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Abstract

We investigate the response of the bound state structure of a two-boson system,
within a Yukawa model with a scalar boson exchange, to the inclusion of the cross-
ladder contribution to the ladder kernel of the Bethe-Salpeter equation. The equa-
tion is solved by means of the Nakanishi integral representation and light-front
projection. The valence light-front wave function and the elastic electromagnetic
form factor beyond the impulse approximation, with the inclusion of the two-body
current, generated by the cross-ladder kernel, are computed. The valence wave func-
tion and electromagnetic form factor, considering both ladder and ladder plus cross-
ladder kernels, are studied in detail. Their asymptotic forms are found to be quite
independent of the inclusion of the cross-ladder kernel, for a given binding energy.
The asymptotic decrease of form factor agrees with the counting rules. This analysis
can be generalized to fermionic systems, with a wide application in the study of the
meson structure.

Key words: Relativistic bound states, Bethe-Salpeter equation, Minkowski space,
light-front wave function, electromagnetic form factor

The investigation of fundamental interactions faces the challenge to obtain the-
oretically the properties of relativistic bound systems in the Minkowski space.
One relevant present example, is the introduction of quasi-parton distribu-
tions calculated with moving hadrons in the Euclidean Lattice QCD for large
longitudinal momentum to match with parton distribution functions (PDFs)
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in the infinite momentum frame [1]. On the other side, recent tools are being
introduced to investigate the spectrum and the Minkowski space structure of
composite systems within the continuum approach to bound states in field
theory, without resorting to the Wick rotation in the Bethe-Salpeter (BS)
equation. One technique to solve bound and scattering problems within the
BS approach relies on the Nakanishi integral representation (NIR) [2]. This
method was introduced about two decades ago in [3], and further developed
in [4,5] where the projection onto the light-front (LF) was used as an essential
step to simplify the formalism. Later on, it was further extended to scatter-
ing states [6], and computations using convenient polynomial basis expansion
were provided in [7,8]. The efforts were undertaken to invert the NIR for the
Euclidean BS amplitude, in order to find the Nakanishi weight function and
use it to reconstruct the BS amplitude in Minkowski space [9]. Applications to
bound fermionic systems were also done [10,11]. The method has been shown
to be reliable to study the spectrum and the Minkowski space structure of
a relativistic two-boson system in the ladder approximation [12]. Impact pa-
rameter space amplitudes (see e.g. [13]) can be derived from the LF valence
wave function of the ground and excited states. Together with the asymptotic
form of the LF wave function for large transverse momentum, the impact pa-
rameter space representation at large distances were studied within the ladder
approximation in [12]. The Minkowski space approach has been extended be-
yond the ladder exchange in Ref. [5], where it was considered the cross-ladder
contribution to the kernel of the BS equation for the two-boson bound state.
The binding energy as a function of the coupling constant was also computed
in the Euclidean space approach within the Feynman-Schwinger framework of
the Yukawa model for two-boson bound states [14], where all possible cross-
ladder diagrams were taken into account. This work shows quite clearly the
extra attraction provided by adding the infinite set of diagrams in the kernel
of the corresponding BS equation. Indeed, the consideration of only lowest or-
der cross-ladder diagram gives a considerable net attraction in the two-boson
bound state (see e.g. [5]). Therefore, it is natural to expect that the dynamics
beyond the ladder exchange is reflected not only on the binding energy but
also on the Minkowski space structure of the bound state. This is modified by
the higher order contributions to the kernel of the BS equation, even if the
binding energy is kept fixed by changing the coupling constant.

The interesting question comes on how the dynamics beyond the ladder ex-
change contributes quantitatively to the asymptotic behavior of both valence
LF wave function, associated with the PDFs, and to the elastic electromagnetic
(EM) structure. In this paper we study the two-boson bound state structure
in the Yukawa model, considering the ladder and ladder plus cross-ladder ker-
nels, to investigate quantitatively the LF wave function and elastic EM form
factor. To satisfy the gauge invariance, the cross-ladder graph must also con-
tribute to the EM current of the bound pair as a two-body current, which
is also considered in this work. These observables are intrinsically connected
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with the Minkowski space structure of the bound state. The solution of the
homogeneous two-boson BS equation in Minkowski space is found numerically
by transforming it into a non-singular integral equation for the weight func-
tion provided by the NIR of the BS amplitude, using the technique proposed
in [4,5] and further developed in [7].

