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Abstract We establish two results on three-dimensional del Pezzo fibrations in positive characteristic.
First, we give an explicit bound for torsion index of relatively torsion line bundles. Second, we show the
existence of purely inseparable sections with explicit bounded degree. To prove these results, we study
log del Pezzo surfaces defined over imperfect fields.
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1. Introduction

The minimal model conjecture predicts that an arbitrary algebraic variety is birational
to either a minimal model or a Mori fibre space w: V — B. A distinguished property
of Mori fibre spaces in characteristic zero is that any relative numerically trivial line
bundle is automatically trivial (cf. [18, Lemma 3.2.5]). In [41, Theorem 1.4], the second
author constructs counterexamples to the same statement in positive characteristic. More
specifically, if the characteristic is two or three, then there exists a Mori fibre space
w:V — Bandaline bundle L on V such that dimV =3,dimB =1, L =; 0, and L %, 0.
Then it is tempting to ask how bad the torsion indices can be. One of the main results of
this paper is to give such an explicit upper bound of torsion indices for three-dimensional
del Pezzo fibrations.

Theorem 1.1 (Theorem 8.2). Let k be an algebraically closed field of characteristic
p>0. Let m: V — B be a projective k-morphism such that 7,0y = Opg, where V is
a three-dimensional Q-factorial normal quasi-projective variety over k and B is a smooth
curve over k. Assume that there exists an effective Q-divisor A such that (V, A) is klt
andw:V — B is a (Ky 4+ A)-Mori fibre space. Let L be a w-numerically trivial Cartier
divisor on V. Then the following hold:

(1) If p =7, then L ~; 0.

(2) If p € {3, 5}, then p>L ~, 0.

(3) If p =2, then 16L ~, 0.

We also prove a theorem of Graber—Harris—Starr type for del Pezzo fibrations in positive

characteristic.

Theorem 1.2 (Theorem 8.1). Let k be an algebraically closed field of characteristic p > 0.
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Let m:V — B be a projective k-morphism such that w,Oy = Op, V is a normal
three-dimensional variety over k, and B is a smooth curve over k. Assume that there
ezists an effective Q-divisor A such that (V, A) is kit and —(Ky + A) is w-nef and w-big.
Then the following hold:

(1) There exists a curve C on V such that C — B is surjective and the following

properties hold:

(a) If p =7, then C — B is an isomorphism.

(b) If p € {3,5}, then K(C)/K(B) is a purely inseparable extension of degree < p.
(¢) If p=2, then K(C)/K(B) is a purely inseparable extension of degree < 4.

(2) If B is a rational curve, then V is rationally chain connected.

Theorem 1.2 can be considered as a generalisation of classical Tsen’s theorem, i.e. the
existence of sections on ruled surfaces. Tsen’s theorem was used to establish the log
minimal model program in characteristic p > 5 [4, §3.4]. Also, Tsen’s theorem was used
to show that H'(X, WOx, @) =0 for threefolds X of Fano type in characteristic p > 5
when i > 0 (cf. [15, Theorem 1.3]).

The proofs of Theorems 1.1 and 1.2 are carried out by studying the generic fibre

X :=V x g Spec K (B) of w, which is a surface of del Pezzo type defined over an imperfect
field. Roughly speaking, Theorems 1.1 and 1.2 hold by the following two theorems.

Theorem 1.3 (Theorem 4.10). Let k be a field of characteristic p > 0. Let X be a k-surface
of del Pezzo type. Let L be a numerically trivial Cartier divisor on X. Then the following
hold:

(1) If p>17, then L ~ 0.
(2) If p € {3,5}, then pL ~ 0.
(3) If p=2, then 4L ~ 0.

Theorem 1.4 (Theorem 6.12). Let k be a Ci-field of characteristic p > 0. Let X be a
k-surface of del Pezzo type such that k = HO(X, Ox). Then

(1) If p =17, then X (k) # ¥;

(2) If p € {3,5)}, then X (k'/P) # @;

(3) If p =2, then X(k'/*) # 0.

1.1. Sketch of the proof of Theorem 1.3

Let us overview some of the ideas used in the proof of Theorem 1.3. By considering the
minimal resolution and running a minimal model program, the problem is reduced to
the case when X is a regular surface of del Pezzo type which has a Kyx-Mori fibre space
structure X — B. In particular, it holds that dimB =0 or dimB = 1.

1.1.1. The case when dim B = 0.  Assume that dim B = 0. In this case, X is a regular
del Pezzo surface. We first classify Y 1= (X x¢ %)Q{d (Theorem 1.5). We then compare
X xi k with ¥ = (X x4 k)N, (Theorem 1.6).

red
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Theorem 1.5 (Theorem 3.3). Let k be a field of characteristic p > 0. Let X be a projective
normal surface over k with canonical singularities such that k = HO(X,Ox) and —Kx is
ample. Then the normalisation Y of (X Xy k)red satisfies one of the following properties:

(1) X x4k is normal. Moreover, X xxk has at worst canonical singularities. In
particular, Y >~ X xi k and —Ky is ample.

(2) Y is isomorphic to a Hirzebruch surface, i.e. a P'-bundle over P'.

(3) Y is isomorphic to a weighted projective surface P(1, 1, m) for some positive integer
m.

Theorem 1.6 (cf. Theorem 3.7). Let k be a field of characteristic p > 0. Let X be a
projective normal surface over k with canonical singularities such that k = HO(X, Ox)
and —Kx is ample. Let Y be the normalisation of (X Xy ©)red and let

pL:Y—>XxkE

be the induced morphism.

(1) If p =2 5, then u is an isomorphism and Y has at worst canonical singularities.

(2) If p =3, then the absolute Frobenius morphism Fy of X xx k factors through

x ik

FXXkE:Xxkze Yﬁ> Xxkz.

(3) If p =2, then the second iterated absolute Frobenius morphism F)2(>< T of X xik
k
factors through w:
Fyopi X xik =Y 5 X xck.

Note that Theorem 1.5 shows that ¥ = (X xj E)ﬁzd is a rational surface. In particular,
any numerically trivial line bundle on Y is trivial. By Theorem 1.6, if L’ denotes the
pullback of L to X xk, then it holds that L ~ Oy 7 in the case (3). Then the flat
base change theorem implies that also L* is trivial.

We now discuss the proofs of Theorems 1.5 and 1.6. Roughly speaking, we apply
Reid’s idea [32, cf. the proof of Theorem 1.1] to prove Theorem 1.5 by combining with
a rationality criterion (Lemma 3.2). As for Theorem 1.6, we use the notion of Frobenius
length of geometric normality £ (X/k) introduced in [42] (cf. Definition 3.4, Remark 3.5).
Roughly speaking, if p =2, then we can prove that £r(X/k) < 2 by computing certain
intersection numbers (cf. the proof of Proposition 3.6). Then a general result on £r(X/k)
(Remark 3.5) implies (3) of Theorem 1.6.

1.1.2. The case when dimB =1. Assume that dimB =1, ie. 7: X — B is a
Kx-Mori fibre space to a curve B. Since X is of del Pezzo type, we have that the
extremal ray R of NE(X) that is not corresponding to 7 : X — B is spanned by an
integral curve I', i.e. R = R>o[I']. In particular, I' — B is a finite surjective morphism of
curves. If Ky -T' < 0, then the problem is reduced to the above case (1.1.1) by contracting
I'. Even if Kx-I' =0, then we may contract I' and apply the same strategy. Hence, it
is enough to treat the case when Ky -I' > 0. Note that the numerically trivial Cartier
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divisor L on X descends to B, i.e. we have L ~ n*Lp for some Cartier divisor Lg on
B. Then, a key observation is that the extension degree [K(I") : K(B)] is at most five
(Proposition 4.7). For example, if p > 5, then ' — B is separable. Then the Hurwitz
formula implies that —Kp is ample; hence, Lp ~ 0. If K(I')/K (B) is purely inseparable
of degree p®, then it holds that LI;: ~ 0 since —Kp~ is ample. For the remaining case,
ie. p=2,[K('): K(B)] =4, and K(I')/K (B) is inseparable but not purely inseparable,
we prove that HY(B, L‘l‘g) # 0 by applying Galois descent for the separable closure of
K(T')/K (B) (cf. the proof of Proposition 4.9).

1.2. Sketch of the proof of Theorem 1.4

Let us overview some of the ideas used in the proof of Theorem 1.4. The first step is
the same as § 1.1, i.e. considering the minimal resolution and running a minimal model
program, we reduce the problem to the case when X is a regular surface of del Pezzo
type which has a Kx-Mori fibre space structure X — B.

1.2.1. The case when dimB =0. Assume that dimB = 0. In this case, X is a
regular del Pezzo surface with p(X) = 1. Since the p-degree of a Ci-field is at most one
(Lemma 6.1), it follows from [11, Theorem 14.1] that X is geometrically normal. Then
Theorem 1.5 implies that the base change X xj k is a canonical del Pezzo surface, i.e.
X x k has at worst canonical singularities and —K Xk 18 ample. In particular, we have
that 1 < K)z( < 9. Note that if X is smooth, then it is known that X has a k-rational point
(cf. [19, Theorem IV.6.8]). Following the same strategy as in [19, Theorem IV.6.8], we
can show that X (k) # @ if K)zf < 4 (Lemma 6.3). For the remaining cases 5 < K)z{ <9, we
use results established in [34], which restrict the possibilities for the type of singularities
on X x k. For instance, if p > 11, then [34, Theorem 6.1] shows that the singularities
on X xxk are of type A pe—1. However, such singularities cannot appear because the
minimal resolution V of X xj k satisfies p(V) < 9. Hence, X is actually smooth if p > 11
(Proposition 5.2). For the remaining cases p < 7, we study the possibilities one by one
so that we are able to deduce what we desire. For more details, see §6.1.

1.2.2. The case when dimB =1. Assume that dimB =1, ie. 7:X — B is a
Kx-Mori fibre space to a curve B. Then the outline is similar to the one in (1.1.2).
Let us use the same notation as in (1.1.2). The typical case is that —Kp is ample. In this
case, B has a rational point. Then also the fibre of & over a rational point, which is a conic
curve, has a rational point. Although we need to overcome some technical difficulties, we
may apply this strategy up to suitable purely inseparable covers for almost all the cases
(cf. the proof of Proposition 6.10). There is one case where we cannot apply this strategy:
p=2,Kx-I' >0,and K(I')/K(B) is inseparable and not purely inseparable. In this case,
we can prove that —Kp is actually ample (Proposition 6.9).

1.3. Large characteristic

Using the techniques developed in this paper, we also prove the following theorem, which
shows that some a priori possible pathologies of log del Pezzo surfaces over imperfect
fields can appear exclusively in small characteristic.
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Theorem 1.7 (cf. Corollary 5.5 and Theorem 5.7). Let k be a field of characteristic p > 7.
Let X be a k-surface of del Pezzo type such that k = HY(X, Ox). Then X is geometrically
integral over k and H (X, Ox) =0 for any i > 0.

As a consequence, we deduce the following result on del Pezzo fibrations in large
characteristic.

Corollary 1.8. Let k be an algebraically closed field of characteristic p > 7. Letw: V — B
be a projective k-morphism of normal k-varieties such that m,Oy = Op and dim V —
dim B = 2. Assume that there exists an effective Q-divisor A on V such that (V, A) is
klt and —(Ky + A) is w-nef and w-big. Then general fibres of w are integral schemes and
there is a non-empty open subset B' of B such that the equation (R'm,Oy)|g =0 holds
for any i > 0.

The authors do not know whether surfaces of del Pezzo type are geometrically normal
if the characteristic is sufficiently large. On the other hand, even if p is sufficiently large,
regular surfaces of del Pezzo type can be non-smooth. More specifically, for an arbitrary
imperfect field k of characteristic p > 0, we construct a regular surface of del Pezzo type
which is not smooth (Proposition 7.2).

1.4. Related results

In this subsection, we summarise known results on log del Pezzo surfaces mainly over
imperfect fields.

1.4.1. Vanishing theorems. We first summarise results over algebraically closed
fields of characteristic p > 0. It is well known that smooth rational surfaces satisfy the
Kodaira vanishing theorem (cf. [28, Proposition 3.2]). However, the Kawamata—Viehweg
vanishing theorem fails even for smooth rational surfaces (cf. [5, Theorem 3.1]). Moreover,
the surface used in [5, Theorem 3.1] is a weak del Pezzo surface if the base field is of
characteristic two [5, Lemma 2.4]. Also in characteristic three, there exists a surface of
del Pezzo type which violates the Kawamata—Viehweg vanishing [3, Theorem 1.1]. On
the other hand, if the characteristic is sufficiently large, it is known that surfaces of del
Pezzo type satisfy the Kawamata—Viehweg vanishing by [7, Theorem 1.2].

We now overview known results over imperfect fields. If the characteristic is two
or three, there exists a surface X of del Pezzo type such that H'(X,Ox) #0 (cf.
§7.1). On the other hand, regular del Pezzo surfaces of characteristic p > 5 satisfy the
Kawamata—Viehweg vanishing theorem as shown in [8, Theorem 1.1].

