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We analyze the semiclassical polymer dynamics of the inhomogeneous Mixmaster model by choosing 
the cubed scale factor as the discretized configurational variable, while the anisotropies remain pure 
Einsteinian variables. Such a modified theory of gravity should be regarded as the appropriate framework 
to describe the behavior of quantum mean values, both in polymer quantum mechanics and in Loop 
Quantum Cosmology. We first construct the generalized Kasner solution, including a massless scalar field 
and a cosmological constant in the dynamics. They account for a quasi-isotropization, inflationary-like 
mechanism. The resulting scenario links a singularity-free Kasner-like regime with a homogeneous and 
isotropic de Sitter phase. Subsequently, we investigate the role of the three-dimensional scalar curvature, 
demonstrating that a bounce of the point-universe against the potential walls can always occur within 
the polymer framework, also in the presence of a scalar field. However, the absence of the singularity 
implies that the curvature is bounded. Therefore, the point-universe undergoes an oscillatory regime 
until it oversteps the potential walls (if the Big Bounce is not reached before). After that, a final stable 
Kasner-like regime will last until the Big Bounce. Thus, the present study demonstrates that, as soon as 
a discretization of the volume of the universe is performed, the generic cosmological solution is non-
chaotic and free from singularities. It is likely that the same result can be achieved also in the loop 
quantum cosmology approach.

© 2019 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

The construction of a “generic” inhomogeneous solution has 
represented one of the most important achievements of relativis-
tic cosmology. Such a solution is valid asymptotically toward the 
initial singularity [1–4], see also [5,6], and is obtained by extend-
ing the Mixmaster dynamics [7,8], see also [9–11]. Each point of 
space (de facto, each sufficiently small region around a space point, 
having the size of the average horizon) is described independently 
according to the so-called BKL conjecture [12,13].

The analysis of the inhomogeneous oscillatory regime (“inho-
mogeneous Mixmaster”) emphasizes how the cosmological singu-
larity is a very general feature of the Einstein equations. However, 
the non-physical and non-predictive nature of the Einstein equa-
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tions when approaching the cosmological singularity suggests the 
necessity of a regularization of the theory. The most reliable pic-
ture of a non-singular universe has recently emerged from the 
implementation of loop quantum gravity [14,15] to the quantum 
dynamics of the isotropic universe [16–18], see also [19–21].

Loop quantum gravity has been applied to various cosmolog-
ical models [22–24]. Possible implications on the BKL conjecture 
have been discussed in [25]. However, the loop quantization of the 
Mixmaster model presents non-trivial subtleties and cannot be re-
garded as fully achieved. Nonetheless, interesting results about the 
qualitative behavior of the model have been presented in [26–29], 
see also [30–32] for a numerical analysis, where it is argued that 
the homogeneous Mixmaster model is, within the framework of 
loop quantum cosmology, a singularity-free universe. At least when 
a single contracting-expanding phase, i.e. a single Big Bounce, is 
considered, chaos is removed as well.

The non-trivial technical equipment required in loop quantiza-
tion procedures has led to infer [33–35] that the so-called polymer 
quantum mechanics [36,37] (i.e. quantum mechanics on a discrete 
lattice), when applied to the Minisuperspace, may provide results 
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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qualitatively equivalent to those of loop quantum cosmology. In 
this paper, we analyze the inhomogeneous Mixmaster model by 
adopting a semiclassical polymer approach, i.e. by replacing the 
standard Hamiltonian dynamics with the polymer one, within the 
prescriptions of the WKB limit. In this respect we remark how the 
polymer parameter μ, which determines the discretization scale of 
the configurational variable, can be thought as independent of h̄. 
Therefore, the semiclassical limit h̄ → 0 with a fixed μ leads to a 
modified classical Einsteinian dynamics. This semiclassical analysis, 
completely analogous to that carried out for example in [35–39], 
must be regarded as a qualitative and preliminary description of 
the behavior of the quantum mean values in the sense of the 
Ehrenfest theorem. Even if a natural further step will be the study 
of the full quantum theory, the reliability of the semiclassical poly-
mer approximation in this context and its similarities with the 
semiclassical limit of loop quantum cosmology have been pointed 
out in the literature (see for instance [22,33,39,40]). Additionally, 
it is well known [41] that the Mixmaster model is essentially 
valid only in a classical or semiclassical regime, since in the full 
quantum scenario the piecewise character of the BKL conjecture is 
naturally lost due to the spreading of the universe wave function 
(see [42] for a numerical analysis of the Bianchi IX exact quantum 
dynamics). This fact, while justifying the use of a polymer semi-
classical approach, allows also to retain the volume of the universe 
small enough for the BKL conjecture to hold before the cutoff scale 
is approached.

Polymer quantization of the homogeneous Mixmaster model 
in standard Misner variables has been addressed both at a semi-
classical and at a quantum level. By choosing the anisotropies as 
polymer configurational variables [38], a singular but non-chaotic 
cosmology is obtained. On the other hand, it is somewhat surpris-
ing that, when the polymer variable is the isotropic one [35], both 
the singularity and the chaotic behavior of the Mixmaster are pre-
served. These two cases have been treated separately because they 
represent two physically different approaches. Indeed, by choosing 
the polymer representation for the anisotropies, we are affecting 
the real gravitational degrees of freedom, while the discretization 
of the isotropic variable, which is related to the volume of the uni-
verse, alter the geometrical properties of the system. Furthermore, 
the analysis carried out in [39] shows how the dynamics of the 
isotropic universe changes under different choices of the polymer 
isotropic configurational variable. In particular, it has been demon-
strated that the semiclassical results of loop quantum cosmology 
are achieved only by using the cubed cosmic scale factor, i.e. the 
volume of the universe, as the polymer variable. In this paper, we 
use an analogous isotropic variable to provide a semiclassical poly-
mer description of the inhomogeneous Mixmaster.

