arXiv:2509.02270v2 [math.OA] 30 Jun 2026

ON THE RYLL-NARDZEWSKI THEOREM FOR
QUANTUM STOCHASTIC PROCESSES

VALERIANO AIELLO, SIMONE DEL VECCHIO, AND STEFANO ROSSI

ABSTRACT. We prove a Ryll-Nardzewski Theorem for quantum
stochastic processes, that shows that under natural assumptions
which generalize the classical probability setting, the distributional
symmetries of exchangeability and spreadability are the same. We
further show that product states on twisted tensor products of C*-
algebras provide a source of counterexamples to the Ryll-Nardzewski
theorem, namely of quantum stochastic processes which are spread-
able but not exchangeable. Furthermore, in this setting, we also
analyze braidability of product states. We then prove an extended
de Finetti Theorem for quantum stochastic processes whose distri-
bution factorizes through twisted tensor products.
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1. INTRODUCTION

Exchangeability is a remarkable distributional symmetry that a se-
quence of random variables enjoys when its joint distribution is in-
variant under all permutations. Basic examples of such sequences are
obtained by taking sequences of i.i.d. (independent and identically dis-
tributed) random variables. De Finetti’s celebrated theorem says that,
in general, the distribution of an exchangeable sequence is a mixture
(i.e. a convex combination) of i.i.d. variables. The theorem can also be
recast in terms of conditional independence: a sequence is exchangeable
if and only if it is conditionally independent with respect to the tail
algebra, the intuition beneath this statement being that the variables
would become independent if the value taken by an unaccessible ran-
dom variable (the one that generates the tail algebra) were known. The
picture is then completed by the Ryll-Nardzewski theorem that, for a
sequence of random variables, exchangeability is the same as spread-

ability, the seemingly weaker symmetry where the joint distribution is
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invariant under strictly increasing maps. Phrased differently, spread-
ability only requires invariance of the joint distribution under taking
subsequences.

The more general non-commutative setting is much less clear-cut. While
in the framework of non-commutative von Neumann algebras it is still
possible to obtain a version of de Finetti’s theorem formulated in terms
of conditional independence, which is done by Kostler in [13], spread-
ability is a strictly weaker distributional symmetry than exchangeabil-
ity instead, as shown in [13]. Nevertheless, non-commutative models
do exist where spreadability and exchangeability coincide. An impor-
tant case in point is given by the states on the CAR algebra, for which
invariance under permutations or under increasing maps is the same,
as recently proved in [6]. Exchangeable states on the CAR algebra had
already been addressed in [8], where they were shown to make up a
Bauer simplex whose boundary is given by all infinite products of a
single (Zy-invariant) state on My(C). As remarked in [6], it is not the
CAR relations that force the Ryll-Nardzewski to hold but rather the
(Zy-graded) tensor structure of the CAR algebra. Indeed, the Ryll-
Nardzewski theorem will hold true in any infinite tensor product, and,
more in general, in any Zs-graded tensor product of an assigned unital
C*-algebra. Furthermore, exchangeable states on tensor products are
entirely known since they were completely classified in the influential
work of Stgrmer [19], where it was shown they make up a Bauer sim-
plex with boundary given by all infinite products of a single state. Note
that the classical case corresponds to starting with a commutative C*-
algebra.

Interestingly, all the specific non-commutative models we mentioned
above are quotients of the infinite free product of a given C*-algebra,
which we refer to as the sample algebra, with itself countably many
times. A natural question we answer in this paper is to determine to
what extent the Ryll-Nardzewski theorem continues to hold on more
general quotient than tensor products. To do so, we first establish our
setting by considering quantum stochastic processes whose distribution,
which, as we will recall at length, is a state on the infinite free product
of the sample C*-algebra, factorizes through a quotient of the free prod-
uct. The main result we obtain in this direction is Theorem 3.2, where
we prove that exchangeability follows from spreadability provided that
the quotient *y2(/ is by an ideal I that, first, is invariant under the
natural action (on indices) of permutations on the free product #y%,
and, second, dials down the too high degree of non-commutativity of
the free product, in the sense that the quotient is linearly generated,
as a Banach space, by ordered monomials, i.e. elements of the type



ON THE RYLL-NARDZEWSKI THEOREM 3

pr((ij,(a1)ij,(az) - - -5, (an)) With j; < jo < ... < j, (or the other way
round), where p; is the canonical projection onto the quotient and the
i;'s are the embeddings of 2 into *x2l. It is worth noting that our non-
commutative version of the Ryll-Nardzewski theorem is general enough
to apply to the above mentioned models as well as twisted graded ten-
sor products.

Twisted tensor products of G-graded C*-algebras, with G a compact
abelian group, are relevant instances of such quotients which general-
ize usual tensor products by introducing commutation rules between
tensors localized inAdisjoint sites depending, through a bicharacter v
of the dual group G, on the grade of the tensors. The dependence is
such that two tensors a,b localized in disjoint sites commute if and
only if the bicharacter v is trivial on the corresponding grades, namely
if v(0a, 0b) = 1.

A stark difference with usual tensor products, though, is that the com-
mutation rules alluded to may and in general will forbid permutations
from acting naturally on twisted products, unless the bicharacter is
antisymmetric. Even so, displacement of indices (those keeping track
of the localization of tensors) by increasing maps is always compati-
ble with the commutation rules, which makes it possible to consider
spreadability in all cases.

Now, a remarkable construction that naturally comes along with tensor
products is of course that of product states. This construction carries
over to the more general context of twisted products as long as more
care is taken. In fact, it was already known, see e.g. [10], that the infi-
nite product state of a single given state w on a G-graded C*-algebra 2
exists as a state, namely as a normalized positive linear functional, on
the infinite twisted tensor product @2, if the state w is G-invariant.
However, what we show in the present paper is that it is possible to go
well beyond G-invariance. Precisely, in Theorem 3.7 we prove that a
necessary and sufficient condition for the product state to exist is that
w is compatible with the grading in the following sense: v(n, x) = 1
ifn,x € G sits in what we call the spectral support, suppg(w), of the
state w. This is by definition the set of characters x in G for which
there exists a in 2 with da = x and w(a) # 0.

One of the reasons that much importance is attached to product states
in the paper is they spawn the possibly simplest examples, at the level
of free products, of states that fail to be exchangeable while being
spreadable, Proposition 3.9. Another is they yield an example of a
process that is spreadable but not braidable in a natural sense in our
framework, Theorem 3.12. This can be seen as a first step towards the
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answer to the question as to whether there exists a spreadable process
which is not braidable raised by Evans, Gohm, and Kostler in [11],
after the last two authors, working in the framework of von Neumann
algebras, introduced in [12] a new symmetry, braidability, which is in-
termediate between exchangeability and spreadability.

We then move on to study spreadability on twisted tensor products.
Since the action of monotone maps is only implemented by (injective)
endomorphisms, in order to make non-commutative ergodic theory ap-
plicable, we employ a thickening (of the indices labelling the infinite
product) procedure first introduced in [6] and resorted to in [5], which
allows us to get an automorphic action on a larger C*-algebra of a
group H containing the original semigroup of increasing maps. The
H-abelianness of the enlarged system is analyzed thoroughly in The-
orem 4.8, which provides a useful, general sufficient condition, and
Theorem 4.9, which gives a necessary and sufficient condition. Work-
ing under the sufficient condition, in Theorem 4.10 we give our version
of de Finetti’s theorem on infinite twisted tensor products showing that
the compact convex set of all spreadable states on such chains is the
Bauer simplex whose boundary is exactly the compact set of all prod-
uct states. Corollary 4.11 states the corresponding result for quantum
stochastic processes whose distribution factorizes through any of our
infinite twisted tensor products. Interestingly, these hypotheses are
satisfied in the models of parafermion algebras considered in [4]. These
algebras are acted upon by the braid group in a natural way. In Propo-
sition 4.14 we show that the sufficient condition for H-abelianness to
hold covers a variety of situations, such as symmetric bicharacters on
finite direct product groups of the type Z,, X .... X Z,,, with ny, ..., ng
being odd. These lead to what we deem is a first example of a non-
commutative model where not all spreadable states can be obtained out
of a single tensor product subalgebra by composition with the canoni-
cal conditional expectation onto it, Example 4.16.

Finally, stationary states on infinite twisted products are addressed
as well. In Theorem 5.4 we give a sufficient condition for the convex
compact set of stationary states to be (affinely isomorphic with) the
Poulsen simplex, which is also necessary when the given grading on the
sample algebra is ergodic.

As an outlook for future developments of the present work, we would
like to point out that the thickening procedure provides a way to asso-
ciate a unitary representation of the Thompson group to any spreadable
quantum stochastic process (see Remark 4.5). The representations thus
obtained might be worth comparing with those constructed in [14, 15].
In an effort to keep the exposition as self-contained as possible, we
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have gleaned in the preliminary section the basic definitions and re-
sults concerning quantum stochastic processes, the ergodic theory of
C*-dynamical systems, and a quick account on twisted tensor products
of G-graded C*-algebras.

2. PRELIMINARIES

2.1. Quantum stochastic processes. In this paper, N is the set of
all natural numbers, including 0. Quantum probability is here con-
sidered in its C*-algebraic setting, thus a discrete quantum stochastic
process will be a quadruple (Ql,ﬂ-(, {Lj}jeN,£>, where 2 is a (unital)
C*-algebra, referred to as the sample algebra of the process, H is a
Hilbert space, whose inner product is denoted by (-,-), and is taken
linear to the left and anti-linear to the right, the maps ¢; are (unital)
x-representation of 2 on H, and £ € H is a unit vector, which is cyclic
for the von Neumann algebra \/,y ¢;(21).

The above definition of a quantum stochastic process is as general
as to include all classical cases as realized in the Kolmogorov con-
sistency theorem. Indeed, suppose one is given a family of finite-
dimensional distributions p, j, . j, € P(RF), for any k¥ € N and in-
dices ji,jo,...,J» € N. Consider the Tychonoff product RY, whose
points are denoted by x = (z;)jen. For any k, ji,j2,...,jx € N, and
Ay, Ay, ..., A Borel subsets of R, we define a corresponding cylinder
of RY as

A1,Az,.., Ay
j17j27"'»jk

As is known, if the finite-dimensional distributions satisfy the so-called
consistency conditions of Kolmogorov’s theorem, then a measure i can
be defined on the o-algebra € generated by cylinders by

(CL2 ™) = gy o,y (A1 X A XX Ay).
Denote by X; the j-th coordinate function on RN, namely X;(z) = x;,
r € RN, The functions {X;};en provide a stochastic process on the
probability space (RN, &, u) having {1, ,.. j.} as finite-dimensional
distributions.
The above construction can also be reinterpreted in terms of represen-
tations of a given sample algebra. To this end, take 2 = Cy(R). With
H := L*(RN, ), we consider a family of x-homomorphisms of 2 to
B(H) defined as

= {$€RN|I'j1 EAl,ZL‘jZ GAQ,...,ZL'jk EAk}

i(f) = f(X5), [ eGR),

where f(X;) is the bounded operator acting on L?*(R", 1) by multipli-
cation by the function f(X;).
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Denoting by 1 € L2(RY, 11) the function equal to 1 p-a.e., we obviously
have that (Co(R), L2(RY, u), {¢;}jen, 1) is a stochastic process and cor-
responds to the realization of the process provided by Kolmogorov’s
theorem through the coordinate functions X;.