To put our work on a broad perspective, we recall that in the realm of the
quark counting rules [15,16] within perturbative QCD, it was derived the lead-
ing asymptotic large momentum form of amplitudes for exclusive processes,
in particular to elastic form factors [17,18]. Higher-twist contributions to the
associated amplitudes are subleading [17]. These ideas applied to a spin 1 two-
fermion bound state resulted in the ”universal ratios” [19] between the leading
asymptotic contributions to the elastic EM form factors. Later on, sublead-
ing power corrections were considered in the EM form factors of the deuteron
[20,21] and ρ-meson [22], and in exclusive processes [23] consistent with the
LF angular conditions. Furthermore, the quark counting rules were general-
ized in Ref. [24] for the leading hard transverse momentum dependence of the
Fock components of the hadronic LF wave function in terms of the parton
number, orbital angular momentum along the z-direction and hadron helic-
ity. The present study is a preparation for future applications to explore the
nonperturbative physics of QCD. We address the issue on how the asymptotic
behavior from counting rules is formed qualitatively and quantitatively, con-
sidering the NIR of the BS amplitude, both in the valence LF wave function
and EM form factor. In addition, we study quantitatively the elastic two-body
current associated with a cross-ladder term being a higher-twist contribution
to the form factor. Our aim is to determine how it is damped with respect
to the leading term in the present nonperturbative calculation of the bound
state. Another aspect analyzed here is the question on how the asymptotic
behavior of the form factor and LF wave function change with the modified
kernel. For this study we consider a fixed binding energy, which keeps the
low momentum behavior of these quantities quite independent of the kernel
choice, allowing us to focus on the high momentum region independent on the
binding energy.

This work is organized as follows. In Sect. 1, the BS equation and NIR of the
BS amplitude are briefly introduced. In Sect. 2 the valence LF wave function
is studied in detail with respect to its asymptotic form and the role of the
ladder exchange in forming the leading large momentum behavior. In Sect. 3
the space-like EM form factor is introduced and the current conservation is
discussed. The numerical results for the impulse and two-body current con-
tributions to the form factor are presented, and a discussion of the ladder
exchange dominance is performed quantitatively. The asymptotic behavior of
the form factor is derived in Sect. 4, and we illustrate them numerically. In
Sect. 5, we provide the summary and an outlook for future developments of
our work.
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1 Bethe-Salpeter Equation and Nakanishi Integral Representation

The BS equation in Minkowski space, for two spinless particles, reads:

Φ(k, p) = S
(
p

2
+ k

)
S
(
p

2
− k

) ∫ d4k′

(2π)4
iK(k, k′, p)Φ(k′, p) , (1)

where the Feynman propagator is S(k) = i [k2 −m2 + iε]
−1

. The interaction
kernel K is given by the sum of irreducible Feynman diagrams. The ladder
kernel is considered in most of the works, but here we incorporate also the
cross-ladder contribution.

The BS amplitude is found in the form of the NIR [2,3]:

Φ(k, p) = −i
∫ 1

−1
dz
∫ ∞
0

dγ
g(γ, z)

D3(γ, z; k, p)
, (2)

where the Nakanishi denominator is:

D(γ, z; k, p) = γ +m2 − 1

4
M2 − k2 − p · k z − iε . (3)

The weight function g(γ, z) itself is not singular, whereas the singularities of
the BS amplitude are fully reproduced by this integral. The BS amplitude in
the form (2) is substituted into the BS equation (1) and after some math-
ematical transformations [4], one obtains the following integral equation for
g(γ, z):∫ ∞

0

g(γ′, z)dγ′[
γ′ + γ + z2m2 + (1− z2)κ2

]2 =

∫ ∞
0

dγ′
∫ 1

−1
dz′ V (γ, z, γ′, z′)g(γ′, z′), (4)

where for bound states κ2 = m2 − 1
4
M2 > 0 and V is expressed via the

kernel K. The ladder and ladder plus cross-ladder kernels in Eq. (4) were
worked out in detail in Refs. [4] and [5], respectively. The numerical method
to solve Eq. (4) was described in detail in [7,12], where it was proposed a
basis expansion in Laguerre polynomials for the noncompact variable and
Gegenbauer polynomials for the compact one.

Noteworthy to point out that the s−wave valence LF wave function is written
in the form (we follow the convention of our previous paper [9]):

ψLF (γ, ξ) =
1− z2

4

∫ ∞
0

g(γ′, z)dγ′[
γ′ + γ + z2m2 + (1− z2)κ2

]2 , (5)

where the transverse momentum is k⊥ =
√
γ and the LF momentum fraction

is ξ = (1 − z)/2 with 0 < ξ < 1. The physical or normal solutions of the
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BS equation are the ones for which the weight function has the symmetry
property g(γ, z) = g(γ,−z), and it is reflected in the expected symmetry of
the valence wave function for two identical bosons.

