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Abstract

This note contains a reformulation of the Hodge index theorem within the framework of Atiyah’s L2-
index theory. More precisely, given a compact Kähler manifold (M,h) of even complex dimension 2m, we
prove that

σ(M) =

2m∑
p,q=0

(−1)php,q
(2),Γ(M)

where σ(M) is the signature of M and hp,q
(2),Γ(M) are the L2-Hodge numbers of M with respect to a Galois

covering having Γ as group of Deck transformations. Likewise we also prove an L2-version of the Frölicher
index theorem, see (3). Afterwards we give some applications of these two theorems and finally we conclude
this paper by collecting other properties of the L2-Hodge numbers.

Keywords: Von Neumann dimension, Hodge index theorem, Kähler manifolds, L2-Hodge numbers, Kähler
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Introduction

The purpose of this paper is to collect some applications of the L2-index theory in the setting of compact
complex manifolds. L2-index theory was introduced in 1976 by Atiyah in his seminal paper [1]. Since then it
became a deep and rich research topic with several applications to the geometry and topology of manifolds.
Just to mention some of its great achievements we can recall the construction of new families of topological
invariants such as the L2-Betti numbers and the Novikov-Shubin invariants, the construction of more refined
invariants such as the L2-analytic torsion and the Cheeger-Gromov ρ(2)-invariant and many other applications
to the geometry of manifolds such as the solution provided by Gromov, in the framework of negatively curved
Kähler manifolds, of the Hopf conjecture. We invite the reader to consult [10] for an in-depth discussion on
this topic. In this paper we focus on two classical results of complex geometry, the Hodge index theorem and
a theorem due to Frölicher which gives the Euler characteristic of a compact complex manifold in terms of
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its Hodge numbers. More precisely the former theorem says that given a compact Kähler manifold (M,h) of
complex dimension m = 2n we have

σ(M) =

m∑
p,q=0

(−1)php,q
∂

(M) (1)

where σ(M) is the signature of M , that is the signature of the intersection form of M in middle degree. The
latter theorem, that from now on will be called Frölicher index theorem for the sake of simplicity, says that
given a compact complex manifold M of complex dimension m its Euler characteristic satisfies

χ(M) =

m∑
p,q=0

(−1)p+qhp,q
∂

(M). (2)

The first aim of this note is to reformulate the above two theorems by replacing the terms on the right hand
sides of (1) and (2) with the corresponding L2-versions. More precisely one of the main result of this paper can
be summarized in this way:

Theorem 0.1. Let M be a compact complex manifold of complex dimension m and let π : M̃ → M be any
Galois Γ-covering of M where Γ stands for the group of deck transformations of M̃ . Its Euler characteristic
satisfies

χ(M) =

m∑
p,q=0

(−1)p+qhp,q
(2),Γ,∂

(M). (3)

Assume now that m = 2n and that M admits a Kähler metric. Then σ(M), the signature of M , satisfies

σ(M) =

m∑
p,q=0

(−1)php,q(2),Γ(M). (4)

We refer to the first section of this paper for the definition and the main properties of the L2-Hodge numbers
hp,q

(2),Γ,∂
(M) and hp,q(2),Γ(M). The second main goal of this note is to explore various applications of Th. 0.1.

We are particularly interested in the Euler characteristic of compact, Kähler, Kähler parabolic manifolds, an
interesting class of compact Kähler manifolds that includes those with non-positive sectional curvatures, see
Def. 3.2. Some of our applications can be summarized as follows:

Theorem 0.2. Let (M,h) be a compact, Kähler, Kähler-parabolic manifold of complex dimension 2m. Assume
that σ(M) 6= 0. We have the following properties:

1. The Euler characteristic of M satisfies χ(M) > 0.

2. Let (M̃, h̃) be the universal covering of (M,h) and let h̃ := π∗h. Then there exists at least one pair (p, q)
with p + q = 2m such that hp,q(2)(M) 6= 0. In particular the corresponding space of L2-harmonic forms

Hp,q2 (M̃, h̃) is infinite dimensional.

Focusing on compact Kähler surfaces we have more applications that can be summarized as follows:

Theorem 0.3. Let (M,h) be a compact Kähler surface with infinite fundamental group. Let π : M̃ → M be
the universal covering of (M,h) and let h̃ := π∗h. We have the following properties:

1. Assume that σ(M) 6= 0. Then there exists at least one pair (p, q) with p + q = 2 such that hp,q(2)(M) 6= 0.

In particular the corresponding space of L2-harmonic forms Hp,q2 (M̃, h̃) is infinite dimensional.

2. Assume that σ(M) > 0. Then M satisfies h2,0
(2)(M) > 0 and therefore H2,0

2 (M̃, h̃), that is the space of

holomorphic L2-(2, 0)-forms on (M̃, h̃), is infinite dimensional.

3. Assume that h1,0
(2)(M) = 0 and that σ(M) 6= 0. Then χ(M) > 0.

4. Assume that h1,0
(2)(M) = 0 and that σ(M) > 0. Then χ(M) > 0 and χ(M,OM ) > 0.

5. Assume that (M,h) has non-positive sectional curvatures and that σ(M) > 0. Then the Kodaira dimension
of M is 2. In particular M is projective algebraic.
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We continue now this introduction by describing the structure of this paper. The first section is divided in
two parts. The first subsection contains some generalities about d, ∂ and the corresponding L2-cohomologies. In
the second subsection we recall briefly the notion of Von Neumann dimension and then we proceed by defining
the L2-Hodge numbers. The second section is devoted to Th. 0.1 and its proof. The third section is concerned
with the applications of Th. 0.1, some of them have been previously summarized in Th. 0.2 and Th. 0.3.
Finally the fourth and last section of this note collects other properties of the L2-Hodge numbers. We can
summarize them as follows:

Theorem 0.4. Let M1 and M2 be two compact complex manifolds of complex dimension m. Assume that there
exists a modification φ : M1 →M2. Then we have the following equality:

hm,0
(2),∂

(M1) = hm,0
(2),∂

(M2).

Corollary 0.1. Let M1 and M2 be two compact complex manifolds of complex dimension m. Assume that they
are bimeromorphic.

1. We have the following equality: hm,0
(2),∂

(M1) = hm,0
(2),∂

(M2).

2. Assume now that m = 2 and that both M1 and M2 admit a Kähler metric. Then hp,0(2)(M1) = hp,0(2)(M2)

for each p = 0, 1, 2 and h0,q
(2)(M1) = h0,q

(2)(M2) for each q = 0, 1, 2. Moreover h1,1(M1) = h1,1(M2) if and

only if h1,1
(2)(M1) = h1,1

(2)(M2).

Finally we conclude this introduction with the following remark. It seems reasonable to expect that these
results are already known by the experts of this area. On the other hand we were not able to find them in
the literature. So we have thought that writing them down could provide a useful service to the mathematical
community.

Acknowledgments. This work was performed within the framework of the LABEX MILYON (ANR-10-LABX-
0070) of Université de Lyon, within the program ”Investissements d’Avenir” (ANR-11-IDEX-0007) operated by
the French National Research Agency (ANR).