Conversely, a process is classical exactly when both the sample algebra
A and /oy ¢;(2) are commutative, in that one has the following, see
e.g. the appendix of [7].

Proposition 2.1. Let (Cyo(R), I, {¢;}jen, &) be a stochastic process
such that the von Neumann algebra \/ ;cy t;(Co(R)) is commutative.
Then there exists a commuting family {A; : j € N} of (possibly un-
bounded) self-adjoint operators on H such that for every j € N one has
Li(f) = f(4;), | € Co(R).
In addition there exist a probability measure u on (RY, €) and a unitary
U:H — L*RY, p) such that:

(1) Ue = 1],

(2) UA;U* = Mj, for every j € N, where M; is the operator acting

on L*(RY, 1) as the multiplication by X;.

When the sample algebra 2l is unital, as will be in this paper, the as-

signment of a quadruple (Ql, H, {1} jen, 5) amounts to a state ¢ on the
free product C*-algebra #n2, which is the distribution of the whole pro-
cess. We recall that xy2f is the C*-algebra determined by the following
universal property: there is a family {i; : j € N} of *-homomorphisms
i; + A — *y2A such that if B is a second C*-algebra with a family of
*-homomorphisms {4} : j € N} from 2( to B, then there exists a unique
*-epimorphism @ : *y2A — B with i; = i; o ®. Informally, *n% is the
maximal completion of the %-algebra linearly spanned by all words of
the form a; a;, ---a;, withnin N, j1,...,5, € N, j1 # j2 # ... # Jn,
and a;,, aj,, ..., a;, in A. The universal property implies in particular
that any function f : N — N can be lifted to a *-endomorphism ®; of
*n2U uniquely determined by ®¢(i;(a)) = is¢;)(a), for all j in N and a
in 2.
For more on free products of C*-algebras the reader is referred to e.g.
[20]. For completeness, we quickly recall how the correspondence be-
tween stochastic processes and states on the free product C*-algebra
works. If one starts with a stochastic process, then a state ¢ on the
free product 2 can be defined by setting

(2.1)  @lij(a1)ijy(az) - - - ij, (an)) = (¢, (ar)es (a2) - - 1, (@n)€, )

forall m € N, j; # jo # -+ # jo € N and ay,a9,...,a, € A, where
ij + A — xn2 is the j-th embedding of 2 into *y2(. The values of ¢ on
monomials of the type above are often referred to as finite-dimensional
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distributions of the process itself.

Conversely, all states on the free product *y2l are easily seen to arise in
this way. Phrased differently, starting now with a state ¢ € S( KN Ql),
a stochastic process can be defined by using the GNS representation
(7, Hop, &) of . Indeed, for every j € N we can set ¢;(a) := m,(i;(a)),
a € 2, so as to get the quadruple (Q(, He, {15} jen, @,).

2.2. Spreadability and exchangeability. We denote by Py the group
of bijective maps of N which only move finitely many naturals. The
group operation is given by the map composition.

A quantum stochastic process (52[,9{, {Lj}jeN,f) is said exchangeable
if its finite-dimensional distributions are invariant under permutations,
namely if for all o in Py one has

((toi) (a1)to(in) (a2) - - - toiny (an)€, §) = (15, (ar)tj,(az) - - - 15, (an)€, §)

for all j; # jo # ... # jp, and aq,as, ..., a, in 2.

This invariance property may of course be phrased in terms of the
corresponding state ¢ on xy2(. Indeed, if o : Py — Aut(xy2l) is the
natural action of Py on *n2l, then the process is exchangeable if and
only if p o a, = ¢, for all o in Py.

Classically, a sequence of random variables is spreadable if all of its
subsequences have the same joint distribution. Thus, a quantum sto-
chastic process is spreadable if, for every monotone f : N — N, one
has

((trgn(an)isgay(az) -ty (an)§, §) = (15 (ar)ig,(az) - - 15, (an)§, &)

for all jy # jo # ... # jp, and aq,as, ..., a, in 2.

Spreadability is a symmetry which can be implemented by the natural
action of the unital semigroup of all strictly increasing maps of N to
itself by endomorphisms of the free product *y2l. Since distributional
symmetries only involve finitely many indices at a time, a process is
spreadable if and only if its distribution is invariant under the action
of the smaller semigroup Jy made up of all maps f of N to itself whose
range is cofinite, that is [N\ f(N)| < oo, where for any set E, |E|
denotes the cardinality of E. We recall that Jy is countably generated.
Precisely, for every fixed h € N, define the h-right hand-side partial
shift as the element 6, of Jy given by

ko ifk<h,
On(k) ':{ k+1 ifk>h.

It is easy to see that the set {6, : h € N} generates Jy as a unital
semigroup.
Analogously, Jz is the semigroup of increasing maps of Z into itself with
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cofinite range. Jyz is finitely generated as well, with a set of generators
being {7,771, 6y}, with 7 being given by 7(k) = k + 1, k in Z, and
6y being understood as an increasing map of Z to itself defined by the
same formula as above.

Remark 2.2. In this paper we have adopted N as the index set for
our quantum stochastic processes. However, all the results hold with
Z as well.

2.3. C*-dynamical systems. A C*-dynamical system is a triple (%A, H, &),
where 2 is a (unital) C*-algebra, H a locally compact (e.g. dis-
crete) group, and « : H — Aut(2() a group homomorphism, that is
Qpr = ap 0 ay, for all h, k in H.

Given a C*-dynamical system (2, H, ), we denote by 87 (21) the com-
pact convex set of its invariant states, that is

SHRA) :={pc8A):poay=¢p,forall hec H}.

Extreme states, namely extreme points of the compact convex set
87 (2A) are often referred to as the ergodic states of the system, and
denoted by Extr(S¥()).

On the GNS representation (m,, H,,&,) of any invariant state ¢, the
action of the group is unitarily implemented. Precisely,

upmo(a)y = mo(an(a))éy, a €A,

defines a unitary operator on H,, such that u} 7, (a)(u})* = m,(on(a)),
a in 2.
Denote by 5{5 the closed subspace of all invariant vectors for the group
of unitaries {uj : h € H}, that is H := {{ € H, 1 uj =&, h € H}.
Note that C¢, C H[. The orthogonal projection of H, onto H will
be denoted by E,.
To keep the exposition of the present paper as self-contained as possible,
we collect some known general results on C*-dynamical systems below.
Before doing this, we also recall what H-abelianness of a system is. A
C*-dynamical system is H-abelian if, for every ¢ in 8 (2(), the subspace
E,m,(A)E, C B(H,) is commutative.
Lemma 2.3. Given a C*-dynamical system (A, H, &), and ¢ in 87 (2A),
consider the following
(i) ¢ is ergodic;

(ii) {mp(A), {uy, : h e H}} = Cly,

(ili) E, is the orthogonal projection onto C&,.
Then (i) and (ii) are equivalent, and (iii) implies both. In addition, the
system is H-abelian if and only if the three conditions are all equivalent
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for all ¢ in S(A). Finally, 8% (A) is a Choquet simplex if and only if
the system is H-abelian.

For the proof, see [18, Propositions 3.1.10, 3.1.12, 3.1.14] and [1,
Corollary 4.4].

2.4. Twisted tensor products of G-graded C*-algebras. Infinite
twisted tensor products of graded C*-algebras are the non-commutative
models we will be chiefly concerned with in this paper. To keep the
exposition as self-contained as possible, we briefly review what twisted
tensor products are.

Henceforth, G will always denote a compact abelian group, with (nor-
malized) Haar measure pg. Its Pontryagin dual will be denoted by
G. A G-graded C*-algebra is a C*-dynamical system (A, G, ), where
20 is a unital C*-algebra, and v : G — Aut() a group homomor-
phism, pointwise norm continuous, i.e., for every a in 2, the function
G 3> g — 7,(a) € A is continuous w.r.t the norm topology. The

eigenspace of the action associated with y in G is the (possibly zero)
subspace of 2 given by

Vi =Ha e A :q,(a) = x(g9)a,for allg € G}.

For every x,n in é, one has V\V, C Vy, and V7 = V1. As is well
known, eigenspaces corresponding to different characters are linearly
independent and the algebraic direct sum B egVy1s a dense *x-algebra
of A, see e.g. [9, Theorem 2.5], known as the algebraic layer of 2,
which we denote by 2ly. This is quite a rigid object in so far as the
C*-maximal seminorm of 2 coincides with the given norm of 2, [10,
Theorem 4.1].

An element a in %A is said to be homogeneous if it belongs to V, for
some x in G , which is the degree of a and is denoted by Oa.

In general, the subspaces V, may well be zero for some characters x.
However, if the action is faithful, that is G 3 g — v, € Aut(2) is an
injective homomorphism, and topologically ergodic, that is A% := {a €
2 : v,(a) = a,for allg € G} = C, then none of the V,’s can be zero.
This should be a known fact. Nevertheless, we include a proof for want
of a reference.

Proposition 2.4. If the C*-dynamical systems (A, G,~) is faithful and
topologically ergodic, then for any x in G one has V), # {0}.
Proof. Set o(y) := {x € G : Vi # {0}}. As is known, topological

ergodicity implies that o(7) is a subgroup of G.
For completeness’ sake, we also recall how this can be seen. For any
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x in o(7y), V, is a one-dimensional subspace generated by a unitary: if
a is in V), then a*a lies in A% which means a*a = ), for some scalar
A > 0, hence a is a multiple of a unitary; second, if u,v are unitaries
Vy, then u*v = z, for some phase z in T, that is v = zu. Now, for x,n
in o(v), the spectral subspace V,,, is still non-zero as it contains V, V,,
which is certainly non-zero because the product of unitaries is clearly
non-zero being unitary. R

We are now ready to show that o(v) is the whole dual group G. Sup-
pose, on the contrary, that o(y) C G. Since o(7) is a proper (closed)
subgroup of (A}, there must exist gy # e in G such that y(go) = 1 for all
X in (7). From the spectral decomposition of 2, we immediately see
that ~y,, = idy, hence a is not an injective homomorphism. U

If (A, G, ) is a G-graded C*-algebra, we denote by §¢(2) the (com-
pact convex) set of G-invariant states of 2, that is

8Y(RA) :={w e 8(A) :wory, =w,forallg € G}.

We recall that a bicharacter on G is a (continuous) function v : GxG —
T such that, for any fixed y in G, the functions G 3 5 — v(,x) € T

and G > 7 v(x,n) € T are characters of G (and thus elements of
G via Pontryagin duality). A bicharacter v is said to be symmetric if

v(x,n) = v(n, ), antisymmetric if v(x,n) = v(n, x), for all x,n in G.
If v is a bicharacter on G, vs(x,n) == v(x,n)v(n, x), x,n in G, is still
a bicharacter, known as the symmetrized of v.

Associated with any bicharacter v there is a subset A, C @, defined as

Ay i={xeG:u(x,x) =1}

Note that A, is a subgroup if and only if vg is 1 on A, x A,. In par-
ticular, A, is a subgroup if v is antisymmetric. By a slight abuse of
terminology, A, is often referred to as the isotropy subgroup even if it
fails to be a subgroup.

