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In the out-of-plane assessment of rocking walls, a relevant and yet uncertain aspect is the influence of energy dissipated during 
motion due to impacts and restraints, such as a floor or tie rods. Therefore, in situ rocking tests on unrestrained and restrained 

unreinforced masonry walls, made of composite (rubble + blockwork) masonry, were performed and analyzed. The restraint 

is given by steel springs of assigned stiffness, simulating a floor connected to full-scale (4×1×0.6 m3) specimens from a 

dismantling building. The specimens are displaced from a static equilibrium position and released, allowing to evaluate energy 

dissipation. The coefficient of restitution is estimated as the square root of consecutive peak velocities of the same sign, to 

take into account non-homogeneities in walls. For unrestrained walls, experimental coefficients of restitution vary between 

81 and 88% of analytical ones, confirming the latter as conservative. For restrained configurations, experimental coefficients 

of restitution are between 74 and 83% of analytical values of unrestrained walls. Hence, an additional energy damping can be 

ascribed to the springs. Equivalent viscous damping ratios of a non-linear rocking system are calculated by considering a 

velocity logarithmic decrement, resulting between 6 and 8% (unrestrained condition) and between 8 and 10% (restrained 

condition). An analytical formula is proposed for estimating the coefficient of restitution for restrained walls if the dynamic 

properties of the unrestrained wall and the horizontal restraint are known. Finally, the relevance of a refined estimation of 
energy dissipation is discussed by means of numerical time history analyses. 
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INTRODUCTION 

 

Behavior of existing masonry buildings during earthquakes is frequently characterized by the response of some of their parts 

[1]. Such local behavior can be investigated by considering limit analysis and/or rocking approaches. For what concerns the 

first ones, collapse mechanisms are analyzed to define force and displacement capacities of walls and masonry arches [2], for 

which strengthening by means of traditional and innovative techniques [3,4] improves also the global structural behavior 

[5,6]. Rocking approaches generally apply when dealing with out-of-plane modes. The out-of-plane response of walls is a 

relevant issue because, compared to in-plane failure, out-of-plane failure has more severe consequences for people both inside 

and outside the construction [7–9]. Out-of-plane response is markedly influenced by vertical restraints due to transverse walls, 

with a frictional interlocking possibly preventing motion [10–12]. If interlocking is not present or is overcome, interaction 

with transverse walls can be modeled with a bed of springs [13] or by considering one-sided rocking with a lower coefficient 

of restitution [14]. However, when a wall is restrained only at the base or at the base and at the top, the out-of-plane main 
response is frequently a rocking one, which is sensitively influenced by ground motion features and system geometry 

parameters. Several studies were performed to understand to what extent ground motion features and system geometry affect 

the response [15–21].  



One of the main issues under debate when facing rocking is energy dissipation. The well-known coefficient of restitution, 

ratio of velocity just after impact by velocity right before it, is used to damp oscillations and it is computed ased n the 

conservation of angular momentum [22–24]. Several experimental tests show that such analytical previsions usually 

underestimate energy dissipation [25–28]. With specific reference to masonry and laboratory campaigns, for fired clay and 

tuff brickwork the ratio of experimental to analytical coefficients of restitution was about 95% [26], and two double leaf 

masonry walls made of approximately dressed stone units with low quality mortar have shown corresponding mean values in 

the range 95-98% [27]. Nonetheless, in situ tests on full-scale specimens, obtained by real masonry buildings, have not yet 

been carried out.  

Moreover, in practical cases URM walls are connected to floors, which generally furnish a deformable restraint to the wall. 
Numerical and analytical models have been proposed for a monolithic or two-body wall with a flexible spring at the top [29–

32], a single laboratory test campaign has been carried out [33], and experimental tests have been performed on timber 

diaphragms to assess their in-plane characteristics [34–36]. However, no in situ tests have been performed on free vibrations 

of full scale walls restrained at the top and rocking about their base corners, and such tests are the objective of this paper. 

Section 2 presents the experimental setup and tests on individual components, namely masonry and restraint. Section 3 

illustrates the tests of the unrestrained and restrained walls. Section 4 and 5 describe the method to correlate results to energy 

dissipation and damping, proposing an analytical approach for estimating the coefficient of restitution for a restrained wall, 

given the dynamic characteristics of the horizontal restraint and of the wall. Finally, numerical time-history analyses are 

performed in Section 6 to highlight the relevance of a refined estimation of energy dissipation. 

 

OVERVIEW AND TESTS ON COMPONENTS 
 

Test setup 

 

The free vibrations of three unreinforced masonry walls (Figure 1a) were investigated in two configurations: (i) free-standing 

and (ii) horizontally restrained by deformable springs close to the top. All walls were tested in the unrestrained condition, 

whereas wall #3 was also tested in bilateral restrained configuration. The walls rocked out of plane as might occur to 

unreinforced masonry façades under earthquake induced inertia forces. Configuration (i) is also representative of parapets, 

altars, statues, artistic assets, etc., while (ii) is illustrative of rocking walls connected to flexible diaphragms or steel tie rods.  

The tested walls, made of rubble masonry having specific weight w ≈ 19 kN/m3, were cut from the façade of a building in a 

hospital complex nearby Pisa (Italy), deemed to demolition.The cutting process, performed by means of a 1500 mm diameter 

circular saw (Figure 1b), caused a limited spalling of corners in each wall. The lateral cuts were made to isolate the specimens 
from adjacent masonry. At the top of the wall a larger amount of masonry was removed, by means of core drilling, in order 

to allow wall uplifting without arching action. Clay block masonry (w ≈ 8 kN/m3) was added to the window splays to obtain 

rectangular horizontal-section specimens (Figure 2). New independent blockwork panels supported the loads previously 

carried by the walls. 

 

 

(a) 

 

(b) 

Figure 1 Tested rubble masonry walls: specimen identification and approximate measures in mm (a) and cutting 

process (b) 



The wall inhomogeneity requires establishing geometric and mass parameters, such as radius vectors and inertia moments, 

about left pivot point Ol or right pivot point Or, separately (Figure 2). These parameters are presented in Table 1. Equivalent 

volume and equivalent width are calculated homogenizing clay blockwork to rubble masonry.  