1 Background material

1.1 Generalities on d, ∂ and the corresponding L2-cohomologies

This section contains a brief summary concerning some aspects of the L2-de Rham cohomology and the L2-∂-
cohomology. We refer to [4] and [10] for a thorough discussion of this subject. Let (M,h) be a complex manifold
of complex dimension m endowed with a complete Hermitian metric h. In what follows we will label by ∂p,q :

Ωp,q(M) → Ωp,q+1(M) the Dolbeault operator acting on (p, q)-forms and with ∂
t

p,q : Ωp,q+1(M) → Ωp,q(M)

the formal adjoint of ∂p,q with respect to the metric h. With ∆∂,p,q : Ωp,q(M) → Ωp,q(M) we will label the

Hodge-Kodaira Laplacian acting on (p, q)-forms while with ∂p + ∂
t

p we will label the Hodge-Dolbeault operator

acting on Ωp,•(M). ∆∂,p,q is defined as ∆∂,p,q := ∂
t

p,q ◦∂p,q+∂p,q−1 ◦∂
t

p,q−1 while ∂p+∂
t

p : Ωp,•(M)→ Ωp,•(M)

is the operator given by Ωp,•(M) :=
⊕m

q=0 Ωp,q(M) and ∂p + ∂
t

p|Ωp,q(M) := ∂p,q + ∂
t

p,q−1. Consider now the

Hilbert space L2Ωp,q(M,h). This is the space given by measurable (p, q)-forms ω such that 〈ω, ω〉L2Ωp,q(M,h) :=∫
M
h(ω, ω) dvolh <∞ where dvolh is the volume form manufactured from h and, with a little abuse of notations,

we have still labeled by h the Hermitian metric induced by h on Λp,q(M). A well known result says that Ωp,qc (M),
the space of smooth (p, q)-forms with compact support, is dense in L2Ωp,q(M,h). Analogously to the case of
Ωp,•(M) we define L2Ωp,•(M,h) :=

⊕m
q=0 L

2Ωp,q(M,h) and Ωp,•c (M) :=
⊕m

p=0 Ωp,qc (M). We consider now

∂p,q : L2Ωp,q(M,h)→ L2Ωp,q+1(M,h) (5)

∂p + ∂
t

p : L2Ωp,•(M,h)→ L2Ωp,•(M,h) (6)

and
∆∂,p,q : L2Ωp,q(M,h)→ L2Ωp,q(M,h) (7)
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as unbounded, closable and densely defined operators defined respectively on Ωp,qc (M), Ωp,•c (M) and Ωp,qc (M).
Another well known result tells us that both (6) and (7) are essentially self-adjoint, see for instance [15] or [?].
This is actually equivalent to saying that (6) and (7) admit a unique closed extension. Moreover, using the
fact that (6) and (7) are essentially self-adjoint, we get that also (5) admits a unique closed extension, see [4].
Hence from now on with a little abuse of notation we will label with

∂p,q : L2Ωp,q(M,h)→ L2Ωp,q+1(M,h) (8)

∂p + ∂
t

p : L2Ωp,•(M,h)→ L2Ωp,•(M,h) (9)

∆∂,p,q : L2Ωp,q(M,h)→ L2Ωp,q(M,h) (10)

the unique closed extension of (5), (6) and (7) respectively. We have an orthogonal decomposition of L2Ωp,q(M,h)
given by

L2Ωp,q(M,h) = Hp,q
2,∂

(M,h)⊕ im(∂p,q)⊕ im(∂
t

p,q) (11)

where Hp,q
2,∂

(M,h) is defined as Hp,q
2,∂

(M,h) := ker(∂p,q) ∩ ker(∂
t

p,q−1). It is easy to check that Hp,q
2,∂

(M,h) =

ker(∆∂,p,q) and im(∂p,q) ⊕ im(∂
t

p,q) = im(∆∂,p,q). The reduced L2-Dolbeault cohomology is defined as the
quotient

H
p,q

2,∂(M,h) :=
ker(∂p,q)

im(∂p,q−1)
. (12)

The vector space H
p,q

2,∂(M,h) can be infinite dimensional and in general it depends on the metric h. On the
other hand it is stable if h is replaced with another metric k which lies in the same quasi-isometry class of
h, that is H

p,q

2,∂(M,h) = H
p,q

2,∂(M,k) if c−1h ≤ k ≤ ch for some constant c > 0. It is immediate to check

from (11) that H
p,q

2,∂(M,h) ∼= Hp,q
2,∂

(M,h). Moreover it is another straightforward verification to check that

ker(∂p + ∂
t

p) =
⊕m

q=0H
p,q

2,∂
(M,h). Finally if we replace ∂p,q with ∂p,q then we have analogous definitions and

properties for the operators ∂p,q : L2Ωp,q(M,h) → L2Ωp+1,q(M,h), ∂q + ∂tq : L2Ω•,q(M,h) → L2Ω•,q(M,h),

∆∂,p,q : L2Ωp,q(M,h)→ L2Ωp,q(M,h) and the groups Hp,q∂ (M,h) := ker(∂p,q) ∩ ker(∂tp,q−1) and H
p,q

2,∂(M,h) :=

ker(∂p,q)/im(∂p−1,q). Now we go on to consider the de Rham differential dk : Ωk(M) → Ωk+1(M). In this
case we will only need to assume that M is a smooth manifold and h is a Riemannian metric on M . As
in the previous case and with self-explanatory notations we have the formal adjoint of dk with respect to h,
dtk : Ωk+1(M) → Ωk(M), the Hodge-de Rham operator d + dt : Ω•(M) → Ω•(M) and the Hodge Laplacian
∆k : Ωk(M)→ Ωk(M), ∆k = dtk ◦ dk + dk−1 ◦ dtk−1. Also in this case we will consider

dk : L2Ωk(M,h)→ L2Ωk+1(M,h) (13)

d+ dt : L2Ω•(M,h)→ L2Ω•(M,h) (14)

∆k : L2Ωk(M,h)→ L2Ωk(M,h) (15)

as unbounded, closable and densely defined operators defined respectively on Ωkc (M), Ω•c(M) and Ωkc (M) and,
analogously to the previous case, we have that (14) and (15) are essentially self-adjoint and (13) admits a unique
closed extension. Clearly also (14) and (15) admit a unique closed extension as a consequence of the fact that
they are essentially self-adjoint. Therefore, with a little abuse of notation, from now on with

dk : L2Ωk(M,h)→ L2Ωk+1(M,h) (16)

d+ dt : L2Ω•(M,h)→ L2Ω•(M,h) (17)

∆k : L2Ωk(M,h)→ L2Ωk(M,h) (18)
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we will label the unique closed extensions of (13), (14) and (15) respectively. On the space L2Ωk(M,h) we have
an orthogonal decomposition given by

L2Ωk(M,h) = Hk2(M,h)⊕ im(dk)⊕ im(dtk) (19)

where Hk2(M,h) is defined as Hk2(M,h) := ker(dk)∩ker(dtk−1). It is easy to check that Hk2(M,h) = ker(∆k) and

im(dk)⊕ im(dtk) = im(∆k). Also in this case we define the reduced L2-de Rham cohomology as the quotient

H
k

2(M,h) :=
ker(dk)

im(dk−1)
. (20)

For the vector space H
k

2(M,h) hold analogous considerations to those made for (12). It can be infinite dimen-
sional and in general it depends on the metric h. However if k is another metric such that c−1h ≤ k ≤ ch

for some constant c > 0 then we have H
k

2(M,h) = H
k

2(M,k). It is immediate from (19) to check that

H
k

2(M,h) ∼= Hk2(M,h) and that ker(d+ dt) =
⊕m

k=0Hk2(M,h).
Finally we conclude this section with the following remarks. In the general case of a complete Hermitian man-
ifold (M,h) we have a C-anti-linear isomorphism Hp,q

2,∂
(M,h) ∼= Hq,p2,∂(M,h) induced by the conjugation and a

C-linear isomorphism Hp,q
2,∂

(M,h) ∼= Hm−q,m−p2,∂ (M,h) induced by the Hodge star operator. These two isomor-

phisms together induce the C-anti-linear isomorphism Hp,q
2,∂

(M,h) ∼= Hm−p,m−q
2,∂

(M,h). Moreover the Hodge

star operator induces also a C-linear isomorphism between Hk2(M,h) and H2m−k
2 (M,h). Furthermore if we

assume that h is Kähler then we have a decomposition Hk2(M,h) =
⊕

p+q=kH
p,q

2,∂
(M,h) and a C-anti-linear

isomorphism Hp,q
2,∂

(M,h) ∼= Hq,p
2,∂

(M,h), the latter as a consequence of the equality Hp,q
2,∂

(M,h) = Hp,q2,∂(M,h)

and the C-anti-linear isomorphism Hp,q
2,∂

(M,h) ∼= Hq,p2,∂(M,h) induced by the conjugation. These properties

follow by the fact that in the Kähler case we have ∆k = 2∆∂,p,q and ∆∂,p,q = ∆∂,p,q on Ωp,qc (M). Therefore, as

unbounded and closed operators acting on L2Ωk(M,h) and on L2Ωp,q(M,h), we have ∆k = 2
⊕

p+q=k ∆∂,p,q

and ∆∂,p,q = ∆∂,p,q respectively. Hence, when (M,h) is Kähler, we can simply write Hp,q2 (M,h) and H
p,q

2 (M,h)

instead of Hp,q
2,∂

(M,h) and H
p,q

2,∂(M,h).

