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of a distance between appropriate statistics evaluated on the true and synthetic data sim-
ulated from the postulated model. Those statistics are functions of the quantiles providing
an effective way to deal with distributions that do not admit moments of any order like
the a-Stable or the Tukey lambda distribution. The lack of a natural ordering represents

gggﬁgﬁél quantiles the major challenge for the extension of the method to the multivariate framework, which
method of simulated quantiles is addressed by considering the notion of projectional quantile. The SCAD ¢;-penalty is
sparse regularisation then introduced in order to achieve sparse estimation of the scaling matrix which is mostly
SCAD responsible for the curse of dimensionality. The asymptotic properties of the proposed es-
Elliptical Stable distribution timator have been discussed and the method is illustrated and tested on several synthetic

datasets simulated from the Elliptical Stable distribution for which alternative methods are
recognised to perform poorly.

© 2022 The Authors. Published by Elsevier B.V. on behalf of EcoSta Econometrics and
Statistics.

This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/)

1. Introduction

Model-based statistical inference primarily deals with parameters estimation, that usually can be easily performed by
maximum likelihood. However, in some pathological situations the maximum likelihood estimator (MLE) is difficult to com-
pute either because of the model complexity or because the probability density function is not analytically available. For ex-
ample, the computation of the log-likelihood may involve numerical approximations or integrations that highly deteriorate
the quality of the resulting estimates. Moreover, as the dimension of the parameter space increases the computation of the
likelihood or its maximisation in a reasonable amount of time becomes even more prohibitive. In all those circumstances,
the researcher should resort to alternative solutions. The method of moments (GMM) of Hansen (1982) or its generalised
versions (EMM) of Gallant and Tauchen (1996), may constitute feasible solutions when expressions for some moment condi-
tions that uniquely identify the parameters of interest are analytically available. When this is not the case, simulation-based
methods, such as, the method of simulated moments (MSM) of McFadden (1989), the method of simulated maximum like-
lihood (SML) of Gouriéroux and Monfort (1996) and its nonparametric version introduced in Kristensen and Shin (2012) or
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the indirect inference method (II) of Gouriéroux et al. (1993), are the only viable solutions to the inferential problem. De-
spite their appealing characteristics of only requiring to be able to simulate from the specified Data Generating Process
(DGP), some of those methods suffer from serious drawbacks. The MSM, for example, requires that the existence of the mo-
ments of the postulated DGP is guaranteed, while, the Il method relies on an alternative, necessarily misspecified, auxiliary
model as well as on a strong form of identification between the parameters of interests and those of the auxiliary model.
The quantile-matching estimation method (QM) of Koenker (2005), exploits the same idea behind the method of moments
without requiring any other condition. The QM approach estimates model parameters by matching the empirical quantiles
with their theoretical counterparts thereby requiring only the existence of a closed form expression for the quantile function.
Such difficulty is solved by the method of simulated quantiles (MSQ) recently proposed by Dominicy and Veredas (2013) as
a simulation-based extension of the QM of Koenker (2005). As any other simulation-based method, the MSQ estimates
parameters by minimising a quadratic distance between a vector of quantile-based summary statistics calculated on the
available sample of observations and that calculated on synthetic data generated from the postulated theoretical model. The
MSQ, relying on quantiles, can be applied only on univariate distributions. This work introduces the multivariate method of
simulated quantiles (MMSQ) that is a possible extension of the MSQ to deal with multivariate data. The extension of the
MSQ to a multivariate framework is not trivial because it requires the definition of multivariate quantile that is not unique
given the lack of a natural ordering in R" for n > 1. Indeed, only very recently the literature on multivariate quantiles has
proliferated, see, e.g., Serfling (2002) for a review of some extensions of univariate quantiles to the multivariate case. The
MMSQ relies on the definition of projectional quantile of Hallin et al. (2010) and Kong and Mizera (2012), as a particular
version of directional quantile. An important methodological contribution of the paper concerns the choice of the relevant
directions to project data in order to summarise the information for the parameters of interest. A general solution is pro-
vided for Elliptical distributions and for those Skew-Elliptical distributions that are closed under linear combinations. The
asymptotic theory of the proposed MMSQ estimator has been derived under standard conditions on the underlying true
DGP.

As any other simulation-based method the MMSQ does not effectively deal with the curse of dimensionality problem,
i.e., the situation where the number of parameters grows quadratically or exponentially with the dimension of the problem.
Since we are dealing with multivariate distributions, the right identification of the sparsity patterns becomes crucial be-
cause it reduces the number of parameters to be estimated, and therefore, it reduces the complexity of the model. Several
works related to sparse estimation of the covariance or precision matrix are available in literature, both methodological and
applied showing the growing need of sparse estimator to handle modern statistical issues and to analyse modern datasets;
Gao and Massam (2015) for instance, construct a gene expression network by proposing a sparse estimator of the precision
matrix to handle symmetry-constrained graphical models; Bien and Tibshirani (2011) reduce the complexity of a covariance
graph by proposing a sparse estimator of the covariance matrix; Friedman et al. (2008) propose a fast algorithm to achieve
sparse estimator of the precision matrix; Meinshausen and Biithlmann (2006) propose a method for neighbourhood selection
using the LASSO ¢;-penalty as an alternative to covariance selection for Gaussian graphical models where the number of
observations is less than the number of variables. These are just some examples that, on the one hand, endorse the im-
portance of introducing sparse estimators that automatically shrink to zero for some parameters, such as, for example, the
off-diagonal elements of the variance-covariance matrix, while on the other hand highlight the fact that these methods
have been developed only within the Gaussian framework. The second contribution of this work fills this gap by handling
the curse of dimensionality within a high-dimensional non-Gaussian framework. Specifically, the proposed approach pe-
nalises the objective function of the MMSQ by adding a SCAD ¢;-penalisation term that shrinks to zero the off-diagonal
elements of the scale matrix of the postulated distribution. The asymptotic properties of penalised MMSQ (S-MMSQ) is dis-
cussed by showing how it inherits the Oracle properties of the SCAD estimator within the likelihood framework and, since
the chosen penalty is concave, a fast and efficient algorithm to solve the optimisation problem has been given.

