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We investigate the high-energy, small-angle limit of two-body gravitational scattering. Using power
counting arguments and dispersion relations in an effective field theory for the Regge regime, we derive the
general loop expansion that determines how the leading Regge logarithms and their complex structure arise
as a power series in t=s. Focusing on the tower of multi-H diagrams that govern the leading logarithmic
behavior, we compute the leading double logarithm at four loops (or equivalently fifth post-Minkowskian
order, 5PM) using both effective field theory methods and the multi-Regge expansion, finding complete
agreement. Finally, using the aforementioned dispersion relations, we extract the single logarithmic
contribution to the imaginary part of the eikonal phase at 5PM in the Regge limit.
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I. MOTIVATION AND INTRODUCTION

The Regge limit of QCD has a long and rich history.1 In
this limit s ≫ jtj, radiative corrections to 2 → 2 amplitudes
exhibit iterative evolution in the rapidity y ≃ logðs=jtjÞ.
This evolution can be formulated either in the t channel
(Reggeized exchanges) or in the s channel (rapidity
evolution of projectile/target degrees of freedom), and both
viewpoints are needed for unitarity [4]. In practice, only a
few iterative structures have been studied in detail. The first
is the Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation
[5–8], which describes one- and two Reggeized-gluon
ladders in the t-channel and has been further generalized

to multi-Reggeon states in the planar limit [9–12].
Interestingly, its dynamics can be formulated as a rapidity
renormalization group equation (RRGE) [13,14], with the
BFKL kernel playing the role of the anomalous dimen-
sion [15]. The second is the Balitsky-Jalilian-Marian–
Iancu–McLerran–Weigert–Leonidov–Kovner hierarchy
[16–18], which governs the rapidity evolution on the
s-channel side and provides a complementary, unitarity
description at high energies.
In this paper, we will be interested in the behavior of

gravity in the Regge limit, for which much less is known.
The leading high-energy contributions to the elastic ampli-
tude are governed by the eikonal phase, which arises
from multiple soft graviton exchanges in the t-channel;
see Ref. [19] for a review. By contrast, the graviton
Regge trajectory is suppressed by t=s [20–23] and thus
represents a quantum correction. Similarly, soft exchanges
between Glauber gravitons beyond the single-emission
case arise only quantum mechanically: these correspond
to unitarity cuts of 2 → 2þ n amplitudes with n ≥ 2

[24,25], which generate the gravitational BFKL evolution
[20,23,26]. The single soft emission yields the well-known
OðG3

Ns
3 logðs=jtjÞÞ contribution to the imaginary part of

the two-loop amplitude—the H diagram [27]—obtained
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from the three-particle unitarity cut in multi-Regge kine-
matics (MRK).
The leading Regge logarithms at higher loop orders arise

by iterating the same structure that appears in theH diagram:
each new rung corresponds to inserting an additional three-
particle unitarity cut inMRK,with a single on-shell graviton
connecting pair of different rungs. This construction defines
a multi-H generalization of the H diagram [28–30], which
contribute at (2N þ 3) post-Minkowskian (PM) order and
provides a correction of OððG2

Ns logðs=jtjÞÞNÞ to the H
diagram appearing at 3PM order [27]. These classical logs
are particularly relevant for the gravitational wave commu-
nity, especially given the ongoing interest in targeting the
5PM order [31–34]. Here, we take this opportunity to
compute the double logarithm appearing in the real part,
as well as the single logarithm in the imaginary part, of the
amplitude at 5PM order, using both effective field theory
(EFT) and Regge techniques [23,35].
The S-matrix viewpoint suggests that the high-energy,

fixed-t amplitude is constrained by analyticity, crossing,
and unitarity, yielding subtracted dispersion relations that
organize the tower of logðs=jtjÞ terms [36]. The behavior of
the gravitational amplitude in the forward limit is well
captured by the familiar eikonal formula (see Ref. [37] for a
review), which reproduces the graviton pole [38] and satu-
rates the relevant spin-2 dispersive sum rules [39–41],
suggesting that a twice-subtracted fixed-t dispersion rela-
tion holds for the 2 → 2 amplitude [42,43]. This has indeed
been applied at 3PM in the Regge limit [27,44], which
motivates us to revisit and extend such arguments to higher
loops in the ultrarelativistic regime.
This paper is organized as follows. We first establish the

relevant power counting for the EFT of forward scattering
in gravity in Sec. II, emphasizing the distinction between
classical and quantum contributions. In Sec. III, we then
review the application of this formalism to amplitudes and
set up the relevant RRGE at leading-log accuracy, making
contact with the gravitational BFKL kernel. In Sec. IV, we
construct the multi-H series from both the EFT perspective
and the Regge-theory approach in MRK, demonstrating the
complete agreement between these approaches and com-
puting explicitly the single and double-H diagrams in D
dimensions. Finally, in Sec. V, we derive new dispersion
relations for gravitational amplitudes as an expansion in
powers of t=s obtaining, under the assumption of eikon-
alization, the leading logarithmic terms in the real and
imaginary parts of the classical eikonal phase at 5PM order.

A. Conventions

We use the mostly minus metric signature
η ¼ ðþ;−;−;−Þ. Gravitational coupling and Newton’s
constant are related by κ ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

8πGN
p

. Momentum-space
integrals are defined with the measure d̂Dp¼dDp=ð2πÞD
in D ¼ 4 − 2ϵ dimensionally regularized dimensions. We
adopt the shorthand notation δ̂ðDÞð·Þ ¼ ð2πÞDδðDÞð·Þ and

δþðk2Þ ¼ Θðk0Þδðk2Þ and employ light-cone coordinates
ðpþ; p−; p⊥Þ, with p⊥ a transverse vector in d ¼ D − 2

dimensions. Finally, we define the symbol
R
q⊥ ¼ R d̂dq⊥

for the integration in transverse space.