1.2 Coverings and Von-Neumann dimension

In this section we recall the definition of the L2-Betti numbers and L2-Hodge numbers. We introduce only
what is strictly necessary for our purposes without any goal of completeness. For an in-depth treatment of this
topic we refer to [10]. We also invite the reader to consult the seminal paper of Atiyah [1]. Finally for a quick
introduction we refer to [11] and to [13].
Let (M, g) be a compact Riemannian manifold of dimension m. Let π : M̃ → M be a Galois covering of M
and let g̃ := π∗g be the pull-back metric on M̃ . Let Γ be the group of deck transformations acting on M̃ ,
Γ × M̃ → M̃ . We recall that Γ is a discrete group whose action on M̃ preserves the fibers of M̃ , that is
π(γ(p̃)) = π(p̃) for each p̃ ∈ π−1(p) and for each γ ∈ Γ. Moreover the action is transitive on all fibers and
properly discontinuous and we have M̃/Γ = M . In what follows we will simply summarize this data by saying
that π : M̃ →M is a Galois Γ-covering. An open subset A ⊂ M̃ is a fundamental domain of the action of Γ on
M̃ if

• M̃ =
⋃
γ∈Γ γ(A),

• γ1(A) ∩ γ2(A) = ∅ for every γ1, γ2 ∈ Γ with γ1 6= γ2,

• A \A has zero measure.

It is not difficult to see that L2Ωk(M̃, g̃) ∼= L2Γ⊗ L2Ωk(A, g̃|A) ∼= L2Γ⊗ L2Ωk(M, g) where a basis for L2Γ is
given by the functions δγ with γ ∈ Γ defined as δγ(γ′) = 1 if γ = γ′ and δγ(γ′) = 0 if γ 6= γ′. Moreover it is

clear that Γ acts on L2Ωk(M̃, g̃) by isometries. Consider now a Γ-module V ⊂ L2Ωk(M̃, g̃), that is a closed
subspace of L2Ωk(M̃, g̃) which is invariant under the action of Γ. If {ηj}j∈N is an orthonormal basis for V then
the following quantity is finite ∑

j∈N

∫
A

g̃(ηj , ηj)|A dvolg̃|A
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and does not depend either on the choice of the orthonormal basis of V or on the choice of the fundamental
domain of the action of Γ on M̃ . Therefore if B is another fundamental domain and {αj}j∈N is another
orthonormal basis for V we have

∑
j∈N

∫
A
g̃(ηj , ηj)|A dvolg̃|A =

∑
j∈N

∫
B
g̃(αj , αj)|B dvolg̃|B . The Von-Neumann

dimension of a Γ-module V is therefore defined as

dimΓ(V ) :=
∑
j∈N

∫
A

g̃(ηj , ηj)|A dvolg̃|A

where {ηj}j∈N is any orthonormal basis for V and A is any fundamental domain of the action of Γ on M̃ .
The previous considerations show that the above definition is well posed. Since the Hodge Laplacian ∆k :
L2Ωk(M̃, g̃) → L2Ωk(M̃, g̃) commutes with the action of Γ, a natural and important example of Γ-module is
provided by the space of L2 harmonic forms of degree k, Hk2(M̃, g̃), for each k = 0, ...,m. Analogously if (M,h)
is a compact complex Hermitian manifold of complex dimension m, π : M̃ → M is a Galois Γ-covering and
h̃ = π∗h is the pull-back metric on M̃ we have L2Ωp,q(M̃, h̃) ∼= L2Γ ⊗ L2Ωp,q(A, h̃|A) ∼= L2Γ ⊗ L2Ωp,q(M,h)
and besides the Γ-modules Hk2(M̃, h̃) we have also the Γ-modules Hp,q

2,∂
(M̃, h̃).

We recall now the definition of the L2-Betti numbers and, in the complex Hermitian setting, that of L2-Hodge
numbers. The L2-Betti numbers of a compact Riemannian manifold (M, g) with respect to a Galois Γ-covering
π : M̃ →M endowed with the pull-back metric g̃ := π∗g are defined as

b
(2)
k,Γ(M) := dimΓ(Hk2(M̃, g̃))

for k = 0, ...,m. The L2-Betti numbers b
(2)
k,Γ(M) are nonnegative real numbers and their value does not depend

on the choice of the Riemannian metric on M . Likewise if (M,h) is a compact complex Hermitian manifold of
complex dimension m, π : M̃ →M is a Galois Γ-covering and h̃ := π∗h we have the L2-Hodge numbers defined
as

hp,q
(2),Γ,∂

(M) := dimΓ(Hp,q
2,∂

(M̃, h̃)).

Also in this case hp,q
(2),Γ,∂

(M) are nonnegative real numbers independent on the choice of the Hermitian metric

on M . We recall now two deep results which are both a particular case of the celebrated Atiyah’s L2-index
theorem, see [1]. For the first theorem below see [1] pag. 71. The second one, although not explicitly stated
in [1], follows by using, in setting of Hermitian manifolds, the same strategy used to derive Th. 1.1 in that of
Riemannian manifolds.

Theorem 1.1. Let (M, g) be a compact Riemannian manifold of dimension m. Let π : M̃ → M be a Galois
Γ-covering of M and let g̃ := π∗g be the pull-back metric on M̃ . Then we have

m∑
q=0

(−1)qbk(M) =

m∑
q=0

(−1)qb
(2)
k,Γ(M, g).

Theorem 1.2. Let (M,h) be a compact complex Hermitian manifold of complex dimension m. Let π : M̃ →M
be a Galois Γ-covering of M and let h̃ := π∗h be the pull-back metric on M̃ . Then for any fixed p ∈ {0, ...,m}
we have

m∑
q=0

(−1)qhp,q
∂

(M) =

m∑
q=0

(−1)qhp,q
(2),Γ,∂

(M,h).

We add now some observations. Let (M, g) be a compact Riemannian manifold with infinite fundamental group.

Let π : M̃ → M be a Galois Γ-covering with Γ infinite too. Then we have b
(2)
0,Γ(M) = 0. Indeed let p be any

point in M . Let U be a sufficiently small open neighborhood of p such that π−1(U) = ∪n∈NUn, Ui ∩ Uj = ∅
for i 6= j and π|Un

: Un → U is a diffeomorphism. This in turn implies that π|Un
: (Un, g̃|Un

) → (U, g|U ) is
an isometry and therefore we have volg̃(M̃) ≥

∑
n∈N volg̃(Un) =

∑
n∈N volg(U) = ∞. Hence volg̃(M̃) = ∞.