After a brief review of the inhomogeneous Mixmaster and of 
polymer quantization, we will derive in Section 4 the Bianchi I 
polymer solution, including a scalar field and a cosmological con-
stant in the dynamics. They allow to account for an inflationary 
scenario, able to isotropize the Mixmaster [43]. The absence of the 
cosmological singularity, replaced by a Big Bounce, will emerge 
naturally. Then, we will analyze the transition process between 
two successive Kasner regimes in the Misner representation [8]. 
This study demonstrates that the bounces responsible for such 
transitions are always possible, surprisingly also in the presence 
of a scalar field. Afterward, we will remark how the absence of 
the singularity implies that the potential walls cannot be approxi-
mated as infinite anymore, but they have a well-defined maximum 
height. Hence, if the kinetic term of the ADM-reduced Hamiltonian 
is larger than the spatial curvature term, the point-universe is able 
to overstep the potential walls. We can infer that, after a certain 
number of bounces, such a condition will be fulfilled, unless the 
Big Bounce is reached before. Indeed, the point-universe evolution 
explores the available phase space, according to the Mixmaster-like 
scenario, until it will be able to overstep the potential walls. From 
that moment on, a final, stable Kasner-like regime will last until 
the Big Bounce. The chaotic behavior is suppressed. Clearly, if the 
Big Bounce is reached before the particle oversteps the potential 
walls, the chaos will be removed as well, due to the finite num-
ber of bounces. This result is in accordance with the loop quantum 
cosmology analysis of the Mixmaster model [26–29], but gener-
alizes the latter to a generic inhomogeneous universe. In fact, in 
Section 5 we will prove that the BKL conjecture is still valid within 
the polymer framework. We remark that in our analysis the chaotic 
properties can be removed due to the polymer effects, that prevent 
the potential walls from becoming infinite and allow the point uni-
verse to overstep them, and not only because a finite number of 
bounces against the walls can occur before the Big Bounce. The 
chaos-removal mechanism based on the finite height of the po-
tential wall is in accordance with the one in [28,29], where the 
effects of the inverse triads are taken into account, while the sec-
ond mechanism, due to the presence of the Big Bounce and hence 
to the finite number of Kasner epochs, is analogous to the one dis-
cussed in [26,27]. An interesting open question, as it is in [26,27], 
is whether the chaotic behavior is recovered when considering an 
infinite number of successive expanding and contracting phases, 
i.e. an infinite number of Big Bounces.

The present study possesses two main merits. First, it suggests 
the existence of a singularity-free and non-chaotic dynamics for 
a generic cosmological solution when the polymer quantization 
scheme is applied. A quasi-isotropization mechanism driven by the 
cosmological constant allows to link such an early phase of the 
universe with a later homogeneous and isotropic phase. Second, 
it emphasizes that these features, very similar to those present 
in loop quantum cosmology, are obtained only when the polymer 
quantization affects the dynamics of an isotropic variable directly 
related to a geometrical structure, i.e. the volume of the universe.

2. Inhomogeneous Mixmaster

This section is devoted to characterizing the generic cosmologi-
cal problem and its relationship with the homogeneous Mixmaster 
model. We will work in Planck units c = h̄ = G = 1. The line ele-
ment of a generic foliated spacetime is:

ds2 = N2dt2 − hαβ

(
dxα + Nαdt

) (
dxβ + Nβdt

)
(1)

where α, β = 1, 2, 3, N(t, x) is the lapse function and Nα(t, x) is 
the shift vector. Without loss of generality, the triadic projection of 
the three-dimensional metric tensor can be chosen to be diagonal:

hαβ(t,x) = eq1(t,x)l1αl1β + eq2(t,x)l2αl2β + eq3(t,x)l3αl3β .

Following [44], we assume the Kasner vectors laα to depend only 
on spatial coordinates. It is important to remark that this picture 
is not the most general. Indeed, by this choice, we do not take into 
account the rotation of Kasner vectors, which has been proved to 
be a higher order dynamical effect [13]. The general case where 
Kasner vectors are allowed to rotate is described in [4]. The gener-
alized Misner variables are defined as:

qa(t,x) = 2

3
ln [V (t,x)] + 2βa(t,x)

with a = 1, 2, 3 and βa = (β+ + √
3β−, β+ − √

3β−, −2β+). V is 
the isotropic variable, proportional to the spatial volume of the 
universe, while β± are the anisotropies. Let us include a mass-
less, self-interacting scalar field φ in the dynamics. Through a 
suitable symmetry-breaking mechanism, typical of the inflationary 
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paradigm, the slow-roll condition φ̇2 � V (φ) can be satisfied, as 
well as the condition:

|∇φ|2 � V [φ(t,x)] ∼ �̃(x).