A scaffolding system, present on both external and internal sides of the walls, acted as safety structure against overturning 

and as reaction frame for imposing the initial displacement (Figure 3a-b). This displacement was induced by a steel wire rope, 

tensioned by a manual lever winch and the corresponding axial force was measured, in some tests, by a load cell. 

   

Figure 2 Geometric features of the tested walls (all lengths in mm). 

 

Table 1 Geometric features and equivalent parameters for the composite masonry walls (symbols explained in 

Figure 2 and IO inertia moment around O). RM: rubble masonry, CBM: clay block masonry. 

WALL # 1 2 3 

Volume RM [m3] 2.30 2.25 2.20 

Volume CBM [m3] 0.50 0.44 0.45 

Equivalent RM volume [m3] 2.51 2.44 2.39 

Weight [kN] 47.68 46.33 45.42 

hG [m] 1.894 1.921 1.896 

dr [m] 0.315 0.313 0.314 

dl [m] 0.275 0.277 0.276 

αr [rad] 0.165 0.161 0.164 

αl [rad] 0.144 0.143 0.144 

Rr [m] 1.921 1.946 1.922 

Rl [m] 1.914 1.941 1.916 

IOr [kN m s2] 19.602 19.957 18.749 

Outward 
rotation 



IOl [kN m s2] 19.563 19.923 18.715 
  

 

 

(a)                                                                                        (b) 

Figure 3 Experimental test setup of unrestrained rocking wall: section (a) and frontal view (b) – All lengths in mm. 

 

The experimental setup for the restrained configuration is displayed in Figure 4a. The horizontal restraints are made of two + 

two pairs of springs (Figure 4b). Each pair of springs was connected to the scaffolding by a steel chain (Figure 4c-d), whose 

buckling prevented the contribution of the two pairs under compression. As will be shown in the following, the chain was 

much stiffer than the springs, and therefore assumed as rigid during motion. The springs were attached to a polyester band 
located as close as possible to the wall corner (Figure 4b), to engage almost axially the band whose stiffness is much larger 

of that of the springs. In fact, the deformation displacement just before release, captured in Figure 4c, is sensibly related to 

spring elongation. Again, to avoid any slack, a separate polyester band was connected to the rope used to impose the initial 

displacement to the wall (Figure 4b). Therefore, in the following, it will be assumed that the polyester band attached to the 

springs is rigid.  

 

Due to time and field experimental setup limitations, related to the demolition schedule, the out of plane displacement was 

monitored at a control point, located 3000 mm above the rocking hinge (Figure 5a),only by means of a high-frequency video 

camera and, at critical times, manually with a laser meter. In the same point the steel wire rope was connected to the wall. 

The control point was set at 2840 mm above the rocking hinge in the case of the restrained wall for better positioning of the 

horizontal springs. During free vibrations only accelerations were measured, at a cut-frequency of 200 Hz, by means of three 
pairs of DYTRAN accelerometers (model 7521A2) placed on the internal face of walls at three heights: 750, 2300 and 3600 

mm (Figure 5b), to verify that the only degree of freedom activated was rotational [26]. The lack of high-frequency 

measurements of displacements is not considered crucial for the meaningfulness of the tests because, compared to forced 

vibrations, free vibrations present a smoother time history. Moreover, energy dissipation of rocking systems is related to 

velocity thus requiring only one integration. 

 

Material properties of rubble masonry 

 
The rubble masonry of the building to which the tested walls belong is made of lime mortar and irregular natural stone units, 

whose length varies from approximately 50 to more than 200 mm. During a previous campaign on the same building [37], 

this masonry underwent double flat jack test, mortar penetrometer test, diagonal compression test and twin panel test. The 

related mechanical properties of walls are summarized in Table 2. 



The double flat jacks test highlighted a strong non-linear behavior, variable with the tested specimen size. Unfortunately, the 

test did not allow determining reliable values of the elastic modulii, because performed over a small volume of masonry (with 

respect to the average stone-unit size) disturbed by the cuts. Mortar strength delivered by penetrometer test seems compatible 

with masonry strength delivered by double flat jacks test. Indeed, in case of rubble masonry with units much stronger than 

mortar, the latter largely influences the composite strength [38]. The failure under the diagonal compression test showed the 

formation of a compressive strut between the loading plates, after the formation of two tension cracks separating the strut 

from the rest of the panel. Therefore, the test allowed the estimation of both tensile strength and compressive strength along 

the strut direction. Given the chaotic nature of the masonry under consideration, compressive strength along the strut was 

considered representative of that along a vertical direction. The equivalent tensile strength, as well as Young’s and shear 
elastic modulii were estimated by means of the twin panel test, a shear-compression test performed on two adjacent panels 

belonging to the same wall, horizontally loaded by a jack spanning between the panels but vertically loaded by two different 

forces [37]. Each panel acted at the same time as test specimen and reaction element, with the different levels of axial forces 

delivering two sets of data. By the combined use of strain-gages along different directions, the macroscopic elastic modulii 

of the panels were estimated as E = 1900-3000 MPa and G = 1100 MPa, respectively.  

 

 

(a) 

 

 

(b) 
 

 

(c) 

 

(d) 

Figure 4 Wall #3 restrained by a system of horizontal springs and chains: general view (a), vertical and horizontal 

sections - all lengths in mm (b), views inside before release (c) and outside (d) the building. 



 
(a)                                     (b) 

Figure 5 Control point position (unrestrained condition) (a); instrumentation setup: 2×3 accelerometers on the 

internal face of the wall (b). All lengths in mm. 