It is now a classical result of global analysis that the only L2-harmonic function on a complete Riemannian
manifold of infinite volume is 0, see for instance [6] Th. 1 or [15] pag. 59. In conclusion H0

2(M̃, g̃) = 0 and so

b
(2)
0,Γ(M) = 0. Consider now the case of a compact complex Hermitian manifold (M,h) of complex dimension

m. Let π : M̃ → M be a Galois Γ-covering of M and let h̃ := π∗h. As recalled in the previous section we
have C-linear isomorphism Hk2(M̃, h̃) ∼= H2m−k

2 (M̃, h̃) induced by the Hodge star operator and a C-anti-linear
isomorphism Hp,q

2,∂
(M̃, h̃) ∼= Hm−p,m−q

2,∂
(M̃, h̃) obtained by taking the composition of the Hodge star operator
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and the conjugation. Hence at the level of L2-Betti numbers and L2-Hodge numbers we get the following
equalities:

b
(2)
k,Γ(M) = b

(2)
2m−k,Γ(M), hp,q

(2),∂,Γ
(M) = hm−p,m−q

(2),∂,Γ
(M). (21)

When (M,h) is Kähler, we have Hp,q
2,∂

(M̃, h̃) = Hp,q2,∂(M̃, h̃), Hk2(M̃, h̃) =
⊕

p+q=kH
p,q

2,∂
(M̃, h̃) and a C-anti-linear

isomorphism Hp,q
2,∂

(M̃, h̃) ∼= Hq,p
2,∂

(M̃, h̃) that follows by the equality Hp,q
2,∂

(M̃, h̃) = Hp,q2,∂(M̃, h̃) and the C-anti-

linear isomorphism Hp,q
2,∂

(M̃, h̃) ∼= Hq,p2,∂(M̃, h̃) induced by the conjugation. Therefore in the Kähler setting we

can simply write hp,q(2),Γ(M) for the L2-Hodge numbers of (M,h) and, in addition to (21), we have the following
properties:

b
(2)
k,Γ(M) =

⊕
p+q=k

hp,q(2),Γ(M), hp,q(2),Γ(M) = hq,p(2),Γ(M). (22)

We conclude this section with the following remark about the notation: if π : M̃ →M is the universal covering

of M then we will simply write b
(2)
k (M) instead of b

(2)
k,Γ(M) for the L2-Betti numbers of M with respect to

π : M̃ → M . Analogously if π : M̃ → M is the universal covering of a compact complex manifold M then
we will write hp,q

(2),∂
(M) instead of hp,q

(2),Γ,∂
(M) for the L2-Hodge numbers of M with respect to π : M̃ → M .

Finally if M admits a Kähler metric then we will simply write hp,q(2)(M) for the L2-Hodge numbers of M with

respect to its universal covering π : M̃ →M .

2 Hodge and Frölicher index theorems via Von Neumann dimension

This section contains two of the main results of this paper. In the first theorem we provide a reformulation
of the classical Hodge index theorem by replacing the Hodge numbers with the L2-Hodge numbers. Similarly
the second result is a reformulation of the classical Frölicher index theorem made again by using the L2-Hodge
numbers.

Theorem 2.1. Let (M,h) be a compact Kähler manifold of complex dimension m = 2n. Let π : M̃ →M be a
Galois Γ-covering of M and let h̃ := π∗h be the pull-back metric on M̃ . Then

σ(M) =

m∑
p,q=0

(−1)php,q(2),Γ(M).

Proof. Consider the well known Hodge index theorem:

σ(M) =

m∑
p,q=0

(−1)php,q(M).

We can rewrite the above formula as

σ(M) =h0,0(M)− h1,0(M) + h2,0(M)− ....+ hm,0(M)+ (23)

h0,1(M)− h1,1(M) + h2,1(M)− ....+ hm,1(M) + ...

...+ h0,m(M)− h1,m(M) + h2,m(M)− ....+ hm,m(M) =

using the fact that hp,q(M) = hq,p(M) since (M,h) is Kähler,

h0,0(M)− h0,1(M) + h0,2(M)− ....+ h0,m(M)+

h1,0(M)− h1,1(M) + h1,2(M)− ....+ h1,m(M) + ...

...+ hm,0(M)− hm,1(M) + hm,2(M)− ....+ hm,m(M)

that is

σ(M) =

m∑
q=0

(−1)qh0,q(M) +

m∑
q=0

(−1)qh1,q(M) + ...+

m∑
q=0

(−1)qhm,q(M).

Using Th. 1.2 we have

σ(M) =

m∑
q=0

(−1)qh0,q
(2),Γ(M) +

m∑
q=0

(−1)qh1,q
(2),Γ(M) + ...+

m∑
q=0

(−1)qhm,q(2),Γ(M)
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and by the fact that hp,q(2),Γ(M) = hq,p(2),Γ(M) we get that

σ(M) =

m∑
p=0

(−1)php,0(2),Γ(M) +

m∑
p=0

(−1)php,1(2),Γ(M) + ...+

m∑
p=0

(−1)php,m(2),Γ(M)

that we can rewrite as

σ(M) =

m∑
p,q=0

(−1)php,q(2),Γ(M).

The proof is thus complete.

We come now to the other result of this section.

Theorem 2.2. Let (M,h) be a compact complex Hermitian manifold of complex dimension m. Let π : M̃ →M
be a Galois Γ-covering of M and let h̃ := π∗h be the pull-back metric on M̃ . Then

χ(M) =

m∑
p,q=0

(−1)p+qhp,q
(2),Γ,∂

(M).

Proof. Consider the well known Frölicher theorem:

χ(M) =

m∑
p,q=0

(−1)p+qhp,q
∂

(M).

We can rewrite the above formula as

χ(M) =h0,0

∂
(M)− h0,1

∂
(M) + h0,2

∂
(M)− ....+ (−1)mh0,m

∂
(M)+ (24)

− h1,0

∂
(M) + h1,1

∂
(M)− h1,2

∂
(M) + ....+ (−1)m+1h1,m

∂
(M) + ...

...+ (−1)mhm,0
∂

(M) + (−1)m+1hm,1
∂

(M) + (−1)m+2hm,2
∂

(M) + ....+ hm,m
∂

(M)

that is

χ(M) =

m∑
q=0

(−1)qh0,q

∂
(M)−

m∑
q=0

(−1)qh1,q

∂
(M) +

m∑
q=0

(−1)qh2,q

∂
(M) + ...+ (−1)m

m∑
q=0

(−1)qhm,q
∂

(M).

Using Th. 1.2 we have

χ(M) =

m∑
q=0

(−1)qh0,q

(2),Γ,∂
(M)−

m∑
q=0

(−1)qh1,q

(2),Γ,∂
(M) +

m∑
q=0

(−1)qh2,q

(2),Γ,∂
(M) + ...+ (−1)m

m∑
q=0

(−1)qhm,q
(2),Γ,∂

(M)

that we can rewrite as

χ(M) =

m∑
p,q=0

(−1)p+qhp,q
(2),Γ,∂

(M).

The proof is thus complete.

3 Applications

This section is concerned with some applications of Th. 2.1 and Th. 2.2. We are mainly interested in the
sign of the Euler characteristic of compact non-positively curved Kähler manifolds. This is a particular case of
an old problem that goes back to Hopf, see [10] and the references cited there. Indeed Hopf conjectured that
for a compact, even dimensional Riemannian manifold (M, g) it holds (−1)mχ(M) ≥ 0 if secg(M) ≤ 0 and
(−1)mχ(M) > 0 if secg(M) < 0 where 2m = dim(M) and secg(M) are the sectional curvatures of (M, g). This
conjecture, which is still open, has been completely settled in the setting of Kähler manifolds. More precisely
Gromov proved in [8] that secg(M) < 0 implies (−1)mχ(M) > 0 and Cao-Xavier in [5] and Jost-Zuo in [9]
showed that (−1)mχ(M) ≥ 0 when secg(M) ≤ 0. We recall now some of the main definitions and results from
[5], [8] and [9].
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Definition 3.1. Let (M,h) be a compact Kähler manifold and let ω be the corresponding (1, 1)-form. Let
π : M̃ →M be the universal covering of M . Let h̃ := π∗h and ω̃ := π∗ω. Then (M,h) is said Kähler hyperbolic
if ω̃ is d-bounded, that is if there exists a 1-form η ∈ Ω1(M̃) ∩ L∞Ω1(M̃, h̃) such that dη = ω̃.

