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Abstract

It is well-known that DG-enhancements of the unbounded derived category D, (X) of quasi-
coherent sheaves on a scheme X are all equivalent to each other. Here we present an explicit
model which leads to applications in deformation theory. In particular, we shall describe
three models for derived endomorphisms of a quasi-coherent sheaf F on a finite-dimensional
Noetherian separated scheme (even if F does not admit a locally free resolution). Moreover,
these complexes are endowed with DG-Lie algebra structures, which we prove to control
infinitesimal deformations of F.
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1 Introduction

A classical problem in deformation theory concerns the study of infinitesimal deformations
of a quasi-coherent sheaf 7 on a scheme X over a field K. Deformations up to isomorphisms
define a functor Def r: Artg — Set, where Artg denotes the category of local Artin K -
algebras with residue field K . The classical approach is based on a finite locally free resolution
& — F, which for instance exists provided that X is smooth projective. In fact, a deformation
of F can be understood as the data of local deformations of £ together with suitable gluing
conditions. Itis provenin[11] that Def £ is controlled by the DG-Lie algebra of global sections
of an acyclic resolution of the sheaf End*(€) in the sense of [16, 27]. In particular, it is well-
known that 7! Def » = Ext!(F, F) and obstructions are contained in Ext2(F, F). This
highlights the considerable role of derived endomorphisms REnd(F), and the importance
of being able to compute its cohomology Ext*(F, F). Classically REnd(F) is defined (up
to quasi-isomorphisms) as the complex Homgx (F, Z) for any injective resolution 7 — Z.
Unfortunately, despite the outstanding fact that injective resolutions always exist, it is often
very hard to describe them. Here comes the aim of this paper to present another approach to
compute REnd(F) when dealing with concrete geometric situations, always trying to keep
the exposition as clear as possible with the attempt to reduce the use of simplicial and model
category techniques at minimum.

The main tool is the introduction of the category Mod(A.) of modules over the diagram
A. representing a separated K -scheme X . Fix an open affine covering U/ = {U}} for X, then
the associated diagram A. with respect to ¢/ is defined as

AN — Ang s aHAa:F(Ua,OX)

where N = {a = {ho,...,h}| Uy = Upy N ... Uy, # B} is the nerve of . Recently,
this way of thinking of a K -scheme X has been used in [31] in order to study infinitesimal
deformations of X by virtue of the general theory developed in [30].

An A.-module G can be understood as the following data

(1) a DG-module G, over A, for every « in the nerve N of U,
(2) amorphism gog: Go ®4, Ag — Gg of Ag-modules, for every « C B in N,

satisfying the cocycle condition, see Definition 3.1. Similar notions were considered in [10,
13, 15, 37]. Taking advantage of the standard projective model structure on DG-modules, the
category Mod(A.) can be endowed with a model structure, see Theorem 3.9, where weak
equivalences are pointwise quasi-isomorphisms. The above model structure can be seen as a
geometric example of an abstract recent result obtained in [2]. In order to work with quasi-
coherent sheaves, we need a homotopical version of quasi-coherence for A.-modules: G
is called quasi-coherent if all the maps gqg introduced above are quasi-isomorphisms, see
Definition 3.12. To the author knowledge the last definition does not appear in the existing
literature, a part for the case of non-graded modules for which the theory is carried out in [10,
37]. Now, denote by Ho(QCoh(A.)) the category of quasi-coherent A.-modules localized
with respect to the weak equivalences: Theorem 5.7 states that there exists an equivalence of
triangulated categories

Ho(QCoh(A.)) =~ Dyc(X)
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with the unbounded derived category of quasi-coherent sheaves on X, hence leading to an
explicit description of a DG-enhancement of D (X), see Corollary 5.8. It is worth to notice
that some of the functors involved in Sect.5 have been somehow already considered in the
literature, see [19, 21]. Moreover a result similar to the equivalence of Theorem 5.7 was
partially proven in [7, Proposition 2.28].

In [25] it was shown the uniqueness of DG-enhancements for the derived category of
a suitable Grothendieck category up to equivalence. In particular, this applies to Dy (X)
under some mild hypothesis on X (e.g. if X is a quasi-projective K -scheme). On the other
hand, our construction turns out to be very useful when dealing with derived endomorphisms
of a quasi-coherent sheaf F of Ox-modules. In fact, the category of A.-modules allows
to easily describe REnd(F) in terms of a cofibrant replacement of F, see Theorem 6.4.
Moreover, Example 3.7 shows the feasibility of the computation of such cofibrant replacement
in interesting cases. In Sect.6 we propose two more models for REnd(F): the first is again
in terms of a cofibrant replacement in the model category of A.-modules and involves the
Thom—Whitney totalization, while the other assumes the existence of a locally free resolution
for F.

The last section is devoted to our main application in deformation theory; in particular,
we deal with the functor Def x: Artg — Set of classical infinitesimal deformations of F.
Recall that since the eighties the leading principle in deformation theory (due to Quillen,
Deligne, Drinfeld, Kontsevich...) states that any deformation problem is controlled by a DG-
Lie algebra via Maurer—Cartan solutions modulo gauge equivalence, see [16, 27, 32]. Around
2010 this was formally proven independently by Lurie [26, Theorem 5.3] and Pridham [34,
Theorem 4.55]; it is dutiful to mention that partial results in this direction where previously
obtained by Hinich and Manetti, see [18, 28, 34] and references therein. In Sect.7 we adopt
this point of view proving that the three complexes representing REnd (F) described in Sect. 6
are all equipped with a DG-Lie algebra structure, and each of them controls Def + via Maurer—
Cartan elements modulo gauge equivalence. In particular, we give two proofs of this fact: the
first (Sect.7.1) involves the semicosimplicial machinery together with standard arguments
of descent of Deligne groupoid, while the second (Sect.7.2) relies on a direct computation
in Mod(A.).

A remarkable fact is that our descriptions of REnd(F) in terms of A.-modules does not
require the existence of a locally free resolution for F, since cofibrant replacements always
exist. Hence we recover that 7! Def = = Ext! (F, F) and that obstructions are contained in
Ext?(F, F) only assuming X to be a finite-dimensional Noetherian separated K -scheme.

2 Preliminaries and Notation

This brief introductory section aims to fix the geometric framework where we shall work
throughout all the paper, and to briefly recall some basic constructions.

We work on a fixed finite-dimensional Noetherian separated scheme X over a field K of
characteristic 0. Actually, the assumption on the characteristic of K will be necessary only
in Sects. 6 and 7, where applications to algebraic geometry will be discussed. For simplicity
of exposition we shall work over K throughout all the paper, although the results of the first
sections hold for schemes over Z. Moreover, we fix an open affine covering Y = {Uj }nen
together with its nerve

N ={{ho,.... i} | Upy N - N Up, # 0}
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which carries a degree function deg: N'— N defined by deg({hy, ..., hx}) = k. Moreover,
forevery o = {ho, ..., hi} € N'we denote by U, the intersection Uy, N- - -NUp, , and define
Ay = I'(Uy, Ox). Each U, is affine since X is assumed to be separated. The nerve N is a
partially ordered set where « < 8 if and only if @ C B; notice thatif o < B then Ug C U,
so that there exists a flat map of K -algebras A, — Ag satisfying Ag = Ag ®4, Apg. Hence,
once we have fixed U, the scheme X can be represented by the diagram

A N — Algg ar> Ay

where A, — Ag is the opposite map of Spec(Ag) — Spec(Ay) for every o < B in N.
For any open subset U € X let DGMod(Oy ) be the category of unbounded complexes of
Oy -modules, and by QCoh(U) the full subcategory of complexes of quasi-coherent sheaves.
For every inclusion i : U — V between open subsets there are three associated functors:

i1, ix: DGMod(Oy) — DGMod(Oy),  i*: DGMod(Oy) — DGMod(Oyp).
Recall that i*G = G|y because Oy |y = Oy, and i\ F is the sheaf associated to the presheaf
i(F) defined by
IFYW)=FW) ifwWcCUu
I(FYW)=0 otherwise.

The obvious retraction i (F) — i, (F) — i(F) of presheaves gives a retraction of sheaves

ilF — iy JF — iL.F and then a retraction of functors i), — i, = iy. Notice also that for every
G € DGMod(Oy ) there exists an injective morphism

ihi*Gg — G
and therefore a natural morphism given by composition with the retraction r
ixi*G — G,

which is an isomorphism on stalks over every x € U, and O over x ¢ U.
If F and G are complexes of quasi-coherent sheaves, then also i, and i*G are so, see
e.g. [17, Proposition 5.8]. This is not true in general for i F, see e.g. [17, Example 5.2.3].
In the above notation, if U is affine then the functor i,.: QCoh(U) — QCoh(V) is exact.

3 The Model Category of A.-Modules

In the following, for every ring R we denote by DGMod(R) the category of DG-modules
over R. As explained in Sect.2 we denote by N the nerve of the affine open covering U of
X.

Definition 3.1 An A.-module F over the scheme X (with respect to the fixed covering U{)

consists of the following data:

(1) an object F, € DGMod(Ay), for every o € N,

(2) amorphism fug: Fo ®a, Ag — Fp in DGMod(Ap), for every o < B in N,

satisfying the cocycle condition fg, o (fa,g ®44 IdAV) = fuy,foreverya < g <y inN.
In the setting of Definition 3.1, the data of the map fyp: Fo®a, Ag — FginDGMod(Ap)

is equivalent to its adjoint morphism F, — Fg in DGMod(Ay), where the Ay-module
structure on Fg is induced via Ay, — Ag.
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For instance, to any sheaf G of Ox-modules it is associated the A.-module Y*G defined
as

(Y*G), = G(Us) € DGMod(A,)  and  gup: G(Ua) ®a, Ap — G(Up)

for every o < B in AV, where the map gqg is induced by the restriction map of the sheaf G.

Definition 3.2 A morphism of A.-modules ¢: F — G over X consists of the following
data:

(1) a morphism @, : Fo — G, in DGMod(Ay), for every o € N,

(2) forevery @ < B in N, the diagram

Fou ®a, Ap LN Go ®a, Ap

ﬁxﬁl \Lgaﬂ

Fp ——— s

commutes in DGMod(Ag).
The set of morphisms between F and G is denoted by Hom 4 (F, G).

