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spheres. Finally, in the model case of a nematic droplet,
we provide existence of torus solutions, at least when the
boundary data are suitable uniaxial deformations of the radial
anchoring, and existence of split solutions for boundary data
which are suitable linearly full harmonic spheres.
© 2024 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses /by-nc-nd/4.0/).
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1. Introduction

In this second part of our series [16,17], we focus on the regularity and topological prop-
erties of minimizers of the Landau-de Gennes (LdG) energy under the norm constraint
considered in [16] and a further symmetry constraint. We consider minimizers of the en-
ergy functional over a restricted class of axisymmetric (more precisely, S!-equivariant)
configurations which are subject to a smooth axisymmetric Dirichlet boundary condition.
Before entering into a detailed discussion, let us briefly review for convenience the math-
ematical aspects of the LdG model under investigation, notations, and basic terminology
from our first part [16].
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The Landau-de Gennes theory is a continuum theory aimed to describe macroscopic
configurations of nematic liquid crystals. The order parameter used to represent a given
configuration is a family of second order tensors usually called Q-tensors. Denoting by
Ms3x3(R) the vector space made of 3 x 3-matrices with real entries, Q-tensors are the
elements of the 5-dimensional subspace

Soi={Q=(Qu) € Mus(R): Q= @, 1:(Q) = 0},

where Q' denotes the transpose of @, and tr(Q) the trace of Q. The space Sy is en-
dowed with the Hilbertian structure given by the usual (Frobenius) inner product. By
symmetry of the admissible matrices, the inner product and the induced norm reduce
to P:Q:= Z?,j:l P;;Qi; = tr(PQ) and |Q|* = tr(Q?). Choosing an orthonormal ba-
sis, Sy is identified with the Euclidean R®, and then {Q € Sy : |Q| = 1} = S* is the
4-dimensional sphere.

Within the configuration space Sy, one can distinguish three mutually distinct phases:
(i) the isotropic phase, @ = 0; (i) the uniaxial phase, Q has exactly one double eigen-
value; (i) the biaxial phase, ) has three distinct eigenvalues. Following [16], we shall
measure biaxiality through the signed biaziality parameter 3 defined for Q € So \ {0} by

tr(Q%)
QP

If Q € Sy has spectrum o(Q) = {A1, A2, A3} € R with eigenvalues in increasing order,
then 3(Q) = +1 iff the minimal /maximal eigenvalue is double (purely positive/negative
uniaxial phase), B(Q) = 0iff A, = 0 and \; = —A3 # 0 (maximally biaxial phase),
and Q = 0 iff A\; = A\a = A3 (isotropic phase). Given a continuous configuration map
Q: Q — Sy defined on a closed domain  C R?, we have shown in [16] how the topology
and the geometry of Q can be studied by means of E, or more precisely through the
biaziality regions, i.e., the closed subsets of 2 of the form

B(Q) =6

€[-1,1]. (1.1)

B<ty={zeQ:50Qz)<t}and {f>t} :={recQ:50Qx)>t}, te[-1,1],
(1.2)
and the corresponding biazial surfaces {8 =t} := {z € Q: BoQz) = t}.
For a bounded open set 2 C R? with smooth boundary, the Landau-de Gennes energy
of a configuration Q € W2(Q; Sy) we consider is of the form

Fiol@) = [ 5 IVQ + Ful@) dr. (1.3

Q

i.e., with the one-constant approximation for the elastic energy density and parameter
L > 0. The bulk potential Fp is the quartic polynomial

a? b2 2 2
Fs(Q) := *?tr(Q2) - gtY(QS) + Z(“‘(Q2)) ) (1.4)



4 F.L. Dipasquale et al. / Journal of Functional Analysis 286 (2024) 110314

where a, b and ¢ are non zero material-dependent constants. As usual, we can subtract-off
an additive constant and introduce the modified bulk potential

F(Q) = F(Q) — min F, (1.5)

which is nonnegative and has 0 as minimum value. The minimum is achieved when
the signed biaxiality is maximal and Fp(Q) = 0 iff Q € Qmnin, i-e., Q belongs to the
vacuum-manifold of positive uniaxial matrices

Qmin:{QESO:QZS-‘,-(n@n_%I), nESQ}, (16)

where

. b2 + Vb4 + 24a2c2
T 4c?

is the positive root of the equation 2c?t? — b?t — 3a? = 0. The new energy functional
corresponding to the modified bulk potential (1.5) is

Fiol@)= [ F1VQP + Fa(@ds.

Q

so that it is the sum of two nonnegative terms penalizing both spatial variations and
deviations from the vacuum manifold Q,.;, C \/gerS‘l. Observe that Q. ~ RP? =
S2/{41}, where RP? is the real projective plane, and as a consequence, Qi has non-
trivial topology. Both the homotopy groups m2(Qmin) = Z and m1(Qmin) = Z2 play a
role in the presence of defects, especially when minimizing the energy in the restricted
class of axisymmetric configurations introduced below.

In continuation to [16], we still assume in this article that the norm of admissible
configurations is prescribed to be the constant value proper of the vacuum manifold [44]
(see also [16] and the references therein), i.e.,

2
Q)| = \/;er (Lyuksyutov constraint) . (1.7)

Following [16], we rescale any configuration as Q = s \/gQ, and under the Lyuksyutov
constraint the energy functional takes the form

Fio(Q) = 32 LE@)

where now Q € W12(Q;S%),
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1
£(Q) = [ 5IVQP + AW (@) do, (1)
Q
and A := %% 54 > 0. In turn, the reduced potential W : S* — R is given by
Q= —~(1-3Q) vQes'. (1.9)
3v6

By (1.1), W is nonnegative and it vanishes precisely on RP?, i.e., Qupin ={W = 0}~
RP2.

A critical point Q) € W2(Q;S*) of £, among S*-valued maps is a weak solution of
the Euler-Lagrange equation

AQy + [VQA?Qr = — AV W (Qy) in Q. (1.10)

The tangential gradient of W along S* C Sy is given by

VW (@) = (% — 57~ (@)@

and the left hand side in (1.10) is the tension field of the S*-valued map Q) as in the
theory of harmonic maps. In fact, when A = 0, the energy & is the Dirichlet energy

&(@ = [ 51QP dz.

Q

and (1.10) is exactly the harmonic map equation for maps from €2 into S*.

In this article, we are interested in S*-valued maps minimizing the energy functional
&\ over a class of S'-equivariant configurations. Our interest arises from the fact that
the symmetry of configurations yields symmetry properties of their biaxiality sets, and
this allows us to describe such sets in an even more details than in [16]. Symmetry
ansétze have been considered in several recent papers, e.g. [31,32,1,33,59,2], in two and
three dimensional Landau-de Gennes models. Here S'-equivariance is meant in a sense
of axial symmetry. To be more precise, let us define the action of S! on the space Sy we
are considering. First, we identify the group S! with the subgroup of SO(3) made of all
rotations around the vertical axis of R3. A matrix R € .#3x3(R) represents a rotation
of angle o around the vertical axis if it writes

R:(R 0) with R := (COSO‘ _Sino‘>. (1.11)

0 1 sina  cos«

A rotation of angle a around the vertical axis is uniquely determined by e!® € S! and
we will often employ the notation R, € S! to specify its rotation angle o. The S*-action
by rotations on R? yields an induced isometric action on Sy given by
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SoBA'—)R~A::RARt€SO. (112)

Assuming that the domain Q C R? is axially symmetric (S!-invariant), i.e., R-Q = Q
for every R € S', we shall say that a map Q: Q — Sy is S'-equivariant if

Q(Rr) = R-Q(z) = RQ(x)R" ae.z€Q, VRecS', (1.13)

with the obvious analogue definition for maps defined on the boundary. This notion
of S'-equivariance is well-defined in the continuous, Lipschitz, or W 2-regularity class.
Here we are interested in the space of S'-equivariant Sobolev maps

Wsly’?n(Q; St = {Q e Wh2(Q;8Y): Qs Sl—equivariant} . (1.14)

Note that the action (1.12) being isometric, S* C Sy is invariant and this space is well-
defined.
Given a smooth boundary data Q) : Q2 — S* which is S'-equivariant, we set

A = {Q e WAR(SY) : Qo = Qu | (115)

and we aim to minimize the energy £\ over AF™(€2). As shown in Proposition 6.1, the set
AB’?(Q) is always not empty whenever @y, is a Lipschitz map, so that the minimization
problem is well-defined. The symmetry constraint (1.14) and the boundary condition in
(1.15) being W2-weakly closed, the direct method in the Calculus of Variations easily
yields existence of minimizers. Concerning regularity, and in contrast with [16], we do not
expect full regularity, but only partial regularity. Indeed, Qp, could have no S*-valued
continuous extension to Q since S'-equivariance implies that Q(0,0,z3) = +e( along
QN {xs-axis}, with

L /-1 0 0
ci=— |0 -1 0], (1.16)
V6\o o0 2

+e( being the unique unit norm elements of Sy which are fixed by the S'-action. In
particular, if § is the unit ball and @,(0,0, 1) = +eo, then the class A ™ () contains
no map continuous in §2, and thus minimizers must have singularities.

Our first main result provides the partial regularity of minimizers of £ in the S'-
equivariant class with a general Dirichlet boundary condition.

Theorem 1.1. Let Q C R? be a bounded and axisymmetric open set with boundary of
class C2, and let Qy, € CH1(08;S*) be an S'-equivariant map. If Qy is a minimizer of
Ex in the class A5 (Q), then Qx € C¥(Q\ X) N CH(Q\X) for every 6 € (0,1), where
Y is a finite subset of QN {xs-axis} (possibly empty). Moreover,

(1) if Qn € C?°(9R) for some § > 0, then Qx € C29(Q\ ¥);
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(2) if O is analytic and Qy, € C¥(99), then Q) € C*(Q\ X).

In addition, for each singular point x € %, there exist a map Q. € {:EQ(Q)}QGR and
v > 0 such that

1QY" = Qullc2Bns,) = O(") asr—0, (1.17)
where Q5" () := Q\(Z +rx) and for a given rotation R, € S* acting on Sy as in (1.12),

1 1 —XI3 0 \/§$1

Q(O‘)(a:) =Ry —— 0 —x3 V3xy |, x=(x1,20,23) € R*\ {0}.
V6 || V3z1 V3za 2z

(1.18)

In establishing Theorem 1.1, the starting point is to realize that minimizers of £,
over the symmetric class AB’:“(Q) essentially satisfy Palais’ Symmetric Criticality Prin-
ciple (although neither the functional is C!-differentiable, nor the space W12(£2;S%)
has a Banach manifold structure), see Proposition 6.2. They are therefore true critical
points of &, and hence weak solutions of (1.10). As a consequence, the regularity re-
sults from our first part [16] apply, and we prove that the smallness of the scaled energy
%EA(Q)\,Q N B,(x)) implies the regularity of @, in a neighborhood of z € . Hence,
to obtain partial regularity, we employ the strategy introduced in the pioneering papers
[48-50] and already adopted in [16]. It is based on three main ingredients: 1) monotonic-
ity formulas; 2) strong compactness of blow-ups; 3) constancy of blow-up limits (Liouville
property). Compared to the classical case, energy minimality only holds in the restricted
class AB’:I(Q) of equivariant configurations, and these three fundamental ingredients
have to be reworked out carefully, as we comment in more detail at the beginning of
Section 6. The crucial difference with [16] is that singularities can not be excluded here
(as already noticed), which means that the Liouville property does not hold. However,
constancy of blow-ups holds at the boundary as in [16], it still holds away from the sym-
metry axis, and it can only fail at finitely many interior points on the axis (the singular
points) by a classical argument. In Section 4, we identify all possible nonconstant blow-up
limits and prove that they form a one-parameter family of nonconstant 0-homogeneous
St-equivariant harmonic (tangent) maps {:tQ(O‘)}aeR. Those tangent maps are smooth
away from the origin and minimize the Dirichlet energy among all compactly supported
St-equivariant perturbations. In Theorem 1.1, (1.17) completely characterizes the asymp-
totic behavior of a minimizer near a singular point, and it shows in particular uniqueness
of the blow-up limit. To prove (1.17), we make use of the Simon-L.ojasiewicz inequality
(see [52]) for the Dirichlet energy on C3(S?%;S%), adapting the simplified argument in
[54] to our perturbed Dirichlet energy (1.8). As detailed in Section 6.5, the set of all
possible tangent maps is contained in a smooth manifold, so that the Simon-f.ojasiewicz
inequality holds with optimal exponent, which implies the power-type decay in (1.17).
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The family {£Q(®)},cr is determined through a stability /minimality analysis of
0-homogeneous equivariant harmonic maps. To this purpose, we first classify all S!-
equivariant harmonic spheres w € C*°(S?;S%), see Theorem 3.19. Identifying Sy with
R@®C @ C, the St-action on Sy rewrites in terms of complex numbers as R, - (t,(1,(2) =
(t,e'“(y, e2%(y). In this way, and by a classical result due to E. Calabi [11], S*-valued
equivariant harmonic spheres are either S?-valued maps (linearly degenerate) of the form

w(l)(x) = (wo(x),w:(x),0), or w(2)(w) = (wo(x),0,ws(x)),

or linearly full (the image spans the whole space Sp).
In the linearly degenerate case, we show that, up to the application of the antipodal
map S* 3 a+ —a € S4,

WM (@) = o3t (e (o2(2)') . meeCr, k=12, (1.19)

where o3: S? — C U {oo} is the stereographic projection from the south pole.