1.4.2. Geometric properties. In characteristics two and three, there exist regular
del Pezzo surfaces which are not geometrically reduced (cf. §7.1). On the other hand,
Patakfalvi and Waldron prove that regular del Pezzo surfaces are geometrically normal
if the base field is of characteristic p > 5 (cf. [30, Theorem 1.5]). Furthermore, Fanelli
and Schroer show that a regular del Pezzo surface X is geometrically normal in every
characteristic p if [k : k] < p and p(X) =1 (cf. [11, Theorem 14.1]).

https://doi.org/10.1017/51474748020000067 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748020000067

On del Pezzo fibrations in positive characteristic 203

2. Preliminaries

2.1. Notation

In this subsection, we summarise notations that we will use in this paper.

(1) We will freely use the notation and terminology in [16] and [20].

(2) We say that a noetherian scheme X is excellent (respectively regular) if the local
ring Ox » at any point x € X is excellent (respectively regular). For the definition
of excellent local rings, we refer to [27, § 32].

(3) For a scheme X, its reduced structure Xreq is the reduced closed subscheme of X
such that the induced morphism X;q — X is surjective.

(4) For an integral scheme X, we define the function field K(X) of X to be Ox ¢ for
the generic point & of X.

(5) For a field k, we say that X is a variety over k or a k-variety if X is an integral
scheme that is separated and of finite type over k. We say that X is a curve over
k or a k-curve (respectively a surface over k or a k-surface, respectively a threefold
over k) if X is a k-variety of dimension one (respectively two, respectively three).

(6) For a field k, we denote by k (respectively k°P) an algebraic closure (respectively
a separable closure) of k. If k is of characteristic p > 0, then we set k!/ P =
U kP = U lx € k| xP° € k).

(7) For an IF)-scheme X, we denote by Fx: X — X the absolute Frobenius morphism.
For a positive integer e, we denote by Fy: X — X the eth iterated absolute
Frobenius morphism.

(8) If k is a field of characteristic p > 0 such that [k : kP] < oo, we define its p-degree
p-deg(k) as the non-negative integer n such that [k : kP] = p". The p-degree p-deg(k)
is also called the degree of imperfection in some literature.

(9) If k C k' is a field extension and X is a k-scheme, we denote X Xspeck Speck’ by
X Xk k' or Xy

(10) Let k be a field, let X be a scheme over k and let k C k’ be a field extension. We
denote by X (k") the set of the k-morphisms Homy (Speck’, X). Note that if X is a
scheme of finite type over k and k C k' is a purely inseparable extension, then the
induced map 6 : X (k) — X is injective and its image @(X (k")) consists of closed
points of X.

(11) Let L be a Cartier divisor on a variety X over k. We define the base locus Bs(L) of
L by
Bs(L):= [ {xeX|skx)=0}.
seHO(X,L)
In particular, Bs(L) is a closed subset of X.

(12) Let k be an algebraically closed field. For a normal surface X over k and a
canonical singularity x € X (i.e. a rational double point), we refer to the table
at [1, pages 15-17] for the list of equations of types A,, D, and E”'. For example,
we say that x is a canonical singularity of type A, if the henselisation of Ox , is
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isomorphic to k{x, y,z}/("t! +xy), where k{x, y, z} denotes the henselisation of
the local ring of k[x, y, z] at the maximal ideal (x, y, z).

2.2. Geometrically klt singularities

The purpose of this subsection is to introduce the notion of geometrically klt singularities
and its variants.

Definition 2.1. Let (X, A) be a log pair over a field k such that k is algebraically closed
in K(X). We say that (X, A) is geometrically kit (respectively terminal, canonical, lc) if
(X xxk, A xy k) is kIt (respectively terminal, canonical, lc).

Lemma 2.2. Let k be a field. Let X and Y be varieties over k which are birational to each
other. Then X is geometrically reduced over k if and only if Y is geometrically reduced
over k.

Proof. Recall that for a k-scheme, being geometrically reduced is equivalent to being S
and geometrically Rg. Since both X and Y are Si, the assertion follows from the fact that
being geometrically Ry is a condition on the generic point. O

We prove a descent result for such singularities.

Proposition 2.3. Let (X, A) be a geometrically kit (respectively terminal, canonical, Ic)
pair such that k is algebraically closed in K(X). Then (X, A) is kit (respectively terminal,
canonical, Ic).

Proof. We only treat the klt case, as the others are analogous. Let w: ¥ — X be a
birational k-morphism, where Y is a normal variety and we write Ky + Ay = n*(Kx + A).
It suffices to prove that |Ay| < 0. Thanks to Lemma 2.2, Y is geometrically integral.
Let v: W — Y x4 k be the normalisation morphism and let us consider the following

commutative diagram:
w

g
Y xkE .y
g !

Xk —— x.
Denote by ¥ := mzov and h := g ov the composite morphisms. We have

Kw +Aw = ¥*(Kx_+ Ap) = I*7*(Kx + A) = h*(Ky + Ay).
By [40, Theorem 4.2], there exists an effective Z-divisor D such that
h*(Ky +Ay) = Ky + D +h*Ay,

and, thus, Ay = D+h*Ay > h*Ay. Since (Xz, Ag) is klt, any coefficient of Ay is < 1.
Then any coefficient of Ay is < 1, and, thus, (X, A) is klt. O
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Remark 2.4. If k is a perfect field, being klt is equivalent to being geometrically kit by
[20, Proposition 2.15]. However, over imperfect fields, being geometrically klt is a strictly
stronger condition. As an example, let k be an imperfect field of characteristic p > 0
and consider the log pair (A,l, %P), where P is a closed point whose residue field «(P)
is a purely inseparable extension of k of degree p. This pair is klt over k, but it is not
geometrically lc.

2.3. Surfaces of del Pezzo type

In this subsection, we summarise some basic properties of surfaces of del Pezzo type
over arbitrary fields. For later use, we introduce some terminology. Note that del Pezzo
surfaces in our notation allow singularities.

Definition 2.5. Let k& be a field. A k-surface X is del Pezzo if X is a projective normal
surface such that —Ky is an ample Q-Cartier divisor. A k-surface X is weak del Pezzo if
X is a projective normal surface such that —Ky is a nef and big Q-Cartier divisor.

Definition 2.6. Let k£ be a field. A k-surface X is of del Pezzo type if X is a projective
normal surface over k and there exists an effective Q-divisor A > 0 such that (X, A) is
klt and —(Kx + A) is ample. In this case, we say that (X, A) is a log del Pezzo pair.

We study how the property of being of del Pezzo type behaves under birational
transformations.

Lemma 2.7. Let k be a field. Let X be a k-surface of del Pezzo type. Let f :Y — X be
the minimal resolution of X. Then Y is a k-surface of del Pezzo type.

Proof. Let A be an effective Q-divisor such that (X, A) is a log del Pezzo pair. We define
a Q-divisor Ay by Ky + Ay = f*(Kx + A). Since f :Y — X is the minimal resolution
of X, we have that Ay is an effective Q-divisor. The pair (Y, Ay) is klt and —(Ky + Ay)
is nef and big. By perturbing the coefficients of Ay, we can find an effective Q-divisor I'
such that (¥, T") is klt and —(Ky +T") is ample. O

Lemma 2.8. Let k be a field. Let (X, A) be a two-dimensional projective kit pair over k.
Let H be a nef and big Q-Cartier Q-divisor. Then there exists an effective Q-Cartier
Q-divisor A such that A ~g H and (X, A+ A) is klt.

Proof. Thanks to the existence of log resolutions for excellent surfaces [24], the same
proof of [15, Lemma 2.8] works in our setting. O

Lemma 2.9. Let k be a field. Let X be a k-surface of del Pezzo type. Let f : X — Y be a
birational k-morphism to a projective normal k-surface Y. Then Y is a k-surface of del
Pezzo type.

Proof. Let A be an effective Q-divisor such that (X, A) is a log del Pezzo pair. Set H :=
—(Kx + A), which is an ample Q-Cartier Q-divisor on X. By Lemma 2.8, there exists an
effective Q-Cartier Q-divisor A such that A ~g H and (X, A+ A) is klt. Then the pair
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¥, i+ frA) isklt and Kx + A+ A ~g f*(Ky + fx A+ fA) ~q 0. It follows from [39,
Corollary 4.11] that Y is Q-factorial. By Nakai’s criterion, the Q-divisor fyA is ample. In
particular, (¥, fiA) is a log del Pezzo pair. L]

2.4. Geometrically canonical del Pezzo surfaces

In this subsection, we collect results on the anti-canonical systems of geometrically
canonical del Pezzo surfaces we will need later.

2.4.1. Canonical del Pezzo surfaces over algebraically closed fields. = We verify
that the results in [19, Chapter III, §3] hold for del Pezzo surfaces with canonical
singularities over algebraically closed fields. Recall that we say that X is a canonical
(weak) del Pezzo surface over a field k if X is a surface over k, X is (weak) del Pezzo in
the sense of Definition 2.5, and (X, 0) is canonical in the sense of [20, Definition 2.8].

Proposition 2.10. Let X be a canonical weak del Pezzo surface over an algebraically closed
field k. Then the following hold:

(1) H*(X, Ox(—mKy)) = 0 for any non-negative integer m.

(2) H (X, Ox) =0 for any i > 0.

(3) HO(X, Ox(~Kx)) #0.

(4) HY(X, Ox(mKx)) =0 for any integer m.

(5) h9(X, Ox(—mKx)) =1+ m(mTH)K)Z( for any non-negative integer m.
Proof. The assertion (1) follows from Serre duality. We now show (2). It follows from
[37, Theorem 5.4 and Remark 5.5] that X has at worst rational singularities. Then the
assertion (2) follows from the fact that X is a rational surface [38, Theorem 3.5].

We now show (3). By H>(X, Ox(—Kx)) = 0 and the Riemann-Roch theorem, we have
hO(X, Ox(—Kx)) > 1 + K% > 0. Thus, (3) holds.

We now show (4). By (3), there exists an effective Cartier divisor D such that D ~ —Kx.
In particular, D is effective, nef, and big. It follows from [6, Proposition 3.3] that

H'(X,Ox(-nD)) = H' (X, Ox(Kx +nD)) =0

for any n € Z-¢. Replacing D by —Kyx, the assertion (4) holds. Thanks to (1) and (4),
assertion (5) follows from the Riemann-Roch theorem. O

Lemma 2.11. Let Y be a canonical weak del Pezzo surface over an algebraically closed
field k. If a divisor Y ;_, a;C;i € | — Ky| is not irreducible or not reduced, then every C;
s a smooth rational curve.

Proof. Taking the minimal resolution of Y, we may assume that Y is smooth. Fix an
index 1 < ip < r. By adjunction, we have

a; a;,, — 1
2pa(Ci) =2 =—Cjy- | Y —Ci | - =

a )
i#ig 0 ‘o

Note that both the terms on the right-hand side are non-positive.

Cip - (—Ky). (2.11.1)
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Since Y is smooth and )_; a;C; is nef and big, it follows from [38, Theorem 2.6] that
HY(X,—nY;a;C;) =0 for n>> 0. Hence, Y, a;C; is connected. Therefore, if 3, a;C;
is reducible, the first term in the right-hand side of (2.11.1) is strictly negative; hence
pa(Ciy) < 0.

If aj, > 2 and Cj, - Ky < 0, then the second term in the right-hand side of (2.11.1) is
strictly negative; hence p,(C;)) < 0. If C;, - Ky =0, then C; is a smooth rational curve
with C? = —2. O

Proposition 2.12. Let Y be a canonical weak del Pezzo surface over an algebraically closed
field k. Let Bs(—Ky) be the base locus of —Ky, which is a closed subset of Y. Then the
following hold:

(1) Bs(—Ky) is empty or dim(Bs(—Ky)) = 0.

(2) A general member of the linear system | — Ky| is irreducible and reduced.

Proof. Taking the minimal resolution of Y, we may assume that Y is smooth. Using
Proposition 2.10, the same proof of [9, Theorem 8.3.2.i] works in our setting so that (1)
holds and general members of | — Ky| are irreducible.

It is enough to show that a general member of | — Ky| is reduced. Suppose it is not.
Then there exists @ > 1 such that a general member is of the form aC € | — Ky| for some
curve C. In particular, C is a smooth rational curve by Lemma 2.11. Recall that we have
the short exact sequence

0— HY,0y) > HO(Y, Oy (C)) - H(C, Oc(C)) — 0.
Since H'(Y, Oy) = 0 (Proposition 2.10), we have that h°(Y, Oy(C)) = 1+ h°(C, Oc(C)).

As C is a smooth rational curve, we conclude by the Riemann-Roch theorem that
ho(Y, Oy(C)) =2+ C>.
We now consider the induced map
6 : H'(Y,0y(C)) — H(Y,Oy(aC)) = H°(Y, Oy (=Ky))
¢ > ¢
Since a general member of | — Ky| is of the form aD for some D > 0, 6 is a dominant
morphism if we consider 6 as a morphism of affine spaces. Therefore, it holds that
WY, Oy (=Ky)) < h(Y, Oy (C)) =2+ C* = =Ky - C < Ky,
which contradicts Proposition 2.10. O

2.4.2. Anti-canonical systems on geometrically canonical del Pezzo surfaces.
In this section, we study anti-canonical systems on geometrically canonical del Pezzo
surfaces over an arbitrary field k and we describe their anti-canonical model when the
anti-canonical degree is small.