The effectiveness of the MMSQ and S-MMSQ methods have been tested on several synthetic datasets simulated from the
Elliptical Stable distribution previously considered by Lombardi and Veredas (2009). For a summary of the properties of the
stable distributions see Zolotarev (1964) and Samorodnitsky and Taqqu (1994), which provide a good theoretical background
on heavy-tailed distributions, while a recent overview of multivariate Stable distributions can be found in Nolan (2008). The
proposed methods can be effectively used to make inference on the parameters of many others large-dimensional heavy-
tailed distributions such as, Stable, Skew-Elliptical Stable (Branco and Dey (2001)), Copula (Oh and Patton (2013)), multivari-
ate Gamma (Mathai and Moschopoulos (1992)) and Tempered Stable (Koponen (1995)). These distributions are widely used
in econometric applications, indeed they allow for infinite variance, skewness and heavy-tails that exhibit power decay al-
lowing extreme events to have higher probability mass than in Gaussian model (see for instance Nolan (2003), Bianchi et al.
(2010), Cherubini et al. (2004), Semenikhine et al. (2018)). However, their use is mainly limited to univariate applications
because parameters estimation in multivariate frameworks becomes unfeasible. The MMSQ and S-MMSQ allow to use these
distribution even in high-dimensional framework. In Stolfi et al. (2018) the authors apply the S-MMSQ to solve a portfo-
lio optimisation problem under value-at-risk constraints where the joint returns follow a multivariate skew-elliptical stable
distribution while in Bernardi and Stolfi (2020) the authors apply the S-MMSQ to estimates the parameters distributions of
financial returns which are assumed to be Elliptically Stable, the estimates are then used to perform a dominance test that
allows to determine whether or not a financial institution can be classified as being more systemically important. Here is
the structure of the paper. In Section 2 the multivariate Method of Simulated Quantiles is introduced, and the basic asymp-
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totic properties are discussed. Section 3 deals with the curse of dimensionality by introducing the S-MMSQ estimator. The
effectiveness of the method is tested in Section 4, where several synthetic datasets from the Elliptical Stable distribution are
considered. Section 5 concludes. Technical proofs of the theorems are deferred to Supplementary material.

2. Multivariate method of simulated quantiles

In this Section we first define the notation that will be used throughout the paper. Then the basic concepts on projec-
tional quantiles are recalled, in order to introduce the multivariate method of simulated quantiles. Finally results about the
consistency and asymptotic properties of the estimator are discussed.

2.1. Notations

Throughout the paper, unless specified differently, the following notation is used. Y € R™ denotes a random vector with
probability density function fY(-, 1?) and distribution function Fy(-, 19) both depending on the set of parameters # € ® c R¥;

{y;}iL, denotes a sample of observations from Y; u e sm-1 is a vector in the unit sphere S™1 = {u eR™ : Wu= 1}: Te
(0, 1) is the quantile level; E[-] stands for the expectation.

2.2. Projectional quantiles

The MMSQ requires the prior definition of the concept of multivariate quantile, a notion still vague until recently, because
of the lack of a natural ordering in dimension greater than one. Here, we relies on the definition of projectional quantiles
introduced by Hallin et al. (2010), Paindaveine and Siman (2011) and Kong and Mizera (2012), reported below.

Definition 2.1. The tu projectional quantile of Y is defined as

Gru € {argg;glwru(q)}, (1)
where
Weu(@) =B p: (wY - q) | 2)

and pr(2) = z(t — 1(_0)(2)) denotes the quantile loss function evaluated at z € R.

Clearly the tu-projectional quantile is the t-quantile of the univariate random variable Z = u’Y defined as the projection
of Y over the direction given by u. This feature makes the definition of projectional quantile particularly appealing in order
to extend the MSQ to a multivariate setting because, once the direction is properly chosen, it reduces to the usual definition
of univariate quantile which preserves the ordering.

The empirical counterpart of the Tu-projectional quantile is defined as

ru € {arg min \P?U(Q)},
where W7,(q) = %Z?:l[p, (u'y; — q)] denotes the empirical version of the loss function defined in equation (2).
2.3. The multivariate method of simulated quantiles

The MSQ introduced by Dominicy and Veredas (2013) is a likelihood-free simulation-based inferential procedure based
on matching quantile-based measures, it is particularly useful in situations where either the density function is not an-
alytically available and/or moments do not exist, and it can be applied to all those random variables that can be easily
simulated. In the contest of MSQ, parameter are estimated by minimising the distance between an appropriately chosen
vector of functions of empirical quantiles and their simulated counterparts based on the postulated parametric model. An
appealing characteristic of the MSQ that makes it a valid alternative to other likelihood-free methods, is that empirical
quantiles are robust ordered statistics being able to achieve high protection against bias induced by the presence of outlier
contamination. To introduce MMSQ estimator let us define the following notations.