Table 2 Material properties of the rubble masonry [37]. fj = mortar compressive strength, σ (fj) = related standard 

deviation; fm,el = masonry elastic strength; fm,ul = masonry ultimate strength; ft = masonry tensile strength; 

E = masonry Young’s modulus, G = masonry shear modulus 

 

Test fj[MPa] 
σ (fj)  

[MPa] 

fm,el 

[MPa] 

fm,ul 

[MPa] 

ft 

[MPa] 

E 

[MPa] 

G 

[MPa] 

PNT-G mortar penetrometer 0.83 0.03 - - - - - 

Double flat jack  - - 
0.4-

0.8 
0.80-1.20 - 400-800 150-300 

Diagonal compression  - -  0.78-0.80 0.055 - - 

Twin Panel Test  - -   0.051 1900-3000 1100 
 

 

In order to roughly evaluate how much these experimental material properties are representative of the national building stock 

they could be compared with those recommended by the Commentary to the Italian Building Code [39]. Therein compressive 

strength values (fm,ul= 1.0-1.8 MPa) are somewhat larger than Table 2 values, whereas tensile strength (ft = 0.030-0.048 MPa) 

and elastic modulii (suggested values: E = 690-1050 MPa and G = 230-350 MPa) are smaller. 

 
 

Structural properties of horizontal restraints 

 

Stiffness of timber diaphragms can vary over a wide range, depending on geometry, timber properties, sheating, nailing 

details, connections to walls and direction of load with respect to joists. Diaphragms can act as a horizontal restraint for out-

of-plane loaded walls and be characterized by an equivalent spring of stiffness kH that can be related to the diaphragm shear 

stiffness, 𝐺 ∙ 𝑡, defined as equivalent shear modulus times diaphragm thickness [36]. Given a horizontal diaphragm of span 𝐿 

and depth 𝐵 subjected to an in-plane horizontal force 𝐹𝐻, the equivalent spring normal stiffness can be derived from the mid-

span displacement uH and the shear stiffness 𝐺 ∙ 𝑡 as [36]: 

𝑘𝐻 =
𝐹𝐻

𝑢𝐻

= 8 𝐺 ∙ 𝑡
𝐵

𝐿
 (1) 

In situ and laboratory tests allowed to identify values of both shear and equivalent spring normal stiffness for vintage or new 

timber diaphragms ( 

Table 3). When only shear stiffness was given a conventional 4×4 m2 diaphragm has been assumed to compute spring stiffness.  

 



Table 3 Values of shear stiffness G·t and equivalent spring stiffness kH from building codes and experimental tests 

(loading direction perpendicular, P., or parallel, Pa., to joists, J.). 

𝐺 ∙ 𝑡 B L kH 
Floor type Reference 

(kN/m) (m) (m) (kN/m) 

350 4.0 4.0 2800 single straight sheating (both P.J. and Pa.J.) [40] 

424 4.0 4.0 3392 flooring boards P.J.,initial values-lab tests [36]  

1872 4.0 4.0 14976 flooring boards and plywood panels P.J.-lab tests " 

260 4.0 4.0 2080 flooring boards P.J., final values-lab tests " 

1204 4.0 4.0 9632 flooring boards and plywood panels loaded P.J.-lab tests " 

185 4.0 4.0  1480 Pa.J. (minimum value)-lab tests [34] 

134 4.0 4.0  1072 P.J. (minimum value)-lab tests " 

156 4.6 9.6 598 vintage diaphragms P.J. (some flooring discontinuous)-in situ tests [41]  

137 5.7 9.6 651 vintage diaphragms P.J. (most flooring discontinuous)-in situ tests " 

73 10.4 5.5 1104 new diaphragms P.J.-lab tests " 

106 5.5 10.4 449 new diaphragms Pa.J.-lab tests " 

155 5.6 9.6 723 vintage diaphragms P.J.-in situ tests [35]  

171 4.7 9.6 670 " 
" 

85 5.6 9.6 397 vintage diaphragms loaded P.J.at critical drift level (3%) 
" 

70 4.7 9.6 274 " 
" 

The design of the horizontal restraint used in tests described hereinafter was governed by the aim of inducing ample rotations 

in the wall while developing a force compatible with the scaffolding reaction capacity, limited by the tight time frame of the 

in situ experiments. Therefore, a target stiffness between 15-20 kN/m was assumed, which was much lower than values in  

Table 3, but comparable to the flexible spring (kH = 37 kN/m) assumed by Penner and Elwood [33] for the only laboratory 

vibrations tests to date on walls with an elastic restraint at the top. Several types of horizontal restraints have been conceived 

and tested, but here only a double spring + chain assembly and its components, are described.  

 

Single spring 

 

Two types of single springs were considered: SS-A, with maximum commercial length of 67 mm, and SS-B, with 

corresponding length of 187 mm. A single SS-A spring has a yield force just above 0.7 kN, much lower of that of the SS-B 

spring (Figure 6a), but feasible for the reaction scaffolding frame. The stiffness of SS-A spring is about 4.1 kN/m and is 

slightly larger than that of a SS-B spring, equal to about 3.4 kN/m. Two couples of SS-A springs were necessary to get the 
target stiffness.  
 

 

Figure 6 Force-displacement law of: Single spring (SS-A and SS-B) (a); articulated link chain (b); double spring and 

chain assembly (c). 



  

Chain 

 

The chain used in the assembly, whose links were made from a 3.3 mm diameter coil, was meant to avoid any contribution 

of the springs under compression. However, the chain should remain elastic when the springs were under tension. Therefore, 

a ten-link chain was tested in tension (Figure 6b). The constitutive law highlighted that elastic behavior ended at about 2.20 

kN, well beyond the strength of a double spring. The chain stiffness was about 650 kN/m, almost 100 times that of a double 

spring.  

 

Double spring and chain assembly 

 

The adopted restraint was composed of two assemblies of two springs coupled by two 12-mm diameter bolts (Figure 7a). A 

chain was linked to the bolt with a shackle of 5 mm coil diameter. The tensile test of a single assembly was performed beyond 

yielding (Figure 6c). The elastic phase corresponds to an assembly stiffness of about 8.5 kN/m, with a yield force of about 

1.2 kN and a ductility factor exceeded 2.5. 

