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Wardrop Equilibrium in Discrete-Time Selfish
Routing with Time-Varying Bounded Delays

Alessandro Giuseppi, Antonio Pietrabissa

Abstract — This paper presents a multi-commodity, discrete-
time, distributed and non-cooperative routing algorithm, which is
proved to converge to an equilibrium in the presence of
heterogeneous, unknown, time-varying but bounded delays.
Under mild assumptions on the latency functions which describe
the cost associated to the network paths, two algorithms are
proposed: the former assumes that each commaodity relies only on
measurements of the latencies associated to its own paths; the
latter assumes that each commodity has (at least indirectly) access
to the measures of the latencies of all the network paths. Both
algorithms are proven to drive the system state to an invariant set
which approximates and contains the Wardrop equilibrium,
defined as a network state in which no traffic flow over the
network paths can improve its routing unilaterally, with the latter
achieving a better reconstruction of the Wardrop equilibrium.
Numerical simulations show the effectiveness of the proposed
approach.

Index Terms— Wardrop equilibrium, LaSalle’s invariance
principle, selfish routing, time-delay systems

. INTRODUCTION

ARDROP equilibria are a game-theoretical concept,

originally introduced for network games when modelling
transportation networks with congestion [1]. A system is said to
have attained a Wardrop equilibrium, in its standard adversarial
formulation, when “the journey times on all the routes actually
used are equal, and less than those which would be experienced
by a single vehicle on any unused route” [2]. In dynamic selfish
routing algorithms, each agent (e.g., cars in transportation
networks, packets in communication ones) makes its decision
for its own interest, i.e., without taking into account the
congestion and the consequent performance degradation it
causes to the other agents with its decisions [3].

The dynamic, discrete-time, algorithm presented in this
paper deals with a multi-commaodity flow problem that consists
of distributing a flow demand, split between various source and
destination facilities, over a communication network. The
convergence of the controlled network state to a set that
approximates the Wardrop equilibrium is proven by means of
standard control theory arguments, derived from LaSalle’s
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invariance principle.

The network is modelled as a time-invariant communication
graph and the total flow demand is constituted by various
constant traffic flows, or commodities, each one characterised
by a source and a destination node. The selfish routing problem
is then solved by distributing the flow demand over the
admissible network paths so that each commodity unilaterally
decides its routing. The congestion state of an edge of the
network is characterised by a cost function, referred to as edge
latency, that captures the flow distribution performances.

In the scenario described so far, the various commodities are
constituted by an infinite stream of infinitely-many arriving
agents, each being responsible for an infinitesimal amount of
traffic, or job, and each one being able to make an individual
decision regarding its routing over the available paths that
connect its source to its destination. Within the formulated
selfish  non-cooperative routing problem, the sought
equilibrium is a generalization of the Nash equilibrium, in
which no agent can improve its decision unilaterally, to the case
in which infinitely many agents compete [4], i.e., to a scenario
in which the individual decision of a single agent has no
significant impact on the performances of the others.

Firstly, it is assumed that each agent is not provided with a
model of the network and has to make its routing decisions
based only on the measures of the latencies associated to the
network edges traversed by the paths of the commodity it
belongs to. Furthermore, it is assumed that the latency measures
are subject to time-varying, unknown but bounded delays.
Under such assumptions, the proposed routing algorithm is
proved to converge to an approximation of the Wardrop
equilibrium. This paper further discusses the case in which the
agents have information also on the latencies of the paths used
by the other commodities, proving that, in this case, the system
is driven to a better approximation of the Wardrop equilibrium.

The rest of the paper is organised as follows: Section Il
presents the state of the art on selfish routing solutions and their
relation with Wardrop equilibria, and highlights the
contributions of this work; Section Ill contains the selfish
routing problem formulation; Section IV presents the proposed
discrete-time control law and discusses some useful lemmata;
Section V reports the convergence analysis of the proposed
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control solution and proves the convergence of the network to
a set of approximated Wardrop equilibria; Section VI proposes
an algorithm improvement in presence of (limited) information
exchanges; Section VII validates the approach by discussing the
results of numerical simulations, while Section VIII draws the
conclusions and discusses possible future research directions.

Il. RELATED WORK AND PROPOSED INNOVATION

Distributing flow is a fundamental aspect of any network
control and operation problem and can be particularised in order
to address several domains, spacing from communication
systems [5] to power [6] and traffic [7], [8] networks. The
problem of selfish routing arises in networks in which the flow
is constituted by autonomous agents [9], as no central entity is
responsible for the flow distribution nor can directly influence
it without modifying the network itself, for example by
introducing routing tolls or flow capacity limitations [10]. In
such scenarios, the network flow distribution and network
congestion are entirely dependent on the decisions of the
various agents and their objectives.

In the framework of selfish routing algorithms, a significant
role is played by the so-called Wardrop equilibrium [1], which
represents a network state in which no agent can unilaterally
improve its objective. In Wardrop’s typical routing problem
formulation [11], the traffic model envisages that the travel
time, or latency, associated with the network paths is a non-
decreasing function of their corresponding flow, and the
Wardrop equilibrium is consequently reached when all used
roads present an equalised travelling time. With adequate
considerations, the original definition of Wardrop equilibrium
can be extended also to capacitated networks [12], [13],
uncertain networks [14], [15] and time-varying ones [16].

It is well known that Wardrop equilibria can be computed by
centralised algorithms in polynomial time [17], but, due to the
inherently distributed nature of the network flow distribution, a
significant research effort was spent developing distributed and
dynamic solutions to drive the network to a Wardrop
equilibrium, as in [11], [16], [18]-[25]. This paper, as most of
the aforementioned ones, considers a dynamic communication
network [22], [23] whose evolution is governed by a set of
differential equations derived by mass/flow conservation laws.