Given a G-graded C*-algebra 2l and a bicharacter v, we denote by
QA the infinite twisted (w.r.t. v) maximal tensor product of 2
countably many times with itself. This is a C*-algebra B with a family
{ix : k € N} of (injective) *-homorphisms i : 2 — B such that for
every homogeneous a, b in 2, and for every k£ <[ € N, one has

which is universal w.r.t. the above property. Phrased differently, if C
is another C*-algebra and {i}, : k£ € N} a collection of *-homorphisms
if, : A — € satisfying (2.2), then there must exist a unique surjective *-
morphism ¥ : B — € such that i}, = Woiy for all k£ in N. The universal
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*

property ensures that such a B is unique up to *-isomorphism, and
henceforth it will be denoted by ®§ 2A. We start by noting that ®§ A
is a quotient of the infinite free product *y2. However, in order to show
that the embeddings i, are injective, and thus ®§ 2l is non-trivial, it is
convenient to consider an explicit construction of ®f 2, as is done in
[10]. For the reader’s convenience, we briefly outline the construction
given there.

We start by considering a twisted product of two G-graded C*-algebras,
(A, G,v) and (B, G,d), A ®, B. This can be obtained as follows. On
the algebraic tensor product 2y ® By (here 2y, By are thought of as
vector spaces) of the algebraic layers of 20 and B respectively, one may
define a x-algebra structure by

(2.3) (a®b)* :=v(da,db)a” ® b*

(2.4) (a®b)(c®d):=v(dc,0b)ac @ bd

for homogeneous a, ¢ in 2y and b, d in By.

These operations turn 2y®%B into an associative x-algebra, [10, Propo-
sition 5.1], which we denote by 20y ®, Bo.

One can then consider the maximal C*-seminorm of 2y ®, B, which
turns out to be a norm due to the existence of so-called product states,
which we recall. Given w in §(2) and ¢ in 8(B), with at least one of
them being G-invariant, then

w X @ (Z a; ® bi) = Zw(ai)go(bi)

defines a normalized positive linear functional on 2y ®, By (at this level
positivity is meant in an algebraic sense, i.e. w X ¢ (z*x) > 0 for all
x in Ay ®, Bp). Then one may consider the GNS representation m, .,
of w x ¢, which is bounded because ||7,x,(a ® b)|| < ||al|||b]|, for all
homogeneous a, b, thanks to the fact that the maximal seminorms of
Ay and By are the given norm of 2 and B respectively. Furthermore,
w X ¢ is a faithful state if both w and ¢ are faithful. In order to show
that the maximal seminorm || - ||ax on Ao ®,, By is actually a norm, it
is enough to note that
||meaX Z sup H7Tw><<p(x)||7 WS 22'lO ®v %07
weS8G (A),pe8G (B)

and SUP,es6(a) pesc () | Twxe(z)|| = 0 implies z = 0, [10, Proposi-
tion 6.3]. Finally, the C*-norm is bounded since || > 7" | @; ® bil|max <
>oiy llailll|b:]| for all homogeneous a;,b;, i = 1,...,n. We denote by
A ®, B the completion of Ay ®, By w.r.t. || - ||max-
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Denote by ig and ig the canonical embeddings of 2 and B into A®, B,
respectively, that is ig(a) = a ® 1 ig(b) = 1 ® b, a in A and b in B.
By construction, 2 ®, B enjoys the universal properties we started our
discussion with. Now observe that, for every g in G, v, ® 0, defined on
Ao ®, By as

Yy @0, (Y ai®b;) = Z Vn(ai)dg(bi) ,

=1

for homogeneous a;, b;, is a *-isomorphism of 2y ®, By, which can be
extended to the completion A ®, B by maximality of || - ||max. This
allows us to conceive of /A ®, B as a G-graded C*-algebra as well.

By induction, for ever n > 1, we can obtain as above the twisted
product of 2 with itself n times, (Q);_,2;)". Note that, for every n,
(®r, ;)" canonically embeds into (") 2;)*, which enables us to
consider the inductive limit C*-algebra of the inductive system thus
obtained. The inductive limit is an explicit realization of the universal
C*-algebra ®§ 20, in which the injectivity of all embeddings i, k in N,
is now clear.

Finally, we need to establish some terminology. In particular, we need
to say what we mean by localized elements of the infinite twisted prod-
uct @1 A We say that z in @ 2 is localized and its support lies in
a finite set I C N if it belongs to C*(4;() : I € I). It is clear that the
set of localized elements is a dense *-subalgebra of the infinite twisted
product.

The action of Jy by endomorphisms on xy2l passes to ®T 2 because
the defining commutation rules (2.2) are clearly preserved by all mono-
tone maps. Unlike Jy, the action of Py on the free product does not
always pass to its quotient ®§] 2. However, if the bicharacter v is an-
tisymmetric, then the action does pass to the twisted product, as can
be easily checked.

Note that (maximal) infinite tensor products of a given C*-algebra, the
CAR algebra, and the infinite non-commutative torus are all instances
of graded tensor products. The CAR algebra is isomorphic with the in-
finite Zy-graded product of My (C), where the grading is induced by the
involutive automorphism 6 given by §(A) = UAU*, A in My(C), with
U= (1) _01 ) and the bicharacter v is given by v(y,n) := (=1)X",
X,N € Zs. The non-commutative infinite torus with deformation pa-
rameter « € R can be obtained as the infinite T-twisted product of
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C(T) with itself, where T acts on C(T) by rotation and the bicharacter
is vg(k, 1) := 2™k k[ in Z.

3. NON-COMMUTATIVE RYLL-NARDZEWSKI THEOREM

3.1. A general Ryll-Nardzewski theorem. In many of the known
examples of a quantum stochastic process (QI, H, {1} jen, 5), the vari-
ables ¢; may satisfy commutation rules. To take but one example,
¢;(A) and ¢,(A) might commute for all j # k. Having commutation
rules for the ¢;’s entails considering a (closed) two-sided ideal I of y2
(in the above example, I is the ideal generated by all commutators
[ij(a),ix ()], j,k in N and a,b in 2A).

In such a situation, the state ¢ on *n2l associated with the process by
(2.1), namely

o(ij (a1)ig,(az) -+ - iz, (an)) == (1) (@1)tg,(a2) - - - 15, (@n)§, §)

foralln € N, 51 # j2 # -+ # jn € N and aq,a9,...,a, € 2, can also
be seen as a state of the quotient algebra xy2(/I, that is there exists a
state @ on *y2A/I such that ¢ = @opr, where p; : *y2 — *y2/I is the
canonical projection.

Definition 3.1. We say that the distribution ¢ of a quantum stochastic
process (Q[,J'C, {Lj}jeN,f) factorizes through the quotient xy2(/I, for
some two-sided ideal I, if ¢ = @ o p; for some state @ on *y2A/I, with
pr : *xn2A — *#y2A /I being the canonical projection.

The following result provides a satisfactory framework where a gen-
eral Ryll-Nardzewski holds. Among others, this framework hosts the
classical case, processes with distribution factorizing through tensor
products, twisted tensor products by antisymmetric bicharacters, and
thus in particular the CAR algebra, and so-called g-deformed processes.
In the sequel, by an ordered monomial in a quotient xy2A/I we will
mean an element of the form p;(ij,(a1)---4;,(a,)), for n € N and
Nn<...<jporjp>...>jpfora;,inA,i=1,... n.

Theorem 3.2. Let I be a closed two-sided ideal of the infinite free
product *ny2U such that:

(i) I is invariant under the action of Py;
(i) the closure of the linear span of all ordered monomials is the
whole quotient *y2A/1,

then quantum stochastic processes whose distribution factorizes through
xn2U /I are spreadable if and only if they are exchangeable.
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Among all possible quotients of the free product, the C*-subalgebra
C*(¢;(A) : j € N) C B(FH) generated by the process itself is a rather
natural object to consider. We have the following corollary.

Corollary 3.3. Let (Ql, H, {t;}jen, §) be a quantum stochastic process.
Suppose:
(i) the natural action of Py on sy passes to C*(¢;(A) : j € N);
(ii) the closure of the linear span of all ordered monomials is C*(¢;(A) :
j €N);
Then the process is spreadable if and only if it is exchangeable.

Remark 3.4. As for Theorem 3.2, note that if there exists a faithful
Jn-invariant state on «y2(/1, whose GNS representation is faithful, then
condition (i) is also necessary for the result to hold. Indeed, if the state
is also Py-invariant, then by Lemma A.1 the ideal [ is invariant under
the action of Py, which thus passes to xy2(/1. Similarly, condition (i)
of Corollary 3.3 is also necessary without even assuming the existence
of a spreadable state with faithful GNS representation.

In order to prove Theorem 3.2, we start by establishing a prelimi-
nary result. Before stating it, we need to further explain the adopted
notation. For any spreadable state ¢ on the twisted tensor product
xny2 indexed by N, by a minor abuse of notation we continue to de-
note by F, the orthogonal projection from JH, onto the closed sub-
space {v € H, : T)v = v, for allh € Jy}, where, for every h in Jg,
1Y € B(H,) is the (proper) isometry uniquely determined by

T me(a)ép = mo(an(a))éy a € #n2A.

Lemma 3.5. If ¢ is a spreadable state on *y2U, then for all v,w in
RanF,

*n2A D b= (m,(b)v, w)

1s a Jy-tnvariant linear functional.
Moreover, one has

(mo(x) T, (y)v, w) = (my(2)Eymy(y) v,w),  for allv,w € RanFE,

for all x = ij(a1) -4, (an) and y =ik, (b1) - - - ik, (b)) with j; < ... <
Jn < ki1 < ... < kporgr > ...> gy >k > ... > ky, for all
n,m,jl,...,jn,kl,...,kmGN, al,...,an,bl,...,bmeﬂ.

Proof. We start by proving that the linear functional *x2 > b +—
(mp(b)v, w) is Jy-invariant. For any v in Rank,,, we have

Tlfﬂw(a)v = m,(an(a))v,
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for all @ in *y2(. This can be proved as follows. By cyclicity of &, there
exists a sequence {b, : n € N} C #y2 such that v = lim,, 7,(b,)&,. But
then

Tymo(a)v = lign Ty mo(abn)§y = lign mo(an(a))my(cn(bn)),
= my(an(a))v,

in that v = T v = lim,, T) 7, (b, )&, = lim, m, (0 (b)) &
We are now ready to show our functional is Jy-invariant. For every b
in *y2A, we have

(T (an(b))v, w) = (T;mo(b)v, w) = (my(b)v, (T;7) w)

= (mp(b)v, w) .
Let now x,y in *n2( as in the statement. We start by dealing with
the case when j; < ... < J, < k1 < ... < k. We apply the

Alaoglu-Birkhoff theorem, see [3, Proposition 4.3.4], to express E,, as a
strong limit of a net {X), : A € A}, with each X, being a finite convex
combination of the implementing isometries of maps A in Jy, that is
Xy = > prTY,, where, for each A in A, p > 0 for all i = 1,...,ny,

1T A
1
n) A A1 . .
Y2 i =1, and A lies in Jy. Since we have
UDN

(T (2) Epmo (y)v, w) = 1i§nZM?<%(x)T§‘}7ﬂp(y)v, w),

it is enough to make sure each term (m,(x)T) 7, (y)v, w) separately

equals (m,(2)m,(y)v, w). This can be seen as follows

<W¢($)T}f}7r<p(y)v,w) = (T ()T (apr (y))v, w) = (mp(zy)v, w)

where the last equality is got to by spreadability of the linear functional
(- v, w) considering a monotone map of N to itself which is the identity
on the subset {ji,...,j,} and acts as h on {ki,...,k,}. Finally, the
other case, 7.e. when the support of = lies to the right of that of ¥,
can be reconducted to the first case because (m,(z)E,m, (y)v, w) =
(v, Mo (y*) By (27)w). -