B/m µ/m α(L+CL) α(L) α(L)/α(L+CL) ψ
(L)
LF /ψ

(L+CL)
LF

1.5 0.15 4.1399 6.2812 1.5172 1.5774

0.50 5.1568 7.7294 1.4988 1.5395

1.0 0.15 3.5515 5.3136 1.4961 1.5508

0.50 4.5453 6.7116 1.4766 1.5094

0.5 0.15 2.5010 3.6106 1.4436 1.4805

0.50 3.4436 4.9007 1.4231 1.4405

0.1 0.15 1.1052 1.4365 1.2997 1.2763

0.50 1.9280 2.4980 1.2956 1.2694

Table 1
Comparison between the ratio of the coupling constants, given in terms of
α = g2/(16πm2), corresponding to ladder (L) and ladder plus cross-ladder (L+CL)
kernels, with the ratio of the LF wave functions in the asymptotic limit, namely
for a large value of γ = 500m2, and with the particular choice ξ = 1/2. For this

analysis we use the normalization ψ
(L)
LF (0, 1/2) = ψ

(L+CL)
LF (0, 1/2) = 1.

2 Valence light-front wave function

The cross-ladder kernel is attractive as it is known [5], and therefore the cou-
pling constant decreases to keep the same binding energy, as illustrated by
the values of α(L) and α(L+CL) presented in Table 1 for a given B and µ. The
momentum dependence of the valence wave function is discussed in what fol-
lows. We choose a strongly bound situation with B = 1.5m to show the effect
of changing the interaction kernel from ladder to ladder plus cross-ladder at a
fixed binding energy.

The result for the wave function is shown in Fig. 1. At relatively low momen-
tum,

√
γ . 3m, the wave function is practically the same for the ladder and

ladder plus cross-ladder kernels. That happens because this momentum re-
gion is determined by the binding energy that gives the behavior of the wave
function at large distances. In the present case one should expect that the
momentum region determined mainly by the binding energy is of the order of√
γ ∼B = 1.5m, which seems to be the case. At large momentum, we observe

that the ladder and ladder plus cross-ladder results for the wave function, are
essentially proportional. According to the general discussion on asymptotic
behavior of the LF wave function [17], the large momentum tail should be
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Fig. 1. LF wave function vs. γ for ξ = 1/2 with ladder (L) (dashed lines) and
ladder plus cross-ladder (L+CL) (solid lines) interaction kernels for B = 1.5m and
µ = 0.15m (left-frame) and µ =0.5m (right-frame).

dominated by the ladder exchange, that is common to both calculations. In
[12], it was found, for ground and excited states, that for γ →∞:

ψLF (γ, ξ)→ α γ−2C(ξ) , (6)

where α is factorized and ψLF (0, 1/2) = 1 is chosen to get C(ξ) in Fig. 2.

The only fact that the kernel can be enlarged to include the cross-ladder,
allows us to check how C(ξ) changes for a given binding energy, considering
that the coupling constant has to be modified for the two kernels to keep B
fixed and the ladder exchange dominates the large momentum region. Table 1
illustrates how the asymptotic wave function scales with α for ladder and
ladder plus cross-ladder kernels with µ = 0.15m and 0.5m. We considered
the coupling constants for different binding energies, and the ratio of the wave
functions (ψ

(L)
LF /ψ

(L+CL)
LF ) when γ = 500m2 and ξ = 1/2 (z = 0). The Table

also illustrates that the ratio between the values of α are about the same as
the ratio of the wave functions, namely α(L)/α(L+CL) ≈ ψ

(L)
LF /ψ

(L+CL)
LF . This

turns clear the motivation in factorizing α in Eq. (6).

The asymptotic form in Eq. (6) is also found in the Wick-Cutkosky (WC)
model, where the valence ground state wave function is [25]:

ψ
(WC)
LF (γ, ξ) =

C(WC)(ξ)

2
√
π(γ +m2 − ξ(1− ξ)M2)2

(7)

with C(WC)(ξ) = ξ(1− ξ)g(WC)(1− 2ξ). In the two extreme limits of binding
energy, strongly and weakly bound state, this function is found analytically
and it is given by

C(WC)(ξ) = [ξ(1− ξ)]2 , (8)

for B = 2m, and by,

C(WC)(ξ) = ξ(1− ξ)
(

1

2
−
∣∣∣1
2
− ξ

∣∣∣) (9)
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Fig. 2. Asymptotic function C(ξ) defined from the LF wave function for γ →∞ (6)
computed for the ladder kernel, C(L)(ξ) (dashed line), and ladder plus cross-ladder
kernel, C(L+CL)(ξ) (solid line), with exchanged boson mass of µ = 0.15m. Calcu-
lations are performed for B = 1.5m (left frame) and B = 0.118m (right frame). A
comparison with the analytical forms of C(ξ) valid for the Wick-Cutkosky model
for B = 2m (full box) and B → 0 (dash-dotted line) both arbitrarily normalized.

for B → 0. The normalization of C(WC)(ξ) presented above is chosen arbitrar-
ily.