Several of the works available in the literature utilise the
concepts of learning and exploration, as it is common to assume
limited knowledge regarding the state and the characteristics of
the network. In general, these approaches are built around the
idea of sampling different flow distribution strategies to
increase the knowledge of the environment, and then exploit it
to converge to certain desired states. For instance, in [18] an
asynchronous and distributed solution is presented, in which
transmission  probabilities are updated following a
reinforcement learning approach, depending on an estimation
of the network edges latencies. The authors of [11] prove, by
Lyapunov arguments, the convergence of an iterative
distributed learning solution to a Wardrop equilibrium state.

Assuming an exchange of information regarding the
congestion state of the network among agents, Fischer et al.
present in [19] a round-based algorithm, in which a finite

number of players, each one responsible for a different
commaodity, redistribute the traffic flow following a policy that
assures the convergence to an approximated equilibrium of the
same nature of the ones considered in this work. A similar
information exchange, based on an ideal bulletin board, is
proposed by the same authors also in [20], where an
approximate Wardrop equilibrium is reached, under
assumptions similar to the ones of this paper, even if the agents
are presented with stale, or delayed, information regarding the
network state. In [21], a round-based formulation of the
algorithm in [20] is proposed.

The present work extends the results of previous works from
the authors [24], [25] and the ones available in literature mainly
in two directions: (i) the asymptotic analysis and algorithm
design are extended to the multi-commodity case, which is not
explicitly discussed in the cited works, enabling the application
to more realistic scenarios; (ii) the agents of the various
commodities are provided with a measure of the network state
subject to heterogeneous, time-varying, unknown but bounded
delays; in this respect, differently from [20], which only
analyses the tolerance to delays of the algorithm developed
therein, here the delays are explicitly considered and
compensated within the algorithm development.

I1l.  MuLTI-COMMODITY SELFISH ROUTING PROBLEM

Standard notation is used throughout the paper, with ||
denoting the cardinality operator.

A. Preliminaries on Wardrop routing

The modelling framework utilised in this paper is derived
from the one in [21], commonly used in selfish-routing
problems considering an infinite population of agents, each one
carrying an infinitesimal amount of flow. In practice, in the case
for example transportation or communication networks, a
single vehicle or packet, respectively, is approximately
considered as an agent: in fact, even if the number of
vehicles/packets is finite, if the flow rates are sufficiently high,
the population approximates the infinite population assumed by
Wardrop theory [1].

We are given a network G = (V, £), where V is the finite set
of vertices or nodes, £ €V x V is the set of edges or links.
LetC denote a set of commodities with constant traffic
demands d’ > 0, Vi € C, generally expressed in jobs per unit of
time, with total demand d := ¥;cc d*. For each commodity, the
source node is connected by the network to the destination node
through the set of paths P!. Let P :== U;ec P* be the set of all
the network paths. A given path p € P includes a set of links;
let P, be the set of paths traversing the edge e, i.e., P, :==
{p €P|e€p} letP! =P, NP and let E be the set of edges
traversed by the paths in P!, i.e., £ := {e € p|p € P'}. For
each commodity i € C, let us also define the maximum number
of paths traversing an edge as n‘ = ma}éx AR

ee&l

In this modelling framework, an agent is considered to be, as
in [11], an infinitesimal portion of a specified commodity. Let
x;', be the volume of the agents, or bandwidth, of commodity i



relying on path p € P%. The vector x := (x;',)p o isthe flow

ePlie
vector or population share, whose components specify the
overall amount of traffic per unit of time flowing along path p €
P* and associated with commodity i € C. Let x, := Yec X},
xt = Ypepinp, Xp and x, = Ve x; denote the total traffic
flow over path p € P, the traffic flow of commodity i over edge
e and the total traffic flow over edge e, respectively.

Definition 1. The feasible state space, i.e., the compact set of
feasible flow vectors, is

X = {x € RPXCl|x, >0,Ve € € and Yoepixy =dLVie€ c}.

M

A metric of interest is the average response time required by
the path p € P for serving an amount of traffic equal to x,,.The
response time grows with the considered traffic flow and thus
is a reliable indicator of the path congestion status. Hence, this
quantity is defined as the latency function associated with path
p € P and is a non-negative function [, (x) : [0,d] - R;,. The
path latency is the sum of the latencies of the edges of the path,
denoted  with  [.(x.) : [0,d] » R,,, ie, [,(x)=
Yeeple(xe),Vp € P. The shape of the latency functions
depends on the application considered. One strength of the
proposed approach is that the agents only rely on measures of
the latency functions, which are not required to be explicitly
modelled. The latency functions are only assumed to have the
following properties.

Assumption 1. The latency functions [,(§¢), Ve € €, are
Lipschitz continuous and strictly increasing over the interval
[0, d]. Let B, be the local Lipschitz constant of L., 8, :== sum f3,

eep

and gt == ;nee]l))gﬁp.

Assumption 1 is a reasonable restriction since the response
time of an edge generally increases with the total amount of
traffic flow routed onto that edge. Note that the latency of a path
p € P is a function of the flow vector x, and the latency of an
edge is a function of the flow x, routed over edge e.

The agents’ aim is that of minimizing their personal latency
selfishly, without considering the impact on the global
situation. The routing problem is formulated below as the
problem of determining the strategies which will lead the flow
vector to reach a Wardrop equilibrium. In Wardrop theory,
stable flow assignments are the ones in which no agent can
improve its situation by changing its strategy (i.e., the set of
used paths) unilaterally. This objective is achieved if the
network reaches a Wardrop equilibrium.

Definition 2 ([19]). A feasible flow vector x is at a Wardrop
equilibrium if, for each path p € P* such that x) > 0, the
following relation holds: L, (x) < [,(x),Vq € P',Vi € C.

1 In case the latency functions are increasing, there are more Wardrop
equilibria; a convergence analysis under this milder assumption can be found

The set of Wardrop equilibria is then defined as

Xy ={x € X |l,(x) — l;(x) < 0, forall pairsp,q €
Pis.t.x, >0, foralli € c}.

