

Proof. Since periodicity is a particular case of γ-periodicity, we give the proof in the
γ-periodic framework. Set

α′(k) := α1(k)−1 α0(k), k ∈ RD.

Then {α′(k)}k∈RD is a continuous and γ-periodic family of unitary matrices, satisfy-
ing moreover degj(detα′) = degj(detα0)− degj(detα1) = 0 for j ∈ {1, . . . , D}. In
view of Proposition 5.6.2, one can construct a continuous and γ-periodic two-step
logarithm for α′:

α′(k) = eih2(k) eih1(k).

Define
β(k1,k) := ei k1 h2(k) ei k1 h1(k), k1 ∈ [0, 1], k ∈ RD,

and extend this definition to positive k1 > 0 by

β(k1 + 1,k) := α1(k)−1 β(k1,k)α0(k)
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and to negative k1 < 0 by

β(k1,k) := α1(k)β(k1 + 1,k)α0(k)−1.

Notice first that the above defines a family of unitary matrices which is γ-periodic
in k. We just need to show that this definition yields also a continuous function of
k1. We have β(0+,k) = 1 and β(1−, k2) = α1(k)−1 α0(k) by definition. Let ε > 0.
If k1 = −ε is negative but close to zero, we have due to the definition

β(−ε,k) = α1(k)β(1− ε,k)α0(k)−1 → α1(k)β(1−,k)α0(k)−1 = 1 as ε→ 0.

Hence β is continuous at k1 = 0. At k1 = 1 we have instead

β(1 + ε,k) = α1(k)−1 β(ε,k)α0(k)→ α1(k)−1 β(0+,k)α0(k) = α1(k)−1 α0(k)

as ε→ 0, and β is also continuous there. A similar argument shows continuity of
k1 7→ β(k1,k) at every other integer value of k1.

Conversely, if we are given {β(k1,k)}(k1,k)∈R3 as in the statement, then

αt(k) := β(−t/2,k)α0(k)β(t/2,k)−1, t ∈ [0, 1], k ∈ R2,

gives the desired γ-homotopy between α0 and α1.

5.6.2 Orthonormal Bloch vectors

We now come back to the proof of Theorem 5.3.2(i).

Proof of Theorem 5.3.2(i). Let us start from a 2-dimensional smooth and Z2-periodic
family of rank-m projections {P (k)}k∈R2 . We replicate the construction at the
beginning of Section 5.5 (see Equation (5.5.1)) to obtain an orthonormal collection of
m Bloch vectors {ψa}ma=1 for {P (k)}k∈R2 which are continuous and Z-periodic in the
variable k2. The continuous and periodic family of unitary matrices {α2D(k2)}k2∈R,
defined as in (5.5.2), measures the failure of {ψa}ma=1 to be periodic in k1.

Define

α̃2D(k2) :=


detα2D(k2) 0 · · · 0

0 1 · · · 0
...

... . . . ...
0 0 · · · 1

 . (5.6.1)

Clearly detα2D(k2) = det α̃2D(k2), so that in particular α2D and α̃2D are ho-
motopic. Proposition 5.6.3 applies and produces a family of unitary matrices
{β2D(k1, k2)}(k1,k2)∈R2 which is periodic in k2 and such that

α2D(k2) = β2D(k1, k2) α̃2D(k2)β2D(k1 + 1, k2)−1

holds for all (k1, k2) ∈ R2.
With {ψa}ma=1 as in (5.5.1) and {β2D(k)}k∈R2 as above, define

ξa(k) :=
m∑
b=1

ψb(k)β2D(k)ba, a ∈ {1, . . . ,m} , k ∈ R2.
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Then we see that for a ∈ {1, . . . ,m} and (k1, k2) ∈ R2

ξa(k1 + 1, k2) =
m∑
b=1

ψb(k1 + 1, k2)β2D(k1 + 1, k2)ba

=
m∑

b,c=1
ψc(k1, k2)α2D(k2)cb β2D(k1 + 1, k2)ba

=
m∑
c=1

ψc(k1, k2) [α2D(k2)β2D(k1 + 1, k2)]ca

=
m∑
c=1

ψc(k1, k2) [β2D(k1, k2) α̃2D(k2)]ca

=
m∑
b=1

m∑
c=1

ψc(k1, k2)β2D(k1, k2)cb α̃2D(k2)ba =
m∑
b=1

ξb(k1, k2) α̃2D(k2)ba.

(5.6.2)
Since α̃2D(k2) is in the form (5.6.1), when we set a ∈ {2, . . . ,m} in the above

equation this reads ξa(k1 + 1, k2) = ξa(k1, k2), that is, {ξa}ma=2 is an orthonormal
collection of (m − 1) Bloch vectors which are continuous and Z2-periodic. This
concludes the proof of Theorem 5.3.2(i) in the 2-dimensional case.

We now move to the case d = 3. Let {P (k)}k∈R3 be a family of rank-m projections
which is smooth and Z3-periodic. In view of what we have just proved, the 2-
dimensional restriction {P (0, k2, k3)}(k2,k3)∈R2 admits a collection of m orthonormal
Bloch vectors {ξa(0, ·, ·)}ma=1 satisfying

ξ1(0, k2 + 1, k3) = detα2D(k3) ξ1(0, k2, k3),
ξb(0, k2 + 1, k3) = ξb(0, k2, k3) for all b ∈ {2, . . . ,m} ,
ξa(0, k2, k3 + 1) = ξa(0, k2, k3) for all a ∈ {1, . . . ,m} .

(5.6.3)

Parallel-transport these Bloch vectors along the k1-direction, and define {ψa}ma=1
as in (5.5.1) and {α(k2, k3)}(k2,k3)∈R2 as in (5.5.2). The latter matrices are still
unitary, depend continuously on (k2, k3), are periodic in k3, but

α(k2 + 1, k3) = α̃2D(k3)α(k2, k3) α̃2D(k3)−1,

as can be checked from (5.6.3). Thus, the family {α(k2, k3)}(k2,k3)∈R2 is α̃2D-periodic,
and consequently so is the family defined by

α̃(k2, k3) :=


detα(k2, k3) 0 · · · 0

0 1 · · · 0
...

... . . . ...
0 0 · · · 1


(actually, since α̃ and α̃2D commute, in this case α̃2D-periodicity reduces to mere
periodicity). Since α and α̃ share the same determinant, Proposition 5.6.3 again
produces a continuous, α̃2D-periodic family of unitary matrices {β(k1,k)}(k1,k)∈R3

such that for all (k1,k) ∈ R3

α(k) = β(k1,k) α̃(k)β(k1 + 1,k)−1.
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Arguing as above (compare (5.6.2)), the collection of Bloch vectors defined by

ξa(k1,k) :=
m∑
b=1

ψb(k1,k)β(k1,k)ba, a ∈ {1, . . . ,m} , (k1,k) ∈ R3,

satisfies

ξa(k1 + 1,k) =
m∑
b=1

ξb(k1,k) α̃(k)ba, a ∈ {1, . . . ,m} .

Due to the form of α̃, this implies again that {ξa}ma=2 are continuous, orthonormal,
and Z3-periodic Bloch vectors for {P (k)}k∈R3 , thus concluding the proof.

5.7 Proof of Theorem 5.3.2(ii): moving Parseval frames
of Bloch vectors

In this section, we finally prove Theorem 5.3.2(ii), and complete the proof of the
first main result. The central step consists in proving the result for families of rank
1, which we will do first.

5.7.1 The rank-1 case

Proof of Theorem 5.3.2(ii) (rank-1 case). Let d ≤ 3. We consider first a smooth
and Zd-periodic family of projections {P1(k)}k∈Rd of rank m = 1. We want to show
that there exists two Bloch vectors {ξ1, ξ2} which are continuous, Zd-periodic, and
generate the 1-dimensional space RanP1(k) ⊂ H at each k ∈ Rd.

To do so, fix a complex conjugation C on the Hilbert spaceH (which is tantamount
to the choice of an orthonormal basis). Define

Q(k) := C P1(−k)C−1. (5.7.1)

Using the fact that C is an antiunitary operator such that C2 = 1, one can check
that {Q(k)}k∈Rd defines a smooth and Zd-periodic family of orthogonal projectors.
Moreover, one also has that c1(Q)ij = −c1(P )ij for all 1 ≤ i < j ≤ d, as can be seen
by integrating the identity

TrH (Q(k) [∂iQ(k), ∂jQ(k)]) = −TrH (P1(−k) [∂iP1(−k), ∂jP1(−k)])

over T2
ij (compare [89, 3]).

Set now P (k) := P1(k) ⊕ Q(k) for k ∈ Rd. The rank-2 family of projections
{P (k)}k∈Rd on H⊕H satisfies then

c1(P )ij = c1(P1)ij + c1(Q)ij = 0 for all 1 ≤ i < j ≤ d.

Hence, in view of the results of Section 5.5, it admits a Bloch basis {ψ1, ψ2}. Let
πj : H⊕H → H be the projection on the j-th factor, j ∈ {1, 2}. Set finally

ξa(k) := π1 ((P1(k)⊕ 0) ψa(k)) , a ∈ {1, 2} , k ∈ Rd.
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Let us show that {ξa(k)}2a=1 gives a (continuous and Zd-periodic) Parseval frame
in RanP1(k). Indeed, let ψ ∈ RanP1(k): then automatically ψ ⊕ 0 ∈ RanP (k).
Since {ψa(k)}2a=1 is an orthonormal basis for RanP (k), we obtain that

ψ ⊕ 0 =
2∑

a=1
〈ψa(k), ψ ⊕ 0〉H⊕H ψa(k) =

2∑
a=1
〈ξa(k), ψ〉H ψa(k).

Finally, we apply π1 ◦ (P1(k)⊕ 0) on both sides and obtain

ψ =
2∑

a=1
〈ξa(k), ψ〉H ξa(k)

which is the defining condition (5.3.1) for {ξa(k)}2a=1 to be a Parseval frame in
RanP1(k).

5.7.2 The higher rank case: m > 1

Proof of Theorem 5.3.2(ii) (rank-m case, m > 1). Let d ≤ 3, and consider a smooth
and Zd-periodic family of rank-m projections {P (k)}k∈Rd . In view of Theorem 5.3.2(i),
which we already proved, it admits m− 1 orthonormal Bloch vectors {ξa}m−1

a=1 : they
are Zd-periodic, and without loss of generality (see Appendix A.2.1) we assume them
to be smooth. Denote by

Pm−1(k) :=
m−1∑
a=1
|ξa(k)〉 〈ξa(k)| , k ∈ R2,

the rank-(m− 1) projection onto the space spanned by {ξa(k)}m−1
a=1 . Since the latter

are smooth and periodic Bloch vectors for {P (k)}k∈Rd , the family {Pm−1(k)}k∈Rd
is smooth, Zd-periodic, and satisfies Pm−1(k)P (k) = P (k)Pm−1(k) = Pm−1(k).

Denote by P1(k) the orthogonal projection onto the orthogonal complement
of RanPm−1(k) inside RanP (k). Then {P1(k)}k∈Rd is a smooth and Zd-periodic
family of rank-1 projections, and furthermore P1(k)P (k) = P (k)P1(k) = P1(k). In
view of the results of the previous Subsections, we can construct two continuous
and Zd-periodic Bloch vectors {ξm, ξm+1} which generate RanP1(k) at all k ∈ Rd.
Since P1(k) is a sub-projection of P (k), it then follows that

P (k) ξa(k) = P (k)P1(k) ξa(k) = P1(k) ξa(k) = ξa(k) for all a ∈ {m,m+ 1} .

Besides, by construction {ξm(k), ξm+1(k)} generate the orthogonal complement in
RanP (k) to the span of {ξa(k)}m−1

a=1 , and hence the full collection of m+ 1 Bloch
vectors {ξa}m+1

a=1 give an (m+ 1)-frame for {P (k)}k∈Rd consisting of continuous and
Zd-periodic vectors, as desired.

5.8 Proof of Theorem 5.4.1: from Hofstadter-like Hamil-
tonians to Fermi-like magnetic projections

In this section we leave the periodic setting and start the proof of Theorem 5.4.1,
which applies to a 2-dimensional discrete magnetic Hamiltonian Hb, as described
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in Section 5.2 (from which we borrow much of the notation). We show that, in
order to exhibit an exponentially localized Wannier Parseval frame for the the Fermi
projection of the original Hamiltonian, it is sufficient to solve the same problem for
a suitable family of Fermi-like magnetic projections, in the sense of Definition 5.8.2
and Lemma 5.8.4 below.

5.8.1 Fermi-like magnetic projections

In the following, we drop the dependence on q for notational convenience, effectively
setting q = 1 in the magnetic phase eiεqφ(·,·).

We assume that Hb0 , and hence H̃0 ≡ Ub0Hb0U
∗
b0
, has an isolated spectral island.

Then we know that there exists ε∗ such that for every ε ≤ ε∗ also H̃ε has an isolated
spectral island [29]. This allows us to define the family of spectral projections onto
this spectral island of H̃ε, that we denote by

{
P̃ε
}

0≤ε≤ε∗ . In the following, we will
show that there exists an ε0 < ε∗ such that P̃ε admits a Parseval frames in the
sense of Theorem 5.4.1, for every ε < ε0. Notice that this implies also the existence
of a Parseval frame for the Fermi projection Πb=b0+ε of the original Hamiltonian
Hb=b0+ε consisting of exponentially localized generalized Wannier functions, since
the two projections Πb=b0+ε and P̃ε are unitarily conjugated by the explicit unitary
multiplication operator Ub=b0+ε in (5.2.4), see Corollary 5.4.3.

From (5.2.3) we see that the ε-dependence of (the matrix elements of) the
Hamiltonian H̃ε is both in the phase factor and in hk,ε. Nevertheless, it is easier to
remove the latter dependence; we will see that this does not spoil the validity of
Theorem 5.4.1. We thus consider the operator Hε acting on `2(Z2)⊗ CQ defined by
the matrix elements

Hε(γ, x; γ′, x′) := eiεφ(γ,γ′)T0(γ − γ′;x, x′),

where T0(γ;x, x′) :=
∫

Ω
dk ei2πk·γhk,0(x, x′)

(5.8.1)

for γ, γ′ ∈ Z2 and x, x′ ∈ {1, . . . , Q}. Notice that, in view of Remark 5.2.2, Hε still
commutes with the magnetic translations τε,η, η ∈ Z2, defined in (5.2.10).

The following lemma ensures that if H̃ε is gapped, also Hε is gapped.
Lemma 5.8.1. There exists ε̃0 such that, for every 0 ≤ ε ≤ ε̃0, the spectral island
σb0+ε of Hε is ε-close in the Hausdorff distance to a spectral island σ̃b0+ε of H̃ε.

Proof. From (5.2.5) we see that∣∣∣Hε(γ, x; γ′, x′)− H̃ε(γ, x; γ′, x′)
∣∣∣ ≤ C ε (‖γ − γ′‖+ 1

) ∣∣T (γ − γ′;x, x′)
∣∣ ,

which implies the estimate∣∣∣Hε(γ, x; γ′, x′)− H̃ε(γ, x; γ′, x′)
∣∣∣ ≤ C ε e−β‖γ−γ′‖ (5.8.2)

for some positive constants C, β > 0 uniformly in x, x′ ∈ {1, . . . , Q}. From the
above we conclude via a Schur–Holmgren estimate that

∥∥∥Hε − H̃ε∥∥∥ ≤ C ′ ε for some
constant C ′ > 0. An elementary argument based on Neumann series shows that if
dist(z, σ(Hε)) > C ′ ε then z must also be in the resolvent set of H̃ε. The argument
is symmetric in the two operators, hence the spectra are at Hausdorff distance ε.
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In view of the above lemma, the family of projections {Pε}ε∈[0,̃ε0] onto the
spectral island σb0+ε of Hε is well defined, for example by the Riesz formula

Pε = i
2π

∮
C
dz (Hε − z)−1, (5.8.3)

where C is a positively-oriented contour in the complex energy plane which encloses
only the spectral island σb0+ε. This family of projections satisfies a number of
properties (see Proposition 5.8.3 below), which for later convenience we collect in
the following Definition.