The damping of the assembly was evaluated by means of a free vibrations test, during which an initial load was applied at the 
bottom of the system (Figure 7b) and then suddenly removed by means of a snap shackle (Figure 7c). The initial elongation 

in the first test was 110 mm and in the second one was 145 mm, both close to the elastic limit (Figure 6c). By computing the 

damping ratio using the displacement logarithmic decrement, average values of 0.5 and 1.4% were obtained, respectively. 

  

(a) 

 

(b) 

 

(c) 

Figure 7 Double spring and chain assembly (a, all lengths in mm); experimental setup for evaluation of damping (b); 

close up of assembly, additional mass, and snap shackle to initial load (c). 

 

IN SITU WALL TESTS 

 

Summary of dynamic tests 

 

A summary of the dynamic tests performed on the three walls is reported in Table 4-Table 6. Twenty-seven tests were 

performed on the walls, but only nine of them were considered valid. Indeed, the tests affected by ineffective recording or by 

overturning against a too close safety the scaffolding or or by a residual out-of-plane plumb displacement larger than 10 mm 

at the control point (corresponding to a permanent out-of-plumb rotation of the wall) were disregarded. Such out-of-plumb, 

observed in walls #2 and #3, was due to debris that during the motion penetrated in the lateral vertical cuts, which had 

insufficient width. Unfortunately, all cuts were performed for all walls at the same time during specimens preparation, rather 

than for each wall after the previous one was tested. Therefore, it was not possible to adjust the size of the lateral cuts based 

on hard experience. However, in order to have pure rocking, the debris within the cuts were removed before performing a 

new test, and in the end satisfactory oscillations were obtained.  

Among the release techniques discussed in [26], the following ones were used. Wall #1 was connected to a steel chain 
(different from that used in the restraint assembly) pulled until failure, whereas a snap shackle was applied for walls #2 and 

#3 (Figure 8). Both systems involved a degree of disturbance at the beginning, either because the deformation energy of the 

chain was suddenly discharged, or because the chord used to open the snap shackle was pulled.  

After initial displacement was imposed (at force Fi) and the wall released, the wall vibrated without cracking or rocked after 

cracking. The wall was inspected before each test, with special attention close to its base where cracking was expected. When 



rocking occurred the base section clearly opened and closed multiple times highlighting the complete penetration of the crack. 

In no case sliding at the base was observed. Eight tests on wall #1 were carried out, labeled from U1-A to U1-H where U 

stands for unrestrained (free) condition. Only tests U1-B, U1-G and U1-H could be considered valid and are discussed in the 

following. Wall #2 was tested ten times, but only the last two time histories were considered valid, due mainly to residual 

displacement at the end of vibration. Wall #3 was tested seven times in free conditions and three in restrained (prefix R) 

conditions. After the third test the load cell, used only for this wall, hit the ground and damaged itself. Therefore, only 

displacements were measured. For wall #3, four tests were considered valid.  

 

(a) 
 

(b) 

Figure 8 Snap shackle: connected to the wire rope (a); in opened position (b).  

 

 

Table 4 Summary of dynamic tests. Wall #1, released by chain failure. 

Test Notes 

U1-A Chain failure without wall cracking, signal noise due to close-by machinery 

U1-B Wall vibration without cracking 

U1-C Zero wall displacement due to inadequate force application 

U1-D Horizontal crack at wall base without chain failure, wall free to rock 

U1-E Rocking behavior, overturning against scaffolding  
U1-F Rocking behavior, overturning against scaffolding  

U1-G Rocking behavior 

U1-H Rocking behavior 

 

Table 5 Summary of dynamic tests. Wall #2, released by chain and snap shackle (alternatively). 

Test Notes 

U2-A Horizontal crack at wall base, chain close to failure (visible deformation), wall stuck due to debris in the lateral 

cut surfaces 

U2-B Wall displacement close to zero, wall stuck due to debris in the lateral cut surfaces 

U2-C Wall displacement close to zero, wall stuck due to debris in the lateral cut surfaces, yielding of transverse beam 

of scaffolding 

U2-D Overturning against scaffolding; at the end of the unloading phase 20 mm residual displacement of control 

point  

U2-E At release wall stuck due to debris in the lateral cut surfaces  

U2-F At release wall rocked with a 20 mm residual displacement  
U2-G At release wall rocked with a 15 mm residual displacement  

U2-H Rocking behavior  

U2-I Rocking behavior  

U2-L Rocking behavior with a 15 mm residual displacement 

 



Table 6 Summary of dynamic tests. Wall #3, released by snap shackle. 

Test Notes 

U3-A Load cell. Fi = 4.00 kN. Horizontal crack at wall base. At release, wall stuck due to debris in the lateral cut 

surfaces 

U3-B Load cell. Fi = 4.15 kN. Rocking behavior. 
U3-C Load cell. Fi = 6.30 kN. Rocking behavior. Load cell damaged at the end of the test 

U3-D Rocking behavior 

U3-E Rocking behavior 

U3-F Rocking behavior. At the end of the test, wall stuck due to debris in the lateral cut surfaces 

U3-G Rocking behavior with substantial residual rotation due to debris in lateral cut surfaces 

R3-A Restrained condition, due to addition on both sides of two assemblies of double springs and chain. Rocking 

behavior, malfunction of the data recording system after release 
R3-B Restrained condition. Rocking behavior 

R3-C Restrained condition. Rocking behavior 

 

 

Data elaboration and integration process 

 

As already mentioned, due to time and field experimental setup limitations, only acceleration time histories were recorded 

and the need of their processing to have velocity time histories arose. The ATHs were processed and integrated with a 

specifically developed MATLAB code [42], based on the works of Ribeiro et al. [43] and Slifka [44]. First of all, the vibration 

signal expressed by an acceleration time history should have zero mean, whereas the recorded acceleration time histories had 

a slight direct current (DC) bias. This bias involved unacceptable numeric errors that accumulated in the integration and 

delivered a linear trend to velocity. The DC bias could be eliminated by means of a proper high-pass filter, although this step 
was sensitive to adopted parameters. Therefore, a Fast Fourier Transform (FFT) was used as an alternative, and amplitudes 

related to frequencies below a threshold value were set constant. As proposed in [43], a Fourier coefficient index equal to 3 

was adopted. An example of unprocessed and FFT processed ATHs are displayed in Figure 9a.  
Afterwards, the inverse FFT was calculated and from that, with a trapezoidal integration, velocity was obtained. Analogously, 

a FFT of the velocity time history was computed and amplitudes related to frequencies below the same threshold value were 

set constant. Finally, the inverse FFT was calculated to get the ultimate velocity time history (Figure 9b).These velocity time 

histories were used to estimate the coefficient of restitution as discussed hereinafter.  

