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M R

⎧
⎪⎨

⎪⎩

ı
∂ψ

∂
=−∆ψ+β|ψ| σψδM R+ ×R

ψ ( , ·) = ψ R ,

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ı
∂ψ

∂
=−∆ψ R+ ×R \ {M}

ψ+ = ψ− = ψ R+ ×M

∂ψ+

∂
− ∂ψ−

∂
= β|ψ| σψ R+ ×M

ψ ( , ·) = ψ R ,

ψ+ ψ M ψ− ψ
M



M= S

α ∈ R
⎧
⎪⎨

⎪⎩

ı
∂ψ

∂
= (−∆+αδS ) ψ R+ ×R

ψ ( , ·) = ψ R

δS R
S

⟨ δS ,ϕ⟩ :=
ˆ
S

( )ϕ( ) ( ) , ∀ϕ ∈ ∞ (R
)
.

−∆+αδS Hα

−∆| ∞(R \S )

λ> Gλ
−∆+λ R

Gλ ( ) :=

ˆ
S

λ ( − ) ( ) ( ) , ∀ : S → C, ∀ ∈ R ,

λ −∆+λ R

λ ( ) :=
−
√
λ | |

π| | .



Hα : (R )→ (R )

D (Hα) :=
{

∈
(
R
)
: ∃λ> +αGλ |S =: φλ ∈

(
R
)}

Hα =−∆φλ+αλGλ |S , ∀ ∈D (Hα) .

∈D(Hα) φλ

−αGλ |S −λ
λ

(Hα,D(Hα)) ∈D(Hα) λ>
= φλ−αGλ |S φλ ∈ (R ) ν > , ν ̸= λ

(
Gν |S −Gλ |S

)
( ) =

ˆ
S

|S ( )
(

ν ( − )− λ ( − )
)

( ) ,

ν − λ ∈ (R )
Gν |S −Gλ |S ∈ (R ) |S ∈ / (S )

∈ (R ) ∈ (S ) := ∗ δS ∈
(R )

∥ ∥ (R ) =

ˆ
R

∣∣∣∣
ˆ
S

( − ) ( ) ( )

∣∣∣∣

! π

ˆ
R

ˆ
S
| ( − ) | | ( ) | ( )

= π

ˆ
S
| ( ) |

ˆ
R
| ( − ) | ( ) = π∥ ∥ (S )∥ ∥ (R ).

∈ (R ) ∈ (S ) ∈ (R ) ∆ =∆ ∗ δS
= ν − λ = |S

φν := φλ+α
(
Gν |S −Gλ |S

)
φν ∈ (R )

−∆
(
Gν |S −Gλ |S

)
= λGλ |S − νGν |S −∆φλ+

αλGλ |S =−∆φν +ανGλ |S λ
ν

λ

D (Hα) :=

{
∈

(
R
)
: + ∈

(
R \ ( )

)
, − ∈ ( ( )) ,

+
|S = −

|S = |S ,
∂ +

∂

∣∣∣∣
S
− ∂ −

∂

∣∣∣∣
S
= α |S

}
,

Hα ( ) :=−∆ ( ) , ∀ ∈ R \ S ,



( )

{
+ : R \ ( )→ C + ( ) = ( ) , ∀ ∈ R \ ( ),

− : ( )→ C − ( ) = ( ) , ∀ ∈ ( ) .

|S ∈ / (S )
λ ∇ = (∇ +)1R \ ( ) +(∇ −)1 ( )

∇ ∈ (R )
λ>

Hα (R )

⎧
⎪⎨

⎪⎩

ı
∂ψ

∂
=Hαψ R+ ×R

ψ ( , ·) = ψ R

ψ ∈ (R )

ψ ( , ) = ψ ( )− ıα

ˆ ˆ
S
U ( − , − ) ψ|S ( , ) ( ) ,

R

U ( , ) :=
− | |

ı

( πı )
.

:= ψ|S : [ ,+∞)× S → C
ψ

S

( , ) = ( ψ )|S ( )− ıα

ˆ ˆ
S
U ( − , − ) ( , ) ( ) , " , ∈ S .

I : R+ × S × S → C

I ( , , ) := U ( ; − )∣∣{| |=| |= }
=

ı ·
ı

( ıπ )
,

( ) >

: S → C : S → C

( ) :=

ˆ
S
I ( , , ) ( ) ( ) , ∀ ∈ S .



Λ : [ ,+∞)× S → C
Λ( ) : [ ,+∞)× S → C

Λ ( , ) :=

ˆ
( − ( , ·))( )

( , ) := ( ψ )|S ( ) ,

( , )+ ıα(Λ )( , ) = ( , ) .

α= α(ψ) := β|ψ|S | σ = β| | σ β ∈ R, σ > .

⎧
⎪⎨

⎪⎩

ı
∂ψ

∂
=Hψ R+ ×R

ψ ( , ·) = ψ R ,

H
λ

D (H) : =
{

∈
(
R
)
: ∃λ> +Gλν

(
|S
)
=: φλ ∈

(
R
)}

= { ∈ (R ) : ∃λ> , : S → C

+Gλν( ) =: φλ ∈ (R ) = |S }

H =−∆φλ+λGλν ( ) , ∀ = φλ−Gλν ( ) ∈D (H) ,

ν : C→ C, ν ( ) := β| | σ ∀ ∈ C.

D(H)

β ∈ R σ " / ψ = φλ−Gλν( ) ∈
D(H)

>

ψ ∈ ([ , ] ,D (H))∩
(
[ , ] ,

(
R
))

;



∈ ( , ]

[ψ ( , ·)] := ∥ψ ( , ·)∥ (R ) = [ψ ]

[ψ ( , ·)] := ∥∇ψ ( , ·)∥ (R ) +
β

σ+
∥ ( , ·)∥ σ+

σ+ (S ) = [ψ ] .