Definition 5.8.2 (Fermi-like magnetic projections). A family of projections{
Π(ε)

}
ε∈[0,ε0)

acting on `2(Z2)⊗CQ is called a family of Fermi-like magnetic projec-
tions if the following properties are satisfied:

(i) perturbation of a periodic projection: the projection Π0 ≡ Π(0) is such that
there exists a family of rank-m orthogonal projection P0(k) acting on CQ
which is smooth and Z2-periodic as a function of k, and such that

Π0(γ, x; γ′, x′) =
∫

Ω
dk ei2πk·(γ−γ′)P0(k)(x, x′) (5.8.4)

for all γ, γ′ ∈ Z2, x, x′ ∈ {1, . . . , Q}; moreover for some positive constants C
and α ∣∣∣Π(ε)(γ, x; γ′, x′)− eiεφ(γ,γ′)Π0(γ, x; γ′, x′)

∣∣∣ ≤ C ε e−α‖γ−γ′‖ (5.8.5)

for all γ, γ′ ∈ Z2 and x, x′ ∈ {1, . . . , Q};

(ii) exponential localization of the matrix elements: for some positive constants C
and λ we have ∣∣∣Π(ε)(γ, x; γ′, x′)

∣∣∣ ≤ Ce−λ‖γ−γ′‖ (5.8.6)

for all γ, γ′ ∈ Z2, x, x′ ∈ {1, . . . , Q} and ε ∈ [0, ε0);

(iii) intertwining with the magnetic translations: for all η ∈ Z2

eiεφ(γ,η)Π(ε)(γ − η, x; γ′ − η, x′)e−iεφ(γ′,η) = Π(ε)(γ, x; γ′, x′) (5.8.7)

for all γ, γ′ ∈ Z2 and x, x′ ∈ {1, . . . , Q}.

Notice that the above relation (5.8.7) is clearly equivalent to

τε,ηΠ(ε)τ∗ε,η = Π(ε) , ∀ η ∈ Z2 (5.8.8)

by a computation analogous to (5.2.11).

Proposition 5.8.3. The family of projections {Pε}ε∈[0,̃ε0] is a family of magnetic
Fermi-like projections in the sense of Definition 5.8.2.
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Proof. Since Hε commutes with the magnetic translations, every Pε satisfies (5.8.7)
by construction. Moreover, they also satisfy (5.8.6). This is a direct application
of the Combes–Thomas estimates on the resolvent of Hε, because the gap in the
spectrum of the Hamiltonian persists for every ε. For completeness we report the
proof of the Combes–Thomas estimates in Appendix A.2.5, see Proposition A.2.7.

By hypothesis, H0 = H̃0 has a (possibly) non-trivial spectral island σb0 which
must come from the ranges of m < Q bands of hk,0. In other words, hk,0 has m < Q
eigenvalues whose ranges remain separated from the other Q−m, and these ranges
together build up the spectral island σb0 . Denote by P0(k) the spectral projection
of hk,0 corresponding to these m eigenvalues. From the properties of hk,0 we can
deduce that P0(k) is smooth and periodic in k, and the spectral projection of H0
onto σb0 is simply given by

P0(γ, x; γ′, x′) =
∫

Ω
dk ei2πk·(γ−γ′)P0(k)(x, x′), γ, γ′ ∈ Z2, x, x′ ∈ {1, . . . , Q} .

Hence also the property (5.8.4) is proved.
Now it remains to prove (5.8.5). This result is essentially known, see [29] and [21];

for completeness, we present a proof adapted to our setting in Proposition A.2.8.

Coming back to the problem of constructing a Parseval frame spanning the range
of the Fermi projection P̃ε of H̃ε, we show that it is in fact sufficient to construct it
for the Fermi-like magnetic projections Pε.

Lemma 5.8.4. There exists ε0 ≤ ε̃0 such that, for every 0 ≤ ε ≤ ε0, the Fermi-
like magnetic projection Pε admits a magnetic Parseval frame in the sense of
Theorem 5.4.1 if and only if the Fermi projection P̃ε admits it.

Proof. The two families {Pε}ε∈[0,̃ε0] and {P̃ε}ε∈[0,̃ε0] are projections onto isolated
spectral island of Hamiltonians with exponentially localized matrix elements (see
Proposition A.2.7), and hence have themselves exponentially localized matrix ele-
ments in view of the Riesz formula (5.8.3) (compare (5.8.6)). Using the resolvent
identity and (5.8.2), it follows that∣∣∣Pε(γ, x; γ′, x′)− P̃ε(γ, x; γ′, x′)

∣∣∣ ≤ C ε e−β‖γ−γ′‖. (5.8.9)

Because of this, there exists an ε0 > 0 such that ‖Pε−P̃ε‖ ≤ 1/2 for all ε ≤ ε0. Then
via the associated Kato–Nagy unitary Kε [64] we have P̃ε = KεPεK−1

ε . The formula

Kε =
[
1−

(
P̃ε − Pε

)2
]−1/2 (

P̃εPε +
(
1− P̃ε

)
(1− Pε)

)
=
[
1 +

∞∑
k=1

(2k − 1)!!
k!2k

(
P̃ε − Pε

)2k
] (
P̃εPε +

(
1− P̃ε

)
(1− Pε)

) (5.8.10)

for the Kato–Nagy unitary clearly shows that also Kε commutes with the magnetic
translations. Thus we see that if

{
w

(ε)
a
}

1≤a≤M is such that (5.4.1) holds then
the vectors

{
K∗εw

(ε)
a
}

1≤a≤M will span (together with all their magnetic translates)
the range of Pε, and viceversa. In order to see that the vectors K∗εw

(ε)
a = w

(ε)
a +
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(K∗ε − 1)w(ε)
a are also exponentially localized, it suffices to show that Kε − 1 has

exponentially localized matrix elements in the sense of (5.8.6), which we will do
below in Lemma 5.8.5. This will conclude the proof.

Lemma 5.8.5. For Kε in (5.8.10), there exist constants C, λ > 0 such that for all
γ, γ′ ∈ Z2 and x, x′ ∈ {1, . . . , Q} and if ε is small enough∣∣Kε(γ, x; γ′, x′)− δγ,γ′ δx,x′

∣∣ ≤ Ce−λ‖γ−γ′‖.
Proof. Using P̃ε = P̃2

ε and Pε = P2
ε , let us first rewrite (5.8.10) as

Kε − 1 = 2P̃εPε − P̃ε − Pε

+
[ ∞∑
k=1

(2k − 1)!!
k!2k

(
P̃ε − Pε

)2k
] (
P̃εPε +

(
1− P̃ε

)
(1− Pε)

)
= P̃ε

(
Pε − P̃ε

)
+
(
Pε − P̃ε

)
Pε

+
[ ∞∑
k=1

(2k − 1)!!
k!2k

(
P̃ε − Pε

)2k
] (
P̃εPε +

(
1− P̃ε

)
(1− Pε)

)
.

(5.8.11)

The right-hand side of the above is a sum of operators which are all expressed in terms
of Dε := P̃ε − Pε times the bounded operators Pε, P̃ε and P̃εPε + (1− P̃ε)(1− Pε).
Notice that, in view of (5.8.9), we have∣∣Dε(γ, x; γ′, x′)

∣∣ ≤ C ε e−β‖γ−γ′‖ , γ, γ′ ∈ Z2, x, x′ ∈ {1, . . . , Q} . (5.8.12)

Thus, to show that the matrix elements ofKε−1 satisfy the estimate in the statement,
it suffices to show that the series in square brackets appearing in (5.8.11) defines an
operator Oε with exponentially localized matrix elements.

Consider the matrix elements of Dn
ε with n ∈ N and n ≥ 2:

Dn
ε (γ, x; γ′, x′) =

∑
γ1∈Z2

Q∑
x1=1
· · ·

∑
γn−1∈Z2

Q∑
xn−1=1

Dε(γ, x; γ1, x1) · · ·Dε(γn−1, xn−1; γ′, x′) .

In view of (5.8.12) we have that, for 0 < β′ < β,

eβ
′‖γ−γ′‖ ∣∣Dn

ε (γ, x; γ′, x′)
∣∣

≤ C εQn−1

 sup
γ′′∈Z2

sup
x′′,y∈{1,...,Q}

∑
η∈Z2

|Dε(γ′′, x′′; η, y)|eβ′‖γ′′−η‖
n−1

≤ εn(C ′)n

for some C ′ > 0. With this estimate, it follows that

|Oε(γ, x; γ′, x′)| ≤ [(1− (εC ′))−1/2 − 1] e−β′‖γ−γ′‖ ≤ C ′′ ε e−β′‖γ−γ′‖

for some C ′′ > 0 uniform in γ, γ′ ∈ Z2, x, x′ ∈ {1, . . . , Q}, and ε sufficiently small.
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5.9 Proof of Theorem 5.4.1: Parseval frames for Fermi-
like magnetic projections

In view of the discussion in the previous section, we have reduced the statement of
Theorem 5.4.1 to the following equivalent result, formulated in terms of Fermi-like
magnetic projections.

Proposition 5.9.1. Let
{

Π(ε)
}
ε∈[0,ε0)

be a family of Fermi-like magnetic projections
as in Definition 5.8.2. Then there exists ε′0 < ε0 such that for all 0 ≤ ε ≤ ε′0 the
following hold:

(i) one can constructm−1 orthonormal exponentially localized vectors
{
w

(ε)
s }1≤s≤m−1

and two other exponentially localized vectors
{
W

(ε)
r
}

1≤r≤2 such that

Π(ε)
1 :=

∑
γ∈Z2

m−1∑
s=1

∣∣∣τε,γ w(ε)
s

〉〈
τε,γ w

(ε)
s

∣∣∣ ,
Π(ε)

2 :=
∑
γ∈Z2

2∑
r=1

∣∣∣τε,γW (ε)
r

〉〈
τε,γW

(ε)
r

∣∣∣
are two orthogonal projections commuting with all magnetic translations τε,γ
defined in (5.2.10) and such that Π(ε) = Π(ε)

1 + Π(ε)
2 and Π(ε)

1 Π(ε)
2 = 0;

(ii) if moreover c1(P0) = 0 ∈ Z, where P0 is as in (5.8.4), then one can construct
m orthonormal and exponentially localized vectors

{
w

(ε)
a
}

1≤a≤m such that

Π(ε) =
∑
γ∈Z2

m∑
a=1

∣∣∣τε,γ w(ε)
a

〉〈
τε,γ w

(ε)
a

∣∣∣ .
The rest of this section will be devoted to the proof of Proposition 5.9.1. Before

diving into the mathematical details, we briefly sketch here the strategy of the case
c1(P0) 6= 0, namely Proposition 5.9.1(i).

Step 1 By Definition 5.8.2 the projection Π(0) is a fibered operator in the Bloch–
Floquet representation. Therefore, applying Theorem 5.3.2 we can construct
an exponentially localizedWannier Parseval frame {τε=0,γwa}a∈{1,...,m+1}, γ∈Z2

for Π(0) (compare Theorem 5.3.4). Consider now the m− 1 orthonormal
exponentially localized Wannier vectors {ws}1≤s≤m−1 together with all
their magnetic translates via τε,γ . Using gauge covariant magnetic per-
turbation theory by means of hypothesis (5.8.5), we can prove that the
Gram matrix associated to the set {Π(ε)τε,γwa}a∈{1,...,m−1}, γ∈Z2 has ma-
trix elements which decay exponentially away from the diagonal and is
close to the identity. Hence we can construct m − 1 orthogonal expo-
nential localized vectors

{
w

(ε)
s
}

1≤s≤m−1 in the range of Πε, such that
Π(ε)

1 :=
∑
γ∈Z2

∑m−1
s=1

∣∣∣τε,γ w(ε)
s

〉〈
τε,γ w

(ε)
s

∣∣∣.
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Step 2 The second step makes use of the space-dimension-doubling procedure of
Section 5.7 coupled with gauge covariant magnetic perturbation theory. We
consider the operator T (ε) = T

(ε)
1 ⊕T

(ε)
2 whose matrix elements are given by

the matrix elements of the position-space representation of the projection
P2(k)⊕ (CP2(k)C−1) times the ε-dependent Peierls magnetic phase eiεφ(·,·).
T (ε) is not a projection (for ε 6= 0) but it is an almost projection, namely it
is ε-close to an actual projection P(ε) = P

(ε)
1 ⊕P

(ε)
2 . Since the projection

T (ε=0) is trivial, we can repeat the procedure described in Step 1 and obtain
a basis of exponentially localized Wannier-type functions for the projection
P(ε). Projecting onto one component of the doubled space and using a
Kato–Nagy unitaryKε, we obtain Π(ε)

2 =
∑
γ∈Z2

∑2
r=1

∣∣∣τε,γW (ε)
r

〉〈
τε,γW

(ε)
r

∣∣∣,
where Π(ε)

2 = KεP
(ε)
2 K−1

ε and
{
W

(ε)
r
}
r∈{1,2} are two exponentially localized

vectors.

5.9.1 Parseval frame at ε = 0

We first look at the projection Π0 ≡ Π(ε=0), which can be fibered through the
projections {P0(k)}k∈R2 as in (5.8.4). We know from Theorem 5.3.2 that we may
find m − 1 orthonormal vectors {ξs(k)}1≤s≤m−1 in the range of P0(k) which are
both Z2-periodic and real-analytic in k. Also, we may find two other vectors Ξ1(k)
and Ξ2(k) in the range of P0(k) which are Z2-periodic and real-analytic in k, so that
{ξ1(k), . . . , ξm−1(k),Ξ1(k),Ξ2(k)} forms a Parseval frame for the range of P0(k).
This means that we have the following orthogonal decomposition for P0(k) :

P0(k) = P1(k) + P2(k),

P1(k) :=
m−1∑
s=1
|ξs(k)〉 〈ξs(k)| , P2(k) :=

2∑
r=1
|Ξr(k)〉 〈Ξr(k)| .

(5.9.1)

Note that P1(k)P2(k) = 0 and P2(k) has rank 1. Going back from k-space to
position-space we define the operators Πj acting in `2(Z2)⊗CQ having the following
matrix elements:

Πj(γ, x; γ′, x′) :=
∫

Ω
dk ei2πk·(γ−γ′)Pj(k)(x, x′),

j ∈ {0, 1, 2} , γ, γ′ ∈ Z2 , x, x′ ∈ {1, . . . , Q} .