Recall that for any ring R and any pair of DG-modules M, N € DGMod(R) it is defined
total-Hom complex Hom% (M, N) as follows:

Hom{ (M, N) = | [ Homg(M", N"*7) ,

nez
Otom: (f ez > (S = (=DPAY™ ez -
Definition 3.3 The set of x-morphisms between A.-modules F and G over X is defined by:
Hom’y (F.¢) € [ [ Hom}, (Fu. Go)
aeN
where {@q }oen belongs to Hom® (F, G) if the diagram

Fu ®a, Ag —2> Gy ®a, Ap

faﬁl \Lgaﬁ

Fp ——— s

commutes for every o < 8 € N.

Notice that Homy4 (F, G) are precisely the 0-cocycles of the complex Hom’z.(]-" ,9),
whose differential is the inherited (graded) commutator. We shall denote by Mod(A.) the cat-
egory of A.-modules, with morphisms of A.-modules as in Definition 3.2, and by Mod*(A.)
the DG-category of A.-modules, with x-morphisms as in Definition 3.3. Since the covering
U is assumed to be fixed at the beginning, we do not emphasise the dependence on it.

Recall that by [9, 22, 35] for every a € N the category DGMod(Ay) is endowed with a
model structure where

e weak equivalences are quasi-isomorphisms,

@ Springer



12 Page6of35 F. Meazzini

e fibrations are degreewise surjective morphisms,
e cvery object is fibrant

e C € DGMod(A,) is cofibrant if and only if for every cospan C —f> D £ E with ga
surjective quasi-isomorphism there exists a lifting h: C — E.
e cofibrations are degreewise split injective morphisms with cofibrant cokernel.

Moreover if a complex in DGMod(A,) is bounded above then it is cofibrant if and only if it
is degreewise projective, see [22, Lemma 2.3.6].

Our next goal is to endow the category Mod(A.) with a model structure. Fix 7 € Mod(A.)
and @ € N define the latching module of F at « to be

Lo F = colim (F, ®4, Ay) € DGMod(A,)
Y <a

and notice that there exists a natural map Ly F — F,. We call an A.-module F € Mod(A.)
cofibrant if for every @ € A the latching map L, F — F is a cofibration in DGMod(Ay).
Cofibrant A.-modules define full subcategories Mod(A.)¢ € Mod(A.) and Mod*(A.)¢ €
Mod*(A.).

Remark 3.4 Let {Up}ncp be an open cover of X and let A/ be its nerve. Choose a total order
on H; then to every « € N it is associated the abstract oriented simplicial complex P(«),
whose faces are the subsets of «, and denote by C,, the corresponding chain complex. Recall

that C,, in degree r is the free abelian group of rank (de%(jf)]“), and its homology is given by:

H%C,) = Z and H' (Cy) = 0 for every j # 0. Now consider the category Ch(Z) of chain
complexes of abelian groups; we define the diagram

C: N — Ch(2), a— Cqy
where for every o < B in N the map C, — Cg is the natural inclusion. We have a a short

exact sequence

0 — colim C,, a Cy — coker(ty) — 0
Y <a

where coker(ty) is Z concentrated in degree deg(o).

Example 3.5 (Cofibrant A.-module associated to Ox) To the scheme X it is associated a
cofibrant A.-module Qx € Mod(A.) as follows. Define

i o =C, ®7 Ay and rQX Zda:@ldAa

for every r € Z and every o € N. For every o < f the map Qx o @4, Ag = Qx,g is
induced by the natural inclusion C, — Cg. Now denote by é‘ the cochain complex defined
by C’ = C," and d’ = dC’, r € Z; hence Qx o = C ®yz Aq for every a € N. Notice
that by Remark 3.4 for every o € N we have a short exact sequence

«®lda,
0— L,Qx L—A> Ox.o — coker(ly) ®z Ay — 0

so that the latching map t, ® Id4, is degreewise injective and its cokernel is zero except for
degree deg(). Finally, since coker(t, ® Idg4, ydeg@) — A, is a free A,-module, then the
latching map is in fact a cofibration in DGMod(Ay) by [22, Lemma 2.3.6].

A cofibrant replacement for a given A.-module F € Mod(A.) is a morphism Q — F
in Mod(A.) such that
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1: Qs acofibrant A.-module,
2: the map Q, — F is a surjective quasi-isomorphism for every o € .

Cofibrant replacements are not unique.

Example 3.6 (Cofibrant replacement for the structure sheaf Ox) As already noticed, to
any sheaf G of Oy-modules it is associated an A.-module Y*G € Mod(A.). In partic-
ular, Y*Ox € Mod(A.) is defined as (Y*Oyx), = Ay on every o € N, and the map
(T*Ox)y @, Ap — (T*Ox)ﬁ is the identity for every o < f.

Let Qx € Mod(A.) be as in Example 3.5, then by Remark 3.4 the set of maps {Cy —
HY(C,) = Z}wen induce a morphism Qx — YT*Ox in Mod(A.) which is a cofibrant
replacement. In fact, by the flatness of the map A, — Ag it follows that

Ta: Oxa = Cou ®2 Ay > Ay = (T*0x),
is a surjective quasi-isomorphism for every o € N.

Example 3.7 (Cofibrant replacement for a locally free sheaf) Consider a locally free sheaf
& on X, and take a cover {Up}xen such that £|y, is a free Ay-module for every o € N.
Since for every « € N the (DG-)module Y*&, = £(U,) is concentrated in degree 0, it
is cofibrant in DGMod(Ay) by [22, Lemma 2.3.6]. Nevertheless, the latching maps need
not to be cofibrations in general; hence T*& provides an example of an A.-module which
is pointwise cofibrant but not globally cofibrant. Following Example 3.6 we can explicitly
construct a cofibrant replacement Q¢ — YT*&:

o Orq = Ox.a ®a, EWUy) forevery a € N,

e for every o < B in N the morphism Qg o ®4, Ag — Qg p is induced by the corre-
sponding restriction map of &,

e the morphism Qg ¢ — E(Uy) = (Y*E) is defined as 7, ® Idg(y,) for every o € N.

By Example 3.6 7: Qx — Y*Oyx is a cofibrant replacement; therefore the map 7 ®
Id: Q¢ — Y*E& is a cofibrant replacement for T*&.

Now fix ¢ € NV; define Ry = {y € N'|y < «} and recall that the category of diagrams
DGMod(Ay)™e is endowed with the Reedy model structure where a natural transformation
f:Y — Zis a Reedy weak equivalence (respectively: Reedy fibration) if and only if for
every y < « the map f,:Y, — Z, is a quasi-isomorphism (respectively: degreewise
surjective). Moreover, f is a Reedy cofibration if and only if the map

colimzg [] ¥, - 2,
B<y .
e

is a cofibration in DGMod(A, ) for every y € Ry, see [20, Theorem 16.3.4].
We have a restriction functor res, : Mod(A.) — DGMod(A,) R« defined by

(resq F)y = Fy @4, Aq » y <a

for every F € Mod(A.).

Lemma 3.8 For every morphism ¢ : F — G in Mod(A.) the following conditions are equiv-
alent.
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(1) Forevery a € N, the morphism ¢y : Fy — Gy is a quasi-isomorphism in DGMod(Ay),
and the natural morphism

L.G I—[(L(,,]-‘) Fo —> Ga

is a cofibration in DGMod(Ay,).
(2) Forevery a € N, the natural morphism

LoG UL, 7) Fo —> Ga
is a trivial cofibration in DGMod(Ay).

Proof Fix a € N and consider the following diagram

Ly F ——F4

| |

LyG —— LG U1, 7) Fa

. .v

G

Now define two diagrams in DGMod(Ay) R as Y = resy F and Z = resy G, and notice
that if either (1) or (2) holds the morphism Z — Y induced by ¢ is a Reedy cofibration,
since colimits commute with coproducts. Moreover, by [20, Theorem 15.3.15] it follows that
Y — ZisaReedy weak equivalence if either (1) or (2) holds, so that the vertical morphisms in
the diagram above are trivial cofibrations in DGMod(A); in fact colim: DGMod (A4)Re —
DGMod(Ay) is a left Quillen functor and trivial cofibrations are closed under pushouts.
Therefore, ¢, is a weak equivalence if and only if i is so. O

Theorem 3.9 (Model structure on A.-modules) The category of A.-modules over X is
endowed with a model structure, where a morphism F — G in Mod(A.) is

(1) a weak equivalence if and only if the morphism Fo — Gy is a quasi-isomorphism in
DGMod(Ay,) for every a € N,

(2) a fibration if and only if the morphism Fo — Gy is surjective in DGMod(A,,) for every
aeN,

(3) a cofibration if and only if the natural morphism

LG U, 7)) Fo —> Ga
is a cofibration in DGMod(Ag) for every a € N.

Proof 1t is sufficient to prove that Mod(A.) with the classes defined in the statement sat-
isfies the axioms of a model category. First notice that the category Mod(A.) is complete
and cocomplete since limits and colimits are taken pointwise. Moreover, the class of weak
equivalences satisfies the 2 out of 3 axiom by definition.

The closure with respect to retracts holds since if 7 — G is a retract of 7/ — G’ in the
category of maps of Mod(A.), then the natural morphism LG, ) Fo —> G is aretract
of the natural morphism L,G" Uy, 7 F,, —> G/, in the category of maps of DGMod(A4,),
for every a € N.

In order to show that the lifting axiom holds, observe that a morphism F — G is a trivial
cofibration in Mod(A.) if and only if for every & € A the natural morphism L,G L, 7)
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Fo —> Gq 1s a trivial cofibration in DGMod(Ay), see Lemma 3.8. Therefore the required
lifting can be constructed inductively on the degree of «.

The factorization axiom can be proved inductively as follows. Take a morphism ¢ : F —
G, we need to define (functorial) factorizations 7 — Q — G in Mod(A.) as a cofibration
(respectively, trivial cofibration) followed by a trivial fibration (respectively, fibration). Now,
fix @ € NV of degree d and suppose ¢, has been factored for all y € N of degree less that d.
Consider a (functorial) factorization of the natural morphism

LoG I—I(Lc(]-‘) Fo —> Qo — Gy

in DGMod(Ay) as a cofibration (respectively, trivial cofibration) followed by a trivial fibra-
tion (respectively, fibration). Lemma 3.8 implies that Q satisfies the required properties by
construction. O

Cofibrant A.-modules previously defined coincides with cofibrant objects in Mod(A.)
with respect to the above model structure.