D(H)
(
[ , ];D(H)

)

ψ : [ , ]×R → C ψ( , ·) ∈D(H) ∈ [ , ]
∥ψ( + , ·)−ψ( , ·)∥D(H) → → ∈ [ , ] ∥ · ∥D(H) :=

∥ · ∥ (R ) + ∥H(·)∥ (R )

∈D(H)
S

D (H) :=
{

∈
(
R
)
: + ∈

(
R \ ( )

)
, − ∈ ( ( )) ,

+
|S = −

|S = |S ,
∂ +

∂

∣∣∣∣
S
− ∂ −

∂

∣∣∣∣
S
= ν

(
|S
)}

,

H ( ) :=−∆ ( ) , ∀ ∈ R \ S ,

( ) +, −

∇ ∈ (R )

ψ ∈
(
[ , ] ;

(
R
))

[ , ]

β ∈ R σ " / ψ = φλ−Gλν( ) ∈
D(H)

∗ := { > : & . } .

ε> ∥φλ∥ (R ) < ε ∗ =+∞
β> σ < / ∗ =+∞

ψ

η = φλ|S

∥ ∥ / (S ) ! ∥φλ|S ∥ / (S ) ! ∥φλ∥ (R ) ! ε



ψ

ψ ( , ) = ψ ( )− ı

ˆ ˆ
S
U ( − , − ) ν ( ( , )) ( ) ,

( , )+ ı(Λν ( ))( , ) = ( , ) ,

β>
β<

β σ

σ < /

D(H)
/ (S )

D(H)

R



• S

S

•

Λ

S D(H)

•

•

•

ψ

S

S

S

S
ℓ ∈ N ∈ {−ℓ, . . . , , . . . ,ℓ}

ℓ ℓ, ℓ, : S → C



ℓ, ( ) := (− )

√
( ℓ+ )( − )!

π (ℓ+ )!
ı φ

ℓ, ( θ)

θ ∈ [ ,π] φ ∈ [ , π]

ℓ, ℓ

(
−

) ′ ′
ℓ, ( )− ′

ℓ, ( )+
[
ℓ(ℓ+ )− −

]
ℓ, ( ) = .

S

−∆S ℓ, = ℓ(ℓ+ ) ℓ, ,

∆S :=
θ

∂

∂θ

(
θ
∂

∂θ

)
+

θ

∂

∂φ
,

(S ) ∈ (S )

=
∞∑

ℓ=

ℓ∑

=−ℓ
ℓ, ℓ, ,

∥ ∥ (S ) :=

ˆ
S
| ( ) | ( ) =

∞∑

ℓ=

ℓ∑

=−ℓ
| ℓ, | ,

ℓ, := ⟨ , ℓ, ⟩ (S ) :=

ˆ
S

∗ ( ) ℓ, ( ) ( ) .

µ ∈ R\{ }
µ(S )

µ
(
S
)
:=

{
∈

(
S
)
: [ ]˚µ(S ) :=

∞∑

ℓ=

ℓ∑

=−ℓ
ℓ µ| ℓ, | <∞

}
,

µ
(
S
)
:=
{

∈
(
S
)
: [ ]˚µ(S ) :=

∥∥(−∆S )µ/
∥∥

(S )
<∞

}
,

(−∆S )µ/ ∥ ∥ µ(S ) :=

∥ ∥ (S ) + [ ]˚µ(S )

∥ ∥ µ(S ) :=
∑∞
ℓ=

∑ℓ
=−ℓ⟨ℓ⟩ µ| ℓ, | ⟨·⟩ ⟨ℓ⟩ :=

√
+ ℓ



µ(S )
, S

S ϕ : → = ,
R

µ
(
S
)
=
{

∈
(
S
)
: π [χ ] ∈ µ

(
R
)
, = ,

}
,

∥ ∥ µ(S ) := ∥π [χ ]∥ µ(R ) + ∥π [χ ]∥ µ(R ),

π [ ] ( ) :=

{ (
ϕ− ( )

)
, ∈ ,

,
, = , ,

{χ ,χ } S
{χ }⊂ = , ϕ χ

ϕ ϕ
R S

µ>

∥ ∥ ∞(S ) ! ∥ ∥ µ(S ), ∀ ∈ µ
(
S
)
,

∥ν ( )∥ µ(S ) ! µ ∥ ∥ σ
∞(S )∥ ∥ µ(S ), ∀ ∈ µ

(
S
)
,

σ " [µ]

∥ν ( )∥ µ(S ) ! µ ∥ ∥ σ+
µ(S )

(S ) (S )
R

µ, (S ) ∈ ( ,+∞)

µ,
(
S
)
:=
{

∈
(
S
)
: [ ]˚µ, (S )

:=
∥∥(−∆S )µ/

∥∥
(S )

<∞
}

=
{

∈
(
S
)
: π [χ ] ∈ µ,

(
R
)
, = ,

}



× S

: × S → C

µ ∈ R α>

(
, µ

(
S
))

:=

{
∈

(
× S

)
: [ ] ( ,̊ µ(S )) :=

ˆ
[ ( )]˚µ(S ) <+∞

}
,

α
(
, µ

(
S
))

:=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

{
∈

(
, µ

(
S
))

: ( ) ∈
(
, µ

(
S
))

, ∈ { , . . . ,α}
}
, α ∈ N \ { },

{
∈ [α]

(
, µ

(
S
))

:
[

([α])
]
˚α−[α]( , µ(S ))

<+∞
}
, α ̸∈ N,

[ ]˚α−[α]( , µ(S )) :=

ˆ
×

∥ ( )− ( )∥ µ(S )

| − | + (α−[α])

( ) = ( , ·) : S → C

[ ]˚α( ,̊ µ(S ))

=

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

ˆ
×

[ ( )− ( )]˚µ(S )

| − | + α
=

∞∑

ℓ=

ℓ∑

=−ℓ
ℓ µ [ ℓ, ]˚α(R) , α ∈ ( , ) ,

[
∂

∂

]

( ,̊ µ(S ))
=

ˆ [
∂
∂ ( )

]
˚µ(S )

=
∞∑

ℓ=

ℓ∑

=−ℓ
ℓ µ∥ ′

ℓ, ∥ ( ), α= ,

α> ℓ, : R→ C

ℓ, ( ) := ⟨ ( ) , ℓ, ⟩ (S ).