Rescaling the scalar field and by means of the Legendre transfor-
mation of the Einstein–Hilbert Lagrangian density associated to the 
line element (1), the following Hamiltonian action functional is ob-
tained:

S =
∫

R⊗�t

d3xdt

(
pv

∂V

∂t
+
∑

r

pr
∂βr

∂t
− NH− NγHγ

)

where r = +, −, φ and βφ ≡ φ. A variation with respect to the 
lapse function and the shift vector leads to the superhamiltonian 
and supermomentum constraints respectively:

H = 3χ

4

[
−V p2

v +
∑

r p2
r

9V 2
+ V

1
3

3χ2
U in + V �(x)

]
= 0 (2)

Hγ =pv∂γ V +
∑

r

pr∂γ βr − ∂γ

(
V pv + 1

6
p+ +

√
3

6
p−

)

+ 1

6
∂β

[
2
√

3p−lβ2 l2γ + (3p+ + √
3p−)lβ3 l3γ

]
= 0

(3)

where χ = 8π is the Einstein constant (in Planck units). We re-
mark how the self-interacting scalar field, under the slow-roll con-
dition, is equivalent to a free scalar field and a cosmological con-
stant �(x). The dependence of � on the spatial coordinates means 
that the slow-roll condition may be satisfied differently in different 
points of space. The potential term, due to the three-dimensional 
scalar curvature, can be split as U in = UB + W , where W contains 
spatial gradients of the configurational variables and

U B(β+, β−,x) =
3∑

a=1

λ2
a e4βa −

∑
a 
=b

λaλbeβa+βb (4)

is the inhomogeneous generalization of the potential of the Bianchi 
models. The last term in equation (4) can be neglected in the limit 
V → 0 [44]. Unlike the homogeneous case, the quantities λa are 
not constant, but they are defined as λa(x) = la(x) · [∇ ∧ la(x)]/v(x)

with v(x) = l1(x) · [l2(x) ∧ l3(x)]. If the term W in the potential 
is negligible with respect to UB, the superhamiltonian reduces to 
that one of the Bianchi models, and the spatial coordinates appear 
only as parameters. Thus, by means of the gauge choice Nγ = 0, 
each point of space evolves independently and can be described 
using a homogeneous Bianchi model [1]. The most general choice 
is to consider λa(x) 
= 0 ∀a, i.e. to examine models similar to ei-
ther the Bianchi VIII or the Bianchi IX model, but where λa are not 
necessarily unitary. Additionally, the corresponding solutions of the 
dynamics must satisfy also the supermomentum constraint, which 
identically vanishes for a homogeneous spacetime. By requiring 
lin  dH ∼ t , where lin is the physical scale of the inhomogeneities 
and dH the average Hubble horizon, each causal connected region, 
instead of each point of space, can be regarded as a nearly ho-
mogeneous region, described by a Mixmaster model [45]. In the 
following we will assume W to be negligible according to the BKL 
conjecture [1], approximating point-by-point the inhomogeneous 
cosmological model with a Mixmaster-like model. In Section 5 we 
will verify the reliability of this assumption by solving the super-
momentum constraint and explicitly evaluating the term W .
3. Polymer quantization

Polymer representation is a formulation of quantum mechanics 
unitarily-inequivalent to the Schrödinger one [36]. In order to build 
it, the starting point is the Weyl quantization procedure. A non-
countable basis of the non-separable polymer kinematic Hilbert 
space Hpoly is provided by abstract kets |ν〉, with ν ∈R. The scalar 
product between two fundamental kets is given by 〈λ|ν〉 = δλ,ν . 
A representation of the Weyl algebra on such a Hilbert space is 
obtained by means of two fundamental operators, the label oper-
ator ε̂ and the displacement operator Ŝ(β), whose action on the 
kets is:

ε̂ |ν〉 = ν |ν〉 ; Ŝ(β) |ν〉 = |ν + β〉 .

Since ∀β 
= 0 〈ν|ν + β〉 = 0, the action of the displacement oper-
ator is discontinuous with respect to the parameter β . Thus, Ŝ(β)

cannot be expressed in terms of an exponential of a Hermitian 
operator which generates the displacement. By considering an one-
dimensional system with configurational variable q and conjugate 
momentum p, the states corresponding to the fundamental kets 
in the momentum polarization take the form 〈p|ν〉 = eiνp . There-
fore, the operator q̂ is identified with the label operator ε̂ and has 
a discrete spectrum (its eigenvalues are associated to orthogonal 
eigenstates). On the other hand, the displacement operator reads 
Ŝ(β) = eiβp and the operator p̂ is not defined. As a consequence, 
a generic Hamiltonian H = p2/(2m) + V (q) cannot be immediately 
promoted to be an operator on the Hilbert space. The definition of 
the dynamics requires the introduction of a lattice, called graph, on 
the configurational space:

γμ = {q ∈R
∣∣q = nμ,∀n ∈ Z

}
where the polymer parameter μ is the distance between two 
neighboring points of the graph. In order to remain within this 
reduced configurational space, the parameter of the displacement 
operator must be a multiple of the polymer parameter: β = kμ, 
k ∈ Z. The fundamental displacement operator is then Ŝ(μ) =
exp(iμp). By approximating the conjugate momentum as:

p → 1

2iμ

(
eiμp − e−iμp

)
= sin(μp)

μ
(5)

it is now possible to promote the Hamiltonian to be an operator 
on the Hilbert space. The kinetic term will be in fact expressed by 
means of the fundamental displacement operator. The approxima-
tion (5) is clearly valid only if μp � 1. The problem of recovering 
the standard formulation of quantum mechanics (continuum limit) 
through successive refinements of the graph and a renormaliza-
tion procedure is extensively discussed in [36,37]. It is worth not-
ing that, if one hypothesizes, as loop quantum gravity suggests, 
a space discretization at small length scales (for instance at the 
Planck scale), polymer representation can be regarded as a natu-
ral framework to study cosmological models. Indeed, the discrete 
nature of the space is reflected by the discrete structure of the 
polymer configurational space. Thus, the dynamical differences be-
tween the standard and the polymer-modified systems where the 
approximation (5) is not valid anymore may be a hint of the pres-
ence of new physics.