Remark3.10 A morphism f: F — G in Mod(A.) is a weak equivalence (respectively:
fibration, cofibration) with respect to the model structure of Theorem 3.9 if and only if for
every « € N the induced morphism resy (f) is a Reedy weak equivalence (respectively:
Reedy fibration, Reedy cofibration) in DGMod(Ay)Re. This follows immediately by the
flatness of the map Ag — A, forevery 8 < y.

The idea of Theorem 3.9 is not far from the one recently used in [33], where a similar
argument provided a model structure on the category of certain quiver representations. On the
other hand, in [33] such model structure has been applied in order to characterize Gorenstein
projective modules over certain rings, while in the present paper we shall use it to provide
results in a geometric deformation problem.

Remark 3.11 For any @ € N, consider the full subcategory DGMod=? (Ay) € DGMod(Ay)
whose objects are complexes concentrated in non-positive degrees. This is endowed with a
model structure where

e weak equivalences are quasi-isomorphisms,
e fibrations are surjections in negative degrees,
e cofibrations are degreewise injective morphisms with degreewise projective cokernel.

We may define the full subcategory of non-positively graded A.-modules Mod="(A.) <
Mod(A.) simply replacing DGMod(A,) by DGMod=‘(A,). Notice that the same argument
of Theorem 3.9 provides a model structure for Mod=0(A.), where a morphism F — G in
Mod=(A.) is a weak equivalence (respectively: cofibration, trivial fibration) if and only if it
is a weak equivalence (respectively: cofibration, trivial fibration) in Mod(A.). The same does
not hold for fibrations. In particular, the natural inclusion functor Mod=Y(A.) — Mod(A.)
is a left Quillen functor.

Definition 3.12 An A.-module F over X is called quasi-coherent if the morphism
Jap: Fa Qa, Ap — Fp
is a weak equivalence in DGMod(Ag) for every o < g in V.

We shall denote by QCoh(A.) € Mod(A.), and respectively by QCoh*(A.) € Mod*(A.),
the full subcategories whose objects are quasi-coherent A.-modules. Every quasi-coherent
sheaf over X induces a quasi-coherent A.-module in the obvious way.
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Remark 3.13 Quasi-coherent A.-modules are closed under weak equivalences, i.e. given a
weak equivalence ¢ : F — G in Mod(A.) then F is quasi-coherent if and only if G is so. To
prove the claim it is sufficient to consider the commutative diagram

fap
Fy ®4, Aﬂ —Fp

\L @a®1d l (73}

Gy ®a, Ap T— Gg

forevery o < B in . The statement follows by the flatness of the map A, — Ag and by the
2 out of 3 property. This implies in particular that the subcategory QCoh(A.) € Mod(A.) is
closed under both factorizations given by Theorem 3.9.

Lemma3.14 Let Q € Mod(A.) be a cofibrant A.-module. Given a cospan Q i> REP
in Mod*(A.), if 7w is degreewise surjective then there exists h € Hom’ (Q, P) such that
Th = f.

Proof For simplicity we assume that f € Hom%. (Q, R); the general case can be obtain by
a shift. Fix i € Z; the map 7' : R? — P’ induces the map of A.-modules

Id

R: 0 R Ri 0
lf[ \L lr{" \Lﬂ[ \L
P - 0 pi M pi 0

which is a trivial fibration. Moreover, f': Q' — R! induces the map of A.-modules

i—2 i—1
Q: Qi—2 9 Qi—l 9 Qi Qi-H
lf l lfidigl lf" J{
P . 0 pi M pi 0

which can be lifted to R because Q is cofibrant by assumption; i.e. there exists a map of
A.-modules h: Q@ — R such that 7h = f. Now define i’ = h': Q' — R'; reproducing
the same argument for every i € Z we obtain the required map s € Hom%. (Q,P). O

Notice that if X is an affine scheme then we can choose N' = {*}. Therefore A.-modules
reduce to the category of DG-modules over I'(X, Oyx), and Lemma 3.14 states that cofibrant
DG-modules are degreewise projective. In the general case, the liftings {h;'/ : Qé/ — 73;', Yyen
satisfy the commutativity relations induced by the nerve for any fixed i € Z.

3.1 A.-Modules as Sheaves Over the Nerve

Our next goal is to give a “sheaf theoretic” description of A.-modules. To this aim, we define
a topology s on the nerve N as follows: V € 7,/ if and only if the condition

aeV,a<pB=pBeV
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is satisfied. This is called the Alexandroff topology, since (N, tor) becomes an Alexandroff
topological space, see [1]. For every fixed @ € N theset Vo = {y € N|la <y} C N
is open, and the collection {V,}qenr S T is a basis for the topology. Then consider the
category Sh(N) of sheaves of complexes over A/, where moreover on every V,, it is given a
structure of DG-module over A, compatible with the restriction maps. Now, there is a pair
of functors

S: Mod(A.) — Sh(N) I': Sh(N) — Mod(A.)
defined by

S(FH(V) = lin‘1/ Fy and 9o =6G(V)
ye

for every F € Mod(A.), every G € Sh(NV), every & € A and every V € 7. Notice that

SFIV) =115y} € ]_[ Fy ’fym(s,/1 ®1) =s,, forevery y1 < »2
yeVv

and that S(F)(Vy) = Fy. for every @ € N. In particular, I' o § = Idmodca.). Given
G € Shx (N) we have a natural map

~

g(v) = lim G(V,) = S(I'(@) (V)
yeV

for every V € s, which is an isomorphism because G is a sheaf and Uyev v, = V.
Therefore the functors S: Mod(A.) = Sh(N): T are equivalences of categories. A similar
result can be found in [6, Proposition 6.6].

Recall that a sheaf G of Ox-modules is flasque if the restriction map G(U) — G(V) is
surjective for every inclusion V. — U between open subsets of X.

Definition 3.15 An A.-module F € Mod(A.) is called flasque if the associated sheaf S(F)
is so.

3.2 Inverse and Direct Image for A.-Modules: j;, 4 ji,+

For any fixed open V € 1, denote by jy: V <> N the natural inclusion; the aim of this
subsection is to introduce two functors j;; and jy ., which we defined the “inverse image”
and “direct image” functors because of the equivalence described in Sect. 3.1.

First define Uy = Uyev U, C X; recall that for every & € N we denoted V,, = {y €
N |y > a}, so that in particular Uy, = U, € X. Then the “inverse image” and “direct
image” functors are defined by

v »: Mod Mod(A.
Ji: Mod(A.) — Mod(Uy) ; Jv.x: Mod(Uy) = Mod(4.)
an

{fy}ye./\f = {fy}yev {Galaev = {VI%H‘}WQ}O(EN

respectively. More explicitly:
lim G, ifU,NUy #0

(v Qo = {7V Ve .
0 otherwise
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where the limit is taken in DGMod(A ), and the A,-module structure is induced via A, —
A, oneach G,. Givena < B in A such that Ug N Uy # ¢, the limit induces a natural map

j = lim —> lim =(j
v« Da eV, gy yeVhvs gy (v« g)ﬂ

between DG-modules over A,. Since the A, structure on th‘} G, is givenby A, — Ag, by
Ve
adjunction the above map corresponds to a morphism
Uv,xGa ®a, Ap = (v« 9)p

between DG-modules over Ag. Notice that in particular if @ € V then (jy « §)a = Ga.

Remark 3.16 For every open subset jy : V < N, there is an adjunction ji; 4 jy .. In fact
j{;jv’* is theidentity on Mod(Uy ), and given F € Mod(A.) theunitn: Idmoda.) = Jjv .« j"j
is defined by

Fo — yel‘i/r;\lvu]:y = (]V*]\t]:)ot iftUy NUy #0

Fou— 0 otherwise

nr =

so that the unit-counit equations reduces to n;, ,g =1d;, ,g for every G € Mod(Uy ).

Remark 3.17 The adjoint pair of Remark 3.16 is not necessarily a Quillen pair; in particular,
the restriction jj; 7 of a cofibrant A.-module 7 € Mod(A.) may not be cofibrant. The crucial
point is that the functor

Jim DGMod(Ay)" """ — DGMod(Ag)
is right adjoint to the constant diagram, which does not preserve cofibrations in general.
Nevertheless, if we choose V = Vz = {y € N'|a < y} for some & then the adjunction
j;a = jy..« 18 in fact a Quillen pair. To prove the claim, notice that for every « € N such
that Uy, N U, # ¥ we have Vg NV, = Vzue. Hence the constant functor

DGMod(A,) — DGMod(Ay) @

preserves cofibrations and trivial cofibrations; in fact forevery 8 € N'theset{y € N |aUa <
y < P} is connected. It follows that the functor limy,, preserves fibrations and trivial
fibrations, so that jy. «: Mod(Uy,) — Mod(A.) is a right Quillen functor as required. In
particular, given a cofibrant A.-module 7 € Mod(A.), its restriction j"ﬁaf to Vg is cofibrant
in Mod (Ugy).

Remark 3.18 Notice that in Remark 3.16 the differentials do not play any role, so that we
have binatural isomorphisms

Homy v (j3Q, G) = Homy, (Q, jv .« )
Hom’_y (ji Q. G) = Hom’ (Q, jv.«G)

for every Q@ € Mod(A.) and every G € Mod(U,). To avoid possible confusion we
denoted morphisms in Mod(Uy) by Homy, v (—, —), and *-morphisms in Mod*(Uy) by
Hom”;‘nv(—, -).
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Lemma 3.19 Fix an open subset jy:V — N. Let Q,G € Mod(A.) and assume Q to be
cofibrant. Denote byng: G — jv « j;;G the unit map of the adjunction given by Remark 3.16.
If ng is degreewise surjective, then the induced morphism

ng . . .
Hom’ (Q.G) — Hom}y (Q. jv.s jyG) = Hom} y(jy Q. jy9)
is degreewise surjective.

Proof We prove that the map Hom!, (Q, G) 19, Hom%”v (2. 7/ Y}G) is surjective,

the same argument works for other degrees. We need to show that every {¢,},en €
Hom%. (Q, Jv.x j"j g) factors through the unit map 7g. Recall that since Q is cofibrant then
QP is projective (see Lemma 3.14) for every p € Z, so that there exists the dotted morphism

GP
' lng
QP —— (jv.s Jy9)”
whence the statement. O

Lemma 3.19 can be restated in terms of flasque A.-modules, see Definition 3.15. For every
pair of A.-modules Q, G € Mod(A.) it is defined an A.-module Homjl (Q,G) € Mod(A.)
as follows

(1) Hom:.(Q, Qo = Hom’;‘”Va (j{ﬁa Q, jéﬂg) = Homj;' (Q, TV j{ﬁag) for every o €
N$
2

Hom (Q, §)o ®4, Ag — Hom’ (Q,G)g
{(Py}yza ®x > {x- QDV})/Zﬂ

forevery o < Bin V.