II. POWER COUNTING IN GRAVITY
AND WHEN IT FAILS

The effective field theory describing forward scattering
was developed for QCD in Ref. [15] and extended to
gravity in Ref. [23]. These constructions generalize the
framework of soft-collinear effective theory (SCET), origi-
nally formulated for hard scattering in QCD [45–47] and
subsequently adapted to gravity [48–50]. The forward
scattering theory differs from its hard scattering counterpart
through the presence of a Glauber (off-shell) mode, which
dominates the interaction in the Regge limit. Moreover, the
power counting is especially distinct in the gravitational
case due to the mass dimension of the coupling.
We consider Einstein’s gravity with the hierarchy

s ≫
1

GN
≫ jtj; ð1Þ

where s and t are the Mandelstam invariants of the two-
body scattering amplitude M2→2. The corresponding EFT
is organized in terms of the expansion parameters

αQ ≡GNt; αC ≡G2
Nst; λ≡ t

s
; ð2Þ

and we work only to leading order in λ2 but to all orders in
αC and αQ, corresponding to the “classical” and “quantum”
couplings, respectively. As shown in Appendix B, this is
equivalent to working at leading logarithmic accuracy in
the rapidity logarithms logðs=jtjÞ; correspondingly, we
neglect subleading-power corrections in λ as well as
hard-region contributions, such as double logarithms, that
lie outside the forward/Glauber EFT.
The difficulty with the gravitational perturbative series

arises from the fact that the effective gravitational charge
grows with energy, scaling as GNs ¼ αC=αQ. This means
that at high energy the expansion cannot be uniformly
controlled unless we restrict to observables that are insen-
sitive to short-distance (contact) interactions. Such observ-
ables correspond to scattering between well-separated
particles, described by localized wave packets with large
angular momentum [51]. Even within this regime, however,
local UV-sensitive effects can generate nonlocal contribu-
tions at higher loops. Calculational control is regained if the
amplitude eikonalizes in impact-parameter space [19],
where it takes the form

2While t=s is not independent of the other two parameters, it is
convenient to treat it as a separate expansion parameter.
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i
Z
q⊥

eiq·b
M2→2ðs; t ¼ q2Þ

2s
¼ ð1þ ΔQÞe2iδCl − 1; ð3Þ

with δCl and ΔQ representing the classical and quantum
contributions, respectively, expanded as

δCl ¼ GNs
X∞
j¼0

αjCδ
ð2jÞ
Cl ðbÞ;

ΔQ ¼
X∞
n;k¼0

αnQα
kþ1
C Δðn;kÞ

Q ðbÞ: ð4Þ

For massive scattering, with m2 ≫ jtj, eikonalization is
known to hold [52–54], whereas in the strictly massless
case, evidence from N ¼ 8 supergravity suggests that
it can fail at subleading-logarithmic accuracy starting at
4PM [55]. Although in the EFT we will work in the
massless case, our Regge theory approach originates from
the massive regime and smoothly extends to the massless
limit at leading order in λ. Consequently, at leading
logarithmic accuracy, our target calculations will not be
affected by any possible eikonalization breakdown.

III. EFT OF FORWARD SCATTERING
FOR GRAVITY

Within the EFT framework, it can be shown [15,56,57]
that the 2 → 2 amplitude factorizes, at leading power, into a
convolution in transverse momentum space

M2→2 ¼ i
X
M;N

JðMÞ ⊗ SðM;NÞ ⊗ J̄ðNÞ; ð5Þ

where JðMÞ and J̄ðNÞ depend on the collinear degrees of
freedom, while SðN;MÞ depends on the soft degrees of
freedom. In general, the soft function can mix sectors with
different numbers of Glaubers, but in gravity at the order of
interest SðM;NÞ ∝ δMNSðMÞ [23], so the sum reduces to a
single index.
The dependence on the large ratio s=jtj enters through

logarithms of the rapidity renormalization scale ν (the
analog of μ in dimensional regularization), which separate
the collinear and soft modes. The resummation of these
rapidity logarithms is governed by the RRGE, which can be
implemented by evolving either the collinear functions
down to t or, equivalently, the soft function up to s; here
we adopt the latter viewpoint. Consequently, all leading
logarithms can be obtained by studying the evolution
of SðNÞ in isolation, while subleading logarithms may
receive collinear or finite-mass corrections. In particular,
the leading-log structure is universal and identical in the
massive and massless theories.
Each matrix element satisfies a RRGE [13,14], with the

soft function in particular satisfying

ν
d
dν

SðMÞ ¼ −γðMÞ ⊗ SðMÞ − SðMÞ ⊗ γðMÞ; ð6Þ

where γðMÞ is the anomalous dimension of the M-Glauber
soft matrix element. At leading-logarithmic order (i.e., for
the one-loop anomalous dimension), it takes the form

γðMÞ ∼
X
i

ωGðqiÞI⊥ðM−1Þ

þ
X

pairs i;j

KGRðqi; qj; qÞI⊥ðM−2Þ: ð7Þ

In the above, ωG is the graviton Regge trajectory, and KGR

is the gravitational BFKL kernel [20,26]

KGRðq1; q2;qÞ≡KGRðq1; q2; q − q1; q − q2Þ; ð8Þ

where the four-argument form reads

KGRðq1; q2;q3; q4Þ ¼
4

ðq1 − q2Þ4⊥
h
q21⊥q22⊥q23⊥q24⊥

− q23⊥q24⊥ðq1⊥ · q2⊥Þ2

− q21⊥q22⊥ðq3⊥ · q4⊥Þ2
i

þ
�
ðq1⊥ þ q3⊥Þ · ðq2⊥ þ q4⊥Þ

−
q22⊥q23⊥ þ q21⊥q24⊥

ðq1 − q2Þ2⊥

�
2

: ð9Þ

The first sum in (7) corresponds to the insertion of the
Regge trajectory on any individual Glauber exchange,
while the second term runs over all pairs of Glauber rungs
connected by a BFKL kernel. The operator I⊥ðMÞ acts as the
identity on the convolution space forM Glauber exchanges.
High-energy logarithms in the amplitude can then be
predicted by evolving in ν from the soft rapidity scaleffiffiffiffiffi
−t

p
up to the collinear rapidity scale

ffiffiffi
s

p
.