Let @5 be a b x 1 vector of projectional quantile functions assumed to be continuously differentiable with respect to
¢ for all Y and measurable for Y and for all # c @. Let us assume also that ©; cannot be computed analytically but it

can be empirically estimated. Let &, be the vector of projectional quantile functions computed over the sample, that is
measurable of Y; let ®, be its counterpart computed over simulated data, the subscript # emphasises that it depends on
the parameters used to simulate the data.

At each iteration j =1, 2, ..., the MMSQ estimates <i>ﬁ(j) on R samples simulated from yj‘j ~ ﬁ{(-, #(j)>, forr=1,2,...,R,

that is & G = % Zf=1 i):,(j), where the superscript r identifies the simulated path on which the vector of projectional quan-
tiles has been computed. The parameters are subsequently updated by minimising the distance between the two vectors of
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projectional quantiles functions @, and & g() as follows

¥, =arg f,nei@r)lQ”(ﬂ)’ (3)
Q(P) =(®n — D5)W(D, — D). (4)

where W is a b x b symmetric positive definite weighting matrix. Asymptotic results presented in section 2.4 provide infor-
mation regarding the choice of the optimal weighting matrix W.

The vector of projectional quantile functions ®, should be carefully selected in order to be as informative as possible for
the vector of parameters of interest. In their applications, Dominicy and Veredas (2013) propose to use the MSQ to estimate
the parameters of univariate Stable law. Toward this end they consider the following vector of quantile-based statistics, as
in McCulloch (1986) and Kim and White (2004)

&, — (%.95 +qo.05 — 2qos qo.95 — qo.05
v qo.95 — qo.05 " Go.75 — Go2s

»qo.75 — qo.25, CI0,5>/~

where the first element of the vector is a measure of skewness, the second one is a measure of kurtosis and the last two
measures refer to scale and location, respectively. Of course, the selection of the quantile-based summary statistics depends
either on the nature of the parameter and on the assumed distribution. The MMSQ generalises also the MSQ proposed by
Dominicy et al. (2013) where they estimate the elements of the scaling matrix of multivariate elliptical distributions by
means of a measure of co-dispersion which consists in the interquartile range of the standardised variables projected along
the bisector. The MMSQ based on projectional quantiles is more flexible and it allows to deal with more general distributions
than elliptically contoured one because it relies on the construction of quantile based measures of variables projected along
a set of optimal directions which depend upon the considered distribution. The selection of the relevant direction is deferred
to Section 4.

2.4. Asymptotic theory

In this section we recall the asymptotic theory that holds for simulation-based estimators, the proofs which require some
algebra are available in supplementary materials, the other can be derived by Dominicy and Veredas (2013) and Gouriéroux
et al. (1993).

2.4.1. Preliminary notations and hypothesis

Remark 2.1. It is worth noting that the minimisation problem in equation 1, admits a unique solution if the distribution of
the random vector Y is absolutely continuous with respect to the Lebesgue measure on R™, with finite first order moment,
and if fy has connected support (see Kong and Mizera (2012) and Paindaveine and Siman (2011) for further details). The only
assumption that we need to worry about is the finiteness of the first order moment, while the remaining two conditions are
always satisfied because we restrict our attention to absolutely continuous random variables in this work. Thus, hereafter,
we will assume that the random variable Y has finite first order moment.

For the sake of clarity, let us first define the following notations:

» Let Y € R™ be a random vector with cumulative distribution function Fy and variance-covariance matrix Xy

+ Let {y;}l; be a sample of iid observations from F

« Let ug, uy, ..., ux eS™ 1 and Z, = w Y be the projected random variable along w;, with density function fz,(-) and cu-
mulative distribution function sz(~), fork=1,2,....K

« Let gru, be the projectional quantile along the direction uy, namely gy, is the quantile of random variable Z; defined
before, then §ru, is the empirical quantile computed over the random sample {y;}! ,

« Let T= (71, T2, ..., Ts) where t; € (0,1), then ey, = (qtluk, Qo - %uk) is the vector of directional quantiles along

the direction u;, and f],yuk = (q,luk,qrzuk,...,qfsuk) is the vector of empirical directional quantiles computed over the
random sample {y;}7 ;.

The next theorem establish the asymptotic properties of projectional quantiles which are needed to built the asymptotic
theory of the MMSQ.