Proposition 3.20 Let Q, G € Mod(A.) with Q cofibrant and G flasque. Then the A.-module
Hom’ (Q, G) € Mod(A.) is flusque.

Proof 1f G is flasque then for every opensubset jy : V < N'theunitmapng: G — jv « ji G
described in Remark 3.16 is surjective. The statement follows by Lemma 3.19. O
4 Extended Lower-Shriek Functor

This section is devoted to the well posedness of a certain functor that we shall call the extended
lower-shriek.

Definition 4.1 Define the poset L as

(1) Ly ={B.v) e N xN|B <y}
2) (B,y) < (,n)ifandonlyif 8 <Sandn <y in N.
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In particular, condition (2) of Definition 4.1 implies that for every § < § < n < y the
diagram

B,y)—=0,v)

commutes in Ls. We shall call a morphism (8, y) — (8, y) an horizontal morphism, and
similarly we call morphisms of the form (8, y) — (B, ) vertical morphisms.

Remark 4.2 More generally, for every small category C we can consider the category L¢
whose objects are maps in C and whose morphisms are commutative diagrams:

B——=v B—=v)
\L T P \LEMMLC
§——1 @G —mn

If C is a direct Reedy category, then L¢ is an inverse Reedy category with degree function
deg(f — y) = deg(y) — deg(p) = 0.

For every @ < $ in V denote by
. i ia
ig:Up —> Uy — X

the natural inclusions. Since the scheme is separated, then U, is affine for every ¢ € N.
Hence the datum of an A.-module 7 € Mod(A.) is equivalent to F, € DGMod(Oy,) for
every o € N and morphisms

fop: i Fo = Foluy — Fp,  a < B.
Now, we fix the A.-module F and define the following functors
Fs: Ly — DGMod(Oy) Fi: Ly — DGMod(QOyx)
(B.y) > iy i Fp =iy Fplu,  (B.y) > iy,il Fp =iy (Fplu,) -

If (B,y) — (8,n) then U, C U, C Us C Ug, so that it is given the map fgs: Fglu; —
Fs which in turn induces the morphism F(8, y) — F(8, n) defined by the composition

. iy (fsluy) | .
lyg(]:ﬂwy) —_— ly!}—8|Uy - ln!}—8|Uq~

Similarly, the morphisms F, (8, y) — F«(8, n) is given by the composition

. iy, (fpslu,) .
iy (Fglu,) ——— iy Fslu, = in, Fsu,-

Definition 4.3 In the above notation, the extended lower-shriek functor Y\ is defined as

Y: Mod(A.) - DGMod(Oyx)

F > colim F .
Ly

Proposition 4.4 The functors Y;: Mod(A.) = DGMod(Ox): Y* form an adjoint pair.
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Proof We need to show that there exists a bi-natural bijection of sets
Hompgmod(0y) (T1F, G) = Homy (F, T*G)

for every F € Mod(A.) and every G € DGMod(Oyx). By the universal property of the
colimit, the data of a morphism ¢ € Hompgmod(oy)(Y1F, G) is equivalent to the following
chain of one-to-one correspondences

)
— {(Fplo,) = Glv, Y ppery <
(+5)

> {Fy(Uy) g g(Uy)}yEN €

o > iy (Fplo,) > Ghigreny

& A FpUp) ®4, Ay — G(U,))
Hom 4 (F, Y*G)

(B.y)eLn

where:

e () is a bijection since the morphisms of sheaves are all determined by localizations of
the module Fg @4, Ay,
e () is a bijection since for every (8, y) € L we have a commutative diagram

8
Fp(Up) ®a4 Ay —s F (U

|

G(U,)
where the morphisms fg, are given by the A.-module F.

[}

Recall that an object 7 € DGMod(Oy) is called a flasque complex if it is degreewise
flasque, see [23].

Theorem 4.5 [23, Theorem 5.2] Let X be a separated finite-dimensional Noetherian scheme.
Then the category DGMod(Qy) is endowed with the flat model structure, where the weak
equivalences are the quasi-isomorphisms, and fibrations are epimorphisms with flasque ker-
nel.

Remark 4.6 [17, Exercise 11.1.6] Let ¢: F — G be an epimorphism of sheaves of Ox-
modules with flasque kernel over a separated Noetherian scheme X. Then ¢y : F(V) —
G(V) is surjective for every open subset V C X.

Theorem 4.7 The adjoint functors
Y,: Mod(A.) 2 DGMod(Ox): Y*

form a Quillen pair with respect to the model structure of Theorem 3.9 on Mod(A.), and the
flat model structure on DGMod(QOy).

Proof The adjointness follows from Proposition 4.4, and the right adjoint Y* preserves
fibrations by Remark 4.6. In order to prove that the functor Y* preserves trivial fibrations it
is sufficient to observe that the complex of sections I'(V, ker(f)) is acyclic for every open
V € X and for any epimorphism with flasque kernel f: F — G in DGMod(Oy); this
immediately follows from [23, Lemma 4.1]. O
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Notice that the proof of Theorem 4.7 relies on [23, Lemma 4.1], which applies because
we assumed the scheme X to be Noetherian and finite-dimensional. As a consequence of
Theorem 4.7, we obtain the existence of the total derived functors

LY,: Ho(Mod(A.)) < Ho(DGMod(Ox)): RY™* .

5 From A.-Modules to Derived Categories

The first goal of this section is to show that the total left derived functor of the extended lower-
shriek introduced in the Sect.4 maps (classes of) quasi-coherent A.-modules in (classes of)
complexes of quasi-coherent sheaves, see Theorem 5.4. Hence there will be induced functors

LY: Ho(QCoh(A.)) = Dye(X): RY .

Our main result shows that the above functors are in fact equivalences of triangulated cate-
gories, see Theorem 5.7. To this aim, we shall first prove that

LY\[F]=["\F] forevery [F] € Ho(QCoh(A.))
RY'[G] =[Y*G]  forevery [G] € Dyc(X) .
As usual, X is a fixed separated finite-dimensional Noetherian scheme over K ; moreover

N denotes the nerve of a fixed affine open covering {Uj, }he . Recall that by Definition 3.12,
an A.-module F € Mod(A.) is called quasi-coherent if the morphism

faﬁ: Fou Qa, A/j — Fp
is a weak equivalence (i.e. a quasi-isomorphism) in DGMod(Ag) for every o < B in NV.

We need an easy preliminary result.

Lemma5.1 Let N be a small direct category and let R be a ring. Consider the category
DGMod(R) of complexes of R-modules. Given a functor F: N — DGMod(R) there exists
a natural isomorphism of R-modules H’ (colimﬂeN Fﬂ) = colimgen (H/ (Fp)) for every
j €.

) Codl )
Proof Consider the exact sequence 0 — Z/ Fg — Fj L Zit\Fg — HI*1Fy — 0, for
every B € N and every j € Z. Now observe that the functor colimy is exact, being direct
on a category of modules. In particular,

colim ZjFﬁ = ker {colim dé} =zl <colim Fﬁ) ,
BeN BeN

BeN

and the thesis easily follows. O

Proposition 5.2 Let F € QCoh(A’.‘)d be a quasi-coherent A.-module. Then for every a € N
there exists a quasi-isomorphism Fo, — (V1F)|y, in DGMod(Oy,,).

Proof We show that the natural morphism

L F lim iy (F, =(MF
o: Fog — ((ﬁc’:](/))éTlez( ﬁluy)> - MAlu,

@ Springer



A DG-Enhancement of Dgc (X) with Applications. .. Page 17 of 35 12

is a quasi-isomorphism by showing that the induced morphism ¢ is so at each stalk, x € Uy.
Consider the following chain of equalities

(CPlu,), = (o Folo)) =, otim . | Felo, ), = colign (Fp),

colim
(B.y)eLnr
where the last equality holds since for every 8 < y; < y» the vertical morphism induced
on the stalk (fﬂluyl) — (ﬁﬂwm) is an isomorphism, being x € U,, € U,,. Now
X X

take J e Z andA ngtice that A\ is connected, whenever f; < B, the natural morphism
H/(Fg,)x — H/(Fg,), is an isomorphism by hypothesis; hence

Hi(go): HI(Fy)y —> colim HI(Fg), = [Lemma 5.1] = H/ (c}g)é}\r}l(ﬁ@)

X

and the statement follows. ]
Notice that there are inclusion functors
Ho(QCoh(A.)) — Ho(Mod(A.)) and Dy.(X) — Ho(DGMod(Ox)) .

Our goal is now to show that the total left derived functor LY,: Ho(Mod(A.)) —
Ho(DGMod(Ox)) maps Ho(QCoh(A.)) to D¢ (X).

Remark 5.3 Let D, (Ox) be the derived category of cochain complexes of arbitrary Oy -
modules over X, with quasi-coherent cohomology. Then the natural functor Dg.(X) —
Dy (Ox) is an equivalence of categories, see [5].

Theorem 5.4 The functor LY;: Ho(Mod(A.)) — Ho(DGMod(Ox)) maps (classes of)
quasi-coherent A.-modules to (classes of) complexes of quasi-coherent sheaves.

Proof The statement immediately follows by Proposition 5.2 and Remark 5.3. O

The functor Y* obviously maps quasi-coherent sheaves to quasi-coherent A.-modules.
Therefore by Theorem 5.4 the restricted functors

LY:: Ho(QCoh(A.)) S Dye(X): RT*

are well-defined.

5.1 The Equivalence Ho(QCoh(A.)) =~ Dgc(X)

The aim of this subsection is to show that the adjoint pair
LY): Ho(QCoh(A.)) S Dye(X): RY

introduced in the section above is in fact an equivalence of triangulated categories.

Explicit models for the (unique) DG-enhancement of Dy (X) already exist, e.g. the cat-
egory of complexes of injectives. For a survey concerning this topic we refer to [8, 25]. As
we shall see, cofibrant A.-modules provide another explicit DG-enhancement for Dy (X),
see Corollary 5.8.