At tree level, the soft and collinear matrix elements scale
as JðMÞ ⊗ SðMÞ ⊗ J̄ðMÞ ∼ ðGNsÞMs=t, while the one-loop
anomalous dimension scales as γðMÞ ∼ GNt. Taken together,
the RRGE (6) then predicts a classical contribution from
SðMÞ to the amplitude at (2M − 1)-PM order of the form
logM−1ðsÞ [23]. In general, this term will contain both
genuinely classical contributions as well as quantum
iterations, the latter involving insertions of the graviton
Regge trajectory as well as higher-order BFKL-type
ladders with two or more graviton exchanges between
the same pair of Glauber rungs. When solving Eq. (6),
these nonclassical pieces can be directly discarded, leaving
only the contributions in which each Glauber rung
exchanges a graviton with at least one other rung. These
configurations are exactly the classical s-channel multi-H
diagrams [29,30].
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IV. MULTI-H DIAGRAMS FROM AMPLITUDES
AND EFT TOOLS

In this section, we will calculate the leading logarithmic
contributions to the classical amplitude, recovering the
single logðs=jtjÞ at 3PM and then computing the double
log2ðs=jtjÞ at 5PM. To do so, we will use both the EFT
approach and Regge-theory techniques, demonstrating the
complete agreement between the two approaches.

A. EFT approach

In the EFT framework, the leading rapidity logarithms
arise from the evolution of the soft function under the
RRGE (6), where each iteration inserts an additional soft
graviton exchange between distinct Glauber lines and
generates one power of log s.
The normalization of the soft function and its anomalous

dimension is fixed by the factorization formula (5), which
can be made explicit as

M2→2 ¼ i
X
M

Z
⊥ðM×MÞ

JðMÞðfli⊥gÞ

× SðMÞðfli⊥g; fl0i⊥gÞJ̄ðMÞðfl0i⊥gÞ; ð10Þ
where the transverse convolution measure isZ
⊥ðM×MÞ

≡
Z
⊥ðMÞ

Z
⊥ðMÞ

;

Z
⊥ðMÞ

¼ ð−iÞM
M!

"YM
i¼1

Z
li⊥

1

l2i⊥

#
δ̂ðdÞ
�X

i

li⊥ − q⊥
�
: ð11Þ

While we do not know how to solve the RRGE equation (6)
in general, the leading logarithm can be computed sys-
tematically by iterating such an equation. The classical
(Regge-cut) part of γðMþ1Þ in (7) corresponds to the
exchange of a single soft graviton connecting any pair
of the (M þ 1) Glauber lines and is given by [23]

γClðMþ1Þ ¼ −iMþ1ðM þ 1Þ!
X
i<j

κ2

8π
KGRðki⊥; kj⊥;li⊥;lj⊥Þ

×
Y
m≠i;j

l2
m⊥δ̂ðdÞðlm⊥ − km⊥Þ: ð12Þ

The tree-level value of the soft function is

Sð0ÞðMÞ
�fli⊥g; fl0i⊥g� ¼ 2iMM!

"YM
a¼1

ðl0a⊥Þ2
#

×

"YM−1

n¼1

δ̂ðdÞðln⊥ − l0n⊥Þ
#
: ð13Þ

A single iteration of the RRGE (6) acting on the

two-Glauber soft function Sð0Þð2Þ reproduces the single H

diagram [23], giving the OðG3
Ns

3 log sÞ contribution to the
amplitude at 3PM order. The next iteration involves the

three-Glauber soft function Sð0Þð3Þ, whose running yields

the OðG5
Ns

4 log2 sÞ double-H contribution at 5PM order.
We will discuss those more in details in the next sections,
using the complementary Regge-theory perspective.

B. Regge theory approach

The multi-H diagrams obtained from the rapidity
renormalization group (RRG) can be equivalently con-
structed in the traditional amplitude approach in MRK [35].
One starts from theM-loop ladder diagram, which contains
M þ 1 vertical graviton propagators and thus carries the
usual eikonal factor 1=ðM þ 1Þ! from the symmetrization
of identical exchanges. TheM horizontal soft gravitons are
then inserted by connecting distinct pairs of vertical lines,
with no repeated pairs in order to exclude vertical graviton
loops, which are absent in the classical limit. The number of
available pairs is Npairs ¼ ðMþ1

2
Þ, so the number of topo-

logically distinct multi-H topologies is

CðNpairs;MÞ ¼ Npairs!

ðNpairs −MÞ! : ð14Þ

In addition, the soft graviton phase space with strong
rapidity ordering y1 ≫ y2 ≫ … ≫ yM gives

logMðsÞ
M!