In [8] Gromov proved the following:

Theorem 3.1. Let (M,h) be a compact Kähler manifold of complex dimension m:

• assume that (M,h) is Kähler hyperbolic. Let π : M̃ →M be the universal covering of M and let h̃ := π∗h.
Then Hp,q2 (M̃, h̃) = 0 if p + q 6= m and Hp,q2 (M̃, h̃) 6= 0 if p + q = m. As a consequence we have
(−1)mχ(M) > 0,

• if sech(M) < 0 then (M,h) is Kähler hyperbolic.

In [5] and [9] the authors introduced the next definition, which includes as a particular case, the above
definition of Gromov:

Definition 3.2. Let (M,h) be a compact Kähler manifold and let ω be the corresponding (1, 1)-form. Let
π : M̃ →M be the universal covering of M . Let h̃ := π∗h and ω̃ := π∗ω. Then (M,h) is said Kähler parabolic
1 if ω̃ is d-sublinear, that is if there exists a 1-form η ∈ Ω1(M̃), a point q ∈ M̃ and constants b > 0, c > 0
such that dη = ω̃ and |η|h̃(x) ≤ bdh̃(q, x) + c where dh̃ is the distance function associated to h̃ and |η|h̃ is the
pointwise norm of η.

In this setting the authors proved in [5] and [9] the following:

Theorem 3.2. Let (M,h) be a compact Kähler manifold of complex dimension m:

• assume that (M,h) is Kähler parabolic. Let π : M̃ →M be the universal covering of M and let h̃ := π∗h.
Then Hp,q2 (M̃, h̃) = 0 if p+ q 6= m. As a consequence we have (−1)mχ(M) ≥ 0,

• if sech(M) ≤ 0 then (M,h) is Kähler parabolic.

As we can see Th. 3.2 extends to the Kähler parabolic case the vanishing result contained in Th. 3.1 concerning
the Kähler hyperbolic case. On the other hand Th. 3.2 does not provide any information about the non-
vanishing of Hp,q2 (M̃, h̃) when p + q = m or equivalently about the non-vanishing of χ(M). Therefore some
natural questions that arise comparing Th. 3.1 and Th. 3.2 are the following:

• let (M,h) be a compact Kähler, Kähler parabolic manifold. Under what circumstances does the Euler
characteristic of M vanish?

• let (M,h) be a compact Kähler, Kähler parabolic manifold, let π : M̃ → M be its universal covering
and let h̃ := π∗h. Under what circumstances is Hp,m−p2 (M̃, h̃) 6= 0? In particular when do we have
Hm,02 (M̃, h̃) 6= 0?

In what follows we will show that these questions are deeply connected with the non vanishing of the signature
of M .

Proposition 3.1. Let (M,h) be a compact, Kähler, Kähler-parabolic manifold of complex dimension 2m.
Assume that σ(M) 6= 0. Then χ(M) > 0.

Proof. Let π : M̃ → M be the universal covering of M and let h̃ := π∗h. According to Th.1.1 we have

χ(X) =
∑4m
k=0(−1)kb

(2)
k (M). As shown in [5] and [9] we have b

(2)
k (M) = 0 whenever k 6= 2m. Therefore, by

(22), we get hp,q(2)(M) = 0 whenever p+ q 6= 2m. Hence using Th. 2.1 we have

0 6= σ(M) =

2m∑
p,q=0

(−1)php,q(2)(M) =

2m∑
p=0

(−1)php,2m−p(2) (M). (25)

Clearly (25) implies the existence of at least one pair (p, 2m− p) such that hp,2m−p(2) (M) 6= 0. As a consequence

we deduce that b
(2)
2m(M) 6= 0 because, as recalled in (22), we have b

(2)
k (M) =

⊕
p+q=k h

p,q
(2)(M). Finally, as we

have χ(X) =
∑4m
k=0(−1)kb

(2)
k (M) = b

(2)
2m(M), we can conclude that χ(X) > 0 as desired.

1Kähler non elliptic in [9].
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Corollary 3.1. Let (M,h) be a compact, Kähler, Kähler-parabolic manifold of complex dimension 2m. Assume
that σ(M) 6= 0. Let (M̃, h̃) be the universal covering of (M,h) and let h̃ := π∗h. Then there exists at least
one pair (p, q) with p + q = 2m such that hp,q(2)(M) 6= 0. Hence the corresponding space of L2-harmonic forms

Hp,q2 (M̃, h̃) is infinite dimensional.

Proof. The first part of this corollary is contained in the proof of Prop. 3.1. The second one follows by [13]
Lemma 15.10.

Corollary 3.2. Let (M,h) be a compact Kähler manifold of complex dimension 2m with non positive sectional
curvatures. Assume that σ(M) 6= 0. Then Prop. 3.1 and Cor. 3.1 hold true for (M,h).

Proof. This follows by the fact that if a compact Kähler manifold (M,h) has non positive sectional curvatures
then it is Kähler parabolic. See for instance [5] or [9].

From now on we specialize to the setting of compact complex surfaces.

Proposition 3.2. Let (M,h) be a compact Kähler surface with infinite fundamental group and σ(M) 6= 0. Let
π : M̃ →M be the universal covering of (M,h) and let h̃ := π∗h. Then:

1. There exists at least one pair (p, q) with p+ q = 2 such that hp,q(2)(M) 6= 0. In particular the corresponding

space of L2-harmonic forms Hp,q2 (M̃, h̃) is infinite dimensional.

2. Assume now that σ(M) > 0. Then M satisfies 2h2,0
(2)(M) > h1,1

(2)(M). In particular h2,0
(2)(M) > 0 and

therefore H2,0
2 (M̃, h̃), that is the space of holomorphic L2-(2, 0)-forms on (M̃, h̃), is infinite dimensional.

Proof. Let π : M̃ → M be the universal covering of M and let h̃ := π∗h. According to the first remark
after Th. 1.2 we know that (M̃, h̃) has infinite volume and this in turn implies that 0 = H0,0

2 (M̃, h̃). Since
H0,0

2 (M̃, h̃) ∼= H2,2
2 (M̃, h̃) we can also conclude that H2,2

2 (M̃, h̃) = 0. Moreover, according to (21) and (22), we
have h1,0

(2)(M) = h0,1
(2)(M) = h2,1

(2)(M) = h1,2
(2)(M) and h2,0

(2)(M) = h0,2
(2)(M). This yields the following simplification

within the formula proved in Th. 2.1:

σ(M) =

2∑
p,q=0

(−1)php,q(2)(M) = 2h2,0
(2)(M)− h1,1

(2)(M) (26)

and so we can deduce that 2h2,0
(2)(M)−h1,1

(2)(M) 6= 0. Therefore there exists at least one pair (p, q) with p+q = 2

such that hp,q(2)(M) 6= 0. Applying Lemma 15.10 in [13] we can conclude that Hp,q2 (M̃, h̃) is infinite dimensional.

If σ(M) > 0 then 2h2,0
(2)(M)− h1,1

(2)(M) > 0 and therefore h2,0
(2)(M) > 0. Applying again Lemma 15.10 in [13] we

can conclude that H2,0
2 (M̃, h̃) is infinite dimensional.

Assuming moreover that h1,0
(2)(M) = 0 we have the following version of Prop. 3.1. Clearly the assumption

h1,0
(2)(M) = 0 is satisfied when (M,h) is a Kähler parabolic surface.

Proposition 3.3. Let (M,h) be a compact Kähler surface with infinite fundamental group and h1,0
(2)(M) = 0.

