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Abstract: This paper investigates the performance of the forthcoming lunar navigation satellite
systems for estimating not only the position of an onboard receiver in a lunar inertial reference frame
but also, and with a consistent accuracy, the relative position between two or more spacecraft in
proximity. This could be the case of two spacecraft performing a rendezvous, of a lander released by
an orbiter, or the case of the permanent relative navigation service for a formation of satellites around
the Moon. The considered observables are the pseudorange and pseudorange-rate measurements
provided by the upcoming lunar communication and navigation system (LCNS), expected to support
lunar missions. A single-stage Kalman filter is implemented, and its performance is demonstrated
through error statistics, which are then compared to what can be achieved with sequential filtering.

Keywords: moon navigation satellite systems; lunar formation flying; unscented Kalman filtering

1. Introduction

Satellite formations have proven to be instrumental in various space missions, en-
abling collaborative data acquisition, improved mission robustness, and enhanced scientific
investigations. With renewed interest in lunar exploration (ref. [1]), the deployment of
satellite formations in lunar orbits (ref. [2]) can be of great interest for comprehensive lunar
studies. However, precise navigation and coordination of satellites within these formations
pose unique challenges due to the absence of full lunar GNSS systems and limited lunar
orbiter capabilities.

The possibility of offering a navigation service similar to GPS or GALILEO navigation
systems, even on a reduced scale and limited performance, has been recently carried out by
many studies (ref. [3]). Both NASA and ESA, with the Moonlight mission concept (ref. [4])
are making rapid progress in the development of dedicated navigation satellite systems
for the navigation of both lunar rovers and orbiters. The Moonlight initiative aims at the
creation of lunar communications and navigation services (Lunar Communications and
Navigation Services, LCNS) and related infrastructure.

As reported in ref. [5], the constellation dedicated to navigation could be selected
among well-known orbit families, such as Walker orbits, elliptical lunar frozen orbits
(ELFO), and Earth–Moon libration points orbits. The ELFO constellation offers high stability
of the orbital parameters, suitable to cover pole area and low station-keeping budgets, and
this is therefore the baseline solution in the current studies (ref. [6]).

Because of the reduced number of satellites of the constellation, the design of the
constellation is optimized for specific missions and specific areas of interest, which are
usually related to rovers and landers in the Moon south pole region. Limitations on the
service offered in the wider lunar service volume will follow.

This paper investigates the possibility of extending the use of these navigation signals
to the estimation of the relative state of a formation of two or more satellites in Moon
orbit. In ref. [7] the problem was solved by implementing a cascade of filters approach: the
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first filter stage focused on estimating the position of each satellite of the formation in the
Moon inertial frame, leveraging the pseudorange and pseudorange rate measurements, and
accounting for the complex gravitational influences and perturbations encountered in the
lunar environment. This first Extended Kalman Filter (EKF) can provide estimates that can
be considered satisfactory for the individual satellite orbit determination but could prove
insufficient when directly used to compute the relative state, with large percentage errors
with respect to the formation baseline. A second filtering stage was therefore implemented,
designed to estimate the relative position between satellites within the formation. By
incorporating inter-satellite dynamics, this filter leverages the inertial position estimates
of the first filtering stage to achieve a final relative state estimation that is less affected by
the lack of a sufficient number of navigation signals, which periodically happens (because
of the reduced number of navigation satellites). Notice that this architecture adds to the
individual satellite navigation solutions that will still be available.

In the present research, a different approach, definitely oriented to formations, is
investigated. A single-stage unscented Kalman filter (UKF) is developed taking inertial and
relative dynamics into account; the process and measurement equations will be described,
and the results will be presented. The larger computational cost of the UKF, which is
required for handling the complexity of the measurement equations when the new state
vector is considered, is rewarded by a greater accuracy, as will be shown with the compari-
son with the cascade filter of ref. [7]. The focus is particularly on relative navigation, so
the estimates of relative orbital elements and relative position vectors are used to test the
performance in a relative motion scenario that has been selected to be representative of a
generic formation mission. The novelty of the paper does not lie in the filtering algorithms,
as both EKF and UKF are well-known and established techniques. Instead, the paper
investigates a new and relatively unexplored field—the application to the specific case of
lunar formations that can leverage navigation satellite systems. Determining the optimal
approach for relative configuration estimation remains an ongoing challenge, especially in
this scenario, and this paper endeavors to provide essential data and performance indices
to contribute to the definition of the navigation architecture.