= R

̂(ω, ) := √
π

ˆ
R

−ıω ( , ) ,



[ ]˚α(R,̊ µ(S )) =

ˆ
R
|ω| α [̂(ω)]˚µ(S ) ω =

∞∑

ℓ=

ℓ∑

=−ℓ
ℓ µ

ˆ
R
|ω| α|̂ℓ, (ω) | ω.

(
, µ

(
S
))

:=
{

: × S → C :
→

∥ ( )− ( )∥ µ(S ) = , ∀ ∈
}

∞ ( , µ
(
S
))

:=

{
: × S → C :

∈
∥ ( )∥ µ(S ) <+∞

}
,

(
, µ(S )

)
,∞( , µ(S ))

∈ N

R

F ( ) :=
( π)

ˆ
R

−ı · ( ) .

η

η ( ) :=
( )η ∞∑

=

(− )

Γ( + )Γ( + η+ )

( )
.

η

| η ( ) |!
| |

, ∀η > , ∈ R

| η ( ) |!
η

, ∀η > , ∈ R

η η
| |

| η ( ) |! η

| |
, ∀ > ,

(η)
η

( ℓ, )ℓ, R

ı · = ( π) (| || |)−
∞∑

ℓ=

ıℓ ℓ+ (| || |)
ℓ∑

=−ℓ
ℓ,

(

| |

)
∗
ℓ,

(

| |

)



( ) =
∑∞
ℓ=

∑ℓ
=−ℓ ℓ, (| |) ℓ, ( /| |)

F ( ) =
∞∑

ℓ=

ℓ∑

=−ℓ
(−ı)ℓ˜ℓ, (| |) ℓ,

(

| |

)
,

˜ℓ, ( ) :=

ˆ +∞
ℓ+ / ( )
√ ℓ, ( )

/
√

F− ( ) =
∞∑

ℓ=

ℓ∑

=−ℓ
ıℓ˜ℓ, (| |) ℓ,

(

| |

)
.

(
[ ,+∞),

)

∥˜ℓ, ∥ ([ ,+∞), ) = ∥ ℓ, ∥ ([ ,+∞), )(
[ ,+∞),

) ˜̃
ℓ, = ℓ,

(F )ℓ, (| |) = (−ı)ℓ˜ℓ, (| |) ϕ : R→ R

(Fϕ(−∆) )ℓ, (| |) = (−ı)ℓϕ
(
| |
)
˜ℓ, (| |) ,

ϕ(−∆)
: S 1→ C δS

F := F δS : R → C

(F )ℓ, (| |) = (−ı)ℓ ˜ℓ, = (−ı)ℓ ℓ,√
| | ℓ+ / (| |) ,

F δS ( ) = / (| |)√
| |

Λ

S H



Λ

Λ

(S ) (S ) ( ) >

R

( )ℓ, = ρ( ,ℓ) ℓ, , ρ( ,ℓ) =
(−ı)ℓ+ / ı

ℓ+ /

( )
.

I( , , ) ·

ρ( ,ℓ)

> ∈ [ , ] ∈ [ ,+∞] − + − = >

∥ ∥ (S ) ! δ( )
∥ ∥ (S ), ∀ ∈

(
S
)
,

δ ( ) := − .

∥ ∥ (S ) !
ℓ∈N

|ρ( ,ℓ) |∥ ∥ (S ) ! /
∥ ∥ (S ).

∥ ∥ ∞(S ) ! /
∥ ∥ (S ).

> µ ∈ R ∈ [ , ] > µ

∥ ∥ µ+ −
(S )

! − ∥ ∥ µ(S ), ∀ ∈ µ
(
S
)
.

| ℓ+ / ( ) |!
| | ⟨ℓ⟩ − ,



µ

|ρ(ℓ, ) |!
− ⟨ℓ⟩ − ,

Λ

µ ∈ R ∈ ( , ] ∈
(

,+∞
]

> >
µ

∥Λ ∥
∞

(
[ , ], µ+ −

(S )

) !
(

( − )

−

) −
− − −

∥ ∥ ([ , ], µ(S ))

∈ ([ , ], µ(S )) Λ ∈
(
[ , ], µ+ −

(S )
)

∈ ( , ]

∥Λ ( )∥ µ+ −
(S )

!
ˆ

∥ − ( )∥ µ+ −
(S )

!
ˆ

| − | − /
∥ ( )∥ µ(S ) .

Λ µ+ −

Λ ( + , )−Λ ( , ) =

ˆ
( + − ( ))( ) +

ˆ
( − ( ( + )− ( )))( ) .

∥Λ ( + )−Λ ( )∥ µ+ −
(S )

! (
( − )

− )
−
{[( + )

− − −
−

− − −
]∥ ∥ ([ , ], µ(S ))

+
− − −

∥ (·+ )− ∥ ([ , ], µ(S ))}.

→

( − )
−

− − −



=+∞ =

∥Λ ∥ (
[ , ], µ+ −

(S )

) ! ∥ ∥ ∞([ , ], µ(S )),

>

∥Λ ∥ ([ , ], µ(S )) !
(

−
−

) −
−
∥ ∥ ([ , ], µ(S )).

∥Λ ∥ ([ , ], µ(S )) ! / ∥ ∥ ∞([ , ], µ(S )).

α, µ" > ∈ α
(
R, µ(S )

)
{ }⊆ [ , ]× S

Λ ∈
(
R, µ(S )

)
∩˚α+ /

(
R, µ(S )

)

Λ ∈
(
R, µ(S )

)
< Λ ∈(

[ , ], µ(S )
)

(Λ ( ))ℓ, =

ˆ
ρ( − ,ℓ) ℓ, ( ) .