Since Π(ε) is a family of Fermi-like magnetic projections, from (5.8.6) we have∣∣Π0(γ, x; γ′, x′)
∣∣ ≤ C exp−λ‖γ−γ′‖ . (5.9.2)

Define now the exponentially localized Wannier-type functions

ws(γ, x) :=
∫

Ω
dk ei2πk·γξs(k, x), Wr(γ, x) :=

∫
Ω
dk ei2πk·γΞr(k, x),

for s ∈ {1, . . . ,m− 1} and r ∈ {1, 2}. Due to the analyticity of the Bloch-type
vectors ξs and Ξr, we obtain that [42, 41, 71]

max
s∈{1,...,m−1}

max
x∈{1,...,Q}

∣∣∣eβ‖γ‖ws(γ, x)
∣∣∣ ≤ C ,

max
r∈{1,2}

max
x∈{1,...,Q}

∣∣∣eβ‖γ‖Wr(γ, x)
∣∣∣ ≤ C ;

(5.9.3)
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where β is less than the width of the strip of analiticity of the Bloch-type frame.
Moreover we have the following identities:

Π1 =
∑
γ∈Z2

m−1∑
s=1
|τ0,γ ws〉 〈τ0,γ ws| , Π2 =

∑
γ∈Z2

2∑
r=1
|τ0,γWr〉 〈τ0,γWr| , Π0 = Π1+Π2.

5.9.2 Construction of Π(ε)
1

The next lemma provides the construction of Π(ε)
1 as in the statement of Proposi-

tion 5.9.1.

Lemma 5.9.2 (Construction of Π(ε)
1 ). Define the self-adjoint operator Mε acting

on the space `2(Z2)⊗ Cm−1 defined by the matrix elements

Mε(γ, s; γ′, s′) :=
〈
τε,γws,Π(ε)τε,γ′ws′

〉
`2(Z2)⊗CQ

. (5.9.4)

If ε0 is small enough, then there exists some C,α > 0 such that uniformly in ε ≤ ε0
we have ∣∣δss′δγγ′ −Mε(γ, s; γ′, s′)

∣∣ ≤ C ε e−α‖γ−γ′‖. (5.9.5)

The vectors

Vγ′′,s,ε(γ, x) :=
∑
γ′∈Z2

m−1∑
s′=1

[M−1/2
ε ](γ′, s′; γ′′, s)[Π(ε)τε,γ′ws′ ](γ, x) (5.9.6)

are orthonormal. Moreover, there exist m− 1 exponentially localized vectors w(ε)
s ,

s ∈ {1, . . . ,m− 1}, such that

Vγ′′,s,ε = τε,γ′′w
(ε)
s for all γ′′ ∈ Z2, ε ∈ [0, ε0). (5.9.7)

Finally

Π(ε)
1 :=

∑
γ∈Z2

m−1∑
s=1
|Vγ,s,ε〉 〈Vγ,s,ε| =

∑
γ∈Z2

m−1∑
s=1

∣∣∣τε,γ w(ε)
s

〉〈
τε,γ w

(ε)
s

∣∣∣
is an orthogonal projection such that Π(ε) Π(ε)

1 = Π(ε)
1 .

Remark 5.9.3. When the Chern number of {P0(k)}k∈R2 vanishes, then the con-
struction of Π(ε)

1 provided by Lemma 5.9.2 above can be applied to the whole Π(ε),
thus proving also Proposition 5.9.1(ii).

Proof of Lemma 5.9.2. The proof follows the same ideas as in [30]. In the following
the magnetic phase composition rule

φ(γ, γ′) + φ(γ′, γ′′) = φ(γ, γ′′) + φ(γ − γ′, γ′ − γ′′) (5.9.8)

will be used repeatedly. During the proof we will denote inessential constants by K.
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Consider the operator Π̂(ε) defined by the following matrix elements:

Π̂(ε)(γ, x; γ′, x′) := eiεφ(γ,γ′)Π0(γ, x; γ′, x′)
= eiεφ(γ,γ′)Π1(γ, x; γ′, x′) + eiεφ(γ,γ′)Π2(γ, x; γ′, x′)

=: Π̂(ε)
1 (γ, x; γ′, x′) + Π̂(ε)

2 (γ, x; γ′, x′) ,

(5.9.9)

and the operator Π̃(ε) defined by

Π̃(ε) :=
∑
γ′′∈Z2

m−1∑
s=1
|τε,γ′′ws〉〈τε,γ′′ws|+

∑
γ′′∈Z2

2∑
r=1
|τε,γ′′Wr〉〈τε,γ′′Wr| =: Π̃(ε)

1 + Π̃(ε)
2 .

(5.9.10)
Then we have the following estimate:

|Mε(γ, s; γ′, s′)− δss′δγγ′ | ≤
∣∣∣〈τε,γws, (Π(ε) − Π̂(ε)

)
τε,γ′ws′

〉∣∣∣
+
∣∣∣〈τε,γws, (Π̂(ε) − Π̃(ε)

)
τε,γ′ws′

〉∣∣∣
+
∣∣∣〈τε,γws, Π̃(ε)

2 τε,γ′ws′
〉∣∣∣

+
∣∣∣〈τε,γws, Π̃(ε)

1 τε,γ′ws′
〉
− δss′δγγ′

∣∣∣ .
(5.9.11)

The first term of the right-hand side is exponentially localized due to (5.8.5) and
(5.9.3). In order to prove the exponential localization of the second term we prove
an estimate analogue to (5.8.5) for the matrix elements of Π̂(ε) − Π̃(ε):

∣∣∣Π̂(ε)
1 (γ, x; γ′, x′)− Π̃(ε)

1 (γ, x; γ′, x′)
∣∣∣

≤
∑
γ′′∈Z2

m−1∑
s′=1

∣∣∣(1− eiεφ(γ−γ′′,γ′′−γ′)
)
ws′′(γ − γ′′, x)ws′′(γ′ − γ′′, x′)

∣∣∣
≤ ε

2
∑
γ′′∈Z2

m−1∑
s′=1
‖γ − γ′′‖‖γ′′ − γ′‖

∣∣∣ws′′(γ − γ′′, x)ws′′(γ′ − γ′′, x′)
∣∣∣

≤ K ε e−α
′‖γ−γ′‖ ,

(5.9.12)
where α′ < β, since we have used (5.9.3). The same argument works also for the
matrix elements of Π̂(ε)

2 − Π̃(ε)
2 ; hence we can conclude that

∣∣∣(Π̂(ε) − Π̃(ε)
)

(γ, x; γ′, x′)
∣∣∣ ≤ K ε e−α

′‖γ−γ′‖ .

Then the exponential localization also of the second term on the right-hand side
of (5.9.11) follows.

Consider now the scalar product
〈
τε,γws, τε,γ′Wr

〉
. Since τ0,γws and τ0,γ′Wr

belong to orthogonal subspaces for every γ, γ′ ∈ Z2, s ∈ {1, . . . ,m− 1} and r ∈
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{1, 2}, we have that

|〈τε,γws, τε,γ′Wr〉|
=
∣∣〈τε,γws, τε,γ′Wr

〉
−
〈
τ0,γws, τ0,γ′Wr

〉∣∣
≤

∑
γ′′∈Z2

Q∑
y=1

∣∣∣(eiεφ(γ−γ′′,γ′′−γ′) − 1
)∣∣∣ ∣∣∣(τ0,γws)(γ′′, y)(τ0,γ′Wr)(γ′′, y)

∣∣∣
≤ e−α‖γ−γ′‖ ε2

·

 ∑
γ′′∈Z2

Q∑
y=1

eα‖γ−γ
′′‖‖γ − γ′′‖‖γ′′ − γ′‖eα‖γ′′−γ′‖

∣∣∣(τ0,γws)(γ′′, y)(τ0,γ′Wr)(γ′′, y)
∣∣∣


≤ K ε e−α
′‖γ−γ′‖ .

(5.9.13)
The same argument works if we substitute τε,γ′Wr with τε,γ′ws′ as long as (γ′, s′) 6=
(γ, s). Thus we can also prove the exponential localization for the third term on the
right-hand side of (5.9.11):∣∣∣〈τε,γws, Π̃2τε,γ′ws′

〉∣∣∣ ≤ ∑
γ′′∈Z2

2∑
r=1

∣∣〈τε,γws, τε,γ′′Wr
〉∣∣ ∣∣〈τε,γ′′Wr, τε,γ′ws′

〉∣∣
≤ K ′ε2e−α′‖γ−γ′‖

∑
γ′′∈Z2

2∑
r=1

e−β‖γ−γ
′′‖ ≤ Kε2e−α′′‖γ−γ′‖ ,

and for the fourth term as well:

|〈τε,γws, Π̃1τε,γ′ws′〉 − δss′δγγ′ |

≤ δγγ′δss′
∑

(γ′′,s′′)∈Z2×{1,...,m−1}
(γ′′,s′′)6=(γ,s)

∣∣〈τε,γws, τε,γ′′ws′′〉∣∣ ∣∣〈τε,γ′′ws′′ , τε,γ′ws′〉∣∣
+

∑
(γ′′,s′′)∈Z2×{1,...,m−1}

∣∣〈τε,γws, τε,γ′′ws′′〉∣∣ ∣∣〈τε,γ′′ws′′ , τε,γ′ws′〉∣∣
≤ Kε2e−α′′‖γ−γ′‖ ,

with α′′ < α′. Hence (5.9.5) is proved.
Define now Dε := Mε − 1. The estimate (5.9.5) shows that the norm of Dε is

controlled by ε, therefore M−1/2
ε = (1 +Dε)−1/2 exists and can be expressed as a

norm convergent power series around ε = 0. Moreover, arguing as in the proof of
Lemma 5.8.5, one can show that M−1/2

ε has exponentially localized matrix elements,
and that

|M−1/2
ε (γ, s; γ′, s′)− δss′δγγ′ | ≤ C ε e−ρ‖γ−γ

′‖ (5.9.14)
for some positive C, ρ > 0.

The series defined in (5.9.6) is now an absolutely convergent series and it is
straightforward to check that the vectors Vγ′′,s,ε form an orthonormal set. It remains
to prove the existence of m− 1 exponentially localized vectors w(ε)

s such that (5.9.7)
holds. By hypothesis Π(ε) satisfies (5.8.8), which together with (5.2.12) implies that

Mε(γ, s; γ′, s′) =
〈
τε,γws, τε,γ′Π(ε)ws′

〉
=
〈
τ∗ε,γ′τε,γws,Π(ε)ws′

〉
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=
〈
eiεφ(γ′,γ)τε,γ−γ′ws,Π(ε)ws′

〉
= eiεφ(γ,γ′)

〈
τε,γ−γ′ws,Π(ε)ws′

〉
=: eiεφ(γ,γ′)mε(γ − γ′; s, s′).

By using the power series expansion for the inverse square root, one can prove
(see [30]) a similar form for the matrix elements of M−1/2

ε , namely

[M−1/2
ε ](γ, s; γ′, s′) =: eiεφ(γ,γ′)mε,−1/2(γ − γ′; s, s′) .

It then follows, using again (5.2.12) and (5.8.8), that

Vγ′′,s,ε =
∑
γ′∈Z2

m−1∑
s′=1

eiεφ(γ′,γ′′)mε,−1/2(γ′ − γ′′; s′, s)[τε,γ′Π(ε)ws′ ]

=
∑

γ=γ′−γ′′∈Z2

m−1∑
s′=1

eiεφ(γ+γ′′,γ′′)mε,−1/2(γ; s′, s)[τε,γ+γ′′Π(ε)ws′ ]

=
∑
γ∈Z2

m−1∑
s′=1

eiεφ(γ,γ′′)mε,−1/2(γ; s′, s)[eiεφ(γ′′,γ)τε,γ′′τε,γΠ(ε)ws′ ]

= τε,γ′′w
(ε)
s ,

with

w(ε)
s :=

∑
γ∈Z2

m−1∑
s′=1

mε,−1/2(γ; s′, s)[τε,γΠ(ε)ws′ ]

=
∑
γ∈Z2

m−1∑
s′=1

[M−1/2
ε ](γ, s′; 0, s)[τε,γΠ(ε)ws′ ] .

(5.9.15)

Due to the exponential localization (5.9.3) of the ws’s and of the matrix elements
of M−1/2

ε and Π(ε), we easily get that there exist β′, C > 0, independent of x, such
that

sup
γ∈Z2

eβ
′‖γ‖|w(ε)

s (γ, x)| ≤ C . (5.9.16)

Remark 5.9.4. Notice that the functions w(ε)
s defined in (5.9.15) satisfy

w(ε)
s − ws′

= w(ε)
s − [Π0ws′ ] = w(ε)

s − [Π̂(ε)ws′ ] + [(Π̂(ε) −Π0)ws′ ]

=
∑
η∈Z2

m−1∑
s′′=1

[M−1/2
ε ](η, s′′; 0, s)[(Π(ε) − δ0ηδs′s′′Π̂(ε))τε,η]ws′′ + [(Π̂(ε) −Π0)ws′ ]
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hence
w(ε)
s (γ, x)− ws′(γ, x)

=
∑
γ′∈Z2

Q∑
x′=1

[M−1/2
ε ](0, s′; 0, s)[Π(ε)(γ, x; γ′, x′)− eiεφ(γ,γ′)Π0(γ, x; γ′, x′)]ws′(γ′, x′)

+
∑
η 6=0

∑
s′′ 6=s′

(
[M−1/2

ε ](η, s′′; 0, s)− δ0ηδs′s′′
)

·
∑
γ′∈Z2

Q∑
x′=1

Π(ε)(γ, x; γ′, x′) eiεφ(γ′,η)ws′′(γ′ − η, x′)

+
∑
γ′∈Z2

Q∑
x′=1

(eiεφ(γ,γ′) − 1)Π0(γ, x; γ′, x′)ws′(γ′, x′) .

Using (5.8.5) to estimate the first sum on the right-hand side of the above, (5.9.14)
with (5.8.6) for the second sum, and the power series of the exponential and (5.8.6) at
ε = 0 for the third sum, together with the exponential decay (5.9.3) of the functions
ws, we are able to deduce that for all s, s′ ∈ {1, . . . ,m− 1}∣∣∣w(ε)

s (γ, x)− ws′(γ, x)
∣∣∣ ≤ C ε e−σ‖γ‖

for some positive constants C, σ > 0 uniform in γ ∈ Z2, x ∈ {1, . . . , Q}, and ε
sufficiently small. Clearly the above implies in turn that∣∣∣[τε,ηw(ε)

s ](γ, x)− [τε,ηws′ ](γ, x)
∣∣∣ ≤ C ε e−σ‖γ−η‖ (5.9.17)

for any η ∈ Z2.

5.9.3 Construction of Π(ε)
2

We now show that the orthogonal projection defined as

Π(ε)
2 := Π(ε) −Π(ε)

1 (5.9.18)

can be written as in Proposition 5.9.1(i). To construct a Parseval frame for it we
will mix the space-dimension-doubling method used in the proof of Theorem5.3.2(iii)
(see Section 5.7) with magnetic perturbation theory.