We have the following properties:

1. if σ(M) 6= 0 then χ(M) > 0,

2. if σ(M) > 0 then χ(M) > 0 and χ(M,OM ) > 0.

Proof. Let π : M̃ →M be the universal covering of M and let h̃ := π∗h. As in Prop. 3.2 we have

σ(M) =

2∑
p,q=0

(−1)php,q(2)(M) = 2h2,0
(2)(M)− h1,1

(2)(M)

and so we can deduce that 2h2,0
(2)(M) − h1,1

(2)(M) 6= 0. Using the fact that (M̃, h̃) has infinite volume we

have 0 = H0
2(M̃, h̃) ∼= H4

2(M̃, h̃), which implies 0 = b
(2)
0 (M) = b

(2)
4 (M). Moreover, by the the fact that

h1,0
(2)(M) = h0,1

(2)(M), b
(2)
1 (M) = b

(2)
3 (M) and b

(2)
1 (M) = h1,0

(2)(M) + h0,1
(2)(M), we obtain the vanishing of both

b
(2)
1 (M) and b

(2)
3 (M). Hence, in this setting, we have χ(M) = b

(2)
2 (M). As b

(2)
2 (M) = 2h2,0

(2)(M) + h1,1
(2)(M)
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and 2h2,0
(2)(M) − h1,1

(2)(M) 6= 0 we can conclude that b
(2)
2 (M) > 0 and therefore χ(M) > 0 as desired. Finally,

according to Th. 1.2 and (22), we have

χ(M,OM ) =

2∑
q=0

(−1)qh0,q

∂
(M) =

2∑
q=0

(−1)qh0,q
(2)(M,h) =

2∑
p=0

(−1)php,0(2)(M,h) = h2,0
(2)(M).

By Prop. 3.2 we know that h2,0
(2)(M) > 0. We can thus conclude that χ(M,OM ) > 0.

Using Prop. 3.2 and Prop. 3.3 we have also the following applications.

Corollary 3.3. Let (M,h) be a compact Kähler surface with infinite fundamental group and σ(M) 6= 0. If

χ(M) ≤ 0 then 2b
(2)
1 (M) ≥ b(2)

2 (M) > 0 and h1,0
(2)(M) > 0.

Proof. Since the universal covering of M has infinite volume we have b
(2)
0 (M) = b

(2)
4 (M) = 0. Hence for the

Euler characteristic we have χ(M) = −b(2)
1 (M) + b

(2)
2 (M) − b(2)

3 (M) = −2b
(2)
1 (M) + b

(2)
2 (M). Moreover we

have b
(2)
2 (M) = 2h2,0

(2)(M) + h1,1
(2)(M) and 2h2,0

(2)(M) − h1,1
(2)(M) 6= 0 because we assumed that σ(M) 6= 0, see

(26). Thus we know that b
(2)
2 (M) > 0. Therefore, as we assumed that χ(M) ≤ 0, we can conclude that

2b
(2)
1 (M) ≥ b(2)

2 (M) > 0. Finally, since b
(2)
1 (M) = h1,0

(2)(M) + h0,1
(2)(M) and h1,0

(2)(M) = h0,1
(2)(M), we can conclude

that h1,0
(2)(M) > 0.

Corollary 3.4. Let (M,h) be a compact Kähler surface with infinite fundamental group and σ(M) 6= 0. Assume
furthermore that χ(M) ≤ 0. Then the underlying smooth four dimensional manifold M carries no Riemannian
metric with nonnegative Ricci curvature.

Proof. By Cor. 3.3 we know that b
(2)
1 (M) > 0. Assume now that on M there is a Riemannian metric g such

that Ric(g) ≥ 0. First we point out that g must vanish somewhere because M has infinite fundamental group.
Let π : M̃ → M be the universal covering of M . Clearly g̃ := π∗g satisfies Ric(g̃) ≥ 0. Hence (M̃, g̃) is a
complete Riemannian manifold with nonnegative Ricci curvature and infinite volume. By [6] Cor. 1 we know

that H1
2(M̃, g̃) = 0 which in turn implies b

(2)
1 (M) = 0. Since we have already observed that the assumptions

of this statement imply b
(2)
1 (M) > 0 we can conclude that M carries no Riemannian metric with nonnegative

Ricci curvature.

We have now the following proposition which provides some sufficient conditions in order to show that a
compact Kähler surface is projective algebraic.

Proposition 3.4. Let (M,h) be a compact Kähler surface with non-positive sectional curvatures. Assume that
σ(M) > 0. Then the Kodaira dimension of M is 2. In particular M is projective algebraic.

Proof. Since (M,h) has non-positive sectional curvatures we know in particular that it is Kähler parabolic.
Therefore, by Prop. 3.2 and 3.3 we know that h2,0

(2)(M) > 0, H2,0
2 (M̃, h̃) is infinite dimensional and χ(M,OM ) >

0. Moreover by Wu’s Theorem, see [11] pag. 283, we know that the universal covering of M , π : M̃ → M ,
is a Stein manifold. Therefore M̃ does not contain any compact complex submanifold of positive dimension.
Summarizing (M,h) is a compact Kähler surface with χ(M,OM ) > 0 such that its universal covering π : M̃ →M
contains no compact complex submanifolds of positive dimension and H2,0

2 (M̃, h̃) is infinite dimensional. Now
the conclusion follows by applying [8] pag. 287-288.

Finally we have the last proposition of this section.

Proposition 3.5. Let (M,h) be a compact complex Hermitian surface with infinite fundamental group. Let
A1,0
M be the sheaf of holomorphic (1, 0)-forms on M . Assume that χ(M) > 0 and that χ(M,A1,0

M ) > 0. Let

π : M̃ →M be a non-compact Galois Γ-covering of M and let h̃ = π∗h be the pull-back metric on M̃ . Then

h2,0

(2),Γ,∂
(M) > h2,1

(2),Γ,∂
(M).

In particular h2,0

(2),Γ,∂
(M) > 0 and therefore the space of L2-(2, 0)-holomorphic forms on (M̃, h̃) is infinite

dimensional.
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Proof. According to Th. 2.2 we know that

χ(M) =

2∑
q=0

(−1)qh0,q

(2),Γ,∂
(M)−

2∑
q=0

(−1)qh1,q

(2),Γ,∂
(M) +

2∑
q=0

(−1)qh2,q

(2),Γ,∂
(M).

On the other hand, by Th. 1.2, we know that χ(M,A1,0
M ) =

∑2
q=0(−1)qh1,q

(2),Γ,∂
(M). Hence, as we as-

sumed χ(M) > 0 and χ(M,A1,0
M ) > 0, we can deduce that

∑2
q=0(−1)qh0,q

(2),Γ,∂
(M) +

∑2
q=0(−1)qh2,q

(2),Γ,∂
(M) >

0. Moreover applying (21) we get
∑2
q=0(−1)qh0,q

(2),Γ,∂
(M) =

∑2
q=0(−1)qh2,q

(2),Γ,∂
(M) and this tells us that∑2

q=0(−1)qh2,q

(2),Γ,∂
(M) > 0. Since (M̃, h̃) has infinite volume we have 0 = H0,0

2 (M̃, h̃) ∼= H2,2
2 (M̃, h̃) which in

turn implies 0 = h0,0

(2),Γ,∂
(M) = h2,2

(2),Γ,∂
(M). In conclusion we showed that h2,0

(2),Γ,∂
(M) − h2,1

(2),Γ,∂
(M) > 0 and

therefore we have also the inequality h2,0

(2),Γ,∂
(M) > 0. Finally, applying Lemma 15.10 in [13], we have that

H2,0

2,∂
(M̃, h̃) is infinite dimensional.