{ }⊆ [ , ]× S !
> { }⊆ [ , ]× S (Λ ( ))ℓ,

(Λ ( ))ℓ, =

ˆ
( − )ρ( − ,ℓ) ℓ, ( ) , ∀ ∈ [ , ]

| ( − )ρ( − ,ℓ)|! |
− |− / ℓ ( , )
( , )

∥(Λ (·))ℓ, ∥ ( , ) ! , ∥ ℓ, ∥ ( , ),

, ℓ

∥Λ ∥ ([ , ], µ(S )) =

ˆ ∞∑

ℓ=

ℓ∑

=−ℓ
⟨ℓ⟩ µ

∣∣∣(Λ ( ))ℓ,

∣∣∣

=
∞∑

ℓ=

ℓ∑

=−ℓ
⟨ℓ⟩ µ

ˆ ∣∣∣(Λ ( ))ℓ,

∣∣∣

! ,

∞∑

ℓ=

ℓ∑

=−ℓ
⟨ℓ⟩ µ∥ ℓ, ∥ ( , )

! , ∥ ∥ ([ , ], µ(S ) <+∞.

Λ ∈˚α+ /
(
R, µ(S )

)
=

{ }⊆ [ , ]



(Λ ( ))ℓ, = (( ρ(·,ℓ)) ∗ ℓ, )( ) ,

̂(Λ (·))ℓ, (ω) = ρ̂(·,ℓ)(ω) ℓ̂, (ω) .

ρ̂(·,ℓ)

ρ̂(·,ℓ)(ω) = (−ı)ℓ+ /

√
π

ˆ +∞
−ıω ı/

ℓ+ /

( )

| ρ̂(·,ℓ)(ω) |!

⎛

⎜⎜⎜⎝

ˆ ∣∣∣∣ ℓ+ /

( )∣∣∣∣
︸ ︷︷ ︸

=:

+

ˆ +∞ ∣∣∣∣ ℓ+ /

( )∣∣∣∣
︸ ︷︷ ︸

=:

⎞

⎟⎟⎟⎠
.

! ℓ

∣∣∣∣ ℓ+ /

( )∣∣∣∣! ℓ+ / (ℓ+ )! ℓ+ /
,

! ℓ

| ρ̂(·,ℓ)(ω) |! , ∀ω ∈ R.

ρ̂(·,ℓ)(ω) = (−ı)ℓ+ /

√
π

ˆ +∞
ıω −ı/

ℓ+ / (ω ) ,

> ρ̂(·,ℓ)(ω) = ϕ (ω)+ϕ (ω)

ϕ (ω) :=
(−ı)ℓ+ /

√
π

ˆ
ıω −ı/

ℓ+ / (ω ) ,

ϕ (ω) :=
(−ı)ℓ+ /

√
π

ˆ +∞
ıω −ı/

ℓ+ / (ω ) .

|ϕ (ω) |!
( |ω|) /

.



(− ı −ı/ ) ′ =
−ı/

ˆ
ıω −ı/

ℓ+ / (ω ) =− ı −ı/( )+ıω
ℓ+ / (ω )

+ ı

ˆ
ıω −ı/

ℓ+ / (ω )

− ω

ˆ
ıω −ı/

ℓ+ / (ω )

+ ıω

ˆ
ıω −ı/ ′

ℓ+ / (ω ) .

ϕ = ϕ +ϕ +ϕ +ϕ ϕ (−ı)ℓ+ /

√
π

|ϕ (ω) |! , |ϕ (ω) |! |ϕ (ω) |! |ω| , ∀ω ∈ R,

ϕ

′
ℓ+ / = ℓ+ / − ℓ− /

|ϕ (ω) |! |ω| , ∀ω ∈ R.

= |ω|− /

| ρ̂(·,ℓ)(ω) |!
(

|ω| /
+

|ω| /

)
, ∀ω ∈ R,

| ρ̂(·,ℓ)(ω) |!
|ω| /

, ∀ω ∈ R.

[Λ ]˚α+ / (R, µ(S )) =
∞∑

ℓ=

ℓ∑

=−ℓ
⟨ℓ⟩ µ

[
(Λ (·))ℓ,

]
˚α+ / (R)

=
∞∑

ℓ=

ℓ∑

=−ℓ
⟨ℓ⟩ µ

ˆ
R
|ω| (α+ / )

∣∣∣ ̂(Λ (·))ℓ, (ω)
∣∣∣ ω

!
∞∑

ℓ=

ℓ∑

=−ℓ
⟨ℓ⟩ µ

ˆ
R
|ω| α | ℓ̂, (ω)| ω =

∞∑

ℓ=

ℓ∑

=−ℓ
⟨ℓ⟩ µ [ ℓ, ] α(R)

= [ ]˚α(R, µ(S )) <+∞,

α, µ" > ∈ α
(
[ , ], µ(S )

)



! α< /
/ < α< / ( ) = ( ) =

Λ ∈ α+ /
(
[ , ], µ(S )

)
( )>

∥Λ ∥ α+ / ([ , ], µ(S )) ! ( )∥ ∥ α([ , ], µ(S )).

( ) = ( ) =

α
(
[ , ] , µ

(
S
))
↪→ C

(
[ , ] , µ

(
S
))

, α> / ,

ℓ, (·)

: R× S → C

( , ) :=

{
( , ) ( , ) ∈ [ , ]× S

.

ℓ, ( ) :=

{
ℓ, ( ) ∈ [ , ]

.

/ < α< / ∥ ( )∥ µ(S ) = ∥ ( )∥ µ(S ) = ℓ, ( ) =

ℓ, ( ) = ℓ ℓ, ( ) = ℓ, ( ) = ℓ

ℓ, ∈ α(R) ∥ ℓ, ∥ α(R) ! ∥ ℓ, ∥ α( , )

ℓ ∈ α(R, µ(S ))

∥ ∥ α(R, µ(S )) ! ∥ ∥ α([ , ], µ(S )).