4. Big Bounce and absence of chaos

In the following we will analyze the behavior of the cosmologi-
cal model introduced in Section 2 from a semiclassical perspective. 
The superhamiltonian and supermomentum constraints will be 



478 S. Antonini, G. Montani / Physics Letters B 790 (2019) 475–483
modified by means of the approximation (5) and the corresponding 
classical Hamilton’s equations will be solved. The discrete config-
urational variable is the isotropic variable V . This study can be 
regarded as a zeroth order WKB approximation of the full quantum 
system. By neglecting spatial gradients and choosing 0 < λa ≤ 1 ∀a
in the potential term (4), the polymer-modified superhamiltonian 
constraint reads:

H = 3χ

4

[
−V

sin2(μpv)

μ2
+
∑

r p2
r

9V
+ V

1
3

3χ2
U I X + V �

]
= 0 (6)

where U I X is the Mixmaster-like potential. Let us first investigate 
the behavior of the model in a region where the potential term is 
negligible. The superhamiltonian constraint imposes

sin2(μpv) = μ2
(∑

r p2
r

9V 2
+ �

)
. (7)

Thus, the superhamiltonian constraint can be satisfied only if the 
right hand side of equation (7) is smaller than 1. The latter condi-
tion leads to a lower bound for the volume of the universe:

V > Vbounce ≡ μ

3

√ ∑
r p2

r

1 − μ2�
. (8)

In other words, in the polymer framework the volume cannot van-
ish and the singularity is not present anymore. It is replaced by a 
Big Bounce. The condition μ2� < 1, necessary for the minimum 
volume Vbounce to be defined, is physically reasonable. Indeed, in 
Planck units Lp = E p = 1. We note how the minimum volume is 
determined not only by the polymer discretization scale μ, but 
also by the conjugate momenta pr (which are constants of mo-
tion when the potential term is negligible) and by the cosmological 
constant. We remark that, by a suitable choice of the initial condi-
tions, the Big Bounce takes place when the volume of the universe 
is much larger than the discretization scale. This feature is in ac-
cordance with the results obtained in loop quantum cosmology 
[30,31].

The Hamilton’s equation for the volume V reads:

dV

dt
= −3χ

2
N V

sin(μpv) cos(μpv)

μ
. (9)

It suggests that, in order to deal with an expanding universe, we 
must choose one of the following branches for the momentum pv:
nπ

μ
− π

2μ
< pv <

nπ

μ
, n ∈ Z.

The natural choice is n = 0, which gives the correct continuum 
limit μ → 0. With this choice, in the synchronous gauge (N = 1) 
and using the superhamiltonian constraint (7), equation (9) can be 
rewritten as:

dV

dt
= χ

2

√∑
r

p2
r + 9�V 2

√√√√1 − μ2

9V 2

(∑
r

p2
r + 9�V 2

)

= χ

2

A

V

√(
B V 2 + C

A

)2

− 1

(10)

where we defined

A =
∑

r p2
r

3

√
μ2 + 1

4�

(1 − 2μ2�)2

1 − μ2�

B = 3
√

�

√
1 − μ2�

C =
∑

r p2
r

6
√

�

1 − 2μ2�√
2

.

1 − μ �
Fig. 1. Volume V (t, x) (extended to negative values of t) as a function of the syn-
chronous time t . pr = � = 0.2, μ = 1. A choice for � consistent with inflationary 
theories would be several order of magnitude smaller. � = 0.2 allows to emphasize 
the behavior of the bridge solution.

Using the change of variable

x = B V 2 + C

A

the solution of equation (10) reads:

cosh−1(x) = χ Bt + C1.

It is immediate to check that x|V =Vmin = 1. Therefore, by means of 
the initial condition V (t = 0) = Vbounce , i.e. x(t = 0) = 1, we find 
C1 = 0. The expression of the volume of the universe as a function 
of the synchronous time is finally (Fig. 1):

V (t,x) =

√√√√∑r p2
r

[
cosh

(
3χ

√
�
√

1 − μ2� t
)

− 1 + 2μ2�
]

18�(1 − μ2�)
.

(11)

The singularity is clearly replaced by a Big Bounce. The Bounce 
occurs when the volume reaches the minimum volume given by 
equation (8). Far from the Bounce, the volume grows exponentially 
due to the presence of the cosmological constant. By performing 
the ADM reduction of the system and choosing the volume V as 
the internal time variable (V̇ = 1), the solution of the Hamilton’s 
equations associated to the anisotropies and to the scalar field can 
be written as:

βr(V ,x) = pr

3
√∑

r p2
r

[
G (V ,μ,�, pr) + ln

(μ

6

)]
+ Cβr (μ)

(12)

with

G ≡ 1√
�μ

�
{

F

[
i sinh−1

(
3

√
�∑
r p2

r
V

)∣∣∣∣∣1 − 1

�μ2

]}
(13)

where � indicates the real part and F (x|m) is the incomplete el-
liptic integral of the first kind. The logarithmic term is obtained 
by splitting the constant of integration and allows to recover the 
standard (non-polymer) solution of the Hamilton’s equations in the 
limit μ → 0 [43]. By substituting expression (11) for the volume 
into the solution (12), the behavior of the anisotropies as functions 
of the synchronous time can be investigated (Fig. 2).