In practice, at the Wardrop equilibrium, the latencies of all
the loaded paths for each commaodity i € C have the same value;
therefore, provided that the latency functions properly represent
the path performances, a fair exploitation of the network
resources is achieved by driving the flows towards a Wardrop
equilibrium.

In the framework of researches on Wardrop equilibria, a key
role is played by the Beckmann, McGuire, and Winsten
potential [17].

D(x) = Teee f, < L(§)dE, )
whose properties are summarised by Property 1 below.

Property 1 ([20]) Under Assumption 1, the potential (2) is
continuous and the following properties hold:
i)  there exists a unique flow, denoted with x.,, over the set
of feasible flows, minimizing @;
ii)  correspondingly, there exists a unique, positive, minimum
cI)min = q)(xeq) > 0;
i) x4 is at the Wardrop equilibrium.

Property 1 implies that, under Assumption 1, the set
Xy collapses into a unique Wardrop equilibrium?® with jobs
VECHOr X 4.

B. Preliminaries on Stability Results
The system of interest is a discrete-time system described by

x[k + 1] = f(x[k]), k = 0,1, ... ®)

with x[k] € X c R", vk = 0. Under Assumption 1, let x,, €
X be the unique equilibrium state and let us define the
Lyapunov function V (x) as follows:

Definition 3. £L: X — R is a candidate Lyapunov function for
the discrete-time nonlinear system (3) if
i) £ € ¢t andisbounded below on X,
ii) L(x) is positive definite on X, with £(x,,) =0 and
L(x) > 0if x # x.q
iii) L satisfies

AL(x[k]) = L(f (x[k])) — L(x[k]) < 0,k =0,1,2, ...
along forward trajectories of (3).

The LaSalle invariance principle for discrete-time nonlinear

in [24]. In this paper, strictly increasing functions are assumed for the sake of
simplicity.



systems in [26], [27] will be used to prove the algorithm
convergence:

Theorem 1 ([26]). Let L(x) be a candidate Lyapunov
function for the discrete-time nonlinear system (3). Then, any
bounded trajectory tends to the largest invariant subset
M contained in the locus of points defined by AL(x) = 0.

IV. PROPOSED CONTROLLER AND
SOME USEFUL LEMMATA

This section presents the proposed control law
(Section IV.A) and some lemmata (Section 1V.B) which will be
used for the convergence proof of Section V.

A. Definition of the Control System and of the Proposed
Control law

As further discussed afterwards, the proposed control law

aims at achieving an approximate Wardrop equilibrium within
the set defined as follows:

Definition 4. The set of (g, §)-Wardrop equilibria is defined
as

X{;}‘S ={x € X |l,(x) —l;(x) < ¢, forall pairsp,q €
Pis.t.x}, > 6, foralli € C}, (4)

where € > 0 represents a tolerated latency mismatchand § > 0
represents a significance threshold on the path population.

At the (g, §)-Wardrop equilibrium, the values of latencies of
all the paths p € P of each commodity i € € whose population
x{, is larger than &, hereafter referred to as §-loaded paths, differ
at most by €. As explained in Section IV.B, the parameter § is
here introduced to cope with the multi-commodity scenario.

We consider a discrete-time time-delay control system,
where, periodically every T seconds, the commodities receive
the updated measures of the latency values. At time k, each
commodity i € C receives the measure of the latency of path
p with a delay hé, [k], expressed as an integer number of sample
times, for all p € . The delays are unknown, time-varying
and bounded by the known delay upper-bound h:

hi[k] € H,Vp € PLVi€Ck =0,1,..,

with 7 == {0,1, ..., h}. The delays are collected in the delay
vector h[k] € HE*7.
Whenever clear from the context, for the sake of notation
simplicity, the latency 1, (x[k]) will be simply denoted as [, [k].
The system dynamics is described by

xh[k + 1] = x)[K] + 7 8 epi(rlp[k] — 1 [K]) , k = 0,1, ...,
(®)

where n,, [k] is the control action and is the so-called migration

rate from path p € P! to path g € P*. Similarly to a large part

of selfish-routing algorithms in the literature [19], the proposed
control law is

toqlk] = xp[klopq[klupq K], (6)

where yz",q[k] is the so-called migration policy, representing the
decision whether a population share of commaodity i assigned
to path p migrates to path g, and o}, [k] is interpreted as the
(positive) control gain and sets the rate with which the
population share of path p migrates to path q.

There is a variety of migration policies used in the literature
for delay-free continuous-time setups, such as the better
response policy

“;q(t) = {0 if lp(x(t)) - lq(x(t)) <0 .

1 otherwise

However, by using these standard migration policies in the
discrete-time, it can be shown that convergence cannot be
guaranteed even in the delay-free case, however small the
sampling time 7 is chosen [20]. In [24], a modified better
response policy to achieve an e-Wardrop equilibrium in the
discrete-time, single-commodity case (corresponding to a
(g, 0)-Wardrop equilibrium, as per definition (4)) is proposed:

0 if 1,[k] — lo[k] < ¢

Hpqlk] = {,upq (L,[K], 1,[K1 ), otherwise
where p,,(L,[k],1,[k]) is a bounded positive real-valued
function of the latency measures.

Here, we further modify the migration policy of [24] by
considering the latency measures instead of the current latency
values to cope with the delays:

R (x e = mpria]) = g (x [k~ ritil]) < e

1 otherwise
(7

where [, (x [k - h;', [k]D is the last measure of [,, available to
commodity i and with

0 < £ < min gid¢|C| (8)
iec

This bound on & has a simple interpretation in the single
commodity case, i.e., when |C| = 1, since Bid‘ represents the
maximum latency value that can be achieved by any path p €
Pt when the population of commodity i is totally conveyed over
a single path: if £ > fid’ any flow distribution is therefore at
the (6, £)-equilibrium.