¼
Z

dy1 � � � dyMΘðy1 > y2 > � � � > yMÞ; ð15Þ

where the factor 1=M! arises from cutting M identical soft
gravitons, i.e., from restricting to the ordered rapidity
domain. In (15) and throughout, the argument of the
logarithm is understood to be s=μ2, with μ2 a scale of
order q2⊥. In the Regge limit, these soft graviton exchanges
are placed on shell and thus correspond to genuine multi-
particle intermediate states. Their effect is to generate
Regge cuts, which may be understood as arising from
overlapping discontinuities in multiparticle kinematics. We
now evaluate explicitly the contributions from the single
and double-H diagrams.
Single H diagram: Here, we revisit the computation of

the H diagram originally carried out in Ref. [27], where it
was used—together with real analyticity and crossing
symmetry—to extract the full 3PM eikonal in the ultra-
relativistic limit. More recently, this analysis was extended
to the massive case [44] and employed as a tool to obtain
the 3PM eikonal in N ¼ 8 supergravity [37] (see also
Refs. [58–68] for related studies at 3PM order).
The s-channel discontinuity of the two-loop 2 → 2

amplitude is proportional to the imaginary part of the
amplitude, which is determined by the three-particle cut
involving the square of two tree-level 2 → 3 amplitudes,
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2 ImMð2Þ
2→2ðs; q2Þ ¼

Z
dP3jMð0Þ

2→3j2;

dP3 ¼ dΦðk0; k1; k2Þδ̂ðDÞ

×

 
p1 þ p2 þ

X2
i¼0

ki

!
; ð16Þ

with the phase space measure defined as dΦðk0; k1; k2Þ ¼Q
2
i¼0 d̂

Dkiδþðk2i Þ and where the on-shell momenta satisfy
p2
1 ¼ k20 ¼ p2

4 ¼ 0, p2
2 ¼ k22 ¼ p2

3 ¼ 0 and k21 ¼ 0. Using
the conventions in Fig. 1, the overall momentum conser-
vation implies p4 ¼ −p1 − q and p3 ¼ −p2 þ q and thus
q3 ¼ q − q1 and q4 ¼ q − q2, with t ¼ q2 ≃ −q2⊥.
Combining MRK approximations for the tree-level

2 → 3 amplitudes and for the three-particle phase space [1],

Z
dP3 ≃

1

4s

�
logðsÞ
2π

�Z
q1⊥;q2⊥

; ð17Þ

one can integrate out the rapidities obtaining

2 ImMð2Þ
2→2ðs; q2Þ ≃

ð8πGNÞ3s3
8π

logðsÞH1ðq2⊥Þ; ð18aÞ

H1ðq2⊥Þ≡ ς2ϵ
Z
q1⊥;q2⊥

KGRðq1; q2; qÞ
q21⊥q22⊥ðq − q1Þ2⊥ðq − q2Þ2⊥

: ð18bÞ

The term ς ¼ μ2 expðγEÞ fixes the renormalization scheme.
Notice that the appearance of logðsÞ is entirely due to the
integration over the soft graviton’s rapidity and that in

MRK the computation of 2 ImMð2Þ
2→2ðs; q2Þ drastically

simplifies from a two-loop four-point integral in D dimen-
sions to a two-loop massless two-point integral in
d ¼ D − 2 dimensions, graphically represented in Fig. 1,
which is significantly easier. By power counting, the result
must be proportional to ðq2⊥Þd−2.
Using integration-by-parts (IBPs) [69], one can reduce

H1ðq2⊥Þ to two simple master integrals which are product
and iterations of bubbles in (A1a). The ϵ expansion of the

discontinuity reads in momentum and impact-parameter
space, respectively,

2 ImMð2Þ
2→2ðs; q2Þ ¼ 8G3

Ns
3 logðsÞ

�
4πμ2

q2

�
2ϵ

×
�
−

1

ϵ2
þ 2

ϵ
þ ζ2 þOðϵ0Þ

�
; ð19aÞ

2 ImM̃ð2Þ
2→2ðs; b2Þ ¼

8G3
Ns

2

πb2
logðsÞðπb2ςeγEÞ3ϵ

×

�
−
1

ϵ
þ 2þOðϵ0Þ

�
: ð19bÞ

Notice that this identically agrees with Eq. (3.7) of Ref. [44].
Double-H diagrams: In general, at four loops, there are

six diagrams contributing to the 5PM amplitude at leading
logarithmic accuracy, in agreement with the counting (14).
However, it turns out they are all equal and equivalent to
the one in Fig. 2, where two horizontal soft gravitons are
simultaneously cut in the Regge limit. Such equivalence
is a direct consequence of target-projectile symmetry and
factorization properties of the high-energy scattering.
Using again the MRK approximation and accounting for
both the eikonal symmetry factor from the Glauber graviton
exchanges and the rapidity-ordering factor from the two
soft emissions, one finds

2ReMð4Þ
2→2ðs; q2Þ ≃ −

ð8πGNÞ5s4
64π2

log2ðsÞH2ðq2⊥Þ; ð20aÞ

H2ðq2⊥Þ≡ ς4ϵ
Z
l1⊥;l2⊥;q2⊥

Jðq2; l1Þq22Jðq2; l2Þ

× δ̂ðdÞðl1⊥ þ l2⊥ þ q⊥ − q2⊥Þ; ð20bÞ

where we used the momentum parametrization in Fig. 2 and
we have defined

Jðq; lÞ ¼
Z
k⊥

KGRðk; q; lÞ
k2⊥ðk − lÞ2⊥q2⊥ðq − lÞ2⊥

¼
X
i¼1;2

Jiðq; lÞ; ð21Þ

with Jiðq; lÞ given in Appendix A. Therefore, one can

decompose H2ðq2⊥Þ ¼ HðAÞ
2 ðq2⊥Þ þHðBÞ

2 ðq2⊥Þ where we
define

FIG. 1. Vertical and horizontal wavy lines denote Glauber and
soft gravitons, respectively. Integrating over rapidities contracts
the massive lines to effective vertices through which the mo-
mentum q flows.