In the polymer scenario, approaching the Big Bounce, the 
anisotropies do not diverge as it happened in the standard case. 
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Fig. 2. Anisotropies β±(t, x) (extended to negative values of t) as a function of 
the synchronous time t . pr = � = 0.2, μ = 1, Cβr = 0. By choosing pr < 0 the 
anisotropies reach their maximum value at the Big Bounce.

Indeed, when V = Vbounce the term (13) vanishes and they as-
sume a constant value logarithmically dependent on the polymer 
parameter μ, which acts as a cutoff. On the other hand, far from 
the Bounce, the anisotropies tend toward a constant value. The 
latter can be absorbed by an appropriate (and local) rescaling of 
the coordinate system. We obtained a bridge solution, connecting 
a non-singular, inhomogeneous and anisotropic, Kasner-like early 
phase of the universe with a later homogeneous and isotropic 
phase. Thus, the quasi-isotropization mechanism described in [45,
43] is preserved under the polymer modification. It is remarkable 
that, if the Kasner vector la associated to the scale factor grow-
ing toward the singularity satisfies the condition la · (∇ ∧ la) = 0, 
this solution is stable toward the Big Bounce [46]. It is important 
to note here that this result is local, and since it is derived in 
the WKB scenario, isotropization is obtained only in a single WKB 
patch, i.e. in a nearly homogeneous region. Nonetheless, under the 
assumptions necessary for considering the inhomogeneous Mix-
master model, i.e. lin � dH , such a region is larger than the average 
cosmological horizon [45,43]. Therefore, each causal connected re-
gion undergoes such an isotropization phase and can be expanded 
by the inflationary mechanism on a scale much larger than the 
Hubble radius. Thus, if the inflationary phase is long enough, it is 
possible to obtain a homogeneous and isotropic region larger than 
the Hubble horizon today.

As it is well-known [8], the ADM-reduced system is equiv-
alent to the description of a two-dimensional particle (the so-
called point-universe) with coordinates β+ and β− , while V is 
regarded as the time variable. The polymer-modified ADM Hamil-
tonian reads:

H ADM = 1

μ
arcsin

[
μ

3V

√∑
r

p2
r + 3

χ2
V

4
3 U I X + 9�V 2

]
. (14)

Following the same procedure carried out in [8], in the standard 
(non-polymer) description the last term in equation (4) can be 
neglected and the potential term can be regarded point-by-point 
as a triangular infinite and vertical wall when approaching the 
singularity. When the “particle” representing the universe is far 
from the walls, it behaves according to the Bianchi I dynamics. 
The walls recede with a speed 

∣∣β ′
wall

∣∣ = 1/(6V ). In vacuum the 
speed of the particle is 

∣∣β ′∣∣= 1/(3V ). Therefore it always reaches 
the walls and bounces against them, no matter its angle of inci-
dence. The bounce corresponds to the transition between two Kas-
ner epochs, i.e. to the change of the momenta p± . Since the speed 
of the particle diverges when approaching the singularity, an infi-
nite number of bounces takes place and the system shows chaotic 
and ergodic properties [9,47]. p± will assume all the possible val-
ues. The presence of a scalar field suppresses this chaotic behavior, 
ensuring the existence of a final, stable Kasner epoch [48]. In the 
polymer-modified scenario, the potential wall is not infinite any-
more. Indeed, the divergence of the potential wall corresponds to 
the divergence of the three-dimensional scalar curvature, occurring
in the limit V → 0. Since in our model the volume cannot vanish, 
the potential wall is always bounded, and it will reach its maxi-
mum height at the Big Bounce, i.e. at V = Vbounce , as we will show. 
Nonetheless, as long as the kinetic term in the ADM Hamiltonian 
is smaller than the potential one, the walls can still be considered 
infinite.

We can therefore use the Misner procedure [8] to find the 
speed of the walls. In particular, taking into account only the left 
wall, its position can be found by requiring the potential term to 
be of the same order of the potential-free (Bianchi I) ADM Hamil-
tonian:

μ2λ2
3

3χ2

e−8βwall

V
2
3 sin2(μH I

ADM)
∼ 1. (15)

By neglecting constant terms, the condition (15) can be rewritten 
as

βwall ∼ 1

6
ln(V ) − 1

4
ln

[
3V

μ
sin
(
μH I

ADM

)]
. (16)

The derivative of equation (16) with respect to V gives the speed 
of the wall:∣∣β ′

wall

∣∣= 1

6V
− 9�V

4
(∑

r p2
r + 9�V 2

) . (17)

Close to the Big Bounce, if Vbounce � 1 (we will see that we need 
such a condition for the validity of the present argument), then 
V � 1 and the second term of the RHS of equation (17) is neg-
ligible with respect to the first one. Thus, the speed of the wall 
is again 

∣∣β ′
wall

∣∣= 1/(6V ). The analysis for the other two potential 
walls leads to the same result.

The speed of the particle in the presence of a scalar field can 
be found in the same way as in the standard case as well. The 
Hamilton’s equations for the anisotropies can be written as:

dβ±
dV

= p±
9V 2

μ

sin (μH ADM) cos (μH ADM)

and the speed of the point universe reads:

∣∣β ′∣∣= 1

3V cos (μH ADM)

√
μ2(p2+ + p2−)

9V 2 sin2 (μH ADM)
.