The proposed controller is expressed by equations (6), (7),
with the following control gain:

Opqlk] = talBi(|Pi[+nD)lcl(1+R)’ ©)

with



o<e (10)

The controller design parameters are therefore o and «.
We consider that, initially, the population of each commodity
is distributed over all its network paths, i.e.,

,Vp € PLViEC,Vh e H.

{x;; [—h] = x}[0] >0 a1

Ypepi x5 [0] = d

Recalling the concepts of exploration/exploitation, the first
condition of (11) may be interpreted as the need for the
commodity i to explore all the available paths to perform the
latency measures?.

B. Some Useful Lemmata and Definition of the Augmented
State Space

The following Lemma will be useful for the convergence
proof presented in Section V.

Lemma 1. Under Assumption 1, considering the dynamics
(5) under the control law (6), (7), (9), with parameters set as in
(8) and (10), the latency variation of a path p € P in one time-
step is bounded as

Zlec |?1|+ i = p(f(x[k )) =1 (X[k )
ZlEC' |?|

Pil+nt

ICI(1+h)

(12)

- ICI(1+h)
Proof (see Appendix 1).

A straightforward consequence of equation (12) of Lemma 1
is that the decrease in one step of the difference between the
latency values of two paths p, g € 2 is limited from below by

(L,[k + 11 = L[k + 1]) — (L, [k] — 14 [K])
nt || __o
== |6|(1+E)Zi€" (I?"|+ni MET ) I

(13)

Before proving the next lemma, we define an augmented
state to account for the bounded delays:

z[k] = (z[k] z[k] ... zg[kDT

= (x[k] x[k —1] ... x[k—R])", (14)
with

2l = (znlK]), , = (ool — h1) _, = xlk = ],

Zpn[k] = Yice zpnlk], zpplk] = xj[k — h]. (15)

The augmented state space is defined as

_ 2 1f each commodity i € C receives the latency measures of all the paths p €
Ptevenifx,[k] = 0, itis sufficient that the initial conditions are feasible, i.e.,

Z = {z = (zy)nes |2y € X,Yh € H} = X", (16)
the unique Wardrop equilibrium as

w = (Zp)hese, With z,, = xy, Vh € H, an
and the system dynamics as

- rqp[k])
,Vp € P,

Zpo [k + 1] = Zpo [k] + TZqEP(rpq [k]
Zpl[k +1] = Zpl[k]

Sk + 11 = zy iy k]
(18)

with initial conditions (from equation (11))

z[0] = (x[kDj=-7-r+1,..0 € Z. (19)

The augmented system dynamics (18), (19), under the
control law (6)-(10), will be hereinafter referred to as
augmented selfish routing (ASR) dynamics. The ASR
dynamics yields, in vector form, the closed-loop nonlinear
system dynamics

f(zo[k])

zo[k]

z[k + 1] = g(z[k]) = (20)

Zg-) k]

Such a map from a population game to a set of difference
equations is referred to in the literature as deterministic
evolutionary dynamics [28].

The stability analysis reported in Section V is conducted with
respect to the ASR dynamics. Preliminarily, we show that the
state space Z is a positively invariant set.

Lemma 2. Z is a positively invariant set for the ASR
dynamics.

Proof (see Appendix 1).
Let us define the function

L(2) = Ynex L(zp), With L(x) = ®(x) — & (21)

min»
where ®(x) is the potential (2) and @,,,;,, is its minimum value,
which is unique, under Assumption 1, thanks to Property 1. Let
also

AL(z[k]) = Xpes AL(x[k — h]) = Xpex AL(z4[k]) =

= Tner (P(f@AlKD) = @(za[kD) ke = 0,1, ., (22)

denote the difference of the function L(z[k]) along the

equations  (11) can be substituted by x[—h] € X,VheH.



solutions of the ASR system.

Lemma 3. Under Assumption 1, function (21) is a candidate
Lyapunov function (as in Definition 3) for the ASR system.

Proof (see Appendix 1).

V. CONVERGENCE RESULT
The main convergence result is expressed by Theorem 3.

Theorem 3. Under Assumptions 1, the ASR dynamics
robustly asymptotically converges to an (e &)-Wardrop
equilibrium under heterogeneous, time-varying, unknown but
bounded delays h[k] € H <",

Proof (see Appendix 1).

Recalling that z, € Xéﬁ"s) for all z € M, Theorem 1 entails

that x[k] = z4[k] tends to the set X]fé"s), i.e., to an (g, 6)-

Wardrop equilibrium.

VI. CONTROL LAW WITH COMMUNICATIONS

From the discussions of the previous section, it is
straightforward to think of reducing the latency tolerance with
k, i.e., to have a time-varying g[k] in (7), in order to force the
system to converge to a shrinking set x;,[k]“s. The advantage
would be twofold: initially, when the latency differences are
large, one could use a large value for e[k] improving the
convergence velocity (we recall that the control gain (9) is
proportional to €); as the latency differences decrease, e[k]
could be decreased as well to drive the system to a smaller set

qu,[k]"s that better approximates the Wardrop equilibrium. A
control law with a decreasing e[k] is proposed and discussed in
[25] for the single-commodity delay-free case, and is extended
in this section to multi-commodity problems, also in the
presence of unknown, time-varying but bounded, delays.

In our multi-commodity setup, if no information is shared
among the commodities, only a heuristic law for the e[k]
dynamics could be proposed: this law should be accurately
tuned since, in practice, a too fast decay rate of e[k] would
decrease the control gain too early, affecting the algorithm
convergence speed. Conversely, in this section, we assume that
the commodities may exchange some information and we
define a time-varying tolerance e[k] such that the system
trajectories x[k] asymptotically tend to x%° i.e., such that the
latencies of the §-loaded paths are asymptotically equalised.

The time-varying control law is then modified by considering
time-varying tolerance and gain in (7) and (9), respectively:

i ] = {0 ifL, [k.— molk| =1 [k = TR < elk] g
1 otherwise
ol [k] = alk] (24)

diBi(|PH+nd)lel(1+R)

The properties of the proposed tolerance and control gain are
summarised in Assumption 2.