The asymptotic functions C(ξ) defined from the LF wave function for γ →∞
(6) obtained with the ladder and ladder plus cross-ladder kernels are shown
in Fig. 2, for weak and strong binding energies B = 0.118m and B = 1.5m,
respectively. We choose the case of an exchanged boson mass of µ = 0.15m.
As mentioned, for this study the normalization of the wave function is chosen
as ψLF (0, 1/2) = 1. First we observe, a quite weak sensitivity in the form of
C(ξ) with B, for the values we use, while the Wick-Cutkosky model in the
extreme limits of binding energy has C(ξ) quite different as given by Eqs. (8)
and (9). The noticeable difference in the weak and strong binding cases is the
magnitude of C(ξ), which from B = 1.5m to 0.118m decreases by a factor of
10, considering that the normalization ψLF (0, 1/2) = 1 is fixed in both cases.
This is the expected behavior as the wave function in the strong binding
case spreads out for larger momentum than in the weak binding situation.
Our results are closer to the analytical form of C(ξ) obtained in the Wick-
Cutkosky model for B = 2m. This comparison suggests that C(ξ) is well
approximated by [ξ(1− ξ)]λ with λ close to 2 for small µ. In the extreme case
of µ =∞ the asymptotic form of the LF wave function changes to γ−1, while
c(ξ) = [ξ(1− ξ)]2.

We remind that the end-point behavior of the LF wave function is immediately
associated by Eq. (5) with the behavior of the Nakanishi weight function
g(γ, z) at z → ±1. The quadratic form at the end point of C(ξ) comes from
a linear damping of g(γ, z) ∼ (1− |z|) for |z| → 1. This property will be later
on used to study analytically the asymptotic form of the EM form factor and
show the consistence of the formulation with the counting rules.
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Our study of the structure of the bound state continues now with the analysis
of the elastic EM form factor. We check the effect of the addition of the
cross-ladder to the kernel, by comparing results with a fixed binding energy.
We explore the low and high momentum transfer regions, with the aim to
verify the asymptotic behavior and the dominance of the ladder exchange for
large momentum. Furthermore, the ladder plus cross-ladder kernel offers the
opportunity to study the effect of the two-body current in the form factor
and we show analytically and quantitatively its faster decay with momentum
transfer, as it is expected from a higher-twist contribution to the form factor
[17].

3 Space-like Electromagnetic Form factor

For a spinless system in the general case the e.m. current (not necessary elastic
and conserved) is given by

Jµ = (pµ + p′µ)F1(Q
2) + (pµ − p′µ)F2(Q

2) , (10)

where Q2 = −(p − p′)2 > 0. In the elastic case current conservation implies
that F2 = 0 and only F1 survives and represents the virtual photon absorption
amplitude by the composite system.

For our kernel considered up to the cross-ladder the gauge invariance of the
EM coupling implies two irreducible contributions to the photon absorption
amplitude, which leads to two parts of the form factors

F1(Q
2) = FI(Q

2) + FX(Q2), (11)

where FI means the impulse contribution, obtained from the triangle diagram,
Fig. 3 (left), and FX is the two-body current contribution to the form factor,
which is computed from the virtual photon absorption amplitude diagram-
matically depicted in Fig. 3 (right).

p1 p2

kp p′

q

p1

p3 p4

p5

p9p2 p8

p7

p6

p p′

q

Fig. 3. Diagrammatic representation of the photon absorption amplitude: impulse
(left) and two-body current contribution (right).
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3.1 Impulse contribution to the form factor

The impulse contribution to the form factor is represented diagrammatically
in Fig. 3. For a system composed of two spinless particles, the EM vertex can
be expressed in terms of the BS amplitude by the formula

(p+p′)µFI(Q
2) = i

∫ d4k

(2π)4
(p+p′−2k)µ (k2−m2) Φ

(
p

2
− k, p

)
Φ

(
p′

2
− k, p′

)
.

(12)
We contract both sides of (12) with (p + p′)µ and substitute in its r.h.-sides
the BS amplitude in terms of the NIR given in Eq. (2):

FI(Q
2) =

i

(2π)4

∫ ∞
0

dγ
∫ 1

−1
dz

∫ ∞
0

dγ′
∫ 1

−1
dz′

∫
d4k

[
1− 2k · (p+ p′)

(p+ p′)2

]

× (m2 − k2) g(γ, z)g(γ′, z′)

D3(γ, z; p
2
− k, p)D3(γ′, z′; p

′

2
− k, p′)

, (13)

D is defined in (3). The loop integral in d4k is calculated analytically by
means of the Feynman parametrization. This procedure is described in detail
in Ref. [26]. In this way, one finds the exact formula in terms of the weight
function g(γ, z):

FI(Q
2) =

=
1

27π3

∫ ∞
0

dγ

∫ 1

−1
dz g(γ, z)

∫ ∞
0

dγ′
∫ 1

−1
dz′ g(γ′, z′)

∫ 1

0
dy y2(1− y)2

fnum
f4den

, (14)

where

fnum = (6η − 5)m2 + [γ′(1− y) + γy](3η − 2) + 2M2η(1− η)+

+
1

4
Q2(1− y)y(1 + z)(1 + z′)

fden = m2 + γ′(1− y) + γy −M2(1− η)η +
1

4
Q2(1− y)y(1 + z)(1 + z′),

(15)

with 2 η = (1 + z)y + (1 + z′)(1− y).