{ }⊆ [ , ]
Λ ∈ α+ / ([ , ], µ(S )) Λ ( , ) = Λ ( , )
( , ) ∈ [ , ]× S

( ) =

α, µ" > ∈ α
(
[ , ], µ(S )

)

! α< /
/ < α< / ( ) =

Λ ∈ α+ /
(
[ , ], µ(S )

)
( )>

∥Λ ∥ α+ / ([ , ], µ(S )) ! ( )∥ ∥ α([ , ], µ(S )).



: R× S → C

( , ) :=

⎧
⎪⎨

⎪⎩

( , ) ( , ) ∈ [ , ]× S
( − , ) ( , ) ∈ [ , ]× S

.

ℓ, ( ) :=

⎧
⎪⎨

⎪⎩

ℓ, ( ) ∈ [ , ]

ℓ, ( − ) ∈ [ , ]

.

∥ ℓ, ∥ α( , ) ! ∥ ℓ, ∥ α( , )

ℓ α ∈ [ , ] \
{ }

α ∈
[
,
)

∈ α([ , ], µ(S ))
[ , ] Λ ∈ α+ / ([ , ], µ(S ))

Λ ( , ) = Λ ( , ) ( , ) ∈ [ , ]× S

S D(H)

|S ∈D(H)

∈ / (S )
(R ) / (S )

η ∈ / (S ) ∈ / (S )
λ>

( )+Gλν ( )( ) = η ( ) , ∀ ∈ S ;

( )+

ˆ
S
T λ ( , )ν ( ( )) ( ) = η ( ) , ∀ ∈ S ,

T λ( , ) := λ( − ) , ∈ S

β ∈ R σ " / η ∈ / (S ) λ>
∈ / (S )

∥ ∥ / (S ) ! ∥η∥ / (S ).

λ T λ( , )

∞(S ) λ

∥ λ ∥ ∞(S ) ! √
λ
∥ ∥ ∞(S ), ∀ ∈ ∞ (S

)
.



T λ( , )"
ˆ
S
T λ ( , ) ( )! √

λ
, ∈ S .

∈ S θ

ˆ
S
T λ ( , ) ( ) = √

ˆ π −
√

λ( − θ)

√
− θ

θ θ = √
ˆ −

√
λ

√

! √
ˆ +∞ −

√
λ

√ =

√
√
λ
,

µ(S ) T λ

∥ λ ∥ µ(S ) ! λ− / ∥ ∥ µ(S ), ∀ ∈ µ
(
S
)
,

µ ∈ ( , )

F (−∆+λ)− ( ) =
∞∑

ℓ=

ℓ∑

=−ℓ
(−ı)ℓ

˜ℓ,
| | +λ

ℓ,

(

| |

)
.

(S )

(−∆+λ)− ( ) = F− F (−∆+λ)− ( )

=
∞∑

ℓ=

ℓ∑

=−ℓ
ℓ,

(

| |

)ˆ +∞
√

| | ℓ+ / ( | |) ˜ℓ, ( )

+λ

(
(−∆+λ)−

)

ℓ,
(| |) =

ˆ +∞
√

| | ℓ+ / ( | |) ˜ℓ, ( )

+λ
.

(−∆+λ)Gλ = δS

= δS
∈ µ(S )

(
Gλ

)
ℓ,

(| |) = ℓ,√
| |

ˆ +∞
ℓ+ / ( ) ℓ+ / ( | |)

+λ
.

λ ( ) = Gλ |S ( ) ∈ S

(
λ
)
ℓ,

= λ
ℓ ℓ, , λ

ℓ :=

ˆ +∞
ℓ+ / ( )

+λ
.



|T λ
ℓ |!

ˆ +∞ /

( +λ)
! λ− / ,

ℓ

λ>

τλ ( ) :=− λ (ν ( ))+ η

:=
{

∈ /
(
S
)
: ∥ ∥ / (S ) ! ∥η∥ / (S )

}
,

τλ

∥τλ ( )∥ / (S ) ! β,σ

(
∥η∥ / (S )

) σ+
λ− / + ∥ηλ∥ / , ∀ ∈ ,

λ
∞(S )

∞(S ) ∞(S )
µ(S )

, ∈
(

,∥ · ∥ ∞(S )

)

τλ ( )− τλ ( ) = λ (ν ( )− ν ( )) ,

∣∣| | σ − | | σ
∣∣!

(
| | σ + | | σ

)
| − |, ∀ , ∈ C,

∥τλ ( )− τλ ( )∥ ∞(S ) ! λ− / ∥ν ( )− ν ( )∥ ∞(S ) ! β,σλ
− / ∥ − ∥ ∞(S ).

τλ λ

ν( ) ∈ / (S ) ∈ / (S )
D(H) λ

/ (S )
ν ∈D(H)

λ



ψ ∈D(H) λ> = , + ,

{
, ( , ) := ( φλ)|S ( ),

, ( , ) :=−( Gλν( ))|S ( ),
∀( , ) ∈ [ ,+∞)× S ,

φλ ∈ (R ) ∈ / (S )

(S )

= −ı∆ Gλν( ) =
( −ı∆ (−∆+λ)−

)
ν( )δS

( , )ℓ, ( ) =

ˆ +∞
/ −ı

ℓ+ / ( )
(
φ̃λ
)

ℓ,
( )

( , )ℓ, ( ) = ,ℓ ( )(ν ( ))ℓ, , ,ℓ ( ) :=

ˆ +∞ −ı

+λ ℓ+ / ( ) .

:= ψ |S = I ( )≡

β ∈ R σ " / ψ = φλ−Gλν( ) ∈D(H)
λ>

∥ ∥ ([ , ], / (S )) #λ
(
∥ϕλ∥ (R ) + ∥ ∥ σ+

/ (S )

)
,

∥ ∥ α([ , ], / (S )) #λ,α,
(
∥ϕλ∥ (R ) + ∥ ∥ σ+

/ (S )

)
,

∥ − − ıΛν ( )∥ ([ , ], / (S )) #λ,
(
∥ϕλ∥ (R ) + ∥ ∥ σ+

/ (S )

)
,

> α ∈
(
,
)

Λ

(Λν ( ))( , ) :=

ˆ
( − ν ( ))( ) .