Using the expression for p2+ + p2− obtained from equation (14)
and remembering that sin (μH ADM)|V =Vbounce

= 1, the speed of the 
particle when approaching the Big Bounce and far from the poten-
tial walls is finally given by:

∣∣β ′∣∣= 1

3V cos (μH ADM)

√√√√1 − p2
φ + 9�V 2

bounce∑
r p2

r + 9�V 2
bounce

. (18)

We remark that, since cos (μH ADM)|V =Vbounce
= 0, the speed of the 

particle diverges when V → Vbounce , while 
∣∣β ′

wall

∣∣ is finite. Hence, 
unlike the standard case, the particle reaches the wall for any an-
gle of incidence even in the presence of a scalar field. Therefore, 
bounces will occur and, in analogy with the standard case, p± will 
assume all the possible values, until the condition
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∑
r

p2
r + 9�V 2 > max

(
3

χ2
V

4
3 U I X

)
(19)

will be satisfied, unless the Big Bounce is reached before. Indeed, 
since we have shown that the point-universe can always reach the 
potential wall (before the bounce), in analogy with the standard 
Einsteinian dynamics [8], we can infer the existence of a stochastic 
behavior of the system and, in particular, of the discrete map in the 
generalized Bianchi I parameter space (see for instance the analy-
sis of the generalized BKL map developed in [35], where polymer 
features are addressed). For a discussion of the chaotic properties 
of the generic inhomogeneous cosmologies in the framework of 
continuous dynamical fluxes, see [4,10]. Thus, we can argue that 
all the possible values for the parameters (Bianchi I constants of 
motion) p± could in principle be explored during the iteration of 
the point-universe bounces. As a result, when these quantities take 
values corresponding to the validity of relation (19), we obtain the 
emergence of a free motion until the Big Bounce, and the chaotic 
features of the solution are suppressed. This is exactly the same 
argument adopted in [48] to prove the suppression of the oscilla-
tory regime due to the presence of a massless scalar field. From a 
dynamical system point of view, the point-universe invades all the 
allowed phase space and de facto chaos disappears because the 
configurational domain is no longer dynamically closed. Clearly, it 
can happen that the Big Bounce occurs before condition (19) is sat-
isfied. Thus, in both cases chaos is removed. When condition (19)
is fulfilled before the Big Bounce, the mechanism of chaos suppres-
sion is analogous to the one discussed in [28,29]. Alternatively, if 
the Big Bounce is reached before (19) holds, the chaos disappears 
due to the finite number of bounces of the point universe against 
the potential walls, in accordance with the analysis of [26,27].

Let us take into account only the left wall of the potential (as-
sociated to the term λ2

3e−8β+ ). In order to estimate the height of 
the potential wall, we can follow the same reasoning described by 
Misner in [8], and use the modified Kasner-type expression (12)
for the anisotropies. Indeed, in the classical picture, even if such 
a solution is valid only in absence of potential, the verticality of 
the potential wall guarantees that it is valid arbitrarily close to 
the wall. In the polymer scenario, the wall is not exactly vertical, 
but this approximation is still reliable as long as the slope of the 
potential wall is steep enough, i.e. as long as we have a small mini-
mum volume Vbounce � 1. By substituting (12), the right hand side 
of the condition (19) has a maximum in V = Vbounce . The condi-
tion can then be rewritten as:

p2+ + p2− >
3λ6

3(1 − μ2�)e−24Cβ+

6−8 cos θi χ6
μ4(1−2 cos θi) − p2

φ (20)

where cos θi = p+/

√
p2+ + p2− is the angle of incidence of the par-

ticle. It is worth noting that if the particle approaches the left wall, 
then θi < π/3. If θi > π/3, it is possible to find an analogous con-
dition for another wall. The compatibility of condition (20) with 
the condition Vbounce � 1 is checked in Section 5. When the poly-
mer parameter μ is finite, the right hand side of expression (20) is 
always bounded and, after a number of bounces, the condition can 
be satisfied. When it happens, the particle will overstep the po-
tential wall and a final, stable Kasner epoch will last until the Big 
Bounce. The minimum volume will be that associated to the last 
Kasner epoch. The same reasoning is valid also in vacuum. In the 
continuum limit μ → 0, the right hand side of the condition (20)
diverges and we recover the infinite walls of the standard descrip-
tion. We finally remark that, since the Mixmaster expands, reaches 
a turning point and then recollapses [49], if the accelerated expan-
sion comes to an end, the presence of the Big Bounce suggests that 
our model describes a cyclical universe.
We will now briefly focus our attention on the choice of the 
volume variable V as clock for the dynamics. First of all, since 
our analysis is based on Hamilton’s equations, i.e. it addresses a 
modified but classical gravitational dynamics in the spirit of the 
Ehrenfest theorem, the specification of a time variable is essen-
tially equivalent to any other choice, since such a variable is always 
classically linked to the synchronous time. The situation is signi-
ficatively different when the full quantum analysis is carried out, 
because the classical link to the coordinate time is lost. As an ex-
ample of such a difference, we remark how using the scalar field 
as a quantum clock is a very peculiar choice [39], see also [50]. 
Indeed, it leads to a divergence of the cosmic scale factor of the 
isotropic universe for a finite value of the scalar field. The singular 
behavior is clearly removed when passing, on a classical footing, to 
the synchronous time, but quantumly it is not avoidable.