Assumption 2. The time-varying tolerance ¢[k] and the time-
varying gain o[k] have the following properties:

A21 g[—h] =g with0 < g, < meigl[?"d" forallh € ;
L

A2.2 ¢lk+1]<e[k],k=0,1,..and Ilim e[k] =0;

A23 olk—h]<elk],k=—h—-h+1,...

We note that A2.1 has the same meaning of equation (8), that
A2.2 states that the tolerance must be non-increasing and must
asymptotically converge to 0 and that A2.3 limits the control
gain to a future value of the tolerance. The control law described
later in this section will propose a way to set the tolerance and
the gain according to Assumption 2, under which the following
convergence result holds.

Theorem 4. Under Assumptions 1 and 2, considering the
control law (6), (23) and (24), the ASR dynamics robustly
asymptotically converges to a (0,8)-Wardrop equilibrium
under heterogeneous, time-varying, unknown but bounded
delays h[k] € H*?.

Proof (see Appendix 1).

In order to obtain a control law which can be enforced in
practice, the assumption is that each commodity (e.g., the
source node of each commodity) communicates to the other
ones its current measure of the maximum measured latency
mismatch among the §-loaded paths, computed as

max

ejlkl = 1
pe?‘|x;,[k]>6

L, [k — R, [k]] —min, [k - hg,[k]]. (25)

Then, at time k, all the commodities can compute a common
non-increasing tolerance upper-bound as

g ifk <h

eslkl =y {e_s[k — 1], maxel[k — 1]} otherwise '
ieC

(26)

with &, chosen as in equation (8), i.e., 0 < & < min B'd". Note
i

that, due to equation (26), 6 is now an additional controller

design parameter.

In [24], a time-varying tolerance law is proposed for the
single-commodity delay-free case, where €[k] is proportional,
by a parameter 0 < a < 1, to the current maximum latency
mismatch. Taking inspiration from that idea, the proposed time-
varying tolerance law and the controller gain are defined as
e[k] = aes[k —h], 27)
ok] = aes[k], (28)
respectively, where the parameter 0 < @ < 1 sets a trade-off
between the gain value and the number of flows selected for



migrations according to equation (23)3.

Assumption A2.3 holds since o[k] = e[k + h]. The non-
increasing sequence (27) is also such that the assumption A2.2
holds. In fact, let us assume that there exists a number k' such
that es[k] is constant for all k = k’. Let us define such a
constant with . In this case, both (27) and (28) are constant
for all k >k’ + h, with e[k] = aé; and o[k] = aé;, and
Theorem 3 holds. Hence, the system trajectories asymptotically

tend to the set x;]eé,dl defined as the set where the latency
mismatch among the §-loaded paths is at most aég, i.e., where
el[k] < aey for all i € ¢. Therefore, since a < 1, the error
el[k] becomes smaller than &5 in finite time, for all i € C,
which, in turn, decreases &s[k] below &5 and, hence, £[k] below
aég, contradicting the assumption.

Remark 1. In practice, initially the algorithm keeps €[k] = &,
for h time-steps and the system behaves as with the algorithm
of Section V. As ¢[k] starts decreasing, the system trajectories

are attracted by the sequence of sets {x;,[k]“s} , Which
k=0,1,...

shrink with k. The key is the migration policy (23): i) at any
time step k, equation (23) sets a minimum latency separation
g[k] for the migration between two paths; (ii) such latency
separation decreases with k, as the latency values converge.

VII. NUMERICAL SIMULATIONS

In this section, the proposed algorithm is evaluated via
numerical simulations performed with MATLAB®. The
example scenario, depicted in Fig. 1, has |C| = 2 commodities,
|E| = 17 edges and |P| = 17 paths. |P!| = 11 and |P?| =6
paths are available to commodity 1 and 2, respectively. The
paths, listed in Table 1, support the total traffic d = 1, with
d! = 0.8 and d? = 0.2, and are such that n' = 6 and 2 = 4.

In the example, the sample time is T = 0.1s and the latency
functions are assumed to be the path delays. For simulation
purposes, we implemented the following functions modelling,
for each edge, how the delay increases with the load:
le(xe) = efe™e —1, (29)
with a, = 0.45s, for e <5, a, =0.7s for 6 <e <9, a, =
0.25s for e = 10. The maximum derivatives of the edge
latency functions are computed as a,e%*c, e =1,..,17.
Considering the defined latency functions, the traffic demand
and the considered paths, the maximum path latency is bounded
by 2.24s and we obtain ' = 3.07 and 8% = 2.64.

3 Concerning the effects of the value of a on the algorithm convergence, the
reader is referred to the analysis in [24] for the single-commodity delay-free
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Figure 1. Example network (v,: node k; s;: source node of commodity i; t;:
destination node of commodity i; e, : edge k).

TABLE |
PATHS
Paths of commodity 1 Paths of commodity 2
p1 = {es, e} P12 = {ews 16}

P13 = {e1s, €9, €17}
p1a = {e1s, €5, 16}
p1s = {es, €5, €0, €17}
P16 = {e1s, €6, €17}
P17 = {e1s, €7, €10, €17}

P2 = {e1, €9, €15}

ps ={es e5,e11}

Pa = {ey, 5,64, €15}
ps = {ez €6, €12}

P = {€2,€7,€10, €15}
Py ={ez €7,€13}

ps = {e3, €10, €15}

Do = {e3, €13}

P10 = {es €, €10, €12}
P11 = {es €5, €13}

Since, in this example, the latency functions are the path
delays themselves, the delays are computed in sample times as:

holk] = [t- LIkl i=12p=1,..18k >0,

yielding time-varying values upper-bounded by h = 20.

Fig. 2 and Fig. 3 show the dynamics of the latency and
population values obtained with the algorithm with fixed
tolerance, with ¢ = 0.02, and with the algorithm with dynamic
tolerance, with g, = 0.15 and a = 0.45, with the same value
for § = 2- 1073, The two algorithms were simulated starting
from the same randomly selected initial population.