φλ ∈ (R )
φλ ∈ (R, (R )) ∥ (·)ϕ

λ∥ ([ , ], (S )) # ∥ϕλ∥ (R ) >

, ∈
(
R, / (S )

)
∥ , ∥ ([ , ], / (S )) # ∥ϕλ∥ (R )

> ,ℓ

| ,ℓ ( ) |! λ, ∀ ∈ R,

λ ℓ ∈ R ∥ , ( + )−
, ( )∥ / (S ) → →

∥ , ( )∥ / (S ) ! λ∥ν ( )∥ / (S ) ! λ∥ ∥ σ+
/ (S )

, ∀ ∈ R,



, ∈ δ
(
R, / (S )

)
δ ∈

(
,
)

( )≡

( , )− ( )− ı(Λν ( ))( , ) = ( , )+ ( , ) , ∀( , ) ∈ R× S ,

( ) := , ( , )− , ( , ) ( , ) := , ( , )− , ( , )− ı(Λν ( ))( , ) .

( )ℓ, ( ) =

ˆ +∞
/
(

−ı −
)

ℓ+ / ( )
(
φ̃λ
)

ℓ,
( ) ,

( )ℓ, ( )

( , )ℓ, ( )− ( , )ℓ, ( ) = (ν ( ))ℓ,

ˆ +∞
(

−ı −
)

+λ ℓ+ / ( ) .

−ı

ˆ
− = ( − I)(−∆+ ε)− − ıε

ˆ
− (−∆+ ε)− ,

ε>

−ı(Λν ( ))( , ·) =
(
−ı

ˆ
( − (ν ( )δS ))( )

)
∣∣S

.

−ı(Λν ( ))( , ·) =
(
( − I) G ν ( )

)
|S .

, ( , ·)− , ( , ·) =−
(
( − I) Gλν ( )

)
|S ,

, ( , ·)− , ( , ·)− ı(Λν ( ))( , ·) =−
(
( − I)

(
Gλν ( )−G ν ( )

))∣∣S ,

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

( )ℓ, ( ) = ,ℓ ( ) (ν ( ))ℓ,

,ℓ ( ) :=

ˆ +∞ (
−ı −

)
ℓ+ / ( )

(

+λ
−

)

=−λ
ˆ +∞

ℓ+ / ( )

( +λ)

(
−ı −

)
.



( , )ℓ, ( ) =

ˆ +∞
−ı ωω /

ℓ+ /

(√
ω
)(
φ̃λ
)

ℓ,

(√
ω
)
ω = ̂ℓ, ( ) ,

ℓ, (ω) :=

√
π
1[ ,+∞)(ω)|ω| /

ℓ+ / (
√
|ω|)(φ̃λ)ℓ, (

√
|ω|),

∥ , ∥ (R, / (S )) =
π

∞∑

ℓ=

ℓ∑

=−ℓ
⟨ℓ⟩ /

ˆ +∞
⟨ω⟩

√
ω ℓ+ /

(√
ω
)∣∣
(
φ̃λ
)

ℓ,

(√
ω
)∣∣ ω

= π
∞∑

ℓ=

ℓ∑

=−ℓ
⟨ℓ⟩ /

ˆ +∞ (
+

)
ℓ+ / ( )

∣∣
(
φ̃λ
)

ℓ,
( )
∣∣

!
∞∑

ℓ=

ℓ∑

=−ℓ

ˆ +∞ (
+

)∣∣
(
φ̃λ
)

ℓ,
( )
∣∣ = ∥φλ∥ (R ).

, ( , ·) = φλ|S

∥ , ( , ·)∥ ([ , ], / (S )) ! ∥φλ∥ (R )

∥ ∥ ([ , ], / (S )) !
√

+ ∥φλ∥ (R ), ∀ > .

∥ ∥ ([ , ], / (S ))

′
,ℓ ( ) = ıλ

ˆ +∞
ℓ+ / ( )

( +λ)
−ı ,

∥ ,ℓ∥ ([ , ]) ! λ

ˆ +∞
ℓ+ / ( )

+λ
! λ <+∞, ∀ > .

∥ ∥ ([ , ], / (S )) !
λ∥ ∥ σ+

/ (S )
>

(
[ , ] , /

(
S
))
↪→

(
[ , ] , /

(
S
))
↪→

(
[ , ] , /

(
S
))

,

∥ ∥ ([ , ], / (S )) ! λ∥ ∥ σ+
/ (S )

, ∀ > ,



/
(
S
)
↪→ /

(
S
)

α
(
[ , ] , /

(
S
))
↪→

(
[ , ] , /

(
S
))

,

∥Λν( )∥ α([ , ], / (S ))

∈ / (S ) ≡ χ[ , ] [ , ]× S

χ̂[ , ] (ω) =
ı√
π

−ıω −
ω

,

χ[ , ] ∈ γ
(
[ , ], / (S )

)
γ ∈

(
,
)

∥Λ ∥ β+ / ([ , ], / (S )) ! β, ∥ ∥ / (S ), ∀β ∈
(
,
)
,

= ν( )

∥Λν ( )∥ α([ , ], / (S )) ! α, ∥ ∥ σ+
/ (S )

, ∀α ∈
(
,
)
,

D(H)

β ∈ R σ " / ψ = φλ−Gλν( ) ∈D(H)

>
(
[ , ], / (S )

)
(
[ , ], / (S )

)
> ∈(

[ , ], (S )
)

>

L( ) :=−ıΛν ( )+ ,

:=
{

∈ ∞
(
[ , ] , /

(
S
))

: ∥ ∥ ∞([ , ], / (S )) !
}

> ∥ ∥ ∞([ , ], / (S ))

∥L( )∥ ∞([ , ], / (S )) !
/ σ+ + ∥ ∥ ∞([ , ], / (S )), ∀ ∈ ,

L
∞([ , ], (S )

)
∞([ , ], (S )

) ∞([ , ], (S )
)



∗ ∞([ , ], / (S ))
, ∈

(
,∥ · ∥ ∞([ , ], (S ))

)

L( )−L( ) = Λ(ν ( )− ν ( )) ,

∥L( )−L( )∥ ∞([ , ], (S )) ! / ∥ν ( )− ν ( )∥ ∞([ , ], (S ))

! / σ∥ − ∥ ∞([ , ], (S )),

L >

(
[ , ], / (S )

)
∈ ([ , ], (S ))

=−ıΛν ( )+ .