These peculiarities are, in general, due to the behavior of the 
derivative of the adopted time with respect to the synchronous 
one or to another internal time. In particular, we note that the 
presence of the Big Bounce implies that the variable V is no longer 
monotonic as a function of the synchronous time, and its deriva-
tive dV /dt vanishes when approaching the Big Bounce. The most 
remarkable consequence of such a feature is the divergence of 
the speed of the point-universe (18). Using the Hamilton’s equa-
tion for the scalar field, it is immediate to verify that, by choos-
ing, for instance, the scalar field as the internal time variable, 
the speed of the point-universe at the Big Bounce is given by ∣∣β ′∣∣ = √p2+ + p2−/pφ (which is a constant of motion), while the 
speed of the wall vanishes. Thus the chaos-removal mechanism 
previously analyzed is preserved. However, it is worth to empha-
size that, using φ as the time variable, it clearly turns out that 
the number of bounces of the point universe against the potential 
walls is finite (because the range of φ is also finite, since it be-
haves exactly as the anisotropies β± (12)). At a semiclassical level, 
this feature is clearly valid also using V as the time variable, de-
spite the divergence of the speed of the particle. Indeed, it can be 
verified from equation (18) that 

∣∣β ′∣∣ ∝ 1/
√

V − Vbounce , while the 
time interval before the Big Bounce is � = V − Vbounce .

Nonetheless, in the quantum case it is fundamental and non-
trivial to choose a specific internal time. The use of the time vari-
able V is the most natural when studying the evolution of the 
point-universe during the Mixmaster dynamics, because it is di-
rectly involved in the behavior of the potential term. Clearly, the 
result concerning the chaotic or non-chaotic properties of the in-
homogeneous Mixmaster cannot depend, at least at this semiclas-
sical level, on the choice of a specific clock. The problem would be 
much more serious in the full quantum picture, since the equiva-
lence of the different choices of the clock could be no longer valid.

Finally, we stress that, on a quantum level, the request of a 
monotonic behavior of the considered chosen time with respect to 
the label time of the spacetime foliation is a good requirement for 
a relational quantum time [51,52]. Additionally, the physical intu-
ition of the concept of time suggests that the expanding and the 
collapsing branches of the evolution of the universe should be re-
garded as separated phases on a quantum level. This point of view 
is consistent with the idea that expanding and contracting solution 
modes could correspond to a frequency separation (if possible) in 
the canonical quantum procedure. This is immediate to recognize 
for the Bianchi I model using the standard Misner variable, since 
its Wheeler–DeWitt equation is isomorphic to a massless Klein–
Gordon equation.

5. Spatial gradients

In the previous section we have assumed the BKL conjecture to 
be valid also in polymer representation. Thus we have neglected 
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both the last term in equation (4) and the term W in the potential, 
which contains spatial gradients of the configurational variables. 
Let us now justify this assumption. Starting from the components 
of the three-dimensional scalar curvature, obtained in [46], and us-
ing the generalized Misner variables, it is possible to write the ex-
plicit expression for W . All the terms contained in W have a factor 
exp(βa +βb) with a 
= b and βa = (β+ +√

3β−, β+ −√
3β−, −2β+), 

and some of them depend on spatial gradients of the configura-
tional variables (∂γ V , ∂γ β±). The supermomentum constraint (3)
must be modified according to the polymer prescription (5). Then, 
relying on the same reasoning outlined in the previous section, if 
Vbounce � 1 we can use the expression (12) for the anisotropies 
and solve the supermomentum constraint to obtain an explicit ex-
pression for ∂γ V , which does not diverge in the limit V → Vbounce , 
and is convergent also in the continuum limit μ → 0. Additionally, 
evaluating ∂γ β± by means of expression (12) for the anisotropies 
and substituting ∂γ V , in the limit V → Vbounce we obtain:

∂γ β± = ∂γ p±

3
√∑

r p2
r

ln
(μ

6

)
− p±

∑
r pr∂γ pr

3
(∑

r p2
r
) 3

2

ln
(μ

6

)
+ K

where

K
(

pr, ∂γ pr, la
)= p±

6
∑

r p2
r

{
∂γ p+ + √

3∂γ p−

−∂β

[
2
√

3p−lβ2 l2γ + (3p+ + √
3p−)lβ3 l3γ

]}
.

Therefore, ∂γ β± is finite when μ 
= 0. These spatial gradients de-
pend on the polymer parameter μ logarithmically, thus they are 
logarithmically divergent in the continuum limit. Such a logarith-
mic behavior confirms, also in the polymer framework, the esti-
mate provided in [53]. It is well-known [44] that, in the standard 
picture and in the limit V → 0, the terms exp(βa + βb) with a 
= b
are negligible with respect to exp(2βa) where the potential is rel-
evant. Thus, in the polymer framework, they are negligible if the 
condition V � 1 is satisfied. Therefore, the condition Vbounce � 1
must be satisfied too, because Vbounce ≤ V . We observe how this 
condition is exactly the same we needed in order to use expres-
sion (12) for the anisotropies in the estimate of the spatial gradi-
ents here and of the height of the potential wall in Section 4. It 
is remarkable that, if Vbounce � 1 is satisfied for the first Kasner 
epoch, it is satisfied for all the following Kasner epochs. Indeed, 
Vbounce cannot become bigger than V , which decreases monoton-
ically. Since the logarithmic growth of the spatial gradients can-
not affect this behavior, if Vbounce � 1 both the last term in the 
Bianchi-like potential (4) and the term W are negligible. There-
fore, by requiring Vbounce � 1, i.e. 