To describe linearly full harmonic spheres into S*, we follow [11] (see also [9,38,58,4],
and Section 3). Identifying S? with CP!, the complex projective line, we study their
canonical lift to CP3, the twistor space’ of S*. Up to the application of the antipodal
map and up to the postcomposition with the twistor fibration 7: CP? — S*, one has
a one-to-one correspondence between harmonic spheres into S* and horizontal algebraic
curves @: CP! — CP3 corresponding to their twistor lift.> The commutative diagram

CcP? (1.20)

=
-
S?=cpP' £ !
reflects the fact that w = 7 o w. Lifting the S'-action to CP? and specializing to the
equivariant maps allows to classify all the possible canonical lifts that can be written in

homogeneous coordinates [zg, z1] € CP! as

@([20, 21]) = zg’,ulzgzl,pgzozf,—M;Q zi’} e CP?, (1, p2) € C* x C*. (1.21)

Any 0-homogeneous harmonic map into S* is of the form Q(z) = w (z/|z|) for some
harmonic sphere w. A tricky but elementary argument shows that such a map is unstable
within the equivariant class as soon as the last component wy does not vanish identically.
Therefore, both w®) (x/|z]) and all 0-homogeneous extensions of linearly full harmonic
spheres w = 7 o w corresponding to (1.21) are unstable. On the other hand, minimality

2 As detailed, for instance, in [4, Chapter 7], the twistor space of S* is SO(5)/ U(2); however, it is ele-
mentary but not obvious to identify it with CP® (see e.g. [18] for details on this identification).
3 For a precise definition of the twistor lift, we refer to Proposition 3.15, Remark 3.18, and Theorem 3.19.
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holds for w® (z/|z|) if and only if |1 = 1 in (1.19). Setting p; = €'® with a € R, we
obtain the family {Q(®)},er defined in (1.18), and we prove that each Q(®) is in fact
locally minimizing the Dirichlet energy among all equivariant configurations.

Given a minimizer @y of the energy £, in the equivariant class, existence or nonex-
istence of singularities turns out to be a subtle issue, depending on the nature of the
boundary data @, as well as on the topology and the geometry of the domain €. Our
third part [17] is dedicated to a detailed analysis on this problem. In this article, we
want to emphasize that both cases can occur, providing some natural and topologically
nontrivial data @}, leading to either smoothness or singularities in the case where ) is a
nematic droplet (i.e., Q@ = Bj the unit ball). Beyond the question of existence of singular-
ities, we are also interested in the topological properties of the biaxial surfaces {f = t},
t € (—1,1), as they encode the topology and the geometry of a configuration. Natural
boundary data to consider are smooth maps with values in RP? exploiting the nontrivial
topology of RP2. Boundary data with low regularity, namely maps in W1/22(9Q; R P?)
with point singularities representing the nontrivial element in 7 (R P?) = Zo, are also of
interest as they lead, at least in nonsymmetric settings, to topological defects touching
the boundary, see [12,13]. They are not considered here, and @)} is always assumed to
be smooth.

As recalled in [16], if the domain € is simply connected, then the same holds for each
connected component of 92, and any map Qy, € C*(9Q; RP?) can be written in the form

Qv(z) = \/g (v(x) ®v(zr) — %I) forall z € 90, v e CH(0Q;S?). (1.22)

If 99 is of class C2 and v(z) in (1.22) is the outer unit normal 7 (x), we obtain the
so-called homeotropic boundary condition (or radial anchoring). When € is axially sym-
metric, such @y, is S'-equivariant if and only if v is S'-equivariant (with respect to the
obvious action of S' on S? C R? by rotations around the vertical axis). In particular, if
Q is axially symmetric and v(z) = 7 (z), then @, as in (1.22) is S'-equivariant.

To motivate and illustrate our discussion, we now consider the important case where
Q is a nematic droplet, that is Q = Bj the unit ball, and v(z) = ﬁ(x) = % in (1.22).
Then Qy(z) = H(z) for x € OBy, where H is the constant-norm hedgehog

H(z) = \/g (é—| ® % - %1) . (1.23)

Notice that H is equivariant with respect to the full orthogonal group O(3), and it turns
out that H is the unique O(3)-equivariant critical point of £, with homeotropic boundary
condition. We have shown in [16] that H is unstable with respect to S!-equivariant
perturbations, so that it is not a minimizer of &y, neither globally nor among the S!-
equivariant class. Therefore, O(3)-symmetry breaking occurs. Concerning minimizers
Q@ of &€, in the class Asﬁym(Bl), we expect them to be smooth, although this remains a
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major open problem. In addition to smoothness, and as already discussed in [16] in the
nonsymmetric context, the corresponding biaxiality regions {8 < t} at regular values
t € (—1,1) (see (1.2)) should form an increasing family of axially symmetric solid tori.
In turn, their complements {8 > t} should be kind of distance neighborhoods from the
boundary 0B; with cylindrical neighborhoods of the vertical axis added. When ¢ = —1,
the set {# = —1} should be a disclination line, i.e., a horizontal circle I" where exchange of
the two smallest eigenvalues of @ occurs. Finally, the set {8 = 1} should be the union of
0B; with the vertical diameter I. In this picture, sub- and superlevel sets of the biaxiality
function are mutually linked in the sense of [16] (i.e., each set is not contractible in the
complement of the other) because the subsets I' and 9QUI are. There is a wide numerical
evidence for these symmetry properties to hold. Indeed, this conjectural description has
been already investigated, first in [51,47,34], and then in [55,36,19,35], where authors
refer to such an equilibrium configuration as the “torus solution” of the Landau-de
Gennes model (see also [14,37,28] for further numerical results in this direction).

In the attempt to validate partially this aforementioned picture, we provide in the next
theorem the first existence result of torus solutions to (1.10) in the case of a nematic
droplet and suitable deformations of the radial anchoring H as boundary data.

Theorem 1.2. Assume that Q = By, and let n be the outer unit normal field on 0B;.
There ezists a sequence of S'-equivariant maps {v;} C C>(0By;S?) which are equivari-
antly homotopic to n and satisfying n- v; > 0 on 0B for all j, such that the following
holds. For each j, let Q] € C,(0B1;RP?) be as in (1.22) with v = v, and Q7 any
minimizer of Ex over A¥(By). Then,

Q)
(1) thg sequence {Q{O} is bounded in W'/>2(0By; S*);
(2) Q7 — ey weakly in WH2(Q;S*) as j — oo;
(3) up to a subsequence, |VQ?|*dz = ¢ H'_C weakly-+ as measures on By as j — 0o,
where C = 002N {x3 =0} and ¢ > 0 is a constant.

As a consequence, for j large enough and setting B; := 3o Q7

(4) @’ is smooth in €;

(5) the negative uniaxial set {B8; = —1} is not empty and contains an S'-invariant circle
I'; € By\I with I := By N{x3-azis}, while the positive uniazial set {B; = 1}contains
0QU I, and in particular {; = 1} and {B; = —1} are mutually linked;

(6) for every0 < p <1 andt € [-1,1), we have {B; <t} C {z € Q: dist(C,z) < p} for
j large enough (depending on p and t);

(7) any regular biaxial surface {B; =t}, t € (—1,1), is a finite union of azially symmet-
ric tori.

The proof of the theorem will be presented in Section 7, and here we outline its main
ideas in order to illustrate how suitable topologically nontrivial boundary data yields the
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emergence of disclination lines and in turn of biaxial tori. In view of (1.22), the boundary
data @ is uniaxial with simple eigenvalue A3 = %. In addition, the map v; orients the

7 ox, Which can actually be identified with Q{) because of
(1.22). Setting O, := {z € Q : dist(C,z) < p}, we construct v; as a deformation of 7 in
such a way that Q{) =ep in 9N\ O, for j large enough. Extending V7, to the segment
I as ey, for each vertical open half-disc Dt with 9D C 9Q U I, we have a well-defined

continuous map

corresponding eigenspace map V

7. oDt — RP?, yi(z) = VI, (). (1.24)

Then [7] # 0 in m (RP?) since v; and 7 are (equivariantly) homotopic. Hence, the
boundary data Q% is topologically nontrivial. By construction, the sequence {Q’} con-
verges weakly to the constant map eq (i.e., claim (1) holds), exhibiting on each meridian
a W1/22_bubbling of the nontrivial element of 71 (RP?) (see Remark 7.3). By the com-
pactness property of minimizers, we show that the weak convergence of {Q’} improves
to strong convergence away from the set C toward a limiting minimizing map. This lim-
iting map is constant because of its constant trace, which proves claim (2). Applying
the e-regularity theorem from [16] near the vertical axis for j large enough, we infer that
each map Q7 must be smooth up to the boundary, and W' 2-boundedness easily yields
claim (3). Since [y/] # 0 in 1 (RP?) and Q7 is smooth, the set {3; = —1} N D con-
tains at least one point (otherwise the loop 77/ would be contractible). Thus {8; = —1}
contains an invariant circle I'; € Q\ I, and 0Q U I C {f; = 1} by regularity. As a
consequence, any pair of biaxial sets {; < t1} and {8; > to} with —1 <t <ty <1 are
mutually linked (for j large enough), and any regular surface {; =t} C Q, t € (—1,1),
is a finite union of axially symmetric tori, in agreement with the discussion above. At
this stage, we do not know whether or not the “disclination line” I'; is unique, or if the
biaxial surfaces {3; = t} are connected and provide a regular foliation of Q\ (I UT';) by
tori as t runs from —1 to 1. These questions seem to be quite difficult and remain open
problems.

Still in the case of a nematic droplet, we provide in our next result examples of
boundary data leading to singular minimizers with an even number of singularities (split
minimizers, according to Definition 7.11).

Theorem 1.3. Assume that @ = B; and set Qf = QO where Q) is given by
(1.18) (with o = 0). There exists a sequence of S'-equivariant boundary conditions
{Qi} C CYH1(0By;S*) such that, for any minimizer Q7 of Ex over AZ;(Bl)’ the follow-
ing properties hold:

(1) for each j, the mazimal eigenvalue N, (x) of Q,ﬂ is simple for every x € 0B1, and

max
the corresponding eigenspace map VI, : 0B1 — RP? is equivariantly homotopic to
the radial anchoring H in (1.23);

(2) Q) — Qi weakly in WH2(dBy;S*) as j — oo;



12 F.L. Dipasquale et al. / Journal of Functional Analysis 286 (2024) 110314

(3) up to a subsequence, Q7 — Q* strongly in W'2(By1;S*) as j — oo, where Q* is a

singular energy minimizer of Ex over Aggn(Bl).

As a consequence, for j large enough, Q7 is a (singular) split minimizer of Ex in the
sense of Definition 7.11.

The proof is based on an argument similar to the one used for torus-like minimizers
in Theorem 1.2. It still relies on the compactness and regularity properties of minimizers
combined with a suitable choice of linearly full harmonic spheres as boundary data, i.e.,
Qv = T o w for well-chosen values of the parameters (u1,pu2) € C* x C* in (1.21). An
important point is that, in connection with Remark 7.10, such boundary data could in
principle allow for smooth minimizers but they actually do not. In particular, this proves
that singularities may show up for energetic reasons, in analogy with the gap phenomenon
for S%-valued harmonic maps (see [3,22], and also [24,23] for similar results in a related
axially symmetric context). Finally, as an interesting consequence of the existence of
singular minimizers in the class Ag:l(Q) and the regularity of global minimizers in [16],
we conclude symmetry breaking results for global minimizers under equivariant boundary
conditions with or without norm constraint (see Corollaries 7.15 and 7.16 for precise
statements). As already announced in [16], such phenomena are already known from [3]
for minimizers of the Frank-Oseen energy. Our results are the natural counterpart for
minimizers of the Landau-de Gennes energy, in agreement with the numerical simulations
in [14] in the case of cylindrical domains and radial anchoring.