Fig. 2 shows that the maximum latency mismatch among &-
loaded paths, i.e., max{ej[k],eZ[k]}, asymptotically
approaches e. We observe that, after time k = 611 (i.e., 61.1s),
ef[k] has a sudden drop. This is due to the fact that the
population xZ[k] of path 16, which is the path of commodity 2
characterised by the highest latency, is decreasing and, at k =
612, becomes smaller than &. From that time on, the path 16 is
not a §-loaded path any longer and, thus, its latency ;¢[k] is no
more considered in the computation of e3[k]. Since the latency
of path 16 was the highest one, e3[k] instantaneously decreases
to a smaller value. The figure shows that also the population of
path 18 becomes smaller than & (at time k = 516, with no
visible effect on eZ[k] since, at that time, path 16 was still a &-
loaded one). In compliance with the (g, §)-Wardrop equilibrium
definition, the latencies of paths 16 and 18, which are not §-
loaded, are not equalised to the latencies of the other paths and
remain higher.

case, which is still meaningful in the multi-commodity case for the proposed
controller.
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Figure 3. Population dynamics (higher plot), latency dynamics (middle plot) and latency mismatch (lower plot) with dynamic tolerance (¢, = 0.15).

Analogous comments hold for the algorithm with dynamic
tolerance. Fig. 3 highlights that the advantages of this approach
are that i) initially, the tolerance ¢, can be set to a large value
to set a high gain ¢[k] and, thus, to achieve faster convergence,
and ii) as the errors e}’s decrease, £[k] is decreased according

to (27) to shrink the convergence set Xf;,[k]"s. To compare the
performance of the two algorithms, we note that the maximum

latency mismatch becomes smaller than 0.02 (which is the
asymptotic convergence value set for the first algorithm) from
k =739 on.

Fig. 3 clarifies the need of introducing the parameter & in the
definition of the approximate Wardrop equilibrium (4). If only
the paths with no load were considered as unloaded paths, path
16 would have been considered as always loaded (its population
x2,[k] goes to 0 asymptotically), its latency I;4[k] would be



always considered in the computation of eZ[k] (according to
equation (25), with & = 0) and, therefore, [k] would not
asymptotically annihilate.

VIII.

This paper presented a discrete-time, distributed and non-
cooperative algorithm for multi-commodity routing problems,
that was proven to converge to an arbitrarily small
neighbourhood of the Wardrop equilibrium even in the
presence of heterogeneous, unknown, time-varying but
bounded communication delays. The paper discussed also how
the algorithm can be improved in the case in which each
commodity is provided with some information also on the
network paths used by the other commaodities, obtaining a better
reconstruction of the Wardrop equilibrium.

Future work is aimed at extending the results of the paper in
the multi-rate system domain, assuming hence different
decision instants for the various agents, and time-varying
networks, in which both the latency functions and the network
topology may evolve over time.

CONCLUSIONS AND FUTURE WORK

APPENDIX 1

Proof of Lemma 1. Considering the generic edge e € p at
time k, the maximum latency decrease occurs when no
commodities migrate their populations from the paths not
including e to the paths including e:

le(xe[k +1])
= le (xe [k] +7T Zpe?e Zme]’\]’e (rmp [k] — Tom [k]))

2 le (xe [k] -7 Zpe?e Zme]’\]’e (rpm [k])) (Al)

Since B, is the Lipschitz constant of the function [,, it follows
that
le(xe[k +1]) = Lo (x.[k]) — TP, ZpEfPe Zme?\?’e om [k]. (A2)

Considering equations (5), (7) and (9), the last term of
equation (A2) is written as

fe Zpe?e ZmEfP\?e Tom [k] = tBe Yiec Zpeyaei Zmejbi\jbei Tpim (k]

= ZiEC Zpe?ei T.Be Zmepi\pei xé [k]aém[k]ﬂém [k]

Beo : :
= Yiec Fgnaiemnan 2merivet X k] Xpeps Hpm K],

(A3)
where the inequality holds since 8, < B! forall i such that P} #
@. Since there are at most n’ terms in the last summation of
equation (A3) and since ¥,ep, xp[k] < d', it holds that

Beo "Ii
Bilc|(1+h) |Pi|+n

Tﬂe Zpe.’Pleep ZmESpleep rpm [k] < Ziec (A4)

Given equations (Al) and (A4) and recalling that [, =
Yeeple and B = 3¢, B, for all paths p € P'i, it holds that

Beo n'
lp [k + 1] 2 Zeep (le [k] - ZiEC Bi|C|(1+ﬁ) |Ti|+T]i)

= lp[ ]
> 1 [k] -

ZLEC BL Zeep Be

|C|(1+h) |7ﬂ|+n

i

|C|(1+h)ZlEC I:PLI_H] (AS)

Similarly, the maximum latency increase occurs when no
commaodities migrate their populations from paths including e
to paths not including e:

le(xe [k + 1]) =< le(xe [k]) + Tﬁe Zme]’\?’e Zpe?e rmp [k] (A6)

Considering equations (5), (7) and (9), the last term of
equation (A6) is written as

Tﬁe Zme]’\]’e Zpe?’e Tmp [k] = Tﬁe ZiEC Zme?ei Zpe?i\?ei rr£1p [k]
= ZiEC Zmegnei Tﬁe Zpegni\gnei xrln [k]o-rlnp [k],u;np [k]

ﬁeo— . .
< Ziecmzm@; X[kl Xpepivpi hmp k], (AT)

Since there are at most || terms in the last summation of
equation (A7) it holds that

Bea |73i|

Tﬁe Zme]’\]’e Zpe?e rmp [k] < ZiEC m |73i|+77il (A8)
Given equations (A6) and (A8) it follows that
Beo |7
lp [k + 1] < Zeep (le [k] + Ziec §i|C|(1+E) |7’i|+71i)
7]
< lp [k] |C|(1+h) ZLEC |7’L|+77i (A9)