Remark 5.5 The functor Y*: DGMod(Ox) — Mod(A.) maps quasi-isomorphisms
between (complexes of) quasi-coherent sheaves to weak equivalences between quasi-coherent
A.-modules. This easily follows recalling that cohomology commutes with direct col-
imits (hence with stalks), see Lemma 5.1. In particular, RY" [F] = [Y*(F)] for every
[F] € Dyc(X).
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Lemma5.6 Let ¢: F — G be a morphism in QCoh(A.). Then ¢ is a weak equivalence if
and only if Y\(¢) is a weak equivalence in DGMod(Oy).

Proof For any « € N consider the commutative diagram

~

Fa

T(Plu,

|

o —————= MO,

where the horizontal arrows are quasi-isomorphisms in DGMod(Oy, ) by Propgsition ’é 2.
Observe that 7, — G, is a quasi-isomorphism in DGMod(A) if and only if 7, — Gy is
so on each stalk in U,. Then the statement follows by the 2 out of 3 property. O

Notice that Lemma 5.6 implies that LY\([G] = [N\G] for every [G] € Ho(QCoh(A.)).
Hence it is convenient to simply denote by
Yi: Ho(QCoh(A.)) & Dye(X): T*
the functors LY, and RY .

Theorem 5.7 The functors Y1: Ho(QCoh(A.)) = Dy.(X): Y* are equivalences of trian-
gulated categories.

Proof In order to avoid possible confusion, throughout all the proof we shall keep the notation
LY, and RY" to denote the functors in the statement.

First recall that the triangulated structure is preserved because the functors come from a
Quillen adjunction. Hence we only need to prove that the natural morphisms

LY, oRY'[F]—> [F] and [G] —> RY oLT[G]
are isomorphisms for every [F] € Dy (X) and every [G] € Ho(Mod(A.)).

(1) Firstobservethat LY \oRY [F] = [Y,Y*(F)] by Remark 5.5 and Lemma 5.6. Moreover,
since

(T T*(P), = colim (i(Fly,)x =  colim  (iyi(Fly, s
(B.y)eLn {(B.y)ELr [ x€Uy}

= colim(Flyg)x = Fx
Bel
for every x € X, then the natural map Y, Y*(F) — F is an isomorphism.
(2) The second natural isomorphism follows by Lemma 5.6 and Proposition 5.2.

[m}

Theorem 5.7 partially appears in [7, Proposition 2.28], where it is proven that T* is an
equivalence on its image.

Define the DG-category QCoh*(A.)¢ whose objects are cofibrant quasi-coherent A.-
modules, and whose morphisms are x-morphisms, see Definition 3.3. Notice that

Z" (QCoh*(A.)°) = QCoh(A.)" .
Moreover, every weak equivalence 7 — G in Mod(A.) between cofibrant A.-modules is in

fact an isomorphism up to homotopys; i.e. HY (QCoh*(A.)) =~ Ho (QCoh(A.)°).
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Corollary 5.8 The DG-category QCoh*(A.)¢ is a DG-enhancement for the unbounded
derived category Dy (X).

Proof There are equivalences of triangulated categories
H° (QCoh*(A.)”) ~ Ho (QCoh(A.)C) 2~ Ho (QCoh(A.)) = Dy (X),

where the last one follows by Theorem 5.7. O

6 Derived Endomorphisms of Quasi-coherent Sheaves

Throughout this section we shall consider a fixed finite-dimensional Noetherian separated
scheme X over a field K, together with a quasi-coherent sheaf F on it. Also, we fix an open
affine covering {Uj }nen, denoting by N its nerve.

The first main goal of this section is to give different constructions of the derived endomor-
phisms REnd(F). The interest in this object arises in several areas of Algebraic Geometry;
for instance it carries a DG-Lie structure controlling infinitesimal deformations of F as we
shall see in Sect.7.

Recall that REnd(F) is represented (up to quasi-isomorphisms) by the complex
Hom’éx (F,I), for any injective resolution F — Z. Notice that Hom’(‘gx (F.I) =
Homoe, (F, I), up to a sign on the differential.

6.1 REnd(F) via A.-Modules

The aim of this subsection is to prove that given a cofibrant replacement ¢: Q — T*F in
Mod(A.), then the derived endomorphisms of F are represented by End’g_ (9Q).

For notational convenience we shall also denote by ¢ the induced map Y1 Q — N\ Y*F =
F.

Proposition 6.1 Let F be a quasi-coherent sheaf on X, and consider a cofibrant replacement
e: Q — Y*FinMod(A.). Then the induced map

Hom{,, (11Q, J) <— Hom},, (F, )
is a quasi-isomorphism for any bounded below complex of injectives J.

Proof Since 7 is degreewise injective we have a short exact sequence
0 — Homp,, (F, J) — Hom*(‘gx(TgQ, J) — Homp, (H, J) — 0

where H = ker(e) is acyclic. By standard arguments it is easy to show that any map from
an acyclic complex to a bounded below complex of injectives is homotopic to zero, see e.g.
[14, I11.5.24]. Hence the complex Hom’("QX (H, J) is acyclic and the statement follows. O

Proposition 6.2 Let F be a quasi-coherent sheaf on X, let ¢: F — T be an injective reso-
lution, and consider a cofibrant replacement &: Q — Y*F in Mod(A.). Then the maps

Hom’} (Q, Q) LA Hom’ (Q, Y*F) RN Hom’ (Q, Y*I)

are quasi-isomorphisms.
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Proof We shall prove that the functor Hom% (Q, —): Mod(A.) — DGMod(Z) maps weak
equivalences to quasi-isomorphisms, being O cofibrant. Since every object in Mod(A.) is
fibrant, by Ken Brown’s Lemma it is sufficient to show that Hom";‘.(Q, —) maps trivial
fibrations to quasi-isomorphisms. To this aim, take a trivial fibration f: G — H in Mod(A.).
Then we have a short exact sequence

0 — Hom’, (Q. ker(f)) — Hom’, (Q, G) 1> Hom’ (Q,H) — 0;

where the surjectivity comes from Lemma 3.14.
To conclude we need to show that Hom’ (Q, ker(f)) is acyclic. Notice that every cocycle

[h] € Z" (Homj‘.(g, ker(f))) is given by amap h: Q — ker(f)[n] of A.-modules. Now,

factor the weak equivalence 0 — ker(f) as

0 = cocone (Idker( fyin1) % ker(f)[n]

and observe that ¢ is a weak equivalence and  is a trivial fibration. Hence the square of solid
arrows

0 —“ = cocone (Idker(f)["])

LT

Q ————ker(f)n]

admits the dotted lifting h: Q — cocone (Idker( f)[,,]), which in turn implies that z is homo-
topic to zero, i.e. [h] = [0] € H" (HomjL (9, ker( f))). O

Remark 6.3 The same argument given in the proof of Proposition 6.2 leads to quasi-
isomorphisms

Hom’ (Q, Q) 25 Hom% (Q, Y*F)q SN Hom’ (Q, Y*T)q
for every o € N.

Theorem 6.4 Let F be a quasi-coherent sheaf on X, and let ¢: Q — Y*F be a cofibrant
replacement in Mod(A.). Then REnd(F) is represented by Endz. (9).

Proof First notice that Hom’ (Q, T*Z) = Hom’gx (M Q, 7), the proof being the same as
Proposition 4.4. Now the statement follows by Propositions 6.2 and 6.1. O

Remark 6.5 Notice that the above proofs easily extend to the general case of a complex
of sheaves 7* € DGMod(Qy), so that the issue is to construct a cofibrant replacement
£:Q — YT*F*

6.1.1 Concrete Computations via A.-Modules

The approach via A.-modules seems to be fruitful in some geometric situations, see e.g. [3,
Section 3] and [4, Section 5]. We shall now construct the cofibrant pseudo-module providing
a description of the DG-Lie representative of derived endomorphisms of a complex of locally
free sheaves.
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Consider any bounded above complex of locally free sheaves F* on X. For each @ €
consider the abstract oriented simplicial complex A,: the faces are given by non-empty
subsets of «. The homology of its associated chain complex C.(A,) is non-trivial only in
degree 0: Hy (C«(Ay)) = Z. Let us now describe the cofibrant A.-module Q. We begin with
the dual cochain complex

CH(Aw) = C_i(Aw) o =04
Then define
Qa = C*(Aa) &z f*(Ua) s

whose cohomology gives back the desired complex: H* (Qy) = F*(Uy). Notice that the
projection C*(Ay) — HY (C*(Ag)) induces a map Qy — F*(Uy). These data commute
with each other (for any « < B € N); therefore we have constructed a morphism ¢: Q —
T*F in the category of A.-modules. It is not difficult to check that Q is cofibrant, see [3,
Section 3.2] for details. Now from Theorem 6.4 and Remark 6.5 we obtain that the DG-Lie
algebra Hom? (Q, Q) represents the derived endomorphisms of the complex F*.

Notice that in order to compute cohomology, i.e. Ext*(F*, F*), it can be useful to deal
with the complex Hom? (Q, T*F*) instead of Hom? (Q, Q).

6.2 REnd(F) via Thom-Whitney Totalization

The aim of this subsection is to prove that given a cofibrant replacement @ — Y*F in
Mod(A.), then the derived endomorphisms of F are represented by the Thom—Whitney
totalization of a certain semicosimplicial DG-Lie algebra described in terms of Q, see Defi-
nition 6.6.

We begin by recalling the following construction. Let {U}} ;< be an affine open covering
for a finite-dimensional Noetherian separated scheme X. Define

Ny ={Gos---vjn) € J"UjyN---NU,, # B}
for any n € N. The ordered nerve of {U;} is the disjoint union N =1] 1,,. Notice that

n>0
there exists a map

N—)N, a:(j()w"vjn)Ha:{j()v"'»jﬂ}
where N is the nerve of {U}.
Consider Q € Mod(A.), and for every n € N define
£, = [] Hom} (Q, Qu
aeNn
where the product is taken in the category of DG-vector spaces. Notice that £" is a DG-Lie
algebra since every Hom’ (Q, Q)¢ < I Homjgy (Qy, Q,) inherits a DG-Lie structure,

Cyza
where the bracket is the (graded) commutator. Moreover, for every monotone map f: [n] —
[m] it is induced a map

hp: Ny —> Ny, a = (ag,...,am) = hg@) = (ar@oy,---»arm)

satisfying h ¢ (@) < @ for every @ € N. This in turn gives a map

fo=| fﬁ}gem 180> Ly definedby 7 (Igwhae, ) =T, 07 (91, € S
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where T BB Hom’ (Q, Q)hf(ﬁ) — Hom’ (Q, Q) is the natural projection.

