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 A B S T R A C T

An established method for incorporating inelastic constitutive equations into finite element software is the 
use of rheological elements, assembled in series or in parallel, to describe the constitutive response at each 
material point. This approach can be extended to finite strains by exploiting the multiplicative decomposition 
of the deformation gradient. In this study, we propose an hybrid approach that integrates traditional elements 
with elements, with constitutive equations defined through deep neural networks (DNNs), into an assemblage 
of standard rheological elements. We formulate DNNs to guarantee thermodynamic consistency, enabling us to 
model the time-dependent, large strain response of elastomers and predict the Payne effect in filled rubber. This 
effect, characterized by deformation-enhanced shear thinning, poses unique modeling challenges. Additionally, 
we discuss data augmentation procedures to address the data-intensive nature of training neural networks, 
showcasing the effectiveness of utilizing ordinary dynamic mechanical analysis (DMA) tests for this purpose.
. Introduction

Viscoelastic materials are extensively utilized across various engi-
eering fields, including polymer processing and structural design, due 
o their unique time-dependent mechanical behavior. The mechanical 
esponse of these materials is influenced by both the magnitude and 
ate of deformation, making their characterization complex. For small 
nd slow deformations, linear viscoelastic models provide a simple and 
ffective means to describe the stress–strain relationship (Ciambella 
t al., 2011). However, these models fall short in capturing the non-
inear, time-dependent effects that become significant under large and 
apid deformations (Gent, 2012). To address these limitations, ad-
anced modeling techniques are required to account for the finite de-
ormation behavior of viscoelastic materials. Among these approaches, 
he assemblage of rheological elements has proven to be a robust 
ramework for capturing the time-dependent response of materials, 
hich can be extended to large strains (Hurtado et al., 2013) and 
nriched with elastoplastic elements to enhance accuracy.
A key concept that facilitates the extension of rheological element 

ssemblages to finite deformations is the multiplicative decomposition 
f the deformation gradient 𝐅 = 𝐅𝑒 𝐅𝑣 into elastic 𝐅𝑒 and inelastic 
𝑣 components (Sadik and Yavari, 2017). This approach generalizes 
he classical additive decomposition of total deformation, commonly 
sed at small strains, where deformation is split between spring and 
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dashpot contributions, as illustrated in Fig.  1. Under the assumption of 
small strains, the multiplicative decomposition naturally reduces to the 
additive form. Originally derived from the theory of growth (DiCarlo 
and Quiligotti, 2002), this concept has been widely adopted in vari-
ous fields, such as viscoplasticity (Ciambella and Nardinocchi, 2021), 
electroelasticity (Ghosh and Lopez-Pamies, 2021), and magnetoelas-
ticity (Brancati et al., 2019). In many of these applications, multiple 
material phases coexist within a single material point, where one 
phase exhibits purely elastic behavior, while others display viscoplastic 
behavior, allowing for flow at zero stress. These material phases are 
constrained by a fundamental kinematic assumption that they undergo 
the same overall deformation, ensuring consistency within the model.

In the framework of viscoplasticity, the different literature propos-
als primarily differ in their constitutive formulations for the inelastic 
elements and, in particular, in viscoelasticity, for the constitutive as-
sumptions governing the viscosity functions associated with the dash-
pot (Reese and Govindjee, 1998; Bergström and Boyce, 1998; Kumar 
and Lopez-Pamies, 2016; Hurtado et al., 2013). Accurately defining 
this function is essential to capture the complex mechanical behavior 
of materials, which exhibit a nonlinear dependence of viscosity on 
both strain and strain rate, such as elastomers that exhibit a marked 
deformation-enhanced shear thinning, a phenomenon known in the 
rubber industry as the Payne effect (Chazeau et al., 2000). Capturing 
this effect within constitutive models remains a significant challenge.
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A promising and rapidly evolving approach in the field of compu-
tational mechanics involves the integration of data-driven techniques 
directly into the governing equations of mechanical problems. These 
data-driven methods can be broadly classified into two distinct cate-
gories (Ghaderi et al., 2020). The first category, known as model-free 
approaches, bypasses the need for an explicit constitutive law or a pre-
trained model that is separate from the data. Instead, these strategies 
embed the experimental dataset directly into the solution process of 
the mechanical problem (Conti et al., 2018): the equilibrium solution is 
obtained by optimizing a compatibility measure between the governing 
constraints and the available data points, eliminating the requirement 
for a predefined stress–strain relationship. While this approach is con-
ceptually appealing, it heavily relies on the availability of extensive and 
representative datasets and may face challenges when extrapolating 
beyond the observed data (Eggersmann et al., 2019; Salahshoor and 
Ortiz, 2023).

The second category of data-driven methods encompasses a range 
of approaches, with a strong influence from the resurgence of neural 
networks (NNs) in constitutive modeling, a field that has been explored 
in earlier studies as well (Furukawa and Yagawa, 1998; Ghaboussi and 
Sidarta, 1998; Jung and Ghaboussi, 2006). These NN-based models 
can be further classified into three fundamental types (Faroughi et al., 
2024): (i) black-box neural networks, (ii) physics-informed networks 
that weakly incorporate physical principles, and (iii) physics-encoded 
networks that strongly enforce governing laws. Black-box neural net-
works rely solely on data to infer constitutive relationships without 
consideration of the underlying physics. In contrast, physics-informed 
and physics-encoded networks aim to integrate essential physical prin-
ciples, with a particular emphasis on satisfying the second law of 
thermodynamics. Physics-informed neural networks (PiNNs) incorpo-
rate physical constraints into the loss function by adding penalty terms 
for deviations from governing equations (Taç et al., 2022b; Zhang et al., 
2022). Physics-encoded neural networks (PeNNs) enforce physical con-
straints by embedding governing principles directly into the neural 
architecture. PeNNs have recently gained significant attention (Taç 
et al., 2024a).

In the context of hyperelasticity, physical requirements are inher-
ently incorporated into the model by adopting invariant-based strain 
energy functions to ensure objectivity, while architectures utilizing 
convex activation functions are employed in PeNNs to enforce poly-
convexity (Amos et al., 2017; Klein et al., 2022; As’ad et al., 2022; 
Chen and Guilleminot, 2022; Linden et al., 2023; Linka and Kuhl, 2021, 
2023; Taç et al., 2022a, 2024b). In the case of dissipative models, 
additional constraints must be imposed on the dissipation potential 
to satisfy thermodynamic consistency (Kestin and Rice, 1970). Neural 
Ordinary Differential Equations (NODEs) (Chen and Guilleminot, 2022; 
Taç et al., 2022b) have been successfully extended to viscoelasticity, 
serving as surrogates for evolution equations, as demonstrated in the 
works of Jones et al. (2022) and in the distinctive approach proposed 
by Taç et al. Taç et al. (2023), which focuses on ensuring increasing 
monotonicity and non-negativity of the dissipation potential deriva-
tive, thereby guaranteeing the convexity of the dissipation potential. 
Moreover, Input Convex Neural Networks (ICNNs) and Convex Artifi-
cial Neural Networks (CANNs) have been employed to represent the 
dissipation potential. In the ICNN-based viscoelastic framework pro-
posed by As’ad and Farhat (2023) (As’ad and Farhat, 2023), the strain 
energy function and the dissipation potential are both represented by 
Input Convex Neural Networks (ICNNs). ICNNs enforce convexity by 
construction through nonnegative weights and convex, non-decreasing 
activation functions. Similarly, the iCANN framework introduced by 
Holthusen et al. (2024) (Holthusen et al., 2024) integrates CANNs 
with a recurrent neural network (RNN) layer to effectively capture 
path-dependent and inelastic responses. Unlike standard neural net-
works, CANNs incorporate activation functions derived from expert-
constructed models, specifically designed to preserve convexity. These 
activation functions operate on polynomial expansions, enabling the 
2 
construction of convex, non-decreasing functions to represent the dis-
sipation potentials. Recurrent Neural Networks (RNNs) are a class 
of neural networks designed to process sequential data by maintain-
ing a memory of previous inputs, allowing them to capture temporal 
dependencies and path-dependent behaviors effectively (Sherstinsky, 
2020).

Building upon these advancements, we propose a hybrid approach 
that complements traditional rheological elements with Deep Neural 
Networks (DNNs) (Goodfellow et al., 2016) to enhance the predic-
tive capabilities of viscoelastic material models. Specifically, we in-
troduce a novel component, termed the Deep Rheological Element 
(DRE), wherein the DNN is utilized exclusively to model the material’s 
viscosity function. This approach ensures thermodynamic consistency, 
particularly adherence to the second law, through the imposition of 
minimal constraints on the DNN architecture and so address one of 
the key challenges of data-driven constitutive modeling. In contrast 
to conventional approaches that employ neural networks to directly 
predict the overall stress–strain relationship (Zhang et al., 2022; Chen, 
2021), our methodology integrates classical strain energy density func-
tions with a neural network-driven viscosity function. This strategic 
combination not only mitigates the dependency on extensive datasets 
but also preserves the model’s capability to accurately capture the 
complex, nonlinear viscoelastic behaviors exhibited by materials such 
as elastomers.