3.2 Two-body current contribution to the form factor

Next, we sketch the computation of the form factor for the two-body current
represented by the diagram shown in the right of Fig. 3, where the photon
vertex is given by −i(p4 + p3)

µ. The form of the two-body current in terms of

9



the BS amplitudes of the final and initial state is written as:

FX(Q2) = −i g4

(2π)12

∫
d4p2d

4p8d
4p9

[
1− 2

(p+ p′) · (p9 + p2 − p8)
(p+ p′)2

]

×

 8∏
i=3, i 6=5

1

p2i −m2
i + iε

 Φ
(
p

2
− p2, p

)
Φ

(
p′

2
− p9, p′

)
, (16)

where p3 = p− p9− p2 + p8, p4 = p′ − p9 − p2 + p8, p6 = p2− p8, p7 = p9− p8,
m3 = m4 = m and m6 = m7 = µ.

After substituting the BS amplitude by the NIR, Eq. (2), in the above for-
mula, and using six Feynman parametric integrations, only one denominator
remains, and by standard integrations over the three loops one obtains

FX(Q2) = −3α2m4

(2π)5

∫ ∞
0

dγ
∫ 1

−1
dz
∫ ∞
0

dγ′
∫ 1

−1
dz′g(z′, γ′)g(z, γ)

×
6∏
i=1

∫ 1

0
dyiΘ

1−
4∑

j=i+1;i<4

yj

 (1− y5)2y25(1− y6)2y36
fXnum

[fXden]
5 , (17)

where the functions fXnum and fXden, depends on the m, yi, γ, z, γ′, z′, p′ and
p. They do not contain any singularity, but are too lengthy to be explicitly
shown here. For the calculation of the form factor the above formula is used.

Current conservation. The expression for the elastic EM vertex is symmetric
relative to the permutation p ↔ p′ both for the impulse as well as for the
two-body current contributions. Hence, the second (antisymmetric) term in
(10) cannot appear in the elastic EM vertex, and therefore F2(Q

2) ≡ 0. That
follows from the contraction of the EM vertices associated with the impulse
and two-body current terms, diagrammatically shown in Fig. 3, with (p−p′)µ,
which results in zero for any BS amplitude in the elastic case. In this case
current conservation is automatically fulfilled for any particular contribution
to the current.

However, Jµ is an operator and the current conservation J · q = 0 means that
all the matrix elements of this operator must be zero. What we considered for
elastic form factor is only one (diagonal) matrix element. The non-diagonal
(transition) matrix elements bound → excited state also must be zero. The
above symmetry will not hold in this case and the zero value of J · q should
appear as a subtle cancellation of different contributions both in the kernel
and in the EM vertex. This cancellation found numerically would be indeed
a powerful test, as in Ref. [27], where this cancellation was demonstrated
numerically for the transition form factor associated with the EM breakup
process: bound → scattering state. In the present work we restrict ourselves
by the elastic case only. The inelastic transitions and the current conservation
in this case will be a subject of forthcoming paper.
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Fig. 4. Form factor as a function of Q2. Calculations performed with the BS ampli-
tude from the ladder plus cross-ladder kernel. The solid curve is the full form factor.
The dashed curve is the impulse contribution (FI). The double-dotted dashed curve
is the two-body current (FX) contribution to the EM vertex. Results for: B = 0.1m
and µ = 0.15m (upper-left frame), B = 0.1m and µ = 0.5m (upper-right frame),
B = 1.5m and µ = 0.15m (lower-left frame), B = 1.5m and µ = 0.5m (lower-right
frame).

3.3 Results for the impulse and two-body current form factors

In Fig. 4, we present the impulse (FI) and two-body current contributions
(FX) to the form factor, diagrammatically depicted in Fig. 3, and computed
with Eqs. (14) and (17), respectively. The calculations are performed for two
representative binding energies B = 0.1m and 1.5m, namely weak and strong
binding cases, respectively. For both cases, the calculations are carried out
with the BS amplitude obtained with the ladder plus cross-ladder kernel in
Eq. (4) for exchanged boson mass of µ = 0.15m and µ = 0.5m. The solid curve
everywhere is the total form factor, normalized to one at Q2 = 0. The total
form factor is the sum of FI (dashed curve) and the FX (double dot-dashed
curve) contributions to the EM vertex. We see that the relative contribution
of FX increases when µ decreases for a given B, as the overlap between the
two-body current operator and the BS amplitude increases, once the size of the
state is fixed essentially by B. The same reason explains that by increasing the
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binding energy the magnitude of the contribution of the two-body current to
the form factor increases. Indeed, in the case that we presented the maximal
contribution is at Q2 = 0 of FX (about 15% from the total form factor)
achieved for µ = 0.15m and B = 1.5m. This indicates that the two-body
current operator contributes to short distance physics, as one could expect.