The projection P2(k) in (5.9.1) has rank 1, and we introduce P̃2(k) := CP2(−k)C−1

as in (5.7.1). Denote by P3(k) := P̃2(k) ⊕ P2(k) the rank-2 projection acting on
CQ ⊕ CQ. As it is argued in Section 5.7, its Chern number is zero. We now define
the operator

T (ε)(γ, x; γ′, x′) := eiεφ(γ,γ′)
∫

Ω
ei2πk·(γ−γ′)P3(k)(x, x′)dk, ,

for every γ, γ′ ∈ Z2 and x, x′ ∈ {1, . . . , 2Q}, acting on `2(Z2) ⊗ (CQ ⊕ CQ). Note
the fact that T (ε) = T

(ε)
1 ⊕ T (ε)

2 where T (ε)
j acts on `2(Z2)⊗ CQ. We also have

T
(ε)
2 (γ, x; γ′, x′) := eiεφ(γ,γ′)

∫
Ω
ei2πk·(γ−γ′)P2(k)(x, x′)dk

= eiεφ(γ,γ′)Π2(γ, x; γ′, x′) = Π̂(ε)
2 (γ, x; γ′, x′) ,

(5.9.19)
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for γ, γ′ ∈ Z2 and x, x′ ∈ {1, . . . , Q}, compare (5.9.9).
The operators T (ε)

j are almost orthogonal projections, in the sense that

∆(ε)
j :=

{(
T

(ε)
j

)2
− T (ε)

j

}
= O(ε)

in the operator norm; more precisely we want to prove an estimate of the usual type
for the matrix elements of ∆(ε)

j , namely∣∣∣∆(ε)
j (γ, x; γ′, x′)

∣∣∣ ≤ C ε e−α‖γ−γ
′‖. (5.9.20)

In order to show this, notice first that T (0)
j is a true projection and hence ∆(0)

j = 0.
Then, using the magnetic phase composition rule (5.9.8) to compute the matrix
elements of (T (ε)

j )2 and noticing that∣∣∣T (ε)
j (γ;x, x′)

∣∣∣ ≤ Ce−δ‖γ‖,
we obtain∣∣∣∆(ε)

j (γ, x; γ′, x′)
∣∣∣ =

∣∣∣∆(ε)
j (γ, x; γ′, x′)−∆(0)

j (γ, x; γ′, x′)
∣∣∣ ≤ C ε e−α‖γ−γ

′‖

as wanted.
Now if ε is small enough, we may construct the following explicit orthogonal

projections acting on `2(Z2)⊗ CQ (see [87] for more details):

P
(ε)
j := T

(ε)
j +

(
T

(ε)
j −

1
21
){

(1 + 4∆(ε)
j )−1/2 − 1

}
.

Simply using the above formula in each term of the direct sum in the expression for
T (ε) we obtain that

P(ε) = P
(ε)
1 ⊕P

(ε)
2

is an orthogonal projection acting on the “doubled” space and, using (5.9.20) and
arguing as in the proof of Lemma 5.8.5, that∣∣∣P(ε)(γ, x; γ′, x′)− T (ε)(γ, x; γ′, x′)

∣∣∣ ≤ C ε e−α‖γ−γ
′‖. (5.9.21)

Because the non-magnetic projection P3(k) which builds up T (ε=0) is trivial,
mimicking the proof of Lemma 5.9.2 we infer that we can construct two exponentially
localized Wannier-type vectors F (ε)

r ∈ `2(Z2)⊗ (CQ ⊕ CQ) such that:

P(ε) =
∑
γ∈Z2

2∑
r=1

∣∣∣(τε,γ ⊕ τε,γ)F (ε)
r

〉〈
(τε,γ ⊕ τε,γ)F (ε)

r

∣∣∣ ,
where τε,γ ⊕ τε,γ is the obvious extension of the magnetic translation to the doubled
space. Restricting ourselves to vectors of the type 0⊕ ψ where ψ is in the range of
P

(ε)
2 , and denoting by π2 : `2(Z2)⊗ (CQ ⊕CQ)→ `2(Z2)⊗CQ the projection on the

second component of the doubled space, we have the identity

ψ = π2(0⊕ ψ) =
∑
γ∈Z2

2∑
r=1

〈
τε,γ(π2F

(ε)
r ), ψ

〉
`2(Z2)⊗CQ

(
τε,γ(π2F

(ε)
r )

)
.
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In other words this means that

P
(ε)
2 =

∑
γ∈Z2

2∑
r=1

∣∣∣τε,γ(π2F
(ε)
r )

〉〈
τε,γ(π2F

(ε)
r )

∣∣∣ . (5.9.22)

The next important step consists of the following estimate that we state as a
lemma.
Lemma 5.9.5. There exist constants ε0, α, C > 0 such that for every 0 ≤ ε ≤ ε0 it
holds that ∣∣∣Π(ε)

2 (γ, x; γ′, x′)− T (ε)
2 (γ, x; γ′, x′)

∣∣∣ ≤ C ε e−α‖γ−γ
′‖ . (5.9.23)

Proof. Considering the fact that Π(ε)
2 is defined as in (5.9.18) and the equalities (5.9.9)

and (5.9.19) hold, we have∣∣∣Π(ε)
2 (γ, x; γ′, x′)− T (ε)

2 (γ, x; γ′, x′)
∣∣∣

≤
∣∣∣Π(ε)(γ, x; γ′, x′)− Π̂(ε)(γ, x; γ′, x′)

∣∣∣
+
∣∣∣Π(ε)

1 (γ, x; γ′, x′)− Π̂(ε)
1 (γ, x; γ′, x′)

∣∣∣
≤ C ε e−α‖γ−γ

′‖ +
∣∣∣Π(ε)

1 (γ, x; γ′, x′)− Π̂(ε)
1 (γ, x; γ′, x′)

∣∣∣ ,
which is a consequence of the estimate (5.8.5). Therefore it suffices to prove that
the matrix elements of Π(ε)

1 − Π̂(ε)
1 are exponentially localized and proportional to ε.

Since we have proved that this is true for the difference Π̃(ε)
1 − Π̂(ε)

1 , where Π̃(ε)
1 is

defined in (5.9.10) (see (5.9.12)), it suffices to prove the required estimate on the
matrix elements of the difference Π(ε)

1 − Π̃(ε)
1 . Since the (γ, x; γ′, x′)-matrix element

of this difference is provided by a difference of absolutely convergent series, we can
estimate∣∣∣Π(ε)

1 (γ, x; γ′, x′)− Π̃(ε)
1 (γ, x; γ′, x′)

∣∣∣
=

∣∣∣∣∣∣
∑
η∈Z2

m−1∑
s=1

[τε,ηw(ε)
s ](γ, x) [τε,ηw(ε)

s ](γ′, x′)− [τε,ηws](γ, x) [τε,ηws](γ′, x′)

∣∣∣∣∣∣
≤
∑
η∈Z2

m−1∑
s=1

{ ∣∣∣[τε,ηw(ε)
s ](γ, x)− [τε,ηws](γ, x)

∣∣∣ ∣∣∣[τε,ηw(ε)
s ](γ′, x′)

∣∣∣
+ |[τε,ηws](γ, x)|

∣∣∣[τε,ηw(ε)
s ](γ′, x′)− [τε,ηws](γ′, x′)

∣∣∣ }.
In view of (5.9.17) and of the exponential localization (5.9.3) and (5.9.16) of ws and
w

(ε)
s , the conclusion follows.

Coupling (5.9.23) with (5.9.21) we obtain∣∣∣Π(ε)
2 (γ, x; γ′, x′)−P

(ε)
2 (γ, x; γ′, x′)

∣∣∣ ≤ C ε e−α‖γ−γ
′‖.

Then, if ε is small enough, the above implies that the two projections Π(ε)
2 and P

(ε)
2

are unitarily equivalent through a Kato–Nagy unitary Kε given as in (5.8.10), i.e.
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Π(ε)
2 = KεP

(ε)
2 K−1

ε . Therefore we have the following proposition that concludes the
construction of Π(ε)

2 .

Proposition 5.9.6. There exist two exponentially localized functions W (ε)
r , r ∈

{1, 2}, such that

Π(ε)
2 =

∑
γ∈Z2

2∑
r=1

∣∣∣τε,γW (ε)
r

〉〈
τε,γW

(ε)
r

∣∣∣ .
Proof. By hypothesis Π(ε) commutes with the magnetic translations and by construc-
tion also Π(ε)

1 does; it follows that so does Π(ε)
2 by (5.9.18). From (5.9.22), it is also

clear that P(ε)
2 commutes with the magnetic translations, and by (5.8.10) so does

the Kato-Nagy unitary Kε. Setting Wr := Kε(π2F
(ε)
r ), r ∈ {1, 2} (compare (5.9.22)),

the proof is concluded like that of Lemma 5.8.4.

Remark 5.9.7. The results presented in this section can be extended with not
much effort to continuous families of magnetic Fermi-like projections Π(ε) acting in
L2(R2)⊗H, where H = L2((0, 1)2). However, in order to apply the construction of
the Parseval frames in the framework of continuous magnetic Schrödinger operators
with constant magnetic field, it is necessary to prove an analogue of Proposition 5.8.3.
In the continuous case the situation is more complicated and one has to fully exploit
magnetic perturbation theory [87, 29, 32](see also Appendix 2.5.2) and use some
involved technical results regarding elliptic regularity and Agmon–Combes–Thomas
uniform exponential decay estimates, see [37] and Appendix A.1.
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Appendix A

Technical results

A.1 Combes–Thomas estimates and regularity of the
kernels

The joint continuity and exponential localization of functions of the resolvent operator
and of the Fermi projection integral kernel is a well-known fact and many proofs of
it are scattered through the literature, amongst which we cite [104] and [19]. For
the convenience of the reader and the self-consistency of the thesis, we provide in
this section a short proof based on the techniques presented in [37]. We first review,
in the two dimensional setting, the regularity results presented in [37]. In cases
where possible we tried to improve some estimates. In the last part of the section
we provide a proof of the joint continuity of the Fermi projection under the general
Assumption 1.3.3. We warn the reader that the strategy and techniques used in the
first and second part of this section are the same.

Consider the Hamiltonian defined in (2.2.1) and set Hb = H, moreover we drop
the factor 1

2 in front of the Laplacian. Define −∆A = H −V . Consider the potential
V , due to Assumption (1.3.2) we have that D(H) = D(−∆A) = H2

A(R2), namely
the second magnetic Sobolev space defined by

H2
A(R2) =

{
f ∈ L2(R2) | −∆Af ∈ L2(R2)

}
,

moreover the infinitesimally Kato smallness of V with respect to H implies

inf
z∈ρ(HA)

∥∥∥V (H − z)−1
∥∥∥ = 0 .

Let us start with some preliminary results.

Proposition A.1.1. Assume that z ∈ Dη := {z ∈ C | dist(z, σ(H)) > η > 0}. Then
for i ∈ {1, 2, 3} there exists a constant C such that

sup
z∈Dη
〈|z|〉−1

∥∥∥(PA)i (H − z)−1
∥∥∥ ≤ C

η
. (A.1.1)
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Proof. Consider λ ∈ R, for every ψ ∈ L2(R2), ‖ψ‖ = 1, we have

2∑
i=1

∥∥∥(PA)i (−∆A − iλ)−1 ψ
∥∥∥2

= <
(
〈(−∆A − iλ)−1 ψ,ψ〉

)
+ <(z)‖ (−∆A − iλ)−1 ‖2

≤ 1
|λ|

+ max<(z), 0
|λ|2

.

Since V is bounded we have ∥∥∥V (H − iλ)−1
∥∥∥ ≤ C

|λ|
. (A.1.2)

By using the resolvent identity

(H − z)−1 = (H − iλ)−1 + (z − iλ) (H − iλ)−1 (H − z)−1

together with (A.1.2) we get∥∥∥(−∆A − iλ) (H − z)−1
∥∥∥ ≤ C(λ, η)(1 + |z|) . (A.1.3)

Therefore, writing∥∥∥(PA)i (H − z)−1
∥∥∥ ≤ ∥∥∥(PA)i (−∆A − iλ)−1

∥∥∥ ∥∥∥(−∆A − iλ) (H − z)−1
∥∥∥

we obtain the estimate (A.1.1).

The next step to prove the joint continuity is the so called Combes–Thomas
estimate. Even if one can find a lot of proofs of this estimate in the literature,
[26, 86, 37], we recall here the proof due to its crucial importance for our results.
Note that we are interested in uniform estimates with respect to z ∈ Dη.

Proposition A.1.2 (Combes–Thomas estimate). Assume that z ∈ Dη where

Dη := {z ∈ C | dist(z, σ(H)) > η > 0} .

Denote by r := 〈|z|〉. Then there exist a δ0 and a constant C such that for every
0 ≤ δ ≤ δ0 we have

sup
z∈Dη

sup
x0∈R2

∥∥∥e± δr 〈·−x0〉 (H − z)−1 e∓
δ
r
〈·−x0〉

∥∥∥ ≤ C

η
, (A.1.4)

sup
z∈Dη

sup
x0∈R2

{
r−1

∥∥∥(PA)i e
± δ
r
〈·−x0〉 (H − z)−1 e∓

δ
r
〈·−x0〉

∥∥∥} ≤ C

η
. (A.1.5)

Proof. For s ∈ R the well-known Combes–Thomas rotation gives

es〈·−x0〉 (H − z) e−s〈·−x0〉 = H − z + s
2∑
i=1

wi (PA)i + sW1 + s2W2
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where wi, W1 and W2 are bounded functions uniformly in x0. Consider now s = δ
r ,

using (A.1.1) and taking δ small enough, we obtain

sup
z∈Dη

sup
x0∈R2

∥∥∥∥∥
[
s

2∑
i=1

wi (PA)i + sW1 + s2W2

]
(H − z)−1

∥∥∥∥∥
≤ |δ|C

(1
η

+ 1
rη

+ |δ|
r2η

)
≤ 1

2 .

Therefore we have

es〈·−x0〉 (H − z)−1 e−s〈·−x0〉

= (H − z)−1
{

1 +
[
s

2∑
i=1

wi (PA)i + sW1 + s2W2

]
(H − z)−1

}−1

.
(A.1.6)

which implies (A.1.4) and together with (A.1.1) we also obtain the proof of (A.1.5).

Remark A.1.3. Note that the constant C in Proposition A.1.2 remains bounded
as η → 0, therefore the estimates fail when z approaches the spectrum of H.

Consider now λ0 ≥ 0 large enough. Firstly notice that for λ ≥ λ0, estimates
similar to (A.1.2) and (A.1) hold true, namely∥∥∥V (H + λ)−1

∥∥∥ ≤ C√
λ0
,

and ∥∥∥(PA)i (−∆A + λ)−1
∥∥∥ ≤ 1√

λ
.

Therefore, by using the resolvent identity, we obtain∥∥∥(PA)i (H + λ)−1
∥∥∥ ≤ 1√

λ
. (A.1.7)

By using again the resolvent identity, (A.1.6) and the previous two estimates, we get

sup
λ≥λ0

∥∥∥(−∆A + λ) es〈·−x0〉 (H + λ)−1 e−s〈·−x0〉
∥∥∥

= sup
λ≥λ0

∥∥∥∥∥∥
(
1 + V (H + λ)−1

){
1 +

[
s

2∑
i=1

wi (PA)i + sW1 + s2W2

]
(H + λ)−1

}−1∥∥∥∥∥∥
≤ C√

λ0
.

(A.1.8)
By commuting twice we have

(−∆A + λ) es〈·−x0〉 = es〈·−x0〉 (−∆A + λ) +
2∑
i=1

[
(−i∇)i , e

s〈·−x0〉
]

(PA)i

+
2∑
i=1

[
(−i∇)i ,

[
(−i∇)i , e

s〈·−x0〉
]]

(PA)i .
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Since
[
(−i∇)i , es〈·−x0〉

]
= −is∂i〈x− x0〉es〈·−x0〉, setting s = c√

λ
and using (A.1.8),

(A.1.7) we obtain

sup
λ≥λ0

∥∥∥e± c√
λ
〈·−x0〉 (−∆A + λ) (H + λ)−1 e

∓ c√
λ
〈·−x0〉

∥∥∥ ≤ C(λ0) . (A.1.9)

Let us now prove that for N large enough the integral kernel of (Hb − z)−N is
jointly continuous.