We need the following results on geometrically integral curves of genus one.

Lemma 2.13. Let k be a field. Let C be a geometrically integral Gorenstein projective

curve over k of arithmetic genus one with k = H(C, O¢). Let L be a Cartier divisor on
C and let R(C, L) := ®m20 HO(C,mL) be the graded k-algebra. Then the following hold:
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(i) If degi(L) =1, then Bs(L) = {P} for some k-rational point P and R(C,L) is
generated by @1<J<3 HY(C, jL) as a k-algebra.
(ii) Ifdeg,(L) > 2, then L is globally generated and R(C, L) is generated by H(C,L)®
HY(C,2L) as a k-algebra.
(iii) If deg, L >3, then L is very ample and R(C, L) is generated by H°(C,L) as a
k-algebra.

Proof. See [42, Lemma 11.10 and Proposition 11.11]. O

Proposition 2.14. Let k be a field. Let X be a geometrically canonical weak del Pezzo
surface over k such that k = H(X, Ox). Let R(X, —Kx) = @m>0 HOY(X, Ox(—mKx)) be
the graded k-algebra. Then the following hold.
(1) If m is a positive integer such that mK% > 2, then | —mKx]| is base point free.
(2) If K)z( =1, then Bs(—Kx) = {P} for some k-rational point P.
(3) If K} =1, then R(X, —Kx) is generated by Di<i HY(X,—jKx) as a k-algebra.
(4) If K)z( =2, then R(X,—Kx) is generated by H'(X,—Kx)® H*(X, —2Kx) as a
k-algebra.
(5) If K% > 3, then R(X, —Kx) is generated by H*(X, —Kx) as a k-algebra.
In particular, if —Kx is ample, then | —6Kx| is very ample.
Proof. Consider the following condition.

(2) It K)z( =1, then Bs(—KY) is not empty and of dimension zero.

Since K% =1, (2) and (2)’ are equivalent. Note that to show (1), (2)’, and (3)-(5), we
may assume that k is algebraically closed.
From now on, let us prove (1)—(5) under the condition that k is algebraically closed. It
follows from Proposition 2.12 that a general member C of | — K| is a prime divisor.
Since C is a Cartier divisor and X is Gorenstein, then C is a Gorenstein curve. By
adjunction, C is a Gorenstein curve of arithmetic genus p,(C) = 1. By Proposition 2.10,
we have the following exact sequence for every integer m:

0—> H'X,—(m—1DKx) > HYX, -mKx) > H°(C,—mKx|c) — O.

By the above exact sequence, the assertions (1) and (2) follow from (3) and (2) of
Lemma 2.13, respectively.

We prove the assertions (3), (4), and (5). By the above short exact sequence, it is
sufficient to prove the same statement for the k-algebra R(C, Oc(—Kx)), which is the
content of Lemma 2.13. O

Theorem 2.15. Let k be a field. Let X be a geometrically canonical del Pezzo surface over
k such that H(X, Ox) = k. Then the following hold:

(1) If K)z( =1, then X is isomorphic to a weighted hypersurface in Pr(1, 1, 2, 3) of degree
SiT.
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(2) If KJZ( =2, then X is isomorphic to a weighted hypersurface in Py (1, 1, 1, 2) of degree
four.

(3) If KJZ( =3, then X is isomorphic to a hypersurface in Pz of degree three.

4) If K)Z( =4, then X 1is isomorphic to a complete intersection of two quadric

hypersurfaces in ]P’é,

Proof. Using Proposition 2.14, the proof is the same as in [19, Theorem III.3.5]. O

2.5. Mori fibre spaces to curves

In this subsection, we summarise properties of regular curves with anti-ample canonical
divisor and of Mori fibre space of dimension two over arbitrary fields.

Lemma 2.16. Let k be a field. Let C be a projective Gorenstein integral curve over k.
Then the following are equivalent:

(1) a)gl is ample.

(2) HY(C,O¢) = 0.

(3) C is a conic curve of ]P’%(, where K := HY(C, O¢).

(4) deg, we = —2dimg (H°(C, O¢)).

Proof. It follows from [39, Corollary 2.8] that (1), (2), and (4) are equivalent. Clearly,
(3) implies (1). By [20, Lemma 10.6], (1) implies (3). O

Lemma 2.17. Let k be a field and let C be a projective Gorenstein integral curve over k
such that k = HO(C, O¢) and wgl is ample. Then the following hold:

(1) If C is geometrically integral over k, then C is smooth over k.

(2) If the characteristic of k is not two, then C is geometrically reduced over k.

(3) If the characteristic of k is not two and C is regular, then C is smooth over k.
Proof. By Lemma 2.16, C is a conic curve in IP’%. Thus, the assertion (1) follows from the
fact that an integral conic curve over an algebraically closed field is smooth.

Let us show (2) and (3). Since the characteristic of k is not two and C is a conic curve
in IP’,%, we can write

C = Projklx, y, z1/(ax? + by* + ¢z%)

for some a, b, ¢ € k. Since C is an integral scheme, two of a, b, ¢ are not zero. Hence, C
is reduced. Thus, (2) holds. If C is regular, then each of a, b, ¢ is nonzero; hence, C is
smooth over k. O

Proposition 2.18. Let k be a field. Let m : X — B be a Kx-Mori fibre space from a
projective reqular k-surface X to a projective reqular k-curve with k = HY(B, Op). Let
b be a (not necessarily closed) point. Then the following hold:

(1) The fibre X is irreducible.
(2) The equation k(b) = H(Xj, Ox,) holds.
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(3) The fibre X}, is reduced.

(4) The fibre Xj is a conic in IP’f(b).

(5)

(6) If chark # 2 and k is separably closed, then m is a smooth morphism.

Proof. If X} is not irreducible, it contradicts the hypothesis p(X/B) = 1. Thus, (1) holds.
Let us show (2). Since 7 is flat, the integer

If chark # 2, then any fibre of w is geometrically reduced.

X = dimK(b) HO(X},, OXh) —dim,{(b) Hl(Xb, OX;,) cZ

is independent of b € B. Since H'(Xp, Ox,) =0 for any b € B, it suffices to show that
dim, @y H 0(Xp, Ox,) =1 for some b € B. This holds for the case when b is the generic
point of B. Hence, (2) holds.

Let us prove (3). It is clear that the generic fibre is reduced. We may assume that
b € B is a closed point. Assume that X; is not reduced. By (1), we have X, = mC for
some prime divisor C and m € Zx,. Since —Kx -« X» = 2, we have that m = 2. Then
we obtain an exact sequence:

0— Ox(=O)|c — Ox, = Oc — 0.

Since €2 = 0 and a)El is ample, we have that Ox(—C)|c ~ O¢. Since H'(C, O¢) = 0, we
get an exact sequence:

0— HYC,Oc) - H(X;, Ox,) — H(C,O¢) — 0.

Then we obtain dimy ) H(Xp, Ox,) > 2, which contradicts (2). Hence, (3) holds.

We now show (4). By [39, Corollary 2.9], deg, () @x, = (Kx + Xp) «@p) Xp < 0.
Hence, (4) follows from (2) and Lemma 2.16.

The assertions (5) and (6) follow from Proposition 2.17. O

2.6. Twisted forms of canonical singularities

The aim of this subsection is to prove Proposition 2.27. The main idea is to bound the
purely inseparable degree of regular non-smooth points on geometrically normal surfaces
according to the type of singularities. For this, the notion of Jacobian number plays a
crucial role.

Definition 2.19. Let k be a field of characteristic p > 0. Let R be an equi-dimensional
k-algebra essentially of finite type over k. Let Jg/x be its Jacobian ideal of R over k (cf.
[17, Definition 4.4.1 and Proposition 4.4.4]). We define the Jacobian number of R/k as
V(R) :=v(R/k) := dimg(R/Jg/r). Note that v(R/k) < oo if R/Jg/ is an artinian ring
and its residue fields are finite extensions of k.

Remark 2.20. Let k C k' be a field extension of characteristic p > 0 and let R be an
equi-dimensional k-algebra essentially of finite type over k. Then the following hold:

(1) By [17, Definition 4.4.1], we get

Jr/k - (R®r k") = Jreuk k-
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In particular, if R/Jg/k is an artinian ring and its residue fields are finite extensions
of k, then we have v(R/k) = v(RQi k'/ k).

(2) Assume that k is a perfect field. By [17, Definition 4.4.9], Spec (R/Jr/k)
set-theoretically coincides with the non-regular locus of Spec R.

(3) Assume that R is of finite type over k. Then (1) and (2) imply that Spec (R/Jg/x)
set-theoretically coincides with the non-smooth locus of Spec R — Speck.

Remark 2.21. In our application, R will be assumed to be a local ring Ox , at a closed
point x of a geometrically normal surface X over k. In this case, (3) of Remark 2.20
implies that R/Jg/x is an artinian local ring whose residue field is a finite extension of k.
Hence, v(R/k) = dimg(R/Jg/) is well defined as in Definition 2.19.

To treat local situations, let us recall the notion of essentially étale ring
homomorphisms. For its fundamental properties, we refer to [13, §2.8].

Definition 2.22. Let f: R — S be a local homomorphism of local rings. We say that f
is essentially €tale if there exists an étale R-algebra S and a prime ideal p of S such that
p lies over the maximal ideal of R and S is R-isomorphic to Sy.

Lemma 2.23. Let k be a field. Let f: R — S be an essentially étale local k-algebra
homomorphism of local rings which are essentially of finite type over k. Let mg and
mg be the maxzimal ideals of R and S, respectively. Set k(R) :== R/mpg and «(S) := S/mg.
Then the following hold:

(1) If M is an R-module of finite length whose support is contained in the mazimal
ideal mpg, then the equation

dimp (M ®r S) = [«(S) : k(R)]dimy M
holds.

(2) Suppose that R is an integral domain, R/Jr/k is an artinian ring, and k(R) is a
finite extension of k. Then the equation

v(S/k) = [k(R) : k(S)Iv(R/k)
holds.

Proof. Let us show (1). Since M is a finitely generated R-module, there exists a sequence
of R-submodules M =: Mg D M| D --- D M,, =0 such that M;/M;+; >~ R/p for some
prime ideal p by [27, Theorem 6.4]. Since the support of M is mg, we have p = mp.
As R — S is flat, the problem is reduced to the case when M = R/mg = «(R). In this
case, we have

K(R)Y®RS = (R/mr)®r S = S/mrS = S/mg =«(S5),

where the equality S/mgS = S/mg follows from the assumption that f is a localisation
of an unramified homomorphism. Hence, (1) holds.
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Let us show (2). Set n := dim R. We use the description of the Jacobian of R via Fitting
ideals (cf. [17, Discussion 4.4.7]): Jr/x = Fity(Qp ;) and Js/x = Fit, (Qg,,). We have

Js/k = Fity (R ) = Fity (R 4 ®r S) = Fity (Qp)S = Jr/xS.

where the third equality follows from (3) of [36, Tag 07ZA]. As f: R — S is flat, we
obtain S/Js/x >~ (R/Jr/x) ®r S. By (1) and Definition 2.19, the assertion (2) holds. O

Example 2.24. Let k be a field of characteristic p > 0. Let X = Spec R be a surface over
k such that

(i) X x4k = Spec (R ®y k) is a normal surface;

(ii) X xy k has a unique singular point x, and x is a canonical singularity of type A pr—1-
We prove that v(R/k) = p". By Remark 2.20, we have v(R/k) = v(R®;k/k). In
order to compute v(R ®; k/k), it is sufficient to localise at the singular point by [17,
Corollary 4.4.5]. Thus, we can suppose that k is algebraically closed and R is a local

k-algebra.
By [1, pages 16-17] (cf. (12) of §2.1), the henselisation R" of R is isomorphic to

kix,y,z}/@P" +xy).

In particular, there exist essentially étale local k-algebra homomorphisms R — §
and k[x, y,z]/(z”" —xy) = S. A direct computation shows v(k[x, y, z]/(z"" — xy)) = p".
Thus, by Lemma 2.23, we have

V(R) = v(S) = v(klx, y, 21/ " —xy) = p".
The following is a generalisation of [11, Lemma 14.2].

Lemma 2.25. Let k be a field of characteristic p > 0. Let X = Spec R, where R is an
equi-dimensional local k-algebra of essentially finite type over k. Let x be the closed point
of X. Suppose that R/Jgr/k is a local artinian ring and its residue field «(x) is a finite
extension of k. Then [k (x) : k] is a divisor of v(R/k).