Definition 6.6 For every n € N and every 0 < k < n + 1, define 8. [nl—> [n+ 1] as

p if p<k

s (p) =
() p+1 ifp>k

Then the maps 8¥ induce the semicosimplicial DG-Lie algebra
£: Lo —= & Hﬁ-,{)l jﬁ

Similarly we now introduce three semicosimplicial complexes. Let @ — Y*F be a
cofibrant replacement for Y*F in Mod(A.) and consider an injective resolution 7 — Z,
then define

BT, B2 = [1 Hom’ (Q, Y*F)y —= B2
(YEN()

= [ Hom} (Q, Y*F)y ———=---
EEN]

BT, Bt = [T Hom? (Q, Y*T), —= B2*
Eeﬁo

= I1 HOHIZ,(Q, T*D)g p—
EEN]

BT %OFI = I1 Hom’(“ox(iag(}'lya),l') p— ‘B{EZ
Eeﬁo

- [1 Hom}, (iar(Flu,). T) —5 -
weN|

where we denoted by iy : Uy, — X the natural inclusion. Notice that the maps defined in
Propositions 6.1 and in Proposition 6.2 induce semicosimplicial morphisms
£ B BT BT,

Recall that for a semicosimplicial DG-vector space V the Thom—Whitney—Sullivan total-
ization is the DG-vector space defined by

Tot(V) = { (xp) € 1_[ Q, @V, | (8 ® Id)x, = (Id @8k )x,—; forevery 0 <k <n

n>0
_ Kltg,....tn,dtg,....,dt,] - : : .
where 2, = TS s the graded algebra of polynomial differential forms on

the n-simplex. Moreover, to every semicosimplicial DG-vector space V is associated the
complex
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cy=@J[vl-1r=PJ[v™"

peNneN peNneN

which is quasi-isomorphic to the totalization via the Whitney integration map f : Tot(V) —
C(V), see [38]. Given a map of DG-vector spaces g: W — Vj satisfying dpg = d1g, it
is induced a morphism g: W — Tot(V) defined by g(w) = (1 ® g(w), 1 ® Sog(w), 1 ®
88 g(w), ...). Using the semicosimplicial identities it is straightforward to prove that the
composition f og is in fact the composition of g with the natural inclusion Vy — C(V). In
this way it is induced a natural map

Hom’, (Q, Q) — Tot(£)

which respects the DG-Lie structure.

The aim of this subsection is to prove that Homf,‘. (Q, Q) — Tot (L) isaquasi-isomorphism
of DG-associative algebras. Actually we shall prove much more: there exists a commutative
diagram

HOH]Z(Q, Q) —— HOII]K(Q7 T*]—') - Hom:.(Q, T*I) - Hom*(‘gx (F.T)

| : ! I

Tot(£) Tot(B2F) Tot(B<T) Tot(BFT)

| |s |1 |s

C)— B — BN~ 87 .
6.1)

where all maps are quasi-isomorphisms.

Lemma 6.7 The vertical map Hom“z,)x (F,D) i Tot(B7 L) appearing in diagram (6.1) is a
quasi-isomorphism.

Proof As already noticed above the Whitney integration map f : Tot(B7T) — C(BTT)
is a quasi-isomorphism. Therefore, in order to prove the statement it is sufficient to show
that the composition | of is an isomorphism in cohomology. To this aim we introduce two
double complexes

Bij = [] Homly, (Flu,.Zlu,)

EEN_,‘

A = Hom"ox(}‘,z) ifj=0
/ otherwise

defined for i, j > 0. Restrictions give a map of double complexes {A;; — B;;};i, j>0, which
in turn corresponds to a morphism between the associated complexes

f1 A =Hom}, (F.T)— B =D P Biii -

neN neN i=0

Now, consider the following complete and exhaustive filtrations

FPA = @ Homl, (F.7), F'B =P si.;. peN

i>p izp j=0
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together with the induced morphism

A FPA

FPB
P TE = Hom?, (F,7) — P [] Homp, (Flu,. Zlu,) =

A 1 T Fptip- e
Jj=0 66./\/'1'
Observe that for every p € N the map f P is a quasi-isomorphism; in fact by the degreewise
injectivity of Z it follows that the restriction map
Homg, (F,T) — Hom¢, (ihF,T) = Homgx‘u (Flv,Zlv)
is surjective for every open subseti: V — X, therefore the sequence
0 — Hom{, (F,7) - [] Hom{, (Flu, Zlv,) = [] HoméUﬁ (Flug. Tlug) — -+
aeN EGNI
is exact because flasque sheaves are acyclic. It follows that the map f: A" — B’ is a quasi-
isomorphism.

To conclude the proof it is sufficient to observe that f is indeed the composition f o&.
Clearly A" = Hom’éx (F,T); moreover

n n
B =D i =DD [ Hom, (Flu. ZIu,)

neN i=0 neN i=0 geN;
n
_ n—i .
= @ [Homts!, | @ teFio). 7
neNi=0 aeN;

so that B' = C(®B7T). Now, the map f o€ is the same as the composition

Hom{,, (F,7) — [] Homd, (Flu,. Zly,) - C(BF)
aENo

which is precisely f as claimed. O
Theorem 6.8 All the maps appearing in diagram (6.1) are quasi-isomorphisms.

Proof The maps in the first row have been discussed in Propositions 6.1 and 6.3. Now, recall
that to prove that the map between complexes associated to semicosimplicial DG-vector
spaces is a quasi-isomorphisms, it is sufficient to prove that it is induced by a semicosimplicial

quasi-isomorphism between them. By Remark 6.3 and by Proposition 6.1 there are quasi-
isomorphisms

Hom'; (Q, Q)u — > Hom; (Q, T*F)y ———> Hom} (Q, Y*T),

HomY,, (1/Q,T) <—— Hom,  (Flu,. Zlu,)

for every @ € N, which in turn induce semicosimplicial quasi-isomorphisms

£ — B - By BT
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Therefore the maps in the bottom row are all quasi-isomorphisms. Moreover, since for every
DG-vector space V the map [: Tot(V) — C(V) is a quasi-isomorphism, by the 2 out of 3

property also the maps in the middle row are quasi-isomorphisms.
To conclude the proof recall that the map &: Hom”bx (F, ) » Tot(B7T)is a quasi-
isomorphism by Lemma 6.7. Hence the statement follows again by the 2 out of 3 property.
O

Corollary 6.9 Let F be a quasi-coherent sheaf on X, and let ¢: Q — Y*F be a cofibrant
replacement in Mod(A.). Denote by £ the semicosimplicial DG-Lie algebra introduced in
Definition 6.6. Then REnd(F) is represented by Tot(£).

Proof ITmmediate consequence of Theorems 6.4 and 6.8 O

Remark 6.10 Another consequence of Theorem 6.8 is the existence of a quasi-isomorphism
of differential graded Lie algebras Hom’ (Q, Q) — Tot(£). This implies that the associated
deformations functors defined through Maurer—Cartan elements modulo gauge equivalence
are isomorphic:

Defrom® (0,0) = Defrote)

see [29, Corollary 5.52].

6.3 REnd(F) in Presence of a Locally Free Resolution

Let £ — F be alocally free resolution for a quasi-coherent sheaf F over X. Recall that if X
is smooth projective such a resolution always exists, but we keep working in full generality
only assuming X to be a finite-dimensional separated Noetherian scheme over K. Moreover
we choose an affine open cover {Uj, },ep for X such that the restriction £|y, is a complex of
free sheaves for every o« € . Notice that:

(1) T*E € Mod(A.) is quasi-coherent,
(2) (Y*E)qy is cofibrant in DGMod(Ay,) for every a € N,
(3) T*& is not necessarily cofibrant in Mod(A.).

Lemma 6.11 Let € — F be a locally free resolution, and consider a cofibrant replacement
05 T*in Mod(A.). Fix @ € N; then all the maps in the commutative square

Hom’ (Q, Y*F)y Hom’ (Y*&, Y*F)q
Hom' (Qq. (T*F)y) <—— Hom’y (Y*E)q. (T*F)q)
are quasi-isomorphisms, where the vertical arrows are the natural projections.

Proof First notice that the vertical arrow on the right is clearly an isomorphism. Moreover,
the bottom arrow is a quasi-isomorphism because it is induced by the map Q, — (Y*&)q,
which is a weak equivalence between cofibrant objects in DGMod(A,). By the 2 out of 3
axiom it is then sufficient to prove that the projection

7t Homy (Q. T*F)a — Hom’, (Qu. (Y*F)a)
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is a quasi-isomorphism. We begin by showing the surjectivity in cohomology. To this aim,
take ¢ € Z° (Homja(ga, (T*}')a)) = Hom, (Qq. (Y*F)g). By induction, fix f € A

such thatee < B and suppose we have already constructed maps ¢, € Homa,, (Q,, T*F)y)
for every

YERyp={yeNla=<y <8}

satisfying the necessary commutativity relations. In order to define gg € Homa,(Qp,
(T*F)p) first notice that the map

li A
527%1;(9;, ®a, Ap) = Qg

is a cofibration in DGMod(Ag) by Remark 3.17. Notice that Q is a quasi-coherent A.-module
by Remark 3.13, so that the map

{Qy ®a, 45 > 8},cr,,

is a Reedy weak equivalence. Moreover, the diagram { Qy ®a, Ap } 5 is Reedy cofibrant

yeRa
by Remark 3.17, and {Qﬁ }V Rap is Reedy cofibrant since Rp is connected. It follows that
the map
li A li =
;-‘g,]%g;(gy ®a, Ap) = colim Qp = Qg

is aweak equivalence since the left Quillen functor colim: DGMod(Ag YRag —> DGMod (A 8)
preserves weak equivalences between Reedy cofibrant objects by Ken Brown’s Lemma.
Hence the diagram

VERy

cwl o
e

Qﬂ‘v

colim (Qy ®4, Ag) —= (T*F)p
Rap 7

admits the required dotted lifting. This proves that 7 is surjective in cohomology in degree
0. For the general case it is sufficient to observe that

Z" (Hom® (Qq. (Y*F)y)) = z0 (Hom?y (Qu. (Y*F)aln])) .