The paper is organized as follows: Section 2 introduces the constellation of the navi-
gation satellites; Section 3 describes the mission scenario; the cascade EKF is detailed in
Section 4, while the novel single-stage UKF is described in Section 5. The comparison of
the results of the two filtering architectures can be found in Section 6. Section 7 reports the
final remarks.

2. Elliptical Lunar Frozen Orbit (ELFO) Constellation

The orbital parameters of the satellites of the candidate ELFO constellation for satellite
navigation (ref. [8]) are selected to provide high stability, and significant coverage of
pole areas (in particular the South pole) while requiring low station-keeping budgets and
minimizing orbit maintenance costs.

With respect to ref. [9] (where a constellation of 5 satellites was considered), in this
work four ELFO satellites in three different orbital planes are considered (as in ref. [5]). This
is a minimum for satellite navigation; thus, the performance obtained with this minimum
configuration could only improve when larger constellations should be considered. The
selected parameters are described in Table 1. and the resulting orbits are reported in
Figure 1. The orbits are propagated in a Moon Inertial frame, centered in the Moon, is
defined as an inertial system referenced to the Moon equator (at theJ2000 epoch) with x-axis
pointing along the line formed by the intersection of the Moon equator and Earth’s mean
equator at J2000. The z-axis points along the Moon’s spin axis direction at the J2000epoch.
The y-axis completes the right-handed set.
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Table 1. Initial ELFO constellation parameters.

SAT 1 SAT 2 SAT 3 SAT 4

a (km) 9750.7 9750.7 9750.7 9750.7
ecc 0.69 0.69 0.69 0.69

Incl (deg) 55.7 55.7 55.7 55.7
Arg (deg) 90 90 90 90

RAAN (deg) 0 −120 120 120
f0 (deg) 0 61.7 45.5 180

Aerospace 2024, 11, x FOR PEER REVIEW  3  of  18 
 

 

Table 1. Initial ELFO constellation parameters. 

  SAT 1  SAT 2  SAT 3  SAT 4 

a (km)  9750.7  9750.7  9750.7  9750.7 

ecc  0.69  0.69  0.69  0.69 

Incl (deg)  55.7  55.7  55.7  55.7 

Arg (deg)  90  90  90  90 

RAAN 

(deg) 
0  −120  120  120 

f0 (deg)  0  61.7  45.5  180 

 

Figure 1. 3D representation of the ELFO constellation in the Moon Inertial reference frame. Notice 

the apolunes located above the southern hemisphere to best service in the southern polar cap. Blue, 

red, black and dotted green represents the orbits of the four ELFO satellites. 

A simplified model is adopted for assessing the visibility of an ELFO satellite from a 

receiver, only  relying on geometrical considerations. A navigation signal  is considered 

received if: 

(a) The vector from the ELFO satellite to the receiver is not intercepted by the Moon (plus 

a 50 km mask altitude); 

(b) The vector from the ELFO satellite to the receiver is inside a 15-degree semi-aperture 

cone representing the transmitting antenna pattern. The current design of the LCNS 

platforms is similar to terrestrial GNSS and includes a radiation pattern focused on 

the nadir direction. Conservatively, the paper follows the same approach.   

As an example, referring to Figure 2, orbiter O has visibility of ELFO satellites C and 

D (the vector from satellites to orbiter is inside the antenna main lobe), while it does not 

have visibility of satellites A (relative position vector outside the main lobe) and B (relative 

vector would be inside the lobe, but Moon body is between the orbiter and the satellite). 
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the apolunes located above the southern hemisphere to best service in the southern polar cap. Blue,
red, black and dotted green represents the orbits of the four ELFO satellites.