The structure of the paper is as follows. Section 2 derives the 
governing equations of a continuum with an assemblage of parallel 
elements, emphasizing the main kinematic assumptions underlying the 
framework. It also presents the proposed data-driven approach and 
compares it with the traditional model-based formulation. The train-
ing of the neural network and the data augmentation procedure are 
discussed, highlighting their ability to reproduce experimental obser-
vations. Finally, conclusions and further developments are drawn in 
Section 3.

2. Model formulation

In this section, we outline the essential modeling framework that 
forms the basis for our Deep Rheological Element. Our work builds 
upon the well-established generalized Maxwell model (GMM), which 
we extend through the integration of deep neural networks. While we 
provide only the key elements of the formulation here, a complete 
theoretical derivation based on the Principle of Virtual Power and 
the Clausius–Duhem inequality is presented in Appendix  A. The GMM 
represents the mechanical response of materials through an assemblage 
of rheological elements, typically consisting of springs and dashpots. 
For viscoelastic materials under finite strain, we employ a general-
ized Maxwell model (Fig.  1), where the deformation gradient 𝐅 is 
multiplicatively decomposed into elastic and viscous components: 
𝐅 = 𝐅𝑒𝐅𝑣 (2.1)

This decomposition extends the additive decomposition found in linear 
viscoelasticity to finite strains, where 𝐅𝑒 represents the elastic defor-
mation that instantaneously unloads the current configuration to a 
stress-free state, and 𝐅𝑣 represents the viscous contribution.

To derive the constitutive equation of this viscoelastic solid, we 
start by assuming the existence of a specific (per unit mass) strain 
energy density, denoted as 𝜑̂, which is dependent on both the elastic 
deformation 𝐁𝑒 = 𝐅𝑒𝐅𝑇

𝑒  and the total deformation 𝐁 = 𝐅𝐅𝑇 . Guided 
by the generalized Maxwell model of Fig.  1, we assume that there are 
two components capable of storing elastic energy during a deformative 
process:

• an equilibrium network represented by a hyperelastic spring with 
strain energy density 𝜑∞(𝐁), which determines the long-term 
equilibrium response of the material;
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Fig. 1. (a) Assemblage of a Maxwell element in parallel with an equilibrium spring. (b) Proposed framework in which the inelastic element is substituted by 
Deep Neural Networks.
• a non-equilibrium network consisting of a Maxwell element, with 
a hyperelastic spring energy density 𝜑(𝐁𝑒) in series with a viscous 
dashpot.

that in turn yields the following additive decomposition of the energy: 

𝜑̂(𝐁,𝐁𝑒) = 𝜑∞(𝐁) + 𝜑(𝐁𝑒) . (2.2)

Accordingly, the total Cauchy stress 𝐓 is given by the sum of con-
tributions from both networks (derivations in Appendix), each defined 
in terms of the corresponding strain energy densities: 

𝐓 = 𝐓∞ + 𝐓𝑒, 𝐓∞ = 2𝜌𝑡
𝜕𝜑∞
𝜕𝐁

𝐁, 𝐓𝑒 = 2𝜌𝑡
𝜕𝜑
𝜕𝐁𝑒

𝐁𝑒 . (2.3)

where 𝜌𝑡 is the mass density in the current configuration. The ther-
modynamic consistency requirement, expressed through the Clausius–
Duhem inequality, can be used to introduce a constitutive equation 
for the stresses that guarantees positive dissipation for every strain 
rate. Most models commonly employed in the literature (see Califano 
and Ciambella, 2023; Gouhier and Diani, 2024) assume the specific 
dissipation density to be a quadratic function of the rate of deformation. 
In this case one may write 

𝜌𝑡 𝛿 = 1
4
𝐽−1 D[sym

(

𝐁,▿
𝑒𝐁

−1
𝑒
)

] ⋅ sym
(

𝐁,▿
𝑒𝐁

−1
𝑒
)

≥ 0 (2.4)

where 𝐽 = det 𝐅, and 𝐁▿
𝑒 ∶= 𝐁̇𝑒 − 𝐋𝐁𝑒 − 𝐁𝑒𝐋𝑇  is the ’’codeformational 

derivative’’ or Oldroyd derivative of 𝐁𝑒. The tensor D is a fourth-order 
positive definite viscosity tensor, which for a isotropic material has the 
following representation formula: 

D = 2 𝜂𝐷
(

I − 1
3
𝐈⊗ 𝐈

)

+ 3 𝜂𝑉
( 1
3
𝐈⊗ 𝐈

)

(2.5)

Here, I is the fourth-order identity tensor, i.e., I[𝐀] = 𝐀, and (𝐈 ⊗
𝐈)𝐀 = (𝐈 ⋅ 𝐀)𝐈. The parameters 𝜂𝐷 and 𝜂𝑉  represent the deviatoric 
and volumetric viscosities (per unit of reference volume), which may 
depend on the elastic or total deformation. Thermodynamic consistency 
is automatically satisfied if these viscosity functions are positive: 
𝜂𝐷 ≥ 0, 𝜂𝑉 ≥ 0 (2.6)

By considering that elastomers and many other soft materials can 
be treated as incompressible (𝐽 = det 𝐅 = 1 and det 𝐅𝑒 = 1), the 
constitutive prescription (2.4) together with a microforce-like balance, 
derived in the Appendix, gives the evolution equation governing the 
viscous behavior: 
sym{𝐁,▿

𝑒𝐁
−1
𝑒 } = − 1

𝜂𝐷
𝐓𝐷
𝑒 (2.7)

in which 𝐓𝐷
𝑒  is the deviatoric part of the elastic Cauchy stress tensor. In 

our previous work (Califano and Ciambella, 2023), we noted that, aside 
from assumptions on the specific energy density, the main differences 
among models for filled rubber in the literature lie in how the viscosity 
function is formulated. Phenomenological expressions are commonly 
used for 𝜂𝐷, which often struggle to capture complex behaviors like the 
Payne effect characteristic of filled elastomers. The distinctive aspect of 
our approach is how we model the viscosity function 𝜂𝐷, relying on a 
neural network to represent it.
3 
Model-based approach. The diversity of viscosity function forms found 
in the literature is substantial, with dozens of models each taking 
either phenomenological considerations or drawing inspiration from 
micromechanical perspectives (Hurtado et al., 2013; Reese and Govind-
jee, 1998; Bergström and Boyce, 1998; Kumar and Lopez-Pamies, 2016; 
McLeish and Larson, 1998; Drozdov, 2004; Rubin and Papes, 2011; 
Yoshida and Sugiyama, 2015; Kim et al., 2022; Gouhier and Diani, 
2024). Elastomers, in particular, are noted for exhibiting deformation-
induced shear thinning, leading to a viscosity function that varies 
dynamically-increasing with the magnitude of applied deformation and 
decreasing with the rate of deformation. This behavior contrasts sharply 
with the constant viscosity assumption seen in some models, like that 
in Reese and Govindjee (1998). In addressing this variable viscosity, the 
authors of Kumar and Lopez-Pamies (2016) introduce a function that 
escalates with applied deformation and diminishes with deformation 
rate. The model in Bergström and Boyce (1998) suggests that viscosity 
hinges on the magnitude of deviatoric Cauchy stress, a measure that 
indirectly accounts for strain rate, positing that macromolecules are 
capable of significant conformational adjustments under creep loading.

The encapsulated summary of these models in Table  1 serves as a 
concise reference, delineating the foundational assumptions and func-
tional forms of 𝜂𝐷 across different theoretical frameworks. Typically, 
the deviatoric viscosity 𝜂𝐷 is expressed as a function of the total 
deformation tensor 𝐁 and the elastic deformation tensor 𝐁𝑒. However, 
considerations of frame-invariance, isotropy, and incompressibility im-
ply that 𝜂𝐷 can be represented in terms of an appropriate set of four 
scalar invariants of the unimodular tensors 𝐁 and 𝐁𝑒, leading to the 
general formulation: 
𝜂𝐷 = 𝜂̂𝐷(1,2,3,4). (2.8)

In the existing literature, this general formulation is often simplified by 
considering the viscosity as a function of a subset of these scalar invari-
ants. Specifically, common assumptions include defining the viscosity 
in terms of the invariant 1 = 𝐁 ⋅ 𝐁−1

𝑒 , denoted as 𝐼𝑣1 , the invariant 
2 = 𝐈 ⋅ 𝐁−1

𝑒 , which corresponds to 𝐼𝑒2 , and the invariant 3 = ‖𝐓𝐷
𝑒 ‖, 

commonly referred to as 𝐽2. The fourth invariant, 4, is not explicitly 
employed in the existing literature, yet different choices can be made; 
for example, we can define:

4 =
1
2

(

(

𝐁 ⋅ 𝐁−1
𝑒
)2 − 𝐁𝐁−1

𝑒 ⋅ 𝐁−1
𝑒 𝐁

)

.