∑
r p2

r � 9(1 − μ2�)/μ2, the 
BKL picture holds and the analysis carried out in the previous sec-
tion is completely justified. The last step is to verify that such a 
condition, which must be always satisfied, is compatible with the 
condition (20). Both conditions are satisfied if the relation

3λ6
3(1 − μ2�)e−24Cβ+

6−8 cos θi χ6
μ4(1−2 cos θi) <

∑
r

p2
r � 9(1 − μ2�)

μ2

(21)

holds. It is possible only if (we recall that, since we are considering 
only the left wall, θi < π/3)⎧⎪⎪⎪⎨
⎪⎪⎪⎩

μ �
(

3χ66−8 cos θi

λ6
3e

−24Cβ+

) 1
2(3−4 cos θi ) 1

2 < cos θi < 3
4

μ 
(

3χ66−8 cos θi

λ6e
−24Cβ+

) 1
2(3−4 cos θi ) 3

4 < cos θi < 1.

(22)
3

Fig. 3. Standard and polymer anisotropy β+ as a function of the volume V . p+ =
1.1, p− = pφ = 2, λ3 = 1, � = 0.2, μ = 0.0001, Cβr (μ) = −0.0482, Cclass

βr
= 0. With 

this choice, the conditions (21) are fulfilled and Vbounce = 0.000101 ∼ μ.

Fig. 4. Standard and polymer anisotropy β+ as a function of the volume V . p+ = 50, 
p− = pφ = 60, λ3 = 1, � = 0.2, μ = 0.0001, Cβr (μ) = −0.0676, Cclass

βr
= 0. With this 

choice, the conditions (21) are fulfilled and Vbounce = 0.0033  μ.

If the conditions (22) are satisfied, it is possible to fulfill condi-
tion (21) and the generic cosmological solution behaves as outlined 
in Section 4. We remark how there exists a range of parameters, 
i.e. of initial conditions on the last Kasner epoch, such that also 
the condition Vbounce  μ is satisfied. This result recalls those ob-
tained in loop quantum cosmology [30,31]. As an example, we plot 
in Figs. 3 and 4 the polymer-modified anisotropy β+ (see equa-
tion (12)) and its standard (classical) counterpart as a function of 
the volume for different choices of the parameters. In both cases, 
the conditions (21) are satisfied. The expression for the classical 
anisotropies, solution of the classical Hamilton’s equations, is given 
by:

βclass
r (V ,x) = pr

3
√∑

r p2
r

ln

⎡
⎢⎣

√
9�∑
r p2

r
V

1 +
√

1 + 9�∑
r p2

r
V 2

⎤
⎥⎦+ Cclass

βr
.

In Fig. 3 our choice of the initial conditions implies that Vbounce ∼
μ, while in Fig. 4 Vbounce  μ. We remark the similarity of the 
behavior in the two cases: the polymer-modified anisotropy be-
haves differently from the standard one very close to the Big 
Bounce, reaching its minimum value for V = Vbounce , but when 
V ∼ 4Vbounce the classical and the polymer solutions are already 
almost indistinguishable. Since, as we have showed, spatial gradi-
ents only grow logarithmically in the polymer parameter, they can-
not become dominant and destroy the inhomogeneous Mixmas-
ter approximation. In particular, in our model sub-horizon spikes 
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[54–57] are not present. This may be a hint that the regulariza-
tion due to the presence of a cutoff in the polymer quantization 
framework suppresses spikes. Alternatively, the absence of spikes 
could be related to our choice of non-rotating Kasner vectors. In-
deed, even if the rotation of Kasner vectors is a higher order 
dynamical effect, we cannot exclude that it could be the source 
of sub-horizon sized spikes. Therefore, they may be present when 
the most general case [4] is considered. A detailed analysis of this 
topic, although interesting, resides outside the goals of this paper.

6. Concluding remarks

In this work we have constructed the generic cosmological so-
lution in the semiclassical polymer representation for the isotropic 
variable only. The presence of a Big Bounce naturally arises when 
choosing the cubed scale factor as the generalized coordinate, 
while the chaotic behavior of the (inhomogeneous) Mixmaster is 
suppressed. These results significantly overlap those obtained in 
loop quantum cosmology, developed in [26–31]. Moreover, the 
flexibility of the polymer scenario has allowed us to extend the 
analysis to the generic inhomogeneous case. This suggests that also 
loop quantum cosmology would produce a generic non-chaotic 
bounce cosmology when applied to the cosmological problem with 
no symmetry restrictions [19,20,25].

The present study (similarily to [39]) also strongly suggests that 
the polymer quantization in the Minisuperspace is equivalent to 
loop quantum cosmology only if the discretized variable is directly 
related to a geometrical quantity. In fact, as shown in [35], by dis-
cretizing the standard isotropic Misner variable, i.e. the logarithm 
of the volume instead of the volume itself, both the singularity and 
the chaotic behavior of the Mixmaster model are still present, and 
their properties are analogous to the standard, non-polymer case.

Apart from the cosmological relevance of the generic inhomo-
geneous solution we have constructed, which is able to link a non-
singular Kasner-like dynamics with the isotropic de Sitter phase, 
the dependence of the behavior of the model on the choice of the 
discretized configurational variable and the analogies with the loop 
quantum cosmology approach should be regarded as the main re-
sults of the present work.
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