A simplified model is adopted for assessing the visibility of an ELFO satellite from
a receiver, only relying on geometrical considerations. A navigation signal is considered
received if:

(a) The vector from the ELFO satellite to the receiver is not intercepted by the Moon (plus
a 50 km mask altitude);

(b) The vector from the ELFO satellite to the receiver is inside a 15-degree semi-aperture
cone representing the transmitting antenna pattern. The current design of the LCNS
platforms is similar to terrestrial GNSS and includes a radiation pattern focused on
the nadir direction. Conservatively, the paper follows the same approach.

As an example, referring to Figure 2, orbiter O has visibility of ELFO satellites C and
D (the vector from satellites to orbiter is inside the antenna main lobe), while it does not
have visibility of satellites A (relative position vector outside the main lobe) and B (relative
vector would be inside the lobe, but Moon body is between the orbiter and the satellite).
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Figure 2. Geometric visibility conditions. Red lines indicate a visibility condition, blue-dotted lines
indicate a condition of non-visibility.

The number of visible satellites changes according to the orbital parameters of the
receiver. As an example, it is possible to see from Figure 3 that the percentage of time in
which full visibility (i.e., four satellites) is achieved, increases from equatorial to polar orbits.
Quite interestingly, also the worst conditions (zero or just one visible satellite) increase from
equatorial to polar orbits. This behavior depends on the fact that the LCNS constellation
has been specifically designed for future missions to the Moon’s south pole, where the
navigation performance is optimized.
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Figure 3. Visibility conditions as a function of the orbit inclination.

Confirmation can be obtained by looking at Figure 4. Here, the number of visible
satellites is plotted as a function of the receiver latitude for a polar orbit case. The North
Pole (90 degrees latitude) suffers from nearly null coverage, as opposed to the South Pole
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(−90 degrees), where most of the time there are three or four visible satellites. It can also be
noticed that there is a 24 h periodic behavior in the visibility conditions.
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Figure 4. Number of visible satellites as a function of the latitude for a polar orbiter.

Since the case of greater interest for future missions is the South Pole exploration, also
the reference orbit of the formation of satellites is considered to be on a nearly polar orbit
(which is therefore periodically affected by the worst and by the best visibility conditions).
The analysis in Figure 5 shows that the visibility conditions for such a kind of orbital
scenario are not affected by the right ascension of the ascending node (RAAN).
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Figure 5. Visibility conditions for a polar orbit, at different RAAN angles.

3. Mission Scenario

A formation of two satellites, called Chief (subscript C in the following) and Deputy
(subscript D), is considered. The Chief satellite is orbiting on a circular polar orbit with the
following orbital parameters in Table 2:

Table 2. Chief satellite orbital parameters.

Semimajor
Axis (km) Eccentricity Inclination

(deg)
Argument of

Perilune (deg)
RAAN
(deg)

True Anomaly
(deg)

2125 0 85 0 −110 240
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The Deputy orbit is selected in such a way that its relative motion with respect to
the Chief includes most of the possible characteristics of the formation flying dynamics,
so to provide more generality to the study. Specifically, an elliptical relative trajectory
(semiaxes dimensions (20, 40, 20) km in the radial, along-track, and out-of-plane direction,
respectively), with an along-track offset of 100 km, is considered. In Figure 6, the trajectory
in the local vertical local horizontal (LVLH) reference frame is reported, where the x-axis is
in the radial direction, the z-axis is out-of-plane, and the y-axis forms a right-handed frame.
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The orbital propagator for Chief and Deputy satellites includes the first 20 harmonics
of the Moon’s gravitational potential, the gravitational attraction of the Earth and the Sun,
and the solar radiation pressure (modeled as in ref. [10]).

4. Cascade Filter Approach

In ref. [11] an EKF for the estimation of the position and velocity of a satellite in a
Moon inertial frame was presented. Even though it was demonstrated that the performance
achieved is satisfactory even when very few ELFO satellites are in visibility (the reader can
refer to following Section 6.1 for an example of the performance of the absolute navigation),
the accuracy obtained by applying the same filter to the Chief and Deputy and simply
differencing the estimates is not an advisable procedure if the focus is on the relative motion,
i.e., on the estimation of the relative dynamics. Therefore, the problem was faced in ref. [7]
by implementing a cascade filter architecture, in which the input to the second stage of the
filter (dedicated to relative state estimation) is the output of the first stage filters (estimating
the position of the two satellites in the Moon inertial frame), as shown in Figure 7. A brief
explanation of this filter is reported in the following paragraphs since some concepts will
be re-used for the newly developed filter that is the main objective of this research.
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4.1. Moon Inertial State Estimation

As recalled in ref. [8], lunar navigation satellite system ranging code and navigation
messages will be broadcasted by the satellites and exploited by the user to compute its own
position. In this way, the user receiver could exploit all the already tested and robust GNSS
receiver approaches to compute its own position.