Proof. Let R/Jrjx=MoDM;D---DM,=0 be a composition sequence
of R/Jg/k-submodules (cf. [27, Theorem 6.4]). Since R/Jg/x is an artinian local ring,
it holds that M;/M;;+| ~ k(x) for any i. We have

n—1
V(R/k) = dimg(R/JR/k) = Zdimk(M,-/M,-H) =ndimg k(x) = n[k(x) : k].
i=0
We thus conclude that [k (x) : k] is a divisor of v(R/k). O

Lemma 2.26. Let X be a reqular variety over a separably closed field k. Suppose that
X=X X k is a normal variety with a unique singular point y. Let x be the image of y
by the induced morphism Xz — X. Then the following hold:

(1) [k(x) : k] is a divisor of v(Ox x).
(2) X x¢k(x) is not regqular.
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Proof. Since k is separably closed, the induced morphism Xz — X is a universal
homeomorphism. Note that the local ring Oy , is not geometrically regular over k.
Applying Lemma 2.25 to the local ring Oy ,, we deduce that [« (x) : k] is a divisor of
v(Ox x). Thus, (1) holds. Consider the base change 7 : X x4 x(x) = X. Let x’ be the point
on X x4k (x) lying over x. Note that x” is a «(x)-rational point of X x; « (x) whose base
change by (—) x,((x)% is not regular. By [11, Corollary 2.6], we conclude that X x4 x(x)
is not regular at x’. O

We now explain how the previous results can be used to construct closed points with
purely inseparable residue field on a regular surface. This will be used in § 6 to find purely
inseparable points on regular del Pezzo surfaces.

Proposition 2.27. Let X be a regular surface over k. Suppose that Xz = X xy k is a normal
surface over k with a unique singular point y. Assume that y is a canonical singularity of
type Apn_1. Let z be the image of y by the induced morphism Xz — Xp1m = X xi ke,
Then z is a kYP" -rational point on Xypn .

Proof. Set R := Oy ., where x is the unique closed point along which X is not smooth.
Let k5°P be the separable closure of k. For Rysep := R ®j k5P, it follows from Example 2.24
that v(Rgsep) = p". Lemma 2.26 implies that kP C «(z) is purely inseparable and [« (z) :
k] is a divisor of p". In particular, k(z) C (k5P)1/P".

Consider the Galois extension k'/?" c (kSP)!/P" and denote by G its Galois group. For
X gsepy/pn = X X (k5eP)L/P" | G acts on the set X (ksepy1/pm ((k*P)1/P") . The unique singular
(k%eP)1/P" rational point on X (gsepy1/pn 18 fixed under the G-action. Thus, it descends to

a k'/P" rational point on Xy O

3. Behaviour of del Pezzo surfaces under base changes

In this section, we study the behaviour of canonical del Pezzo surfaces over an imperfect
field £ under the base changes to the algebraic closure k.

3.1. Classification of base changes of del Pezzo surfaces

In this subsection, we give classification of base changes of del Pezzo surfaces with
canonical singularities over imperfect fields (Theorem 3.3). To this end, we need two
auxiliary lemmas: Lemmas 3.1 and 3.2. The former one classifies Q-factorial surfaces
over algebraically closed fields whose anti-canonical bundles are sufficiently positive. Its
proof is based on a simple but smart idea by Reid (cf. the proof of [32, Theorem 1.1]).
The latter one, i.e. Lemma 3.2, gives a rationality criterion for the base changes of log
del Pezzo surfaces.

Lemma 3.1. Let k be an algebraically closed field. Let Y be a projective normal
Q-factorial surface over k such that —Ky = A+ D for an ample Cartier divisor A and
a pseudo-effective Q-divisor D. Let u : Z — Y be the minimal resolution of Y. Then one
of the following assertions holds:

(1) D=0 and Y has at worst canonical singularities.

https://doi.org/10.1017/51474748020000067 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748020000067

214 F. Bernasconi and H. Tanaka

(2) Z is isomorphic to a P!-bundle over a smooth projective curve.

(3) Z ~P2.
Proof. Assuming that (1) does not hold, let us prove that either (2) or (3) holds. We
have

Kz +E = p*Ky
for some effective u-exceptional Q-divisor E on Z. In particular, it holds that
Kz+E+p*(D)=u*(Ky + D) = —u*A.
Since (1) does not hold, we have that D # 0 or E # 0. Then we get
Kz +u*A=—E—pu*(D) #0;

hence, Kz + u*A is not nef. By the cone theorem for a smooth projective surface [21,
Theorem 1.24], there is a curve C that spans a (Kz + u*A)-negative extremal ray R of
NE(Z). Note that C is not a (—1)-curve. Indeed, otherwise u(C) is a curve and we obtain
uw*A-C > 0, which induces a contradiction:

(Kz+u*A)-C>—1+1=0.

It follows from the classification of the Kz-negative extremal rays [21, Theorem 1.28]

that either Z ~ P? or Z is a P'-bundle over a smooth projective curve. In any case, one
of (2) and (3) holds. O

Lemma 3.2. Let (X,A) be a projective two-dimensional klt pair over a field of
characteristic p > 0 such that —(Kx + A) is nef and big. Assume that k = HO(X, Ox).
Then (X Xi kK)red 45 a Tational surface.

Proof. See [29, Proposition 2.20]. O

We now give a classification of the base changes of del Pezzo surfaces with canonical
singularities.

Theorem 3.3. Let k be a field of characteristic p > 0. Let X be a canonical del Pezzo
surface over k with k = H(X, Ox). Then the normalisation Y of (X xj k)red satisfies
one of the following properties:

(1) X is geometrically canonical over k. In particular, Y ~ X xk and —Ky is ample.

(2) X is not geometrically normal over k and Y is isomorphic to a Hirzebruch surface,
i.e. a P'-bundle over P'.

(3) X is not geometrically normal over k and Y is isomorphic to a weighted projective
surface P(1, 1, m) for some positive integer m.

Proof. Replacing k by its separable closure, we may assume that k is separably closed.
Let f:Y — X be the induced morphism and let i : Z — Y be the minimal resolution
of Y. By [40, Theorem 4.2], there is an effective Z-divisor D on Y such that

e Ky+D = f*Kx and
e if X x; k is not normal, then D # 0.
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Since —Kx is an ample Cartier divisor, so is —f*Kx. Moreover, it follows from [40,
Lemmas 2.2 and 2.5] that Y is Q-factorial. Hence, we may apply Lemma 3.1 to —Ky =
—f*Kx + D.

By Lemma 3.2, Y is a rational surface. Thus, if (2) or (3) of Lemma 3.1 holds, then one
of (1)-(3) of Theorem 3.3 holds, as desired. Therefore, let us treat the case when (1) of
Lemma 3.1 holds. Then it holds that D =0 and Y has at worst canonical singularities.
In this case, we have that ¥ = X x4 k and X is geometrically canonical. Hence, (1) of
Theorem 3.3 holds, as desired. O

3.2. Bounds on Frobenius length of geometric non-normality

In this subsection, we give an upper bound for the Frobenius length of geometric
non-normality for canonical del Pezzo surfaces (Proposition 3.6). We start by recalling
its definition (Definition 3.4) and fundamental properties (Remark 3.5).

Definition 3.4. Let k be a field of characteristic p > 0. Let X be a proper normal
variety over k such that k = H(X, Ox). The Frobenius length of geometric non-normality
Lr(X/k) of X/k is defined by

Lp(X/k) :=min{€ € Z3o | (X xg kl/"’l)ﬁ\e]d is geometrically normal over kl/pe}.

Remark 3.5. Let k and X be as in Definition 3.4. Set £ := £y (X/k). Let (kK’, Y) be one of

KYP% (X xg kl/poo)ﬁ\éd) and (&, (X xy E)féd). We summarise some results from [42, §5].
(1) The existence of the right-hand side of Definition 3.4 is assured by [42, Remark 5.2].
(2) If X is not geometrically normal, then £ is a positive integer [42, Remark 5.3] and

there exist nonzero effective Weil divisors Dy, ..., D¢ such that

4
Ky+(p—1))_ Di~ f*Kx,
i=1
where f : Y — X denotes the induced morphism [42, Proposition 5.11].

(3) The £th iterated absolute Frobenius morphism F f(Xk  factors through the induced
morphism ¥ — X x k' [42, Proposition 5.4 and Theorem 5.9]:

FE

Xka,:Xxkk/—>Y—>Xxkk/.

Proposition 3.6. Let k be a field of characteristic p > 0. Let X be a canonical del Pezzo
surface over k with k = HO(X, Ox). Let Y be the normalisation of (X X k)rea and let
f:Y = X be the induced morphism. Assume that the linear equivalence

.
Ky+Y Ci~ f*Kx

i=1

holds for some prime divisors Cy, ..., C, (not necessarily C; # C; for i # j). Then it
holds that r < 2.
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Proof. Set C:=)";_, C;. We have Ky +C ~ f*Kx. If C =0, then there is nothing to
show. Hence, we may assume that C # 0. In particular, X is not geometrically normal.
In this case, it follows from Theorem 3.3 that Y is isomorphic to either a Hirzebruch
surface or P(1, 1, m) for some m > 0.

We first treat the case when Y >~ P(1, 1, m). If m = 1, then the assertion is obvious.
Hence, we may assume that m > 2. In this case, for the minimal resolution g : Z — Y,
we have that

m—2 *
Kz+——I =¢"Ky,
m

where T is the negative section of the fibration Z — P! such that '> = —m. Note that m
is the Q-factorial index of Y, i.e. mD is Cartier for any Z-divisor D on Y. We have that

-2 -2

—Kz = i —g"Ky = m—F—I—g*C - g*f*Kx.

m m

Consider the intersection number with a fibre Fy of Z — P!

m—2 " . ox m—2
2= TF+g C—-g" f"Kx -FZ>T+C~g*(Fz)+1.

Thus, we obtain
2> C-(mg«(Fz)) 2,

where the last inequality holds since mg4(Fz) is an ample Cartier divisor. Therefore, we
obtain r < 2, as desired.

It is enough to treat the case when Y is a Hirzebruch surface. For a fibre F of 7 : ¥ —
P!, we have that

24C-F=(Ky+C)-F=f*Kx-F < —1;

hence, C - F < 1. There are two possibilities: C-F =1or C-F =0.

Assume that C-F = 1. Then there is a section I" of 7 and a m-vertical Z-divisor C’
such that C = T' + C’. Consider the intersection number with I':

—24T7-C'=Ky+T+C) I'=(Ky+C) T'=f*Kx-T'<—1.

Therefore, we have I' - C' < 1. This implies that either C’ = 0 or C’ is a prime divisor. In
any case, we get r < 2, as desired.

We may assume that C-F =0, i.e. C is a w-vertical divisor. Let I" be a section of &
such that T'? < 0. We have that

24+C-I'=(Ky+T+0) T (Ky+C)-T'= f*Kx-T < —1.
Hence, we obtain C -I' < 1, which implies r < 1. O
Theorem 3.7. Let k be a field of characteristic p > 0. Let X be a canonical del Pezzo
surface over k such that k = HY(X, Ox). Let Y be the normalisation of (X Xk k)red and

let
w:Y - X xik

be the induced morphism.
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(1) If p = 5, then X is geometrically canonical, i.e. u is an isomorphism and Y has at
worst canonical singularities.

(2) If p =3, then £p(X/k) < 1 and the absolute Frobenius morphism Fyo of X xx k
factors through :

FXXk; X xkE—> Y et X xkE.

(3) If p=2, then £p(X/k) <2 and the second iterated absolute Frobenius morphism

F;X T of X xi k factors through :
k

2 . % K %
FXxkE'Xka_) Y - X X k.

Proof. The assertion follows from Remark 3.5 and Proposition 3.6. O

4. Numerically trivial line bundles on log del Pezzo surfaces

The purpose of this section is to give an explicit upper bound on the torsion index
of numerically trivial line bundles on log del Pezzo surfaces over imperfect fields
(Theorem 4.10). To achieve this result, we use the minimal model program to reduce
the problem to the case when our log del Pezzo surface admits a Mori fibre space
structure 7w : X — B. The cases dim B = 0 and dim B = 1 will be settled in Theorem 4.1
and Proposition 4.9, respectively.

4.1. Canonical case

In this subsection, we study numerically trivial Cartier divisor on del Pezzo surfaces with
canonical singularities.

Theorem 4.1. Let k be a field of characteristic p > 0. Let X be a canonical weak del Pezzo
surface over k such that k = HY(X, Ox). Let L be a numerically trivial Cartier divisor
on X. Then the following hold:

(1) If p =5, then L ~ 0.

(2) If p=3, then 3L ~ 0.

(3) If p=2, then 4L ~ 0.
Proof. We first reduce the problem to the case when —Kyx is ample. It follows from
[39, Theorem 4.2] that —Kx is semi-ample. As —Ky is also big, | —mKx| induces a
birational morphism f : X — Y to a projective normal surface Y. Then it holds that Ky
is Q-Cartier and Kx = f*Ky. In particular, ¥ has at worst canonical singularities. Then
[39, Theorem 4.4] enables us to find a numerically trivial Cartier divisor Ly on Y such
that f*Ly ~ L. Hence, the problem is reduced to the case when —Kyx is ample.

We only treat the case when p = 2, as the other cases are easier. By Theorem 3.7, the

second iterated absolute Frobenius morphism
2. T T
FXxkE X Xk —> X Xpk

factors through the normalisation (X xg E)féd of (X xi ®red:

_ _ “ _
)zkaE:Xka_) (X xkk)gd—> X Xy k,
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where u denotes the induced morphism. Set £ := Ox (L) and let £ be the pullback of £
to X xy k. Since (X xy k)?éd is a normal rational surface by Lemma 3.2, any numerically
trivial invertible sheaf is trivial: u* Lz ~ O(Xka\e;d. As F ;Xk% factors through u, we have
that
4 2 ~ _
EE = (FXxkE)*EE ~ Oxka'
Then it holds that

HOX, LY @k ~ HO(X xik, LD ~ HO(X x1 k, Oy, ) #0.