Consider now λ > 0 large enough, it is a well-known fact that the resolvent
of the Laplacian in dimension d = 2 is smooth away from the diagonal and has a
logarithmic singularity on the diagonal. By using the diamagnetic inequality, see for
example [104, 19], one can conclude that∣∣∣(−∆A + λ)−1 (x; x′)

∣∣∣ ≤ (−∆ + λ)−1 (x; x′) ≤ Ce−
√
λ‖x−x′‖ (2 + ln ‖x− x′‖

)
.

(A.1.10)
We are now ready to extract from the L2 Combes–Thomas estimate an L2 to

L∞ estimate. Let us see more precisely how it works. From the explicit estimate
(A.1.10), we deduce that there exists a constant c ∈ R such that

sup
x0∈R2

∥∥∥e∓c√λ〈·−x0〉 (−∆A + λ)−1 e±c
√
λ〈·−x0〉

∥∥∥
B(L2,L∞)

<∞ .

This, together with the L2 estimate (A.1.9), implies

sup
x0∈R2

∥∥∥e±c√λ〈·−x0〉 (H + λ)−1 e∓c
√
λ〈·−x0〉

∥∥∥
B(L2,L∞)

≤ sup
x0∈R2

∥∥∥e±c√λ〈·−x0〉 (−∆A + λ)−1 e∓c
√
λ〈·−x0〉

∥∥∥
B(L2,L∞)

· sup
x0∈R2

∥∥∥e±c√λ〈·−x0〉 (−∆A + λ) (H + λ)−1 e∓c
√
λ〈·−x0〉

∥∥∥
B(L2,L2)

,

(A.1.11)

where we define ‖A‖B(L2,L2) to be the norm of the operator A : L2(R2)→ L∞(R2).
Therefore, the operator e±c

√
λ〈·−x0〉 (H + λ)−1 e∓c

√
λ〈·−x0〉 is bounded from L2(R2)

to L∞(R2) and it is a Carleman integral operator, see for example [104, Corollary
A.1.2].

Since
(H + λ)−1 : L2(R2)→ H2

A(R2)

and in view of the Assumption on the magnetic potential, we have that H2
A,loc(R2) =

H2
loc(R2) ⊂ C(R2) via Sobolev embedding. Therefore, for ϕ ∈ C∞0 (R2), the function(

e±c
√
λ〈·−x0〉 (H + λ)−1 e∓c

√
λ〈·−x0〉ϕ

)
(x)

is continuous and it makes sense to evaluate it at the point x0, that is∫
R2
dy (H + λ)−1 (x0; y)ec

√
λ〈y−x0〉ϕ(y) . (A.1.12)
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In view of (A.1.9), equation (A.1.12) defines a bounded linear functional and can be
extended to the whole Hilbert space. After that, by applying the Riesz representation
theorem, we obtain that

sup
x0∈R2

∥∥∥(H + λ)−1 (x0; ·)ec
√
λ〈·−x0〉

∥∥∥
L2(R2)

= sup
x0∈R2

∥∥∥ec√λ〈·−x0〉 (H + λ)−1 (· ; x0)
∥∥∥
L2(R2)

≤ C ,
(A.1.13)

where in the last equality we used the selfadjointness of H. Consider now the
integral kernel of (H + λ)−2, which is a priori defined using the integral kernel of the
resolvent. From (A.1.13), the Cauchy-Schwarz inequality and the triangle inequality,
we get that

sup
x,x′∈R2

∣∣∣ec√λ|x−x′| (H + λ)−2 (x; x′)
∣∣∣

≤ sup
x,x′∈R2

∫
R2
dx̃ec

√
λ〈x̃−x〉

∣∣∣(H + λ)−1 (x; x̃)
∣∣∣ ∣∣∣(H + λ)−1 (x̃; x′)

∣∣∣ ec√λ〈x̃−x′〉

≤ sup
x∈R2

∥∥∥(H + λ)−1 (x; ·)ec
√
λ〈·−x〉

∥∥∥
L2(R2)

· sup
x′∈R2

∥∥∥ec√λ〈·−x′〉 (H + λ)−1 (· ; x′)
∥∥∥
L2(R2)

≤ C .

(A.1.14)
Hence we have obtained the desired L∞ estimate, namely

∣∣∣(H + λ)−2 (x; x′)
∣∣∣ ≤ Ce−c√λ‖x−x′‖ . (A.1.15)

Let us study how the estimate (A.1.15) propagates in the resolvent set. The
strategy is the same as before. Indeed, consider z ∈ Dη and from the resolvent
identity we obtain

(H − z)−1 = (H + λ)−1 + (z − λ) (H + λ)−1 (H − z)−1 .

From (A.1.13) for every ϕ ∈ L2(R2) we get

sup
x0∈R2

sup
x∈R2

∣∣∣∣∫
R2
dx̃ e−

δ
r
〈x−x0〉 (H + λ)−1 (x; x̃)e

δ
r
〈x̃−x0〉ϕ(x̃)

∣∣∣∣
≤ sup

x0∈R2
sup
x∈R2

∫
R2
dx̃
∣∣∣(H + λ)−1 (x; x̃)

∣∣∣ ec√λ〈x̃−x〉ϕ(x̃)

≤ sup
x0∈R2

sup
x∈R2

∥∥∥(H + λ)−1 (x; ·)ec
√
λ〈·−x〉

∥∥∥
L2(R2)

‖ϕ‖L2(R2) .

Hence
sup

x0∈R2

∥∥∥e− δr 〈·−x0〉 (H + λ)−1 e
δ
r
〈·−x0〉

∥∥∥
B(L2,L∞)

≤ C .
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This, together with the L2 bound (A.1.4) and the resolvent identity, implies that

sup
x0∈R2

∥∥∥e− δr 〈·−x0〉 (H − z)−1 e
δ
r
〈·−x0〉

∥∥∥
B(L2,L∞)

≤ sup
x0∈R2

∥∥∥e− δr 〈·−x0〉 (H + λ)−1 e
δ
r
〈·−x0〉

∥∥∥
B(L2,L∞)

+ (|z|+ |λ|) sup
x0∈R2

∥∥∥e− δr 〈·−x0〉 (H + λ)−1 e
δ
r
〈·−x0〉

∥∥∥
B(L2,L∞)

· sup
x0∈R2

∥∥∥e− δr 〈·−x0〉 (H − z)−1 e
δ
r
〈·−x0〉

∥∥∥
B(L2,L2)

≤ C r
η
.

(A.1.16)

Therefore, for every function ϕ ∈ C∞0 (R2), we can consider the linear functional

∫
R2
dy (H − z)−1 (x0; y)e

δ
r
〈y−x0〉ϕ(y) (A.1.17)

which, considering the estimate in equation (A.1.16), defines a bounded linear
functional and can be extended to the whole Hilbert space. Then, by using the Riesz
representation theorem, we obtain that

sup
x0∈R2

∥∥∥(H − z)−1 (x0; ·)e
δ
r
〈·−x0〉

∥∥∥
L2(R2)

= sup
x0∈R2

∥∥∥(H − z̄)−1 (· ; x0)e
δ
r
〈·−x0〉

∥∥∥
L2(R2)

≤ C r
η
.

(A.1.18)

Thus we have

sup
x,x′∈R2

∣∣∣e δr |x−x′| (H − z)−2 (x; x′)
∣∣∣

≤ sup
x,x′∈R2

∫
R2
dx̃e

δ
r
〈x̃−x〉

∣∣∣(H − z)−1 (x; x̃)
∣∣∣ ∣∣∣(H − z)−1 (x̃; x′)

∣∣∣ e δr 〈x̃−x′〉

≤ sup
x∈R2

∥∥∥(H − z)−1 (x; ·)e
δ
r
〈·−x〉

∥∥∥
L2(R2)

sup
x′∈R2

∥∥∥e δr 〈·−x′〉 (H − z)−1 (· ; x′)
∥∥∥
L2(R2)

≤ C r
2

η2 .

(A.1.19)

By a simple induction argument, we can easily conclude that

∣∣∣(H − z)−N (x; x′)
∣∣∣ ≤ C rN

ηN
e−

δ
r
‖x−x′‖ . (A.1.20)
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Indeed, choosing δ′ < δ, we obtain

sup
x,x′∈R2

∣∣∣∣e δ′r |x−x′| (H − z)−(N+1) (x; x′)
∣∣∣∣

≤ sup
x,x′∈R2

∫
R2
dx̃e

δ′
r
〈x̃−x〉

∣∣∣(H − z)−1 (x; x̃)
∣∣∣ ∣∣∣(H − z)−N (x̃; x′)

∣∣∣ e δ′r 〈x̃−x′〉

≤ C r
N

ηN
sup

x,x′∈R2

∫
R2
dx̃e

δ
r
〈x̃−x〉

∣∣∣(H − z)−1 (x; x̃)
∣∣∣ e−(δ−δ′)‖x̃−x′‖

≤ C r
N

ηN
sup
x∈R2

∥∥∥e δr 〈·−x〉 (H − z)−1 (x; ·)
∥∥∥
L2(R2)

∥∥∥e−(δ−δ′)‖·−x′‖
∥∥∥
L2(R2)

≤ C r
N+1

ηN+1 .

However, the estimate (A.1.20) is not optimal and we can do something better.
Consider N > 1. By using (A.1.16) and the Combes–Thomas estimate (A.1.4), we
obtain

sup
x0∈R2

∥∥∥e− δr 〈·−x0〉 (H − z)−N e
δ
r
〈·−x0〉

∥∥∥
B(L2,L∞)

≤ sup
x0∈R2

∥∥∥e− δr 〈·−x0〉 (H − z)−1 e
δ
r
〈·−x0〉

∥∥∥
B(L2,L∞)

· sup
x0∈R2

∥∥∥e− δr 〈·−x0〉 (H − z)−(N−1) e
δ
r
〈·−x0〉

∥∥∥
B(L2,L2)

≤ C r

ηN
,

(A.1.21)

from which we get

sup
x0∈R2

∥∥∥(H − z)−N (x0; ·)e
δ
r
〈·−x0〉

∥∥∥
L2(R2)

= sup
x0∈R2

∥∥∥(H − z̄)−N (· ; x0)e
δ
r
〈·−x0〉

∥∥∥
L2(R2)

≤ C r

ηN
.

(A.1.22)

Therefore, using (A.1.18) and (A.1.22), we obtain

sup
x,x′∈R2

∣∣∣∣e δ′r ‖x−x′‖ (H − z)−N (x; x′)
∣∣∣∣

≤ sup
x,x′∈R2

∫
R2
dx̃e

δ′
r
〈x̃−x〉

∣∣∣(H − z)−1 (x; x̃)
∣∣∣ ∣∣∣(H − z)−(N−1) (x̃; x′)

∣∣∣ e δ′r 〈x̃−x′〉

≤ sup
x∈R2

∥∥∥(H − z)−1 (x; ·)e
δ
r
〈·−x〉

∥∥∥
L2(R2)

sup
x′∈R2

∥∥∥e δr 〈·−x′〉 (H − z)−(N−1) (· ; x′)
∥∥∥
L2(R2)

≤ C r2

ηN
.

(A.1.23)
Comparing (A.1.23) and (A.1.20), one can see that exploiting the Combes–Thomas
norm estimate we managed to obtain a better estimate in terms of r. However, notice
that the estimate still has a factor η−N , which clearly explodes when z approaches
the spectrum of H.
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Let us now show that, for N large enough, we have similar estimates for the
operator (PA)i (H − z)−N , i ∈ {1, 2}. Consider the identity

(PA)i (H − z)−1 = (H − z)−1 (PA)i + (H − z)−2 T1 ,

where T1 = [H, (PA)i] + [H, [H, (PA)i]] (H − z)−1. Since, for i 6= j , i, j ∈ {1, 2}, the
operators

[H, (PA)i] = [V,−i (∇)i] = 2ib(PA)j + i∂i(V ) ,
[H, [H, (PA)i]] = −2b (2b(PA)i + ∂jV )

+
2∑
l=1
−i∂2

l ∂i(V ) + 2
2∑
l=1

∂l∂i(V ) (PA)j ,

are relatively bounded with respect to H, we get that T1 is a bounded operator.
This fact, together with (A.1.1) and (A.1.6), implies that

sup
x0∈R2

∥∥∥e± δr 〈·−x0〉T1e
∓ δ
r
〈·−x0〉

∥∥∥ < C
r

η
. (A.1.24)

Thus, by commuting twice we obtain the identity

(PA)i (H − z)−2 = (H − z)−2
(
(PA)i + (H − z)−1 T1 + T1 (H − z)−1

)
.

Therefore we have

(PA)i (H − z)−N = (PA)i (H − z)−2 (H − z)−N+2

= (H − z)−2 T (H − z)−N+5 (H − z)−2

with T =
(
(PA)i + (H − z)−1 T1 + T1 (H − z)−1

)
(H − z)−1 .

The estimates (A.1.1), (A.1.4) and (A.1.24) imply that

sup
x0∈R2

∥∥∥e± δr 〈·−x0〉Te∓
δ
r
〈·−x0〉

∥∥∥ < C
r

η
. (A.1.25)

Consider now N > 5, N ∈ N, from (A.1.4), (A.1.25) and (A.1.16) we obtain

sup
x0∈R2

∥∥∥e− δr 〈·−x0〉 (H − z)−2 T (H − z)−N+5 e
δ
r
〈·−x0〉

∥∥∥
B(L2,L∞)

≤ C r
2

η2 . (A.1.26)

Using the same procedure as before we obtain the following L2 estimate

sup
x0∈R2

∥∥∥((H − z)−2 T (H − z)−N+5
)

(x0; ·)e
δ
r
〈·−x0〉

∥∥∥
L2(R2)

≤ C r
2

η2 ,
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which together with (A.1.19) implies

sup
x,x′∈R2

e
δ
r
‖x−x′‖

∣∣∣((PA)i (H − z)−N
)

(x; x′)
∣∣∣

≤ sup
x,x′∈R2

∫
R2
dx̃e

δ
r
〈x̃−x〉

∣∣∣((H − z)−2 T (H − z)−N+5
)

(x; x̃)
∣∣∣

·
∣∣∣(H − z)−2 (x̃; x′)

∣∣∣ e δr 〈x̃−x′〉

≤ sup
x∈R2

∥∥∥((H − z)−2 T (H − z)−N+5
)

(x; ·)e
δ
r
〈·−x〉

∥∥∥
L2(R2)

· sup
x′∈R2

∥∥∥e δr 〈·−x′〉 (H − z)−2 (· ; x′)
∥∥∥
L2(R2)

≤ C r
4

η4 .

(A.1.27)

It remains to prove the joint continuity of the integral kernels of (PA)i (H − z)−N
and (H − z)−N . Let us start with (H − z)−N . Consider an open and bounded subset
U ⊂ R2 and a compactly supported function gU ∈ C∞ defined by gU (x) = 1 for
every x ∈ U and such that |gU (x)| ≤ 1 for all x ∈ R2. The joint continuity of the
integral kernels will follow easily if we prove the joint continuity of the operator

gU (H − z)−N gU .

The strategy is to show that this operator has a continuous integral kernel for every
U exploiting the regularizing properties of the resolvent of H. Let us show this in
details. Consider the trivial identity

gU (H − z)−N gU = (H − z)−1 (H − z) gU (H − z)−N gU (H − z) (H − z)−1 .