As well known, at least four satellites would be necessary to algebraically compute the
receiver position (and associated clock delay). In a lunar system made of just four satellites,
the time availability of all satellites is quite limited and calls for an estimation of the state
to extend the navigation also when availability is much lower. At the scope, a filter can be
developed, which is however not the main interest of the study; it will be briefly explained,
while its performance and limitations, together with its possible improvements are left to
parallel publications (ref. [11]).

As explained shortly after, the measurement equations are nonlinear, and therefore an
Extended Kalman Filter (EKF) will be implemented. For each tracked satellite, the usual
steps of EKF are performed (ref. [12]), as follows:

(a) Initialization;
(b) Propagation;
(c) Kalman gain computation;
(d) Update.

The use of Kalman filters, in the extended form or modified implementations is a
common approach as documented for example in refs. [13,14] and in the survey [15]. The
state to be estimated is formed by the receiver state (position and velocity in the Moon
inertial frame) and the receiver clock error, defined as a clock bias, c0, and a clock drift c1.

X =
[

Xr Yr Zr
.

Xr
.

Yr
.
Zr c0 c1

]
(1)

Here and in the following hat (ˆ) symbol stands for estimated quantities, while tilde (~)
symbol stands for predicted quantities. In the propagation phase both the state and the
associated error covariance matrix P are propagated over a time step DT, starting from a
previous estimate, X̂k−1 and P̂k−1 respectively.

∼
Xk = X̂k−1 +

∫ tk

tk−1

f (X, t)dt
∼
Pk = Φk P̂k−1Φk + Qk (2)

The dynamics equations used for the propagation of the satellite state is provided by
the orbital dynamics of a body orbiting the Moon:

.
X = finer(X, t) (3)

where finer(X,t) is represented by the same dynamic model used for the propagation. The
more accurate the dynamics, the lower can be the so-called process error or Qk. At the
same time, the larger is the computation time. This, however, is true only when there is
full visibility of the LCNS satellites. In fact, the influence of the error of the last estimated
position and velocity values during full visibility phases will have a larger impact on
successive estimates’ errors if there is too-high trust in the propagated state (i.e., too low
values of Qk). Therefore, a trade-off analysis must be implemented to balance between
low values of Qk (causing very good estimates with full visibility but large divergence
in poor visibility conditions) and large values of Qk (noisy estimates in full visibility but
reduced drift in poor visibility). The matrix Qk used in the following simulations is a
diagonal matrix:

Qk = diag
([

σ2
x , σ2

y , σ2
z , σ2.

x , σ2.
y , σ2.

z , σ2
bias, σ2

dri f t

])
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where the diagonal terms optimized with a trial-and-error approach are here reported:

σx = σy = σz = 10−7 m

σ .
x = σ .

y = σ.
z = 10−3 m/s

σbias = 1 m, σdri f t = 0.1 m

Notice that, together with the state, also the associated covariance matrix P must be
propagated; a transition matrix Φk = eFk ·∆t is required, where the linearized state matrix
Fk = ∂ finer(Xk ,tk)

∂Xk
must be numerically computed at each time step, further increasing the

computation cost.
The measurements are the usual quantities of GNSS: pseudoranges ps

r and pseudor-
ange rates

.
ps

r, which are a nonlinear function of the state
[
ps

r
.
ps

r
]
= h(X):

Ps
r =∥ rs

r ∥ +δt + εx
r

.
ps

r =
∥∥∥ .

rs
r

∥∥∥+ c1 +
.
ε

s
r

(4)

where rs
r is the difference between the satellite rs

r and the receiver rs
r position vectors; rs

r is
the difference between the satellite rs

r and the receiver rs
r velocity vectors; δt is the clock

error modelled with a linear model: δt = c0 + c1t, where c0 is the clock bias and c1 is the
clock error drift. Finally, εs

r are the pseudorange and pseudorange rate noises, modelled as
random Gaussian noise with standard deviation equal to 15 m and 0.15 m/s, respectively.