FIG. 2. Momenta parametrization for H2.
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HðAÞ
2 ðq2⊥Þ ¼ ς4ϵ

Z
l1⊥;l2⊥;q2⊥

δ̂ðdÞðl1⊥ þ l2⊥ þ q⊥ − q2⊥Þ

× q22
�
J2ðq2; l1ÞJ2ðq2; l2Þ

þ 2J1ðq2; l1ÞJ2ðq2; l2Þ
�
; ð22Þ

HðBÞ
2 ðq2⊥Þ ¼ ς4ϵ

Z
l1⊥;l2⊥;q2⊥

δ̂ðdÞðl1⊥ þ l2⊥ þ q⊥ − q2⊥Þ

× q22J1ðq2; l1ÞJ1ðq2; l2Þ: ð23Þ

The first integral HðAÞ
2 ðq2⊥Þ can be solved in terms of

bubbles (A1a) and tensor bubbles (A2) integrals; see
Appendix A for further details. Interestingly, the second

integral HðBÞ
2 ðq2⊥Þ is proportional to

HðBÞ
2 ðq2⊥Þ ∝

Z
l1⊥;l2⊥

ðl21⊥Þ
d
2ðl22⊥Þ

d
2

ðq− l1Þ2⊥ðq− l2Þ2⊥ðq− l1 − l2Þ2⊥
; ð24Þ

which is a scalar kite topology with noninteger exponents,
similar to the one found at four loops in QCD [70]. As
shown in Appendix A, it can be solved [71] in d dimensions
using the Gegenbauer polynomial technique [72–74] in
terms of the hypergeometric function 3F2.
Summing together the six diagrams contributing to the

5PM order, we get the following ϵ-expanded results:

2ReMð4Þ
2→2ðs;q2Þ≃−4G5

Ns
4log2ðsÞq

2

π

�
4πμ2

q2

�
4ϵ

×

�
−
1

ϵ3
−

1

ϵ2
−
9

ϵ
þ 2

ϵ
ζ2 þ

2

ϵ
ζ3 þOð1Þ

�
;

ð25Þ

2ReM̃ð4Þ
2→2ðs;b2Þ≃−256G5

N
s3log2ðsÞ
ðπb2Þ2 ðπb2ςeγEÞ5ϵ

×

�
1

8ϵ2
−
1

ϵ
þ 5

2
þ 5

16
ζ2 −

1

4
ζ3 þOðϵÞ

�
:

ð26Þ

V. PREDICTING SUB-LEADING LOGS FROM
LEADING LOGS THROUGH ANALYTICITY

AND CROSSING

The computation of the leading classical double loga-
rithm at 5PM allows us to extract further information on the
amplitude at the same loop order by using s ↔ u crossing-
symmetric dispersion relations. In particular, the result we
obtained is related to the single classical logarithm in the

imaginary part of Mð4Þ
2→2ðs; tÞ, which will be our starting

point to get information on the eikonal phase. Crossing-
symmetric constraints of this type were first identified at
3PM in the Regge limit [27] and later extended to massive
scattering in Ref. [44]. It was further shown in QCD [75]

that crossing symmetry dictates how imaginary terms
appear in the leading expansion in t=s. In particular, when
logarithms are written in the combination log js=tj − iπ=2,
their coefficients are real (imaginary) for amplitudes with
minus (plus) crossing signature. Here, we generalize the
result of Ref. [75] to gravity, or equivalently extend the
analysis of Ref. [27] to higher PM orders.
Since we consider scalar scattering, the amplitude has

positive crossing signature. As discussed above, the scaling
of the gravitational coupling as Gs implies that we must
retain all orders in t=s. For this reason, we replace s=t
by the crossing-covariant variable zt ¼ 1þ 2s=t, whose
powers encode the correct transformation properties under
s ↔ u crossing. The same variable enters the natural
crossing-symmetric definition of the logarithm, L≡
ðlogð−ztÞ þ logðztÞÞ=2 ¼ log jztj − iπ=2. In Appendix B,
we use dispersion relations and crossing symmetry to
derive the following form of the amplitude,

MðlÞ
2→2 ¼

Glþ1
N ðtztÞlþ2

t

X∞
j¼0

Xminðl;jÞ

k¼0

ilþjfðlÞðj;kÞðtÞz−jt Lk; ð27Þ

where the real coefficients fðlÞðj;kÞ scale as ðμ2=tÞlϵ. In this

representation, all s-dependence is explicit, appearing only
through L or the overall powers of zt. Combining this
structure with the assumption of eikonalization,3 we obtain
a prediction for the single radiative logarithm.
To do so, it is useful to expand δCl and ΔQ in powers of

logðs=jtjÞ. The same counting rules for the amplitude apply
to these at each order in GN . In particular, for the 3PM and
5PM classical phases, we write

δð2jÞCl ¼
Xj
k¼0

δð2jÞ;kCl ðbÞ logk ðs=jtjÞ; ð28Þ

with a similar expansion for ΔQ. Equating Eqs. (27) and

(3), we may solve for the unknown coefficients fðlÞðj;kÞ in

terms of δCl and ΔQ. Doing so then gives the relations
between the real and imaginary parts of the classical
eikonal phase at two loops,

Reδð2Þ;0Cl ¼ π

2
Im δð2Þ;1Cl − 8ϵ2ðδð0ÞCl Þ3; ð29Þ

and at four loops,

Im δð4Þ;1Cl ¼ 16ϵð1 − 4ϵÞðδð0ÞCl Þ2 Im δð2Þ;1Cl − πReδð4Þ;2Cl : ð30Þ

Such a relation at 3PM has been previously derived in
Refs. [27,44], and it is identical to Eq. (29) if one uses the