4 Further remarks on the L2-Hodge numbers

This section is concerned with the invariance of the L2-Hodge numbers through bimeromorphic maps. We start
by raising the following question:

• Let M1 and M2 be two bimeromorphic compact complex manifolds of complex dimension m with infinite
fundamental groups. Is it true that hp,0(2)(M1) = hp,0(2)(M2) and h0,q

(2)(M1) = h0,q
(2)(M2) for each p = 0, ...,m

and q = 0, ..., 0 respectively?

Below we collect some positive partial answers.

Theorem 4.1. Let M1 and M2 be two compact complex manifolds of complex dimension m. Assume that there
exists a modification φ : M1 →M2. Then we have the following equality:

hm,0
(2),∂

(M1) = hm,0
(2),∂

(M2).

In order to prove the above theorem we need the following propositions.

Proposition 4.1. In the setting of Th. 4.1. Let π1(M1) and π1(M2) be the fundamentals group of M1 and
M2 respectively. Then φ∗ : π1(M1) → π1(M2), the map that φ induces between π1(M1) and π1(M2), is an
isomorphism.

Proof. This is a well known result. For the reader’s convenience we give a proof. By the assumptions we know
that there exists an analytic subset W ⊂M2 such that φ|M1\Z : M1 \ Z →M2 \W is a biholomorphism where
Z := φ−1(W ). Consider the inverse of φ as a map from M2 to the power set of M1. This is a meromorphic
map, see [12] pag. 289, whose set of points of indeterminacies is W . Since M1 and M2 are nonsingular they are
in particular normal and therefore, thanks to [16] Th. 2.5, we can conclude that W has complex codimension
greater or equal than 2. Since Z and W are analytic subsets of M1 and M2 respectively we can decompose
them as Z = Q1 ∪Q2 ∪ ... ∪Ql, W = N1 ∪N2 ∪ ... ∪Nn for some l, n ∈ N where Qa is a complex submanifold
of M1 and Nk is a complex submanifold of M2 for each a = 1, ..., l and k = 1, ..., n respectively. Moreover
Qb ∩Qd = ∅ and Nr ∩Ns = ∅ whenever b 6= d and r 6= s. Finally, thanks to the above remark, we have that the
complex codimension of Nk is greater or equal than 2 for each k = 0, ..., n. We recall now a classical application
of Thom’s transversality theorem: Let P be a smooth manifold and let L ⊂ P be a submanifold. Then the
morphism π1(P \ L) → π1(P ) induced by the inclusion P \ L ↪→ P is surjective if dim(P ) − dim(L) ≥ 2 and
is an isomorphism if dim(P ) − dim(L) ≥ 3. Using this property it is not difficult to show that the inclusion
i : M2\(N1∪N2∪...∪Nn)→M2 induces an isomorphism i∗ : π1(M2\(N1∪N2∪...∪Nn))→ π1(M2). For the same
reasons we can prove that the inclusion j : M1\Z →M1 induces a surjective morphism j∗ : π1(M1\Z)→ π1(M1).
Consider now the map φ|M1\Z : M1 \Z →M2 \W . Clearly we have i◦φ|M1\Z : M1 \Z →M2 = φ◦j : M1 \Z →
M2. On the other hand (i ◦ φ|M1\Z)∗ : π1(M1 \Z)→ π1(M2) is an isomorphism and j∗ : π1(M1 \Z)→ π1(M1)
is a surjective morphism. Hence we can thus conclude that φ∗ : π1(M1) → π1(M2) is an isomorphism as
desired.

Proposition 4.2. Let M be a complex manifold of complex dimension m and let g and h be two Hermitian
metrics on M . Then we have an equality of Hilbert spaces

L2Ωm,0(M, g) = L2Ωm,0(M,h).

12



Proof. The statement follows by the computations carried out in [7] pag. 145.

Proposition 4.3. Let (M, g) be a compact complex Hermitian manifold and let Z ⊂M be an analytic subset.
Then (M \ Z, g|M\Z) is parabolic. In other words there exists a sequence of functions φn ⊂ C∞c (M \ Z) such
that

1. 0 ≤ φn ≤ 1 for each n ∈ N,

2. limφn = 1 pointwise as n→∞,

3. lim ‖dφn‖L2Ω1(M\Z,g|M\Z) = 0 as n→∞.

Proof. This follows arguing as in [3] or in [14].

Let’s go back now to the setting of Th. 4.1. As remarked in the proof of Prop. 4.1 we know that there exists
an analytic subset W ⊂ M2 such that φ|M1\Z : M1 \ Z → M2 \W is a biholomorphism where Z := φ−1(W ).

Let π1 : M̃1 → M1 be the universal covering of M1, let g1 be any Hermitian metric on M1, let g̃1 := π∗1g1, let
X := π−1

1 (Z) and finally let A := M̃1 \X. We have the following proposition:

Proposition 4.4. In the setting described above, the Hodge-Dolbeault operator

∂m + ∂
t

m : L2Ωm,•(A, g̃1|A)→ L2Ωm,•(A, g̃1|A) (27)

with domain given by Ωm,•c (A) is essentially self-adjoint. Moreover the unique closed extension of (27) coincides
with the operator

∂m + ∂
t

m : L2Ωm,•(M̃1, g̃1)→ L2Ωm,•(M̃1, g̃1) (28)

where (28) is the unique closed extension of ∂m + ∂
t

m : Ωm,•c (M̃1, g̃1) → Ωm,•c (M̃1, g̃1) viewed as an unbounded
and densely defined operator acting on L2Ωm,•(M̃1, g̃1).

Proof. We adapt to our case [2] Prop. 3.1 and so we will be brief. As M̃1 \A has measure zero in M̃1 we have an

equality of Hilbert spaces L2Ωm,•(M̃1, g̃1) = L2Ωm,•(A, g̃1|A). Let us label by D(∂m + ∂
t

m), D((∂m + ∂
t

m)min)

and D((∂m +∂
t

m)max) respectively the domain of (28), the minimal domain of (27) and the maximal domain of

(27). As a first step we want to show that D(∂m + ∂
t

m) = D((∂m + ∂
t

m)min). Since the inclusion D(∂m + ∂
t

m) ⊃
D((∂m + ∂

t

m)min) is clear we are left to prove the other inclusion D(∂m + ∂
t

m) ⊂ D((∂m + ∂
t

m)min). As (M̃1, g̃1)

is complete it is enough to prove that Ωmc (M̃1) ⊂ D((∂m + ∂
t

m)min). According to Prop. 4.3 we know that
(M1 \Z, g1|M1\Z) is parabolic. Let {φi} ⊂ C∞c (M1 \Z) be a sequence of functions that makes (M1 \Z, g1|M1\Z)

parabolic. Let {φ̃i} ⊂ C∞(M̃1) be defined as φ̃i = φi ◦ π. Consider now any form ω ∈ Ωm,•c (M̃1). Then
{φ̃iω} is a sequence of forms lying in Ωm,•c (M̃1) and, since ω ∈ L∞Ωm,•(M̃1, g̃1), we can argue as in the proof
of Prop. 3.1 in [2] in order to show that φ̃iω → ω as i → ∞ in the graph norm of (28). This tells us that

D(∂m+∂
t

m) ⊂ D((∂m+∂
t

m)min) and thus D(∂m+∂
t

m) = D((∂m+∂
t

m)min). Therefore the minimal extension of

(27) coincides with (28). Now, using the fact that ∂m + ∂
t

m : L2Ωm,•(M̃1, g̃1)→ L2Ωm,•(M̃1, g̃1) is self-adjoint,

we get that ((∂m + ∂
t

m)min)∗ = (∂m + ∂
t

m)min. On the other hand we have ((∂m + ∂
t

m)min)∗ = (∂m + ∂
t

m)max.

Therefore we are lead to the conclusion that (∂m + ∂
t

m)max = (∂m + ∂
t

m)min and this amounts to saying that
(27) is essentially self-adjoint.