Equation (12) follows from equations (A5) and (A9). [ |

Proof of Lemma 2. It is shown in the following that, if the
initial flow vector of the considered system dynamics, z[0], lies
in Z, the flow vector z[k] lies in Z as well. Recalling equations
(15) and (18), it is sufficient to show that @) 3., cpi x;, [k] = d
and b) x}[k] = 0,vp € P, Vi € C,Vk > 0.

a) It follows from equation (5) that, foralli € Cand s > 0,

— Tiq L3)
(A10)

Zpea?i(xzi) [k +1] - x;; [k]) = sze?izqepi(rqip [k]
= T(ZpeTiZqEPi Tqip [k] - ZqE?inE?irqip[k]) = 0’

and, therefore, that 3, i xp [k] = ¥, cpi x5[0] = d',Vk = 0.
b) Given that equation (11) yields x;',[—h] >0,VheEH, itis
proven below by induction that x;', [k] = 0,Vk = 0. Assuming
that x;', [k] = 0, for a given k, it is sufficient to prove that

xhlk + 1] = xj[k] + 13 cpi(rdp[k] — 1ig[K]) = 0,Vp €
PiLVi€EC. (A11)

If x5[k] = 0, it follows that 7},[k] = 0 and thus equation
(A11) yields x5 [k + 1] = 0.



10

If x,[k] > 0, from equation (5) it follows that 75, [k] = 0.
Thus, the following inequality holds (in the worst case, no paths
migrate part of their population to a path p):

xplk + 1] = x5 [k] — Tzqe:pirpiq (k]. (A12)

A sufficient condition for inequality (Al11) to hold is then
— Tzqe?i rpiq [k] = 0.

x4 (k] (A13)

Recalling equations (6) and (9), equation (A13) is written as

xi’)[ ] TqujPl xp[k]apq[k]ﬂpq[k]
x;, k](l — T gepi O'pq[k ,upq k])

> xb[k] (1 -
> xblk] (1-

g

i
Bialle|(|Pi+ni)(1+h) ZqE?‘ Hpq [k])

g
s ) 2 0 (A14)
where the second inequality holds since the summation has at
most |P¢| terms equal to 1. In the case x5[k] > 0, equations
(8), (10) are sufficient for (A14) to hold. [

Proof of Lemma 3. From Property 1, it holds that £L(z) is
positive definite.

We need to prove that AL(z[k]) is negative semi-definite.
The definition (22) of AL(z[k]) yields

AL(z[K]) = Snesc(D(znlk + 1]) — (2, [k]))
= Tnen Tece [ ey Le(§)dE

< Zhe}[ZeES(xe[k +1- ] - xe[k - h])le(xe[k +1- h]):
(A15)

where the inequality holds from geometric considerations, as
the latency functions are strictly increasing (see Appendix 2).
Considering that

Zee&(xe[k +1- h] - xe[k - h])le(xe[k +1- h])

= ZeEEZpEIPe(xp[k +1- h] - xp[k - h]) le(xe[k +1- h])
= Yper Zeep(Xplk + 1 = h] = xp[k — h]) L, Cxe[k + 1 = h])

= Ypep(xplk + 1 —h] — x,[k — R])L,[k + 1 —h],  (Al6)

from equations (A15) and (A16), it follows that

AL(z[k]) < Ynes Zper(xp[k + 1 — h] — x,[k — R])L, [k +
1—h]. (A17)

Let us consider the inner summation of (A17) for agiven h €
H:
Tper(xplk + 1 — h] — x, [k — h])l, [k + 1 — h]
= 1Y per(Dqer Tap[k — h] = Tgep Toglk — A1) L[k + 1 — h]
= TZpe?qu?rqp[k - h] lp[k +1- h] —
TZpe? qu? Thq [k - h] lp [k +1- h]
= Tqu?Zpesprpq[k —h] lq[k +1—h]-

TZPG? qu]’ qu [k - h]lp [k + 1 - h]

= 7 pep Lqep Tpglk — h1(lg[k + 1 = h] — L[k + 1 = h]).

(A18)

We now prove that the terms
toglk — hl(l [k + 1 —h] — L[k + 1 —h])

of the last summation are either negative or null, vp, q € P.

a) If 1,4 [k — h] = 0, the term is null.

b) It is shown below that, if 7,,[k —h] >0, it holds that
Lk +1—h]—1l4[k +1—h]>0,i.e.,the considered term in
(A18) is negative.

Since we are considering the case r,,[k — h] > 0, it holds
from equations (6), (7) that

[k —h =yl =Rl = [k = h—hilk — ]| > &, (AL9)

at least for one i € C.
A useful result obtained by iteratively using Lemma 1 is that

Lk —h+1] = L[k — h + 1] ( [l = h — hi[kc — n]]

(1+ hi[k —h)) |€|(1+h)ZlEC e ) <lq [k —h—hi[k -

hl| + (1 + Ry [k = h])

|7*] )
|€|(1+h) ZlEC |7”|+7Ii . (AZO)

From equation (A20) and equation (13), given that h}[k] <
hVp € P,k = —h,—h + 1, ..., it follows that

Lk —h+ 1]—lq[k—h+1]
> (lp [k = h = Byl = h]] = 2 Sice Wm)
~ (ta [l =1 = gl = ] + £ e L)

> zp[k—h—hg[k—h]]—lq[k—h—h;,[k—h]]—a.

(A21)

From equation (10), (A19) and (A21) it follows that
Llk+1—h]-l[k+1-h]>e—-02=0, (A22)
|

Proof of Theorem 3. Thanks to the LaSalle’s invariance
principle (Theorem 1), we know that the system trajectories
asymptotically tend to the maximal invariant set M in which
AL(z) = 0, where L£(z) is the Lyapunov function (21) (see
Lemma 3). We will show below that, in our case, the set M can
be expressed as

= {z € Z|z), = z,,Vh € H{ and l,(zo) —
e‘v’p,qEPlstz >6\7’LEC’}

lq (ZO) <
(A23)
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Firstly, we note that, by definition, M’ c (X%"S)h and, hence,

that M # @ since Z° contains at least zy,.