3As noted, for the massless case of interest, the known
violations of strict eikonalization do not affect our result.
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fact that δð2jÞCl ∼ ðb2Þð2jþ1Þϵ in dimensional regularization. It
should be mentioned that the formulas given above are only
valid in dimensional regularization; however, expressions
valid for other IR regulators may be obtained from the
procedure described above. We also note that in this work
we have only obtained

Reδð4Þ;2Cl ¼ 1

2
ReM̃ð4Þ

2→2ðs; b2Þ ð31Þ

from the above calculations at 5PM using (3). We then

obtain Im δð4Þ;1Cl from the above relations (30). Using the

known results for δð2ÞCl to OðϵÞ in Refs. [23,55], we find

Im δð4Þ;1Cl ¼ 16

π
ðπb2ςeγEÞ5ϵ

�
−
1

ϵ
− ζ3 þ 6þOðϵÞ

�
: ð32Þ

It is curious that, similar to the case at 3PM, there is a
cancellation between the leading 1=ϵ2 divergences in the
dispersion relation between the two terms. Although we
derived Eq. (32) using only analyticity and crossing
symmetry, it would be interesting to rederive it independ-
ently through an MRK discontinuity cut or the RRGE
method described above. We leave this question for future
investigations.
It is important to note that this result along with (26)

must agree with the high-energy limit of the massive case.
In the EFT, this is expected: the leading logarithms are
fixed entirely by the soft sector, which is insensitive to the
particle masses, while subleading contributions from col-
linear radiation do depend on the mass.
Finally, the EFT also implies additional consistency

relations for rapidity anomalous dimensions [76]. In QCD,
an infinite tower of relations between soft functions with
different indices was derived in Ref. [57], and analogous
structures are expected to hold in gravity.

VI. CONCLUSIONS

The behavior of gravitational amplitudes in the Regge
limit encodes rich physics, both theoretically—as an
effective field theory description—and phenomenologi-
cally, as it underlies resummations relevant to the two-
body problem in the ultrarelativistic regime. Yet, compared
to gauge theory where Regge methods have long been a
powerful tool for strong interactions, the gravitational case
remains largely unexplored at higher-loop order.
Building on Lipatov’s seminal work, the eikonal for-

malism, and recent advances in soft-collinear effective
theory, we have initiated a systematic study of classical
leading-logarithmic contributions to the 2 → 2 amplitude
of massive particles in gravity. The resulting series of
multi-H diagrams is the main subject of this work.
We begin by revisiting the imaginary part of the single-H

diagram at 3PM order, confirming previous results, and

we then compute for the first time the leading-logarithmic
contribution of the real part of the double-H diagram at
5PM order. This requires the evaluation of a nontrivial
topology involving the massless two-point function at
higher-loop order, which also appears in the calculation
of four-loop anomalous dimensions in QCD [70]. For
all diagrams, the SCET framework and the multi-Regge
expansion produce the same integrand representation,
showing complete agreement.
Finally, we develop a new set of dispersion relations for

the gravitational scattering amplitude in the Regge limit,
combining signature symmetry in the ultrarelativistic
regime [75] with eikonal exponentiation [27,44], to extract
some pieces of the ultrarelativistic limit of the classical
eikonal phase. In this way, we recover both the real and
imaginary parts of the 3PM eikonal phase in the ultra-
relativistic limit found in Refs. [27,55] and determine the
leading 5PM real contribution from the double-H diagrams
together with the subleading logarithmic correction to the
imaginary part. Despite the fact that we work in the
massless limit, our results are valid in the high-energy
limit of the massive case at 5PM order.
Our work opens several avenues for future investigation.

An immediate direction is the study of the triple-H diagram
and higher-loop contributions, with the long-term goal of
achieving an all-order resummation of the 2 → 2 amplitude
in the Regge limit. Moreover, our results provide useful
input to the gravitational S-matrix bootstrap program
[38,43], as the Regge-cut contributions directly inform the
nonperturbative analytic structure of the elastic amplitude.
We also plan to study the contribution of these effects to the
corresponding classical observables, such as the scattering
angle, and to extend the methods presented here beyond the
leading-logarithmic approximation, paving the way for a
systematic resummation in the ultrarelativistic regime.
Finally, the high-energy limit explored here may also find

phenomenological applications. In particular, it could inform
self-force and effective-one-body (EOB)-based resumma-
tions of scattering observables [77,78], where logarithmic
growth at high energy [79,80] challenges current resumma-
tion schemes for the scattering angle when compared to
numerical simulations [81,82]. Our EFTapproach suggests a
physically motivated resummation strategy that systemati-
cally organizes these logarithms, potentially shedding light
on the high-energy puzzle [30,83–89].We hope to comeback
to this problem in the near future.
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APPENDIX A: DETAILS OF THE MASTER
INTEGRAL EVALUATION AND DISPERSION

RELATIONS

1. Relevant master integrals

The generalised bubble integrals are defined as

Λa;bðq⊥Þ ¼
Z
l⊥

1

½ðq − lÞ2⊥�a½l2⊥�b
¼ ca;bðq2⊥Þ

d
2
−a−b;

ca;b ¼
1

ð4πÞd2
Γðaþ b − d

2
Þ

ΓðaÞΓðbÞ
Γðd

2
− aÞΓðd

2
− bÞ

Γðd − a − bÞ ; ðA1aÞ

whereas the vector bubble integrals are

Λi
a;bðq⊥Þ¼

Z
l⊥

li⊥
½ðq− lÞ2⊥�a½l2⊥�b

¼qi⊥
2

�
Λa;bðq⊥Þþ

1

q2⊥
ðΛa;b−1ðq⊥Þ−Λa−1;bðq⊥ÞÞ

�
:

ðA2Þ

Using Eq. (A1a), one gets for Jðq; lÞ in (21)

Jðq; lÞ ¼ J1ðq; lÞ þ J2ðq; lÞ; ðA3Þ

J1ðq; lÞ ¼ c1;1
ðl2⊥Þ

d
2

q2⊥ðq − lÞ2⊥
; ðA4Þ

J2ðq; lÞ ¼
�
d
2
−
d
2

l2⊥
q2⊥

−
�
1 −

d
2

� ðl − qÞ2⊥
q2⊥

�
Λ1;1ðl⊥ − q⊥Þ

þ ðq⊥ ↔ l⊥ − q⊥Þ: ðA5Þ

The result for HðAÞ
2 ðq2⊥Þ in Eq. (22) can be evaluated using

the bubble integrals above, getting

HðAÞ
2 ðqÞ ¼ ς4ϵ

ðq2⊥Þ3
�
q2⊥
4π

�
2d

gðdÞ
h
fðdÞ1 þ fðdÞ2

�
hðdÞa þ hðdÞb

�i
;

with the coefficients

gðdÞ ¼ π25−4dΓðd
2
Þ2

2Γðd−1
2
Þ2Γð5d

2
− 3Þ ; ðA6Þ

fðdÞ1 ¼ 4dþ1
�
dð5d2 þ d − 9Þ − 6

�
× Γð3 − 2dÞΓðd − 2Þ2Γ

�
d
2

�
; ðA7Þ

fðdÞ2 ¼ Γ
�
1 −

d
2

�
Γ
�
d
2
− 1

�
; ðA8Þ

hðdÞa ¼ −22dþ1
�
dð2d − 1Þ − 4

�
×
Γð1 − 2dÞΓð1 − dÞΓðd

2
− 1ÞΓðdÞΓð2dÞ

Γ
�
1 − 3d

2

�
Γð3d

2
Þ ; ðA9Þ

hðdÞb ¼ −
1ffiffiffi
π

p 3
�ðd − 3Þdþ 4

��
dð3d − 2Þ − 4

�
× Γ
�
3

2
− d

�
Γ
�
1 −

d
2

�
Γ
�
d
2

�
Γ
�
3d
2
− 3

�
: ðA10Þ

Both HðAÞ
2 ðqÞ and HðBÞ

2 ðqÞ exhibit a leading 1=ϵ4 behavior
that cancels out in their sum in Eq. (25). We express

the integral in (24) as HðBÞ
2 ðq2⊥Þ ¼ ς4ϵðc1;1Þ2Kð−d=2;

1;−d=2; 1; 1Þ, making use of a generalized massless kite
topology K defined as

Kðν1; ν2; ν3; ν4; ν5Þ

¼
Z
l1⊥;l2⊥

ðl1⊥Þ−2ν1ðl2⊥Þ−2ν3
½ðl2 − qÞ⊥�2ν2 ½ðl1 − qÞ⊥�2ν4 ½ðl1 þ l2 − qÞ⊥�2ν5

ðA11Þ

and schematically represented in Fig. 3. The integral K has
been solved in Ref. [71] using the Gegenbauer polynomial
technique [73,74] and in Ref. [90] through a Mellin-Barnes
representation. In Ref. [90], the authors proved that the
expansion for ϵ → 0 of such integral involves only rational
numbers and multiple Zeta values. Using result in
Appendix B of Ref. [91], we obtain

HðBÞ
2 ðqÞ ¼ ς4ϵ

ðq2⊥Þ3
�
q2⊥
4π

�
2dh

f̄ðdÞ1 þ f̄ðdÞ2

�
h̄ðdÞa þ h̄ðdÞb

�i
;

ðA12Þ

FIG. 3. The scalar massless kite integral topology K.
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with the following coefficients:

f̄ðdÞ1 ¼ 8Γð1 − 3d
2
ÞΓð1 − dÞΓð1 − d

2
ÞΓðd

2
Þ4ΓðdÞΓð3d

2
Þ

Γðd − 1ÞΓð5d
2
− 3Þ ; f̄ðdÞ2 ¼ ðd − 2ÞΓð1 − d

2
Þ5Γðd

2
Þ5

Γð2 − d
2
Þ4Γð− d

2
Þ ;

h̄ðdÞa ¼ −
ðd − 2Þ2Γð1 − 2dÞΓð2dÞ3F2ð1; d − 2; 3d

2
− 2; 1 − d

2
; 3d
2
− 1; 1Þ

ð3d − 4ÞΓð2d − 2ÞΓð5d
2
− 3Þ ;

h̄ðdÞb ¼ −
Γð1 − dÞ2Γð1 − d

2
ÞΓðd

2
ÞΓðdÞ23F̃2ðd − 2; 3d

2
− 2; 5d

2
− 3; 3d

2
− 1; 2d − 3; 1Þ

Γð1 − 3d
2
ÞΓðd − 2ÞΓð3d

2
Þ : ðA13Þ

APPENDIX B: DISPERSION RELATION
CONSTRAINTS FOR GRAVITY AMPLITUDES

IN THE REGGE LIMIT

The fixed-t dispersion relation in Mellin space for a
crossing-symmetric amplitude is given by