ν( ) ∈
(
[ , ], / (S )

)
⊂

(
[ , ], (S )

)

Λν( ) ∈ /
(
[ , ], (S )

)
∈

/
(
[ , ], (S )

)
∈ /

(
[ , ], (S )

)

∥ν ( )( )− ν ( )( )∥ (S ) ! ∥ ∥ σ
([ , ], / (S ))∥ ( )− ( )∥ (S ), ∀ , ∈ [ , ] ,

ν( ) ∈ /
(
[ , ], (S )

)
∈ /

(
[ , ], (S )

)

∈ /
(
[ , ], (S )

)

ν( ) ∈ /
(
[ , ], (S )

)
∥∥(ν( )

)
( , ·)

∥∥
(S )

̸=

− =−ıΛ(ν ( )− ν ( ))+ − − ıΛν ( ) .

ν( )− ν( ) ∈ /
(
[ , ], (S )

) ∥∥(ν( )
)
( , ·)− ν( )

∥∥
(S )

=

Λ
(
ν( )− ν( )

)
∈ /

(
[ , ], (S )

)

− − ıΛν( ) ∈ /
(
[ , ], (S )

)
− ∈

/
(
[ , ], (S )

)
∈ /

(
[ , ], (S )

)

[ , ]

ν ( ) ∈
(
[ , ] , /

(
S
))

∩
(
[ , ] ,

(
S
))

.

σ " /
Λ µ(S ) µ"

µ> σ " /

∞([ , ]) Λ



S U( , − )∣∣| |=

+ = = ,

∈
(
[ , ], (S )

)
( , ) :=

ˆ (
− ( )

)
( )

∥ ∥ ([ , ], (R )) # ∥ ∥ ([ , ], (S )).

F [ ] ( , ) = −ı| |
∞∑

ℓ=

ℓ∑

=−ℓ
(−ı)ℓ ℓ,

(

| |

)ˆ
ı| | ℓ+ / (| |)

√
| | ℓ, ( ) ,

∈ [ , ]

∥ ( )∥ (R ) =
∞∑

ℓ=

ℓ∑

=−ℓ

ˆ +∞ ∣∣∣∣
ℓ+ / ( )
√

ˆ
ı

ℓ, ( )

∣∣∣∣

=
∞∑

ℓ=

ℓ∑

=−ℓ

ˆ +∞

ℓ+ / ( )

∣∣∣∣
ˆ

ı
ℓ, ( )

∣∣∣∣

=
∞∑

ℓ=

ℓ∑

=−ℓ

ˆ ˆ
∗
ℓ, ( ) ℓ, ( ′)

(ˆ ∞

ℓ+ / ( ) −ı ( − ′)
)

′

=
∞∑

ℓ=

ℓ∑

=−ℓ

ˆ
∗
ℓ, ( )

ˆ
ℓ (

′ − ) ℓ, ( ′) ′ .

!
∞∑

ℓ=

ℓ∑

=−ℓ
∥ ℓ, ∥ ( , )

∥∥∥∥
ˆ

ℓ (
′ − (·)) ℓ, ( ′) ′

∥∥∥∥
( , )

,

ℓ (τ) :=

ˆ +∞

ℓ+ / ( ) ı τ .

ℓ (τ) =
ı(ℓ+ / )π

τ
− ı

τ ℓ+ /

(

τ

)
,

| ℓ (τ) |! |τ | /
.



( , )

∥∥∥∥
ˆ

ℓ (
′ − (·)) ℓ, ( ′) ′

∥∥∥∥
( , )

! ∥ ℓ, ∥ ( , )

∥ ( )∥ (R ) !
∞∑

ℓ=

ℓ∑

=−ℓ
∥ ℓ, ∥ ( , ) = ∥ ∥ ([ , ], (S )),

∞([ , ], (R )
)

∈(
[ , ], (R )

)

∥ ( + ε)− ( )∥ (R ) → ε→ ∈ [ , ]

(
[ , ], / (S )

)
ψ

(R ) ∈ [ , ]

− =−ı∆ − ,

(
−ı(−∆+λ)− ıλ

−

)
= ıλ

− .

(−∆+λ)−

ψ ( ) =
(
φλ−Gλν ( )

)
− ı

ˆ
− ν ( ( ))

=
(
φλ−Gλν ( )

)
− ı

ˆ
ıλ

−
−ıλ ν ( ( ))

=
(
φλ−Gλν ( )

)
− ı

ˆ (
−ı(−∆+λ)− ıλ

−

)
−ıλ ν ( ( ))

= φλ−Gλν ( ( ))+ (−∆+λ)−
ˆ

− [−ıλν ( ( ))+ ∂ ν ( ( ))]

= φλ ( )−Gλν ( ( )),

φλ ( ) := ϕλ+(−∆+λ)−
ˆ

− [−ıλν ( ( ))+ ∂ ν ( ( ))] ,

∂

(·)φ
λ ∈

(
[ , ], (R )

)



ν( ),∂ ν( ) ∈ ([ , ], (S ))
(−∆+λ)− : (R )→ (R ) φλ ∈(

[ , ], (R )
)

ψ|S ≡

∥ψ ( )∥D(H) ! ∥φλ ( )∥ (R ) +( +λ)
∥∥Gλν ( ( ))

∥∥
(R )

,

ψ ∈
(
[ , ],D(H)

)
Gλν( ) ∈

(
[ , ], (R )

)

∥∥Gλν ( ( + ))−Gλν ( ( ))
∥∥

(R )
!
λ
∥ ∥ σ

([ , ], / (S ))∥ ( + )− ( )∥ / (S ).