 
Figure 9 Example of unprocessed and processed acceleration (a) and velocity (b) time-histories. Test U1-G. 

 

Tests on uncracked unrestrained wall 

 

Whereas for walls #2 and #3 the displacement initially applied already induced cracking at the base, for wall #1 rocking 

occurred only in the fourth test (Table 4). In the second test, U1-B, an uncracked frequency of vibration 3.58 Hz was recorded. 



Uncracked wall #1 could be assimilated to a cantilever and, assuming homogeneity both within the section and along the 

height, the fundamental frequency of vibration 𝑓1  is [45]: 

 

𝑓1 =
𝐶1

2𝜋 𝑙2
√

𝐸𝐼

𝑞
 (2) 

where 𝐶1 = 3.516 (constant for given boundary conditions), 𝐸 = Young’s modulus, I = axial moment of inertia about 

section bending axis, 𝑞= mass per unit length, and 𝑙 = wall height. With the data of Table 1 and the measured frequency, 

Young’s modulus E is about 615 MPa, a value that is too low compared to material tests. The poor agreement is reasonably 

related to the model neglecting gravity force. 

Padoussis and Des Trois Maisons [46] derived a model for a heavy vertical cantilever under free vibrations, for which they 

define the following dimensionless term: 

𝛾 =
𝑞𝑔

𝐸𝐼
𝑙3 (3) 

 

where 𝑞= gravity acceleration. In the case under examination, based on measured frequency, the circular frequency is equal 

to 22.49 rad/s from which it is graphically possible to estimate 𝛾 = 0.06. With the geometrical data of Table 1, a Young’s 

modulus of 2467 MPa can be computed, which falls almost at the center of the range estimated by means of the twin panel 

test (Table 2).  

 

Pre-cracking and post-cracking force-displacement relationship in static conditions 

 

An outward force 𝐹 was monotonically applied to the wall at 𝐻𝐹=2.84 m, and the corresponding rotation θ (Figure 10a) was 
computed based on measured displacement of control point. The interaction with lateral structures, induced by debris present 

in the vertical cuts of walls #2, 3, prevented not only uncracked vibrations, but also the estimation of corresponding stiffness. 

On the contrary, such stiffness can be appraised for wall #1, which was unrestrained, as approximately equal to 152 kN/m 

before cracking and 85 kN/m after cracking.  

 

(a)                                                                                        (b) 

Figure 10 Application of static force (a) and force-displacement relationship of the restrained cracked wall #3 (Table 

4) compared to the analytical law (Eq.(4) and Eq. (5)) (b). 

 

As for the restrained condition, test repetition showed a reasonably systematic behavior (Figure 10b). Force, F, -displacement, 

uF, experimental curves can be compared to that of a wall rocking rigidly while restrained by spring of combined stiffness 𝑘𝐻. 

A simple equilibrium condition around the right pivot point Or gives: 

𝐹 =
𝑊𝑅𝑟 sin(𝛼𝑟 − 𝜃) + 𝑘𝐻𝑢𝐻𝑅𝐻 cos(𝛼𝐻 − 𝜃)

𝐻𝐹 cos 𝜃
 (4) 

where 𝑊= wall self-weight, 𝑅𝑟(𝛼𝑟)= radius vector (slenderness angle) of the wall about right pivot point (Figure 10a), 𝑢𝐻= 

horizontal displacement of the restraint, 𝑅𝐻(𝛼𝐻)= radius vector (slenderness angle) of the restraint about right pivot point. 
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For uH > uH,y (subscript y = reference to the yielding of the horizontal restraint) the force exerted by the restraint is assumed 

constant and equal to 𝐻𝑦. Thus, the force-displacement relationship becomes: 

𝐹 =
𝑊𝑅𝑟 sin(𝛼𝑟 − 𝜑) + 𝐻𝑦𝑅𝐻 cos(𝛼𝐻 − 𝜑)

𝐻𝐹 cos 𝜑
 (5) 

It is worth to emphasize that Eq .(4) and Eq. (5) consider the geometrical and mechanical non-homogeneities of the wall 

illustrated in Figure 2, and therefore the geometrical values in Table 1 need to be considered. This relationship is in reasonable 
agreement with the experimental results around peak force, as shown in Figure 10b.  

 

EXPERIMENTAL ASSESSMENT OF ENERGY DISSIPATION 

 

In principle, a rocking free-standing block exhibits energy dissipation only due to impacts (Housner’s modelo) or due to 

impacts and a continuous energy dissipation mechanism. The latter can be due to (i) rocking on a flexible base hinge, (ii) 

flexure within the block, (iii) sliding at the rocking surface [47,48]. In the case under examination, a continuous energy could 

be due only to (i), since any wall experienced visible damages in its body (therefore excluding ii) and exhibited translational 

motion at its foundation (therefore excluding iii). However, for this case, a straightforward determination of the coefficients 

of restitution assuming only the ratio of velocities at impact is more straightforward and of immediate comprehension. 