In our previous work (Califano and Ciambella, 2023), we presented a 
comparative analysis of the models in Table  1.
Data-driven approach. In this paper, we adopt a data-driven approach 
to infer the viscosity function 𝜂𝐷 that characterizes the time-dependent 
response of materials using a Deep Neural Network (DNN). Specifically, 
we propose that for an incompressible material, the deviatoric viscosity 
𝜂𝐷 can be expressed as: 
𝜂𝐷 = 𝑓DNN(𝐱; 𝜃) (2.9)

where 𝑓DNN represents the Deep Neural Network (DNN) with input 
features 𝐱, and 𝜃 denotes the network’s parameters. In this hybrid 
modeling approach, 𝐱 can either be one or a subset of the invariants 
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Table 1
Viscoplastic/viscoelastic models from the literature incorporated in the proposed framework.
Source: From Califano and Ciambella (2023).
 Constitutive model Viscosity 𝜂𝐷  
 Reese & Govindjee (Reese and Govindjee, 1998) Constant  
 Bergström & Boyce (Bergström and Boyce, 1998; Bergstrom and Boyce, 2000)𝐽 1−𝑚

2 ∕𝐴(𝜆𝑣 − 1 + 𝜉)𝐶 with 𝜆𝑣 = √

𝐼𝑣
1 ∕3  

 Kumar & Lopez-Pamies (Kumar and Lopez-Pamies, 2016) 𝜂∞ +
𝜂0 − 𝜂∞ +𝐾1(𝐼

𝑣 𝛽1
1 − 3𝛽1 )

1 + (𝐾2𝐽 2
2 )

𝛽2
 

 Strain Hardening Power Law (Hurtado et al., 2013) 𝐽2∕ ̇̄𝜀𝑐𝑟 with ̇̄𝜀𝑐𝑟 = (

𝐴𝐽 𝑛
2 [(𝑚 + 1)𝜀̄𝑐𝑟]𝑚

)1∕(𝑚+1) 
 Drozdov (Drozdov, 2004) and Pom-Pom model (McLeish and Larson, 1998) 𝑐∕

√

2‖𝐃‖  
 Rubin & Papes (Rubin and Papes, 2011) (4∕3)(𝑐∕𝛤 )𝐼𝑒

2  
1,2,3, or 4. The hyperelastic part of the model is defined through 
standard strain energy densities. The underlying idea is that the strain 
energy density 𝜑 can be easily fitted using readily available experi-
mental data, whereas, accurately capturing the nonlinearities of the 
viscosity function presents a significant challenge. Additionally, within 
this approach, thermodynamic consistency is ensured by imposing the 
simple requirement that the viscosity function remains positive.

In what follows, we assume a neo-Hookean type strain energy 
function for both the equilibrium and non-equilibrium springs, given 
by: 
𝜌0 𝜑∞(𝐁) =

𝜇∞
2

(𝐈 ⋅ 𝐁 − 3), 𝜌0 𝜑(𝐁𝑒) =
𝜇
2
(𝐈 ⋅ 𝐁𝑒 − 3) . (2.10)

where 𝜌0 = 𝐽𝜌𝑡 is the reference density.

2.1. Architecture selection: Feedforward neural network (FNN)

In the proposed computational framework, Feedforward Neural Net-
works (FNNs) are utilized for modeling the viscosity function. Feedfor-
ward Neural Networks (FNNs) are a class of artificial neural networks 
where information flows in a single direction, from input to output, 
without loops or cycles. By incorporating the generalized Maxwell 
model’s ordinary differential equations (ODEs), this hybrid framework 
captures temporal dependencies, eliminating the need of Recurrent 
Neural Networks (RNNs) (Chen, 2021; Wang et al., 2023; Holthusen 
et al., 2024) or Long Short-Term Memory (LSTM) networks (Zhang 
et al., 2022), resulting in lower data-intensive requirements (Goodfel-
low et al., 2016; LeCun et al., 2015). The architecture of the FNN used 
in this paper has the following structure: 

𝑓DNN(𝑥;𝑊 , 𝑏) = 1
2
(

1 + tanh
(

…tanh
(

𝑊1𝑥 + 𝑏1
)

…
))

𝑊 2
𝑓 + 𝑏2𝑓 (2.11)

By squaring the final weights and biases, and applying a shifted tanh
activation only at the output layer, the network ensures a strictly posi-
tive output, thereby guaranteeing thermodynamic consistency through 
non-negative viscosity (see Fig.  2).

2.2. Data preparation and training

A fundamental challenge in modeling the viscosity function with 
neural networks is that viscosity measures are not directly avail-
able from mechanical testing but must instead be derived from time-
dependent stress–strain data. Consequently, traditional supervised
learning approaches, which depend on labeled training data, are not ap-
plicable to viscosity. To address this challenge, this paper adopts a two-
step training strategy, leveraging the concept of transfer learning (Pan 
and Yang, 2010).

In the initial phase of the process, the function 𝑓𝐷𝑁𝑁  is pre-trained 
using viscosity data obtained from established rheological models 
like (Bergström and Boyce, 1998) or (Kumar and Lopez-Pamies, 2016), 
which have been calibrated against real experiments. Typically, ex-
perimental data on viscoelastic materials is acquired through dynamic 
mechanical analysis (DMA) tests, and the outcomes are represented 
synthetically by storage and loss moduli (Ciambella et al., 2011), rather 
than time data. Thus, the pre-training phase enables the generation of 
4 
additional data points, thereby increasing the density and coverage of 
the dataset.

A second step refines the model’s predictive accuracy through tar-
geted retraining based on minimizing the distance difference between 
stress histories as predicted by the DNN and the experimental measure-
ments.

Experimental protocol
The data used in both the pre-training and re-training phases are 

taken from the experimental results reported by Chazeau et al. (2000), 
specifically those corresponding to dynamic mechanical analysis (DMA) 
amplitude sweep tests conducted under simple shear. In these tests, the 
material is subjected to a shear strain of the form: 

𝛾(𝑡) = 𝛾0 + 𝛾𝑑 sin(2𝜋𝑓𝑑 𝑡) (2.12)

where 𝑓𝑑 = 1Hz is the constant imposed frequency, while 𝛾𝑑 denotes 
the dynamic amplitude, which is systematically varied to perform an 
amplitude sweep. The corresponding shear stress 𝑇12(𝑡) is recorded over 
multiple cycles and subsequently processed to derive the storage 𝐺′ and 
loss 𝐺′′ moduli, commonly used to characterize the material response 
in DMA testing. These moduli are defined as: 

𝐺′ =
2 𝑓𝑑
𝑁 ∫

𝑡𝑖+𝑁∕𝑓𝑑

𝑡𝑖

𝑇12(𝑡)
𝛾d

sin(2𝜋 𝑓𝑑 𝑡) 𝑑𝑡

𝐺′′ =
2 𝑓𝑑
𝑁 ∫

𝑡𝑖+𝑁∕𝑓𝑑

𝑡𝑖

𝑇12(𝑡)
𝛾d

cos(2𝜋 𝑓𝑑 𝑡) 𝑑𝑡
(2.13)

Here, 𝑡𝑖 denotes the starting time of the integration window, chosen 
to ensure that the material’s response is measured in the steady-state 
regime, while 𝑁 represents the number of cycles considered in the 
averaging process. The experimental 𝐺′ and 𝐺′′ in Fig.  5 exhibit a pro-
nounced dependence on the dynamic amplitude, particularly noticeable 
in the storage modulus, which experiences over a tenfold decrease from 
the maximum (0.2) to the minimum (0.001) dynamic strain amplitudes 
investigated, clearly illustrating the Payne effect. Notably, a constant 
viscosity model, such as the one used in Reese and Govindjee (1998), 
would predict a much weaker dependence on the strain amplitude 
and thus fails to capture this nonlinear viscoelastic response, as also 
discussed in Califano and Ciambella (2023).

The experimental setup, consisting of symmetric shear sandwich 
fixtures with an aspect ratio of approximately 8:1, ensures true simple 
shear conditions, significantly minimizing nonuniform strain effects. 
This approach aligns with our previous validation work (Califano and 
Ciambella, 2023), in which a semi-analytical solution derived from a 
non-linear viscoplastic model, restricted to simple shear kinematics, 
was benchmarked against full 3D finite element simulations under 
identical loading and boundary conditions. The identification of the 
model parameters in the present work follows this semi-analytical 
strategy, thereby avoiding the computational burden of full-field fi-
nite element simulations. Key analytical steps and expressions of the 
solution strategy are summarized in Appendix  A.
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Fig. 2. Example of the architecture of a Feedforward Neural Network (FNN) for predicting the viscosity function 𝜂𝐷. The input layer consists of the scalar invariants 
1,2,3,4, as required by the considerations of frame-invariance, isotropy, and incompressibility. These invariants provide inputs to two fully connected hidden 
layers, leading to the output 𝜂𝐷. In the present study, however, only the third invariant 3 = 𝐽2 is used as input, resulting in a simplified architecture with a 
single input neuron, two hidden layers with five neurons each, and one output neuron, corresponding to a 1-5-5-1 configuration.
Fig. 3. Comparison of actual (blue dots) versus predicted viscosity on test 
data. The dashed black line represents the ideal identity line where prediction 
perfectly matches the actual values. (For interpretation of the references to 
color in this figure legend, the reader is referred to the web version of this 
article.)