Another feature one can extract by inspecting Fig. 4, is the role of the ladder
exchange in shaping the large momentum region of FI for Q2 > µ2 ,m2 (later
on we will discuss in more details the asymptotics of the form factors). For
a given binding energy, the change of µ modifies considerably the form fac-
tor, which essentially is dominated by the impulse contribution for the large
momentum region, as for instance, in the case of B = 0.1m, presented in the
upper frames of Fig. 4. In addition, the dominance of the ladder exchange in
forming the tail of the form factor is evident, and for Q2/m2 = 20 one sees
a scaling with α, which changes by about a factor of about two when µ goes
from 0.15m to 0.5m (see Table 1). This feature at large momentum is inde-
pendent on the binding energy, as is exemplified, in the lower frames of Fig. 4
for B = 1.5m. The same property is found at large transverse momentum for
the LF wave function as given by Eq. (6). It is important to point out that the
binding energy is fixed, which shapes the low momentum region of the wave
function, and also to some extent the form factor.

In Fig. 5 we study the sensitivity of the form factor to the dynamics, namely
using the BS amplitude computed with ladder or with ladder plus cross-ladder
kernels, for fixed binding energy of B = 1.5m and exchange boson masses
of µ = 0.15m and 0.5m. We choose the momentum transfer interval of 0 ≤
Q2/m2 ≤ 50. We start by comparing the ladder results for the form factor with
the one obtained for the ladder plus cross-ladder kernel, considering the full
current in both cases. We observe at low momentum, below m, very similar
slopes, that reflects close charge radius and the bound state size, which is
determined by the same binding energy. This finding is independent of the
mass of the exchanged boson, as one can verify by inspecting the right and
left panels of Fig. 5. Comparing both frames, one observes that while the slopes
are similar by changing µ, the form factor at large momentum approximately
scales with α, which we have already discussed together with Fig. 4, and
the dominance of the ladder exchange in the structure of the state at large
momentum.

We also compare the impulse contribution for the ladder and ladder plus cross-
ladder kernels in Fig. 5, which are represented by the dot-dashed lines. For
that purpose both are normalized to one at zero momentum transfer. We no-
tice two interesting features: (i) the slope is the same for Q . m; (ii) at large
momentum the inclusion once properly normalized the impulse contribution
dominates. The first point (i), comes from the fact that the binding energy
essentially fixes the structure at low momentum, the second point (ii), comes
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from the fact that the two-body current decreases much faster than the im-
pulse contribution, as the former is a higher-twist contribution to the photon
absorption process. Indeed for large momentum the two-body current decays
as Q−2 with respect to the impulse contribution, which will be shown in detail
in what follows.
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Fig. 5. Form factor as a function of Q2. The dot-dashed curve is the form factor
calculated with the BS amplitude found for ladder (L) kernel. The dashed curve
is the impulse contribution to the form factor computed with the BS amplitude
obtained with the ladder plus cross-ladder (L + CL) kernel. The solid curve is the
full form factor obtained from the BS amplitude calculated with L + CL kernel.
The binding energy is B = 1.5m, with the mass of the exchanged boson µ = 0.15m
(left-frame) and µ = 0.5m (right-frame). All curves are normalized to 1 at Q2 = 0.

4 Asymptotic behavior of the form factor

The leading behavior of the impulse and two-body current contributions to
the form factors for Q2 → ∞ can be obtained by using standard counting
rules [17]. In order to find the leading power law behavior of the form factors
represented in Figs. 4 and 5, one has to count the number of propagators,
in which the large virtual photon momentum flows between the emission and
absorption by the constituents in the bound state. This counting is provided,
of course, by our formalism and it results in

FI(Q
2) ∼ Q−4 and FX(Q2) ∼ Q−6, (18)

apart from logarithmic corrections (see e.g. [25]). The two-body current is
identified with a higher twist contribution and decreases faster than the im-
pulse term by a Q−2 factor. To illustrate in a transparent and analytical way
how such asymptotic behavior of the form factors arises, we analyze it using
directly Eqs. (13) and (16) in the following.
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4.1 FI(Q
2) at large Q2

We work in the Breit reference frame, where ~p = −~p′ ≡ ~npv, p0 = p′0 =√
M2 + p2v, Q2 = −(p′ − p)2 = 4p2v and ~n is the direction of the incident

momentum ~p. Hence pv = 1
2
Q, p0 = p′0 =

√
M2 + 1

4
Q2 in Eq. (13). We also

denote |~k| = kv. Substituting these expressions into the functions D(γ, z; p
2
−

k, p) appearing in the denominator of Eq. (13), at large Q we get:

D(γ, z;
p

2
−k, p) ≈ (k0−~n·~k)(1+z)