We are left with the proof of the injectivity of 7 in cohomology. To this aim, take {¢} }, >
in Homy (Q, Y*F), and suppose that ¢, : Q, — (Y*F), is homotopic to the zero map;

ie. 1({gy}) =0in HO (Homzu (Qu» (T*&’-’)a)). This is equivalent to say that the diagram
of solid arrows

cone (Id(T*]-‘)a[—l])

he 7
Pa

Qu T (T*F)e

admits the dotted lifting /. Recall that

cone (Id(T*]—‘)a[fl]) = (Y*Fla ® (Y Fo[—1]
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as graded A,-modules, and py is the projection on the first summand. In order to prove that
{¢y} is exact we proceed by induction: fix € A such that @ < g and suppose that the
homotopy h has been lifted to /), : Q, — cone (Id(T*]:)y[,l]) forevery y € Reg ={y €
N |a <y < B}. We need to prove the existence of the dotted lifting in the diagram below

colim cone (Id
YeRgp ( (T*]:)V[_”)

colim Q) @4, Ap (r*Fp cone (Id(T*}")lg[—l])

R,
v \ :
Pp
h
B . \L

Qp > (Y*F)p

where / is induced by {hy }yer,, and ¢ is induced by {¢, }yeRys - Notice that pg is surjective

(hence a fibration), and co%izm Qy ®a y Ag — Qg is a trivial cofibration as proved above;
Y ERy,
therefore the statement follows by the lifting property. O

Remark 6.12 Even if F does not admit a locally free resolution, we can consider a cofibrant
replacement @ — Y*F in Mod(A.): the same argument of Lemma 6.11 shows that the
projection

Hom; (Q, Y*F)o — Hom} (Qu, (Y*F)q)
is a quasi-isomorphism.

Remark 6.13 1In the proof of Lemma 6.11, the fact that Y*F is concentrated in degree O does
not play any role. Therefore for every & € A the same argument leads to a quasi-isomorphism

—om: Hom}j (Y*E,Y*E)y — Hom (Q, Y*E)y
where 7 : Q — Y*& is a cofibrant replacement in Mod(A.).

Given a locally free resolution £ — F on X, we consider the associated Cech semicosim-
plicial DG-Lie algebra

h: [1 Homg, (Elu,.Elv,) —= [1 Hom’(guﬁ Eluy, Eluy) =—= ---
aeNy BeN,

which will give us another model for derived endomorphisms of F.

Theorem 6.14 Let F be a quasi-coherent sheaf on X, and let £ — F be a locally free
resolution. Denote by by the Cech semicosimplicial DG-Lie algebra as above. Then REnd(F)
is represented by Tot(h).

Proof Take a cofibrant replacement Q — Y*& in Mod(A.) and fix « € N. By Lemma 6.11
there exists a quasi-isomorphism

Hom’} (Q. Y*F), < Hom¥ (Y*E, Y*F), = HomY ((Y*E)q. (YT F)a)
= Homyp,, (€lu,. Flu,) -
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Moreover the map HomEU Elu,, €lu,) — Hom*OU (€lu,, Flu,) is a quasi-isomorphism,
. « « . .. .
being £|y, a complex of free sheaves. Therefore we obtain a quasi-isomorphism

Homp,, (€ly,. €ly,) — Homj (Q, T*F)g

which extends to a semicosimplicial quasi-isomorphism f — B<7, so that the induced map
Tot(h) — Tot(B27) isa quasi-isomorphism. The statement follows by Theorem 6.8 and
Corollary 6.9. O

Theorem 6.13 essentially states that HF (Tot(h)) = Ext’é)x (F,F) for every k € N.
For future purposes, we are now interested in a stronger result, namely that Tot(f), Tot(£)
and End’, (Q) are quasi-isomorphic as DG-Lie algebras, so that in particular the associated
deformation functors Def o (p), Def o) and Def Hom’ (Q) will be isomorphic to each other.
Recall that it has been already proven in Sect. 6.2 that Defry gy = Def Hom*, (Q)-

Lemma 6.15 Let £ — F be a locally free resolution, and consider a cofibrant replacement
05 Y*€inMod(A.). Fixa € N and define the DG-Lie algebra

Mo = {(f.8) € Hom% (Q, Q)¢ x Hom% (Y*E, T*E)y|mo f=gon} .
Then there exists a commutative square

p2

M, Hom’, (Y*E, T*E)q

P1 l—on

Hom (Q, Q)y ————= Hom (Q, T*&)a

where every map is a quasi-isomorphism.

Proof First notice that the map
7 o —: Hom} (Q, Q)¢ — Hom (Q, T*&),
is a quasi-isomorphism being Q cofibrant in Mod(A.), see Remark 3.17. Moreover, the map
—om: Hom}j (Y*E, Y*E)y — Hom} (Q, T*E)y

is a quasi-isomorphism by Remark 6.13. By the functoriality of cohomology, to prove the
statement it is sufficient to show that the projection p; is a quasi-isomorphism. To this aim,
first observe that Q is cofibrant and 7 is surjective, so that the map p; is surjective by
Lemma 3.14. Moreover, the complex ker(p;) = Hom’ (Q, ker(r))y is acyclic, being Q
cofibrant and ker(sr) acyclic. The statement follows. ]

Theorem 6.16 Let & — F be a locally free resolution, and consider a cofibrant replacement

Q X Y€ in Mod(A.). Let £ be the semicosimplicial DG-Lie algebra associated to Q
as in Definition 6.6. Then Tot(£) and Tot(h) are quasi-isomorphic as DG-Lie algebras.
In particular, the associated deformation functors Defro ey and Defroyy) are naturally
isomorphic.

Proof Tt is sufficient to observe that by Lemma 6.15 there exists quasi-isomorphisms

Hom’, (Q, Q)¢ < M, — Hom’, (T*£, T*E)q
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of DG-Lie algebras inducing quasi-isomorphisms of semicosimplicial DG-Lie algebras. To
conclude the proof recall that the Whitney integration maps lift quasi-isomorphisms between
complexes associated to semicosimplicial DG-Lie algebras to quasi-isomorphisms between
their totalizations. O

7 Infinitesimal Deformations of Quasi-coherent Sheaves

It is well known that infinitesimal deformations of a coherent sheaf on a smooth projective
variety are related to Ext*(F, F), see e.g. [11]. Using results of Sect.6, our aim is now to
prove that the DG-Lie algebras End} (Q) = Hom’, (Q, Q) and Tot(£) control infinitesimal
deformations of a quasi-coherent sheaf F over a finite-dimensional Noetherian separated
scheme X. Here Q@ — Y*F is any cofibrant replacement in Mod(A.).

For the reader convenience, we briefly recall the definition of the deformation functor
associated to infinitesimal deformations of 7. A deformation of F over A € Artg is a
morphism 7 : F4 — F of sheaves of Ox ® A-modules over X x Spec(A), with F4 flat over
A, such that the reduced map F4® 4K — Fisanisomorphism. We say that two deformations
F4 and F; are isomorphic if there exists an isomorphism of sheaves ¢: F4 — F/; such that
7’ o ¢ = 7. The functor of infinitesimal deformations of F up to isomorphism is denoted by
Def r: Artx — Set.

The main result of this section will be the existence of natural isomorphisms

Def; = DCfTol(g) = DefEnd;_(Q) .

We shall give different proofs. First recall that by Remark 6.10 there exists a natural isomor-
phism DefEndZ_(Q) — Defor(g). In Sect. 7.1 we will use a powerful result of [11], which
will lead us to a natural isomorphism Def 7 = Defo(g). In Sect. 7.2 we will give an explicit
natural isomorphism DefEnd: (9~ Def .

7.1 Deformations via Descent of Deligne Groupoid

We begin by recalling the construction of the functors Z! , HE} : Artg — Set for any given
semicosimplicial DG-Lie algebra

0
do, 1 %2
g: g0 —=< g1 01, 0—> - -
31.] -
02

For every A € Artg define Z](A) C (g @ gf) ® m4 to be the subset of elements (/, m) €
(g0 @ g9) ® my satisfying

dl+ 5[1,11=0

81,11 =e" % 80’11

90,2m @ (—031 2m) @ 0y om = dn + [02,290,1], n] forsomen € g;l ®my
where * denotes the gauge action and e denotes the Baker—Campbell-Hausdorff prod-
uct; i.e. x ¢ y = log(e*e”). There is an equivalence relation on Zé (A): two elements
(lp, mg), (I1,my) € Zé(A) are equivalent if and only if there exist a € 98 ® my and
be gfl ® my such that
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e xlyp =1
—moq e (—d1,1a) e dp,1a = db + [d0.10, D] .

We shall denote by ~ the equivalent relation defined above; the functor of Artin rings
1
HE}: Artg — Set is defined as Hé (A) = ZB(A)/N for every A € Artk . This functor

extends the one defined in [12] for semicosimplicial Lie algebras. It was proven in [11] that
there exists a commutative diagram of functors

Tot(-)

DGLAZ,

R Def.

SetArtx

DGLA

where DGLA@EO is the category of semicosimplicial DG-Lie K -algebras whose cohomology
is concentrated non-negative degrees, DGLA is the category of DG-Lie K -algebras, and
SetA"® js the category of functors Artg — Set. Moreover, the functor Def.: DGLA —
Set"® js defined by Maurer—Cartan solution modulo gauge equivalence.

Our strategy is now clear: we first need to show that the semicosimplicial DG-Lie
algebra £ defined in Definition 6.6 has cohomology concentrated in positive degrees, i.e.

Le DGLA@EO, then we conclude by showing that Def r = H )13

Lemma7.1 Let F be a quasi-coherent sheaf on X, and take a cofibrant replacement
Q — Y*F in Mod(A.). Then the associated semicosimplicial DG-Lie algebra £ defined in
Definition 6.6 belongs to DGLA@EO.