Hence, we obtain HO(X, £*) # 0, i.e. 4L ~ 0. O

4.2. Essential step for the log case

In this subsection, we study the torsion index of numerically trivial line bundles on log
del Pezzo surfaces admitting the following special Mori fibre space structure onto a curve.

Notation 4.2. We use the following notations:

(1) k is a field of characteristic p > 0.

(2) X is a regular k-surface of del Pezzo type such that k = H%(X, Ox) and p(X) = 2.
(3) B is a regular projective curve over k such that k = HY(B, Op).

(4)

(5)

5) Let R =R3o[I'] be the extremal ray which does not correspond to m, where I"
denotes a curve on X. Note that 7(I') = B. Set dr := dimy H)(I', Or) € Z-¢ and
mr :=[K() : K(B)] € Z~¢g. We denote by #r : I' — B the induced morphism.

(6) Assume that Kx -T > 0.

7w : X — B is a Kyx-Mori fibre space.

Lemma 4.3. We use Notation 4.2. Then the following hold:
(7) T2 <0.

(8) There exists a rational number a such that 0 < a < 1 and (X, «l') is a log del Pezzo
pair.

Proof. The assertion (7) follows from Lemma 4.4. Let us prove (8). By Notation 4.2(2),
there is an effective Q-divisor A such that (X, A) is a log del Pezzo pair. We write
A =al'+ A’ for some rational number 0 < o < 1 and an effective Q-divisor A’ with
I' ¢ Supp(A’). Since NE(X) is generated by I' and a fibre F of the morphism 7 : X — B,
we conclude that any prime divisor C such that C # T' is nef. In particular, A’ is nef.
Hence, (X, al') is a log del Pezzo pair. Thus, (8) holds. O

Lemma 4.4. Let k be a field. Let X be a projective Q-factorial normal surface over k
Let R = Ryo[I'] is an extremal ray of NE(X), where I' is a curve on X. If %2 >0, then

Proof. We may apply the same argument as in [37, Theorem 3.21, Proof of the case
where C? > 0 in page 20]. O

https://doi.org/10.1017/51474748020000067 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748020000067

On del Pezzo fibrations in positive characteristic 219

The first step is to prove that mr < 5 (Proposition 4.7). To this end, we find an upper
bound and a lower bound for ¢ (Lemmas 4.5 and 4.6).

Lemma 4.5. We use Notation 4.2. Take a closed point b of B and set Fp, := 7w*(b). Let
k(b) be the residue field at b and set d(b) := [k (D) : k]. Then the following hold:

(1) Kx -« Fp = =2d(b).
(2) T« Fp = mrd(b).
(3) If @ is a rational number such that —(Kx + al') is ample, then amp < 2.

Proof. Let us show (1). We have that
deg; wp, = (Kx + Fp) -1 Fy = Kx - I < 0.
Hence, Lemma 2.16 implies that
Kx - Fp = deg, wp, = —2d(b).
Thus, (1) holds. Clearly, (2) holds.
Let us show (3). Since —(Kx +«I") is ample, (1) and (2) imply that
0> (Ky+aT) 4 Fy = —2d(b) +amprd(b).
Thus, (3) holds. O

Lemma 4.6. We use Notation 4.2. Then the following hold:
(1) (Kx+T) T = —2dr < 0.
(2) For a rational number B with 0 < B < 1, it holds that

(Kx+B) ' > dr(1-38).

(2) If « is a rational number such that 0 < a < 1 and —(Kx +«l) is ample, then it
holds that 1/3 < «.

Proof. We fix a rational number « such that 0 < @ < 1 and —(Kx + «I") is ample, whose
existence is guaranteed by Lemma 4.3.
Let us show (1). It holds that

(Kx+T) 4TI < (Kx +al) « " <0,

where the first inequality follows from Mr<0and 0<a < 1, whilst the second one
holds since —(Kx + aI") is ample. Therefore, by adjunction and Lemma 2.16, we deduce
(Kx +T) ' = deg, wor = —2dr. Thus, (1) holds.
Let us show (2). For kr := HO(T, Or), the equation dr = [kr : k] (Notation 4.2(5))
implies that
Kx « ' = degy(wx|r) = dr - deg; (wx|r) € drZ.

Combining with Kx -4 ' > 0 (Notation 4.2(6)), we obtain Kx -+ I > dr. Hence, it holds
that
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(Kx +B0) « I'=(0—=B)Kx x '+ p(Kx +T) 4T
=1 -B)Kx « '+ B(=2dr) = (1 - B)dr + p(—2dr) = dr(1 —3p).
Thus, (2) holds. The assertion (3) follows from (2). O

Proposition 4.7. We use Notation 4.2. It holds that mr < 5.
Proof. We fix a rational number « such that 0 < a < 1 and —(Kx + «I") is ample, whose
existence is guaranteed by Lemma 4.3. Then the inequality mr < 6 holds by
2 1
— >a > -,
mr 3
where the first and second inequalities follow from Lemmas 4.5 and 4.6, respectively. [
To prove the main result of this subsection (Proposition 4.9), we first treat the case
when K(I')/K (B) is separable or purely inseparable.

Lemma 4.8. We use Notation 4.2. Let Ly be a numerically trivial Cartier divisor on B.
Then the following hold:

(1) If K(T')/K(B) is a separable extension, then a)gl is ample and Lg ~ 0.

(2) If K(T')/K(B) is a purely inseparable morphism of degree p® for some e € Z~q, then

peLB ~ 0.

Proof. We first prove (1). Assume that K (I')/K (B) is a separable extension. Let TN — T’
be the normalisation of I'. Set wpv : 'V — B to be the induced morphism. Since a)lil
is ample, so is w;; Hence, we obtain H'(I'N, Opy) = 0 (Lemma 2.16). Thanks to the

Hurwitz formula (cf. [25, Theorem 4.16 in §7]), we have that H'(B, Op) = 0; thus, a)l;1
is ample (Lemma 2.16). In particular, the numerically trivial Cartier divisor Lp is trivial,
i.e. Lp ~ 0. Thus, (1) holds.

We now show (2). Since K(I')/K(B) is a purely inseparable morphism of degree p¢,
the eth iterated absolute Frobenius morphism Fj : B — B factors through the induced
morphism 7y : TV — B:

N TN
F,:B—>T" — B.

It holds that JTIfNLB ~ 0; hence, p°Lp = (F)*Lp ~ 0. Thus, (2) holds. O

Proposition 4.9. We use Notation 4.2. Let L be a numerically trivial Cartier divisor on
X. Then the following hold:

(1) If p>17, then L ~ 0.

(2) If p € {3,5}, then pL ~ 0.

(3) If p =2, then 4L ~ 0.
Proof. By [39, Theorem 4.4], there exists a numerically trivial Cartier divisor Lp on B
such that n*Lp ~ L. If K(I')/K (B) is separable, then Lemma 4.8(1) implies that L ~ 0.
Therefore, we may assume that K(I')/K(B) is not a separable extension. Thanks to

Proposition 4.7, we have
[K(T): K(B)]=mr <5.
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Let us show (1). Assume p > 7. In this case, there does not exist an inseparable
extension K(I')/K(B) with [K(T) : K(B)] < 5. Thus, (1) holds.

Let us show (2). Assume p € {3, 5}. Since K(I')/K (B) is not a separable extension and
[K() : K(B)] <5, it holds that K(I')/K(B) is a purely inseparable extension of degree
p. Hence, Lemma 4.8(2) implies that pL ~ 0. Thus, (2) holds.

Let us show (3). Assume p = 2. Since K(I')/K(B) is not a separable extension and
[K() : K(B)] <5, there are the following three possibilities:

(i) K(T')/K(B) is a purely inseparable extension of degree 2.

(ii) K(I')/K(B) is a purely inseparable extension of degree 4.

(iii) K(I')/K(B) is an inseparable extension of degree 4 which is not purely inseparable.
If (i) or (ii) holds, then Lemma 4.8(2) implies that 4L ~ 0. Hence, we may assume that

(iii) holds. Let TN — T be the normalisation of I'. Corresponding to the separable closure
of K(B) in K(I') = K(I'V), we obtain the following factorisation:

ry¥ - B, —» B,

where K(I'V)/K (B1) is a purely inseparable extension of degree two and K (B;)/K (B) is
a separable extension of degree two. In particular, K (B1)/K (B) is a Galois extension. Set
G := Gal(K(B1)/K(B)) = {id, o}. Since Lp|rv ~ L|pv ~ 0 and the absolute Frobenius
morphism Fp, : B — B; factors through T'V — By, it holds that 2Lp|p, ~0. In
particular, we have that H’(By,2Lp|p,) # 0. Fix 0 #s € HY(By, 2L|p,). We obtain

0 # so(s) € H(B1,4Lg|5,)°.
As so(s) is G-invariant, so (s) descends to B, i.e. there is an element
t € H'(B,4Lp)

such that ¢|p, = so (s). In particular, we obtain ¢ # 0; hence, 4L g ~ 0. Therefore, we have
4L ~ 0. O

4.3. General case

We are ready to prove the main theorem of this section.

Theorem 4.10. Let k be a field of characteristic p > 0. Let X be a k-surface of del Pezzo
type. Let L be a numerically trivial Cartier divisor on X. Then the following hold:

(1) If p>17, then L ~ 0.

(2) If p € {3,5}, then pL ~ 0.

(3) If p =2, then 4L ~ 0.
Proof. Replacing k by H(X, Ox), we may assume that k = H°(X, Ox). Furthermore,
replacing X by its minimal resolution, we may assume that X is regular by Lemma 2.7.
We run a Kx-MMP:

p: X=X9o— X1 —> = X,.
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Since —Kx is big, the end result X, is a Kx,-Mori fibre space. It follows from [39,
Theorem 4.4(3)] that there exists a Cartier divisor L, with ¢*L, ~ L. Since also X, is of
del Pezzo type by Lemma 2.9, we may replace X by X,. Let 7 : X — B be the induced
K x-Mori fibre space.

If dim B = 0, then we conclude by Theorem 4.1. Hence, we may assume that dim B = 1.
Since X is a surface of del Pezzo type, there is an effective Q-divisor such that (X, A) is klt
and —(Kyx + A) is ample. Hence, any extremal ray of NE(X) is spanned by a curve. Note
that p(X) = 2 and a fibre of 7 : X — B spans an extremal ray of NE(X). Let R = Rxo[I']
be the other extremal ray, where I' is a curve on X. To summarise, (1)—(5) of Notation 4.2
hold. There are the following three possibilities:

(i) 2> 0.
(ii) T? <0and Kx-T <O0.
(iii) > <0 and Ky -T > 0.
Assume (i). In this case, any curve C on X is nef. Since —(Kx + A) is ample, also —Kx
is ample. Therefore, we conclude by Theorem 4.1.
Assume (ii). In this case, —K is nef and big. Again, Theorem 4.1 implies the assertion
of Theorem 4.10.

Assume (iii). In this case, all the conditions (1)—(6) of Notation 4.2 hold. Hence, the
assertion of Theorem 4.10 follows from Proposition 4.9. O

5. Results in large characteristic

In this section, we prove the existence of geometrically normal birational models of log
del Pezzo surfaces over imperfect fields of characteristic at least seven (Theorem 5.4). As
consequences, we prove geometric integrality (Corollary 5.5) and vanishing of irregularity
for such surfaces (Theorem 5.7).

5.1. Analysis up to birational modification

The purpose of this subsection is to prove Theorem 5.4. To this end, we establish auxiliary
results on Mori fibre spaces (Propositions 5.2 and 5.3). We start by recalling the following
well-known relation between the Picard rank and the anti-canonical volume of del Pezzo
surfaces.

Lemma 5.1. Let Y be a smooth weak del Pezzo surface over an algebraically closed field
k. Then p(Y) = 10— K%. In particular, it holds that p(Y) < 9.

Proof. Let Y =Y —> Y —> --- > Y, = Z be a Ky-MMP, where Z is a weak del Pezzo
surface endowed with a Kz-Mori fibre space Z — B. It is sufficient to prove the relation
p(Z)=10— K%, which is well known (cf. [21, Theorem 1.28]). O

Proposition 5.2. Let k be a field of characteristic p > 11. Let X be a reqular del Pezzo
k-surface such that k = HY(X, Ox). Then X is smooth over k.

Proof. By Theorem 3.7, X x k has at most canonical singularities. By [34, Theorem 6.1],
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such singularities are of type Ape_j. Since X X k is a canonical del Pezzo surface, its
minimal resolution 7 : Y — X X k is a smooth weak del Pezzo surface and we have

9> pM)zpX i+ Y (p=D>= Y10,
xeSing(X x k) xeSing(X x k)
where the first inequality follows from Lemma 5.1 and the last inequality holds by p > 11.
Thus, we obtain Sing(X xj k) = ¥, as desired. O

Proposition 5.3. Let k be a field of characteristic p > 0. Let X be a regular k-surface
of del Pezzo type such that k = HO(X, Ox). Assume that there is a Kx-Mori fibre space
7w : X — B to a projective reqular k-curve B. Let I' be a curve which spans the extremal
ray of NE(X) not corresponding to . Then the following hold:

(1) If Kx -T < 0 (respectively < 0), then —Kx is ample (respectively nef and big). If
p =5, then a)I;1 is ample and B is smooth over k.