ψ( )≡ ψ
ψ ∈

(
[ , ], (R )

)
(R ) ∈ [ , ]

ı
∂φλ

∂
=−∆φλ+λGλν ( )+ ıGλ ∂ν ( )

∂
,

∂ψ
∂ = ∂φλ

∂ −Gλ ∂ν( )
∂

ψ ∈
(
[ , ] ,

(
S
))

,

ı
∂ψ

∂
=Hψ.

ψ
[ , ] ≡ ψ|S

ψ

ψ ∈
(
[ , ], (R )

)
( ) :=

[
ψ( )

]

′ ( ) = , ∀ ∈ [ , ] .

′ ( ) =
{
⟨ψ ( ) ,∂ ψ ( )⟩ (R )

}
.



ı
∂ψ

∂
= (−∆+λ)φλ−λψ,

′ ( ) =
{〈
ψ ( ) ,−ı(−∆+λ)φλ ( )

〉
(R )

}

=
{〈

Gλν ( ( )) , ı(−∆+λ)φλ ( )
〉

(R )

}

=
{
ı
〈
ν ( ( )) ,φλ|S ( )

〉
(S )

}

=
{
ı
〈
ν ( ( )) , ( )+ λν ( ( ))

〉
(S )

}

=
{
ı
〈
ν ( ( )) , λν ( ( ))

〉
(S )

}
.

λ
〈
ν
(
( )
)
, λν

(
( )
)〉

(S )

∈ [ , ] [ψ( )] =: ( ) = ( ) := [ψ ]
∈ [ , ]

[·]˚ (R )

∥∇ψ ( )∥ (R ) =

[
ψ − ı

ˆ
− ν ( ( ))

]

˚ (R )

.

R

∥∇ψ ( )∥ (R )

= ∥∇ψ ∥ (R )−
{
ı

〈
ψ ,

ˆ
−∆ − ν ( ( ))

〉

(R )

}

︸ ︷︷ ︸
=:

+

[ˆ
− ν ( ( ))

]

˚ (R )︸ ︷︷ ︸
=:

.

ˆ
−∆ − ν ( ( )) =−ı − ν ( ( ))+ ıν ( )δS + ı

ˆ
− ∂ ν ( ( )) ,



ψ|S ≡ ∗
− = ( )|S

ı

〈
ψ ,

ˆ
−∆ − ν ( ( ))

〉

(R )

=
〈
( ψ )|S ,ν ( ( ))

〉
(S )

−β∥ ∥ σ+
σ+ (S ) −

ˆ 〈
( ψ )|S ,∂ ν ( ( ))

〉
(S )

.

= β∥ ∥ σ+
σ+ (S ) −

{〈
ν ( ( )) ,( ψ )|S

〉
(S )

}

+

{ˆ 〈
( ψ )|S ,∂ ν ( ( ))

〉
(S )

}
.

=

{ˆ ˆ 〈
− ν ( ( )) , −τν ( (τ))

〉
˚ (R )

τ

}
.

R
∗
− − = −

ˆ ˆ 〈
− ν ( ( )) , −τν ( (τ))

〉

˚ (R )

τ

= ı

ˆ 〈
(∂ − )ν ( ( )) ,

ˆ
−τν ( (τ)) τ

〉

(R )

+ ı

〈
− ν ( ( )) ,

ˆ
− ν ( ( ))

〉

(R )

+

− ı

ˆ 〈
− ∂ ν ( ( )) ,

ˆ
−τν ( (τ)) τ

〉

(R )

+

− ı

ˆ 〈
− ν ( ( )) , − ν ( ( )

)〉

(R )

= ı

〈
ν
(
( )
)
,

ˆ
− ν
(
( )
) 〉

(S )

− ı

ˆ ∥∥ − ν
(
( )
)∥∥

(R )
+

− ı

ˆ ˆ 〈
∂ ν
(
( )
)
, −τν

(
(τ)
)〉

(S )

τ



=

{
ı

〈
ν ( ( )) ,

ˆ
− ν ( ( ))

〉

(S )

}
+

−
{
ı

ˆ ˆ 〈
∂ ν ( ( )) , −τν ( (τ))

〉

(S )

τ

}
.

∥∇ψ ( )∥ (R ) = ∥∇ψ ∥ (R ) + β∥ ∥ σ+
σ+ (S ) +

{〈
ν ( ( )) ,−( ψ )|S

〉
(S )

}

︸ ︷︷ ︸
=:

+

{〈
ν ( ( )) , ı

ˆ
− ν ( ( ))

〉

(S )

}

︸ ︷︷ ︸
=:

+

{ˆ 〈
( ψ )|S ,∂ ν ( ( ))

〉
(S )

}

︸ ︷︷ ︸
=:

−
{
ı

ˆ ˆ 〈
∂ ν ( ( )) , −τν ( (τ))

〉
(S )

τ

}

︸ ︷︷ ︸
=:

.

+ =− β∥ ( )∥ σ+
σ+ (S )

+ =

{ˆ 〈
∂ ν ( ( )) , ( )

〉
(S )

}
,

∥∇ψ ( )∥ (R ) = ∥∇ψ ∥ (R ) −
{ˆ 〈

∂ ( ) ,ν ( ( ))
〉

(S )

}
.

{〈
∂ ( ) ,ν ( ( ))

〉
(S )

}
=

β

σ+
∥ ( )∥ σ+

σ+ (S ),

D(H)
∗ +∞

∗ =
{

> :
(
[ , ] , /

(
S
))}

,

D(H)
/ (S )



(
[ ,+∞), / (S )

)

ψ = φλ−Gλν( )
∥φλ∥ (R ) L

:=
{

∈ ∞([ ,+∞), / (S )
)
: ∥ ∥ ∞([ ,+∞), / (S )) !

}

>

L ∈

∥∥(Λν ( ))( )
∥∥

(S )
!
ˆ ∥∥ ν ( ( − ))

∥∥
(S )

, ∀ " .
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