The final part of the paper is dedicated to topological properties of equivariant min-
imizers under more general assumptions on the domains and the boundary data, in
analogy with the results obtained in [16, Theorem 1.6] where no symmetry constraint
is considered. As it will be apparent in Sec. 7.1, the conclusions actually do not depend
on energy minimality but just on the few properties below. Besides axial symmetry, we
follow [16] and we assume that © and a configuration @ satisfy

(HPy) Q€ C'(;8*) nC¥(;8%);

(HP)) B := mingecgqn fo Q(z) > —1;

( ) € is simply connected (i.e., it is path-connected and every loop is contractible);
( ) deg(v,00) = Zf\il deg(v,.S;) is odd, where v is the lifting of the map Vijax
defined below and the S;’s denote the connected components of 0f2.

In view of (HPy) and (H Py), the maximal eigenvalue A\pax(2) of Q(z) is simple and
smooth on the boundary 912, so there is a well-defined and smooth eigenspace map
Vinax : 02 — RP2. Since the boundary 9€) is a finite union of topological spheres due to
(HP,), the map Vi has a (nonunique) smooth lifting v : 9Q — S? which is required
to satisfy (HPs). Because of assumption (H P5), any axisymmetric (smooth) domain is
topologically an axially symmetric ball with finitely many disjoint closed balls removed
from its interior and having centers on the symmetry axis. If the trace of @ at the
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boundary is the radial anchoring, then (H Ps3) implies that an even number of balls are
removed (possibly none).

For smooth minimizers Qx € Ay () like those constructed in Theorem 1.2, we have
the following topological result. We point out that, as in [16], the unit norm constraint in
assumption (H Py) could be relaxed to Q(x) # 0 in Q without affecting the conclusions
below.

Theorem 1.4. Let Q@ C R? be a bounded and azisymmetric open set with boundary of
class C?, and let Qy, € CH1(0€;S*) be an St-equivariant map. Assume that Q = Qy is
a smooth minimizer of Ex in the class Ay () and that (HP1)-(HPs) hold. Then the
biaziality regions associated with Q are nonempty S'-invariant closed subset of Q, and
setting B := Bo Q, the following holds.

(1) The set of singular values of B in [—1, /3] is at most countable, possibly accumulating
only at 3. Moreover, for any reqular value t € (-1, B), the set {8 = t} is the disjoint
union of finitely many (at least one) revolution tori contained in Q. For any regular
value t € [B,1), the set {3 =t} is the disjoint union of finitely many connected sets
which are either revolution tori, S'-invariant strips touching the boundary, or circles
lying on the boundary.

(2) The set {3 = —1} contains an invariant circle T C Q\ I and the set {8 > B}
contains OQ U I, where I = QN {x3-axis } is a finite union of open segments. As
a consequence, I' and 02 U I are nonempty, compact, non simply connected and
mutually linked. Given —1 < t; < to < 3, the same hold for the sets {8 < t1} and

{8 =t}

The proof of this result is somehow similar to the proof of [16, Theorem 1.6]. However,
thanks to the symmetry constraint, we can use here a more direct argument leading to
more precise conclusions. Concerning claim (1), all the smooth biaxial surfaces contained
in  must have genus one and must be tori of revolution by axial symmetry. In this
simplified setting, we can even discuss biaxial surfaces for regular values t € [B7+1).
Since I C {8 = 1}, such values of the biaxiality are all attained on the boundary by
continuity. The corresponding biaxial surfaces, which are of course S'-invariant, thus
have connected components with boundary on 0f.

Another very interesting feature appears in connection with claim 2), as a far-reaching
extension of what we already observed in Theorem 1.2. As discussed in Section 2.2, we
can consider the half slice D := QN {z2 = 0, z1 > 0}, and reconstruct  from it by
axial symmetry. More precisely, inside the plane {x5 = 0} the set D;{ is open, connected,
simply connected and with piecewise smooth boundary. Regarding the boundary and
the closure of D, relative to {zo = 0}, we have

O\I=S'"-DS, 9QuUI=S"-9D;, Q=S'"-Df. (1.25)
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In view of (HP;), the eigenspace map Viax: 02 — RP? is well-defined and smooth.
Extending Vi,ax by continuity and invariance to be ey € RP? C S* on I, and then
restricting it to 9D, we obtain a well-defined continuous map 7v: D4 — RP? as
defined in (1.24). A simple argument based essentially on (H P3) shows that [y] # 0 in
71 (RP?), which leads to the existence of an invariant circle I' C {8 = —1} C Q\ I
(see Proposition 7.1 for more details). Then the linking properties claimed in (2) are
straightforward consequences of the linking properties between the “disclination line”
I' and 8D§ inside Q. Even in the more general context of Theorem 1.4, we refer to
the solutions to (1.10) coming from smooth minimizers @y of £y over AZ™(Q) as torus
solutions of the Landau-de Gennes model (with Lyuksyutov constraint).

Finally we discuss the topology of biaxial regions corresponding to singular configura-
tions which are assumed to satisfy conditions (H P;)-(H P3) and (HP,), the latter except
on a finite set Sing @ C QN {x3-axis}. For simplicity we consider only energy minimizers
and the model examples are those constructed in Theorem 1.3, for which (HP;)-(H Ps)
hold because of Theorem 1.1 and properties iv) and v) in the proof of Theorem 1.3. Due
to (HP;) and axial symmetry, Q(z) = eg for any = € 90N {x3-axis} and Qx(z) = *eg
for x € QN {xs-axis}\ Sing Q., therefore singularities come in finitely many pairs which
are the endpoints of the vertical segments in QN {z3-axis} where Qx(z) = —ep. In addi-
tion each singularity carries a sign in the obvious way. We will refer to the solutions to
(1.10) coming from these axially symmetric singular minimizers as the split solutions of
the Landau-de Gennes model (with Lyuksyutov constraint).

Theorem 1.5. Let @ C R? be a bounded and axisymmetric open set with boundary of
class C3, and let Q, € CH1(9;S*) be an S'-equivariant map. Assume that Q := Qx
is a singular minimizer of £ in the class Ay"(Q) and that (HPy)-(HPs) hold. Then
the biaziality regions associated with Q, as subsets of )\ Sing @, are nonempty and
St-invariant. Setting | Sing Q| =: 2N > 0 and (3 := Bo Q, the following holds.

(1) The set of singular values of B in [—1, 5] is at most countable, and it can accumulate
only at B or —1. For any regular value t € (—1,f3), the closure of {3 =1t} C Q in Q
contains N mutually disjoint topological spheres S; (smooth if t = 0, and smooth with
corners on the x3-axis otherwise), each of them obtained by adding to a component
of {B =t} the corresponding pair of singular points. The set {8 = t} \ U‘gvzlS;» is
either a finite union of disjoint revolution tori or empty.

(2) For any regular value t € (B, 1), besides possible disjoint tori and at most N axisym-
metric spheres as above, the set {f =t} C Q\ Sing@Q may contain finitely many
strips touching the boundary, finitely many topological discs touching the boundary
with puncture at the singularities, and finitely many circles lying on the boundary.

(8) For any pair of regular values t, to in (—1,3) with t; < to, the closure of {f >
ta} € Q in Q is not contractible in the complement of {3 < t1} in Q.
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From this theorem, the topological structure of the biaxial regions in the smooth and
the singular case appears to be quite different. For singular minimizers, the emergence
of topological spheres inside {8 = t} (at least for any regular value ¢ below () can be
understood by looking at their intersection with the vertical slice Dg, first very close
to the symmetry axis and then far away from it. Far away from the singularities of @,
such surfaces cannot touch the axis, where indeed @y (x) € {£ep}, i.e., it is uniaxial. In
view of the asymptotic expansion in Theorem 1.1, the biaxial surfaces of Q) touch the
xr3-axis precisely at each singular point with a cone-like behavior. Indeed, these surfaces
are exactly cones for the tangent maps Q(®) with opening angle depending on t (see
Proposition 7.17). Moreover, they can be extended away from Sing @, but they are
trapped inside the domain, at least for —1 < ¢t < 3. On the other hand, two leaves of
{B = t} corresponding to different singularities cannot intersect transversally if ¢ is a
regular value. Hence each leaf has to end into another singularity, giving a topological
sphere. Of course such spheres are compatible with the presence of extra tori (but also
with other subsets, as in claim (2)). The first appearance of split solutions in numerical
studies seems to be in [19]. They were lately found in other numerical papers, such as
[28] (in particular, Fig. 8 in [28] contains a schematic picture of split solutions that can
be helpful to visualize the first conclusion of Theorem 1.5).

In the last article of our series [17], we further analyse existence and even coexistence
of torus and split S'-equivariant minimizers under radial anchoring at the boundary. The
results obtained in [17] are perturbative in nature and depend in a subtle way on the
geometry of the domain €. Unfortunately, they do not cover the case of a nematic droplet
with radial anchoring. In the recent paper [59], results somehow related to ours, both here
and in [17], are presented in the case of a nematic droplet with homeotropic boundary
data. In [59], the coexistence property is shown by a clever minimization argument for
the energy functional in a class of O(2) x Zs-equivariant constant-norm configurations
(the extra Zs-action being induced by reflection across the plane {x3 = 0}). Since the
class considered in [59] is strictly smaller than the class A" (B1) (see the discussion
in Section 7.3), it is not known (at present) whether the minimizers of £, in the class
AB’:)H(Bl) with homeotropic boundary values are smooth, singular, or if smooth and
singular minimizers may coexist. Numerical simulations from [19,28] in some range of
parameters for the LdG theory without norm constraint suggest that the torus solution
should be energetically more convenient. However, at present no rigorous result in this

direction is available.
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2. Auxiliary results for axially symmetric configurations
2.1. Decomposition of Sy into invariant subspaces

In this subsection, we provide a decomposition of Sy into a direct sum of (linear)
subspaces which are invariant under the action of S'. This decomposition will allow
identifications with the complex plane (see Lemma 2.2) and in turn the use of methods
from complex geometry in the classification of the harmonic spheres contained in the
next section.

Lemma 2.1 (Decomposition of Sy into invariant subspaces). There is a distinguished

orthonormal basis {eo,egl),eél),e?), eg)} of So given by

L /-1 0 0 W 1 (001 W 1 (000
cw=—[0 -1 0],eM:=—(000),eP=—[00 1],
V6\ o 0 2 ' v2\1 0 o ? v2\o 1 0

o 1 (1 0 0) W 1 (0 L0
e/ =—|0 -1 0]),e’ :=—4(1 0 0], (2.1)
v2\o 0 o0 v2\o 0 0

such that the subspaces
Lo:=Rey, IL;:=Rel"@Rel”, L,:=Re®aRel?,
are invariant under the action of S* defined in (1.12), and
So=Lo® L1 D Ls. (2.2)

Proof. For elements in Sy, let us use the notation

A <A—t%01 a>’
a ag

where ag € R, a € #5+1(R) ~ R?, and Ace Ms52(R) has zero trace. In this way, for a
rotation around the z3-axis R € S, and R € SO(2) the corresponding rotation in the
(1, x2)-plane, we have

(2.3)

e = (RAT =1 M),

(Ra)t ao

The key observation is that each block is invariant under the S'-action. Therefore, to
determine the desired basis, it is enough to determine an orthonormal basis of symmetric
traceless matrices for each block. Clearly, {eo}, {egl), eél)}, and {e:(f)7 eéQ)} provide such
basis. O
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In the next result we explain in which sense the S'-action is diagonalized by our
decomposition of the space Sj.

Lemma 2.2. We have the following isometric isomorphisms:

(0) LoﬁRViaL()ZAELOb—)(A:e())ER;
(1) Li~Cviat,: Ae L — (A: el +i(4:el)) e C;

)

(2) Lo ~C viatg: A€ Ly — (A:ef))Jri(A:ef)) e C.