The measurement equation in Equation (4) can be used to compute the predicted

measurements hiner

(∼
X
)

=
[
∼
p

s
r

.
∼
p

s

r

]
. A linearization of the measurement equation is

needed for the computation of the Kalman gain. The dimensions of the measurement
matrix Hk is 2Nsat × 8, where Nsat is the number of ELFO satellites visible at time tk
(ranging from 1 to a maximum of 4). If no navigation satellite is in visibility, it means that
no measurement is available, so the update phase is not carried out at the specific time step
and the estimate coincides with the propagated state. In all other cases, each 2 × 8 block of
Hk reads as:

Hi
k =

[
as

x as
y as

z 0 0 0 1 0
.
as

x
.
as

y
.
as

z as
x as

y as
z 0 1

]
(5)

where as
x,y,z are the director cosine of the vector from the satellite s to the receiver, and

.
as

x = −
.

Xs−
.

X
∥rs

r∥
+ Xs−X

∥rs
r∥2

.
rs

r (and analogous for Y and Z components). This matrix Hk is used to

compute the Kalman gain:

Kk =
∼
Pk HT

k

(
Hk

∼
Pk HT

k + RK

)−1
(6)

which is then introduced in the updated equations, for computing the estimate:

X̂k =
∼
Xk + Kk

(
z − h

(∼
Xk

))
P̂k = (I − Kk Hk)

∼
Pk

(7)

4.2. Relative Motion

It is supposed that a communication link is available between Chief and Deputy, so
that the information of the estimated position in the Moon inertial frame, as computed in
Section 4.1, can be shared. In real applications, this inter-satellite link introduces a time
delay, which is however neglected in this phase of the study. As soon as the inertial position
of the two satellites is available, the relative state (in the LVLH frame) can be algebraically
computed as follows.
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Given the position XC, XD of the two satellites of the formation, and the orbital
parameters oeC of the Chief, the relative position can be computed as:

→
ρ = T(oeC)(XD − XC) (8)

The estimation procedure in Section 4.1 is run at each time step for the two satellites in-
dependently. The resulting estimates, X̂C, X̂D, are computed, together with the (estimated)
orbital parameters ôeC. It is possible to directly compute the (estimated) relative distance
and compare the results with the true relative distance. In ref. [7] it is shown that, as for
the single satellite case, also the relative state suffers from large periodical peaks of errors,
which happen when a small number (or even none) of ELFO satellites is in visibility.

A Kalman filter is therefore implemented also for the relative dynamics estimation
to improve the performance in the relative state estimation. The fundamental steps are
formally the same as in the previous paragraph, but of course with different dynamics
models and measurement equations.

There are several ways to model the relative motions of two spacecraft; relative
coordinates in the LVLH frame are certainly one of the most intuitive and they allow for an
immediate comprehension of the motion. However, dynamics models based on cartesian
coordinates suffer from linearization (refs. [16,17]) or they become hard to model when
perturbations are included; additionally, the coordinates are by nature varying with the
orbital period. When relative orbital parameters are used, instead, their behavior is nearly
constant and perturbations are much easier to include they do not suffer from linearization,
but they provide information that does not immediately allow for the interpretation of
the motion.

Therefore, the set of differential orbital parameters described in ref. [18] is used as a
relative state to be estimated, defined as:

δα = g(αd, ac, ic)− g(αc, ac, ic) =
(
δa, δλ, δex, δey, δix, δiy

)

withg(α, ac, ic) =



a/ac
u + Ωcosic

ecosω
esinω

i
Ωsinic


(9)

While for visualization purposes they are transformed in relative coordinates. For
simplicity, all the differential perturbations (third body attraction, higher harmonics of the
Moon gravitational potential, solar radiation pressure) are neglected in this formulation,
therefore the resulting dynamics simply reads as:

.
δα = frel(δα) =

[
0

√
µ

a3
D
−

√
µ

a3
C

0 0 0 0
]