Pre-training
The pre-training phase involves generating pseudo-experimental 

viscosity data using the pre-calibrated Strain Hardening Power Law 
(SHPL) model (Hurtado et al., 2013). Among the various models pro-
posed in Table  1, the SHPL is selected for its simplicity and its ability to 
capture the Payne’s effect with a minimal number of parameters. The 
viscosity function for this model is defined in Table  1 and 𝐴, 𝑚, and 𝑛
are constitutive parameters to be calibrated against experimental data. 
As customary in literature, the parameter 𝑚 is set to 0, reducing the 
5 
Table 2
Parameter values.
 Parameter Value  
 𝜇∞ 0.5MPa  
 𝑛 2.45  
 𝜇 3.55MPa  
 𝐴 100MPa−𝑛s−𝑚−1  

number of constitutive parameters to four: 
𝜂𝐷 = 𝐽2∕ ̇̄𝜀𝑐𝑟 with ̇̄𝜀𝑐𝑟 = 𝐴𝐽 𝑛

2 (2.14)

Although the pre-training is carried out with a model that only incorpo-
rates the 3 = 𝐽2 dependence on viscosity, the DNN approach pursued 
here is capable of capturing more complex dependencies, such as those 
used in Bergström and Boyce (1998), Kumar and Lopez-Pamies (2016), 
or on temperature or magnetic field, which could significantly affect 
the material response (Cleément et al., 2005; Si et al., 2023). The SHPL 
model was calibrated using data described in previous subsection on 
experimental protocol and presented in Fig.  7. Model calibration was 
performed following the approach described in Califano and Ciambella 
(2023). The resulting parameters are listed in Table  2, whereas the 
model’s performance is illustrated in Fig.  7. Although the SHPL model 
can closely match the storage modulus’ dynamic amplitude depen-
dence, it overpredicts the variation of the loss modulus in the same 
dynamic amplitude range.

The dataset used for training and analysis spans the full range of 
𝐽2 values observed during experimental testing. In this context, 𝐽2, 
representing the norm of the non-equilibrium stress, is not directly 
measurable, and was estimated using the calibrated SHPL model. This 
approach enabled the generation of input–output pairs, where 𝐽2 serves 
as the input and the corresponding viscosity 𝜂𝐷 as the output. We 
generated 1000 such pairs spanning a 𝐽  range from 0.001 to 0.2.
2
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Fig. 4. Training and Validation Loss in logarithmic scale over first 40000 Epochs, computed using the loss function defined in Eq. (2.15).
The DNN used for the training of the selected dataset consists of an 
input layer with one neuron, followed by two hidden layers with five 
neurons each, and a final output layer with a single neuron, correspond-
ing to a 1-5-5-1 configuration. The network parameters (weights and 
biases) were initialized by sampling from a standard normal distribu-
tion. The use of a single input node reflects the power law formulation, 
which depends exclusively on 𝐽2. The training strategy was carried 
out by squaring 𝐽2 values and log-transforming, with a small constant 
added to avoid issues from zeros. This transformation stabilized the 
input distribution across magnitudes, facilitating smoother convergence 
during training. We then applied Z-score normalization to the log-
transformed 𝐽 2

2  values, centering them around a mean of 0 and scaling 
to unit variance. For the 𝜂 values, we used Min-Max normalization: after 
identifying the minimum and maximum values, the data were linearly 
scaled to the range [0, 1]. This choice preserved the positivity of 
the target values, consistent with their physical meaning, and ensured 
compatibility with the neural network architecture, which generates 
positively encoded outputs (LeCun et al., 1998; Schraudolph, 1998).

The training process utilized a loss function based on the mean 
squared error (MSE), quantifying the discrepancy between the SHPL 
viscosity and the DNN prediction. 

MSE = 1
𝑁

𝑁
∑

𝑖=1

(

𝜂SHPL𝑖 − 𝜂DNN𝑖
)2 . (2.15)

where 𝑁 is the number of data points in the training set. A training 
over 100,000 epochs with a learning rate of 0.001 was conducted. The 
dataset underwent a division into training and test subsets, with 70% 
of the data allocated for training and the remaining 30% reserved for 
validation and testing. Additionally, the remaining data was further 
split into validation and test sets in a 50–50. The validation set was 
used to monitor performance during training and prevent overfitting, 
while the test set was reserved for a final evaluation of the model’s 
generalization capabilities, ensuring reliable performance assessment 
on both seen and unseen data. Upon completing the training process 
and evaluating the model on the test set, the model exhibited a test loss 
of 2.69 ⋅ 10−8. This low loss value indicates that the predicted viscosity 
closely matches the target viscosity, as also evidenced in Fig.  3.

Fig.  4 showcases the trend of training and validation losses through-
out the epochs. The initial rapid decrease in both training and valida-
tion losses indicates a significant learning uptake by the network. As 
epochs progress, the loss values plateau, reflecting the optimization of 
the network’s weights and biases. The alignment of the validation loss 
with the training loss suggests that the model has achieved a good fit 
to the data without overfitting, confirmed by the consistently low test 
loss reported.
6 
Algorithm 1: Pre-training procedure for DNN viscosity predic-
tion

Input: Experimental storage and loss modulus data, calibrated 
SHPL model

Output: Pre-trained DNN model predicting viscosity 𝜂𝐷
1 Step 1: Data Generation
2 Calibrate the SHPL model on experimental data.
3 Use the calibrated SHPL model to generate synthetic (𝐽2, 𝜂𝐷)

pairs within the experimental 𝐽2 range.
4 Step 2: Data Pre-processing
5 Apply log-transformation to 𝐽 2

2  values, followed by Z-score 
normalization.

6 Apply Min-Max normalization to 𝜂𝐷 values.
7 Step 3: Neural Network Setup
8 Define a feedforward neural network architecture.
9 Initialize weights and biases from a standard normal 

distribution.

10 Step 4: Training
11 Split the dataset into training, validation, and test sets.
12 Initialize the optimizer with learning rate.
13 for epoch = 0 to 100,000 do
14 Perform forward pass to predict viscosity 𝜂𝐷.
15 Compute the MSE loss between predicted and target 

viscosities.
16 Compute gradients of the loss with respect to network 

parameters.
17 Update network parameters using the optimizer.
18 end 

2.3. Re-training

After the pre-training phase, a re-training process was conducted 
to further enhance the DNN’s performance. To increase the dataset’s 
density, interpolation was performed on the storage and loss data, 
generating an additional 100 points within the experimental dynamic 
amplitude range as schematically represented in Fig.  5. For this pur-
pose, spline interpolation was used, and the results were visually 
verified against expected rheological trends. Specifically, the storage 
modulus exhibited an initial plateau at low strain amplitudes and a 
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Fig. 5. Experimental data points (diamonds ⧫) from (Chazeau et al., 2000) used for the pre-training. Circles ∙ represent the additional data points used for the 
re-training and generated from the original dataset through spline interpolation.

Fig. 6. Training and validation losses in logarithmic scale throughout the re-training epochs, computed using the loss function defined in Eq. (2.19).

Fig. 7. Comparative analysis of storage modulus (left) and loss modulus (right) as functions of dynamic amplitude, predicted by SHPL and DNN models, against 
experimental data for filled silicone elastomer at 1 Hz, as reported by Chazeau et al. (2000).
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subsequent decline, followed by a second plateau at higher ampli-
tudes, while the loss modulus exhibited a peak, consistent with the 
characteristic viscoelastic behavior of such blends (Klüppel, 2008).

For each pair of storage and loss values corresponding to a specific 
dynamic amplitude, the time histories of the steady-state response 𝑇12(𝑡)
were reconstructed assuming a linear relationship between shear stress 
and shear strain history: 
𝑇12 = 𝜇∞ 𝛾0 + 𝛾𝑑 𝐺

′ sin(2𝜋𝑓𝑑 𝑡) + 𝛾𝑑 𝐺
′′ cos(2𝜋𝑓𝑑 𝑡) , (2.16)

where 10 cycles at a frequency of 1Hz were generated for each ampli-
tude and subsequently employed in training. The reconstructed stress 
response was used as the target during the re-training phase to guide 
the neural network in predicting the viscosity.