Proof of Theorem 3.2. We only need to prove that a spreadable process
with distribution ¢ is exchangeable as well. Since the permutation
group is generated by transpositions, it is enough to verify that ¢ is
invariant under transpositions. We start by proving this invariance for
monomials of the type ix(a)igy1(b) for k € N, a,b € A with respect to
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the transposition that switches k£ and k£ + 1. On the one hand, thanks
to Lemma 3.5 we have

e(ik(a)in41(0)) = (k1 (0%)in(a*)) = (T (in11(0%)) By (in(a*)) g Ep)
= Z <7T<p(ik(a*)§w Ui><7rw(ik+l(b*)via £p)

i€l

- Z<”w(ik(a))vi> EN T (ins1(D)Eg, i)

il

where {v; : i € I} is an orthonormal basis of Rank,.
On the other hand, we have

Plint1(a)in(b) = (Tp(ik+1(a)) Epmy(i(0)) €y, €o)
= Z<7T<p (ik(b))fw ;) <7T<p (irg1(a)vi, 3

= Z<7T¢(ik+1 (0))8p, vi) (T (ik(a)vi, &)

icl

where the last equality is due to the fact that the linear functionals
(-&,,v;) and (- v;,&,) are all spreadable (and a fortiori shift-invariant).
Comparing the two expressions, we see ¢ (ix(a)ig+1(b)) = @(ixs1(a)ig(D)).
By the uniqueness of the Hanh-Jordan decomposition of a bounded lin-
ear functional, it follows that every Jy-invariant linear functional is a
linear combination of four Jy-invariant states. Therefore, any such lin-
ear functional f still satisfies f(ix(a)ig+1(b)) = f(igs+1(a)ir(b)), for all
k in N and a,b in 2.

We are now ready to prove the invariance of ¢ under the transpo-
sition that switches k£ and k + 1 on general monomials of the type
zig(a)igs1(b)y, where v = ij(x1)---i5,(x), 1 < jo < ... < Jji <k,
Ty, in A and y =is, (Y1) -+ i, (Ym), B+ 1 <81 <82 < ... < Sy,
Y1, .- Ym in A (terms ordered in the reverse order can be dealt with
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analogously). We have

p(@ig(a)ir1(0)y) = (mp(zin(a)inr1(0)y)Ep, &)
= (M, (7)o (ik (@) 41(D)) BT (Y)Eps Ep)

o
= Y (@) mp(i(@)inga (0)vi, € (T (), v3)

el

= (1 (@) By (ia(@)ins1 (0)vi, £5) (o ()&, vi)

i€l

= > > (mo(ir@)inga (b))vs, v;) (o (2) ), E) (T (y) 6, v3)

iel jeI

= 35w liner (@)in(B)) v, v3) (7o (2)07, € (o (4)E, v0)

i€l jel

where the last equality holds because the linear functionals ( - v;, v;) are
Jy-invariant, with {v; : @ € I} being an orthonormal basis of RanE.,.
Now, by making the same computation in the reverse order we find

S 3 (s @ik (001, 03) (005, €00 (T ()6 03) = Plina(@)in(D)y)

el jel

Since the quotient #y2(/I is the closure of the linear span of ordered
monomials and [ is invariant under Py, we finally see that ¢ is ex-
changeable. O

An immediate consequence of Theorem 3.2 is the following.

Corollary 3.6. Let (Ql, H,{t;}jen, 5) be a quantum stochastic process,

whose distribution ¢ factorizes through ®§ A, with v being antisym-
metric. Then, the process is spreadable if and only if it is exchangeable.

3.2. Counterexamples: spreadable processes which are not ex-
changeable. The present section is devoted to showcasing a wide class
of quantum stochastic processes that are spreadable yet not exchange-
able. Product states on twisted tensor products turn out to be a key
tool to provide such examples.

To begin with, we characterize product states on twisted tensor prod-
ucts. To this end, we start by defining what we call the spectral support
of a state on the sample 2. Given a state w on a G-graded C*-algebra
(A, G,~), its spectral support is the set

suppgw = {neG:Jac 2, with w(a) # 0} .

Note that w is G-invariant if and only if supp, w is trivial.
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Theorem 3.7. Let w be a state on A. There exists a (unique) state
on AR, A, w X w, such that w x w(a ® b) = w(a)w(b) for all a,b € A
if and only if for any ny,n2 in suppgw one has v(n, ) = 1.

Proof. We start by proving that the equality v(n;,n2) = 1, for 1,7, in
suppg w is a necessary condition for the state w x w to exist. Let 7y, 72
in suppsw and a,b in A such that w(a) # 0, w(b) # 0 and da = ny,
0b = ny. By hermitianity of w x w, we have

w(a)wd) =wxw(a®b) =wxw((a®b)*) =w x w(v(da,db)a* ® b*)
= v(0a, Ob)w(a*)w(b*) = v(da, Ib)w(a)w(b

hence v(n2,m1) = 1, as w(a)w(b) is different from 0.

For the sufficiency, we start by observing that the condition implies
suppg w C A,. Second, the subgroup H,, of G generated by suppq w is
a subset of A,. Let us consider its annihilator G, := H} = {g € G :
x(g) =1forall x € H,} C G.

The conditional expectation

F(z) ::/ ag ® o () dpg, xa, ¢ € AR, A,
GuxGy

projects onto the subalgebra of those elements fixed by all automor-
phisms oy ® ay, (g, k) in G, X G,,. We claim that these are exactly the
closed linear span of elements of the type a ® b, with homogeneous a, b
in 2 and Oa,db in H,. Indeed, it is clear that F(z) =z isz =a®b
with a, b € 2 homogeneous and da, 9b are in H,,. In addition, F'(z) = 0
for all z = a ® b, when a,b € 2 are homogeneous and one of da, 0b
does not sit in G5 = H:+ = H,,. This can be seen as follows. For such
an z, F(z) = [, 9da(g)duc,(9) [ 0b(g9)duc,(g)a®b. If for example
da does not fit in G2, then the restriction of da to G, is a non-trivial
character of G, and therefore wa da(g)duc,(g) = 0, which implies
F(z)=0.

Since the restriction of v to H,, x H, is 1, the latter subalgebra iden-
tifies to some completion A““RAE~ of the algebraic tensor product
tensor product of A% with itself, which projects onto the minimal
tensor product A% @i, A%. In particular, for any given state w
on A%, there exists a unique state w ® w on ACRA“~ such that
w®w(a®b) = wla)w(d) for all a,b in A, It is now clear how to
define the product state, for the state w X w := (w ® w) o F' has the
required properties. O
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The characterization given in Theorem 3.7 also covers the case of an
infinite twisted product. Indeed, with the same argument we have the
following.

Corollary 3.8. Let w be a state on A. There exists a (unique) state
xw on @A, such that

Xw(ij (ar) - ij,(an)) = wlay) - - wlan),
foralln in N, j; <...<j, m N, ay, - a, in A, if and only if for
any i, M in Suppg w one has v(ng, ne) = 1.

We denote by §,(2() the set all states w such that the infinite product
Xw exists, namely

Sv(m) = {w € 8(%) ‘v rsupprxsuppr: 1}
Note that 8,(2) is a closed subset of §(2) in the x-weak topology.

The next result shows that product states are a source of spread-
able quantum processes that fail to be exchangeable as soon as the
bicharacter is not antisymmetric. If the assigned grading on the sam-
ple algebra is ergodic, the resulting situation is quite surprising, in
that no exchangeable processes whose distribution factorizes through
the corresponding twisted tensor product exist.

Proposition 3.9. Let p : 52 — QN2 the quotient projection.

(i) Suppose Ix,n € G such that v(x,n) # v(n, x) and that A, #
{0}, 2, # {0}. Then Jw € 8§,(A) such that xwop is the distri-
bution of a spreadable but non-exchangeable quantum stochastic
process.

(ii) Suppose the action of G is faithful and topologically ergodic
and that the bicharacter v is not antisymmetric. Then, for
any w € 8,(A), Xw o p is the distribution of a spreadable but
non-exchangeable quantum stochastic process. Moreover, the set
{p € 8(&N) : pop is exchangeable} is empty.

Proof. To prove (i), let a,, a, be nonzero elements of A, , 2, respectively
and let C*(ay, a,) the unital, separable C*-algebra generated by a,, a,,.
Let w be a faithful state on C*(a,, a,) and w € $(A) be an extension of
w which exists by Segal’s extension theorem. Finally, let w := w o Eg
where F¢ is the canonical conditional expectation given by the action
of G. Note that w € §,() and that w(aya}) = w(aay) # 0 and

wlagay) = @(ayat) # 0 since ayal, aya; € A9, We have

xw(i1(ay)iz(ay)ii(ay)iz(ay)) = v(x, n)wlayay)wlaya,),
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while

xw(iz(ay)ir(ay)iz(ay)ir(ay)) = v(n, xX)wlayal Jwlayay).
and thus Xw is not exchangeable.
To prove (ii), since v is not antisymmetric, we can pick x,n € G such
that v(x,n) # v(n, x) and by the proof of Proposition 2.4 we have that
there are unitaries U, € 2,,U, € 2,. Thus, for any w € §,(A), we can
compute

xw(iy(Uy)iz(Uy)i1 (U)i2(Uy)) = v(x, n),
while

xw(ia(Uy)ir(Uy)ia(Uy)ir (Ug)) = v(n, X)-
Finally, the last part follows by completely analogous computations.
O

Remark 3.10. A class of examples satisfying (ii) of Proposition 3.9
is obtained by taking 2 := C(G) with natural action of G and v :

GxG—T any bicharacter which is not antisymmetric.

Working in the formalism provided by von Neumann algebras, Gohm
and Kostler developed in [12] an approach to a new symmetry which
they call braidability, see [12, Definition 0.1], and which they show to be
intermediate between exchangeability and spreadability, see [12, The-
orem 0.2]. The intuition behind their approach is that the role played
by the symmetric group and its natural actions should in the non-
commutative realm be taken by the braid group. Bearing this in mind,
it is then rather natural to ask whether a theorem a la Ryll-Nardzewski
may hold in which braidability is substituted for exchangeability. This
is exactly the question that Evans, Gohm and Kostler raise in [11],
namely if spreadable processes are the same as braidable processes.
Strictly speaking, the notion of braidability as given in [12] is not a dis-
tributional symmetry as this is usually understood, in that the braid
group does not act on distributions but rather on the non-commutative
probability space where the process is realized.

In the C*-algebraic formalism the present paper is set in, the distri-
bution of a process is essentially a state on a suitable quotient of the
infinite free product of the sample algebra, c¢f. Definition 3.1. Impor-
tantly, the symmetry group/semigroup may act on the quotient even if
it does not act naturally on the free product, thus acting by duality on
the states of the quotient algebra as well (i.e. acting on distributions).
A case in point illustrating this scenario even in the framework of Clas-
sical Probability is provided by rotatability, with the orthogonal group
naturally acting on the tensor products of the unitalization of Cy(R),
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while failing to do so on the associated free products. Another, in
the non-commutative setting, is again provided by rotatability, which
makes perfect sense for states on the CAR algebra by second quantiza-
tion, although no natural actions of the orthogonal/unitary group can
be considered on the infinite free product of My(C) with itself.

That said, we believe the following is a natural formulation of what
ought to be meant by braidability, as a distributional symmetry, in the
C*-algebra formalism we work in. Before we give our definition, we
first recall what braid group we are dealing with.