Moreover, the S'-action on Sy corresponds on each Ly to an S'-action by rotations of
degree k. In other words, we have for k=10,1,2,

ti(RLARY) = e*1 (A) VA€ Ly, YR, €S'. (2.4)
Proof. The statements (0), (1), and (2) are elementary. Identity (2.4) for k = 0 is obvious,
while it follows from (2.3) for k = 1 in view of the simple identities

(1)

Ree\V Rt = cosa el +sina e (

= ReelV R, = —sina el + cosa e

(1)
5 -

It then remains to check (2.4) for k = 2. For this purpose, let us consider the 2 x 2
diagonal matrix J := diag(1, —1). Using the notation in (2.3), we observe that for A € Lo
and R, € S!,

Ro AR, = RyJ?AR_o = RyJR_oJA = RyRoA = Ron A,
so that
RoelP Rt = cos 20 el?) + sin20 e | Roel’ R, = —sin2a (¥ + cos2a ef? .

Thus, writing A = ce?) + deg) we have 2z 1= ¢ +id = 13(A) and t2(R,ARL) = €292,
hence the conclusion follows. O

Remark 2.3. By Lemma 2.2, Sy = Lo @ Ly & Lo is isometrically isomorphic to R C @ C
through the mapping ¢, : So =& R @ C & C defined by

t:(A) == (Lo(A),t1(A), 12(A)) . (2.5)
In addition, when considering on R @ C & C the S'-action
Ra . (t7 C17 CQ) = (t7 eiacla €2ia<.2> VROt € Sl ) (26)

the map ¢, is S'-equivariant. In the next two sections we will rely on this identification
of §p with R @ C & C and we will always consider on the latter the diagonal action
given by (2.6). Clearly, since this action is isometric, S! also acts on the unit sphere of
ReCoC.
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Remark 2.4. In view of the previous remark it is obvious that the only 1d vector subspace
fixed by the action is Lg. In addition, the only 3-dimensional invariant linear subspaces
V<Syare V=Lod L and V = Ly ® Ly. To see this, first note that any invariant
odd-dimensional subspace must contain a vector v s.t. Rv = v for all R € S'. This
implies Lg is a linear subspace of any such invariant subspace of Sy. Thus, if V < &y is
invariant, then V = Lo @ (Lg NV). Let W = Lg N V. Therefore, W < Ly & Lo and it is
invariant. Moreover, if dim V' = 3, then dim W = 2. Notice that vectors in W cannot have
components both along L, and along Lo, otherwise W would be equivariantly isomorphic
both to L; and to Ly under the projection maps, which is impossible because S' acts
with different degrees on L1 and Ls. Hence, W must be either Ly or L.

2.2. Structure of axisymmetric domains

The purpose of this subsection is to collect some geometric properties of axisymmetric
domains of R? that we shall use in the next sections. We start recalling the following
auxiliary result characterizing the simple connectivity of a bounded domain Q C R3 with
smooth boundary. We will always suppose 2 to be C'-smooth in this section, although
to be able to prove boundary regularity as in [16], we will require 99 of class C* when
necessary in the paper.

Lemma 2.5. [5, Theorem 3.2 and Corollary 3.5] Let Q C R® be a bounded and connected
open set with C'-boundary. Then Q is simply connected if and only if 900 = UM S; and
each surface S; is diffeomorphic to the standard sphere S? C R3.

Let us now recall that we identify S! with the subgroup of SO(3) made of all rotations
around the vertical zz-axis (see (1.11)), and that we define axisymmetry accordingly.

Definition 2.6. A set Q C R3 is said to be azisymmetric (or S'-invariant, or rotationally
symmetric) if it is invariant under the action of S!, i.e., R-Q = Q for every R € S'.
Equivalently, € is axisymmetric if

0= U RDQ where 'DQ::QQ{Q,‘QZO}.
ReS?

In case of an axisymmetric domain, the geometric description in Lemma 2.5 can be
made more precise. Starting from this lemma and the structure of bounded multiply
connected smooth domain in the plane we have the following Corollary 2.7, the proof of
which is elementary and left to the reader.

Corollary 2.7. Let Q C R? be a bounded and connected open set with boundary of class
C. If Q is axisymmetric and simply connected, then the following holds.
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(i) Dgq is a bounded and connected (relatively) open subset with C'-boundary of the
vertical plane {x3 = 0}, and R,Dq = Dq (i.e., Dq is symmetric with respect to the
x3-aris).

(ii) There is a simply connected (relatively) open subset T of the vertical plane {x2 = 0}
satisfying RxT =T such that either Do =T, or Do =T \ vail H; where the H;’s
are simply connected (relatively) closed subset of {x2 = 0}. In addition, the “holes”
H; C T are mutually disjoint, RxH; = H; and 0Dg = 0T U (UM,0H;).

(iii) The (relatively) open subsets D := Do N {z1 > 0} and D = Do N {z1 < 0} of
the vertical plane {xo = 0} are simply connected, and R.DE = DE. Moreover, if
I = QN {x3-azxis} then identities (1.25) hold.

When discussing topological properties of minimizers we will suppose (2 satisfies the
hypotheses of Lemma 2.5. Thus, unless otherwise stated, from now on €2 will be a bounded
open connected simply connected axisymmetric set in R? with C''-smooth boundary that
can be reconstructed from its vertical slices Dg and DS‘; according to Corollary 2.7.

Observe that any such 2 is obtained as follows: fix arbitrarily a vertical plane II
through the x3-axis and let 7 be a bounded region in II, symmetric with respect to
the xs-axis, whose boundary 07 is a simple closed curve, so that 7 is simply connected.
Create in T a finite number M > 0 of symmetric disjoint hollows H; C T (we set Hy = )
for convenience), each one diffeomorphic to the closed unit disc, whose boundaries 9 H;
are simple closed curves. Let

D=T\UMYH,. (2.7)

Note that, unless M = 0, D is not simply connected. Rotating D of an angle 7 around
the x3-axis, we obtain a domain ) with the desired properties. Conversely, given () as in
the above, NII is a planar domain D as in the above. Notice that I := QN {zs-axis} =
D N {zs-axis}, hence we can write

D=DtuUlIUuD, (2.8)

where D = DN{x; >0} and D~ = DN{xy < 0} (of course, DT and D~ are congruent
by symmetry). In contrast to D, DF are simply connected. Clearly, one can also re-obtain
1 by rotating, say, DT UI around the x3-axis of an angle 27. Notice that DT is given by
a unique simple piecewise smooth closed curve that can be thought of as a parametrized
curve embedding S* into Q. For instance, if Q = By, then D is a disc, D a semidisc and
ODT the boundary of such semidisc in the vertical plane II with flat part on the z3-axis.

From the above it follows that the x3-axis intersects 0 exactly (2M + 2)-times and
that I = QN {xs-axis} is the union of M + 1 segments ¢j:

I = QN {zz-axis} = Up 114 (2.9)
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Of course, UkM;llﬁk is also the flat part of 9D on the ws-axis in the plane II. We also

denote
B:=90I =900nN {l’g—&XiS} = {bl, b2, ‘e ,b2M+2}, (210)

where the boundary is taken in the x3-axis. We label such points increasingly with their
xg-coordinate. Thus, by is the lowest point of Q along the x3-axis and bapr4o the highest.
Finally, notice that the validity of (2.9) and (2.10) actually relies only on the smoothness
of 99, hence they hold true for every S'-invariant bounded open set  with Lipschitz
boundary, independently of its connectedness properties.

Remark 2.8. We observe that if  is S'-invariant then the same holds for the function d
giving the signed distance from its boundary, hence its gradient is S'-equivariant and in
particular the outer normal field ﬁ(x) along 0f) is equivariant. As a consequence we see
that the corresponding radial anchoring Qp(x) given by (1.22) is equivariant. In addition,
as ﬁ)(bj) = (0,0,(—1)7) for j = 1,...,2M + 2, for such data we obtain Qy(b;) = eq for
each x € B.

Remark 2.9. More generally, for any boundary map @y, € Lipsym(aQ; S*) the equivari-
ance property (1.13) together with Remark 2.4 yield Qy(b;) = +eq for any z € B = 0I.
Analogous property holds for an admissible configuration Q € .AB':O(Q) at each point
x € I whenever the restriction to the x3-axis makes sense.

2.8. Stereographic projections, projective spaces, and the twistor fibration

In the following sections, we shall consider S!-equivariant maps from the standard
2-sphere S? C R? into S%, the unit sphere of Sy. To describe those maps, it will be useful
to make use of stereographic projections. Although these notions are elementary, to fix
the notations and for the reader’s convenience we collect them in this subsection.

The stereographic projection of S?. Let S?) = (0,0, —1) be the south pole of S? C
R3. We write 2 = (21,22, 23) for a point in S, and y = (y1,¥2) a point in R2. The
stereographic projection of S? from the south pole is the map oy : S2\ {S?} — R?2
given by

(z) o
o) =|——,——
2 1+I371+CC3 ’

which is a diffeomorphism whose inverse map is given by

2
U—l(y) _ 2y1 2y2 1- |y‘
2 Ty 14 [y 1+ [yl

Identifying R? with C, oy can be seen as a map from S? \ {S®} into C, and
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o ((t) oz + 129
2 1 + x3
It then follows that
02(Roz) = e“oy(x) VR, €S'. (2.11)

In terms of spherical coordinates on S?, i.e.,
T = (cosd)sin@,singbsinH,COSH) (2.12)
with 6 € [0, 7] (the colatitude) and ¢ € [0, 27) (the longitude), we have
oa(z) =tan (0/2)e” and |oa(z)| = tan(0/2). (2.13)

Writing z = y1 + iy2, the complex version of the formula for the inverse map o' reads

2z 1—|z\2

1

o, (z)= ,———= | - 2.14
2 (%) <l—i—|z|2 1—&-|z\2 ( )

Let us now recall that the projective complex line C P! is the smooth manifold made of
all complex lines through the origin in C2, i.e., CP! = (CxC\{(0,0)})/C*. We denote by
[20, 21], (20, 21) # (0,0), the homogeneous coordinates for a point in C PL. In other words,
if zo € C*, then [z, z1] is the complex line {(¢o, (1) € C2 : (1 — (25 '21)¢o = 0}, while [0, 1]
is the line (at infinity) {(0, (1) € C2, ¢; € C}. We refer to as an inhomogeneous coordinate
on CP' the complex number z = zo_lzl, and the mapping [zo, z1] — 2z allows to identify
C P! with C U {00}, agreeing that [0,1] € C P! is mapped to oo (the point at infinity).
With the convention that o5 maps the south pole S to oo, the stereographic projection

o2 can be then seen as a bijective map from S? into C U {oo} and in turn to CP!. This
map turns out to be a diffeomorphism. In terms of the inverse map 051 :CP! — 82,
we have

oyt ([20,21]) = oy (25t 2) .
In view of (2.11), considering the following S!-action on CP!:
e - (20, 21) := [20, €% 21], (2.15)
the map o9 : S2 — CP! is equivariant with respect to the S'-action, i.e.,
i

o2(Ryx) = ' - oa(x) VR, € S'. (2.16)

The stereographic projection of S*. By means of the isometric isomorphism ¢, between
Soand R @ C @ C (see (2.5)), we identify S* with unit sphere of R & C & C. Setting
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S® := (—=1,0,0) € S*, the stereographic projection o4 : S*\ {S*} — C? from the
south pole S™ and its inverse are given by

a4(p) :=< SR >

14+t 1+t

1
—1 2 2
o , =—F 5> (1 — — , 211, 2

4 (771 772) 1+ |n1|2 + |772|2 ( |771| |772| m 772)
where p = (t,(1,¢2) € S*\{SW} CR@C @ C and (n1,72) € C2. Adding a point at
infinity to C? and sending {S¥} to it, o4 induces a diffeomorphism between S* and
C? U{oc}. Note that, according to (2.6), we have for the extended map the equivariance
property (fixing S®) and 0o), namely

eiaC1 eQiaCQ
1+t 1+t

o4(Ry - p) = < ) VR, € S'. (2.17)

Let us now denote by 8(21) C Lo L the unit sphere of R&C ¢ {0} and by 8(22) C Ly®
Ly the unit sphere of R @ {0} & C (which are equatorial 2-spheres of S*). We notice that
04 maps S(Ql) \ {S®} and S%z) \ {S®} into C x {0} and {0} x C respectively. Moreover,
its restrictions give the mappings o‘él) : S(Ql) \ {S?®} — C and 0'52) : 8(22) \{SW} = C
defined by

_ G
141¢

and o (,0,() = % (2.18)

o-él)(t7 <17 0) :
which are stereographic projections, and in view of (2.17) they satisfy

o5 (Ra - (1,¢1,0)) = ¢V (t,¢1,0) and 0% (Ra - (£,0,8)) = €28 (t,0, ()
(2.19)
for every R, € S'.