M2→2ðs; tÞ ¼
1

π

Z
γþi∞

γ−i∞
dω

aðt;ωÞ
sinðπωÞ

×

��
−s − iϵ
−t

�
ω

þ
�
sþ t − iϵ

−t

�
ω
�
; ðB1Þ

where we have defined the ϵ0-regularized Mellin transform
of the s-channel discontinuity,

aðt;ωÞ ¼
Z

∞

−t

ds0

s0
DiscsM2→2ðs0; tÞ

�
s0

−t

�
ω

e−ϵ
0s0 ; ðB2Þ

and we have taken the subtraction point to be −t. The poles
in ϵ0 correspond to local (real) counterterms, which play no
role in our analysis since we make no claims regarding
contact interactions.
Now, we change the variables from ðs; tÞ to ðzt; tÞ, where

zt ¼
2s
t
þ 1 ðB3Þ

is crossing odd and rewrite the dispersion relation in terms
of the crossing even L≡ log jztj − iπ=2,

M2→2ðzt; tÞ

¼ 1

π

Z
γþi∞

γ−i∞
dω

aðt;ωÞ
sinðπωÞ e

ωL

×

	
cos

�
πω

2

���
1þ 1=zt

2

�
ω

þ
�
1 − 1=zt

2

�
ω
�

þ i sin

�
πω

2

���
1 − 1=zt

2

�
ω

−
�
1þ 1=zt

2

�
ω
�


; ðB4Þ

where aðt;ωÞ is now written as a polynomial in zt. We can
then rewrite the dispersion relation as

M2→2ðzt; tÞ ¼
1

π

Z
γþi∞

γ−i∞

dω
2ω

aðt;ωÞ
sinðπωÞ e

ωL

×

�
cos

�
πω

2

�X
n

�
ω

2n

�
jztj−2n

þ i sin

�
πω

2

�X
n

�
ω

2nþ 1

�
jztj−2n−1

�
:

ðB5Þ

This manifestly crossing-invariant representation ties the
powers of i in each term to the corresponding power of zt.
To obtain our expression (27), we must establish both the

reality properties of the coefficients fðlÞðj;kÞ and the structure

of the powers of L. The former follows from identifying the
locations of the poles in ω, which are fixed by the powers of
zt appearing in the amplitude. A pole at ω0 ∈Z contributes
a factor ðijztjÞω0 through the exponential in (B5), yielding a
real or imaginary term depending on whether ω0 is even
or odd. Since aðt;ωÞ is real for ω∈R, we conclude that
even (odd) powers of zt in the amplitude come with real
(imaginary) coefficients.
We now turn to the powers of L. Any power of L

appearing in the discontinuity DiscsM2→2 produces a
higher-order pole in aðt;ωÞ from (B2): a term proportional
to Lr in the discontinuity leads to a pole of order rþ 1 in ω.
In the dispersion integral (B5), such a pole contributes
a factor of Lr to the full amplitude through derivatives
acting on eωL. The EFT power counting implies that the
discontinuity can contain at most one logarithm per loop
[14,92]. Furthermore, logarithms in DiscsM2→2 arise only
from collinear or soft corrections; inserting an additional
Glauber exchange does not generate any new logs. So, at l
loops, the series will be

MðlÞ
2→2 ∼ c0z

lþ2
t þ zlþ1

t ðc1;1Lþ c1;0Þ
þ zlt ðc2;2L2 þ c2;1Lþ c2;0Þ
þ � � � z2t ðcl;lLl þ cl;l−1Ll−1 þ � � � cl;0Þ: ðB6Þ

Thus, the maximal power of logarithms at l loops is l.

Furthermore, each power zjt is accompanied by a
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polynomial in L whose highest power is minðlþ 2 − j;lÞ.
Combining this structure with the correlation between
powers of zt and phases of i obtained from (B5) leads
to our final expression for the l-loop amplitude, Eq. (27).
Finally, we note that our logarithmic power counting

excludes hard-region corrections. As shown in Ref. [21],
hard contributions can generate double logarithms,
which we have not incorporated here. These double logs
are purely quantum and are parametrically suppressed,
although at sufficiently high orders in GN , they may be
enhanced to a (super)classical scaling. Their appearance
represents yet another manifestation of the breaking of
eikonalization.
As a cross-check, we can use this result to reproduce

the dispersion-relation formula quoted in Appendix A
of Ref. [44], which states that if ImM2→2ðs; tÞ ∼
sn logpðs=jtjÞ at leading logarithmic accuracy then

ReM2→2

ImM2→2

¼ −
2 logðs=jtjÞ
ð1þ pÞπ þOðlog0ðs=jtjÞÞ; n even;

ReM2→2

ImM2→2

¼ πp
2 logðs=jtjÞ þOðlog−2ðs=jtjÞÞ; n odd:

ðB7Þ

To see that Eq. (27) reproduces this behavior, consider
the component of the amplitude scaling as znt Lp. Using

znt ∝ sn þOðt=sÞ and logðztÞ ¼ logðs=jtjÞ þ logð2Þ þ
Oðt=sÞ, we obtain, for even n,

M2→2 ∼n even snLpþ1

¼ sn
�
logpþ1ðs=jtjÞ− ðpþ 1Þ iπ

2
logpðs=jtjÞ þ � � �

�
;

ðB8Þ

while for odd n, we find

M2→2 ∼n odd isnLp

¼ sn
�
ilogpðs=jtjÞ þ p

π

2
logp−1ðs=jtjÞ þ � � �

�
;

ðB9Þ

where ellipses denote terms subleading in powers of
logðs=jtjÞ. Taking ratios of the real and imaginary parts
in the two cases reproduces Eq. (B7). As a further cross-
check on Eq. (27), we have compared it with the existing
amplitudes in the literature, specifically the high-energy
limit of amplitude for GR and two massive scalars [67,93]
and the N ¼ 8 supergravity amplitude through two loops
[37], and found agreement in all cases.
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