Q

2
+γ−k20+k2v+m2−iε− 1

2
M2(1+z), (19)

and similarly for D(γ′, z′; p
′

2
− k, p′). Omitting a factor, we can represent the

denominators in (13) as:

D(γ, z;
p

2
− k, p) ∝ (1 + z)Q+ δ, D(γ′, z′;

p′

2
− k, p′) ∝ (1 + z′)Q+ δ′, (20)

where δ, δ′ do not depend on Q. Hence

FI(Q
2) ∝

∫ 1

−1

g(z)dz

[(1 + z)Q+ δ]3

∫ 1

−1

g(z′)dz′

[(1 + z′)Q+ δ′]3
=

=
1

Q6

∫ 1

−1

g(z)dz(
1 + z + δ

Q

)3 ∫ 1

−1

g(z′)dz′(
1 + z′ + δ′

Q

)3 , (21)

where the variables γ, γ′ and the integration over k are omitted since they
give a finite corrections making no influence on the asymptotic behavior of
the form factor.

If we put δ
Q

= 0 in Eq. (21), we get a divergent integral at z = −1. This means

that the decreasing of the factor 1
Q6 can be compensated by an increasing of

the values of the integrals at finite Q2. Indeed, for g(z) ≡ 1, the integral has
the form: ∫ 1

−1

dz(
1 + z + δ

Q

)3 ∼ Q2

2δ2
. (22)

For g(z) ≡ 1 it gives the asymptotic form factor as FI(Q
2) ∝ 1/Q2. However,

the function g(z) tends linearly to zero as z → −1: g(z) ∼ (1 + z). This
weakens the compensation, therefore:∫ 1

−1

g(z)dz(
1 + z + δ

Q

)3 =
∫ 1

−1

(1 + z)dz(
1 + z + δ

Q

)3 ∼ 2Q

δ
. (23)

This provides the asymptotic behavior:

FI(Q
2) ∝ Q−4. (24)
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We can summarize the origin of this result as follows: the denominator of each
propagator, containing p or p′, according to (20), contributes the factor ∼ Q
(if the limit Q →∞ does not create a divergence). In (13) we have two such
propagators, each in 3rd degree (∼ 1

D3D′3 ). This gives the factor ∼ δ6

Q6 in (21).

In the case of divergence (at Q→∞), like∫
−1

dz

(1 + z)2
= − 1

1 + z

∣∣∣∣
z→−1

, (25)

large but finite value of Q eliminates the divergence, automatically replacing
the limit z = −1 by the cutoff z = −1 + δ

Q
. The integral becomes to be finite

but large: ∼ Q
δ

. In (21) the product of two such integrals results in the factor

∼ Q2

δ2
. This weakens the falloff ∼ 1

Q6 up to F (Q2) ∝ 1
Q4 in (13).

Except for the term ∼ log
(
Q2

m2

)
(which is out of the precision of this consid-

eration) the asymptotic behavior FI(Q
2) ∝ 1

Q4 coincides with the form factor

fall-off found in Eq. (28) of Ref. [25] for the Wick-Cutkosky model. The agree-
ment of Eq. (24) with the asymptotic behavior found in [25] confirms the
validity of the present consideration. Below we will apply this method to the
two-body current contribution.

4.2 FX(Q2) at large Q2

The two-body current to the EM form factor is shown in Fig. 3. As inde-
pendent integration variables we chose the four-momenta p2, p8, p9. The other
momentas are expressed as: p1 = p−p2, p5 = p′−p9, p6 = p2−p8, p7 = p9−p8,
p3 = p−p2−p9+p8, p4 = p′−p2−p9+p8. The arguments of the BS amplitudes
are: k = 1

2
(p1 − p2) = 1

2
p− p2, k′ = 1

2
(p5 − p9) = 1

2
p′ − p9. Then the two-body

current in the form factor is given by Eq. (16). It should be noticed that the
arguments of the BS amplitudes in this equation are p

2
− p2 and p′

2
− p9. At

large Q2 we omit the factors (p′+ p)2 and [(p′+ p)2− 2(p+ p′)·(p9 + p2− p8)].
We can also omit the propagators carrying the momenta p6, p7 and p8.

The first two (cubic) factors in (16) coming from the NIR of the two BS
amplitudes have the same form as the corresponding factors in (13). Applying
to them the analysis performed for FI , we find that the product of them
results in ∼ 1

Q4 . However, Eq. (16) contains two additional propagators with
p and p′, associated with p3 and p4. They result in an asymptotic behavior
similar to (20), but without the factors (1 + z), (1 + z′). Hence, each of them
adds one extra factor 1

Q
. They together give two extra powers of momentum

∼ 1
Q2 . Hence, the degree 1

Q4 is replaced by ∼ 1
Q6 . We conclude that the two-

body current has the asymptotic behavior FX(Q2) ∝ Q−6, consistent with the
counting rules. We stress that the asymptotic forms depend crucially on the
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end-point behavior of the weight function, which is immediately translated to
the valence wave function, as seen in Eq. (5).
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Fig. 6. EM form factor for the case µ = 0.15m and B = 0.1m obtained with the
ladder plus cross-ladder kernel. In the left-frame the two contributions of the form
factor are displayed. In the right-frame the asymptotic behaviors of the correspond-
ing contributions are analyzed.