The twistor fibration CP3 — S*. The complex projective 3-space CP? is the smooth
(complex) manifold made of all complex lines through the origin in C%, i.e., CP3 =
(C*\ {0})/C*. If we denote by [wg, w1, ws, ws3], with (wg,wy,ws,w3) € C*\ {0}, the
homogeneous coordinates of a point in C P3, then [wg, w1, wa, ws3] represents the complex
line {(Co,¢1,¢2,¢3) € C* : weln — wim =0, 1 <L < m <4} (ie., the wy’s and the
(¢’s differ by a common nonzero factor).

Considering S* as the unit sphere of R @ C @ C, the twistor fibration 7 : CP3 — S*
is the map given by

7 ([wo, w1, wa, ws])

(lwol* + s l® = Jwn* = sl 2(5wn + Waws), 2wows — Wrws))

(2.20)
wol” + |wi|? + Jwal® + Jws|? ’
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see [6-8,40]. Considering the S-action on C P? defined by

2 3i%ps3] VR4 € ST, (2.21)

Rq, - [wo, w1, wa, ws] == [wo, €"*wy, ¥ wo, e
and the (induced) S'-action on S* C R & C @ C given by (2.6) (see Remark 2.3), the
twistor map 7 turns out to be equivariant. We state this property in the following lemma,
whose proof is a straightforward consequence of formulas (2.6), (2.20), and (2.21), hence

it is left to the reader.

Lemma 2.10. The twistor fibration T : CP3 — S* is equivariant with respect to the
St-actions on CP3 and S* given in (2.21) and (2.6). In other words,

T(Ra : [wo,wl,wz,wg]) =R, -T([wo,wl,wg,wg]) (2.22)
for every Ry € St and every [wo, w1, ws, ws] € CP3.

Remark 2.11. A simple way to get some insight in the formula (2.20) for the twistor fibra-
tion is to interpret it in terms of quaternions. We recall that quaternions may be thought
of as a set H of ordered pairs of complex numbers endowed with a noncommutative mul-
tiplication. We identify C? with H wvia (1, (2) + (1 +(2j (here j is the second imaginary
unit of quaternions anticommuting with 4, whence noncommutativity of the multiplica-
tion), and we also identify C* with H? by the map® ({o, (1, (2, (3) — (Co + (37, C1 + C2F).
The quaternionic projective space HP? is the quotient of H? by the left action by H\ {0}.
As recalled above for CP!, we can identify HP' with H U {oo} via [q1,¢2] — q; '¢2
using the inhomogeneous quaternionic coordinate ¢; Ygo for q1 # 0 (extended sending
[0,1] = o0), and in turn with C2 U {co} writing ¢; 'qa = n1 4 124, M1, 72 € C. This way
(i.e., considering the composite map) we can see the stereographic projection o4 as a
map identifying HP! with S* through C2 U {co}, namely

ot <|Q1|2 — |g2|?

HP' > [q1,¢2] — |q1|2+|q2|2,2q11q2) ES'CReH.

As a consequence one can check that the map 7 in (2.20) is exactly the composition of
the Hopf map p : CP3 — HP', taking complex lines in C* ~ H? to their quaternionic
envelope in H? (i.e., p([wo, w1, ws, ws]) = [wo + w3j, w1 + waj]), with the inverse of o4.

3. Equivariant harmonic spheres into S*

The auxiliary results contained in this section will be used later in the present paper,
when discussing the asymptotic behavior of LdG minimizers at isolated singularities,

4 Under this rather unconventional identification the twistor fibration 7 takes the form (2.20) and it is
equivariant in the sense of Lemma 2.10.
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and they will be also of use in our companion paper [17]. Since such profiles turn out
to be homogeneous extensions of S'-equivariant harmonic maps from the two-sphere,
their classification we present here is of independent interest and of possible use in the
analysis of minimizing harmonic maps under symmetry constraint (see, e.g., [20,27] and
references therein).

Recall that any weakly harmonic map in w € W12(S2;S%) is by definition a critical
point of the energy functional

1
B(w) = /§|W|2dv01§2 , (3.1)
SQ

where V is the gradient w.r.to the standard metric on S2. Hence it is a weak solution to
Aw+ |Vw]?w =0, (3.2)

where A is the usual Laplace-Beltrami operator on S2, and therefore C*°-smooth due
to Hélein’s theorem (see, e.g., [21, Section 10.4.1]) and in turn real analytic by the
analyticity results in [45]. Smooth harmonic maps between Euclidean spheres are usually
called harmonic spheres and we will often use such terminology here.

We start with the following important result due to E. Calabi [11].

Lemma 3.1. ([11]) Every nonconstant harmonic sphere w is a weakly conformal branched
minimal immersion for which the energy (or, equivalently by conformality, the area) and
the dimension of the image satisfy

1
E(w) = / §|Vu}|2 dvols: = 4 |d|, |d| € N, dim spang w(S?) =k € {1,3,5}.

S2
(3.3)

Besides constant maps (for which d = 0 and the range has dimension k = 1), we will
distinguish between linearly degenerate and linearly full harmonic spheres (for which
k = 3 and k = 5 respectively) and we will classify them in the next two subsections
under the S'-equivariance assumption.

In the next lemma we recall two other well known facts concerning harmonic spheres
which will be used in the next subsections (we refer to [26, Chapter 6] for the relevant
definitions and for a proof).

Lemma 3.2. Any harmonic map w : S? — S* is real isotropic. In particular, any har-

monic map w : S? — S* is (weakly) conformal, hence in terms of the spherical coordinates

(60,¢) on S?

2 1 2 1
= — - — =0. A4
|Opw] 20 |0pw] and  Opw sin@ad)w 0 (3.4)



F.L. Dipasquale et al. / Journal of Functional Analysis 286 (2024) 110314 25

In view of Remark 2.3, we can identify S* with the unit sphere of R @ C & C, which
allows to write an S'-equivariant harmonic map w : S? — S* as a map w given by

w = (WO,wl,WQ),

where wg : S? — [~1,1], w1 : S? - C, and wy : S? — C. By (2.6), the S'-equivariance
of w translates into

wo(Raw) = wo(r), wi(Rar)=e"wi(z), ws(Raz)=e*wy() VR, € S'.
(3.5)
In terms of the spherical coordinates (6,¢) of x € S? (see (2.12)), the identities above
imply that

wo(z) =wo(0), wi(z)=wi(0)e, walz)=wy(h)e??, (3.6)
where wp : [0, 7] — [—1,1] and wy, : [0, 7] — C for k = 1,2. By smoothness of w, we have
WQ(O) € {:l:l}, wo(w) S {:l:l}, wl(()) = w1(7r) =0, wg(O) = CUQ(’IT) =0. (37)

In particular, w sends the south pole S e S? either to the south pole S® e S%, or
to the north pole N® := —S®_ Finally, in view of (2.13), precomposing w with the
inverse stereographic projection o5 ' : C — S? (given by (2.14)) leads to

z

_ _ _ _ 2
wooy'(z) = (wo(|2)7W1(|Z)M,w2(|Z|)Z|2> ; (3.8)
where @y : [0, +00) — [—1,1] and @y, : [0,4+00) — C for k = 1,2 are given by wi(r) :=
wy, (2arctan(r)).

Remark 3.3. When restricting to equivariant harmonic spheres, the first equality in (3.4),
together with (3.6), yields the useful identities

Cwi 4wt 1

2 2
O] = FH R = Vuf (3.9)

An interesting consequence of the previous identity is the following fact.

Remark 3.4. (Branch points). If a smooth nonconstant map w : S? — S* is harmonic
and S'-equivariant, then |wo(p)| < 1 and (w1 (p),wa(p)) # (0,0) whenever p # +53).
Otherwise we would have wg = 41 on a circle, hence w would be a constant map in a
disc in view of Lemaire’s theorem [39] and then everywhere by unique continuation. As
a consequence, by (3.9) the only possible branch points (i.e., the points where w has zero
differential) are the poles S = S and N = —S®).
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3.1. Classification of linearly degenerate harmonic spheres

The key preliminary fact is given in the following simple lemma.

Lemma 3.5. Let w : S? — S* be a nonconstant S'-equivariant harmonic map. If w is
not linearly full, then either spang w(S?) = Lo & L1 or spang w(S?) = Lo & Lo.

Proof. Set V := spang w(S?). Since w is assumed to be neither constant nor linearly
full, then V is linear subspace of Sy of dimension k = 3 because of Lemma 3.1. On the
other hand, the equivariance of w implies that V is invariant under the action of S'. By
Remark 2.4, it follows that either V = Lo @® L1 or V = Ly @ Lo, as claimed. O

The classification of the linearly degenerate harmonic spheres is now a simple conse-
quence of the classification results for S2-valued harmonic maps from [10] specialized to
the equivariant setting. Below, deg w is the topological degree of a map w : S — S2.

Proposition 3.6. If w = (wg,w1,ws2) : S? — S* is a nonconstant S'-equivariant and
nonfull harmonic map and d € Z is as in (3.3), then the following holds:

(i) either wy =0, degw = d = £1 and for some uy € C\ {0} we have

w(o'z_l(z)) = :I:wgl) (agl(ulz)) , (3.10)

with the + sign if w(S@) = SW  and the — sign if w(S?)) = -5,
(i7) or wy =0, degw = d = £2 and for some ps € C\ {0} we have

w(oy'(2) = 2w (o3 (122?)) (3.11)
with the + sign if w(S®) = W, and the — sign if w(S?) = —S&);
here wé}f 0 S2 S(Ql) C S* and wéﬁ) :S2 > 8(22) C S* are the equatorial embeddings

wga)(ac) = (z3,21 +1i22,0) and wgl)(m) = (z3,0,21 + iz2) . (3.12)

Proof. By Lemma 3.5, if w = (wo, w1, wz) : S? — S* is a nonconstant S'-equivariant
and nonfull harmonic map, then either ws = 0, or w; = 0. We shall consider the two
cases separately.

Case 1: wy = 0. Recalling that S(zl) denotes the unit sphere of RGC @ {0} ~ Lo® L4, the
mapping w : S — 8(21) is harmonic. Since it is not constant, it has a nonzero topological
degree d € Z \ {0} such that (3.3) holds and, considering —w instead of w if necessary,
we may assume that d > 0, so that w is holomorphic. Note that w™({+£S®}) C S? are
finite sets and w—! ({£5@}) C {£S5® 1 because of equivariance. In view of [39] (see also

[10, Section 7]) and (2.18), the map f := o-él) owoay ' : C — C is a well-defined rational
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function of the form f(z) = P(z)/Q(z) for some coprime polynomials P and @ such that
d = max{deg P,deg Q}. Since {Q = 0} C w™1(S@W) and {P = 0} C w1 (—SW), we
must have f(z) = p; 2! for some [ € Z \ {0}. Since o and o§" are equivariant in view
of (2.11) and (2.19), then the map f is also equivariant, namely f(e!®z) = e f(z) for
every e € S! and for every z # 0. Comparing with (3.8) yields [ = 1 and the conclusion

-1
follows from the definition of f and the identity (agl)) = wéé) ooyt

Case 2: w1 = 0. The proof of the second case is entirely similar to one above, therefore
it will be omitted. O

3.2. Linearly full harmonic spheres and horizontal algebraic curves

In this subsection, we construct S'-equivariant linearly full harmonic spheres w : S? —
S* by composing S'-equivariant horizontal algebraic curves ® : CP! — CP3 with the
twistor fibration 7 : CP3 — S* defined in (2.20). We will limit as much as possible the
geometric terminology referring the unfamiliar reader to [4] and [57] for all the relevant
definitions.

Recall that CP3 is a compact manifold with a natural Riemannian metric called the
Fubini-Study metric. A possible way to define it is to consider the embedding C P? —
Myx4(C) induced by the map C*\ {0} > w — Iy — 2%8Y ¢ #,4(C) sending each

[w[?

complex line in C* into the reflection across the complex 3-plane w, and to consider the
pull-back metric on CP? of the Riemannian metric (A, B) = Rtr(A*B) on .#,x4(C).
Actually the Fubini-Study metric extends to a Hermitian metric on the complexified
tangent bundle which is the pull-back of the standard Hermitian metric (A, B) = tr(A*B)
on M4x4(C) and endowed with this metric C P3 is a complex Kahler manifold.