We first prove that (H − z) gU (H − z)−N gU (H − z) is a Hilbert–Schmidt operator.
Indeed, by commuting (H − z) with the functions gU , we get

gU (H − z)−N+2 gU

+ gU (H − z)−N+2
(

(H − z)−1 2i
2∑
i=1

(PA)i ∂igU + (H − z)−1 ∆(gU )
)

+
(
−2i

2∑
i=1

∂igU (PA)i (H − z)−1 −∆(gU ) (H − z)−1
)

(H − z)−N+2 gU

+
(
−2i

2∑
i=1

∂igU (PA)i (H − z)−1 −∆(gU ) (H − z)−1
)

(H − z)−N+2

·
(

(H − z)−1 2i
2∑
i=1

(PA)i ∂igU + (H − z)−1 ∆(gU )
)
.

(A.1.28)

From (A.1.20) we have that gU (H − z)−N+2 and (H − z)−N+2 gU are Hilbert–
Schmidt operators. Indeed, consider for example gU (H − z)−N+2, it holds that∣∣∣gUe‖·‖e−‖·‖ (H − z)−N+2 (x; x′)

∣∣∣ ≤ CUr
N

η
e−‖x‖e−

δ
r
‖x−x′‖ ,
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hence its kernel is in L2(R2×R2). A similar argument, together with (A.1.1), shows
that the first three terms of (A.1.28) are Hilbert–Schmidt operators. From (A.1.5)
it is not difficult to deduce, by commuting (PA)i with the exponential weight, that∥∥∥e± δr 〈·−x0〉 (PA)i (H − z)−1 e∓

δ
r
〈·−x0〉

∥∥∥ ≤ C .
Therefore one can show that also the last term is a Hilbert–Schmidt operator, because
e−

δ
r
〈·−x0〉 (H − z)−N+2 is Hilbert–Schmidt and

− 2i
2∑
i=1

∂igUe
δ
r
〈·−x0〉e−

δ
r
〈·−x0〉 (PA)i (H − z)−1 e

δ
r
〈·−x0〉 ,

∆(gU )e
δ
r
〈·−x0〉e−

δ
r
〈·−x0〉 (H − z)−1 e

δ
r
〈·−x0〉 ,

are bounded operators.
From the previous arguments it follows that the operator

(H − z) gU (H − z)−N gU (H − z)

admits an integral kernel, call it W (x; x′). Thus W has to be in L2(R2 × R2).
By definition of tensor product of Hilbert spaces, W can be approximated in the
L2(R2 × R2) norm by a finite sum of the form

M∑
j=1

gj(x)fj(x′) ,

with gj , fj ∈ L2(R2). This means that, by means of the Cauchy-Schwarz inequality,
we get that the integral kernel of gU (H − z)−N gU can be approximated uniformly
for every x,x′ ∈ U by

gU (H − z)−N gU (x; x′) = lim
M→∞

M∑
j=1

(
(H − z)−1 gj

)
(x)
(
(H − z̄)−1 fj

)
(x′) .

Explicitly we have

sup
x,x′∈R2

∣∣∣∣∫
R2
dy
∫
R2
dy′ (H − z)−1 (x; y)

·

W (y,y′)−
M∑
j=1

gj(y)fj(y′)

 (H − z)−1 (y′; x′)

∣∣∣∣∣∣
≤

∥∥∥∥∥∥W −
M∑
j=1

gjfj

∥∥∥∥∥∥
L2(R2×R2)

sup
x∈R2

∥∥∥(H − z)−1 (x; ·)
∥∥∥
L2(R2)

· sup
x′∈R2

∥∥∥(H − z)−1 (· ; x′)
∥∥∥
L2(R2)

.

Since (H − z)−1 : L2(R2)→ H2
A(R2), the Sobolev embedding mentioned before is

enough to conclude that the integral kernel of gU (H − z)−N gU is a uniform limit of
continuous functions and therefore it is a jointly continuous integral kernel.
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By mimicking the previous proof, and considering that

(PA)i (H − z)−N

= (H − z)−1 (PA)i (H − z)−N−1 − i (H − z)−1 ∂i(V ) (H − z)−N−1 ,

one can prove the joint continuity of the integral kernel of (PA)i (H − z)−N . An
analogous proof shows that also Π0 has a jointly continuous integral kernel.

A.1.1 Kernel of the Fermi projection Pµ

Let us now consider a Hamiltonian satisfying Assumption 1.3.3 and prove that the
projection Pµ admits a jointly continuous integral kernel. The strategy of the proof is
identical to the one used in the previous section, however one has to be more careful
in handling unbounded scalar potentials. Regarding the magnetic potential, the
situation is very similar to the previous one, since the hypothesis on A assure that
we can apply the diamagnetic inequality by means of equation (A.1.10). Moreover,
the Assumption 1.3.3 on the Hamiltonian together with the Sobolev embedding
assure that, also in this setting, the domain of the Hamiltonian is made of continuous
functions. Indeed, since V is relatively bounded with respect to −∆A, the domain
of the Hamiltonian is given by the second magnetic Sobolev space H2

A(R2) defined
using the magnetic vector potential A, that is consider

H1
A(R2) :=

{
ψ ∈ L2(R2) | (−i∇−A)ψ ∈ L2(R2,R2)

}
,

then
H2
A(R2) :=

{
ψ ∈ H1

A(R2) | (−i∇−A)2 ψ ∈ L2(R2)
}
.

Let now ψ ∈ H2
A(R2) and ϕ ∈ C∞0 . A simple computation shows that

(−i∇)j (ϕψ) = −i (∂jϕ)ψ + ϕ (−i∇−A)j ψ + ϕAjψ ∈ L2(R2)

because ϕAj ∈ L2(R2) (since Aj ∈ L2
loc(R2) by hypothesis), and

ϕAjψ = ϕAj (−∆A + i) (−∆A + i)−1 ψ .

Hence ϕψ ∈ H1
A(R2). Then we have

(−i∇−A)2 (ϕψ) = ϕ (−i∇−A)2 ψ − (∆ϕ)ψ − 2i (∇ϕ) · (−i∇−A)ψ ∈ L2(R2) .

Therefore (−i∇−A)2 (ϕψ) ∈ H2
A(R2). Thus we have

−∆ (ϕψ) = (−i∇−A + A)2 (ϕψ)
= (−i∇−A)2 (ϕψ) + A2 (ϕψ) + 2A · (−i∇−A) (ϕψ)− i∇ ·A (ϕψ) ,

which, in view of the hypothesis on A, the compactness of the support of ϕψ and the
fact that (−i∇−A) preserves the support of the function, implies that ϕψ ∈ H2(R2).
Since we are in d = 2, a standard Sobolev embedding argument shows that ϕψ is
a continuous function. An opportune choice of the function ϕ shows that ψ is a
continuous function on every compact set of R2.
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Proposition A.1.4. Assume that z ∈ Dη := {z ∈ C | dist(z, σ(H)) > η > 0}. Then
for i ∈ {1, 2, 3} there there exists a constant C such that

sup
z∈Dη
〈|z|〉−1

∥∥∥(PA)i (H − z)−1
∥∥∥ ≤ C

η
. (A.1.29)

Proof. Consider λ ∈ R, for every ψ ∈ L2(R2), ‖ψ‖ = 1, we have

2∑
i=1

∥∥∥(PA)i (−∆A − iλ)−1 ψ
∥∥∥2

= <
(
〈(−∆A − iλ)−1 ψ,ψ〉

)
+ <(z)‖ (−∆A − iλ)−1 ‖2

≤ 1
|λ|

+ max<(z), 0
|λ|2

.

Since V is relatively bounded with respect to H, there exists a λ such that ( see [1,
Proposition 2.42]) ∥∥∥V (H − iλ)−1

∥∥∥ ≤ 1
2 . (A.1.30)

By using the resolvent identity

(H − z)−1 = (H − iλ)−1 + (z − iλ) (H − iλ)−1 (H − z)−1

together with (A.1.30) we get∥∥∥(−∆A − iλ) (H − z)−1
∥∥∥ ≤ C(λ, η)(1 + |z|) . (A.1.31)

Therefore, writing∥∥∥(PA)i (H − z)−1
∥∥∥ ≤ ∥∥∥(PA)i (−∆A − iλ)−1

∥∥∥ ∥∥∥(−∆A − iλ) (H − z)−1
∥∥∥

we obtain the estimate (A.1.29).

By mimicking the strategy of the previous section, we prove the Combes–Thomas
estimate for the resolvent in this general setting.

Proposition A.1.5 (Combes–Thomas estimate in the general setting). As-
sume that z ∈ K where K is a compact subset of Dη. Denote by r̄ = supz∈K r =
supz∈K〈|z|〉. Then there exists a δ0 and a constant C such that for every 0 ≤ δ ≤ δ0
we have

sup
z∈K

sup
x0∈R2

∥∥∥e± δr̄ 〈·−x0〉 (H − z)−1 e∓
δ
r̄
〈·−x0〉

∥∥∥ ≤ C

η
, (A.1.32)

sup
z∈K

sup
x0∈R2

{
r̄−1

∥∥∥(PA)i e
± δ
r̄
〈·−x0〉 (H − z)−1 e∓

δ
r̄
〈·−x0〉

∥∥∥} ≤ C

η
. (A.1.33)

Proof. For s ∈ R the well-known Combes–Thomas rotation gives

es〈·−x0〉 (H − z) e−s〈·−x0〉 = H − z + s
2∑
i=1

wi (PA)i + sW1 + s2W2
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where wi, W1 and W2 are bounded functions uniformly in x0. Consider now s = δ
r̄ .

Using (A.1.29) and taking δ small enough, we obtain

sup
z∈K

sup
x0∈R2

∥∥∥∥∥
[
s

2∑
i=1

wi (PA)i + sW1 + s2W2

]
(H − z)−1

∥∥∥∥∥
≤ |δ|C

η

(
1 + 1

r̄
+ |δ|
r̄2

)
≤ 1

2 .

Therefore we have

es〈·−x0〉 (H − z)−1 e−s〈·−x0〉

= (H − z)−1
{

1 +
[
s

2∑
i=1

wi (PA)i + sW1 + s2W2

]
(H − z)−1

}−1

.
(A.1.34)

which implies (A.1.32) and together with (A.1.29) we also obtain the proof of
(A.1.33).

Consider now λ ≥ 0 large enough. At the price of enlarging the compact subset
K we can assume that λ ∈ K. From (A.1.34) we get∥∥∥(−∆A + λ) es〈·−x0〉 (H + λ)−1 e−s〈·−x0〉

∥∥∥
=

∥∥∥∥∥∥
(
1 + V (H + λ)−1

){
1 +

[
s

2∑
i=1

wi (PA)i + sW1 + s2W2

]
(H + λ)−1

}−1∥∥∥∥∥∥
≤ Cλ ,

(A.1.35)
where the constant Cλ depends on the λ chosen. By commuting twice we get

(−∆A + λ) es〈·−x0〉 = es〈·−x0〉 (−∆A + λ) +
2∑
i=1

[
(−i∇)i , e

s〈·−x0〉
]

(PA)i

+
2∑
i=1

[
(−i∇)i ,

[
(−i∇)i , e

s〈·−x0〉
]]

(PA)i .

Since
[
(−i∇)i , es〈·−x0〉

]
= −is∂i〈x − x0〉es〈·−x0〉, using (A.1.35) and setting s = δ

r̄

with δ small enough we obtain∥∥∥e± δr̄ 〈·−x0〉 (−∆A + λ) (H + λ)−1 e∓
δ
r̄
〈·−x0〉

∥∥∥ ≤ Cη (1 + λ) . (A.1.36)

Let us now prove that for N large enough the integral kernel of (Hb − z)−N is
jointly continuous.

Consider λ > 0 large enough. As we mentioned before, the assumptions on the
magnetic vector potential A are such that the diamagnetic inequality (A.1.10) holds
true. Therefore, mimicking the strategy of the previous section we are ready to
transform the L2 Combes–Thomas estimate to an L2 to L∞ estimates. Let us see
more precisely how it works. From (A.1.10), we deduce that there exists a constant
c such that

sup
x0∈R2

∥∥∥e∓c√λ〈·−x0〉 (−∆A + λ)−1 e±c
√
λ〈·−x0〉

∥∥∥
B(L2,L∞)

<∞ .
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This, together with the L2 estimate (A.1.36), gives

sup
x0∈R2

∥∥∥e±c√λ〈·−x0〉 (H + λ)−1 e∓c
√
λ〈·−x0〉

∥∥∥
B(L2,L∞)

≤ sup
x0∈R2

∥∥∥e±c√λ〈·−x0〉 (−∆A + λ)−1 e∓c
√
λ〈·−x0〉

∥∥∥
B(L2,L∞)

· sup
x0∈R2

∥∥∥e±c√λ〈·−x0〉 (−∆A + z) (H − z)−1 e∓c
√
λ〈·−x0〉

∥∥∥
B(L2,L2)

,

(A.1.37)

hence the operator e±c
√
λ〈·−x0 (H + λ)−1 e∓c

√
λ〈·−xo〉 is bounded from L2 to L∞ and

it is a Carleman integral operator.
Since

(H + λ)−1 : L2(R2)→ H2
A(R2)

and in view of the Assumption on the magnetic potential, we have that H2
A,loc(R2) =

H2
loc(R2) ⊂ C(R2) via Sobolev embedding, therefore, for ϕ ∈ C∞0 (R2), the function(

e±c
√
λ〈·−x0〉 (H + λ)−1 e∓c

√
λ〈·−x0〉ϕ

)
(x)

is continuous and it makes sense to evaluate it at the point x0, that is∫
R2
dy (H + λ)−1 (x0,y)ec

√
λ〈y−x0〉ϕ(y) . (A.1.38)

In view of (A.1.9), equation (A.1.12) defines a bounded linear functional and can
be extended to the whole Hilbert space, then via the Riesz representation theorem
we obtain that

sup
x0∈R2

∥∥∥(H + λ)−1 (x0; ·)ec
√
λ〈·−x0〉

∥∥∥
L2(R2)

= sup
x0∈R2

∥∥∥ec√λ〈·−x0〉 (H + λ)−1 (· ; x0)
∥∥∥
L2(R2)

≤ C ,
(A.1.39)

where in the last equality we used the selfadjointness of H. Consider now the
integral kernel of (H + λ)−2, which is a priori defined using the integral kernel of the
resolvent. From (A.1.13), the Cauchy-Schwarz inequality and the triangle inequality,
we get that

sup
x,x′∈R2

∣∣∣ec√λ‖x−x′‖ (H + λ)−2 (x; x′)
∣∣∣

≤ sup
x,x′∈R2

∫
R2
dx̃ec

√
λ〈x̃−x〉

∣∣∣(H + λ)−1 (x; x̃)
∣∣∣ ∣∣∣(H + λ)−1 (x̃; x′)

∣∣∣ ec√λ〈x̃−x′〉

≤ sup
x∈R2

∥∥∥(H + λ)−1 (x; ·)ec
√
λ〈·−x〉

∥∥∥
L2(R)

sup
x′∈R2

∥∥∥ec√λ〈·−x′〉 (H + λ)−1 (· ; x′)
∥∥∥
L2(R)

≤ C .
(A.1.40)

Therefore we have obtained the exponential L∞ estimate for the second power of
the resolvent, that is ∣∣∣(H + λ)−2 (x; x′)

∣∣∣ ≤ Ce−c√λ‖x−x′‖ . (A.1.41)



A.1 Combes–Thomas estimates and regularity of the
kernels 155

Let us study how estimate (A.1.41) propagates in the resolvent set. The strategy is
the same as before. In fact, consider z ∈ Dη, from the resolvent identity we have

(H − z)−1 = (H + λ)−1 + (z − λ) (H + λ)−1 (H − z)−1 .