We show now that the set (A23) is positively invariant
and AL(z) = 0 for all z € M. Let us suppose that z[0] =z €
M. By the definition (A23), it holds that 1) rpiq [0] =0,Vp,q €
P,Vi € C, implying that AL(z,[0]) = 0; 2) z,[0] = z,,_,[0]
and hence AL(z,[0]) =0,vh € H \ {0}. It follows that
AL(z[0]) = 0. Moreover, since rzfq[O] =0, it holds that
zy[1] = z,[0], which, given the dynamics (20), implies
z[1] = z[0] € M, meaning that M is positively invariant.

Now we prove that if z[0] ¢ M then either AL(z[0]) < 0 or
z[k] € M for a given k < h + 1. The demonstration relies on
the following iterative procedure:

Lp (Zhl [R+1] [h+ 1]) lq (Zhl [A+1] [h+ 1])
=1,(zo[h+ 1] ) — 1;(zo[R + 1]) < &,

and, therefore, that z[h + 1] € M (g.e.d.).

Step 0. Letj = 0.

Step 1. The following 2 cases are possible:

Case 1. z[j] € M (qg.e.d.).

Case 2. z[j] ¢ M ; the following 2 cases are possible:

Case 2.1. There exist at least one number h € H \ {0} such that
z,,[j1 # zp_1[j] with AL(z,[j]) < 0 (g.e.d.).

Case 2.2. There exist at least one number k € H \ {0} such that
z, [j] # z,,_,[j] but AL(z,[j]) = 0 for all h €  \ {0}; then
the following 2 cases are possible:

Case 2.2.1. There exist a pair p,q € P for acommodity i € C
with z o > 6 such that

by (Zh;',[j] [f]) ~l (Zhé,[j] U]) > €

implying 7, [j]1 > 0 and AL(z,[j]) < 0 (g.e.d.).

Case 2.2.2. For all pairs p,q € P* and for the commodities i €
C such that z.,,[j] > &, it holds that

by (Zh,i,[f] [f]) —lq (Zhé,[j] U]) s (A24)
implying i, [j] = 0, which, in turn, implies AL(Z,[j]) = 0
and z,[j + 1] = z,[j]. Note that, at the j-th iteration of Case
2.2, the system dynamics (20) leads to

zo[j + 1] = z,[0];

z1[j + 1] = z,[0]; (A25)

z[j + 1]---= z,[0].

If j < h, letj = j + 1 and repeat the procedure from Step 1.
Otherwise, if j = h, it follows from (A25) that z,[h + 1] =
z,[0],vh € H, which, in turn, considering equation (A24),
implies that, for all p, g € P* such that 25, > & and for all i €
C,

In order to apply the LaSalle’s invariance principle, M’ must
be the maximal invariant set, which contains all and only the
invariant trajectories of the system.

We firstly show that all points in M are part of an invariant
trajectory. Recalling that we have already proven that M is
positively invariant, let z[0] € M. The trajectory that stays
identically in z[0], i.e., z[k] = z[0],k = 1,2, ..., represents a
valid evolution of the system that remains in M for all k € R.

Secondly, for the discussion regarding Case 2.2 of the
iterative procedure, no other points for which AL(z) = 0 can
stay identically outside of the set M. Furthermore, no other
invariant trajectory of interest for the system exists, as in any
trajectory that does not stay identically in a point there must
exist a pair p,q € P* and a commodity i € ¢ for which
rpiq [k] > 0, for some k € R. Since we have shown in the proof
of Lemma 3 that r},[k] > 0 implies AL(z[k]) <O, this
concludes the proof. n

Proof of Theorem 4. The proof follows the same steps of the
ones of Lemmata 1-3 and of Theorem 3, therefore here we will
only specify the differences due to the time-varying tolerance
and gain values. Specifically, the only key difference is that the
gain o[k] is time-varying and, by assumption A2.2, non-
increasing, i.e.:

olk] < o [k —hb[k]| < o[k —h],vp e Piviec.
From Lemma 1, it holds thus that

Lk —h+1] = l[k —h+1] ( [k h— hi[k — h]]

o[k—h-h]
|Cl(1+R) Liec |7ﬂ|+n ) +

= (g [l = h = Bl = 1] + (1 + R Ik
W) et e )

|e](1+h) Pi|+nt

(1+hi[k —h])Z

(A26)

for all h € H (instead of equation (A20)) and equation (A21)
of Lemma 3 becomes

lp[k—h+1]—lq[k—h+1]zlp[k—h—hg[k—h]]—

Iy [k = h = B[k = B]| - o[k — n = ], (A27)
entailing that condition (A22) becomes
Llk+1—h]—l[k+1—h]>

>elk—h]—alk—h—h] >0, (A28)

which holds by assumption A2.3. [
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APPENDIX 2

If x.[k + 1] > x,.[k], the upper plot of Fig. 4 shows that the
quantity (x.[k + 1] — x.[k]DI.(x.[k + 1]), equal to the area of
the rectangle with bold lines, is larger than the integral

f;e[[kk]ﬂ] 1,(§)d¢, equal to the grey area. If x,[k + 1] < x,[k],

the lower plot shows that (x.[k] — x.[k + 1)1 (x.[k + 1]),
equal to the area of the rectangle with bold lines, is smaller than

the integral f:[z(i 11 le(§)d¢, equal to the grey area.

Le(x)

le (e [k + 1])
Le (xe[k])

0 Xe[k] xelk+1] d x

le(x)

Lo (xe[k])
I Cee [k + 1) l |

0 Xelk + 1] x.[k] d x

Figure 4. Geometrical considerations on the latency functions.
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