Let

By := <01702,... | 710; = 0,03 for [i =] > 2 >

0;0;+10; = 0;4+10;0;4+1 for all 7 Z 1

be Artin’s braid group on N. Note that By projects onto Py. The sec-
ond group of defining relations of Artin’s group is sometimes referred
to as the Yang-Baxter relation.

Definition 3.11. Let [ be a closed two-sided ideal of *y2A. A quan-
tum stochastic process (Ql, H, {¢;}jen, 5) whose distribution factorizes
through the quotient xn2A/I (see Definition 3.1) is said to be I-braidable
if there exists an action of the braid group, p : By — Aut(xx2/1),
which leaves the state on *y2(/I induced by ¢ invariant and such that
the following properties hold

(3.1) ir = p(0pon_1---01) 0 for all n > 1
(3.2) ig = p(oy) o g ifn>2,
where i) 1= p; o iy,

A key property of the above definition is that the braid group is
supposed to act directly on the quotient xy2A/I, without assuming the
existence of an action on the free product compatible with the ideal I.
Interesting examples of braidable states in the above sense are studied
in [4], where the quotient is the so-called parafermion algebra PF,
see also Section 4.2 of the present paper.

As one can imagine, [-braidability implies spreadability, as can be
proved by following the lines of [12, Theorem 2.2]. Furthermore, when
I is compatible with the natural action of Py, exchangeability clearly
implies [-braidability. In particular, under the hypotheses of Theorem
3.2, spreadability, I-braidability and exchangeability are the same.
One then might wonder if under suitable working hypotheses spread-
ability and braidability are still the same even when [ fails to be com-
patible with the permutation action.
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The next result shows that this may not be the case. Indeed, what
we do is we provide a counterexample where the quotient is a twisted
product, which thus fulfills the hypothesis (i7) of Theorem 3.2 and is
naturally acted upon by Jy.

To discuss our counterexample, we first establish some notation. De-
note by A, the non-commutative 2-torus with deformation parameter
a € R, namely the universal C'*-algebra generated by two unitaries
u,w such that uw = e*wu. Denote by tr the canonical trace on
A,, namely the state determined by tr(u'w’) = 6;0d;0. Let ®T A, be
the twisted tensor product, where G := T? acts by rotations on A,,
with bicharacter v : Z? x Z? — T, and let xtr be its state obtained as
infinite product of tr with itself (xtr is still a trace). Clearly, ®§ A,
is a quotient of xyA, by the ideal I, generated by elements of the form
i1(a)ik(b) —v(deg(a), deg(b))ir(b)i;(a) with a, b being homogeneous and
[,k varying in N with [ < k. We simply denote by p the corresponding
quotient map.

Theorem 3.12. Let v be the bicharacter given by v(k, 1) := e?m(0kh+0kalz)
k= (ki,ko),l = (I1,1s) in Z%, and let 0, 1, a be rationally indepen-
dent. Then Xtr o p is the distribution of a quantum stochastic process

factorizing through the quotient *yA, /L, which is spreadable but not
1,-braidable.

Proof. We will argue by contradiction by supposing that there does
exist an automorphic action p of the braid group By on Wxtr(®§ A,)
as in Definition 3.11 (note that 7, (Q. A,) is isomorphic with &' A,
as xtr is faithful).

To ease the notation, the automorphims p(c;) will be simply denoted
by o; in what follows.

We first show that Definition 3.11 completely determines o o ¢; when
k # j. Indeed, from the relations (3.1), (3.2) it follows easily that
ok otj = tj when k > j + 2. From relation (3.1), oy 0 tj—1 = .
Finally, from the Yang-Baxter relation of the braid group and again
from relations (3.1), (3.2) , for k < j — 1 we get

UkOLj:O—koo_joo—j_lo"'oa'loLO
=0;004j-10""00k4200 0041900 --0010
= 00010+ 00)4200f41 OO0 OTjt10+--001 0y = Lj.
Thus it only remains to find the possible values of ¢; o ¢;.
We denote by u; = ¢ (u),v; = (w) the generators of ¢;(A,) with ujv, =
e*™yu;. Note that wv; = vu for [ # j.
. N
Denote by £ the GNS vector of the GNS representation of ), A, w.r.t.
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xtr and by H the corresponding Hilbert space.
Note that the countable subset of H

{@.U{uﬂn %1. J% q”cg ke Ny < ... <k fiyse s JipsQirs Qi €L}

provides an orthonormal basis of . For convenience, we adopt the
convention that, for every [ = 1,2,... k, at least one between the ex-
ponents j; and g;, is different from zero.

Consider the vector oy (ug): since it is different from zero (and oy (uy)€ #
¢ as well since £ is a separating vector), we can safely suppose that

(o1 ()€l ol ko) £0,

for a fixed basis vector uj 1vq” o uZ;’“ vzq;’“f'

More precisely, we claim that the only non-zero Fourier coefficients of
o1(uq)€ are those corresponding & or to basis vectors with i, = 0 or
i= 1.

We can show this by contradiction. Suppose (o7 (u1)&, uj” PR Zk’“ fney 4
0 for some basis vector with i > 2 (we recall that ig < 21 <...< zk

and at least one between j;, and g;, is different from zero). Note that

for all r > 2 the following relations hold:

o1 () = upoy (uy) = e ™oy (uyu,) = e oy (uy )y,
that is
(3.3) o1(uy) = e uoy (uy)u.
In particular, we must have
Jiy | di L
<01(U1>fau ”’U R ;k lkf)
(3.4 (s (s, ol i)
On the other hand, we also have
u:u‘;;l /qul e u"z;k U'Z:k U, = 6_7427‘—0(21p<r( jzp)+21p>rjlp) 27”0‘(17‘,“-’3;1 ,Uflll e U‘Z;k /UZqI:k .

The expression in (3.4) can be calculated explicitly by means of the
above equality and exploting the trace property of the vector state
associated with &, yielding:

Jiy 4 Jip @i
(o1(un)& u oyt g f ot E) =
<O’1 <u1)£ 'U,]Zl qul L uj]ik Z:k > 27”0(2110<T( ]Zp)+22p>T Jip)+2miagr+2mif ’
hence

(3.5) ‘9(2(—jip) + Zjip) + agr = —0+¢,

1p<r ip>T
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for some ¢ € 7Z, which, by rational independence, implies ¢, = 0 and

(3.6) > (G + D =1

ip<T ip>T

Subtracting relation (3.6) with r = i, + 1 and r = iz, we get

0= (i) + > o= | D (=5)+ > s

ip<tp+1 ip>ip+1 1p<ip ip>ig
= E (—Jz'p) - E (—Jip> = —Jix
ip<ip+1 ip<ig

hence j; = 0, which is absurd as ¢;, = 0 as well, and at the beginning
we assumed that not both exponents vanished. This ends the proof of
the claim.

Before going on, note that § and vectors of the basis with i, = 0,1 can
also be collectively obtained as u)’vl’u]'v{*¢, if one allows the expo-
nents jo, qo, j1,q1 to vanish, which is what we do to unify the following
calculations.

Similarly to what we saw above, with ujoq(uq) = o1 (uguq) = €™ oy (ujug) =
e o1 (uy)uy; we get o1(ur) = e %y 01 (ur)uf, which, as before, im-
plies the following equality involving the exponents j; and ¢;, [ = 0,1,

of the vectors u*vPul'v?¢ with (o (uy)E, ullvPul v €) # 0:

1276

for ¢ € Z. In order for Equation (3.7) to hold, we must have ¢; = 0,
and jo = —1. Similarly, by (3.3) for any r > 2 we have

(o1 ()€, ug i ui &) = ™ (w01 (w )uy€, ug i ui'€)

which, proceeding analogously as before, gives j; = 2.

Finally, consider vioq(u1) = o1(vour) = o1(uivg) = o1(ug)vy, that is
o1(u1) = vyoi(ug)vr.  As before, equating (o ()€, ug tvful'€) and
(v101 (uy )€, ug 'oPul €), we find

(38) - 9(10 - jla - éa

for ¢ € 7Z. Rational independence implies 7; = 0 and this is a con-
tradiction, which shows that it is not possible to define o; in a way
that makes it compatible with Relations (3.1)-(3.2) and making xtr
invariant. U

Remark 3.13. The above result shows the existence of a spreadable
state (process) which is not braidable in the sense of Gohm and Kostler,
cf. Definition [12, 0.1], at least if their definition is to be taken strictly.
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Indeed, it is enough to consider Wxtr(®§ A,)", the von Neumann alge-
bra generated by the GNS representation of xtr. Since £y, is a sep-
arating vector for that von Neumann algebra (because xtr is a trace,
and traces have central support), the proof above carries over showing
that no action of the braid group can be given on 7., (®\ A,)" making
the faithful vector state associated with &, braidable. Nevertheless,
our result does not rule out the existence of a braidable process (in
Gohm and Kostler’s sense) which has the same distribution as the pro-
cess dealt with in Theorem 3.12.

For these reasons Theorem 3.12 may be seen as a first insight into
the full solution to the problem raised in [11] whether spreadability is
equivalent to the braidability in the sense of Gohm and Kostler.

Remark 3.14. On the infinite non-commutative torus A}, that is
the universal C*-algebra generated by a countable set of unitaries
{u; : j € N} such that wjuy = e*Puyu; for all j < k, with 0 ir-
rational (note that A} = xyC(T)/I,, with Iy being the two-sided
ideal corresponding to the commutation rules of the infinite-torus)
there is only one automorphic action of By making the quadruple
(C(T),{¢; : j € N}, H, &) Ip-braidable, where H is the GNS Hilbert
space of the canonical trace of A} | ¢ its GNS cyclic vector, and ;
the composition of the embedding i; of C(T) into A} with the GNS
representation itself.

This can be seen as follows. Let us denote by u; is the image of
fo(z) = 2z, z in T, under the j-th embedding ¢;. First of all, argu-
ing as in the part of the proof of Theorem 3.12 where we addressed
the Fourier expansion of o;(u;)¢ and taking into account that the
GNS vector ¢ is separating for the von Neumann algebra generated
in the GNS representation of the trace, we see that o (u;) equals ufu?
up to a phase, say A. From the braid relations it then follows that
oi(ui—1) = u;, oi(u;) = Auf_qu? for all i in N, and o;(u;) = u; for
j #i,1—1. Finally, the phase ) is determined by imposing the relation
004105 = 0;410;0,+1, which can only be fulfilled if \ = ™.

4. EXTENDED DE FINETTI’S THEOREM FOR PROCESSES WHOSE
DISTRIBUTION FACTORIZES THROUGH INFINITE TWISTED
TENSOR PRODUCTS

This section is devoted to presenting a version of de Finetti’s theo-
rem for processes whose distribution factorizes through a twisted tensor
product. In some of the models we discuss, permutations may not be
implemented as automorphisms on the corresponding quotients. Even
so, the compact convex set of all spreadable states can be studied and
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determined completely. In particular, we aim to understand when this
set is a Choquet simplex and what its extreme states are. To be-
gin with, when permutations do act on a twisted product, 7.e. when
the assigned bicharacter is antisymmetric, spreadable states and ex-
changeable states are the same, as follows by Theorem 3.2. When
permutations do not act, there are going to be more spreadable states
than exchangeable states, and, as we saw in Corollary 3.6, models exist
where the set of exchangeable states is even empty.