Once C P? is endowed with the Fubini-Study metric the map 7 becomes a Riemannian
submersion [6]. The horizontal distribution H = Kerdr- C TCP? is the family of
subspaces Hi,) C T[w](CP3 parametrized by [w] € CP3 consisting of those tangent
vectors to CP? at [w] that are orthogonal to the fibers of T passing through [w], i.e., of
those vectors belonging to the 4-dimensional plane (Ker d’T[w])J‘. Being T by definition
a Riemannian submersion, dr,) : H[wi—> T.r([w])S4 is an isometry for any [w] € C P3.

We say that a holomorphic map ® : CP' — CP? is horizontal if at each point
of its image it intersects the fibers of 7 orthogonally, i.e., Ran dE)[z] - ’H&)(z) for any
z = [20,21] € CP.

In order to check both holomorphicity and horizontality, but also to take advantage of
S'-equivariance, it is convenient to compose the maps with the stereographic projection
o5 " and to consider (with a slight abuse of notation) the induced maps $:C — CP3,
®(z) = ®([1,2]). The map ® is usually defined (at least locally) as ®(z) = [¥(z)], where
U :C — C*\ {0} is a smooth map, ¥(z) = (¥o(2),..., ¥3(2)).

For a smooth function f : C — C of the complex variable z = z; + iz € C we
will consider complex derivatives f, := 0.f and f; := 0;f with respect to the usual
Wirtinger’s operators
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Clearly f is holomorphic (resp., antiholomorphic) in C if and only if fz = 0 (resp.,
f- = 0). In addition, the following intertwining relation between Wirtinger’s operators
and complex conjugation, namely f; = f., will be tacitly used during the computations.

Note that if f is S'-equivariant of degree k in the sense that f(e’®z) = ™ f(z) for

all z € C and some k € Z, then we have the identities on C for any a € R,
fa(e@2) = VL (2), fu(e2) = TV (2), (3.13)

showing how the “degree of equivariance” changes under complex differentiation. Clearly
the conjugate function f inherits equivariance of degree —k and similar relations for the
degree of equivariance hold for its complex derivatives f, and fs.

The following simple result gives a full description of equivariant holomorphic maps
U : CP! — CP? together with their horizontality property.

Lemma 3.7. For each map ¥ : C\ {0} ~ CP'\ {£S5®} — CP3, U([z0, 21]) = ¥(21/20).
the following are equivalent:

(1) U is a nonconstant holomorphic map on CP\ {£S@)} and S*-equivariant with
respect to the actions (2.15) and (2.21);

(2) there exist u = (po, j11, fi2, u3) € C* with at least two nonzero entries such that on
CP"\ {£S®)} we have

U([20, 21]) = [p020, p12521, paz021, pszy ] - (3.14)

As a consequence, U extends to a holomorphic map . CP! — CP3 still given by (3.14).
In addition, the map ¥ in (3.14) is horizontal if and only if the parameters po, p1, fi2
and ps satisfy

H1p2

Hos = — 3 . (315)

Proof. We only discuss the implication (1) = (2), as the converse implication is trivial.

Clearly it is enough to show that for each z, # 0 there exists an S!-invariant open
annulus A = A, on which the representation (3.14) holds. Indeed, taking a collection A
of such annuli, when two annuli A, A’ € A overlap the corresponding representations with
parameters p and ' must be pointwise proportional, hence the parameters p and p’ must
be proportional, i.e. each representation is valid on both the annuli. As a consequence,
passing to a subfamily A’ C A which is a locally finite cover of C \ {0} allows to pick a
representation (3.14) with fixed p which is valid in the whole C \ {0}.

Since VU is holomorphic and S'-equivariant, for each z, # 0 there exists an invariant
annulus A containing z, and a holomorphic map ® : A — C*\ {0} such that ¥ = [®] on
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Aand ®(z) = (Po(2),...,P5(2)) has each entry ®, which is equivariant of degree £ on A
and at least two of them do not vanish identically because ¥ is nonconstant. Note that
because of equivariance each entry ®, is either identically zero or nowhere vanishing on
A (for if ®, vanishes on a circle then it is zero everywhere by the identity principle for
holomorphic functions). Choosing 1, = 0 whenever &, = 0, we can focus on the nonzero
components.

We first fix an invariant circle C C A passing through z., we take 0 < m < £ < 3
corresponding to nonzero components of ®, with m being the minimum of such indices,
and we set p,, = 1. Then the ratio ®,/®,, is well-defined and holomorphic on A and
it is equivariant of degree ¢ — m. As a consequence ®y(z)/P,,(z) is a nonzero constant
multiple sy # 0 of 2~™ on the circle C, hence ®; = 2"~ ®,, on A again because of
the identity principle. Varying ¢ with the restriction above we have shown in the annulus
A the identity ®(z) = ®m(z) (oz™™, ..., u3z>~™), hence (3.14) holds on A because
®,, #0 on A. Thus (1) = (2) is completely proved.

Once the equivalence is proved, it is obvious that ¥ admits the obvious holomorphic
extension to CP! still given by (3.14). Concerning horizontality, in view of the homo-
geneity in (3.14) we can regard ® as a globally defined map ® : C? — C* and considering
on C* the 1-form

0= Wwo d’LUg — W3 d’LUO + wq d’LU2 — W2a dwl,

by the explicit form of 7 the horizontality condition can be rewritten (see [40], see also
[6], [7]) as

0 = 0. (3.16)
Then, a simple calculation combining (3.14) and (3.16) yields (3.15). O

The next result provides an explicit family of linearly full equivariant harmonic
spheres.

Proposition 3.8. Let U :S2=CP'— CP3 be an St-equivariant horizontal holomorphic
map as in (3.14)-(3.15) and assume pg = 1. Then the composition w = 7o W is given by
the formulas

|2

1 6 2 4, 2 2, 2, 4 |u1|2|M2 6
w([20, 21]) ~ Do) (Zo| = [l [20]" [21]" = |p2|™ |20|™ |21 +T|Zl\ ;

2 2
T (zOr‘ -z |zl4> 27 <|zO|2 y b |z1|2>> ,

(3.17)

where
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2 2
lp1]” | 2]

5 |21]° . (3.18)

D(20,21) = |20|° + [ [* |20[* |21 * + |psa]* [20]* 2] * +
In addition, for each (1, p2) € C? the map w : S — S* is an S'-equivariant harmonic
map with w([1,0]) = (1,0,0). Moreover, w is linearly full with energy E(w) = 4nd = 127
if and only if p1 # 0 and pg # 0.

Proof. The validity of the formula (3.17) for the composition 7 o U together with the
normalization w([1,0]) = (1,0,0) are just straightforward computations. It is easy to
check that the corresponding maps are S'-equivariant with respect to the actions given
in (2.15)-(2.6), hence (3.5) holds. Harmonicity of w as in (3.17) can be verified by a direct
checking of (3.2). Alternatively, since the projective spaces C PV are Kihler manifolds,
by [57, Chapter 4, Prop. 3.14] each holomorphic map in (3.14) is harmonic. In addition,
since 7 is a Riemannian submersion and under (3.15) each U is a horizontal harmonic
map, then the composite maps w = 7oV in (3.17) are harmonic in view of [57, Chapter 6,
Prop. 2.36]. In view of the explicit form of its components, we see that w; =0 iff u3 =0
and we = 0 iff uo = 0, therefore the map w is full if and only if p; # 0 and ps # 0.
Finally, according to (3.3), the value of the energy being discrete, it has to be locally
constant under continuous changes of the parameters, hence it must be independent of
their effective values, whenever the condition e # 0 holds (because the dependence
of the map on the parameters is easily seen to be continuous in C*(S?;S%)). Choosing
p1 = pi2 = /3 a direct calculation gives |Vw|? = 6, hence E(w) = 127, d = 3 and the
proof is complete. O

Remark 3.9. As already observed in the previous proof and as we will comment more in
the next section, the case p; = pg = v/3 is special. The corresponding harmonic sphere
is by a direct computation

1
2
(1201 +1211°)
235221,

W[z, 21]) = (120" = 4120 |11 + |21l 2VB Z521 (J20f — |a]?)

it is invariant under the antipodal map CP! 3 [z, 21] — [z1, —%0] € CP! and it corre-
sponds to the Veronese embedding S?/{+1} = RP? — S%.

Remark 3.10. Notice that the function wy is always real-valued, while the functions wy,
w9 in (3.6) are complex-valued whenever the parameters p1, po are such and real-valued
otherwise.

Remark 3.11. It is worth noticing that letting ps = 0 or 3 = 0 in (3.17) we obtain
precisely, up to the double sign, the linearly degenerate harmonic spheres of energy 4w
and 87 respectively described in Proposition 3.6.



F.L. Dipasquale et al. / Journal of Functional Analysis 286 (2024) 110314 31

3.8. Classification of linearly full harmonic spheres

In this final subsection we are going to show that every equivariant linearly full har-
monic sphere w is actually one of those constructed in Proposition 3.8, possibly up
to composition with the antipodal involution on S*. As already announced in the In-
troduction, the key step to achieve such classification is to obtain each S'-equivariant
linearly full harmonic sphere w : S? = CP!' — S* as a composition of the twistor
fibration 7 : CP3 — S* defined in (2.20) with a horizontal S!-equivariant algebraic
curve @ : CP' — CP3, called the twistor lift" of w. The geometric meaning of such
construction in terms of orthogonal almost complex structures on the tangent spaces
{Tw(p)S4}p€§z together with its far-reaching higher dimensional generalizations in the
framework of twistor theory are described in details in the references given in the In-
troduction but they will not be discussed at all here. Indeed, in order to keep to the
minimum the needed background from complex geometry, we will follow quite closely
the concrete description of the lift from [6-8] and [18], but avoiding any use of quater-
nions, so that the argument here will be more elementary and it will be presented in an
almost self-contained form. Thus, we will take the general formulas for the lift w from
those papers as an ansatz, and prove that they actually satisfy all the desired proper-
ties in order to reconstruct w. In particular, we will check that the construction of @
is compatible with the S!'-equivariance constraint, which, apparently, has not yet been
considered in the literature. As a final consequence, it will be quite easy to obtain explicit
formulas for all the linearly full equivariant harmonic spheres w : S — S* in terms of
those in (3.17).

We now explain how to construct an algebraic S'-equivariant horizontal lift start-
ing from w. Since w(—S®) € {£S®} then, without loss of generality, up to com-
posing with the antipodal map a : S* — S* given by a(z) = —r we may assume
w(—8@)) = w(—-S®). We follow [6] and for each linearly full harmonic sphere we con-
sider the complex valued smooth functions (£,7) = 4 o w, so that

(3.19)

By Remark 3.4, both ¢ and 7 are well-defined everywhere on S? except, possibly, at
the south pole because of our normalization above. Further, they are S!'-equivariant in
the sense of (2.15)-(2.17) and real-analytic, since both o4 and w enjoy these properties.
Composing with o, ! and identifying S?\ {S®} with C, we will regard (3.19) as smooth
equivariant complex-valued functions defined in the whole complex plane C. In addition,
by (3.2) and (3.19) simple computations yield

5 The twistor space of S* is SO(5)/ U(2), see [4, Chapter 7]. However, for the purpose of presenting the lift
in terms of explicit formulas, we find more convenient to work with its equivalent presentation as C P2, For
details on this identification and the deduction of these formulas from those in [11] we refer the interested
reader to [18].
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&l + [:[*) — 26¢:¢. — &0 nl® — &0= |nl* _
1+ ¢ + |l

and

zz

_ 2 _
n n(l&:* + &) — 2im=n. — n:0. €% — 1.0 €| _

0 (3.21)
2 2 )
1+ [E7 + In]

where the previous equations hold in the whole complex plane C.
Applying (3.13) to £ and n with £k = 1 and k = 2 respectively, we have the identities
on C for any a € R, namely,

gé(eiaz) = ei2a§2(z) ) gz(eiaz) = fz(z) i (322)
and
ng(emz) = €i3a7]5<2) , i (emz) = e'Yy, (2), (3.23)

with similar properties for the complex derivatives of & and 7.
The next result is a consequence of conformality and real isotropy of harmonic spheres
stated in Lemma 3.2, once rewritten in complex coordinates and in terms of &, 7.