Indeed, during re-training, the neural network input remains the 
scalar value 𝐽 2

2  (the squared norm of the stress deviator), which is log-
transformed and normalized, consistent with the pre-training phase. 
The output is the predicted viscosity 𝜂𝐷, which is then integrated 
into the viscoelastic constitutive model, formulated in Section 2, to 
simulate the stress response, directly influencing the stress evolution 
obtained by solving the internal variable evolution equations (ODEs). 
Details of adapting this constitutive equation explicitly for simple shear 
conditions are provided in Appendix  A. The loss function employed 
during re-training is based on a weighted mean squared error (MSE) 
between the stress histories predicted by the model 𝑇 pred12 (𝑡) and the re-
constructed target histories 𝑇 target12 (𝑡). To ensure proper learning across 
the full spectrum of experimental conditions, particularly for low strain 
amplitudes, the weights are assigned inversely proportional to the 
dynamic stress amplitude of the 𝑖th target history 𝜏𝑑𝑖  (i.e., the amplitude 
of the oscillatory stress response), following the rationale that stress 
histories with smaller input amplitudes, typically harder to predict and 
prone to higher relative error, would otherwise contribute negligibly 
to the total loss. Specifically, for each loading history, the individual 
mean squared error MSE𝑖 is: 

MSE𝑖 =
1
𝑁𝑡

∑

𝑡

(

𝑇 pred12𝑖
(𝑡) − 𝑇 target12𝑖

(𝑡)
)2

(2.17)

computed over the last two cycles of the 𝑖th loading history. Here, 
𝑁𝑡 denotes the number of time steps within the interval. The overall 
weighted loss is given by: 

MSEretrain =
∑𝑛

𝑖=1 𝑤𝑖 ⋅MSE𝑖
∑𝑛

𝑖=1 𝑤𝑖
, with 𝑤𝑖 ∝

1
𝜏𝑑𝑖

(2.18)

To allow for a dimensionless and scale-invariant evaluation, the result-
ing loss is normalized by the mean squared value of the target shear 
stress 𝑇12(𝑡) within the same interval: 

W-MSEretrain =
MSEretrain
MST(𝑇12) + 𝜀

, with MST(𝑇12) =
1

𝑛𝑁𝑡

𝑛
∑

𝑖=1

∑

𝑡
(𝑇12𝑖 (𝑡))

(2.19)

where n denotes the number of loading histories used in the retrain-
ing. The parameter 𝜀 is a small constant added to avoid division by 
near-zero values, thus preserving numerical stability.

The re-training process utilized an Adam optimizer (Kingma and Ba, 
2014). The learning rate was set to 0.01. The available histories and 
test types were partitioned following the same strategy used during 
pre-training. Initially, a 70–30 split was performed to separate the 
training set from the combined validation and test set. Subsequently, 
the validation and test sets were obtained by evenly dividing the 
remaining data. Within the training loop, a patience-based early stop-
ping mechanism was integrated to prevent overfitting, ensuring the 
robustness and generalization capability of the trained model (Prechelt, 
2012). The model was trained iteratively, with periodic evaluations on 
the validation set.

Fig.  6 illustrates the trajectory of training and validation losses 
throughout the re-training epochs. An initial steep decline in both 
8 
Algorithm 2: Re-training procedure for improving DNN model 
performance

Input: Pre-trained DNN model, experimental storage and loss 
modulus data

Output: Re-trained DNN model predicting viscosity 𝜂𝐷
1 Step 1: Data Augmentation
2 Interpolate storage and loss modulus data to generate 

additional points within the experimental dynamic 
amplitude range.

3 For each interpolated point, reconstruct the corresponding 
stress history 𝑇12(𝑡) over 10 cycles at 1 Hz, assuming a 
linear stress–strain relationship.

4 Step 2: Initialization
5 Load pre-trained network parameters.
6 Initialize the optimizer with learning rate.
7 Partition data into training, validation, and test sets.
8 Step 3: Re-training Loop
9 while training has not stopped early and epoch count is below 

maximum do
10 Process the full batch of training histories.
11 Generate the dynamic shear strain history 𝛾(𝑡) based on 

test parameters.
12 Predict viscosity 𝜂𝐷 from normalized 𝐽 2

2  inputs.
13 Inverse-normalize viscosity predictions.
14 Simulate stress response 𝑇 pred12 (𝑡) by solving the 

viscoplastic constitutive model ODEs.
15 Compute the weighted and normalized loss W-MSEretrain

over the last two cycles.
16 Compute gradients of the loss with respect to network 

parameters.
17 Update network parameters using the Adam optimizer.
18 end 

training and validation losses is evident, signifying substantial im-
provement in the network’s performance. As re-training progresses, the 
losses begin to level off, indicating that the network is approaching an 
optimized state where further adjustments to weights and biases yield 
diminishing returns in loss reduction. The convergence of training and 
validation losses, remaining close to each other, indicates that the re-
training process has enhanced the model’s generalization abilities as 
also demonstrated by the fitting results in Fig.  7. All computations, in-
cluding model training, optimization, and differential equation solving, 
were implemented using Python, leveraging JAX for array operations, 
automatic differentiation, and just-in-time (JIT) compilation (Bradbury 
et al., 2018), Optax for optimization routines (DeepMind I. Babuschkin 
et al., 2020), and Diffrax for solving differential equations (Kidger, 
2021). For all training and evaluation phases, time-integration was 
carried out with Dopri5 solver (Dormand-Prince 5th order).

The deep neural network (DNN) model demonstrates compara-
ble performance to the Strain Hardening Power Law (SHPL) model 
in matching the storage modulus, but significantly outperforms it in 
predicting the loss modulus. This improvement is evident from the two-
fold decrease in the error associated with the loss modulus, as reported 
in Table  3. However, it is noteworthy that the initial loss value is still 
underestimated, suggesting that both models fail to capture the energy 
losses of the real material at low strain rates. To highlight the effect of 
the re-training on the viscosity function, Fig.  8 compares the deviatoric 
viscosity 𝜂𝐷(𝐽2) obtained with the SHPL model and with the DNN after 
re-training (log–log scale). The DNN deviates from the simple power 
law in the regions of 𝐽2 explored in the DMA tests, which provides 
a better description of the shear-thinning behavior associated with 
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Fig. 8. Deviatoric viscosity 𝜂𝐷 as a function of 𝐽2 after re-training: comparison between the SHPL model and the DNN (log–log scale). The adaptation of the 
DNN in the range of 𝐽2 relevant to DMA tests explains the improved prediction of the loss modulus.
Fig. 9. Frequency extrapolation at a fixed dynamic amplitude of 𝛾𝑑 = 0.05 for (a) storage and (b) loss moduli.
Table 3
Comparison of Mean Relative Errors (MRE) for Deep Neural 
Network and Strain Hardening Power Law Predictions.
 Parameter DNN SPHL  
 MRE for Storage 0.1219 0.1349 
 MRE for Loss 0.2701 0.6556 

the Payne effect. Importantly, positivity of 𝜂𝐷 is preserved, ensuring 
thermodynamic consistency.

To further evaluate the DNN’s performance, we assess its extrapo-
lation capabilities beyond the experimental range of the fitting data. 
This evaluation is crucial for ensuring the model’s physical behavior 
and reliability. Extrapolation tests help verify whether the model can 
generalize its learned patterns and relationships to unseen data points 
or scenarios. In this regard, Fig.  9 presents the predicted storage and 
loss moduli over a four order of magnitude frequency range. The 
DNN predicts a storage modulus that increases with frequency, leveling 
off around 100 Hz, and a loss modulus that reaches a maximum 
9 
value around 10 Hz, which aligns with expectations for this type of 
material (Chazeau et al., 2000; Klüppel, 2008).

Additional testing was conducted by imposing the cyclic strain 
history depicted in Fig.  10(a), comprising five cycles at 5% strain and 
an additional five cycles at 10% strain. The stress–strain plot (Fig. 
10(c)) reveals hysteresis loops characteristic of viscoelastic materials, 
which reach equilibrium after few initial cycles. This step aims to assess 
the DNN’s capability to accurately simulate the material behavior under 
conditions not explicitly encountered during the training phase.

3. Conclusions

In this study, we have proposed a novel rheological element with 
a constitutive response based on a Deep Neural Network to enhance 
the constitutive modeling of elastomers under finite strains. While the 
use of an assemblage of standard rheological elements has been widely 
adopted for capturing the elastic and viscoelastic behavior of elas-
tomers, its traditional approach relies on a phenomenological viscosity 
model for the dashpot-like element. However, this approach exhibits 



F. Califano and J. Ciambella Mechanics of Materials 212 (2026) 105525 
(a) 

(b) 

(c) 

Fig. 10. Analysis of cyclic strain and material response: (a) Cyclic strain his-
tory with triangular waves at amplitudes 0.05 and 0.1 over a 0.1 s period. (b) 
Response from the DNN-calibrated constitutive model, depicting stationarity. 
(c) Material’s hysteresis in the stress–strain plane, with stationarity achieved.

limitations in accurately capturing nonlinear effects observed in ex-
perimental data, such as the Payne effect. In our proposed approach, 
we replaced the phenomenological viscosity model with a deep neural 
network, resulting in what we term ‘‘Deep Rheological Element’’.

To train the neural network, we employed a two-step strategy aimed 
at alleviating the requirement for a large amount of available data. 
In the initial step, the viscosity neural network was trained with the 
viscosity function of a well-established rheological model, such as the 
strain hardening power law, previously calibrated against experimental 
data. This pre-training phase facilitated a rapid initialization of the 
10 
DNN and ensured an accurate starting point. Subsequently, in the 
second step, we conducted a retraining of the network using stress–
strain histories derived from dynamic mechanical analysis tests. To 
achieve this, we transformed data on storage and loss moduli into time–
history data, which served as the actual training dataset. This approach 
allowed us to leverage a significant number of data points for training 
while utilizing only a limited number of real experimental tests.