Studying spreadability entails having to do with Jy, which is only a
semigroup. Therefore, the general theory of C*-dynamical systems is
not directly applicable. However, it is still possible to overcome this
obstacle by resorting to an automorphic extension of the dynamics,
which is a procedure first introduced in [6].

As of now (2, G,~v) will be a G-graded unital C*-algebra. Moreover,
henceforward we will always be working under the assumption that A
is nuclear.

Remark 4.1. We would like to point out that product states separate
@2 if AC is nuclear. Indeed, the C*-subalgebra C*({i;(AC) : j €
N}) C @A identifies with the infinite tensor product @AY, without
having to specify what completion we are considering as they are all the
same, and in particular we can assume we are working with the spatial
completion. Therefore, the set {@Nw : w € §(AY)} separates @A,
Now for any G-invariant state w on 2, we have Xw = Rw [ye¢ oF,
where E is the canonical conditional expectation of @2l onto @NAC.
The thesis then follows because FE is faithful.

We will need to use the above remark in the proof of Lemma 4.4.
Let ¢ be a spreadable state on ®§ 2A. Associated with any h € Jy there
is an isometry acting on the Hilbert space H, of the GNS representation
of ¢ as

N
T}fﬂw(x)&p = 7T<p(ah(x))§sov LS ®Ql>

where &, is the GNS vector of ¢.

Let Z[3] be the (additive) group of dyadic numbers. For every fixed
n € N, we denote by Z the set of rational numbers {2 : k € Z}.

In order to obtain the automorphic extension of the dynamics, we need
to think of the generators of J;, see the preliminary section, as functions
acting on the whole set of dyadic numbers. We do so by suitably
extending 6, to a bijection 50 of Z [%}, which is defined below
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N d ifd<-—1,
Oo(d) =4 2d+1 if —1<d<0
d+1 ifd>0.

For each natural n, we consider the dilation ¢,, by 2™ acting on Z [%] ,
that is

5.(d) = 2°d, d € ZB] |

Let us define 6,, := 6, 00y 04, and T (1) = 1 + 2%, r e Z[%}, for
n € Nand k € Z. _

For each natural n, we then consider the group H,, generated by 6, and
Tin Withk=1,...,n.

Remark 4.2. We point out that each H, is isomorphic with the
Thompson group F' by [2, Proposition 3.1.1].

Note that H,, C H,.; for each n. Therefore, we can consider the
group H which is by definition the inductive limit of the sequence
{H, :n € N} w.r.t. the inclusions, namely

H = CJOH,L.

7L
Notably, H acts through automorphisms on ®v[2] A, the twisted in-
finite tensor product of 21 with itself indexed by Z [%}, by moving the
corresponding indices. Precisely, for every h € H, by universality of

z|L z|L
®v[2] 2A there exists a x-automorphism «y, of ®U[2] 2 uniquely deter-
mined by

ania(a) == ina(a) d€ Z H ae.

1 1
We denote by SH(®%[2] 2A) the set of all invariant states on ®%[2] 2
under the action of H.

The next proposition allows us to realize any spreadable state on
7L
Q. A as a unique H-invariant state on ®U[2] 2.
7|1
Proposition 4.3. The restriction map T : 87 ( Q. 2] A) — SR A)

T(p) = @[@5’9{

establishes an affine homeomorphism of compact convex sets.
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Proof. 1t is pretty much the same as the proof of [6, Proposition 3.1].
There are only two things to care about in the present context. The
first is that any Jy-invariant state on ®I§I 2 uniquely extends to a Jz-
invariant state on @~ 2. Indeed, the restriction map 8(®2 )% 5 ¢
¢ lera€ 8(@? 20)2 is clearly injective. As for its surjectivity, starting

from a Jy-invariant state ¢y on ®§ 2A, one first defines a sequence of
states {¢,, : n € N}, where ¢, is a state on the infinite twisted product
of & with itself indexed by {—n,...,0,1,...}, @, A, A = A,
as ¢ = @o o 7. Now the sought Jz-invariant extension of ¢, is the
unique state @ on ®% 2l such that the restriction of ¢ to @, _ . Ay
is ¢, for every n.

The second thing to care about is that, for each n, the C*-subalgebra

VAES
of ®v[2] 2 generated by the range of the embeddings 4; for j in 2% is
still universal, being ®3l” 2, as one would expect. This is proved in
Lemma 4.4. 0

Lemma 4.4. For each n, the C*-subalgebra of ®%[§] A generated by
Z
{i;(A) : j € &} is canonically x-isomorphic with 2" A.

Proof. By universality of ®5L” 2, there certainly is a *-epimorphism
Z
Q: QA= C*{i;(A) : j € 2% ) such that

(4.1) ®(ij(a)) = i;(a)

for every j in 2%, and every a in ®, where {i : j € 2%} are the embed-

dings of 2 into ®1§l" 2 appearing in (2.2).

For every G-invariant state w on 2, we denote by xw the correspond-
ing infinite product state on ®5£" 20, and by ¢, the restriction to
C*({i;() : j € Z}) of the infinite product of w with itself as a state of

®%[§] 2. Thanks to (4.1), we clearly have xw = ¢, o ®. The conclu-

Z
sion that @ is injective can now be easily drawn: if z in Q2" 2 is such
that ®(z*z) = 0, then xw (z*z) = 0 for every G-invariant state w on

yA
2, hence z*z = 0 because product states separate Q2" 2, see Remark
4.1. O

Remark 4.5. We take the opportunity to point out that an analogue
of Proposition 4.3 holds for the free product xy% C *Z[ 1 ]Q[ as well. This
2

allows one to associate a unitary representation of the Thompson group
F' to any spreadable quantum stochastic process thanks to the group
isomorphism recalled in Remark 4.2. This is obtained by Hy 3 h + ]
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since Hy = F. We note that the representation of F' coming from
H, = F'is unitarily equivalent to that coming from H,, since the two
are intertwined by the unitary implementing 9,,.

In light of the affine homeomorphism established in Proposition 4.3,
studying the properties of the convex set of spreadable states amounts

VAR
to studying 87 ( ®v[2] 20). With this in mind, it is then natural to ask
oneself when the extended system is H-abelian, which is the same as

saying SH( ®%[2] Ql) is a Choquet simplex by Lemma 2.3.

7|1
For any given H-invariant state ¢ on ®v[2] 20 and for every h € G,
we can define a unitary uj acting on the GNS Hilbert space H,, of the

1
GNS representation m, of ®%[2] A as
2ls]

upme(a)é, = mp(an(a))éy, a € ®Q[7

where &, is the GNS vector.
We then consider the closed subspace

HI = {¢ e H,:uf¢ =¢, forallh € H}

of invariant vectors, and denote by E, the corresponding orthogonal
projection. Finally, we denote by ¢q the restriction of ¢ to ®Ij 2.

_ We next need to consider the unital semigroup ScH generated by
6, and Ty, as n varies in Z and k in N. Note that for any element
h € S one has h(q) > ¢ for all ¢ in Z[3].

1 -
Now, for any H-invariant state ¢ on ®%[2] A define H3 := {& € K, :

uré =& he S }. Since S generates H as a group, we clearly have

7|1
Lemma 4.6. For any H-invariant state ¢ on @y 3 A, one has .‘J-Cg =
S
e
The following result is key to studying H-abelianness of the extended
system.

1
Lemma 4.7. Let ¢ be an H-invariant state on ®%[2]

7L
neous a,b in ®U[2]

E,n,(a)E,m,(b)E, = v(0a,0b)E,m,(b)E,my(a)E,

2A. For homoge-

A, the commutation rule

holds.
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Proof. Define the twisted commutator for homogeneous elements a, b
as

z[3]

[a, b]oa.o0 = ab —v(Da, db)ba, a,b € ®Q[

The first thing we show is that the limit equality
(42) Jim [, o (0). Do = 0

holds for any homogeneous a,b. Indeed, the equality is easily seen
to hold for localized elements, since we even have [az, ,(a),blas,e = 0
provided n is so big that the supports of az, ,(a) and b are disjoint.
The general case can be dealt with by a density argument because any
homogeneous «a is the norm limit of a sequence {a, }nen, Where each
a, is localized and homogeneous with da,, = Oda. This can be seen
in the following way. Since the x-subalgebra of localized elements is
dense, there certainly exists a sequence {x, },en of localized elements
such that ||a — z,|| — 0 for n — oo. For every n in N, define a,, :=
Jo7v9(2n)0a(g)dpc(g). Now a, is homogeneous of the same degree as
a, for

(n) = /G g () P9 dpic(g) = /G () Bl Tg) s (g)
= da(h)a,, forallheG.

Furthermore, the sequence {a, },en still converges to a as

lim a,, =1lim /G Yo(xn)da(g)dpc(g) = /G V9(@)0a(g)dpc(g)

- /G da(g)da(g)duc(g) a =a,

where the second-to-last equality holds by uniform convergence.

Now, by applying the Alaoglu-Birkhoff ergodic theorem to the family
of unitaries {uj : h € S}, we find that E, is the strong limit of a net
whose elements are finite convex combination of the type Y ", Njup,,
with A; in g, Ni>0foralli=1,...,m,and > A\ =1
Thanks to the twisted asymptotic abelianness in (4.2), for any homo-
geneous a, b, for any 7, ¢ in RanFE, with ||n|| = [|£|| = 1, and any ¢ > 0
we have

@y o [m (a (mea))),m(b)] ol <«
i=1 Ja,0b
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for n > N.. We have the following chain of inequalities:

e > (n, [7% (O‘?n,o (Z /\iahi(a)>> 77T<p(b)] &) =
i=1 da,db

(0, A€, uf () (uf)* (uf, ) (B)E) —

i=1

v(0a,00)(n, y_ Ay (0)uf, uf mp(a) (uf )" (u, )7)E)] =

i=1
Z)\uh To(a)n, (uf, ) e ()€) — v(0a, Ob)(n, my(b Z)\uh mo(a >

|<E@%( )1, o (0)E) — v(9a, ) (mo (b)), Epmy(a))€)]—

<(Z Aitty, = Eg)me(a®)n, (uZ, ) me(b)E) — v(0a, Ob)(n, my (b ZA up, = Ep)me(a))E))|
No;\_flby the mentioned Alaoglu-Birkhoff theorem we can also assume

(Z A, — E¢> mo(a)n (Z A, — E@> mo(a))€
Bt then

(oM, = B0, (6, s 008) — o000 7,0 Z Af, — B, ()€)

= [(Epmp(a®)n, my(b)€) — v(0a, 0b)(my (b )n, Epmy(a))€)| — ef|my (b )£H el (6%)nll -
Since € > 0 can be chosen as small as wished, we must have

(E,mp(a™)n, mp(b)€) — v(da, 0b) (1, (b")n, Eymy(a))é) =0,

from which the statement easily follows. O

< e and <e.

The next result provides sufficient conditions for H-abelianness to
hold.

Theorem 4.8. The C*-dynamical system (v (3] 2, H, ) is H-abelian
if: for every x,m in A, either of the following conditions holds

(i) v(x,m) =1
(ii) vs(x,m) # 1.

Proof. We have to show that, under our hypotheses, for any H-invariant

state ¢ the set E¢W¢(®%[§] 2)E, is commutative.
The proof will be done by analyzing three cases. We first deal with
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elements a belonging to some spectral eigenspace with da € G \ A,
We show that

(4.4) E,m(a)E, =0, for all a with da € G\ A, .
This is a straightforward application of Lemma 4.7, which yields
E,mo(a)Emy(a”)Ey = v(da, —0a) E,m,(a”) Epmy(a) Fy .