Theorem 2.1. Considering the notations introduced above, let us assume Var(Zy) < oo, for k=1,2,...,K, F;, differentiable in
qrju, and Fz’k(qu,,k) = ka(eruk) >0, fork=1,2,....Kand j=1,2,...,s. Then

(i) for a given direction uy, with k=1,2,...,K, it holds

“/ﬁ(ql',uk - qf,uk) i) N(07 7])’
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as n — oo, where n denotes a (K x K) symmetric matrix whose generic (r, c) entry is
T AT — Tl

N fz, (QI,,uk)ka (qrc,uk)’

forr,c=1,2,...,s, T A Tc Stands for the minimum between t, and t;
(ii) for a given level tj, with j=1,2,...,s, it holds

Vi@, - a,) = N ©.v),

Nr.c

as n — oo, where q; = (q,ju1 .. ..,qu.,K),
72 Iz, 2 (CIr.uer-u )
- . + N for r#c
Ure = fZ, (CIrjur)ch (eruc) fZ,— (CIrjur)fZC (qullc)
’ 7i(1-1;
i(1-7) for r=c,
er <erur)z

F;. 7.(-) is the joint cumulative function of variables (Z;,Zc) forr,c=1,2,...,K;
(iii) given t; and 7y with j,1=1,2,....s and j # | and given u, and u; with k.t =1,2,...,K and k # t, it holds
o R d
\/E(QIjuk - quuk, qru, — qz,ut) g N(O’ ,0)7
as n — oo, where
TiT; FZ,(,Zt (qrjuks QI,u[)

_ . 5
ka (CIIjuk)th (qr,u[) - ka (qullk)fZ[ (QI,ut) )

10:

The proof of this theorem which is quite technical can be found in supplementary materials.
To establish the asymptotic properties of the MMSQ estimates we need the following set of assumptions, which are
standard assumptions for simulation-based estimators.

Assumption 2.1. There exists a unique/unknown value #, ¢ ® such that the sample functions of projectional quantiles
equal the theoretical one, provided that for each parameter of interest there is at least one projectional quantiles statistic
depending on that parameter. That is # = ¥, < &, = ®;,, where @3 and &, are respectively the vector of projectional
quantile functions and the empirical counterpart defined in section 2.3.

Assumption 2.2. # is the unique minimiser of (<i>n - <i>ﬂ)’w(<i>n - tim).
Assumption 2.3. Let , be the sample variance-covariance matrix of ®, and 2, be the non-singular variance-covariance
matrix of @y, then €, converges to 900 as n goes to infinity.

Assumption 2.4. The matrix (?;;‘W%) is non-singular.

It is worth to note that Assumption 2.1 requires that quantile-based summary statistics together with the corresponding
directions have to be chosen accurately, namely for each parameter there must be at least one directional quantile-based
statistic which is a function of that parameter. This requirement is needed to exclude free parameters which would lead
to infinite solution of the optimisation problem defined in Equations (3) and (4). Assumption 2.2 holds true from the
previous assumption and from the fact that the objective function is a quadratic function. Assumption 2.3 comes from
the law of large numbers and from a proper choice of the scoring function ®. Assumption 2.4 holds true since we are
considering absolutely continue random variables with cumulative distribution function being differentiable. Although most
of the assumptions holds since they are standard assumptions in simulation-based estimation (Gouriéroux et al. (1993)), for
the sake of completeness we found worthwhile to list them.

2.4.2. Main asymptotic results
Theorem 2.2. Under the hypothesis of Theorem 2.1 and assumptions 2.1-2.3, the following properties hold:

\/ﬁ(é” - q"’o) = N(O’ 9'70)’
Vi(®y - @5) S N (0. 25).

3dy 3Dy
A 0 p . . : ,
as n— oo, where _WAW' q= (qtlvul’qTZ»uZ’""qTI(’uK)' A is the variance-covariance matrix of the pro-
o . . . 30
jectional quantiles whose elements are defined in Theorem 2.1 according to each couple of entry and 3";0 =
. a0 G a0
diagq 5 %0 '3 LI LI

Qry.u; " 99750y 8‘HK,uK
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Next theorem shows the asymptotic properties of the MMSQ estimator.

Theorem 2.3. Under the hypothesis of Theorem 2.1 and assumptions 2.1 - 2.4, we have

Jﬁ(z‘? - 00) 4 N(O, (1 + %)D,,Owsz,,ow/ng,o),

as n — oo, where Dy = (M"Waf&)” %,

Frd ¥ v
The next corollary provides the optimal weighting matrix W.

Corollary 2.1. Under the hypothesis of Theorem 2.1 and assumptions 2.1 - 2.4, the optimal weighting matrix is W* = SZ;;,
Therefore, the efficient method of simulated quantiles estimator E-MMSQ, as n — oo, has the following asymptotic distribution

~ d 1 aq)l?o -1 3‘1’,}0 -1
Ji(® -~ o) wv(o, (1+R)< eyl g ) ).

These results can be easily derived from previous works, see Dominicy and Veredas (2013) and Gouriéroux et al. (1993).

3. Handling sparsity

In this section the MMSQ estimator is extended in order to achieve sparse estimation of the scaling matrix. The curse of
dimensionality is a well known issue in multivariate and high-dimensional analysis. Indeed, in such settings the number of
parameters to be estimated grows at least quadratically with the dimension of the model. Sparse estimators became there-
fore very powerful instruments to face this problem, indeed they correctly identify sparsity pattern and, as consequence,
reduce the complexity of the model together with the computational effort required for the estimation. Although large liter-
ature is devoted to sparse estimators, they are only related to likelihood-based setting, therefore the need to introduce the
S-MMSQ estimator. The smoothly clipped absolute deviation (SCAD) ¢;-penalty of Fan and Li (2001) is introduced into the
MMSQ objective function. Formally, let X be the scaling matrix of Y, whose elements are denoted as oj; for i, j=1,...,m,
we are interested in providing a sparse estimation of X. To achieve this target we adopt a modified version of the MMSQ
objective function obtained by adding the SCAD penalty to the off-diagonal elements of the covariance matrix in line with
Bien and Tibshirani (2011). The SCAD function is a non concave penalty function defined as:

Alyl if [yl <A
pallyl = | (ahly| - 5) - iy ifr<y <ar ©
2a if ax < |y,

which corresponds to quadratic spline function with knots at A and ai. The SCAD penalty is continuously differentiable
on (—oo; 0) U (0; 0o) but singular at 0 with its derivative equal to zero outside the range [—aA; aiA]. This results in small
coefficients being set to zero, a few other coefficients being shrunk towards zero while retaining the large coefficients as
they are. The penalised MMSQ estimator minimises the penalised MMSQ objective function, defined as follows

¥ =arg mﬂin (1), (7)

QO (#) = (®n — @) W(®n — Dy) + 1) pi(loyl). (8)
i<j

where Q*(ﬂ) is the penalised distance between &, and <i>,,. As shown in Fan and Li (2001), the SCAD estimator, with
appropriate choice of the regularisation (tuning) parameter, possesses a sparsity property, i.e., it estimates zero components
of the true parameter vector exactly as zero with probability approaching one as sample size increases while still being
consistent for the non-zero components. An immediate consequence of the sparsity property of the SCAD estimator is that
the asymptotic distribution of the estimator remains the same whether or not the correct zero restrictions are imposed in
the course of the SCAD estimation procedure. They call them the oracle properties. Given the smoothness of the MMSQ
objective function, it turns out that the S-MMSQ is an Oracle estimator as detailed in the following theorem.

Theorem 3.1. Let #, = <1?(1,, 1?8) be the true value of the unknown parameter i, where 17(1) € RS is the subset of non-zero

parameters and 08 =0c RS and let A= {(i, Dii<jojoe 1?(1)}. Given the SCAD penalty function p,\(|oij|), for a sequence
of An such that A, — 0, and nk, — oo, as n — oo

i) there exists a local minimiser 9 of Q* (#) in (7) with 1% =Bl = 0p (n*%). Furthermore, we have

lim P(ﬂo - o) -1 (9)
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ii) the non-zero parameters 191 has the following asymptotic distribution:
A1 1\ d 1
(3" - 93) £ (0. (1+ 5 )Py W R, W'D, ). (10)

AR T (it U T e |
a9l a9l 99!

is the weighting matrix related to the non-zero parameters.

as n — oo, where DW = (

3.1. Implementation

The symmetric and positive definiteness properties of the variance-covariance matrix should be preserved at each step
of the optimisation process. Preserving those properties is a difficult task since the constraints that ensure the definite
positiveness of a matrix are non linear. Therefore, we consider an implementation that is similar to the Graphical Lasso
algorithm introduced by Friedman et al. (2008) combined with the Maximisation-Minimisation algorithm exploiting a local
quadratic approximation of the SCAD proposed by Fan and Li (2001) and Hunter and Li (2005). We outline the steps of the
algorithm below.

The objective function Q* in equation (7) can be locally approximated, except for a constant term by

s o s = 9P o
Q" (9) ~ (®n — By, ) W(® — By,) - 8;0 W(d - &) (- B0)
1 %, a<1> )
+ 5 (® = Bo) W (9 - 00)+ 'S, (90) .

where S (#) = diag[ M ;1> jiojjo € 1?0] By applying the first order condition we get the following formula

0by, )P 0%y, o s
P = - [aﬂ%w 81}#°+n$,\(170)i|1x|:— a5 W( —<I>,;0)+ns,\(170)00}, (11)

which allows to find the optimal solution iteratively.
Now, in order to get a positive definite matrix at each iteration, let ¥ be a correlation matrix of dimension n x n and let
us consider the following partition

¥ - 2/11 012 )
(o 1
where X4; is a matrix of dimension (n—1) x (n—1) and o, is a vector of dimension n — 1. At each iteration j=1,2,...
of the optimisation algorithm we apply a step of the Newton-Raphson algorithm to 015, using the formula in equation (11),

as follows
60 _ gU-D I®y I®y ( 11))
0, =0, I:ao_]z _pun 80’12 o500 + 1S,
9P o (i
X |: T L 39 1)W<‘I’ 39 1;) +TlS)L( (j 1)> 512 ])], (12)
o1’

S0-1) . . . . . . .
where 1?(] ) is the estimate of #, at iteration j — 1. Then we consider the transformation

S (J)
*(J) 0y

o
12 5 G-D]_ 0’
1+6 (J)’[E 1 ] 1G4

and update the scaling matrix as

: (-1 *(j
$0 _ |:Eu(j) or];])j|.
05 1

Once we update the last column, we shift the next to the last at the end and repeat the steps described above. We repeat
this procedure until convergence.

Regarding the parameter R, it helps in controlling the variability of the simulation paths. We considered several values of
R, namely from 5 to 50 and it turned out that for R > 10 the quantile-based statistics did not change significantly, therefore
we choose R = 10, as also suggested in Dominicy and Veredas (2013).

The SCAD penalty requires the selection of two tuning parameters (a, A). The first tuning parameter is fixed at a = 3.7
as suggested in Fan and Li (2001), while the parameter A is selected using K-fold cross validation.