The analysis demonstrated that the deep neural network model 
successfully replicated the performance of the strain hardening power 
law model, which is commonly employed for fitting this type of data. 
Remarkably, the DNN model even surpassed the performance of the 
strain hardening power law model after retraining. Additionally, the 
extrapolation capabilities of the DNN were evaluated, revealing a phys-
ically meaningful behavior beyond the fitting range. By integrating the 
DNN into an assemblage of rheological elements, the thermodynamic 
consistency of the model was easily ensured by constraining the DNN 
viscosity to be positive. This represents a significant advantage over 
other proposals in the literature.

It is important to note that for simplicity and clarity we initially 
limited our strain energy function to the Neo-Hookean type. However, 
our framework is designed with the flexibility to incorporate any con-
stitutive model for the hyper-elastic springs, including NN-based model, 
e.g. Constitutive Artificial Neural Networks (CANN) (Linka et al., 2021; 
Linka and Kuhl, 2023), Input Convex Neural Networks (ICNN) (Klein 
et al., 2022; As’ad et al., 2022; Chen and Guilleminot, 2022), Physics-
Augmented Neural Network (Linden et al., 2023) and Neural Ordinary 
Differential Equations (NODE) (Taç et al., 2022b).
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Appendix A. Theoretical foundations of the generalized maxwell 
model

In this appendix, we provide the complete theoretical derivation of 
the modeling framework presented in Section 2. Our derivation relies 
on two fundamental principles: (i) the Principle of Virtual Power, which 
enables the introduction of the balance laws of the theory; (ii) the 
Clausius–Duhem inequality, which allows the definition of constitutive 
prescriptions in a manner that ensures thermodynamic consistency and 
stability in a iso-thermal framework.
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A.1. Kinematics

We define a point 𝑥 in the present configuration 𝛺𝑡 as the image 
of a point 𝑋 in the reference configuration 𝛺0 attained at a certain 
time 𝑡0. We call 𝜒 the deformation map such that 𝑥 = 𝜒(𝑋, 𝑡), and the 
deformation gradient is 

𝐅(𝑋, 𝑡) =
𝜕𝜒(𝑋, 𝑡)

𝜕𝑋
, (A.1)

in a way that det𝐅(𝑋, 𝑡) > 0. We further assume that at each material 
point, the deformation gradient can be multiplicatively decomposed 
into elastic and viscous components by 

𝐅(𝑋, 𝑡) = 𝐅𝑒𝑖 (𝑋, 𝑡)𝐅𝑣𝑖 (𝑋, 𝑡) , 𝑖 = 1,… , 𝑛 (A.2)

which is referred to as Bilby–Kröner–Lee decomposition (Sadik and 
Yavari, 2017; Ciambella and Nardinocchi, 2023). The Eq.  (A.2) extends 
the additive decomposition typically found in linear viscoelasticity, as 
observed in the Maxwell rheological element (Riande et al., 2000), 
and enables the introduction of 𝑛 states. Each state may represent 
different structural components, such as polymer chains with different 
relaxation times. Accordingly, 𝐅𝑒𝑖  is the elastic deformation that can 
instantaneously unload the current configuration into a stress-free state. 
For the sake of brevity, we will hereafter omit the subscript i, assuming 
the existence of only one Maxwell element as sketched in Fig.  1, yet all 
derivations can be extended to multiple rheological elements straight-
forwardly. Additionally, we will refrain from indicating dependence on 
position and time unless explicitly required.

With the multiplicative decomposition in (2.1) on hands, one can 
define the strain rate, the elastic strain rate and the viscous strain rate 
by 

𝐋 = ∇𝐯 = 𝐅̇𝐅−1, 𝐋𝑒 = 𝐅̇𝑒𝐅−1
𝑒 , 𝐋𝑣 = 𝐅̇𝑣𝐅−1

𝑣 . (A.3)

By push-forwarding 𝐋𝑣 with 𝐅𝑒, one obtains the Eulerian viscous rate 
defined by 

𝜦𝑣 = 𝐅𝑒 𝐋𝑣 𝐅−1
𝑒 (A.4)

which, together with (A.3) leads to the following additive decomposi-
tion of the strain rate 𝐋

𝐋 = 𝐋𝑒 +𝜦𝑣 . (A.5)

Additionally, the rate of the left Cauchy–Green strain tensors 𝐁𝑒 = 𝐅𝑒𝐅𝑇
𝑒

is computed through Eq. (A.2) as 

𝐁̇𝑒 = 2 sym{𝐋𝐁𝑒} − 2𝐅𝑒𝐃𝑣𝐅𝑇
𝑒 , (A.6)

where sym{⋅} indicates the symmetric operator, such that sym{𝐀} =
1
2 (𝐀

𝑇 + 𝐀), such that 𝐃 = sym{𝐋}, 𝐃𝑣 = sym{𝐋𝑣}.

A.2. Principle of virtual power

The principle of virtual power is employed to derive the balance 
equations and the stress tensor restrictions imposed by the requirement 
of frame invariance. We formulate an Eulerian version of the theory 
by assuming {𝐯̃, 𝜦̃𝑣} the set of virtual velocities such that the internal 
power expenditure over a part  ⊂ 𝛺𝑡 is 

𝑖𝑛𝑡 = ∫
𝐓∞ ⋅ 𝐋̃ + ∫

𝐓𝑒 ⋅ 𝐋̃𝑒 + ∫
𝐓𝑣 ⋅ 𝜦̃𝑣 (A.7)

where 𝐓∞ denotes the stress associated with the long-term spring that 
expends power on the total stretch rate, 𝐓𝑒 represents the Maxwell 
element spring stress conjugates of the elastic stretch rate, and 𝐓𝑣
represents the Maxwell element dashpot viscous stress tensor. It is 
noted that, for notational conciseness, the 𝑑V in the integral is omitted, 
with the limits of integration allowing us to distinguish between volume 
and surface integrals.
11 
By using the kinematic relationship (A.5), the inner power can be 
rewritten as 

𝑖𝑛𝑡 = ∫
𝐓 ⋅ 𝐋̃ + ∫

(

𝐓𝑣 − 𝐓𝑒
)

⋅ 𝜦̃𝑣 (A.8)

where 𝐓 = 𝐓∞ + 𝐓𝑒. The external power is the power expended by 
body 𝐛 and surface 𝐭 forces (per unit of current volume and area, 
respectively) over the virtual velocity field 𝐯̃, 

𝑒𝑥𝑡 = ∫
𝐛 ⋅ 𝐯̃ + ∫𝜕

𝐭 ⋅ 𝐯̃ . (A.9)

The physics underlying (A.8) and (A.9) requires the power expenditures 
be invariant under a change of frame, i.e., a change of observer. This is 
turn requires them to be unchanged under the transformation (Gurtin 
et al., 2013) 

𝐅∗(𝑋, 𝑡) = 𝐐(𝑡)𝐅(𝑋, 𝑡) 𝐐(𝑡) ∈ R𝚘𝚝. (A.10)

where R𝚘𝚝 is the special orthogonal group, i.e., the set of orthogonal 
tensors with determinant +1. In addition the multiplicative decompo-
sition of the deformation gradient (2.1) introduces in the theory an 
indeterminacy due to the fact that any rotation 𝐐(𝑋, 𝑡) overimposed on 
the natural state is macroscopically invisible, in the sense that it keeps 
the deformation gradient 𝐅 unchanged. In fact, 

𝐅(𝑋, 𝑡) = 𝐅𝑒(𝑋, 𝑡)𝐐(𝑋, 𝑡)𝐐
𝑇
(𝑋, 𝑡)𝐅𝑣(𝑋, 𝑡) = 𝐅𝑒(𝑋, 𝑡)𝐅𝑣(𝑋, 𝑡),

𝐐(𝑋, 𝑡) ∈ R𝚘𝚝
(A.11)

This leads to the introduction of an additional requirement for the 
theory to be invariant under 
𝐅⋆
𝑒 (𝑋, 𝑡) = 𝐅𝑒(𝑋, 𝑡)𝐐(𝑋, 𝑡),

𝐅⋆
𝑣 (𝑋, 𝑡) = 𝐐

𝑇
(𝑋, 𝑡)𝐅𝑣(𝑋, 𝑡) ,

(A.12)

usually called Structural Frame Invariance to distinguish it from Frame 
Invariance expressed by (A.10) (see Gurtin et al., 2013). This is indeed a 
constitutive prescription for the theory as pointed out in Ciambella and 
Nardinocchi (2023). In both (A.10) and (A.11), the explicit dependence 
on time 𝑡 and position 𝑋 is utilized to emphasize the distinction 
between frame invariance and structural-frame invariance. While frame 
invariance dictates invariance under a global rotation of the configura-
tion (with the same 𝐐 applied to all material points), structural-frame 
invariance is a local requirement. This means it operates on the natural 
state, which is defined locally and does not necessarily represent an 
attainable configuration of the continuum.