Lemma 3.12. Let w : S? — S* be an S*-equivariant harmonic map and &, n as in (3.19).
Then:

£28z + =7z = 0 (3.24)
and
€282z + Nz2ilzz = 0. (3.25)

Proof. Using the definition of £,  one may check directly that Eq. (3.24) and Eq. (3.25)
follow taking, respectively, « =1, § =1 and o = 2, 8 = 2 in [26, Proposition 6.1]. O

Another key consequence is the following lemma.

Lemma 3.13. If w : S? — S* is a linearly full S'-equivariant harmonic map and €, 1
are as in (3.19), then at any point z € C \ {0} the complex derivatives &, 0z, & and
Az cannot vanish simultaneously. Moreover, neither & nor 7z can vanish identically.
Finally, £z and nz cannot vanish identically at the same time.

Proof. The first statement follows from conformality and Remark 3.4. Indeed, if we take
2z # 0 then p = ;' (2) € S2\ {£SP@} and w(p) # £5@); hence we have (£(2),7(2)) =
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o4(w(p)) # (0,0) and, by the conformality of o4, we can rewrite the energy density of
w at p as
- 12 2 2 — 12
2|&|" + In=l” + €] + |z
2 2\ 2
(14 1)1 + )1

Vo) =2 (1+]=) #0,

since the only branch points of w can be at the poles.

Now we claim that &; and 75 cannot vanish identically. Suppose by contradiction that
& =01in C. Then ¢ is an entire holomorphic function, hence ¢ is antiholomorphic in the
whole C. Note that & is equivariant of degree one on C \ {0}, as the function g(z) = 1/z,
hence &£(2)/g(z) = £(1) on the circle |z|] = 1 again by equivariance. By the identity
principle for antiholomorphic functions we have £(z) = £(1)/z on C \ {0}, hence (1) =0
and in turn & = 0 because the function £ is bounded near the origin. As a consequence,
(3.19) yields w; = 0, which is impossible, because the map w is linearly full. A similar
argument applies if we assume 7z = 0. Indeed, then n(z)/h(z) = n(1) in C \ {0} with
h(z) = 1/22, hence 1 = 0 because it is bounded near the origin. Thus wy = 0 because of
(3.19), which is again impossible because the map w is linearly full.

Finally, if £ and 7z both vanish identically then £ and n are both holomorphic and
equivariant of degree one and two respectively. Arguing as above we have £ = ¢;z and
n = 222, where cicy # 0 because the map w is linearly full. Then simple calculations
give a contradiction because neither (3.20) nor (3.21) are satisfied. O

The last preliminary fact we need before defining the twistor lift is the following.

Lemma 3.14. Let w : S? — S* be an S*-equivariant harmonic map and &, n as in (3.19).
Then in the whole complex plane we have

(fggﬁg — Nzz i) (§221z — Mzz82) = 0. (3.26)
As a consequence, at least one of the two factors in (3.26) vanishes identically on C.
If, in addition, the map w s linearly full, then only one factor in (3.26) vanishes

identically.

Proof. The conclusion of the first part will follow from Lemma 3.12 by simple manipu-
lations in the whole complex plane. Differentiating (3.24) with respect to z gives

5565 + €55 + nzsils + Msiizz = 0. (3.27)
Multiplying (3.25) by 77z we obtain

772522522 + nznzzMz2 = 0.
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Solving (3.27) with respect to 7jzmzz and substituting into the last identity above, we
have, after some rearrangements,

Eoz (€227 — M2385) — sz (€2€5 + Mzzmz) = 0.
Multiplying also the last identity by 7z we have
€z (Ex27z — Tz28z) — Nz (Mzznzilz + &227:82) = 0.

By the conformality relation (3.24), we have nznz = —£:€; and, after substituting in the
last identity and rearranging the resulting terms, Equation (3.26) follows. Finally, since
both factors in (3.26) are real-analytic functions in the whole C, then at least one of the
two must vanish identically by unique continuation.

Concerning the second part, we argue by contradiction, supposing that both factors
(3.26) vanish identically. We start observing that in view of Lemma 3.13 we have {&; #
0} # () and this open set is S!-invariant because of (3.22). Hence, this open set contains
a circle C = {|z| = a > 0} and an invariant annulus A around it. In the annulus A, as the
first factor in (3.26) vanishes, the function 7z /&; is holomorphic with the same degree
of equivariance of 1/z. Since by equivariance 7z /¢; and 1/z differ only by a constant
factor on C, by the identity principle for holomorphic functions the same holds on A.
Hence, there is a complex number ¢; such that znz — Clég = 0 first on A and then
on C by unique continuation for real-analytic functions. Clearly ¢; # 0, otherwise we
would get ; = 0 which is impossible in view of Lemma 3.13. We argue in a similar
way using the second factor in (3.26). By Lemma 3.13, the set {7z # 0} is not empty
and invariant, hence it contains a second annulus where we can consider the function
£z /1z, which is holomorphic and equivariant of degree 3, hence arguing as above we may
write £z = cp2%7j; for some ¢y € C, where the identity on the annulus also extends to
C by unique continuation as above. Note that ¢y # 0, otherwise £ would be an entire
holomorphic function equivariant of degree one, hence £ = c3z, with c¢3 # 0 because w is
linearly full. On the other hand, in view of the conformality condition (3.24) the function
1 would satisfy 7z = 0 since 77z # 0. Being holomorphic, nontrivial and equivariant of
degree two, we would have n = c42? for some ¢4 # 0, but then £ = c32z and 1 = ¢422
with eseq # 0 should satisfy (3.20)-(3.21) which is impossible by direct computation.
Hence, we showed that if both factors in (3.26) vanish then for some ¢1,co € C\ {0} the
functions £ and 7 solve the first order system

{Zﬁz =aéz, (3.28)
£z = 220z,
whence (¢ — ¢1¢22%€); = 0 on C. Again, by holomorphicity and equivariance of degree
one we would have & — c1c22%6 = c52, with ¢5 # 0 (otherwise we would easily get
|€12(1 = |e1e222[?]) = 0 identically, which contradicts £ # 0). Combining the last equation
with its conjugate & = ¢1¢z22€ + €52 we finally get
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= c52(1 + ereats/cs|z|?) B c52
N 1 —|erepz2|? 1+ erez?|’
because £ must be locally bounded, whence we must have c¢jcoC5/c5 = —|c1¢2| and the

last identity follows. In view of the previous formula for &, the function &5 does not vanish
as z — 0, hence letting z — 0 in the first equation in (3.28) we derive a contradiction
and the proof is complete. 0O

We are finally in the position to introduce the twistor lift of a harmonic sphere.
Starting from w, we can define on C \ {0} (i.e., on S?\ {#5®}) two lifts

&t (z) = {[Esafsf + 7727?, sisﬁ - 7726: —nz), if (527722) #(0,0), (3.29)
[Nz, 026 — &m,m=m + €26, &), if (§2,7z2) # (0,0),
and
& (2) = {[fzf + TIZTZ, -z, —7z nz§ — &), if ({27U2) #(0,0), (3.30)
(€21 — 026,12, =5, 6€ +nzm),  if (§2,7z2) # (0,0).

In accordance with the standard terminology from twistor theory (see, e.g., [4], [40] and
[18]), we call @ the positive lift of w to CP3 and & its negative lift. The reason for this
terminology will not be explained and it depends on the geometric meaning of the above
formulas (more precisely on the orientation of the associated almost complex structures
on T,(»)S*). Here we do not justify the expressions for the lifts in (3.29)-(3.30) but we
just show that these are suitable for our purposes.

The following result is an adaptation to our symmetric context of [58, Theorem 1]
(see also [9] and [11]).

Proposition 3.15. Let w : S — S* be a linearly full S'-equivariant harmonic map such
that w(—S®) = —SW_ Let @T,& : S2 ~ CP' — CP? be as in (3.29), (3.30) and
a:S* = S* be the antipodal map on S*. Then:

(1) @, @ are well-defined at any point of S* \ {£S®} and real-analytic.

(2) @1, @ are S'-equivariant with respect to the action (2.15) on S? ~ CP' and the
action (2.21) on CP3.

(8) @ is a lift of w and @~ is a lift of aow; e, T@T =w and To@ = aow.

(4) At least one (and actually exactly one) among & and &~ is holomorphic in S? \
{£S@Y. Thus, the lift extends to a holomorphic map defined on the whole S2.

(5) If @t (@~ ) is holomorphic, then it is also horizontal.

Proof. The claimed statements follow combining the preliminary results presented above,
therefore the argument are more direct and much more elementary than those in the
existing literature covering the nonsymmetric case.
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For (1), we discuss only the case of @ . The case of @~ is entirely similar and it is
left to the reader. First observe that the domain of definition of the two formulas for @™,
namely {(£,7z) # (0,0)} and {(&z,73) # (0,0)}, are both nonempty and open and their
union is C \ {0} because of Lemma 3.13; hence they have nonempty open intersection
A C C\ {0}. Thus, equations (3.29) give on each open set a well-defined real-analytic
map with values into C* \ {0} because ¢ and 7 are real-analytic. In addition, on the
intersection A the two quadruples in C*% are proportional because of the conformality
property of w (considering them as rows of a matrix in Myy4(C), the rank is one at every
point of A because of (3.24)). As a consequence (3.29) gives a well-defined real-analytic
function from C \ {0} to CP3.

Statement (2) is a consequence of the equivariance properties of £ and 7 and their
derivatives given in (3.22)-(3.23). Thus the complex entries in the first quadruple in
(3.29) are equivariant of degrees (0,1,2,3), those in the second of degrees (—1,0,1,2),
hence equivariance holds with respect to the action (2.21) on C P3. Similar considerations
apply to @™ .

Statement (3) is nothing more than a straightforward computation combining the
explicit formulae for the lifts with (2.20) and using again the fact that the derivatives of
¢ and n cannot vanish simultaneously because of Lemma 3.13.

For what concerns (4), we observe that, as detailed for instance in [18], the holomor-
phicity condition for the first representation of @' in terms of &, n clearly implies

552775 - 772555 =0 in (5277)5) # (0,0) (3.31)
or for the second representation,

Nzz&z — &2z = 0 in (&5, 7z) # (0,0). (3.32)
Similarly, for @~ we get

§zznz — =2z =0 in (&,mz) # (0,0), (3.33)
or for the second definition

€20z — 236 =0 in (&,7z) # (0,0). (3.34)

These are easily seen by differentiating the ratio of the functions defining each domain.
Simple calculations also show that the same holds for each ratio which is well-defined, i.e.,
it is routine to check that all the conditions (3.31)-(3.34) are also sufficient to characterize
holomorphicity of the lifts in the respective domain of definition. Observe that when they
hold these identities extend to the whole C \ {0} by unique continuation (although the
corresponding ratio may not be well-defined) because £ and 7 are real-analytic. Finally,
observe that (3.31)-(3.32) and (3.33)-(3.34) are equivalent when two domains of definition
overlap because of the conformality condition (3.24).
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In order to proceed in the proof of the claim we apply Lemma 3.14. It follows from
(3.26) that at least one lift is holomorphic in C \ {0}, hence on S?\ {£S®}, because
one (actually two) among the conditions (3.31)-(3.34) is (are) satisfied. Moreover still
Lemma 3.14 implies than only one lift is holomorphic whenever the harmonic map w
is full. Finally, by Lemma 3.7 the map must be of the form (3.14), hence it extends
holomorphically to the whole S2.

Now we come to (5). Suppose @ is holomorphic. Then, in the open subset {¢; # 0}
where the first representation of the lift @" is defined (analogous argument applies in
the subset {nz # 0}) we can write

ot - |q 8N Een—nzb e

; 7 fi , 52 7 g z

where the functions

B E:€ + i) _ &n —nsé Mz
- = ) Wz = = ) w3 = ——
&z IS &z

are holomorphic. The horizontality property, previously encoded in the condition (3.16),

wog=1, w;

reduces to

(w3): +wi(w2), —wa(wy), =0,

which is easily verified taking advantage of conformality condition (3.24) and the fact
that, since w is harmonic, £ and n respectively satisfy (3.20) and (3.21) in C.