Now, since v(0a, —0a) is a non-trivial phase, the spectrum of E,m,(a)E,m,(a*)E,
is {0}, hence E,m,(a)E,m,(a*)E, = 0.

The second case is when a, b are homogeneous with da,db in A, such

that v(da, 0b) = 1, in which case Lemma 4.7 says that E,m,(a)E, and
E,m,(b)E, commute.

The third case is when a,b are homogeneous with da,0b in A, and

vs(0a, Ob) # 1. We have

E,n,(a)E,m,(b)E, = v(0a,0b)E,m,(b)E,my(a)E,
= v(da, 0b)v(db, da)E, m,(a)E,m,(b)E,
= v5(0a, Ob) E,my(a)Eym,(b)Ey
hence E,m,(a)E,m,(b)E, must be zero since vy(da, 0b) # 1. O

Although we will only make use of the sufficient conditions given in
the above theorem, H-abelianness can also be characterized by means
of a necessary and sufficient condition.

1
Theorem 4.9. For the C*-dynamical system (®%[2] A, H, ) not to be
H-abelian, it is necessary and sufficient that there exists a Jy-invariant
state © on ®Ij A such that p(ab) # 0 for some localized homogeneous

a,b with disjoint supports and the support of one to left of the support
of the other, da,db € A, and v(da,db) # 1.

Proof. We start by proving that if there exists a state ¢ with the prop-
erties in the statement, then the system fails to be H-abelian. For a, b
as in statement, thanks to Lemma 4.7 we have that E,m,(a)E, and
E,m,(b)E, do not commute provided that E,m,(a)E,m,(b)E, # 0.
Therefore, we only need to make sure E,m,(a)E,m,(b)E, is different
from zero.

By the Alaoglu-Birkhoff ergodic theorem, see [3, Proposition 4.3.4]
there exists a net indexed by 8 € I such that E, = limgy_.%, )\f ufﬁ

(in the strong topology) where, for all indices 3, the finite set {hf D=
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1,...,ng} lies in S (ie.  RP(r) > r for all dyadic ’s), A? > 0 with
S /\f = 1. Then we have

<E Ww(a)Ewﬁcp(b)Ecp&p»gso> = <7T (a) <p7rcp( )fcpa&p>
hén Te(a Z)‘B ﬁﬂw b)¢s,&p) = hmz)‘ﬁ Ty(a ﬁ”w( )61 &) -

We next show that, for all 5’s, (m,(a)u 57@,( )€, €p) = p(ab) for every

t=1,...,ng. Without any loss of generahty, we can assume that the
support of a sits to the left of that of b. We have

(mo(@)uysme(b)Ep, &) = (m Ha)m(ay ()6p, &) = (mp(acy, (b))Ep, &)
= p(ab),

where the last equality is got to by H-invariance (considering a map

that fixes the support of a pointwise and acts as hf on the support of
b). In particular, we have shown the equality

(B,mp(a) Egmy (b)Ey,, &) = o(ab),

from which it follows at once that E,m,(a)E,m,(b)E, cannot be zero.
For the inverse implication, suppose the system fails to be H-abelian.

1
Then there exists an H-invariant state ¢ and a, b in ®%[§] 2l such that
E,n,(a)E, and E,m,(b)E, do not commute.
Now the same density argument employed in the proof of Lemma 4.7
says that the linear span of homogeneous localized elements is a norm

1

dense x-subalgebra of the whole ®%[§] 2. Therefore, we may suppose
that a,b are both homogeneous and localized. In addition, without
any lack of generality occurring, we can take a,b such that the sup-
port of a lies entirely to the left of the support of b. By Lemma 4.7,
for E,m,(a)E, and E,m,(b)E, not to commute, it is necessary da, 0b
are such that v(da,0b) # 1 and E, m,(a)E,m,(b)E, # 0. In partic-
ular, there exist £, 7 in RanE, such that (E,m,(a)E,m,(b)EE,n) =
<7Tso( JE,m,(b)€,m) # 0.

By the same reasoning as above we also have

(mo(a)my (D)€, m) = (Tp(a) Epmy (D)€, m) # 0.

Considering the Cartesian decomposition of the H-invariant functional
(-¢,7n), we find that there also exists a H-invariant hermitian linear fun-
cional w such w(ab) # 0. Now w uniquely decomposes as the difference
w = wy —w_, where w4 are positive linear functionals. The unique-
ness of such decomposition (the Hahn-Jordan decomposition) implies
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that wy are still H-invariant, and at least one of the two satisfies the
thesis. 0

We have now endowed ourselves with all the necessary tools to com-
pletely determine the Choquet simplex of spreadable states.

Theorem 4.10. Let v : G x G — T be a bicharacter such that either
v(x:n) =1 orvs(x,n) == v, nv(n, x) # 1 for x,n in Ay

The convex compact set SJN(@lITI 20) is the Bauer simplex whose extreme
set coincides with the set of all product states {Xw : w € §,(A)}.

Proof. We start by observing that, under the hypotheses on v, Theo-
rem 4.8 guarantees that the extended system is H-abelian, and thus
SJN(®§ 20) is a Choquet simplex by Proposition 4.3.

We next show that any extreme state ¢ of S‘HN((§§§I 20) is an infinite
product state for some w in 8§(2A). This can be seen by showing that

7|1

the restriction of any extreme state in 8 ( ®U[2]) to @1 2 is an infi-
nite product state.
If o is such a state, then E, is the rank-one projection onto C¢,. The
first thing to do is to apply the Alaloglu-Birkhoff theorem to the fam-
ily of isometries {7 : h € S}. This yields a net {S, : v € I}, whose
terms are finite convex combinations of the form S, = >7." N/T7,

k
for some A} > 0 with Y 77, A} = 1, which is strongly convergent to
ES . Let now a,b be fixed elements of ®§ 2. For each v in I, define

N VY

by i= >k Ly Aoy (b). We have

h? p(aby) = li£n<7rw(aby)f¢, &)
(4.5) = lim(r,(a) D N (0)E, €
k=1
= <7rgo(a)EC§¢7rso<b)€soa 5<p> = 90(&)90(6> .
Let w be state on 2 defined by w(a) := ¢(i;(a)), a in A, where 7; is any
of the embeddings of 2 into ®§ 2. Note that w is well defined, i.e.

the definition does not depend on [, because ¢ is spreadable. We aim
to show the equality

p(ij, (a1)izy (az) - - 45, (an)) = wlar)w(az) - - w(an)
for every n € N, for every j; < jo < ... < j, € N, and for every
ai, as,...,a, in 2A. This task can be accomplished by induction on
n. For n = 1, there is nothing to prove. Let us move on to take the
inductive step. We will show that the equality holds with n 4 1 if it
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holds with n. To this end, we start by observing that, for all n € N,
J1 < Jo < ... < Jpy1 in N) and aq,...,a,,b € 2, H-invariance of ¢
gives

p(ij (ar) -+ i, (an)iz, ., (0) = @(ij (a1) - - i3, (@n) i 1) ()

where, for each 7 in I, the h}’s are the monotone functions in S (in
particular, h/(m) > m for all m in N) appearing in the definition of
the net S, we introduced above. By summing the equalities above on
all k’s between 1 and n,, we find

e(ij,(ar) - - 45, (an)ij, ., (b))
= N, (ar) - i, (an)ig 10y ()

=p(ij (a1) - - - 15, (an)by)
where b, := 2211 Alihg(jn+1)(b) = 2211 AZah; (ijnﬂ(b))-
Now thanks to 4.5 we have

lim e(ij,(ar) -+ 45, (an)by) = (i5, (ar) - - - 15, (an))w(b)
and we are done because by our inductive hypothesis we have

(i (ar) - -, (an))w(b) = w(ar) - - - wlan)w(b) .

The last thing to do is to notice that the set of product states is closed
in the x-weak topology. O

Before restating the above result in terms of the corresponding pro-
cesses with distribution that factorizes through an infinite twisted ten-
sor product, we need to observe that 8,(2) 3 w — xw € Extr(8™ (R 2A))
is a homeomorphism between compact Hausdorff spaces.

Corollary 4.11. Let v : G x G — T be a bicharacter such that either
v(x,m) =1 orvs(x,n) # 1 for x,n in A,. For any spreadable process
whose distribution ¢ factorizes through ®§ 2, there exists a unique
Borel probability measure v on 8,(2l) such that

(i (ar) i, (an)) = / ) sl dute),

foralln in N, ji,...,0n €N, a1,...,a, in A, where i; : A — xy2 is
the j-th canonical embedding of A into *y%U.



36  VALERIANO AIELLO, SIMONE DEL VECCHIO, AND STEFANO ROSSI

4.1. Examples. If G = T, then G = Z, and all bicharacters v :
Z x 7 — T are of the form v,(k,l) = e*™* k[ in Z, for some
real . In particular, all bicharacters of Z are symmetric. If - is
irrational, A,, = {0}. If 5 is rational, A, is a subgroup of Z and
U A, xA,, = 1, see [5, Lemma 3.3]. Therefore, the sufficient conditions
in Theorem 4.10 for H-abelianness to hold are satisfied in both cases.
For example, we can take 2 = C(T) with the T-grading induced
by rotations, i.e. v,(f)(w) = f(zw), z,w in T. The correspond-
ing infinite twisted tensor product is (isomorphic with) the infinite
non-commutative torus, whose spreadable states have already been ad-
dressed in [5]. What turned out from the analysis carried out in that
paper, see [5, Theorem 3.8], but also follows from the general picture
given in the present, Theorem 4.10, is that extreme spreadable states
are infinite product of a single state (measure) w on C(T) which has
to be invariant for the action of the grading restricted to Aja. In the
irrational case, Ay = T, and thus the trace is the only (extreme)
spreadable state. In the rational case A = {z € T: 2™ =1} is a
finite group (no is an integer associated with «, see [5, Lemma 3.3]),
and many more extreme spreadable states exist.

Remark 4.12. Gradings induced by finite cyclic groups, say Z,, are a
particular case of the above class of examples, in that Z, can be seen
as a quotient of Z.

We now go back to the general framework focussing on those bichar-
acters v : G x G — T that are trivial on A, x A,. The resulting de
Finetti theorem is basically classical in a sense that we specify in the
corollary below.

Corollary 4.13. Ifv : GxG — T is a bicharacter such that v [A xA, =
1, then the map

S‘HN(@)(QlA”l)) Swiwo B e 8M(@NA)

is an affine homeomorphism between Bauer simplices, where E : @21 —
(AL s the product conditional expectation.

Proof. We start by noting that under the hypothesis v [a,xa,= 1, A,
is a subgroup of G. In particular, span{a € 2 : da € A,} is a C*-
subalgebra and coincides with A% . Over the course of the proof of
Theorem 4.10, we showed that the map in the statement is a home-
omorphism between the extreme sets of the two simplices. The full
conclusion the follows from the fact that our simplices are Bauer sim-
plices. O
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In particular, if the sample C*-algebra 2 is commutative, then A
is commutative as well, and the Bauer simplex of spreadable states on
the whole chain is thus affinely homeomorphic with that of the distri-
butions of spreadable sequences of random variables taking their values
on the spectrum of 227 and to this convex set the classical theory ap-
plies.

Notably, this situation includes the analysis of spreadable (or equiva-
lently exchangeable) states on the CAR algebra.