7
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4. Synthetic data examples

As mentioned in the introduction the Stable distribution plays an interesting role in modelling multivariate data. Its
peculiarity of heaving heavy tailed properties and its closeness under summation make it appealing in the financial contest.
Despite its characteristics, estimation of parameters has been always challenging and this feature greatly limited its use
in applied works requiring simulation-based methods. In this section we briefly introduce the multivariate Elliptical Stable
distribution (ESD) previously considered by Lombardi and Veredas (2009).

4.1. Multivariate Elliptical Stable distribution

A random vector Y € R™ is elliptically distributed if
Y =% &+ RIU, (13)

where & € R™ is a vector of location parameters, I' is a matrix such that & = T'T” is a m x m full rank matrix of scale
parameters, U € R™ is a random vector uniformly distributed in the unit sphere ™! and R is a non-negative random
variable stochastically independent of U, called generating variate of Y.

If R= /Z/Z where Z; ~ x2 and Z, ~S% (§,w,d) is a positive Stable distributed random variable with kurtosis
parameter equal to § for o e (0, 2], location parameter & =0, scale parameter w =1 and asymmetry parameter § =1,
stochastically independent of x2, then the random vector Y has Elliptical Stable distribution, i.e., Y ~ £SDn (a, 3 SZ) See
Samorodnitsky and Taqqu (1994) for more details on the positive Stable distribution and Nolan (2013) for the recent devel-
opments on multivariate elliptically contoured stable distributions.

Among the properties that the class of elliptical distribution possesses, the most relevant are the closure with respect
to affine transformations, conditioning and marginalisation, see Fang et al. (1990), Embrechts et al. (2005) and McNeil et al.
(2015) for further details. Simulating from an ESD is straightforward, indeed let @y = (cos %)al, then Y ~ £8Dm (o, &, SZ) if
and only if Y has the following stochastic representation as a scale mixture of Gaussian distributions

Y=£+02X, (14)
where ¢ ~ S% (0, @y, 1) and X ~ N (0, ) independent of ¢. The Elliptical Stable distribution is a particular case of multi-

variate Stable distribution so it admits finite moments if E[{P] < oo for p < «. For a € (1, 2), IE(g'%) < oo, so that by the

law of iterated expectations E(Y) = &, while the second moment never exists. Except for few cases, « = 2 (Gaussian), o = 1
(Cauchy) and o = % (Lévy), the density function cannot be represented in closed form. Those characteristics of the Stable
distribution motivate the use of simulations methods in order to make inference on the parameters of interest.

4.2. How to choose optimal directions

Before we turn to illustrate our simulation framework, we should solve an important issue related to the application of
the MMSQ that concerns the choice of the directions. Indeed, the easiest solution is to choose an equally spaced grid of
directions, an approach that would be computational expensive. Therefore, we choose optimal directions u* according to
the following definition 4.1 which allows to maximise the information contained in the chosen measure.

Definition 4.1. Let us consider a given parameter of interest ¥* c ®, € R¥ and consider the subset Y* = (Y*, ..., YL
of h variables of Y € R™ assumed to be informative for the parameter ¢*, and the projectional quantile g, of Y* at a given
7, with u € S"~1. An optimal direction u* € S™! for Y* is defined as the vector whose i-th coordinate is

ur = Umax, if Y1 = Y[*
i 0 otherwise,

where u,,,; is the I-th coordinate of the vector

Umax € {arglfnganxl qru}- (15)
Sol

If for example, h = 2, then the optimal direction is
u = (0, ---sumax‘lyoy ..., 0, Umax,2, "'10)1

where Uy 1 and upay 2 are the i-th and j-th coordinate respectively, which is informative for the covariances between Y;
and Y;. The optimal solutions defined in (15) are computed using the Lagrangian function as follows

LW 1) = gru — A([lul - 1),

by solving V£ (u, A) = 0, where V stands for the gradient. This equation can be solved analytically (for instance when m =
h = 2 for ESD distribution) or numerically. It is worth to note that, when finding the optimal direction, the choice of h only
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depends on the parameter of interest and on the marginalisation properties of the distribution regardless the dimension m,
as described in section 4.4. If more than one optimal direction is found for a given parameter, the corresponding projectional
quantile based function will be computed along all the directions found. As said in the beginning, the best would be to find
just one optimal direction for parameter because it makes the optimisation problem easier to solve, thus adding direction
has only an impact of the efficiency of the minimisation problem.

4.3. Initialisation
Let us fix m > 2. Since each variables Y; have univariate Elliptical Stable distribution, then marginals’ parameters can

be estimated using the approach of McCulloch (1986). The off-diagonal parameter of the scale matrix is estimated us-
ing the following procedure. For each couple of variables Y;; = (¥;.Y;)’ it holds Y;; ~ £8D; (a, E,-j, ©;;), where Eij =(&.&)

2 . g
and ;; = [z)):j Z’j] Let us consider the standardised variables X;; = (X;, X;)" where (X;,X;) = (Y’gf", Yiujf), then X;; ~
j

ESDy (0,0, ;) where ;; = [,01 ’01’7]. Using the Definition 4.1, it turns out that the optimal direction for p;; is u =
ij

(% %)/ Therefore, we project X;; along u and we obtain the variable Xy = w'X;; such that Xy ~ £SD;(, 0,1 + pj;). Now,
since Xy is a univariate random variable we can apply the method of McCulloch (1986) to initialise the scale of a univariate
ESD.