Proof Fix a« € N’; we need to show that Homi“.(Q, Q) 1s acyclic in negative degrees.
Consider the composition

Hom’ (Q, Q)¢ — Hom} (Q, Y*F)q — Hom} (Qu, F(Ue))

where the first map is a quasi-isomorphism by Proposition 6.2, and the second map is a quasi-
isomorphism by Remark 6.12. Now consider a projective resolution P° — F(U,), which in
particular is a cofibrant replacement in DGMod(Ay ), see e.g. [22, Lemma 2.3.6]. Therefore
there exists a quasi-isomorphism ¢g: Q, — P° lifting 9, — F(U,). By Ken Brown’s
Lemma, the functor Homja (—, F(Uy)) maps weak equivalences between cofibrant objects
to quasi-isomorphisms, so that the induced map

Hom, (P, F(Uy)) —> Hom}, (Qq, F(Ua))

is a quasi-isomorphism. Now the statement follows since the complex Hom’ga (P, F(Uy))
does not have non-zero n-cocycles for n < 0. O

Fix « € N and A € Artg ; a Maurer—Cartan element {l/g}g>« € HomL.(Q, Qe @ My
defines complexes (Qp® A, dg, +1g) forevery B > «, hence deformations of the sheaf |y,

by taking the sheaf associated to the 0-th cohomology. In fact, the condition (dg, +!/ ,3)2 =0

is equivalent to require dglg + %[l - 1] = 0, while the flatness follows from [36, Theorem
A.31] since every cofibrant complex is degreewise projective, see e.g. [22, Lemma 2.3.6].
Notice that for every @ < < y we have a quasi-isomorphism

(Qp® A,do, +1p) ®apea) (Ay @A) - (Q, ® A, dg, +1,)
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so that the induced map between deformations

1

HY(Qp ® A, do, + 1) ®uzea) (Ay ® A) — HY(Q, ® A,dg, +1y)
FUp)
is an isomorphism. This means that a Maurer—Cartan element [* = {lg}g>a €

HomiL (Q, Qo ® my is essentially a deformation of the sheaf F|y, .
Now consider a Maurer—Cartan element [ = {{“}pen; € |1 H0m114 (Q, Q)y ® my,
aeNy ’
so that each [ is a Maurer—Cartan element in Hom}{.(Q, Q)e ® my. In order to glue the
deformations associated to each [%, we need to require the existence of an isomorphism

(Qp® A, dg, +13) Basea) (Ay ® A) EN (Qp® A, dg, +l§/) ®Ap4) (Ay @ A)

lifting the identity for every o, o’ € Ny and every B € N such that @, ' < B. Since f
g

(o, /
lifts the identity on Qg, then f = "B for some m/(;"a) € Hom%'(Q,g, Qp) @ my. The

/
commutativity with the differential is equivalent to the relation dg, + lg = em/(sa’a ) (doy +
lg/)e_m»(“w ), ie. lg/ = e’"»("ayu) * 1. Therefore for every (o, &') € N all these isomorphisms
are collected by the element («, a’) € Hom(j\. (Q, Qgua’ ® m4y.
Observe that in order to satisfy the cocycle condition on the O-th cohomology, we
need to require that for every (a,a’,a”) € N> there exists an element n@®-@") ¢
Hom;l(Q, Q)aUa’Ue” Such that

(a’,a”) . (Ot,ot”) (0(,0(’) N o (a,a’,o{”)
my, o m, )omy _I:d—l—ly,ny ]
for every y > (a, o/, a”).

Summing up all the above discussion, we have a natural transformation defined for every
A € Artg by

pa: Hy(A) —> Defz(A) ({z“}aem, {m(""“’)}(a,a,)eﬁl) > (Fa — F)

where F 4 is the sheaf obtained gluing together the deformations associated to each [* through

m(a.a/)

the isomorphisms e

Proposition 7.2 The natural transformation ¢: Defr — Hé defined above is a natural
isomorphism.

Proof For simplicity we assume the replacement Q to belong to Mod=‘(A.), i.e. Qq is
concentrated in non-positive degrees for every & € A. Notice that by Remark 3.11 such
a replacement always exists, and our assumption is not restrictive since for every pair of
cofibrant replacements Q — Y*F <« Q' the DG-Lie algebras End’ (Q) and End’; (Q') are
quasi-isomorphic.

In order to prove the claim, fix A € Artk and take an isomorphism between deformations

f: Faand F',,associated to ({l“}O,ENO, {m(“*“’)}(a’a,)eﬁl) and ({}»“}ae/\/o, {M(a’a/)}(a’a/)eﬁl)
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respectively. For every « € Nj and every B > «, the restriction of f to each Uy lifts to iso-
morphisms

(Qp ® A.dg, +128) — (Qp ® A, dg, +1%)

that reduce to the identity modulo the maximal ideal my4. Therefore all these isomorphisms

o
are of the form ¢“# for some {a%} € [] Homg (9, Q)q ® my. Again, the commutativity
(XEN() ’
with the differentials is equivalent to the relations

&% *lg =%, forevery 8 > o .

We are only left with the proof that ¢4 is surjective for every A € Artx . To this aim, take
a deformation F4 — F in Def x and fix « € Np. Notice that for every 8 > « in A the
map Qg — F(Up) lifts to surjective quasi-isomorphisms (Qg ® A, d + lg) — Fa(Ug) of
DG-modules over Ag ® A, for some [* € Homi‘. (9, Q)q ®my. The gluing data correspond
to elements m@®) ¢ Homg.(Q, Q)quar ® my for every (o, o’) € N1; moreover, for every

(Dt.a/

)
B > a Ua’ each isomorphism ¢™#  lifts the identity in the O-th cohomology, and liftings
are unique up to homotopy. O

The argument used in Proposition 7.2 is similar to the Kodaira-Spencer approach to
deformations of a locally free sheaf £ of Ox-modules on a complex manifold, [24], and
in fact closely follows the one given in [11] to show that deformations of a quasi-coherent
sheaf F are controlled by the sheaf of DG-Lie algebras End*(€) for any given locally free
resolution £ — F. The main advantage of our approach relies on the fact that we do not
assume the existence of such a resolution.

Theorem 7.3 Let X be a finite dimensional Noetherian separated scheme over K, and let F
be a quasi-coherent sheaf on it. Fix a cofibrant replacement Q — Y*F. Then there exists a
natural isomorphism Defto gy —> Def 7, where £ is the semicosimplicial DG-Lie algebra
associated to Q, see Definition 6.6.

Hence by Remark 6.10 we have natural isomorphisms DefEndz. () = Defry(g) = Def r.

Proof 1t has been already observed in Remark 6.10 that Def End’, (Q) = Defror(g). Therefore,

by Lemma 7.1 and [11, Theorem 7.6], it is sufficient to prove that Def r = H “13 The statement
now follows by Proposition 7.2. O

In particular, by Corollary 6.9 we recover the well-known fact that 7! Def = Ext! (F, F)
and obstructions are contained in Ext?(F, F).

7.2 Deformations via A.-Modules

In this subsection we present another proof of Theorem 7.3 without using semicosimplicial
techniques.

Theorem 7.4 Let X be a finite dimensional Noetherian separated scheme over K, and let F
be a quasi-coherent sheaf on it. Fix a cofibrant replacement Q — Y*F. Then there exists a
natural isomorphism DefEnd;: (@ — Def £.

Hence by Remark 6.10 we have natural isomorphisms Defog) = DefEnd»; (© = Def .
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Proof For simplicity we assume the replacement Q to belong to Mod=‘(A.), i.e. Qq is
concentrated in non-positive degrees for every & € A. Notice that by Remark 3.11 such
a replacement always exists, and our assumption is not restrictive since for every pair of
cofibrant replacements Q — YT*F <« Q' the DG-Lie algebras End’ (Q) and End (Q")
are quasi-isomorphic, hence inducing isomorphic deformation functors Defgngs (0) =
DefEnd*A. (Q)-

Our first goal is to explicitly define a natural transformation ¢ : DefEndZ' (©) — Defr.
To every object n = {ng}ecn € MC (Hom:.(Q, o) ® A) there are associated (local)
deformations

H(Qy ® A, do, + 11¢) = F(Usy) aeN

where each H O(Qa ®A, dg, +14)is A-flatby [36, Theorem A.31]. Here the Maurer—Cartan
equation is equivalent to the condition (dg, + Ne)? = 0. Moreover, for every < 8 the map

H°(Qu ® A, do, + 1a) ®a,04) (Ap ® A) — H(Qp ® A, do, + np)

is an isomorphism because Q is quasi-coherent in Mod(A.) by Remark 3.13. Now, for every
o < B < y there is a commutative diagram

qay

Qu ®4a, Ay Qp ®ay Ay arrae Qy

Gap®lda,,
inducing the cocycle conditions on the deformations { H 0(0,®A, do,+na) = F(Ux)}aeN-
Hence they glue together in a global deformation FZ — F, with F4 flat over Spec(A).
Define the natural transformation ¢: DefEnd*A'(Q) —> Defrasgpq:n+— (}'z — F) on
every A € Artk . In order to show that ¢ is well-defined, take two Maurer—Cartan elements
n,& € Homi\‘(Q, Q) ® my and suppose that there exists an element a = {ay}oen €

Hom(/)L (Q, Q) ® my such that e x n = £. The last condition is equivalent to require that the
maps in the square

e @ldagea)
(Qu ® A,dg, + 1) B(ayoa) (Ag ® A) — > (Qu ® A, dg,, +£a) B(ay@n) (Ap ® A)

| |

(Qp®A.dgy +1p) (Qp®A,dgy +5p)

commute with differentials for every @ < B in N. Therefore the associated deformations
.7-'2 — F and ]—'f‘ — F are isomorphic.
We are left with the proof that ¢ is a natural isomorphism. Fix A € Artg and take an

isomorphism between deformations f': fz and }"i, associated to 1 = {ny}een and & =
{&4 }aen respectively. For every o < B, the restriction of f to each Uy, lifts to isomorphisms

(Qu®A, an +1e) > (Qu ® A, dQO( +&a)

that reduce to the identity modulo the maximal ideal m 4. Therefore all these isomorphisms are
of the form ¢% for some a = {ay }yenN € Homg. (Q, Q) ®my. As above, the commutativity
with the differentials is equivalent to the relations e * n = &, so that ¢4 is injective.
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In order to show that ¢ is surjective, fix A € Artx and take a deformation F4 — F
in Def z. Notice that for every « in A the map Q, — F(U,) lifts to surjective quasi-
isomorphisms (Qy ® A, d + 1ny) — Fa(Uy) of DG-modules over A, ® A, for some 5, €
Hom!, (Q, Q) ® m4. O

In particular, by Theorem 6.4 we recover the well-known fact that T! Def r = Ext!(F, F)
and obstructions are contained in Ext?(F, F).

If the sheaf F admits a locally free resolution £ — F then there exists a natural isomor-
phism of deformation functors Defry ) = Def # by Theorems 6.16 and 7.4.
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