If 2 is no longer commutative, A2 will be in general non-commutative.
However, exchangeable states on an infinite tensor product have been
thoroughly classified in the classical work of Stgrmer [19].

Our techniques also apply to different settings, for example to grad-
ings induced by finite groups of the form Z,,, X.... XZ,, , with ny, ..., ng
odd, in light of the following.

Proposition 4.14. Any symmetric bicharacter v on the product Z,, x
eoie X Do, , where ny, ..., ny are all odd, satisfies the sufficient conditions
of H-abelianness in Theorem 4.8, namely vs(x,n) # 1 for x,n in A,.

Proof. We start by observing that, given a general symmetric bichar-
acter v, for vg not to be 1 on A, x A, is enough to verify that v(x,n)
is never —1, for x,n in A,.

There is yet another general fact to recall. If g in G is an element
of finite order n and x € G is a character, then x(g) € T is a n-th
root of unity. We now have all is needed to conclude: every element
of G =7Z,, X ....X Zy, has odd order if all n;’s are odd; in particular,
it follows that v(x,n) is a root of unity of odd order for all x,n in
Zipy X ... X L, , hence v(x,n) can never equal —1. O

Remark 4.15. The argument employed in the above proposition also
applies to infinite direct products X;enZ,,, as long as all n;’s are odd.

The cases covered in Proposition 4.14 include examples where v is
not constantly 1 on A, x A,. As a result, the simplex of spreadable
states on the corresponding chain cannot be obtained out of a single
usual tensor product, unlike all known examples as far as we know.
Below we discuss a concrete example of this sort.

Example 4.16. Consider G = Zs x Zs, and v : (Zs X Z3)*> — T the
bicharacter given by v(x,n) = e%%x,n); for x,n in Z3Zs, where A
is the 2 by 2 matriz A := (1) }
verify that A, = {(0,0),(1,1),(2,2),(1,0),(2,0)}. Note that v is not

. By direct computation, one can



38 VALERIANO AIELLO, SIMONE DEL VECCHIO, AND STEFANO ROSSI

2mi

1 on A, x A, for v((1,0),(1,1)) = e . We also point out that A,
contains two maximal subgroups Gy, Gy (mazimal w.r.t. the property
that v [g,xc,= 1 fori=1,2), and these are Gy = {(0,0), (1,1),(2,2)}
and Go = {(0,0), (1,0),(2,0)}.

Consider an infinite chain based on the sample A graded by Z3 X Z3.
Fori=1,2, let $B; be the C*-subalgebra of the chain given by RyAS:.
The simplex of spreadable states on this chain is then the Bauer simplex
whose extreme set is homeomorphic with $1(A) U 892 (A) C §(A). In
particular, one can take A = C(Zs X Zs3) acted upon by Zs x Zz by
rotation. With such an A, 891() U 892(A) is a finite set and, more
importantly, 81 (A) and 892 (A) are different sets, meaning there is not
a single tensor subalgebra all spreadable states arise from by composing
with the canonical conditional expectation onto it.

4.2. Braided Parafermions. Our techniques also cover the models
of braided parafermions considered in [4], which we next recall. For
each natural d > 2, set ¢ := e”'. The sample algebra 2 of the models
is the full matrix algebra of d x d matrices My(C), thought of as the
universal C*-algebra generated by two unitaries ¢, ¢o such that c? =1,
j =1,2, and c;co = qeocy. The sample is conceived of as a Zg-graded
C*-algebra, with the grading being induced by the automorphism (of
order d) 6§ uniquely determined by 6(c;) := gc;j, j = 1,2. To obtain the
chain, we also need to specify what is bicharacter to consider. This is
v Zg x Lqg — T given by v(k,1) = ¢, k,l in Zy. As is straightforward
to check, with these data, @)%l is just the C*-algebra PF,,, consid-
ered in [4], that is the universal C*-algebra generated by a sequence
{¢j; 7 € N} of unitaries such that c? =1, for all 7 in N, and c¢;jc;, = qcpe;
for all j < k.

The authors then consider a suitable action of the braid group on PF,
by inner automorphisms, [4, Formulas (10), (11), (12)], and study the
corresponding invariant states. Furthermore, the action they define is
compatible with Gohm and Kostler’s definition of braidability. What
the authors find, among other things, is that the extreme braidable
states are infinite product states of a single state w on M,(C). How-
ever, possibly not all such states are braidable w.r.t. the inner action,
and it is actually an open problem to determine which of these states
are braidable. There are two cases depending on the prime factoriza-
tion of d. If d = pyps - - pn, with p; being prime numbers, then w is
forced to be Zg-invariant for its infinite product to exist, whereas if the
factorization of d contains a power of a prime with exponent at least
2, then more sample states give product states, cf. [4, Theorem 17,
Theorem 21]. In our language, the two cases naturally correspond to
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whether the isotropy subgroup A, is trivial or not, see [5, Lemma 3.3]
and Remark 4.12.

Since PF,, is an infinite twisted tensor product, we are in a position
to obtain a thorough characterization of all spreadable states on PF..
Precisely, the Bauer simplex of all spreadable states can be determined
with our techniques, namely Theorem 4.10 and Remark 4.12. Further-
more, the set of all braidable states on the parafermion algebra is a
Bauer simplex as well as being a face of the simplex of the spreadable
states, as we show below.

Corollary 4.17. The set of all braidable states of PF,, w.r.t. the inner
action is a Bauer simplex which is also a face of the Bauer simplex of
all spreadable states on PF,,.

Proof. Since the proof of both Lemma 4.7 and Theorem 4.8 applies to
the action of the braid group as well, we have that the convex set of
braidable states is again a Choquet simplex. Moreover, it is a Bauer
simplex in that its boundary is closed, being the intersection of the set
of all product states with the set of all states invariant under the action
of the braid group.

In order to prove that braidable states make up a face of the larger
simplex, it is enough to reason as in the proof of Proposition 3.5 in [6],
and observe that extreme states of the smaller set are extreme in the

larger as extreme braidable states are product states by the analysis in
[4]. O

5. STATIONARY STATES ON INFINITE TWISTED TENSOR PRODUCTS

This last section is concerned with stationary states on infinite twisted
products. We start with a simple observation which needs no proof.

Proposition 5.1. The restriction map T : 87 ( X~ A) — 8™(R1A)
T(p) = ¢lgia
establishes an affine homeomorphism of compact convex sets.

The support of an extreme shift-invariant state is subject to the fol-
lowing compatibility condition with the bicharacter, which is reminis-
cent of the necessary and sufficient condition guaranteeing the existence
of the product state of a given state.

Proposition 5.2. Suppose (®% A, 7) is Z-abelian. If ¢ is an extreme
shift-invariant state on ®% A, then v(x,n) =1 for x,n in suppg ¢.

Proof. Let x,n in G two characters belonging to the spectral support
of p. By definition, there exist homogeneous a, b in @%Ql such that
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da = x, 0b=mn and ¢(a),¢(b) # 0. We claim that E,m,(a)E,m,(b)E,
is different from zero. Indeed, we have

<E<p7rsa(a)Eso7T<p(b)E<p§gm€so> = <7T¢(Q)E307T<p(b)£<pa§so> =
(mo(a)(mp(b)Ep, §0) 0, €)= P(a)p(b) # 0

since F, is the projection onto C¢, by extremality of ¢ and Z-abelianness.
Now this implies v(x,n) = 1, for otherwise E,m,(a)E, and E,m,(b)E,
would not commute. 0

The main goal we want to accomplish now is to say when stationary
states make up a convex compact set affinely homeomorphic with the
Poulsen simplex, that is the unique metrizable Choquet simplex whose
extreme set is dense, see [17, 16]. To this end, we need the following
result, which gives information on the abundance of product states.

Lemma 5.3. For any x in A, such that Vy, # 0, there exists a product
state ¢ such that suppg ¢ contains x (and supps e C {x" :n € Z} C
G).

Proof. Such a state ¢ can be obtained by applying Theorem 3.7, once
we have exhibited a state w on 24 such that x € suppgw and v [supp,, wxsuppg w=

1. To this aim, let H = {x" :n € Z} C G be the subgroup generated
by x and let 2y :=span{a: da € H}. Let F': A — Ay be the canon-
ical conditional expectation of 2l onto 2y, that is the one obtained by
averaging over H+ C G (w.r.t. the Haar measure of H1) the action of
the grading. The sought state w can be taken of the form w = wyo F,
where wy is a state on Ay such that wp(a) # 0 for some non-zero a in
Ay with da = . O

To ease the notation, we set C := ST(®T Q()

Theorem 5.4. If the bicharacter v : GxG — T is such that v A, xA,=
1, then the compact convex set C; is (affinely homeomorphic with) the
Poulsen simplex.

Furthermore, if the dynamical system (A, G, ) is ergodic and the action
is faithful, then C; is (affinely homeomorphic with) the Poulsen simplex
if and only if v [a,xn,= 1.

Proof. We first observe that the condition on v guarantees that A, is
a subgroup of G. Indeed, for y,n € A, (i.e. v(x,x) =v(n,n) =1),
we have v(xn, xn) = v(x, x)v(n,n)v(x,n)v(n, x) = 1. This implies that
Apn, := span{a € A : da € A,} is a C*-subalgebra of the sample
algebra 2.

Furthermore, the condition on the bicharacter also allows us to apply



ON THE RYLL-NARDZEWSKI THEOREM 41

Theorem 4.8, which means C, is a (metrizable) Choquet simplex. All
we need to do is show that Extr(C,) is dense in C,.. This can be done
in the exact same way as in [5, Theorem 4.3] by exploiting the fact that
21Z contains a copy of the maximal infinite tensor product of A, with
itself.

In light of what we saw above, we need only prove that, under the
assumption (2, G, ) is ergodic and the action + is faithful, if v [a,xa,=
1 fails to hold, then the extreme set of C is not dense in C,. We first
note that we do not harm the generality if we assume Z-abelianness.
Indeed, if Z-abelianness does not hold, then C is not even a Choquet
simplex by Lemma 2.3.

Let x,n in A, such that v(x,n) = 1. Since V) and V, are both non-
zero thanks to Proposition 2.4, Lemma 5.3 yields two distinct (extreme)
shift-invariant states ¢1, o with x € supp ¢; and n € supp p,. We now
consider any non-trivial convex combination w := t@; + (1 —t)ps (0 <
t < 1). From Proposition 5.2, it follows that w cannot be approximated
by a sequence of extreme states. 0

APPENDIX A

The following result is a (known) useful criterion to decide if an
automorphism of a given C*-algebra passes to a quotient.

Lemma A.1. Let A be a (unital) C*-algebra and I C A a (proper)
closed two-sided ideal, and p : A — 2A/I be the canonical projection
onto the quotient C*-algebra. Let ® be an automorphism of . If there

exists a faithful state p on 2A/I such that ¢ o p is a P-invariant state
of A, then ®(I) C I.

Proof. The GNS representation of w = ¢ o p is (unitarily equivalent
to) m, o p. In particular, since ¢ is faithful, I = Kerm,. There-
fore, we need to make sure ®(Kerm,) C Kerm,. Let a in 2 be such
that m,(a) = 0. Then 7m,(a)m,(b)¢, = 0, for every b in 2, hence
w(b*a*ab) = 0. Because w is ®-invariant, we have w(®(b*a*ab)) = 0,
that is 7, (®(a))m,(®(b))é = 0, hence m,(P(a)) = 0 by density of
{m,(®(b))E, : b e A} C H,,. O
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