The proposed initialisation provides initial conditions in a neighbourhood of the global minimiser allowing a fast conver-
gence of the optimisation problem to the optimal solution. It is worth to note that random initial conditions may not lead
to the global minimiser.

4.4. Simulation results

In this Section we consider simulation examples for the ESD distribution Y ~ £SDp, (a, £ SZ) as defined in section 4.1. We
first need to select the quantile-based measures which are informative for each parameter, thus, we select for o a measure
Ky related to the kurtosis of the distribution, for the locations the median m, and for the elements of the scaling matrix we
opt for a measure of dispersion ¢y, and all the measures will be calculated along appropriately chosen directions, as it will
be discussed later in this section. More in detail, we choose
_ q0.95,u — 40.05,u

qo.75,u — 90.25u
My = (qo5u

Su = {qo0.75,u — 90.25u;

Ku

where u e S™! defines a relevant direction. Of course more and/or different quantile-based statistics can be used, we
tested several measures and select those providing better results. Next, we need to identify the optimal directions. To this
end we can consider the relevant properties of the ESD. Specifically, as shown for example by Embrechts et al. (2005),
the ESD is closed under marginalisation, i.e., Y; ~ £SDq(«, &;, wy), for i = 1,2, ..., m, where w;; is the i-th element of the
main diagonal of the matrix . By exploiting this property, we conclude that the optimal directions for the shape pa-
rameter «, for the locations &; and for the diagonal elements of the scale matrix w;;, fori=1,2,..., m are the canonical
directions. It still remains to consider the optimal directions for the off-diagonal elements of the scale matrix w;;, with
i,j=1,2,...,m and i # j. Again we exploit the closure with respect to marginalisation. Specifically, let Y;; = (Yi,Yj), then
Yij~ ESD, (oz, ‘;‘,-j, Slij) as already pointed out in paragraph 4.3. Moreover, let Y;;, = w'Y;; be the projection of Y;; along wu,
then Yy ~ £8D4 (a, u/sij,u/ﬂiju), (see Embrechts et al. (2005)), from which we have the following representation of the
projected ESD random variable

Yiju=u§;+/u;uzZ (16)

where Z ~ £5Dq (@, 0, 1). Thus, following Definition 4.1, to find the optimal directions we solve
Uy = arg mazm’&ij + \/m (17)
uesS

which is a quadratic optimisation problem that can be solved using the method of Lagrangian multiplier plugging in the
value obtained from initialisation procedure detailed in section 4.3.

The optimal direction upax is then plugged into u* = (0, e Ulmaxs - -+ s U2 maxs -« «» O). In these simulation examples we
use as weighting matrix the identity matrix.

To illustrate the effectiveness of the MMSQ we replicate the simulation study considered in Lombardi and Veredas (2009).
Specifically, we consider two dimensions of the random vector Y, m = 2, 5 and, for each dimension, we consider three values
of the shape parameters o = (1.7, 1.9, 1.95), while the location parameter & is always set to zero and the scale matrices
are those considered in Lombardi and Veredas (2009). We consider two different sample sizes n = 500,2000 and we fix
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(a) =5, (b) =3,

Fig. 1. Band structure of the scale matrices considered in the two simulation examples to test the performances the S-MMSQ method.

Table 1

Frobenius norm, F1-Score and Kullbach-Leibler information between the true scale matrix of the Elliptical Stable distribution and the matrices estimated
by alternative methods: the Graphical Lasso of Friedman et al. (2008) (GLasso), the graphical model with SCAD penalty (SCAD), the graphical model with
adaptive Lasso of Fan et al. (2009) (Adaptive Lasso) and the S-MMSQ. The measures are evaluated over 100 replications, we report the mean and the
variances in brackets.

o 1.70 1.90 1.95 2.00 1.70 1.90 1.95 2.00

Frobenius norm Dimension 12 Dimension 27

GLasso 1.595 1.0392 0.81693 0.59958 4.5938 2.6358 1.8644 0.76058
(0.5232) (0.47659) (0.34976) (0.074508) (3.0661) (2.071) (1.5321) (0.045129)

SCAD 1.5043 0.94056 0.7378 0.58001 4.5847 2.5318 1.7361 0.56438
(0.56176) (0.51448) (0.39827) (0.11528) (3.3211) (2.1012) (1.5937) (0.063328)

Adaptive Lasso 1.4486 0.90578 0.69566 0.50441 4.084 2.2872 1.7195 0.65269
(0.5416) (0.46181) (0.34298) (0.087179) (3.2848) (1.6282) (1.5373) (0.047185)

S-MMSQ 1.6618 1.4111 1.293 1.2417 2.6987 2.449 2.3426 2.1677
(0.21718) (0.22563) (0.22635) (0.22013) (0.2791) (0.26377) (0.28864) (0.24305)

F,-score Dimension 12 Dimension 27

GLasso 0.1313 0.012143 0.019025 0 0.037952 0.007118 0.0036548 0
(0.23919) (0.079663) (0.1103) (0) (0.10075) (0.07118) (0.036548) (0)

SCAD 0.26295 0.17153 0.15148 0.23174 0.033123 0.0085093 0.0036548 0.0015072
(0.27865) (0.22789) (0.21994) (0.23612) (0.095177) (0.072389) (0.036548) (0.015072)