By combining (A.10) with (A.12), the deformation rates in the 
transformed reference system are 

𝐋̃∗ = 𝐐̇𝐐𝑇 +𝐐𝐋̃𝐐𝑇 (A.13)

𝐋̃∗
𝑒 = 𝐐̇𝐐𝑇 +𝐐𝐋̃𝑒𝐐𝑇 +𝐐𝐅𝑒𝐐̇𝐐

𝑇
𝐅−1
𝑒 𝐐𝑇 (A.14)

and 

𝜦̃∗
𝑣 = 𝐐𝜦̃𝑣𝐐𝑇 +𝐐𝐅𝑒𝐐𝐐̇

𝑇
𝐅−1
𝑒 𝐐𝑇 (A.15)

where we made use of the definition (A.4) and of the fact that 𝐐,𝐐 ∈
R𝚘𝚝.

In order to have the first term in (A.8) invariant under the transfor-
mations (A.13)–(A.15), it is required that 

∫
𝐓 ⋅ 𝐋̃ = ∫∗

𝐓∗ ⋅ 𝐋̃∗ = ∫∗
𝐓∗ ⋅

(

𝐐̇𝐐𝑇 +𝐐𝐋̃𝐐𝑇 ) (A.16)

which is satisfied for each  if and only if 

𝐓∗ = 𝐐𝐓𝐐𝑇 and 𝐓 ∈ Sym (A.17)

that expresses the well-known requirement for the stress tensor 𝐓
to be symmetric and to be transformed under a rigid body motion 
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overimposed on the current frame as (A.17). The other term in (A.8) 
gives 

∫

(

𝐓𝑣 − 𝐓𝑒
)

⋅ 𝜦̃𝑣 = ∫∗

(

𝐓∗
𝑣 − 𝐓∗

𝑒
)

⋅ 𝜦̃∗
𝑣

= ∫∗

(

𝐓∗
𝑣 − 𝐓∗

𝑒
)

⋅ (𝐐𝜦̃𝑣𝐐𝑇 +𝐐𝐅𝑒𝐐𝐐̇
𝑇
𝐅−1
𝑒 𝐐𝑇 ) ,

(A.18)

which is satisfied if and only if 
𝐓∗
𝑣 − 𝐓∗

𝑒 = 𝐐(𝐓𝑣 − 𝐓𝑒)𝐐𝑇 and 𝐅𝑇
𝑒
(

𝐓𝑣 − 𝐓𝑒
)

𝐅−𝑇
𝑒 ∈ Sym (A.19)

Finally, the request for the inner and external powers to be the same 
under each virtual velocity fields {𝐯̃, 𝜦̃𝑣} in each part  ⊂ 𝛺𝑡 allows us 
to derive the balance equations. On assuming ̃𝐋 ≠ 𝟎 and 𝜦̃𝑣 = 𝟎, we get 
𝐋̃𝑒 = 𝐋̃ and

∫
𝐓 ⋅ 𝐋̃ = ∫

𝐛 ⋅ 𝐯̃ + ∫𝜕𝛱
𝐭 ⋅ 𝐯̃

from which we derive through integration by parts and localization due 
to the arbitrariness of 𝐯̃, the standard force balance equation, 
div𝐓 + 𝐛 = 𝟎 in 𝛺𝑡

𝐓𝐧 = 𝐭 on 𝜕𝛺𝑡
(A.20)

that allows us to recognize 𝐓 is indeed the Cauchy stress tensor.
Next we assume 𝐋̃ = 𝟎 and 𝜦̃𝑣 ≠ 𝟎, such that 𝐋̃𝑒 = −𝜦̃𝑣 so to have 

∫

(

𝐓𝑣 − 𝐓𝑒
)

⋅ 𝜦̃𝑣 = 𝟎 (A.21)

and from the arbitrariness of  we get 
𝐓𝑣 = 𝐓𝑒 in 𝛺𝑡 (A.22)

which is often called micro-force balance to highlight the fact that the 
difference between 𝐓𝑒 and 𝐓𝑣 acts on an inner degree of freedom 𝜦𝑣.

A.3. Constitutive prescriptions based on thermodynamics

Under the constitutive assumptions outlined in Section 2, the inter-
nal rate of working over a part  ⊂ 𝛺𝑡 of the current space can be 
written as 

 = 𝑑
𝑑𝑡 ∫

𝜌𝑡 (𝜑∞(𝐁) + 𝜑(𝐁𝑒)) = ∫
𝜌𝑡(

𝜕𝜑∞
𝜕𝐁

⋅ 𝐁̇ +
𝜕𝜑
𝜕𝐁𝑒

⋅ 𝐁̇𝑒), (A.23)

𝜌𝑡 being the density per unit of current volume, which is related to 
the reference density by 𝜌𝑡 = 𝐽−1𝜌0 due to the hypothesis of mass 
conservation.

Dissipation is defined as the difference between the external power, 
which equals the internal power, and the rate of internal energy. On 
using (A.8) and (A.9), we obtain 

 = 𝑒𝑥𝑡 −
𝑑
𝑑𝑡 ∫

𝜌𝑡 (𝜑∞(𝐁) + 𝜑(𝐁𝑒))

=∫
(𝐓 ⋅ 𝐋 + (𝐓𝑣 − 𝐓𝑒) ⋅𝜦𝑣) − ∫

𝜌𝑡(
𝜕𝜑∞
𝜕𝐁

⋅ 𝐁̇ +
𝜕𝜑
𝜕𝐁𝑒

⋅ 𝐁̇𝑒) ≥ 0
(A.24)

On noting that
𝜕𝜑∞
𝜕𝐁

⋅ 𝐁̇ = 2
𝜕𝜑∞
𝜕𝐁

𝐁 ⋅ 𝐃

and
𝜕𝜑
𝜕𝐁𝑒

⋅ 𝐁̇𝑒 = 2
𝜕𝜑
𝜕𝐁𝑒

𝐁𝑒 ⋅ sym{𝐋 −𝜦𝑣}

Eq. (A.24) gives 
=∫

{

(

𝐓 − 2𝜌𝑡
𝜕𝜑
𝜕𝐁𝑒

𝐁𝑒−2𝜌𝑡
𝜕𝜑
𝜕𝐁

𝐁
)

⋅ 𝐃+
(

𝐓𝑣−𝐓𝑒
)

⋅𝜦𝑣+
(

2𝜌𝑡
𝜕𝜑
𝜕𝐁𝑒

𝐁𝑒
)

⋅ sym𝜦𝑣

}

≥0 (A.25)

For what concerns the second term in (A.25), the invariance require-
ment 𝐅𝑇

𝑒 (𝐓𝑣 − 𝐓𝑒)𝐅−𝑇
𝑒 ∈ Sym (Eq. (A.19)) and the definition of 𝜦𝑣 in 

(A.4) yields
(𝐓 − 𝐓 ) ⋅𝜦 = 𝐅𝑇 (𝐓 − 𝐓 )𝐅−𝑇 ⋅ 𝐃 = (𝐓 − 𝐓 ) ⋅ 𝐅 𝐃 𝐅−1 .
𝑣 𝑒 𝑣 𝑒 𝑣 𝑒 𝑒 𝑣 𝑣 𝑒 𝑒 𝑣 𝑒
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On the other hand, the first term in (A.25) leads to the usual constitu-
tive assumption for the Cauchy stress 𝐓 = 𝐓∞ + 𝐓𝑒, given in Eq. (2.3). 
For isotropic materials, 𝜕𝜑∞

𝜕𝐁  and 𝐁 ( 𝜕𝜑
𝜕𝐁𝑒

 and 𝐁𝑒) commute, and so 𝐓∞
and 𝐓𝑒 are symmetric tensors (and so 𝐓𝑣 is). Therefore inequality (A.25) 
reduces to 

 =∫
(𝐓𝑣 − 𝐓𝑒) ⋅ sym {𝐅𝑒𝐃𝑣𝐅−1

𝑒 } + ∫
𝐓𝑒 ⋅ sym {𝐅𝑒𝐋𝑣𝐅−1

𝑒 }

=∫
𝐓𝑣 ⋅ sym {𝐅𝑒𝐃𝑣𝐅−1

𝑒 } + ∫
𝐓𝑒 ⋅ sym {𝐅𝑒𝐖𝑣𝐅−1

𝑒 } ≥ 0
(A.26)

where 𝐖𝑣 = skw{𝐋𝑣}. The latter term, and the fact that 𝐓𝑒 is assumed 
symmetric by the constitutive Eq. (2.3), show that

𝐓𝑒 ⋅ 𝐅𝑒𝐖𝑣𝐅−1
𝑒 = 𝐓𝑒𝐁−1

𝑒 ⋅ 𝐅𝑒𝐖𝑣𝐅𝑇
𝑒

If the material is isotropic 𝐓𝑒 and 𝐁−1
𝑒  have the same eigenvectors and 

so their product is symmetric. Since 𝐅𝑒𝐖𝑣𝐅𝑇
𝑒 ∈ S𝚔𝚠, the inner product 

is zero. The arbitrarity of the part  allows us to rewrite the local form 
of the reduced dissipation inequality 

𝜌0 𝛿 = 𝐽 𝐓𝑣 ⋅ sym{𝐅𝑒𝐃𝑣𝐅−1
𝑒 } ≥ 0 (A.27)

where 𝛿 is the specific dissipation density per unit of reference mass. 
Previous inequality is usually expressed in terms of the codeformational 
derivative of 𝐁𝑒 defined by 

𝐁▿
𝑒 = 𝐁̇𝑒 − 𝐋𝐁𝑒 − 𝐁𝑒𝐋𝑇 , (A.28)

that, by using (A.6) gives 

sym{𝐅𝑒𝐃𝑣𝐅−1
𝑒 } = −1

2
sym{𝐁▿

𝑒 𝐁
−1
𝑒 } . (A.29)

(A.27) can be used to introduce a constitutive equation of the 
viscous stress 𝐓𝑣 that guarantees that the dissipation remains positive 
for every strain rate. Most of the models commonly employed in the 
literature assume the dissipation to be a quadratic function of the rate 
of deformation, i.e. 