(10)

Being µ the Moon gravitational parameter. The dynamics model is a nonlinear function
of the differential semimajor axis, and for short distances (qualitatively below 100 km), also
the linearized version can be used:

.
δα =

[
0 − 3

2

√
µ

a3
1
δα 0 0 0 0

]
(11)

The input of the filter cannot be properly called measurements, since they are a
mathematical manipulation of the estimates of the navigation system of the two satellites:

zrel = δαinput = g(ôeC, ôeC) = k
(
X̂C, X̂D

)
(12)

While the covariance matrix associated to the noise on the original measurements is
clearly related to the noise of the pseudoranges and pseudorange rates, the covariance
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matrix of the input of the relative dynamics filter, zrel, is not straightforward. In fact, it
depends on the error in the estimates of the first two filters in a highly nonlinear way. To
compute at each timestep the value of the covariance matrix associated with the error of
δαinput, indicated as Rrel , an unscented transformation is applied (ref. [19,20]); see ref. [7]
for more details.

5. A Single-Stage UKF Filter for Formation Flying Lunar Navigation

The concept guiding the development of a new estimation strategy is that the inclusion
of the relative dynamics information (which is the real focus of the algorithm) in the
first (and unique) stage of the filter, greatly helps the relative state estimation. In the
cascade filter, the random noise affecting the pseudoranges produces independent state
estimates of the Chief and Deputy’s state vectors (first stage), and the errors affecting these
two estimates are input to the second stage of the filter. In the unified filter approach,
instead, the relative state is estimated taking directly the pseudoranges measurements
into account, thus the measurement prediction in the filter is influenced by the fact that
the relative orbital elements are mostly constant. The drawback of this approach is that
the high nonlinearity of the relation between pseudorages (and pseudorange rates) and
relative orbital elements suggest the implementation of an Unscented Kalman Filter (UKF),
which is more computationally expensive. The use of UKF for orbit determination is not
uncommon in literature, as can be seen for example in ref. [21].

The state vector for the single-stage UKF consists of the Chief’s state in the inertial
frame and of the relative orbital elements:

x =

[
XC
δα

]
(13)

The measurements are all the pseudorages and pseudorange rates received by the
Chief and Deputy satellites (not necessarily from the same LCNS source). The relative
position in the LVLH can be computed from the estimated vector, as in the scheme of
Figure 8.
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The implementation of the UKF requires a different way to compute the propagated
state and the predicted measurement with respect to the EKF. Specifically, the following
steps must be implemented (19):



Aerospace 2024, 11, 59 11 of 17

(1) From the state error covariance matrix, P+
k−1, and the previous estimate, x̂k−1, compute

the 2n sigma points (being n the dimension of the state vector):

∼
x
(i)
k−1 = x̂k−1 +

∼
x
(i)

(14)

With:
∼
x
(i)

=

(√
nP+

k−1

)T

i
,
∼
x
(n+i)

= −
(√

nP+
k−1

)T

i
, i = 1, . . . , n (15)

Here
(√

nP+
k−1

)
i

indicates the i-th row of
(√

nP+
k−1

)
.

(2) Propagate the sigma points:
∼
x
(i)
k = f

(
∼
x
(i)
k−1, t

)
(16)

where f
(
∼
x
(i)
k−1, t

)
=

[
finer

(
XC

)
frel(δα)

]
contains both the inertial dynamics of the Chief and

the relative dynamics.

(3) Compute the a priori state estimate
∼
xk by taking the arithmetic mean of the 2n sigma

points
∼
x
(i)
k−1. The a priori error covariance matrix is also obtained by the sigma points:

∼
Pk =

1
2n

2n

∑
i=1

(
∼
x
(i)
k−1 −

∼
xk

)(
∼
x
(i)
k−1 −

∼
xk

)T
+ Qk (17)

In the previous expression, the process matrix Qk is a 14 × 14 matrix relevant to the
position, velocity, and clock error dynamics, as in the EKF described in Section 4.1, and
to the six relative orbital elements’ dynamics. Following similar considerations about the
effect of tuning the Qk matrix, we selected the process error matrix as a diagonal matrix
with elements:

Qk = diag
([

σ2
x , σ2

y , σ2
z , σ2.

x , σ2.
y , σ2.

z , σ2
bias, σ2

dri f t, σ2
doe

])
where the values of σx, σy, σz, σ .

x, σ .
y, σ.

z, σbias, σdri f t are the same used in Section 4.1, while

σdoe is a six elements vector with all elements equal to 10−8.