(2) If Kx-T' >0 and p 27, then ")El is ample and B is smooth over k.

(3) If Kx-T' >0, p>17, and k is separably closed, then T is a section of w and 7 is
smooth. In particular, X is smooth over k.
Proof. The first part of assertion (1) follows immediately from Kleimann’s criterion for
ampleness (respectively [23, Theorem 2.2.16]). Assume p > 5. The anti-canonical model
Z of X is geometrically normal by Theorem 3.7, and, thus, H'(Z, ©z) = 0. This implies
that H'(X, Ox) = 0 and H'(B, Op) = 0. Hence, the assertion (1) holds by Lemmas 2.16
and 2.17.

Let us show (2). The field extension K(I')/K(B) corresponding to the induced
morphism zr : I' — B is separable (Proposition 4.7). Thus, B is a curve such that a)g1
is ample (Lemma 4.8). Since p > 2, B is a k-smooth curve by Lemma 2.17. Thus, (2)
holds.

Let us show (3). It follows from Proposition 2.18(6) that 7 is a smooth morphism.
Hence, it suffices to show that nr : I’ — B is a section of &. Since K(I') is separable
over K(B) and B is smooth over k, K(I") is separable over k, i.e. K(I') is geometrically
reduced over k. Hence, also I" is geometrically reduced over k. Since Xt is a smooth
projective rational surface with p(Xz) = 2, X3 is a Hirzebruch surface, and =y : Xy — Bg
is a projection. Since the pullback I'; of T' is a curve with F% < 0 by Lemma 4.4, I'; is
a section of g : Xz — Bg. The base change I't — By is an isomorphism, hence so is the
original one 7r : I' — B. Thus, (3) holds. O

Theorem 5.4. Let k be a separably closed field of characteristic p > 7. Let X be a k-surface
of del Pezzo type such that k = HO(X, Ox). Then there exists a birational map X --» Y
to a projective normal k-surface Y such that one of the following properties holds:

(1) Y is a regular del Pezzo surface such that k=HOY,0Oy) and p(Y)=1. In
particular, Y is geometrically canonical over k. Moreover, if p > 11, then Y is
smooth over k.

(2) There is a smooth projective morphism 7 : Y — B such that B ~ IP’,& and the fibre
7~V (b) is isomorphic to Pll(b) for any closed point b of B, where k(b) denotes the
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residue field of b. In particular, Y is smooth over k and Y Xk is a Hirzebruch
surface.

Proof. Let f: Z — X be the minimal resolution of X. By Lemma 2.7, Z is a k-surface
of del Pezzo type. We run a Kz-MMP:

Z=2Zy—>7Z1—> - —>Z,=Y.

By Lemma 2.9, the surfaces Z; are of del Pezzo type. The end result Y is a Ky-Mori fibre
space w : Y — B. If dim B =0, then Y is a regular del Pezzo surface; hence, (1) holds
by Theorem 3.7 and Proposition 5.2. If dim B = 1, then Proposition 5.3 implies that (2)
holds. O

Corollary 5.5. Let k be a field of characteristic p > 7. Let X be a k-surface of del Pezzo
type such that k = H(X, Ox). Then X is geometrically integral over k.

Proof. We may assume that k is separably closed. It is enough to show that X is
geometrically reduced [40, Lemma 2.2]. By Lemma 2.2, we may replace X by a surface
birational to X. Then the assertion follows from Theorem 5.4. O

5.2. Vanishing of H!(X, Oyx)

In this subsection, we prove that surfaces of del Pezzo type over an imperfect field of
characteristic p > 7 have vanishing irregularity.

Lemma 5.6. Let k be a field of characteristic p > 0. Let X be a k-surface of del Pezzo
type such that k = HY(X, Ox). If X is geometrically normal over k, then it holds that
H(X,Ox) =0 fori > 0.

Proof. The assertion immediately follows from Lemma 3.2. O

Theorem 5.7. Let k be a field of characteristic p > 7. Let X be a k-surface of del Pezzo
type such that k = HO(X, Ox). Then H(X,Ox) =0 fori>0.

Proof. We may assume that k is separably closed. Let X --» Y be the birational
morphism as in the statement of Theorem 5.4. Lemma 5.6 implies that H i(Y,0p) =0
fori > 0.

Let ¢ : W — X and ¥ : W — Y be birational morphisms from a regular projective
surface W. Since both ¥ and W are regular, we have that H (W, Ow) = 0 for i > 0. Then
the Leray spectral sequence implies that H'(X, Ox) = 0. It is clear that H/ (X, Ox) =0
for j > 2. O

Remark 5.8. We now give an alternative proof of Theorem 5.7. We use the same notation
as in [12, Chapter 9]. Assume that HY(X, Ox) # 0 and let us derive a contradiction.
We may assume that k is separably closed. Since X is geometrically integral over k
(Corollary 5.5), X has a k-rational point, i.e. X(k) #@. By [12, Theorem 9.2.5 and
Corollary 9.4.18.3], there exists a scheme Picy/; that represents any of the functors
Picx/k, Picx/k, ét), and Picy /i fppf)- Then Piex /g is a group k-scheme which is locally of
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finite type over k [12, Proposition 9.4.17] and its connected component Picg)( Jk containing
the identity is an open and closed group subscheme of finite type over k [12, Proposition
9.5.3]. By H'(X, Ox) # 0 and H*(X, Ox) = 0, Pic} ; is smooth and dim Pic} , > 0 [12,
Remark 9.5.15 and Theorem 9.5.11]. Since k is separably closed, Picg)( / (k) is an infinite
set. In particular, there exists a numerically trivial Cartier divisor L on X with L 0.
This contradicts Theorem 4.10.

In characteristic zero, it is known that the image of a variety of Fano type under a
surjective morphism remains of Fano type (cf. [14, Theorem 5.12]). The same result is
false over imperfect fields of low characteristic as shown in [41, Theorem 1.4]. We now
prove that this phenomenon can appear exclusively in low characteristic.

Corollary 5.9. Let k be a field of characteristic p > 7. Let X be a k-surface of del Pezzo
type such that k = HY(X, Ox) and let w: X — Y be a projective k-morphism such that
7+Ox = Oy. Then Y is a k-variety of Fano type. Furthermore, if dimY =1, then Y is
smooth over k.

Proof. We distinguish two cases according to dimY. If dimY = 2, then 7 is birational
and we conclude by Lemma 2.9. If dim Y = 1, then thanks to the Leray spectral sequence,
we have an injection:

H'(Y,0y) < H'(X, Oy),

where H!(X, Ox) = 0 by Theorem 5.7. Therefore, a);l is ample by Lemma 2.16 and Y is
smooth over k by Lemma 2.17. O

6. Purely inseparable points on log del Pezzo surfaces

The aim of this section is to construct purely inseparable points of bounded degree on
log del Pezzo surfaces X over C;-fields of positive characteristic (Theorem 6.12). Since we
may take birational model changes, the problem is reduced to the case when X has a Mori
fibre space structure X — B. The case when dim B = 0 and dim B = 1 are treated in §§6.1
and 6.2, respectively. In §6.3, we prove the main result of this section (Theorem 6.12).

6.1. Purely inseparable points on regular del Pezzo surfaces

In this subsection, we prove the existence of purely inseparable points with bounded
degree on geometrically normal regular del Pezzo surfaces over Ci-fields. If K )2( < 4, then
we apply the strategy as in [19, Theorem IV.6.8] (Lemma 6.3). We analyse the remaining
cases by using a classification result given by [34, §6] and Proposition 2.27. We first
relate the C-condition (for definition of C,-field, see [19, Definition IV.6.4.1]) for a field
of positive characteristic to its p-degree.

Lemma 6.1. Let k be a field of characteristic p > 0. If r is a positive integer and k is a
Cr-field, then p-deg(k) < r, where p-deg(k) := log [k : k”]. In particular, if k is a Cy-field,
then p-deg(k) < 1.

Proof. Suppose by contradiction that [k : kP] > p"*!. Let sq,..., Spr+1 be elements of
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k which are linearly independent over k”. Let us consider the following homogeneous
polynomial of degree p:

pr+1
P = Z s,-xip = sle+---+spr+1x£r+1 € klxt, ..., xprp1l.
k=1
Since s1, ..., spry1 are linearly independent over k”, the polynomial P has only the trivial
solution in k. In particular, k is not a C,-field. O

We then study rational points on geometrically normal del Pezzo surfaces of degree
< 4 (compare with [19, Exercise IV.6.8.3]). We need the following result.

Lemma 6.2 (cf. Exercise IV.6.8.3.2 of [19]). Let k be a Ci-field. Let S be a weighted
hypersurface of degree 4 in Pr(1,1,1,2). Then Sk) # 0.
Proof. Let us recall the definition of normic forms [19, Definition IV.6.4.2]. A
homogeneous polynomial & € k[yq, ..., y,] of degree m is called a normic form if h =0
has only the trivial solution in k. If k£ has a normic form of degree two, then the same
argument as in the proof of [19, Theorem IV.6.7] works.

Suppose now that k& does not have a normic form of degree two. We can write
Pr(1, 1, 1,2) = Proj k[xg, x1, x2, x3], where degxop = degx; =degx; =1 and degxz = 2.
Let

F(xo, x1, x2,x3) := cx32 + f(xo0, x1, x2)x3 + g(x0, X1, X2) € k[x0, X1, X2, X3]
be the defining polynomial of S, where ¢ € k and f(xg, x1, x2), g(x0, X1, x2) € k[x1, x2, x3].
If ¢ =0, then F(0,0,0,1) =0. Thus, we may assume that ¢ # 0. Fix (ag, a;, a2) € k3\
{(0,0,0)}. Set « := f(ag,ar,az) € k and B := g(ag, aj,as) € k. Since h(X,Y) :=cX>+
aXY 4 BY? is not a normic form, there is (u, v) € k% \ {(0, 0)} such that h(u, v) = cu®+
auv + Bv? = 0. Since ¢ # 0, we obtain v # 0. Therefore, it holds that F(ag, a1, as, u/v) =
c(u/v)*+a(u/v)+ B =0, as desired. O

Lemma 6.3. Let X be a geometrically normal reqular del Pezzo surface over a Ci-field k
of characteristic p > 0 such that k = HY(X, Ox). If K}z( < 4, then X (k) # 0.

Proof. Since X is geometrically normal, then it is geometrically canonical by Theorem 3.3.
Thus, we can apply Theorem 2.15 and we distinguish the cases according to the degree
of KX .

If K}z( =1, then X has a k-rational point by Proposition 2.14(2). If K}z{ =2, then X
can be embedded as a weighted hypersurface of degree 4 in Pi(1, 1, 1,2) and we apply
Lemma 6.2 to conclude that it has a k-rational point. If K)2( =3, then X is a cubic
hypersurface in ]P’z, and, thus, it has a k-rational point by definition of C;-field. If K)z( =4,
then X is a complete intersection of two quadrics in P* and thus it has a k-rational point
by [22, Corollary in page 376]. O

We now discuss the existence of purely inseparable points on geometrically normal
regular del Pezzo surfaces over Ci-fields.

Proposition 6.4. Let X be a regular del Pezzo surface over a Ci-field k of characteristic
p > 17 such that k = HY(X, Ox). Then X (k) # .
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Proof. If X is a smooth del Pezzo surface, we conclude that there exists a k-rational
point by [19, Theorem IV.6.8]. If p > 11, then X is smooth by Proposition 5.2 and we
conclude.

It suffices to treat the case when p =7 and X is not smooth. By Theorem 3.7(2), X
is geometrically canonical. By [34, Theorem 6.1], any singular point of the base change
Xp=Xxg k is of type Apn_y. It follows from Lemma 5.1 that X7 has a unique Ag singular
point. Thus, by Lemma 5.1, we have K}% < 3; hence, Lemma 6.3 implies X (k) #0. O

Proposition 6.5. Let X be a regular del Pezzo surface over a Ci-field k of characteristic
p € (3,5} such that k = HY(X, Ox). If X is geometrically normal over k, then X (k'/P) #
@.

Proof. Tt is sufficient to consider the case when X is not smooth by [19, Theorem IV.6.8].
By Theorem 3.3, Xz has canonical singularities.

If p=5 and X is not smooth, then the singularities of X3 must be of type A4 or E%
according to [34, Theorem 6.1 and Theorem 6.4]. If X has one singular point of type Eg
or two singular points of type A4, then K)2( =1 by Lemma 5.1. Thus, we conclude that
X has a k-rational point by Lemma 6.3. If Xz has a unique singular point of type Ag, it
follows from Proposition 2.27 that X (k!/?) # ¢.