One can then assume, in a simplified way, that rocking motion is characterized by impacts between body and base, to which 

energy dissipation is associated. Within such framework a coefficient of restitution 𝑒, ratio of velocities after and before 
impact, can be defined as a function of geometry alone. If the body is homogeneous and symmetric the following equation 

applies [22]: 

𝑒 = 1 −
3

2
sin2𝛼 (6) 

where 𝛼𝑙 = 𝛼𝑟 = 𝛼 (Figure 2) due to symmetry hypothesis. If the wall is not homogeneous, a different energy dissipation has 

to be taken into account depending on the rotation sign. Indeed, imposing the conservation of angular momentum, the 

following equation can be obtained: 

𝑒𝑙 = 1 −
𝑚𝑅𝑙

2

𝐼𝑂,𝑙

(1 − cos 2𝛼𝑙) (7) 

valid for an inward rotation (symbols refer to Figure 2 and Table 1), whereas for an outward rotation one has: 

𝑒𝑟 = 1 −
𝑚𝑅𝑟

2

𝐼𝑂,𝑟

(1 − cos 2𝛼𝑟) (8) 

The analytical values obtained after Eq. (7) and Eq. (8) are listed in Table 7. It is worth mentioning that without the addition 

of the clay blockwork the analytical values would have changed just about 1%.  

From an experimental standpoint, estimating velocity just before and after an impact is challenging. However, if it is accepted 

that energy is lost only at impact, one could compute the coefficient of restitution as the ratio of the absolute peak velocities 

separated by one half cycle (Figure 9b) obtaining the values in Figure 11. These coefficients are, as expected, lower than unity 

in almost all cases, but there are exceptions and there is a significant scatter. Such trends are reasonably due to the 
inhomogeneity of the walls (Figure 2), which makes the impact asymmetric and suggest to calculate two values of the 

coefficient of restitution, 𝑒𝑙 and 𝑒𝑟, as the square root of the ratio of same sign peak velocities, as already proposed by Costa 

et al. [27]. The square root is needed because two impacts occur in the full cycle separating the two peaks. The smoother and 

more stable trends of Figure 12 are obtained, therefore supporting the opportunity of considering two distinct values rather 

than just one. Experimental values are lower than the analytical ones. Moreover, restrained wall values are lower than 

unrestrained wall ones, suggesting that the restraint involves also an additional source of energy dissipation.  

Test average coefficients of restitution are listed in Table 7 by considering only positive peaks (𝑒𝑒𝑥𝑝𝑒𝑟,𝑟), or only negative 

peaks (𝑒𝑒𝑥𝑝𝑒𝑟,𝑙). The sixth column of the table reports 𝑒𝑒𝑥𝑝𝑒𝑟,𝑙−𝑟 , the average values considering all the coefficients of 

restitution 𝑒𝑙 and 𝑒𝑟 at each rebound. In the same table, the analytical values obtained after Eq. (7) and Eq. (8) are listed. The 

analytical expression always overestimates the actual coefficient of restitution. The ratio between average experimental values 

and analytical values lies between 81 and 88% (average 84.3%) for the unrestrained walls, which is markedly lower than in 

laboratory literature mentioned in the introduction.  

This result is even more relevant because masonry finite compressive strength reduces the effective rocking base 

[27]costacompared to the theoretical geometric base shown in Figure 2. Such reduced base would involve a higher analytical 

coefficient of restitution and thus less energy dissipated than expected based on conservation of angular momentum for 
impulses passing through cross-section geometric corners. On the other hand, removing the top load from tested walls has 

reduced the rocking hinge compression zone and it is to be expected that, if rocking involves walls under large axial load, 

ratio between actual and analytical coefficient of restitutions will be closer to 100% than observed here. Nonetheless, the 

average ratio of about 84%, especially in light of finite masonry compressive strength, seems to confirm that impacts alone 

are not able to explain all damping taking place in rocking bodies and a continuous energy dissipation mechanism must occur. 



The latter can be due to: a) flexure within the block; b) sliding at rocking surface; and c) rocking on a flexible foundation 

[47,48]. In the time histories under examination, flexure and sliding were not observed and only mechanism c) seems 

plausible, also considering pre-cracking and post-cracking behavior reported in previous sections. A further indication about 

the presence of an additional source of energy damping is that Although the introduction of an angular velocity proportional 

damping coefficient has been proposed [47,48], this parameter would need an experimental estimation, hence it is preferred 

here to reduce the analytical coefficient of restitution. 

The ratio between average experimental values of the restrained wall and, for lack of a more adequate model, analytical values 

of the unrestrained wall lies between 74 and 83% (average 79.4%). This reduced value suggests that adding the restraint 

involves an increase of energy dissipation compared to unrestrained wall.  
A slight reduction of the coefficient of restitution is present within each time history in Figure 12, with the only exception of 

test R3-C. Considering the linear regression of each curve, an angular coefficient between -0.004 and –0.015 is observed. 

However, when moving from a time-history to the next no systematic trend can be recognized, because eexper, l-r in Table 7 

increases for walls #1 and #2, and reduces for wall #3, in both unrestrained and restrained configurations. Most variations are 

of limited extent and can be considered as inescapable experimental variabilities, as rocking section becomes more polished 

or on the contrary comparatively larger aggregates are dislocated and change the cross-section profile. Additionally, it is worth 

emphasizing that, as already shown from Table 4 to Table 6, several tests were performed in addition to those considered 

valid and explicitly analyzed, thus accumulating a larger deterioration as can probably be expected during a single seismic 

event. On the other hand, tested walls were non-loadbearing, so horizontal structure masses amounting to a significant fraction 

of wall masses can induce a larger modification of rocking section than experienced during the tests reported here. 

 

 

Figure 11 Experimental coefficient of restitution, ratio of absolute peak velocities separated by one half cycle, 

compared to the analytical one (Eq. (6), computed for an average α = 0.154 rad). U = unrestrained wall, R 

= restrained wall. 



 

Figure 12 Experimental coefficient of restitution, square root of ratio of peak velocities separated by one full cycle, 

compared to the analytical ones, 𝒆𝒍and 𝒆𝒓  ((Eq. (7) and Eq. (8)). U = unrestrained wall, R = restrained 

wall. 

 

Table 7 Average values of experimental coefficient of restitution, ratio to analytical ones (Eq. (7) and Eq. (8)) and 

average values of experimental damping ratios (Eq. (9)). 