(4) Predict the measurements. With a similar procedure to that of Equation (15), 2n sigma

points
∼
x
(i)
k are generated using the propagated state

∼
xk and relevant covariance matrix,

∼
Pk. The measurement equation is then used to predict the measurements from the
sigma points:

∼
z
(i)

= h
(
∼
x
(i)
k , tk

)
(18)

The measurement equation is made of two parts:

h
(
∼
x
(i)
k−1, tk

)
=

[
hiner

(
XC

)
hrel(δα)

]
(19)

The second block of the measurement equations is highly nonlinear, and it consists in
computing the inertial state of the Deputy, XD from XC, and δα, and applying hiner(XD).
This requires transforming the inertial state in the orbital elements vector, then summing
the δα the Deputy’ orbital elements are obtained; finally, the Deputy inertial state can
be computed.

The predicted measurement vector
∼
z is computed as the arithmetic mean of the

∼
z
(i)

vectors, and the estimated covariance of the predicted measurement, Pz, and the cross
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covariance between prediction of the state and of the measurement, Pxz, are computed
respectively as:

Pz =
1

2n

2n

∑
i=1

(
∼
z
(i)

− ∼
z
)(

∼
z
(i)

− ∼
z
)T

+ Rk (20)

Pxz =
1

2n

2n

∑
i=1

(
∼
x
(i)
k − ∼

xk

)(
∼
z
(i)

− ∼
z
)T

+ Rk (21)

The Kalman gain can be now computed, and the new estimate is obtained:

Kk = PxzP−1
z

x̂k =
∼
xk + Kk(zk − ẑ)

P̂k =
∼
Pk − KkPzKT

k

(22)

6. Results
6.1. Cold Start

In this first simulation, the performance in terms of positioning error of the estimate is
analyzed starting from the following initial errors:

X̂0 = X + randn · E0 (23)

where randn indicates a Gaussian random distribution of variance equal to one, while
E0 is the initial error on the state (assumed equal to 10 km on each axis for the position,
100 m/s on each axis for velocity, 1 km for clock bias and 0.1 m/s for clock error drift). For
the relative orbital element vector, the zero state has been selected as a reasonable initial
guess. A Monte Carlo approach has been implemented, by running 100 simulations with
random initial conditions and pseudorange noise, both for the single-stage UKF and the
cascade EKF.

The time needed for achieving convergence mainly depends on the initial true anomaly
of the ELFO satellites, allowing (or not) a full availability of the constellation in a short time.
In Figure 9, the position error (obtained as the mean of the errors resulting from the Monte
Carlo campaign) is plotted. It is possible to see that it is of the order of tens of kilometers for
long latencies in availability, showing that the implemented UKF cannot converge if too few
ELFO satellites are in visibility. The estimated error quickly improves when more satellites
become available, ending with a very good accuracy after initialization, as depicted in the
zoom-in Figure 9, with errors below 50 m. The convergence time is of the order of 4 h.
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As a byproduct, also the inertial state of the Deputy (from the estimate of the inertial
state of the Chief and the estimates of the relative orbital elements) can be computed,
showing a very similar behavior. For comparison, the estimated position error norm of the
Chief and Deputy obtained as the output of the first stage of the cascade filter is reported
in Figure 10. Also in this case, the plotted curves are the result of the average of the results
obtained by the two Monte Carlo campaigns (for the UKF and EKF cases). It is possible
to see that the convergence is faster (about 2 h). However, the better performance on the
inertial state of the two satellites does not produce a faster convergence in terms of relative
orbital elements, which is the main objective of the current study.
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stage UKF.