If p =3 and X is not smooth, then the singularities of Xz must be of type A3, As,
Eg, or Eg according to [34, Theorem 6.1 and Theorem 6.4]. If one of the singular points
is of the type As, Eg, and Eg7 then K)z( < 3 by Lemma 5.1, and we conclude X (k) # @
by Lemma 6.3. Thus, we may assume that all the singularities of X are of type As. If
there is a unique singularity of type Az on Xz, then it follows from Proposition 2.27 that
X (k'/3) # @. Therefore, we may assume that there are at least two singularities of type
A; on Xg. Then it holds that K% < 5. By [9, Table 8.5 in page 431], we have that K% # 5;
hence, K)2( < 4. Thus, Lemma 6.3 implies X (k) # 0. O

Proposition 6.6. Let X be a reqular del Pezzo surface over a Ci-field k of characteristic
p =2 such that k = H(X, Ox). If X is geometrically normal, then X (k'/*) % @.

Proof. It is sufficient to consider the case when X is not smooth by [19, Theorem IV.6.8].
The singularities of X7 are canonical by Theorem 3.3. Hence, by [34, Theorem in page 57],
they must be of type Ay, A3z A7, DS with 4 <n <8 or E,(z) for n = 6,7, 8. We distinguish
five cases for the singularities appearing on Xz.

(1) There exists at least a singular point of type A7, DY withn > 5 or E? forn = 6,7, 8.

3) There exists at least one singular point of type Dg.
4
5) All the singular points are of type Aj.

)

2) There are at least two singular points with one being of type As.
)
)

(
(
(4) There is a unique singular point of type As.
(
In case (1), it holds that K)z( < 4. Hence, we obtain X (k) # @ by Lemma 6.3. In case
2), if K2 < 4, then Lemma 6.3 again implies X (k) # ¥. Hence, we may assume that
X g

K)z( = 5. Then there exist exactly two singular points P and Q on Xz such that P is of
type A3z and Q is of type A;. However, this cannot occur by [9, Table 8.5 at page 431].
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In case (3), we have that K)Z( < 5. However, a Dg singularity cannot appear on a del
Pezzo of degree five according to [9, Table 8.5 at page 431]. Thus, K )2( < 4 and Lemma 6.3
implies X (k) # @. In case (4), we apply Proposition 2.27 to conclude that X (k'/4) # @.

In case (5), consider X sepy1/2. By Proposition 2.27, on X sepy1/2 there are singular points
{P;}i", of type Ay such that «(P;) = (k%P)1/2 and their union LI; P; is the non-smooth
locus of X jsepyi/2. Let ¥ = Bl]_[,- P X (ksepy1/2 be the blowup of X jsepy12 along L1; Pi. Since
each P; is a (k*P)!/2-rational point whose base change to the algebraic closure is a
canonical singularity of type Ap, the surface Y is smooth. Since the closed subscheme
LI; Pi is invariant under the action of the Galois group Gal((k*¢?)1/2/k1/2), the birational
(k*P)1/2_morphism ¥ — X ksepyr2 descends to a birational k'/2-morphism Z — X2,
where Z is a smooth projective surface over k!/? whose base change to the algebraic
closure is a rational surface. It holds that Z(k!/?) # ¢ by [19, Theorem 1V.6.8], which
implies X (k!/?) # @. O

6.2. Purely inseparable points on Mori fibre spaces

In this subsection, we discuss the existence of purely inseparable points on log del Pezzo
surfaces over Ci-fields admitting Mori fibre space structures onto curves. We start by
recalling auxiliary results.

Lemma 6.7. Let k be a Ci-field and let C be a regular projective curve such that k =
HY(C, Oc) and —K¢ is ample. Then it holds that C ~ ]P’}C. In particular, C(k) £ @.

Proof. Since C is a geometrically integral conic curve in IP’,% (Lemma 2.16), the assertion
follows from the definition of Ci-field. O

Lemma 6.8. Let X be a regular projective surface over a Ci-field k of characteristic p > 0
such that k = H(X, Ox). Let m: X — B be a Kx-Mori fibre space to a regular projective
curve B. Then the following hold:

(1) Let k C k' be an algebraic field extension. If B(k') # ¥, then X (k') # 0.

(2) If —Kp is ample, then X (k) # @.
Proof. Let us show (1). Let b be a closed point in B such that k C k(b) C k'. By
Proposition 2.18, the fibre X} is a conic in ]P’,%(b). By [22, Corollary in page 377], k(b) is

a Cj-field; hence, we deduce X, )k (b)) # @. Thus, (1) holds. The assertion (2) follows
from Lemma 6.7 and (1) for the case when k' = k. O

To discuss the case when p =2, we first handle a complicated case in characteristic
two.

Proposition 6.9. Let k be a field of characteristic two such that [k : k*] < 2. Let X be a
regular k-surface of del Pezzo type and let w : X — B be a Kx-Mori fibre space to a curve
B. Let T be a curve which spans the Kx-negative extremal ray which is not corresponding
to . Assume that

(1) Kx-T' >0 and
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(2) K(I')/K(B) is an inseparable extension of degree four which is not purely
inseparable.

Then —Kp is ample.

Proof. We divide the proof into several steps.

Step 1. In order to show the assertion of Proposition 6.9, we may assume that

(3) B is not smooth over k;
(4) p-deg(k) =1, i.e. [k : k] = 2; and

(5) the generic fibre of 7 is not geometrically reduced.

Proof. If (3) does not hold, then B is a smooth curve over k. Since (X7)red is a rational
surface by Lemma 3.2, By is a smooth rational curve. Then —Kp is ample, as desired.
Thus, we may assume (3). From now on, we assume (3).

If (4) does not hold, then k is a perfect field. In this case, B is smooth over k, which
contradicts (3). Thus, we may assume (4).

Let us prove the assertion of Proposition 6.9 if (5) does not hold. In this case, the
generic fibre Xg(p) of m : X — B is a geometrically integral regular conic over K(B).
Thus, it is smooth over K(B) by Lemma 2.17. We use notation as in Notation 4.2.
Lemma 4.3(8) enables us to find a rational number « such that 0 < ¢ < 1 and (X, aT")
is a log del Pezzo pair. Then Lemma 4.5(3) implies that ampr < 2. Since our assumption
(2) implies mr = [K(T') : K(B)] = 4, we have that « < 1/2. By the assumption (2) and
a < 1/2, the induced pair Xz ol XW) on the geometric generic fibre is F-pure. It
follows from [10, Corollary 4.10] that —Kp is ample. Hence, we may assume that (5)
holds. This completes the proof of Step 1. O

From now on, we assume that (3)—(5) of Step 1 hold.
Step 2. X and B are geometrically integral over k. X is not geometrically normal over k.

Proof. Since [k : k%] = 2, it follows from [35, Theorem 2.3] that X and B are geometrically
integral over k (note that log,[k : k2] is called the degree of imperfection for k in [35,
Theorem 2.3]). If X is geometrically normal over k, then also B is geometrically normal
over k, i.e. B is smooth over k. This contradicts (3) of Step 1. This completes the proof
of Step 2. O

We now introduce some notation. Set ky :=k'/?2. By Step 2, X xxk; is integral
and non-normal (cf. [42, Proposition 2.10(3)]). Let v: X := (X xxk))V — X xx ki be
its normalisation. Let X| — Bj be the Stein factorisation of the induced morphism
X1 — X — B. To summarise, we have a commutative diagram

X1 —U—>Xxkk1 — X

l l l

By —— B xyki —— B.
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Let C C X xxk; and D C X be the closed subschemes defined by the conductors for v.
For K := K(B), we apply the base change (—) x g Spec K to the above diagram:

Vi ——> VxgkL —— \%4

l l l

Spec K| — SpecL —— SpecK,

where V := X xp K, L := K(B xy k1) = K(B) ®; k1, and K| = K(B}). Since taking Stein
factorisations commute with flat base changes, the morphism V; — Spec K| coincides
with the Stein factorisation of the induced morphism V; — Spec K.

Step 3. C dominates B.

Proof. Assuming that C does not dominate B, let us derive a contradiction. Since B is
geometrically integral over k (Step 2), we can find a non-empty open subset B’ of B such
that B’ is smooth over k and the image of C on B is disjoint from B’. Let B{, X', and X/
be the inverse images of B” to By, X, and X, respectively. Then the resulting diagram is
as follows:

X —— X' xxkj —— X'

l l L=

B, —— B'xykj — B’

Since X| >~ X' xi ki = X' x; k%2 is normal, it holds that X’ is geometrically normal over
k.

Let né: X/F_) B% be the base change of 7’ to the algebraic closure k. Since X’ is
geometrically normal over k, X]’? is a normal surface. Note that Bé is a smooth curve.
Since general fibres of 71% : Xl’? — Bé are K ys-negative and (né)*O v = Opr, general fibres

k k k
of ﬂ% are isomorphic to IP’%. Then the generic fibre of nki : X]’; — B% is smooth, hence so is
the generic fibre of 7 : X — B. This contradicts (5) of Step 1. This completes the proof
of Step 3. O

Step 4. The following hold:

(i) L/K is a purely inseparable extension of degree two.
(ii

(iii

)
)
iv)
)

V is a regular conic curve on ]P’%( which is not geometrically reduced over K.
Vi — V x g L is the normalisation of V xg L.

(iv) V xk L is an integral scheme which is not regular.
(v) The restriction D|y, of the conductor D to V) satisfies Dy, = Q, where Q is a
K-rational point.

(vi) Vi is isomorphic to ]P’}(l.

(vii) [K; : L] is a purely inseparable extension of degree two, and K1 = K 172,
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Proof. The assertions (i)—(iii) follow from the construction. Step 3 implies (iv). Let us
show (v). For the induced morphism ¢ : Vi — V, we have that

Ky, + Dly, ~ ¢*Ky.
Since —Ky is ample, it holds that
0 > degKl(Kvl +D|V1) 2 _2+degK1(D|V1)a

which implies degg (Dly,) < 1. Step 3 implies that D|y, # 0; hence, D]y, consists of a
single rational point. Thus, (v) holds.

Let us show (vi). Since V; has a Kj-rational point around which V; is regular, V;
is smooth around this point. In particular, Lemma 2.2 implies that V;j is geometrically
reduced. Then V| is a geometrically integral conic curve in IP’%(I. Therefore, V| is smooth
over Kj. Since V| has a Kj-rational point, V; is isomorphic to ]P)}(l. Thus, (vi) holds.

Let us show (vii). The inclusion K; C K!/2, which is equivalent to K 12 C K, follows
from the fact that K is algebraically closed in K (V) and the following:

K} C K(V1)2 = K(V xg L)> = (K(V)®xk L)?> C K(V).

It follows from [2, Theorem 3] that the p-degree p-deg(K) is two, i.e. [K!/2: K] =4
(note that the p-degree is called the degree of imperfection in [2]). Hence, it is enough
to show that K; # L. Assume that K; = L. Then V; is smooth over L by (vi). Hence,
V xk L is geometrically integral over L. Therefore, V is geometrically integral over K,
which contradicts (5) of Step 1. This completes the proof of Step 4. O

Step 5. Set-theoretically, C does not contain I' xy k.

Proof. Assuming that C contains I x k1, let us derive a contradiction. In this case, the
set-theoretic inclusion
i cvio=o

holds, where f:X; — X is the induced morphism. Since B; — B is a universal
homeomorphism and the geometric generic fibre I x p Spec K of I' — B consists of two
points, the geometric generic fibre of D — Bj contains two distinct points. In particular,
it holds that degg, (Dlv,) > 2. However, this contradicts (v) of Step 4. This completes
the proof of Step 5. O

Step 6. —Kp, is ample.

Proof. It follows from Lemma 4.3(8) that there is a rational number « such that 0 < o < 1
and (X, al') is a log del Pezzo pair. Consider the pullback:

Kx,+D+oaf*I' = f*(Kx +al).

Take the geometric generic fibre W of my : X1 — By, ie. W =V xg, Spec K| ~ IP’IF

1
(Step 4(vi)). It is clear that —(Kw + (D +af*T')|w) is ample. Since D]y, = Q is a
rational point (Step 4(v)), its pullback D|w =: Qw to W is a closed point on W. As
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—(Kw + (D 4+ of*T")|w) is ample, all the coefficients of B := (af*I")|w must be less than
one. Therefore, Step 5 implies that (W, (D +af*T")|w) is F-pure. It follows from [10,
Corollary 4.10] that —Kp, is ample. This completes the proof of Step 6. O

Step 7. —Kp is ample.

Proof. As —Kp, is ample (Step 6), Lemma 2.16 implies that H'(Bj, Op,) = 0. Since
K(B1) = K(B)!/? (Step 4(vii)), the morphism Bj; — B coincides with the absolute
Frobenius morphism of B. Hence, B; and B are isomorphic as schemes. Thus, the
vanishing H'(By, Opg,) = 0 implies H'(B, Op) = 0. Then —Kp is ample by Lemma 2.16.
This completes the proof of Step 7. [

Step 7 completes the proof of Proposition 6.9. O

Proposition 6.10. Let X be a regular k-surface of del Pezzo type over a Ci-field k of
characteristic p > 0 such that k = HY(X, Ox). Let m: X — B be a Kx-Mori fibre space
to a regular projective curve. Then the following hold:

(1) If p =1, then X (k) # 0.
(2) If p = (3,5}, then X(k'/P) # 0.
(3) If p =2, then X (k'/*) £ @.

Proof. Let R = R>¢[I'] be the extremal ray of NE(X) not corresponding to 7 : X — B.
In particular, we have m(I') = B. We distinguish two cases:

(I) Kx-T <0;
(II) Kx-T > 0.