Adaptive Lasso 0.2431 0.080443 0.057361 0.037187 0.13042 0.040525 0.0075655 0
(0.33484) (0.17254) (0.1628) (0.10126) (0.23048) (0.15814) (0.075655) (0)

S-MMSQ 0.40246 0.55827 0.62059 0.69567 0.83754 0.75499 0.71847 0.66897
(0.17051) (0.14057) (0.13682) (0.089005) (0.097355) (0.086734) (0.079755) (0.048205)

KL Dimension 12 Dimension 27

GLasso 0.68981 0.29197 0.18876 0.10059 6.6643 23116 0.98558 0.17044
(0.36107) (0.25353) (0.17321) (0.024998) (8.8661) (4.2476) (1.7369) (0.021347)

SCAD 0.63751 0.24506 0.16588 0.09049 6.8927 2.2701 0.92517 0.095768
(0.39392) (0.24673) (0.19988) (0.03358) (8.9943) (4.3379) (1.8981) (0.018791)

Adaptive Lasso 0.58807 0.2294 0.14527 0.0735 6.627 2.3228 0.96203 0.13577
(0.34298) (0.2109) (0.15541) (0.022154) (8.9975) (4.6305) (2.0405) (0.020124)

S-MMSQ 0.96549 0.77602 0.67512 0.64992 58.4657 53.6626 51.8209 48.6645
(0.20521) (0.22501) (0.21598) (0.21598) (7.8325) (9.2006) (8.7965) (8.7965)

R =10. In supplementary materials we report estimation results obtained over 100 replications. Our results show that the
MMSQ estimator is unbiased and that the empirical coverages are in line with their expected values for all but the diagonal
elements of the scale matrix ,/@; for i=1,2,...,m for which they display lower values than expected, which means that
in those cases the asymptotic standard errors are underestimated.

To illustrate the performance of the S-MMSQ method two simulation examples are provided. The first considers a sample
of n =500 observations from a ESD of dimension m = 12, with locations at zero, four different values of the characteristic
exponent « = (1.70, 1.90, 1.95,2.00) and scale matrix X3, equal to that considered in Wang (2015). The band structure of
the scale matrix X3, is reported in Figure 1 panel (a). The second example considers a sample of n =800 observations
from the ESD of dimension 27 with location and characteristic exponent chosen as before and block-diagonal scale matrix
35, = diag{ 32, 515} and X3 is the covariance matrix in Section 4.2 of Wang (2010). The band structure of the scale matrix

X35, is reported in Figure 1 panel (b).
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We compare the S-MMSQ with three alternative algorithms: the graphical LASSO (GLASSO) of Friedman et al. (2008),
the graphical LASSO with SCAD penalty (SCAD), the graphical adaptive Lasso (Adaptive Lasso) of Fan et al. (2009). The
aim of the proposed simulation examples is to compare the performance of the proposed algorithm for different levels
of deviations from the Gaussian assumption which represents the benchmark assumption for the competing algorithms.
Results are reported in Table 1 in terms of average Frobenius norm, F1-Score and Kullback-Leibler (KL) divergence over
100 replications and their standard deviations. The S-MMSQ method performs very well with respect to the alternatives
in terms of F; — score for all the considered values of the characteristic exponent «. This means that the method correctly
identifies the sparse structure of the matrices regardless the amount of the deviation from the Gaussian assumption. This
results is confirmed by visual inspection of the figures included in supplementary materials reporting the band structure of
the true and estimated matrices averaged across the 100 replications. The S-MMSQ method does a good job also in terms of
Frobenius norm but only in dimension m = 27. The worst results are reported by the S-MMSQ in terms of KL divergence. A
possible explanation for those results would be that maximum likelihood methods essentially minimise the KL divergence,
therefore reported values for the alternative methods are the minimum obtainable.

5. Conclusion

In this paper we present an extension of the method of simulated quantiles proposed in Dominicy and Veredas (2013) to
a multivariate framework. The method is useful when either the density function does not have an analytical expression
or/and moments do not exits, provided that it can be easily simulated. This is the case of many distributions widely used
in quantitative finance, for instance Stable, Elliptical Stable, Tempered Stable distributions allowing for skewness and heavy
tails which are features that characterise financial data. Such distributions are mainly used in univariate setting because
their estimation in multivariate framework lead to challenging numerical integration or to the need of misspecified models.
The main challenge in extending the method of simulated quantiles to a multivariate framework is the choice of quantiles,
which is not obvious out of univariate setting. Projectional quantiles along optimal directions are introduced in order to
carry the information over the parameters of interest in an efficient way. The asymptotic theory of the MMSQ estimator
comes from the well known asymptotic properties of the simulation-based methods if the direction are fixed. We also
introduce a sparse version of the MMSQ using the SCAD ¢;-penalty into the MMSQ objective function in order to achieve
sparse estimation of the scaling matrix. The need to introduce sparsity when dealing with modern datasets are clear from
the recent huge literature around sparse estimators. Although this work places within this literature, it deeply differs from
most of the works since it is not related to maximum likelihood estimation.

The smoothness of the MMSQ optimisation problem allows to extend the well known oracle properties of the SCAD
estimator in the likelihood-based context to the MMSQ estimator. The method is illustrated using several synthetic datasets
from the Elliptical Stable distribution for which alternative methods are recognised to perform poorly.
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