In Figure 11, the percentage of the error norm on the vector of the relative state vector
δα is plotted for all the results obtained in the two Monte Carlo campaigns. The cascade
EKF results are plotted in light red (with a bold red curve for the average value) while the
single-stage results are plotted in a light curve (with a bold black curve for the average
value). Considering the converge time as the time when the errors are consistently below
the 1% value, it is possible to appreciate how the single-stage UKF converges much faster
(approximately half of the time) than the cascade EKF.
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relative orbital elements error norm.

6.2. Performance at Stationary

Since the initial large errors hide the behavior at stationary, in this paragraph the
simulation is run with a perfect knowledge of the initial state.
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As for the cold start case, a Monte Carlo approach is implemented for testing the
performance of both the cascade EKF and the single-stage UKF, with randomly varying
pseudorange noise signals. The accuracy in the estimates of the Chief and Deputy state
computed at the first stage of the filter is better than what is achievable with the single-
stage UKF (at least for the selected filter parameters that must be tuned in both filtering
architectures), as reported in Figure 12, where the averaged values resulting from the
Monte Carlo campaign are plotted. This is not an unexpected result: the Chief position is
estimated in the first stage of the cascade EKF using a very accurate model of the Moon
orbital dynamics. The same model is used in the single-stage UKF, but in that case, it
is paired with a simplified model of the relative motion (in which all perturbations are
neglected). The simplified relative dynamics model affects not only the relative state
estimate but the state vector as a whole, including the inertial state of the Chief. Future
development of the filter can include an improved version of the relative motion dynamics,
but it is important to notice that the goal of the single-stage UKF is estimating the relative
dynamics and not the inertial quantities. Therefore, the actual performance index that must
be evaluated is the accuracy of the estimates of relative state.
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Figure 12. Estimate the error norm of the Chief inertial position using the cascade EKF and the
single-stage UKF.

Figure 13 shows the true and estimated components of the vector δα obtained with the
single-stage UKF. The presence of the gravitational and third-body perturbation produces
oscillations in the values of the relative orbital elements, which the UKF is not able to
capture. In fact, for simplicity, the relative dynamics is modeled as Keplerian. However,
the lost information is of limited magnitude, as reported in Figure 14, where the percentage
of the error norm on the vector of the relative state vector δα is plotted for all the results
obtained in the two Monte Carlo campaigns; the color notation follows what indicated for
Figure 11. It can be seen that the percentage errors are below 0.2% for both the single-stage
UKF and the cascade EKF; however, the latter suffers from a much larger variability related
to the random pseudorange noise, with errors that in the worst case reach 0.5%, more than
double than the single-stage UKF.
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Figure 14. Percentage difference between the norm of the true and of the estimated relative orbital
elements vector.

For a better practical understanding of the performance, this information is translated
in relative position rather than relative orbital elements. The error norm obtained in the
two Monte Carlo campaigns can be found in Figure 15 with the usual meaning of the
colors. It is clear that the single-stage UKF outperforms the cascade EKF. Maximum errors
can be as large as 300 m with this latter approach, while they reach 50 m in the newly
proposed single-stage UKF. Also, for the relative distance estimate, it is confirmed that the
cascade EKF suffers from a much larger variation among the different runs of the Monte
Carlo campaign.
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7. Conclusions

A navigation satellite system, providing navigation messages for lunar rovers and
orbiters, is currently being investigated by major space agencies, with a particular focus
on regions of greatest interest, i.e., the south pole of the Moon. In this research work, the
possibility of further exploiting this service as a navigation system for the formation of
satellites in lunar orbits is investigated.

A single-stage UKF is developed, estimating the relative position of the satellites of
the formation taking directly the received pseudoranges into account. This is the main
difference over already proposed cascade filters, which first estimate the inertial state of
the satellites, and then apply a second filtering stage for improving the accuracy of the
relative position.

The performance obtained with the presented filter, considering the difficulties that
are specific to the lunar navigation satellite system (i.e., a very limited number of available
measurements) is very promising and allows us to consider future formation flying missions
that require navigation accuracy in the order of tens of meters. Integration with other
navigation sensors, such as inter-satellite links and visual navigation, could further improve
the presented performance. Indeed, more extensive studies are needed to consolidate and
extend the results to a wider variety of cases, including the case of rovers moving on the
lunar surface and specific mission phases such as the landing.
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