Proposition 4.5. Let (M̃, g̃), and A be as in Prop. 4.1. Then the following three operators coincide:

∂m,q,max : L2Ωm,q(A, g̃|A)→ L2Ωm,q+1(A, g̃|A), (29)

∂m,q,min : L2Ωm,q(A, g̃|A)→ L2Ωm,q+1(A, g̃|A), (30)

∂m,q : L2Ωm,q(M̃, g̃)→ L2Ωm,q+1(M̃, g̃), (31)

where (31) is the unique closed extension of ∂m,q : Ωm,qc (M̃)→ Ωm,q+1
c (M̃) viewed as an unbounded and densely

defined operator acting between L2Ωm,q(M̃, g̃) and L2Ωm,q+1(M̃, g̃).

Proof. This follows immediately by Prop. 4.4 and Lemma 2.3 in [4].

We have now all the ingredients to prove Th. 4.1.
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Proof. In order to avoid any confusion with the notation, along the proof we will label with Γ1 and Γ2 the
fundamental groups of M1 and M2 respectively. We start by pointing out that π1|A : A → M1 \ Z is a Galois
Γ1-covering of M1 \Z. Similarly, defining Y := π−1

2 (W ) and B := M̃2 \ Y , we have that π2|B : B →M2 \W is
a Galois Γ2-covering of M2 \W . Let φ̃ be a lifting of φ, that is a map φ̃ : M̃1 → M̃2 such that π2 ◦ φ̃ = φ ◦ π1.
Let g2 be any Hermitian metric on M2, let g̃2 := π∗2g2 and let γ := φ̃∗g̃2. Then γ is a positive semidefinite
Hermitian product on M̃1 which is strictly positive on A. According to Prop. 4.5 we have

Hm,0
2,∂min

(B, g̃2|B) = Hm,0
2,∂max

(B, g̃2|B) = Hm,0
2,∂

(M̃2, g̃2).

Moreover, as explained in the proof of Prop. 4.1, we know that the inclusions M1 \Z ↪→M1 and M2 \W ↪→M2

induce a surjective map π1(M1 \ Z) → Γ1 and an isomorphism π1(M2 \ Z) ∼= Γ2 respectively. Furthermore
we recall that L2Ωm,0(A, γ|A) = L2Ωm,0(A, g̃1|A) = L2Ωm,0(M̃1, g̃1) as a consequence of Prop. 4.2 and the
fact that X has measure zero in M̃1 with respect to dvolg̃1 . Altogether we can conclude that Hm,0

2,∂max
(A, γ|A)

and Hm,0
2,∂max

(B, g̃2|B) have the structure of Γ1-module and Γ2-module of L2Ωm,0(M̃1, g̃1) and L2Ωm,0(M̃2, g̃2)

respectively. We also know that φ∗ : Γ1 → Γ2 is an isomorphism and moreover it is clear that φ̃ induces an
isomorphism between the Γ2-module Hm,0

2,∂max
(B, g̃2|B) and the Γ1-module Hm,0

2,∂max
(A, γ|A). Thus, in order to

conclude the proof, it suffices to show that

Hm,0
2,∂max

(A, γ|A) = Hm,0
2,∂

(M̃1, g̃1). (32)

Let ω ∈ Hm,0
2,∂max

(A, γ|A). By definition

ω ∈ D(∂m,0,max) ⊂ L2Ωm,0(A, γ|A) and ∂m,0,maxω = 0. (33)

This in turn implies that
(∂m,0,max)∗(∂m,0,maxω) = 0 (34)

where (∂m,0,max)∗ : L2Ωm,1(A, γ|A)→ L2Ωm,0(A, γ|A) is the Hilbert space adjoint of ∂m,0,max : L2Ωm,0(A, γ|A)→
L2Ωm,1(A, γ|A). Therefore, thanks to (34), we know that ω is in the null space of the maximal extension of
∆∂,m,0 : L2Ωm,0(A, γ|A) → L2Ωm,0(A, γ|A). As this latter operator is elliptic we can conclude that ω is
smooth on A and thus, by (33), that ω is holomorphic on A. This, together with Prop. 4.2, tells us that
ω ∈ Hm,0

2,∂max
(A, g̃1|A) and finally, using Prop. 4.5, we can conclude that ω ∈ Hm,0

2,∂
(M̃1, g̃1). So we proved

that Hm,0
2,∂max

(A, γ|A) ⊂ Hm,0
2,∂

(M̃1, g̃1). The reversed inclusion is straightforward. Indeed let ω ∈ Hm,0
2,∂

(M̃1, g̃1).

Clearly ω is a holomorphic (m, 0)-form on M̃1 that lies in L2Ωm,0(M̃1, g̃1). Therefore ω is holomorphic on
A and it lies in L2Ωm,0(A, g̃1|A). In other words ω is holomorphic on A and, thanks to Prop. 4.2, it lies in
L2Ωm,0(A, γ|A), that is ω ∈ Hm,0

2,∂max
(A, γ|A) as desired. The proof is thus concluded.

We have the following applications of Th. 4.1.

Corollary 4.1. Let M1 and M2 be two compact complex manifolds of complex dimension m. Assume that they
are bimeromorphic. Then

hm,0
(2),∂

(M1) = hm,0
(2),∂

(M2).

Proof. This follow immediately by Th. 4.1 and the definition of bimeromorphic map.

We conclude the paper with the following proposition.

Proposition 4.6. Let M1 and M2 be two compact Kähler surfaces with infinite fundamental groups. Assume
that they are bimeromorphic. Then we have the equalities:

hp,0(2)(M1) = hp,0(2)(M2), p = 0, 1, 2 h0,q
(2)(M1) = h0,q

(2)(M2), q = 0, 1, 2. (35)

Moreover the following two properties are equivalent:

1. h1,1
(2)(M1) = h1,1

(2)(M2).

2. h1,1(M1) = h1,1(M2).
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Proof. Since M1 and M2 are bimeromorphic it is known that h0,q(M1) = h0,q(M2) with q = 0, 1, 2 and analo-
gously hp,0(M1) = hp,0(M2) with p = 0, 1, 2. By duality this tells us that h2,q(M1) = h2,q(M2) with q = 0, 1, 2
and analogously hp,2(M1) = hp,2(M2) with p = 0, 1, 2. Thanks to Cor.4.1 we know that h2,0

(2)(M1) = h2,0
(2)(M2)

and therefore by duality h0,2
(2)(M1) = h0,2

(2)(M2). Moreover h0,0
(2)(M1) = h0,0

(2)(M2) = 0 and, since we know

that χ(M1,OM1
) = h0,2

(2)(M1) − h0,1
(2)(M1) that χ(M2,OM2

) = h0,2
(2)(M2) − h0,1

(2)(M2) and that χ(M1,OM1
) =

χ(M2,OM2
), we can conclude that h0,1

(2)(M1) = h0,1
(2)(M2). Again by duality we have h2,1

(2)(M1) = h2,1
(2)(M2),

h1,0
(2)(M1) = h1,0

(2)(M2) and h1,2
(2)(M1) = h1,2

(2)(M2). This shows (35). Assume now that h1,1
(2)(M1) = h1,1

(2)(M2).

Then we have hp,q(2)(M1) = hp,q(2)(M2) for each p = 0, 1, 2 and q = 0, 1, 2. Consequently by Th. 2.1 we have

σ(M1) = σ(M2). On the other hand we already know that hp,q(M1) = hp,q(M2) whenever (p, q) 6= (1, 1).
Hence, as a consequence of the classical Hodge index theorem, we have h1,1(M1) = h1,1(M2) as desired.
Conversely assume that h1,1(M1) = h1,1(M2). Then σ(M1) = σ(M2). Therefore, as we already know that
hp,q(2)(M1) = hp,q(2)(M2) whenever (p, q) 6= (1, 1), we can conclude, thanks to Th.2.1, that h1,1

(2)(M1) = h1,1
(2)(M2).

The proof is thus complete.
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