  
𝑒𝑙 
[-] 

𝑒𝑟 
[-] 

𝑒𝑒𝑥𝑝𝑒𝑟,𝑙 

[-] 

𝑒𝑒𝑥𝑝𝑒𝑟,𝑟 

[-] 

𝑒𝑒𝑥𝑝𝑒𝑟,𝑙−𝑟 

[-] 

𝑒𝑒𝑥𝑝𝑒𝑟,𝑙/𝑒𝑙 

[%] 

𝑒𝑒𝑥𝑝𝑒𝑟,𝑟/

𝑒𝑟[%] 

𝜉𝐺𝑀 
[%] 

U1-G 0.962 0.951 0.811 0.790 0.802 84.3 83.1 7.0 

U1-H 0.962 0.951 0.814 0.806 0.817 84.6 84.8 6.7 

U2-H 0.964 0.954 0.779 0.785 0.781 80.8 82.3 7.9 

U2-I 0.964 0.954 0.819 0.779 0.801 85.0 81.7 7.1 

U3-D 0.962 0.951 0.834 0.833 0.834 86.7 87.6 5.6 

U3-E 0.962 0.951 0.824 0.808 0.816 85.6 84.9 6.6 

R3-B 0.962 0.951 0.798 0.757 0.779 82.9 79.6 7.6 

R3-C 0.962 0.951 0.775 0.709 0.731 80.6 74.5 10.0 

 

EXPERIMENTAL EQUIVALENT VISCOUS DAMPING 
 

In numerical analyses, concentrating energy dissipation at impacts requires a careful determination of their occurring, usually 

involving a variable integration time step. Therefore, Giannini and Masiani proposed in 1990 [49] an harmonic balance 

procedure to estimate an equivalent viscous damping ratio, ξGM, allowing energy dissipation along the entire time history, 

according to the following equation: 

𝜉𝐺𝑀 =
2 (1 − 𝑒)

𝜋 (1 + 𝑒)
 (9) 

More recently and independently Imanishi et al. [50] proposed the following formula for an equivalent viscous damping ratio: 

𝜉𝐼 =
𝜐

√4𝜋2 + 𝜐2
 (10) 

where: 

𝜐 = 𝑙𝑛
𝑣𝑖

𝑣𝑖+1

 (11) 



in which vi = velocity of the control point at i-th peak and vi + 1 = velocity at following peak with same sign. If the coefficient 

of restitution e is computed based on the experimental ratio vi + 1 / vi, Eq. (9) and Eq. (10) deliver the same results. It is worth 

emphasizing that the equivalent viscous damping by Giannini and Masiani is different from that discussed by Makris and 

Konstantinidis [51]. Indeed, that in Eq. (9) is meant to be used in a non linear rocking analysis as an alternative to the 

coefficient of restitution, whereas that examined by Makris and Konstanitidis is part of a strategy to estimate displacement 

demand using a conventional elastic response spectrum in an equivalent static analysis. 

 

Figure 13 Viscous damping ratios calculated from experimental values of coefficient of restitution (Eq. (9)). 

 

Figure 13 displays the viscous damping ratios obtained from Eq. (9) and experimental VTHs. It is possible to notice that the 

walls in free conditions have damping ratios between 6 and 8%. Damping ratios of unrestrained wall #3 increase by 

approximately 2% if restraints are added (Table 7, last column). An equivalent coefficient of restitution, eR, for the restrained 

wall can be estimated from the Giannini and Masiani’s [49] formulation with: 

𝑒𝑅 =
2 − 𝜋 𝜉𝑅

2 + 𝜋 𝜉𝑅

 (12) 

where 𝜉𝑅 is the damping ratio of the restrained wall. This ratio can be evaluated by considering the wall and viscous restraint 

acting in parallel, in linear conditions for the sake of simplicity (Figure 14). The dynamic properties of the restrained wall 

(mass mR, damping constant cR and stiffness kR) are therefore: 
 

𝑚𝑅 = 𝑚𝑤 =
3

4
𝑚;          𝑐𝑅 = 𝑐𝐻 + 𝑐𝑤;             𝑘𝑅 = 𝑘𝐻 + 𝑘𝑤 (13) 

The sub-indexes 𝐻 and 𝑤 respectively indicate the horizontal restraint and the wall. The effective mass 𝑚𝑤 is, for a wall 

rotating about its base corner approximately, approximately 3/4 of the actual mass [52]. The stiffnesses are obtained from 

experimental tests (𝑘𝐻, section 2.3 and 𝑘𝑤 , section 2.4). The damping constant of the horizontal restraint 𝑐𝐻  can be expressed 

as: 

𝑐𝐻 = 2 𝑚𝐻   𝜔𝐻  𝜉𝐻 (14) 

where the multiplication factors are taken from experimental tests (section 2.4), and ω is the circular frequency. In addition, 

the damping constant associated to the wall is similarly calculated as: 

𝑐𝑤 = 2 𝑚𝑤   𝜔𝑤  𝜉𝑤, (15) 

in this case considering the experimental results of the free-standing wall (Table 7 for  𝜉𝑤  and section 3 for an average natural 

frequency  𝜔𝑤).  

Once the damping constant is known for the restrained condition, the damping ratio 𝜉𝑅 can be calculated as: 

𝜉𝑅 =
𝑐𝑅

2 𝑚𝑅  𝜔𝑅

 (16) 
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estimating the circular frequency again from tests or based on stiffness and mass. 

Using Eq. (12) and experimental parameters, the coefficient of restitution in restrained condition varies between 0.76 and 

0.81, because rocking wall has an amplitude dependent stiffness. Such values are reasonably close to the 0.76 average value 

in Table 7 (last two lines, second and third columns). Thus, Eq. (12) allows estimating the coefficient of restitution of a 

restrained wall when the dynamic properties of the free-standing wall and of the horizontal restraint are available. 

 

 
Figure 14 Schematic representation of the wall and viscous restraint acting in parallel. 

 

IMPACT OF EXPERIMENTALLY CALIBRATED ENERGY DISSIPATION ON THE BEHAVIOR OF A 

RESTRAINED ROCKING WALL 

 

In order to get a preliminary assessment of the relevance of a finely estimated energy dissipation, one wall was subjected to 
different earthquake ground motions, considering either the analytical coefficient of restitution or the experimentally 

calibrated values.  