Suppose that (I) holds. In this case, —Kx is nef and big. If p > 2, then the generic
fibre Xk (p) is a smooth conic. In particular, the base change X g5y is strongly F-regular.
By [10, Corollary 4.10], —K p is ample. Hence, Proposition 6.10 implies X (k) # .

We now treat the case when (I) holds and p = 2. Then —Ky is semi-ample and big.
Let Z be its anti-canonical model. In particular, Z is a canonical del Pezzo surface. By
Theorem 3.7, we have ¢r(Z/k) < 2. Therefore, for ky := kY% and W := (Z xx kW)ﬁZd, w
is geometrically normal over kyw. In particular, HO(W, Ow) = kw = k'/*. We have the
following commutative diagram:

Y — X xp k't —— X

7| l l

W Lt 2kl —— 2z
Speck!'/* —— Speck!/* ——— Speck,

where u and v are the normalisations. It follows from Theorem 3.3 that W is geometrically
klt and H'(W, Ow) =0. Since the morphism ¥ — W is birational and W is klt by
Proposition 2.3, it holds that H'(Y, Oy) = 0.
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Consider the Stein factorisation m1: ¥ — B; of the induced morphism ¥ — X % B.
Since H'(Y, Oy) =0, we conclude that H!(Bj, Op,) = 0. In particular, since kwy is a
C-field, it holds that By >~ IE”}(W (Lemma 6.7). Thanks to [40, Theorem 4.2], we can find
an effective divisor D on Y such that Ky + D = f*Kx. Since — Ky is big, also —Ky is big.
Fix a general ky-rational point ¢ € By and let F, be its mj-fibre. Since we take ¢ to be
general, F, avoids the non-regular points of Y. By adjunction, a);cl is ample. This implies
that F is a conic on IP’,%W. Hence, Y (k!/*) = Y (kw) # @. Therefore, we deduce X (k'/%) # @.

We suppose (II) holds. We have [K(T") : K(B)] < 5 by Proposition 4.7. If K(I')/K (B)
is separable, then —Kp is ample (Lemma 4.8). Then Proposition 6.10 implies X (k) # 0.
Hence, we may assume that K(I')/K(B) is inseparable. If K(I')/K(B) is not purely
inseparable, then —Kp is ample by Proposition 6.9. Again, Proposition 6.10 implies
X (k) # . Hence, it is enough to treat the case when K(I'")/K (B) is purely inseparable.
Since [K (') : K(B)] < 5, it suffices to prove that X (k!/P%) # ) for the positive integer
e defined by [K(I) : K(B)] = p°. Set C :=TI'V. Since wlil is ample, also —K¢ is ample.
Hence, Proposition 6.10 implies C (k') # @, where k' := H(C, O¢). Since

K'P c K c K(B),

it holds that k'?° C k. Therefore, we obtain X (k'/?°) # ¢, as desired. O

6.3. General case

In this subsection, using the results proven above, we prove the main result in this section
(Theorem 6.12). We present a generalisation of the Lang—Nishimura theorem on rational
points. Although the argument is similar to the one in [31, Proposition A.6], we include
the proof for the sake of completeness.

Lemma 6.11 (Lang—Nishimura). Let k be a field. Let f:X --+Y be a rational map
between k-varieties. Suppose that X is reqular and Y is proper over k. Fix a closed point
P on X. Then there exists a closed point Q on Y such thatk C k(Q) C k(P), where k(P)
and k(Q) denote the residue fields.

Proof. The proof is by induction on n := dim X. If n = 0, then there is nothing to show.
Suppose n > 0. Consider the blowup 7 : BlpX — X at the closed point P. Since X is
regular, the mw-exceptional divisor E is isomorphic to ]P’Z(}}) by [25, §8, Theorem 1.19].
Consider now the induced map f : BlpX --» Y. By the valuative criterion of properness,
the map f induces a rational map E = IP’Z(_PI) --» Y from the m-exceptional divisor E.
Then by the induction hypothesis, Y has a closed point Q whose residue field is contained

in k(P). O
Theorem 6.12. Let k be a Ci-field of characteristic p > 0. Let X be a k-surface of del
Pezzo type such that k = HO(X, Ox). Then the following hold:

(1) If p =27, then X(k) # @;

(2) if p € (3,5}, then X(k'/P) # @;

(3) if p=2, then X(k'/*) £ 0.
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Proof. Let Y — X be the minimal resolution of X. We run a Ky-MMP Y =: Yy — Y} —
-+ — Y, =: Z. Note that the end result is a Mori fibre space. Thanks to Lemma 6.11,
we may replace X by Z. Hence, it is enough to treat the following two cases:

(i) X is a regular del Pezzo surface with p(X) = 1.
(ii) There exists a Mori fibre space structure 7: X — B to a curve B.
Assume (i). By Lemma 6.1, we have p-deg(k) < 1. Therefore, X is geometrically normal

by [11, Theorem 14.1]. Thus, we conclude by Propositions 6.4, 6.5, and 6.6. If (ii) holds,
then the assertion follows from Proposition 6.10. O

7. Pathological examples

In this section, we collect pathological features appearing on surfaces of del Pezzo type
over imperfect fields.

7.1. Summary of known results

We first summarise previously known examples of pathologies appearing on del Pezzo
surfaces over imperfect fields.

7.1.1. Geometric properties. = We have shown that if p > 7 and X is a surface of
del Pezzo type, then X is geometrically integral (Corollary 5.5). We have established a
partial result on geometric normality (Theorem 5.4). Let us summarise known examples
in small characteristic related to these properties.

(1) Let F be a perfect field of characteristic p > 0 and let k := F(#y, t2, t3). Then
X := Proj k[xo, x1, x2, xg]/(xé’ + tle + tzxg + t3x§)

is a regular projective surface which is not geometrically reduced over k. It is easy
to show that H%(X, Ox) = k. If the characteristic of k is two or three, then —Ky
is ample; hence, X is a regular del Pezzo surface.

(2) There exist a field of characteristic p = 2 and a regular del Pezzo surface X over
k such that H%(X, Ox) =k, X is geometrically reduced over k, and X is not
geometrically normal over k (see [26, Main Theorem)).

(3) Ifk is an imperfect field of characteristic p = 2, 3 there exists a geometrically normal
regular del Pezzo surface X of Picard rank one which is not smooth (see [11, § 14,
Equation (27)]). In [11, Theorem 14.8], an example of a regular geometrically
integral but geometrically non-normal del Pezzo surface of Picard rank two is
constructed when p = 2.

(4) If k is an imperfect field of characteristic p € {2, 3}, then there exists a k-surface X
of del Pezzo type such that HO(X, Ox) = k, X is geometrically reduced over k, and
X is not geometrically normal over k [41].

7.1.2. Vanishing of H'(X, Ox). We have shown that if X is a surface of del Pezzo
type over a field of characteristic p > 7, then H! (X, Ox) = 0 for i > 0. Let us summarise
known examples in small characteristic which violate the vanishing of H!(X, Oy).
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(1) If k is an imperfect field of characteristic p = 2, then there exists a regular weak
del Pezzo surface X such that H'(X, Ox) # 0 (see [33]).

(2) There exist an imperfect field of characteristic p = 2 and a regular del Pezzo surface
X such that H'(X, Ox) # 0 (see [26, Main theorem)]).

(3) If k is an imperfect field of characteristic p € {2, 3}, then there exists a surface X
of del Pezzo type such that H'(X, Ox) # 0 (see [41]).

Remark 7.1. Since h'(X, Oy) is a birational invariant for surfaces with klt singularities,
the previous examples do not admit regular k-birational models which are geometrically
normal. This shows that Theorem 5.4 cannot be extended to characteristics two and
three.

7.2. Non-smooth regular log del Pezzo surfaces

In this subsection, we construct examples of regular k-surfaces of del Pezzo type which
are not smooth (cf. Theorem 5.4).

Proposition 7.2. Let k be an imperfect field of characteristic p > 0. Then there exists a
k-reqular surface X of del Pezzo type which is not smooth over k.

Proof. Fix a k-line L on IP),%. Let Q € L be a closed point such that k(Q)/k is a purely
inseparable extension of degree p whose existence is guaranteed by the assumption that
k is imperfect. Consider the blowup 7 : X — IP’,% at the point Q. We have

Kx=n*Kp+E and L+E=n"L,

where E denotes the m-exceptional divisor and L is the proper transform of L. Since
L UE is simple normal crossing and the Q-divisor

—(Kx+L+€E)=n*(Kx+L)—¢€E

is ample for any 0 < € < 1, the pair (X, (1 — S)Z + € E) is log del Pezzo for 08 <« 1. Hence,
X is of del Pezzo type.

It is enough to show that X is not smooth. There exists an affine open subset
Speck[x, y] = A,% of IP% such that Q € Speck[x, y] and the maximal ideal corresponding
to Q can be written as (x” —a, y) for some a € k\ k”. Let X’ be the inverse image of
Speck[x, y] by m. Since blowups commute with flat base changes, the base change X/E is

isomorphic to the blowup of Spec k[x, y] along the non-reduced ideal ((x — 8)?, y), where
B €k with P = a.

After choosing appropriate coordinate, XI% is isomorphic to the blowup of A% =
Speck[x’, y'] along (x'?, y'). We can directly check that XI% contains an affine open subset
of the form Speckl[s, y, u]/(st — uP), which is not smooth. O

Remark 7.3. The surface X constructed in Proposition 7.2 is del Pezzo (respectively

weak del Pezzo) if and only if p =2 (respectively p < 3). Indeed, —E? = [k(Q) : k] =
p implies Kx + E = (Kx +E) x E—E?> = —2p+ p = —p. Thus, the desired conclusion
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follows from
Kx+«L=Kxxn*L—Kx «E=-3+p.

8. Applications to del Pezzo fibrations

In this section, we give applications of Theorems 4.10 and 6.12 on log del Pezzo
surfaces over imperfect fields to the birational geometry of threefold fibrations. The first
application is to rational chain connectedness.

Theorem 8.1. Let k be an algebraically closed field of characteristic p > 0. Letw : V — B
be a projective k-morphism such that 7,Oy = Op, V is a normal threefold over k, and
B is a smooth curve over k. Assume that there exists an effective Q-divisor A such that
(V, A) is kIt and —(Ky + A) is mw-nef and w-big. Then the following hold:

(1) There exists a curve C on V such that C — B is surjective and the following
properties hold:
(a) If p > 7, then C — B is an isomorphism.
(b) If p € {3,5}, then K(C)/K(B) is a purely inseparable extension of degree < p.
(¢) If p =2, then K(C)/K(B) is a purely inseparable extension of degree < 4.
(2) If B is a rational curve, then V is rationally chain connected.
Proof. Let us show (1). Thanks to [19, Chapter IV, Theorem 6.5], K(B) is a Cj-field.

Then Theorem 6.12 implies the assertion (1). The assertion (2) follows from (1) and the
fact that general fibres are rationally connected (see Lemma 3.2). O

The second application is to Cartier divisors on Mori fibre spaces which are numerically
trivial over the bases.

Theorem 8.2. Let k be an algebraically closed field of characteristic p > 0. Let w: V —
B be a projective k-morphism such that 7,0y = Opg, where X is a Q-factorial normal
quasi-projective threefold and B is a smooth curve. Assume that there exists an effective
Q-divisor A such that (V, A) is kit and w: V — B is a (Ky + A)-Mori fibre space. Let L
be a w-numerically trivial Cartier divisor on V. Then the following hold:

(1) If p>17, then L ~; 0.

(2) If p € {3,5}, then p*L ~, 0.

(3) If p =2, then 16L ~, 0.
Proof. We only prove the theorem in the case when p = 2 since the other cases are similar

and easier. Since the generic fibre Vg (p) is a K (B)-surface of del Pezzo type, we have by
Theorem 4.10 that 4L|yy , ~ 0. Therefore, 4L is linearly equivalent to a vertical divisor,

i.e. we have
.
4L ~ ZE,‘D[,
i=1

where ¢; € Z and D; is a prime divisor such that 7 (D;) is a closed point b;.
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Since p(V/B) =1 and V is Q-factorial, all the fibres of = are irreducible. Hence, we
can write 7*(b;) = n; D; for some n; € Z-qo. Let m; be the Cartier index of D;, i.e. the
minimum positive integer m such that mD; is Cartier. Since the divisor 7*(b;) = n; D; is
Cartier, then there exists r; € Z~¢ such that n; = r;m;.

We now prove that r; is a divisor of 4. Since K(B) is a C-field and the generic fibre is
a surface of del Pezzo type, we conclude by Theorem 6.12 that there exists a curve I' on
V such that the degree d of the morphism I' — B is a divisor of 4. By the equation

ri-(miD;)-T' =n;D;-T' =7*(b;)-T =d,

ri is a divisor of 4.
Therefore, it holds that 4m; D; ~5 0. On the other hand, the divisor 4L = Y";_, £; D;
is Cartier; hence, we have that £; = s;m; for some s; € Z. Therefore, it holds that

r r
6L ~ Y "46;D; ~ Y 5i(4m; D;) ~7 0,
i=1 i=1

as desired. O
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