𝐽𝐓𝑣 = −1
2
D[sym{𝐁▿

𝑒 𝐁
−1
𝑒 }] (A.30)

where D the fourth-order positive definite viscosity tensor, that has the 
following representation formula for a isotropic material: 

D = 2 𝜂𝐷
(

I − 1
3
𝐈⊗ 𝐈

)

+ 3 𝜂𝑉 (
1
3
𝐈⊗ 𝐈) (A.31)

where I is the fourth-order identity tensor, i.e., I[𝐀] = 𝐀, and (𝐈 ⊗
𝐈)𝐀 = (𝐈 ⋅ 𝐀)𝐈. Here, 𝜂𝐷 and 𝜂𝑉  are the deviatoric and volumetric 
viscosities (per unit of reference volume), that can eventually depends 
on the elastic or total deformation. It is important to note that the 
reduced dissipation inequality (A.27) is automatically satisfied if the 
two viscosity functions are positive, namely 

𝜂𝐷 ≥ 0, 𝜂𝑉 ≥ 0 . (A.32)

By using the representation formula of the viscosity tensor, we 
obtain the following constitutive equation of the viscous stress 
𝐽 𝐓𝐷

𝑣 = − 𝜂𝐷 dev sym{𝐁▿
𝑒 𝐁

−1
𝑒 }

𝐽 𝐓𝑉
𝑣 = −3

2
𝜂𝑉 vol sym{𝐁▿

𝑒 𝐁
−1
𝑒 }

(A.33)

in terms of the deviatoric and volumetric rates, i.e., dev𝐀 = 𝐀− 1
3 (𝐀 ⋅𝐈)𝐈

and vol𝐀 = 1
3 (𝐀 ⋅ 𝐈)𝐈, thus 𝐓𝑣 = 𝐓𝑉

𝑣 + 𝐓𝐷
𝑣 .

By combining the constitutive Eq. (A.33) with the micro-balance 
Eq. (A.22), we obtain the equation governing the evolution of the 
inelastic variable (Biot’s equation): 

−1
2
sym{𝐁▿

𝑒 𝐁
−1
𝑒 } = 𝐽

2𝜂𝐷
𝐓𝐷
𝑒 + 𝐽

3𝜂𝑉
𝐓𝑉
𝑒 . (A.34)

Since elastomers and many other soft materials can be considered as 
incompressible, the only admissible deformations are isochoric, that is, 
𝐽 = det 𝐅 = 1, and volumetric viscoelastic effects are usually neglected, 
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i.e., det 𝐅𝑒 = 1. In particular the latter yields vol sym{𝐅𝑒𝐃𝑣𝐅−1
𝑒 } = 0

(𝜂𝑉 → ∞) and only one of the evolution Eqs. (A.34) survives: 

− sym{𝐁▿
𝑒 𝐁

−1
𝑒 } = 1

𝜂𝐷
𝐓𝐷
𝑒 (A.35)

that is Eq. (2.7) (and Eq. 25 in Reese and Govindjee, 1998).

Appendix B. Analytical derivation for simple shear under finite 
strain

To compute the material’s stress response in the re-training phase, 
we utilized the methodology outlined in Califano and Ciambella (2023). 
Looking at Fig.  1, the total Cauchy stress 𝐓 is given by 𝐓 = 𝐓∞ + 𝐓𝑒
as in Eq. (2.3). In the case of simple shear with deformation gradient 
𝐅 = 𝐈 + 𝛾, 𝐞1 ⊗ 𝐞2, the components of the equilibrium stress 𝐓∞ under 
plane stress and incompressibility read:

𝑇∞11
= 2𝜑∞1

𝛾2, 𝑇∞22
= −2𝜑∞2

𝛾2, 𝑇∞12
= 2 (𝜑∞1

+ 𝜑∞2
) 𝛾,

where 𝜑∞1
= 𝜌0𝜕𝜑∞∕𝜕𝐼1 and 𝜑∞2

= 𝜌0𝜕𝜑∞∕𝜕𝐼2 are the partial 
derivatives of the strain energy density 𝜑∞(𝐼1, 𝐼2). In the case of a 
neo-Hookean material, as defined in Eq. (2.10), one has 𝜑∞1

= 𝜇∞∕2
and 𝜑∞2

= 0. Therefore, in the context of hyperelastic materials,2 the 
simple shear scenario can be fully described by one parameter, namely 
the shear magnitude. Conversely, for viscoelastic materials, the elastic 
deformation emerges from the combination of a triaxial stretch and a 
simple shear. The evolution equation of the inelastic variable (2.7) is 
solved by assuming the following constitutive equation of the elastic 
stress 

𝐓𝐷
𝑒 = 2𝜑1 𝐁𝐷

𝑒 − 2𝜑2
(

𝐁−1
𝑒
)𝐷 , (B.1)

where 𝜑1 = 𝜌0 𝜕𝜑∕𝜕𝐼𝑒1 and 𝜑2 = 𝜌0 𝜕𝜑∕𝜕𝐼𝑒2 , s.t. 𝐼𝑒1 = 𝐈⋅𝐁𝑒 and 𝐼𝑒2 = 𝐈⋅𝐁−1
𝑒 . 

In the case of a neo-Hookean material, as described in Eq. (2.10), one 
has 𝜑1 = 𝜇∕2 and 𝜑2 = 0. For simple shear deformation in the 𝐞1-𝐞2
plane, the deformation rate tensor takes the form: 

𝐋 = 𝛾̇(𝑡) 𝐞1 ⊗ 𝐞2, (B.2)

where 𝛾̇(𝑡) denotes the shear rate, and 𝐋 = 𝐅̇𝐅−1. The explicit form of 
𝐁𝑒 is given by: 

𝐁e = 𝑏1𝐞1 ⊗ 𝐞1 + 𝑏2𝐞2 ⊗ 𝐞2 + 𝑏3𝐞3 ⊗ 𝐞3 + 𝑏12
(

𝐞1 ⊗ 𝐞2 + 𝐞2 ⊗ 𝐞1
)

, (B.3)

To ensure the isochoric nature of this deformation, we mandate that: 

𝑏3 =
(

𝑏1𝑏2 − 𝑏212
)−1 (B.4)

The conditions 𝑏1 > 0, 𝑏2 > 0, and 𝑏212 < 𝑏1𝑏2 are necessary conditions 
for the positive definiteness of 𝐁𝑒. The determination of the three 
unknown functions 𝑏1(𝑡), 𝑏2(𝑡), and 𝑏12(𝑡) requires the numerical inte-
gration of the three ordinary differential equations derived by adapting 
(2.7) and (B.1) to the assumed form of 𝐁𝑒, i.e., 

𝑏̇1 =
4𝐴1
3𝜂𝐷

+ 2𝛾̇𝑏12
𝑏̇2 =

4𝐴2
3𝜂𝐷

 and 𝑏̇12 =
4𝐴12
3𝜂𝐷

𝑏12 + 𝛾̇𝑏2

⎫

⎪

⎪

⎬

⎪

⎪

⎭

(B.5)

where 𝜂𝐷 represents the material’s viscosity coefficient defined in 
(2.14) and 𝐴1, 𝐴2, and 𝐴12 are material parameters derived in Califano 
and Ciambella (2023), that for the specific of the energy densities 

2 That is, when considered on its own, the long-term branch 𝐓∞ of the gen-
eralized Maxwell model behaves as a purely hyperelastic material, represented 
by an ideal spring governed by a strain energy function.
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(2.10) are given by 
𝐴1 =

𝜇
2
(𝑏1(−2 𝑏1 + 𝑏2 + 𝑏3) − 3 𝑏212)

𝐴2 =
𝜇
2
(𝑏2(𝑏1 − 2 𝑏2 + 𝑏3) − 3 𝑏212)

𝐴12 =
𝜇
2
(𝑏3 − 2 𝑏1 − 2 𝑏2)

(B.6)

Under the assumption of plane stress and material incompressibility, 
in the specific case of a neo-Hookean material, the non-vanishing 
components of the elastic Cauchy stress tensor 𝐓𝑒 can be expressed as 
𝑇11 = 2𝜇 (𝑏1 − 𝑏3)

𝑇22 = 2𝜇 (𝑏2 − 𝑏3)

𝑇12 = 2𝜇 𝑏12

(B.7)

Data availability

The datasets generated and/or analyzed during the current study 
are available from the corresponding author on reasonable request.
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