 

Selection of geometry and input signals 

 

The overall geometry considered for the numerical rocking analyses was that of wall #3 (Table 1), but symmetry has been 

assumed in order to investigate the sole influence of the coefficient of restitution. Hence, the following average parameters 

were used R = 1.919 m and α = 0.154 rad. A set of six accelerograms was taken from the Engineering Strong Motion Database 

[53] by selecting one seismic record for each range of Peak Ground Velocity (PGV) of 10 cm/s, between 0 to 60 cm/s. The 

selected accelerograms belong to the event of the Central Italy Earthquakes occurred on October 30th, 2016 (06.40 UTC), and 

their main features are reported in  

Table 8. For the unrestrained wall, first the analytical coefficient of restitution (Eq. (6)) was assumed then, based on results 

presented in Table 7, 85% of the analytical value has been considered. The same analyses were also performed in restrained 

conditions, with a bilateral stiffness of 17 kN/m. Again, first a coefficient of restitution equal to 95% of the analytical one 

was used, with the 5% reduction related to the additional energy dissipation granted by the horizontal restraint. Then, the 

coefficient of restitution is reduced to 80% of that in Eq. (6), as a combined effect of experimental calibration valid for the 
unrestrained wall and of horizontal restraint energy dissipation.  

 

Table 8 Earthquake ground motions of the October 30th, 2016 Central Italy seismic event [53] used for numerical 

rocking analyses. PGA: peak ground acceleration, PGV: peak ground velocity, PGD: peak ground 

displacement. 

Record ID Station name PGA PGV PGV/PGA PGD 

 
 (cm/s2) (cm/s) (s) (cm) 

1 AQV 63.1 5.00 0.08 2.36 

2 CIT 319.5 15.67 0.05 9.25 

3 T1212 274.4 27.71 0.10 14.85 

4 AMT 521.6 37.91 0.07 6.02 

5 ACC 425.9 44.11 0.10 14.16 

6 T1213 779.3 60.73 0.08 12.42 



 

Analysis and discussion of results 

 

The maximum values of dimensionless rocking rotations are listed in Table 9, varying record, boundary conditions and 

coefficient of restitution. Increasing PGV usually induces a larger response, although few exceptions exist especially for the 
restrained wall ( 

Table 8, record 4), probably because correlation between PGV and rocking response has been investigated so far mainly for 

free-standing blocks [54]. Adding the horizontal restraint almost systematically involves a marked reduction of maximum 

response, with the exception of record 4, which has a high PGA value ( 

Table 8). Finally, the experimentally calibrated coefficient of restitution (third and fifth columns of Table 9) involves a 

substantially reduced maximum rotation, compared to values of the second and fourth columns. The beneficial effect of an 

increased energy dissipation was analytically shown by Dimitrakopoulos and DeJong [55], for a rocking body with a vertical 

viscous damper at the foot. Although the trends in Table 9 should be further investigated with a wider set of geometries, 

horizontal restraint stiffness and records, they suggest the relevance of a carefully selected coefficient of restitution. Similarly, 

they highlight how an elastic restraint can markedly reduce the wall response, provided that the horizontal structure is 

adequately robust and properly connected to the wall. The wall response reduces as the restraint stiffness increases [29–32], 
but for large stiffness the mechanism may change with the formation of an intermediate hinge [29–32]. 

 

Table 9 Maximum values of dimensionless rocking rotations, varying record, boundary conditions and coefficient of 

restitution (analytical value e according to Eq. (6)) 

Boundary condition Unrestrained Restrained 

Coefficient of restitution 𝑒 0.85 𝑒 0.95 𝑒 0.80 𝑒 

Record ID max(|θ|/α) max(|θ|/α) max(|θ|/α) max(|θ|/α) 

1 0.000 0.000 0.000 0.000 

2 0.071 0.036 0.043 0.013 

3 0.316 0.169 0.002 0.001 

4 0.227 0.187 0.230 0.106 

5 0.463 0.257 0.081 0.041 

6 overturning 0.475 0.464 0.274 

 

CONCLUSIONS 

 

Increased computational capacity and the formulation of several analytical models have popularized dynamic analyses for 

rocking mechanisms. However, such models introduce energy dissipation by computing a coefficient of restitution based on 

the conservation of angular momentum. Limited experimentation has been carried out to verify such formulations, especially 

in the case of large in situ walls, and this statement is even more true for restrained façades.   

This work presented estimations of energy dissipation in unrestrained and horizontally restrained rocking walls, by means of 

in situ tests on composite (rubble + blockwork) masonry specimens. The horizontal restraint, made of two double spring and 

chain assemblies, simulated flexible timber diaphragms whose equivalent spring stiffness and damping ratio were obtained 

from static and dynamic tests. From the rocking tests, coefficients of restitution were calculated by considering consecutive 

peak velocities of the same sign, to take into account the wall non-homogeneity. The in situ campaign showed that the 

analytical coefficient of restitution underestimates energy dissipation, with the experimental / analytical ratio being on average 

approximately equal to 85%. The corresponding ratio for the restrained wall delivers an average of about 80%, suggesting 

that springs contribute also to energy dissipation. Therefore, analytical models based on the conservation of angular 
momentum are not accurate and energy dissipation is larger than what already reported for laboratory tests on unrestrained 

walls. Although it is premature to derive general guidelines, because other masonry types and wall geometries need to be 

studied, preliminary assessments can be based on reduction values derived from this campaign. 

Moreover, an analytical formula is proposed to estimate the coefficient of restitution of a restrained wall when the dynamic 

properties of the unrestrained wall and of the horizontal restraint can be estimated separately, and this model is able to 

reasonably capture measured values.  



Finally, numerical rocking analyses show that an accurate estimation of dissipated energy has a relevant impact on 

vulnerability assessment, avoiding over-conservative estimations. As a consequence, unnecessary interventions can be 

excluded, with an obvious reduction of costs and averting unwanted strengthening on architectural heritage buildings.  
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