4.3 Form factors at large Q: some numerical results

The asymptotic behavior of the form factors given in (18) are illustrated in
Fig. 6. The calculations are done with the ladder plus cross-ladder kernels
with µ = 0.15m and B = 0.1m. The results for FI and FX normalized
according to Fig. 4 are shown. We perform an extensive exploration for very
large momentum transfers to check as well the leading log corrections to the
form factors. We have not derived these corrections for the form factor and
just use it as suggested from the Wick-Cutkosky model, as derived in [25].
We perform four studies devoted to single out the asymptotic behavior of
FI and FX : (i) Q4 FI , (ii) Q6 FX , (iii) Q4/ [1 + (α/2π) log(Q/m)2] FI , and(iv)
Q6/ [1 + (α/2π) log(Q/m)2] FX . We first observe that the asymptotic region
is established for Q/m ∼ 30, which seems reasonable as all involved scales,
masses and binding energy are of order m. Second, the products (i) and (ii)
are slowly decreasing, while (iii) and (iv), with the inclusion of the leading log
correction, which we can distinguish in so large momentum transfer interval
presented in Fig. 6, show an improvement in getting the flat behavior at large
momentum.

5 Summary and outlook

The response of the Minkowski space structure of a two-boson bound state,
within a Yukawa model with a scalar boson exchange, to the inclusion of the
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cross-ladder contribution to the ladder kernel of the BS equation was investi-
gated quantitatively. The NIR allied with the LF projection was used to solve
numerically the BS equation in Minkowski space. We computed both the va-
lence wave function and elastic electromagnetic form factor including the two-
body current contribution to the electromagnetic vertex. We have discussed in
detail the dependence on the ladder exchange in building the asymptotic be-
havior of the valence wave function and form factor, for a fixed binding energy,
considering both ladder and ladder plus cross-ladder kernels. This allowed us
to single out the dominance of the ladder exchange, by comparing results for
a fixed binding energy and using the two interacting kernels.

The valence wave function at low transverse momentum is independent of the
kernel, being determined just by the given binding energy. We also studied
quantitatively the factorization of the valence wave function in terms of the
transverse and longitudinal momenta at large transverse momentum [12]. In
this case, as expressed by Eq. (6), once α is factorized out for both binding
energy and normalization fixed, the form of the wave function with the lon-
gitudinal momentum fraction is quite universal. In the case of B/m > 0.1,
we found that the functional form approaches the Wick-Cutkosky solution
[ξ(1− ξ)]2 obtained for B = 2m in Ref. [25]. Our conjecture is that the form
and magnitude of C(ξ) and the wave function at low transverse momentum,
for the normalization ψLF (0, 1/2) = 1 and a given binding energy, are to great
deal independent on the inclusion of the irreducible cross-ladder contributions
in higher order in the kernel. Then, we can turn our attention to the nice
work [14], where the problem with the generalized ladder kernel was solved
by means of the Feymman-Schwinger representation. Making use of that, one
can speculate on the form of the valence wave function when an infinite set of
cross-ladder diagrams are included in the kernel.

The electromagnetic current in the case of the cross-ladder kernel includes,
besides the impulse term, a two-body current obtained by gauging the cross-
ladder kernel. We note that due to the symmetry of the elastic virtual photo-
absorption amplitude, the impulse and two-body amplitudes, conserve current
independently, which is not the case in an inelastic transition. Our numerical
results show that for a given binding energy, the two-body current becomes
more relevant as lighter is the exchanged boson mass as well as when the
binding energy becomes larger. This is easy to understand if one considers that
in both cases the overlap between the bound state and the two-body current
increases, either by increasing the range of the interaction or decreasing the
size of the bound state. For zero momentum transfers, where the two-body
current is more relevant, and for a strongly bound system the contribution is
about 15 % of the normalization.

The form factor in the large momentum region was studied in detail and
the power-law decreasing, as expected from the counting rules applied to our
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model, was derived using the adopted Nakanishi integral representation of
Bethe-Salpeter amplitude. The leading contribution to the dependence on the
large momentum transfer comes from the ladder exchange, which was illus-
trated by comparing the impulse term from ladder and ladder plus cross-ladder
kernels, where the proportionality of the tail to α was singled out for a fixed
binding energy. It was pointed out the crucial role of the end-point behavior
of the Nakanishi weight function in the power-law behavior.

Although, the present study is focused on the two-boson problem, the present
analysis can be extended to fermionic systems, for which the Bethe-Salpeter
amplitude has been obtained by means of the Nakanishi representation [10,11].
It has of course wide applications to the study of meson structure.
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