From (A.1.39) for every ϕ ∈ L2(R2) we get

sup
x0∈R2

sup
x∈R2

∣∣∣∣∫
R2
dx̃ e−

δ
r̄
〈x−x0〉 (H + λ)−1 (x; x̃)e

δ
r̄
〈x̃−x0〉ϕ(x̃)

∣∣∣∣
≤ sup

x0∈R2
sup
x∈R2

∫
R2
dx̃
∣∣∣(H + λ)−1 (x; x̃)

∣∣∣ ec√λ〈x̃−x〉ϕ(x̃)

≤ sup
x0∈R2

sup
x∈R2

∥∥∥(H + λ)−1 (x; ·)ec
√
λ〈·−x〉

∥∥∥
L2(R2)

‖ϕ‖L2(R2) .

Hence

sup
x0∈R2

∥∥∥e− δr̄ 〈·−x0〉 (H + λ)−1 e
δ
r̄
〈·−x0〉

∥∥∥
B(L2,L∞)

≤ C .

This, together with the L2 bound (A.1.32) and the resolvent identities, implies that

sup
x0∈R2

∥∥∥e− δr̄ 〈·−x0〉 (H − z)−1 e
δ
r̄
〈·−x0〉

∥∥∥
B(L2,L∞)

≤ sup
x0∈R2

∥∥∥e− δr̄ 〈·−x0〉 (H + λ)−1 e
δ
r̄
〈·−x0〉

∥∥∥
B(L2,L∞)

+ (|z|+ |λ|) sup
x0∈R2

∥∥∥e− δr̄ 〈·−x0〉 (H + λ)−1 e
δ
r̄
〈·−x0〉

∥∥∥
B(L2,L∞)

· sup
x0∈R2

∥∥∥e− δr̄ 〈·−x0〉 (H − z)−1 e
δ
r̄
〈·−x0〉

∥∥∥
B(L2,L2)

≤ C r
η
.

(A.1.42)

Therefore, for every function ϕ ∈ C∞0 (R2), we can consider the linear functional

∫
R2
dy (H − z)−1 (x0,y)e

δ
¯̄r 〈y−x0〉ϕ(y) (A.1.43)

which, considering the estimate in equation (A.1.16), defines a bounded linear
functional and can be extended to the whole Hilbert space, then via the Riesz
representation theorem we obtain that

sup
x0∈R2

∥∥∥(H − z)−1 (x0; ·)e
δ
r̄
〈·−x0〉

∥∥∥
L2(R2)

= sup
x0∈R2

∥∥∥(H − z̄)−1 (· ; x0)e
δ
r̄
〈·−x0〉

∥∥∥
L2(R2)

≤ C r
η
.

(A.1.44)
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Hence we have

sup
x,x′∈R2

∣∣∣e δr̄ |x−x′| (H − z)−2 (x; x′)
∣∣∣

≤ sup
x,x′∈R2

∫
R2
dx̃e

δ
r̄
〈x̃−x〉

∣∣∣(H − z)−1 (x; x̃)
∣∣∣ ∣∣∣(H − z)−1 (x̃,x′)

∣∣∣ e δr̄ 〈x̃−x′〉

≤ sup
x∈R2

∥∥∥(H − z)−1 (x; ·)e
δ
r̄
〈·−x〉

∥∥∥
L2(R2)

sup
x′∈R2

∥∥∥e δr̄ 〈·−x′〉 (H − z)−1 (· ; x′)
∥∥∥
L2(R2)

≤ C r
2

η2 .

(A.1.45)
Consider now the spectral projection Pµ. Using the Riesz formula together with

integration by parts we get

Pµ = − i
2π

∮
C
z (H − z)−2 , (A.1.46)

which together with (A.1.45) implies that

sup
x,x′∈R2

∣∣∣e δr̄ ‖x−x′‖Pµ(x; x′)
∣∣∣ ≤ C . (A.1.47)

It remains to show that the kernel is jointly continuous. We use the strategy
delineated above for the integral kernel of the powers of the resolvent.

Consider the trivial identity

gUPµgU = (H − z)−1 (H − z) gUPµgU (H − z) (H − z)−1 .

We first prove that (H − z) gUPµgU (H − z) is a Hilbert–Schmidt operator. Indeed
by commuting the resolvents with the gU we obtain

gUPµ (H − z)2 gU

+ gUPµ (H − z)2
(

(H − z)−1 2i
2∑
i=1

(PA)i ∂igU − (H − z)−1 ∆(gU )
)

+
(
−2i

2∑
i=1

∂igU (PA)i (H − z)−1 + ∆(gU ) (H − z)−1
)

(H − z)2 PµgU

+
(
−2i

2∑
i=1

∂igU (PA)i (H − z)−1 + ∆(gU ) (H − z)−1
)
Pµ (H − z)2

·
(

(H − z)−1 2i
2∑
i=1

(PA)i ∂igU − (H − z)−1 ∆(gU )
)
.

(A.1.48)

From (A.1.47) we have that gUPµ and PµgU are Hilbert–Schmidt operators, indeed∣∣∣gUe‖ · ‖e−‖ · ‖Pµ(x; x′)
∣∣∣ ≤ Ce−‖x‖e− δr̄ ‖x−x′‖ ,

hence the kernel is L2(R2×R2). A similar argument, together with (A.1.29) and the
boundedness of Pµ (H − z)2 shows that the first three terms of (A.1.48) are Hilbert–
Schmidt operators. From (A.1.33) and by commuting (PA)i with the exponential
weight, it is not difficult to deduce that∥∥∥e± δr̄ 〈·−x0〉 (PA)i (H − z)−1 e∓

δ
r̄
〈·−x0〉

∥∥∥ ≤ C .
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Therefore one can show that also the last term is Hilbert–Schmidt, because the
operator e−

δ
r
〈·−x0〉Pµ is Hilbert–Schmidt and

− 2i
2∑
i=1

∂igUe
δ
r̄
〈·−x0〉e−

δ
r̄
〈·−x0〉 (PA)i (H − z)−1 e

δ
r̄
〈·−x0〉 ,

∆(gU )e
δ
r̄
〈·−x0〉e−

δ
r
〈·−x0〉 (H − z)−1 e

δ
r̄
〈·−x0〉 ,

are bounded operators. Therefore, the operator (H − z) gU (H − z)−N gU (H − z)
admits an integral kernel, call it W (x; x′), and hence W has to be in L2(R2 × R2).
By definition of tensor product of Hilbert space, W can be approximated in the
L2(R2 × R2) norm by a finite sum of the form

N∑
j=1

gj(x)fj(x′) ,

with gj , fj ∈ L2(R2). By mimicking the proof of the joint continuity of (H − z)−N
one can conclude that the integral kernel of Pµ is jointly continuous for every
x,x′ ∈ R2.

A.2 “Black boxes” of Chapter 5

In this section we will provide more details and appropriate references for a number
of tools and “black boxes” employed in Chapter 5. This section reproduces the
content of the Appendix of [33].

A.2.1 Smoothing argument

We start by providing a smoothing argument that allows to produce real-analytic
Bloch vectors from continuous ones.

Lemma A.2.1 (Smoothing argument). Let {P (k)}k∈Rd be a family of orthogo-
nal projections admitting an analytic, Zd-periodic analytic extension to a complex
strip around Rd ⊂ Cd. Assume that there exist continuous, Zd-periodic, and orthogo-
nal Bloch vectors {ξ1, ..., ξm} for {P (k)}k∈Rd. Then, there exist also real-analytic,
Zd-periodic, and orthogonal Bloch vectors

{
ξ̂1, ..., ξ̂m

}
.

The same holds true if analyticity is replaced by Cr-smoothness for some r ∈
N ∪ {∞}.

Proof (sketch). We sketch here the proof: more details can be found in [30, Sec. 2.3].
Define

g(k) = g(k1, . . . , kd) := 1
πd

d∏
j=1

1
1 + k2

j

.

The function g is analytic over the strip{
z = (z1, . . . , zd) ∈ Cd : |Im zj | < 1, j ∈ {1, . . . , d}

}
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and obeys
∫
Rd g(k) dk = 1. For δ > 0, define gδ(k) := δ−dg(k/δ). Set

ψ(δ)
a (k) :=

∫
Rd
gδ(k− k′) ξa(k′) dk′, a ∈ {1, ...,m} , k ∈ Rd.

The above define Zd-periodic vectors which admit an analytic extension to a strip of
half-width δ around the real axis in Cd, and moreover converge to ξa uniformly as
δ → 0. We note here that an alternative way of smoothing has been suggested to us
by G. Panati: he proposed taking the convolution with the Fejér kernel, which has
the advantage of integrating on [−1/2, 1/2]d and not on the whole Rd.

Now denote φ(δ)
a (k) := P (k)ψ(δ)

a (k), for a ∈ {1, ...,m} and k ∈ Rd. Then
for any ε > 0 there exists δ > 0 such that φ(δ)

a (k) and ξa(k) are uniformly at a
distance less then ε. Moreover, as the ξa’s are orthogonal, we can make sure that the
Gram–Schmidt matrix S(δ)(k)ab :=

〈
φ

(δ)
a (k), φ(δ)

b (k)
〉
is close to the identity matrix,

uniformly in k, possibly at the price of choosing an even smaller δ. This implies
that S(δ)(k)−1/2 is real-analytic and Zd-periodic, and hence the vectors

ξ̂a(k) :=
m∑
b=1

φ
(δ)
b (k)

[
S(δ)(k)−1/2

]
ba

define the required real-analytic, Zd-periodic, and orthogonal Bloch vectors.

A.2.2 Parallel transport

We recall here the definition of parallel transport associated to a smooth and Zd-
periodic family of projections {P (k1, . . . , kd)}(k1,...,kd)∈Rd acting on an Hilbert space
H.

Fix i ∈ {1, . . . , d}. For (k1, . . . , kd) ∈ Rd, denote by k ∈ RD, D = d − 1, the
collection of coordinates different from the i-th. We use the shorthand notation
(k1, . . . , kd) ≡ (ki,k) throughout this Subsection.

Define
Ak(ki) := i [∂kiP (ki,k), P (ki,k)] , (ki,k) ∈ Rd. (A.2.1)

Then Ak(ki) defines a self-adjoint operator on H. The solution to the operator-valued
Cauchy problem

i ∂kiTk(ki, k0
i ) = Ak(ki)Tk(ki, k0

i ), Tk(k0
i , k

0
i ) = 1, (A.2.2)

defines a family of unitary operators on H, called the parallel transport unitaries
(along the i-th direction). In the following we will fix k0

i = 0. This notion coincides
with the one in differential geometry of the parallel transport along the straight line
from (0,k) to (ki,k) associated to the Berry connection on the Bloch bundle. The
parallel transport unitaries satisfy the properties listed in the following result.

Lemma A.2.2. Let {P (k)}k∈Rd be a smooth (respectively analytic) and Zd-periodic
family of orthogonal projections acting on an Hilbert space H. Then the family
of parallel transport unitaries {Tk(ki, 0)}ki∈R, k∈RD defined in (A.2.2) satisfies the
following properties:
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(i) the map Rd 3 k = (ki,k) 7→ Tk(ki, 0) ∈ U(H) is smooth (respectively real-
analytic);

(ii) for all ki ∈ R and k ∈ RD

Tk(ki + 1, 1) = Tk(ki, 0)

and
Tk+n(ki, 0) = Tk(ki, 0) for n ∈ ZD;

(iii) the intertwining property

P (ki,k) = Tk(ki, 0)P (0,k)Tk(ki, 0)−1

holds for all ki ∈ R and k ∈ RD .

A proof of all these properties can be found for example in [49] or in [30, Sec. 2.6].

In (5.5.2), the parallel transport unitary T (k) := Tk(1, 0) is employed to define the
continuous, ZD-periodic family of unitary matrices {α(k)}k∈RD . Let j ∈ {1, . . . , d},
j 6= i. The integrand in the formula (5.5.3) for degj(detα) can be expressed in terms
of the parallel transport unitaries as

trCm
(
α(k)∗∂kjα(k)

)
= TrH

(
P (0,k) T (k)∗∂kjT (k)

)
(compare [34, Lemma 6.1]). Besides, by the Duhamel formula we have

∂kjTk(ki, 0) = Tk(ki, 0)
∫ ki

0
ds Tk(s, 0)∗ ∂kjAk(s)Tk(s, 0),

where Ak(s) is as in (A.2.1) (compare [34, Lemma 6.2]). On the other hand, one
can also compute

P (ki,k) ∂kjAk(ki)P (ki,k) = P (ki,k) [∂kiP (ki,k), ∂kjP (ki,k)]P (ki,k)

so that, denoting K := (ki,k) ∈ Rd,

TrH
(
P (0,k) T (k)∗∂kjT (k)

)
=
∫ 1

0
dki TrH

(
P (K)

[
∂kiP (K), ∂kjP (K)

])
(compare [34, Eqn. (6.13)]). Putting all the above equalities together, we conclude
that

degj(detα) = 1
2πi

∫ 1

0
dkj

∫ 1

0
dki TrH

(
P (K)

[
∂kiP (K), ∂kjP (K)

])
= c1(P )ij ,

see (5.3.2). The above equality proves Proposition 5.5.3 as well as Equation (5.5.8).
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A.2.3 Cayley transform

An essential tool to produce “good” logarithms for families of unitary matrices which
inherit properties like continuity and (γ-)periodicity is the Cayley transform. We
recall here this construction.

Lemma A.2.3 (Cayley transform). Let {α(k)}k∈RD be a family of unitary ma-
trices which is continuous and ZD-periodic. Assume that −1 lies in the resolvent set
of α(k) for all k ∈ RD. Then one can construct a family {h(k)}k∈RD of self-adjoint
matrices which is continuous, ZD-periodic and such that

α(k) = eih(k) for all k ∈ RD.

If D = 2 and {α(k2, k3)}(k2,k3)∈R2 is γ-periodic (in the sense of Definition 5.6.1),
then the above family of self-adjoint matrices can be chosen to be γ-periodic as well.

Proof. The proof adapts the one in [34, Prop. 3.5]. The Cayley transform

s(k) := i (1− α(k)) (1 + α(k))−1

is self-adjoint, depends continuously on k, and is ZD-periodic (respectively γ-periodic)
if α is as well. One also immediately verifies that

α(k) = (1 + i s(k)) (1− i s(k))−1 .

Let C be a closed, positively-oriented contour in the complex plane which encircles
the real spectrum of s(k) for all k ∈ RD. Let log(·) denote the choice of the complex
logarithm corresponding to the branch cut on the negative real semi-axis. Then

h(k) := 1
2π

∮
C

log
(1 + i z

1− i z

)
(s(k)− z1)−1 dz, k ∈ RD,

obeys all the required properties.

A.2.4 Generically non-degenerate spectrum of families of unitary
matrices

The aim of this Subsection is to prove that

Proposition A.2.4. Let D ≤ 2. Consider a continuous and ZD-periodic family of
unitary matrices {α(k)}k∈RD . Then, one can construct a sequence of continuous,
ZD-periodic families of unitary matrices {αn(k)}k∈RD , n ∈ N, such that

• supk∈RD ‖αn(k)− α(k)‖ → 0 as n→∞, and

• the spectrum of αn(k) is completely non-degenerate for all n ∈ N and k ∈ RD.

In D = 2, the same conclusion holds if periodicity and homotopy are replaced by
γ-periodicity and γ-homotopy, in the sense of Definition 5.6.1.

The periodic case for D ≤ 2 has already been treated in [30], [34] and [31], but
we will sketch below the main ideas and give details on the new, γ-periodic situation.

We will need two technical results, which we state here.
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Lemma A.2.5 (Analytic Approximation Lemma). Consider a uniformly con-
tinuous family of unitary matrices α(k) where k ∈ [a, b] ⊂ R. Let I be any compact
set completely included in [a, b]. Then one can construct a sequence {αn(k)}k∈I ,
n ∈ N, of families of unitary matrices which are real-analytic on I and such that

sup
k∈I
‖αn(k)− α(k)‖ → 0 as n→∞.

If α is continuous and Z-periodic, the same is true for αn and the approximation is
uniform on R. This last statement can be extended to any D ≥ 1.

Proof (sketch). The proof proceeds in the same spirit of Lemma A.2.1 above. First,
we take the convolution with a real-analytic kernel and obtain a smooth matrix β(k)
which is close in norm to α(k). Thus κ := β∗β must be close to the identity matrix,
it is self-adjoint and real-analytic, and the same holds true for κ1/2. Finally, we
restore unitarity by writing α′ := βκ1/2 and checking that (α′)∗α′ = 1. More details
can be found in [34, Lemma A.2].

Lemma A.2.6 (Local Splitting Lemma). For R > 0 and k0 ∈ RD, denote by
BR(k0) the open ball of radius R around k0. Let {α(k)}k∈BR(k0) be a continuous
family of unitary matrices. Then, for some R′ ≤ R, one can construct a sequence
{αn(k)}k∈BR′ (k0), n ∈ N, of continuous families of unitary matrices such that

• supk∈BR(k0) ‖αn(k)− α(k)‖ → 0 as n→∞, and

• the spectrum of αn(k) is completely non-degenerate for all k ∈ BR′(k0).

The proof of the above lemma can be found in [34, Lemma A.1] for D = 1 and
in [31, Lemma 5.1] for D = 2.

Proof of Proposition A.2.4. The main idea is to lift all the spectral degeneracies of
α within the unit interval [0, 1] or the unit square [0, 1]× [0, 1], and then extend the
approximants with non-degenerate spectrum to the whole RD by either periodicity
or γ-periodicity.

We start with D = 1. By the Analytic Approximation Lemma we can find
an approximant α(1) of α which depends analytically on k. If α(1) has degenerate
eigenvalues, then they either cross at isolated points (a finite number of them in the
compact interval [0, 1]) or they stay degenerate for all k ∈ [0, 1]. Pick a point in [0, 1]
which is not an isolated degenerate point. Applying the Local Splitting Lemma, find
a continuous approximant α(2) of α(1) for which the second option is ruled out, so
that its eigenvalues cannot be constantly degenerate.

Let now α(3) be an analytic approximation of α(2), obtained by means of the
Analytic Approximation Lemma. The eigenvalues of α(3) can only be degenerate
at a finite number of points {0 < k1 < · · · < kS < 1} (we assume without loss of
generality that no eigenvalue intersections occur at k = 0: this can be achieved by
means of small shift of the coordinate). By applying the Local Splitting Lemma
to balls of radius 1/n around each such point (starting from a large enough n0),
and extending the definition of the approximants from [0, 1] to R by periodicity,
we obtain the required continuous and periodic approximants αn with completely
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non-degenerate spectrum. Notice that, under the assumption of null-homotopy of α,
the rest of the argument of Theorem 5.5.2 applies: in particular, for n sufficiently
large αn admits a continuous and periodic logarithm, namely αn(k) = eihn(k).

Now we continue with D = 2. We will only treat the γ-periodic setting, since
the periodic case for D ≤ 2 has been already analyzed in [30], [34] and [31].

We start by considering the strip [0, 1] × R. The matrix α(0, k3) is periodic,
hence we may find a smooth approximation α0(k3) which is always non-degenerate
and periodic.

The matrix α(k2, k3)α(0, k3)−1 is close to the identity near k2 = 0, and so is
α(k2, k3)α0(k3)−1. Hence if k2 is close to 0 we can write (using the Cayley transform)

α(k2, k3) = eiH0(k2,k3)α0(k3)

where H0(k2, k3) is continuous, periodic in k3, and uniformly close to zero. Due to
the γ-periodicity of α, we have that α(1, k3) and γ(k3)α0(k3)γ(k3)−1 are also close
in norm. Reasoning in the same way as near k2 = 0 we can write

α(k2, k3) = eiH1(k2,k3)γ(k3)α0(k3)γ(k3)−1

where H1(k2, k3) is continuous, periodic in k3, and uniformly close to zero near
k2 = 1.

Let δ < 1/10. Choose a smooth function 0 ≤ gδ ≤ 1 such that

gδ(k2) =
{

1 if k2 ∈ [0, δ] ∪ [1− δ, 1],
0 if 2δ ≤ k2 ≤ 1− 2δ.

For 0 ≤ k2 ≤ 1 and k3 ∈ R, define the matrix αδ(k2, k3) in the following way:

αδ(k2, k3) :=


ei(1−gδ(k2))H0(k2,k3) α0(k3) if 0 ≤ k2 ≤ 3δ,
α(k2, k3) if 3δ < k2 < 1− 3δ,
ei(1−gδ(k2))H1(k2,k3) γ(k3)α0(k3) γ(k3)−1 if 1− 3δ ≤ k2 ≤ 1.

We notice that αδ is continuous, periodic in k3 and converges in norm to α when
δ goes to zero. Moreover,

αδ(1, k3) = γ(k3)αδ(0, k3) γ(k3)−1,

which is a crucial ingredient if we want to continuously extend it by γ-periodicity to
R2.

We also note that αδ(k2, k3) is completely non-degenerate when k2 is either 0
or 1, hence by continuity it must remain completely non-degenerate when k2 ∈
[0, ε] ∪ [1− ε, 1] if ε is small enough.

Following [31], we will explain how to produce an approximation α′(k2, k3) of
αδ(k2, k3) with the following properties:

• it coincides with αδ(k2, k3) if k2 ∈ [0, ε] ∪ [1− ε, 1],

• it is continuous on [0, 1]× R and periodic in k3,
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• it is completely non-degenerate on the strip [0, 1]× R.

Assuming for now that all this holds true, let us investigate the consequences.
Because it coincides with αδ near k2 = 0 and k2 = 1, we also have:

α′(1, k3) = γ(k3)α′(0, k3)γ(k3)−1.

If k2 > 0 we define recursively

α′(k2 + 1, k3) = γ(k3)α′(k2, k3)γ(k3)−1

and if k2 < 0
α′(k2, k3) = γ(k3)−1α′(k2 + 1, k3)γ(k3).

Then α′ has all the properties required in the statement, and the proof is complete.
Finally let us sketch the main ideas borrowed from [31] which are behind the

proof of the three properties of α′ listed above.
First, the construction of α′ is based on continuously patching non-degenerate

local logarithms, which is why the already non-degenerate region k2 ∈ [0, ε]∪ [1−ε, 1]
is left unchanged.

Second, let us consider the finite segment defined by k2 ∈ [ε, 1−ε] and k3 = 0. The
family of matrices {αδ(k2, 0)} is 1-dimensional, with a spectrum which is completely
non-degenerate near k2 = ε and k2 = 1− ε. Reasoning as in the case D = 1 we can
find a continuous approximation α2(k2) which is completely non-degenerate on the
whole interval k2 ∈ [ε, 1− ε]. The matrix αδ(k2, k3)α2(k2)−1 is close to the identity
matrix if |k3| � 1, hence we may locally perturb αδ near the segment (ε, 1− ε)×{0}
so that the new α′δ is completely non-degenerate on a small tubular neighborhood
of the boundary of the segment (ε, 1− ε)× {0}. This perturbation must be taken
small enough not to destroy the initial non-degeneracy near k2 = ε and k2 = 1− ε.

Third, since αδ is periodic in k3, the local perturbation around the strip (ε, 1−
ε)× {0} can be repeated near all the strips (ε, 1− ε)× Z. The new matrix, α′′δ , will
be non-degenerate near a small tubular neighborhood of any unit square of the type
[0, 1] × [p, p + 1], with p ∈ Z. The final step is to locally perturb α′′δ inside these
squares, like in [31, Prop. 5.11]. The splitting method relies in an essential way on
the condition D ≤ 2, since it uses the fact that a smooth map between RD and R3

cannot have regular values.

A.2.5 Resolvent estimates

In this final Appendix we will prove the estimates on the matrix elements of the
resolvent of the Hamiltonian Hε that we used in Section 5.8.
Proposition A.2.7 (Combes–Thomas type estimate). Consider an operator
H0 in `2(Z2) ⊗ CQ such that its matrix elements are localized along the diagonal,
that is, ∣∣H0(γ, x; γ′, x′)

∣∣ ≤ Ce−β0‖γ−γ′‖ ∀γ, γ′ ∈ Z2 , x, x′ ∈ {1, . . . , Q}

for some positive constants C and β0. Moreover fix a compact set K ⊂ ρ(H0). Then,
there exist two constants C ′ and 0 < β < β0 such that

sup
z∈K

∥∥∥(H0 − z)−1(γ, x; γ′, x′)
∥∥∥ ≤ C ′e−β‖γ−γ′‖ , ∀ γ, γ′ ∈ Z2, x, x′ ∈ {1, . . . , Q} .



164 A. Technical results

Proof. Take γ0 ∈ Z2. Consider the operator H(γ0)
β defined by the following matrix

elements:
H

(γ0)
β (γ, x; γ′, x′) := eβ‖γ−γ0‖H0(γ, x; γ′, x′)e−β‖γ′−γ0‖ , (A.2.3)

for all γ, γ′ ∈ Z2, and x, x′ ∈ {1, . . . , Q}. Using the inequality |ex − 1| ≤ |x|e|x|,
which holds for all x ∈ R, together with the triangle inequality we have

sup
γ0∈Z2

∣∣∣H(γ0)
β (γ, x; γ′, x′)−H0(γ, x; γ′, x′)

∣∣∣ ≤ Cβ‖γ − γ′‖ e−(β0−β)‖γ−γ′‖ . (A.2.4)

Using a Schur–Holmgren estimate, as soon as β < β0 we get from (A.2.4) that
‖H(γ0)

β −H0‖ ≤ βC for all γ0. If z ∈ K ⊂ ρ(H0), we can choose a β small enough
such that the operator (

1 +
(
H

(γ0)
β −H0

)
(H0 − z)−1

)
is invertible uniformly in z and γ0. Thus we obtain that

(
H

(γ0)
β − z

)−1 = (H0 − z)−1
(
1 +

(
H

(γ0)
β −H0

)
(H0 − z)−1

)−1
,

which implies
sup
γ0∈Z2

sup
z∈K

∥∥∥(H(γ0)
β − z

)−1
∥∥∥ =: A <∞ . (A.2.5)

Also, β only depends on the minimal distance between z and the spectrum of H0.
We are now ready to prove the exponential localization of the resolvent of H0.

From the definition (A.2.3) of H(γ0)
β we obtain that e−β‖·−γ0‖H

(γ0)
β = H0e

−β‖·−γ0‖.
From this identity and from (A.2.5) we get that for every z ∈ K

(H0 − z)−1 e−β‖·−γ0‖ = e−β‖·−γ0‖(H(γ0)
β − z

)−1
. (A.2.6)

Hence (A.2.6) shows that (H0 − z)−1 e−β‖·−γ0‖ maps in the domain of the unbounded
multiplication operator eβ‖·−γ0‖. Finally, considering the vector δγ0,x′ that is equal
to 1 only in (γ0, x

′), and using the fact that in the discrete setting the `∞ norm is
bounded by the `2 norm, (A.2.5) implies∣∣∣eβ‖γ−γ0‖ (H0 − z)−1 (γ, x; γ0, x

′)
∣∣∣ =

∣∣∣((H(γ0)
β − z

)−1
δγ0,x′

)
(γ, x)

∣∣∣ ≤ A
which concludes the proof.

For the next statement, recall that Hε was defined in (5.8.1).

Proposition A.2.8. Fix a compact set K ⊂ ρ(H0). Then there exist ε0 > 0, α <∞
and C <∞ such that for every 0 ≤ ε ≤ ε0 we have that K ⊂ ρ(Hε) and:

sup
z∈K

∣∣∣(Hε − z)−1(γ, x; γ′, x′)− eiεφ(γ,γ′)(H0 − z)−1(γ, x; γ′, x′)
∣∣∣ ≤ C ε e−α‖γ−γ

′‖.

(A.2.7)
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Proof. By hypothesis we know that |H0(γ, x; γ′, x′)| ≤ C ′e−β‖γ−γ′‖ and hence Propo-
sition A.2.7 gives us that also

∣∣(H0 − z)−1(γ, x; γ′, x′)
∣∣ ≤ C ′′e−β‖γ−γ′‖, uniformly for

every z ∈ K. Consider the operator S(ε)
z defined by the following matrix elements:

S(ε)
z (γ, x; γ′, x′) := eiεφ(γ,γ′)(H0 − z)−1(γ, x; γ′, x′) ,

for all γ, γ′ ∈ Z2, and x, x′ ∈ {1, . . . , Q}. Then consider the matrix of (Hε − z)S(ε)
z .

Exploiting the magnetic phase composition rule (5.9.8) and the fact that eiεφ(γ,γ) = 1
we get

(Hε − z)S(ε)
z =: 1 + T (ε)

z , (A.2.8)

where T (ε)
z is the operator associated with the matrix elements

eiεφ(γ,γ′) ∑
γ̃∈Z2

Q∑
x̃=1

(
eiεφ(γ−γ̃,γ̃−γ′) − 1

)
H0(γ, x; γ̃, x̃)(H0 − z)−1(γ̃, x̃; γ′, x′) , (A.2.9)

for all γ, γ′ ∈ Z2, and x, x′ ∈ {1, . . . , Q}. Now note that∣∣∣eiεφ(γ−γ̃,γ̃−γ′) − 1
∣∣∣ ≤ ε

2‖γ − γ̃‖‖γ̃ − γ
′‖ .

Considering the exponential localization of H0 and (H0−z)−1, a simple computation
shows that, for every α < β,

eα‖γ−γ
′‖
∣∣∣T (ε)
z (γ, x; γ′, x′)

∣∣∣ ≤ C̃ε , (A.2.10)

where C̃ is some constant independent of z. Hence a Schur–Holmgren estimate now
proves that ‖T (ε)

z ‖ ≤ C̃ε. So, fix an ε0 such that the norm of T (ε)
z is less than 1, then

for every ε ≤ ε0 we can invert the operator 1 + T
(ε)
z . Due to the selfadjointness of

Hε we know a priori that (Hε − z) is invertible for every z such that Im z 6= 0. So,
from (A.2.8) we obtain that

(Hε − z)−1 = S(ε)
z

(
1 + T (ε)

z

)−1

and ∥∥∥(Hε − z)−1
∥∥∥ ≤ ∥∥∥S(ε)

z

∥∥∥ < C ,

where C is a constant that depends only on K and does not depend on the imaginary
part of z. So we can conclude that K is also in the resolvent set of Hε whenever
ε ≤ ε0. Finally, from (A.2.8) we have that S(ε)

z − (Hε− z)−1 = (Hε− z)−1T
(ε)
z . Since

K is in the resolvent set of Hε, using Proposition A.2.7 we infer that (Hε − z)−1

has matrix elements localized around the diagonal, hence (A.2.7) follows taking into
account (A.2.10).
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