The same holds for the second representation of @* in its domain of definition. In
case W~ is holomorphic its horizontality property is treated in a similar way. The details
are left to the reader. O

Remark 3.16. Although sufficient to our purposes in the present form, Proposition 3.15
actually holds without the assumption w(—S®) = —S®. Indeed, in case w(—S?) =
S™ instead of € and n one can define complex functions ¢ and y using the stereographic
projection from the north pole —S®*) € S* (i.e., as in formulas (3.19) but with a minus
sign in the denominator) and obtain equations similar to (3.20)-(3.21). Then one can
construct positive and negative lifts with formulas similar to (3.29)-(3.30) in terms of
¢, x so that the claims in Proposition 3.15 still hold. In addition, such new lifts can be
proven to be equivalent to those in terms of £, i (hence the lifts do not depend on which
stereographic projection has been chosen). For further details we refer the interested
reader to [18, pp. 77-78 and 98-100].

Remark 3.17. It follows from the previous proposition, combined with the rigidity result
in Lemma 3.7, that for a linearly full map w the lift @~ cannot be holomorphic when
w(=8®) = —S@ . Otherwise we would have pg # 0 from (3.15) and hence (3.14) would

imply
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W(=S®) = =W = 7(11,0,0,0)) = 7 0 & (—5?) = a0 w(~5?),

* cannot be holomorphic when w(—S®) = §(4),

which is a contradiction. Similarly, w
Thus, from claim (4) of the previous proposition we conclude that @" (resp. @) is

holomorphic iff w(—S®)) = —S® (resp. w(—S5?) = SW).

Remark 3.18. As a consequence Proposition 3.15 and the previous remark we see that if
w : S? — S* is a linearly full equivariant harmonic sphere such that w(—S®?)) = £5*)
then ¥ = +w ' : CP' — CP? is always an equivariant holomorphic horizontal curve. In
addition, +w = 7 o W. We will refer to it as the twistor lift of w and we will denote it
simply by .

Combining Proposition 3.15 with Lemma 3.7 and Proposition 3.8 we finally have the
classification result for linearly full equivariant harmonic spheres.

Theorem 3.19. Let w : S? — S* be an S'-equivariant harmonic sphere. If w is linearly
full then it can be recovered and explicitly described in terms of the composition of the
twistor fibration T in (2.20) with its S*-equivariant holomorphic and horizontal twistor
lift @ : CP' — CP? defined in Remark 3.18.

More explicitly, the following holds:

(1) We have Fw = T o @, where @ = /ﬁ;+ is provided by Proposition 5.15, with the
minus sign if w(—S®) = 8@ and the plus sign otherwise.

(2) The lift w is given by (3.14) with po =1, p1, po € C\ {0} and psz as in (3.15).

(3) Up to reversing the sign as in (1), the map w s given by (3.17) with restriction on
the parameters uy, po and ps as in (2).

4. Minimizing S'-equivariant tangent maps

In this section, we rely on the classification results for S'-equivariant harmonic spheres
from Sec. 3 and we discuss the stability and energy minimality properties of the corre-
sponding degree-zero homogeneous extensions, the so-called tangent maps, with respect
to the Dirichlet energy & in the class of S'-equivariant maps. Since the fundamental
papers by R. Schoen and K. Uhlenbeck [48-50], tangent maps are used to study the
local behavior of minimizing harmonic maps around possible singularities. As detailed
in Sec. 6, our main interest here relies in the fact that they allow as well to investigate
the local behavior around any point x € Q of S'-equivariant Q-tensor fields minimizing
&y in the class AB’:“(Q) Because of the extra symmetry constraint, this specific stabil-
ity /minimality analysis is really necessary in the present case, since we are not allowed
to apply the general results in [50] and [41] valid in the nonsymmetric setting.

As in the previous sections, we identify Sy with R @ C @ C and consider S*-valued
maps.
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Definition 4.1 (tangent map). We say that a degree-zero homogeneous map @ : R*\{0} —
S* is an S'-equivariant tangent map if

&z) = w (Iil) vz € R3\ {0}, (4.1)

and w : S? — S*is an S'-equivariant harmonic map (see Sec. 3). Correspondingly, we say
that & is the tangent map induced by the (S'-equivariant) harmonic sphere w : S? — S*.

Remark 4.2. A tangent map @ is smooth in R3 \ {0} (see Sec. 3) and belongs to
WI})’CQ(RS,S‘L). It is also S'-equivariant and weakly harmonic in the whole space R3.
Conversely, any weakly harmonic map from R? into S* which is 0-homogeneous and
St-equivariant is a tangent map (i.e., the 0-homogeneous extension of an S!-equivariant

harmonic sphere into S%).

To investigate the stability of tangent maps in the class of S'-equivariant maps into
S%, we need to recall the definition of the second variation of energy along admissible
deformations. We proceed as follows. Consider a tangent map @ : R3\ {0} — S*. Given
a compactly supported vector field X € C°(R3,R@®C & C) which is S'-equivariant (i.e.,
satisfying X (Rz) = R - X (x) with respect to (2.6) for every R € St and every x € R?),
we can find € > 0 small enough such that for every t € (—¢,¢),

- w+tX 19 4
@y = ——— € W2 (R3; SY).

CT Brax © Mee (R5S)
Clearly, {@W¢}te(—c,c) is a one parameter family of Sl-equivariant maps into S*, &; — @ is
compactly supported in spt X, and @y = @. The second variation of the Dirichlet energy
&y of @ evaluated at X is defined as

d2

$E0(@)(X] = 2

Eo(@e, B,)| (4.2)
t=0

where the radius p is chosen in a way that spt X C B,,.
The explicit representation of the second variation §2£y(&) follows from classical com-
putations as in [50] (see also [42, Chapter 1]), and it is provided in the following lemma.

Lemma 4.3. Let @ : R3\ {0} — S* be a tangent map. For every S'-equivariant vector
field X € C*(R*R @& C & C), we have

§°Eo(@)[X]

= / {|VX|2 + 4@ -X)? = [ XP) VO] — V(@ - X))? —4(& - X)VX : va} da

R3
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_ /{|VXT|2 — Vel X7} dr, (4.3)
RS

where X1 = X — (@ - X))@ is the tangential component of X along @ and & - X denotes
the pointwise scalar product of the two functions as elements in the underlying real vector
space.

Classically, we shall say that an S'-equivariant tangent map @ is stable if the quadratic
form §2&,(@) is nonnegative, i.e.,

62E)(@)[X] =0 for every S'-equivariant X € C2°(R3 R @ C @ C). (4.4)

If a tangent map @ is not stable, we shall say that it is unstable.

A stronger property than stability for a tangent map is to be minimizing. We say that
an S!-equivariant tangent map @ is locally minimizing if it is energy minimizing in every
ball B,, i.e., for every p > 0 and every S'-equivariant competitor w € W'2(B,; S*) such
that spt(@ —w) C B,,

50((:), Bp) < 50(’[1}, Bp) . (45)
(Note that by 0-homogeneity it is enough to consider minimality in the unit ball Bj.)

Remark 4.4. According to this definition, locally minimizing S'-equivariant tangent maps
are indeed stable in the sense of (4.4) by the second order condition for minimality.

We are now ready to state the main result of this section, whose proof is the object
of the following two subsections.

Theorem 4.5. Let @ : R3\ {0} — S* be a nonconstant S'-equivariant tangent map.

1) If the range of @ is not contained in R & C & {0} ~ Lo @ Ly, then & is unstable.
2) The map @ is locally minimizing iff there exists @ € R such that &(x) = +R,, -
wé}f (ﬁ) with wé}l) the equatorial embedding in (3.12) and R, € S' acts as in

(2.6).

Applying explicitly the identification Sg ~ R & C & C in Lemma 2.2, straightforward
calculations yield the following two useful corollaries of Theorem 4.5 for the correspond-
ing maps & into S* C Sp.

Concerning unstable maps the following Corollary recovers the instability result from
[16, Proposition 4.7] for the constant norm hedgehog (see also [29, Theorem 1.2 and
Remark 1.3] for a related instability result for the non-constant norm hedgehog in the
entire space under symmetric perturbations).
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Corollary 4.6. Let & : R3\ {0} — S* C Sy be the tangent map induced by the Veronese
embedding wH) in Remark 3.9, i.e., the harmonic sphere in (3.17) with p1 = pa = /3.
Then & = H, where H is the constant norm hedgehog given in (1.23). As a consequence,
the map H is unstable with respect to S'-equivariant perturbations.

For locally minimizing tangent maps we have the following result.

Corollary 4.7. Let @ : R3\ {0} — S* C Sy be a locally minimizing tangent map. Then
there exists o € R such that @ = Q) or & = —Q®, where Q') is the matriz-valued

map given in (1.18).
4.1. Instability of degree-two and linearly full tangent maps

For the reader’s convenience we restate the first part of Theorem 4.5 in the following
result.

Proposition 4.8. A tangent map & whose range is not contained in REC H{0} is unstable.

The proof of this proposition relies on the classification of all S'-equivariant harmonic
spheres into S* provided by Theorem 3.19 and Proposition 3.6. We start with a reduction
to real parameters in the representation of harmonic spheres.

Lemma 4.9. Let w : S? — S* be a nonconstant S*-equivariant harmonic map as in (3.17)
with complex parameters jui, s € C. If w = (wo,w1,wsz) and for s = (s1,s2) € R? we
set

ws = (wp, e"*'wy, e 7wq)

then wy is harmonic and S'-equivariant, moreover the induced tangent map @, is stable
if and only if & is stable. In particular, @ is stable if and only if the tangent map &5 is
stable, where w, denotes the harmonic map with parameters |1, |p2].

Proof. The first statement follows immediately from (3.2) and (2.6), noticing that
[Vw|® = |Vw,|?. The second is a direct consequence of the first and of the second vari-
ation formula (4.3). Indeed, for every S'-equivariant test vector field X = (Xg, X1, X2)
with tangential part along w given by X7 = X — (@ - X)@, we can consider the rotated
vector field X, = (Xo, ' X1, €?%2 X5) and its tangential component (X,)7 along wy. It’s
easy to check that |(X,)r|? = | X7|?, [V(Xs)7r|? = |[VX7|? and

€0 (@)[X] = 6°Eo(w5)[Xs]

As a consequence, X destabilizes @ if and only if X, destabilizes w;, therefore the first
equivalence is proved.
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The last claim is now obvious, choosing s = (s1,s2) such that e®iu; = |u1| and
iSQ

€"52 1y = |po| and checking that w; = w} in view of (3.17). O

Remark 4.10. As a consequence of the previous lemma, in what follows the functions w1,
wo in (3.6) corresponding to (3.17) will be always considered as real-valued.

As a second step, we observe an easy consequence of stability inequality (4.4).

Lemma 4.11. Let @ : R\ {0} — S* CR & C & C be an S*-equivariant tangent map
induced by a harmonic sphere w as in (3.17) with pi,pus > 0. If & is stable then w
satisfies the following inequality:

1 2
/92 |Vw|* dvolg> < / 292 + 10pg)? + —L— b duols:, (4.6)
4 sin” 6
S2 S2
for all g € C*(S?) which depend only on the colatitude 0 and vanish at the poles.

Proof. First we fix X € C(R3\ {0};R & C & C) an S'-equivariant deformation vector
field which in polar coordinates has the form

X = (0,%(r,0)ie*,0), (4.7)
with ¢ € C§°((0,400) x (0,7); R).

Since 1 € R then (3.17) yields @ - X = 0 and from (4.3) we have (recall that & is
degree-zero homogeneous)

2 2
Pea@Ix] = [ {45 19wl + ol + 5 (100wl + S5 ) | ae

sin? 0
R3

where Vw is evaluated at ﬁ

We now decompose 9 (r,0) = ¢(r)g(0), with ¢ € C((0,+c0)) and g € C§°((0, 7)),
hence the stability property (4.4) yields for any ¢ and g the inequality

2 2 2 2
Pea@x] = [ {28 [l + 2 lorel + % (100 + L) b ac >0,

r2 72 sin? 6
RC’)

Now optimize with respect to ¢ using the sharp Hardy inequality. Integrating with
respect to 7 € (0,00) and on S? separately, we conclude that for any g € C§°((0,7)) we
have

1
/ {92 [Vwl|? + 192 + 99g]? +
SQ

2
9 9} dvolgz > 0.

sin?
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Finally, by a standard approximation argument in the C'-norm on the function g the
previous inequality yields (4.6). O

The last lemma we need is a straightforward consequence of a general fact about
harmonic maps from S? into spheres together with S'-equivariance.

Lemma 4.12. Let w : S? = S* CR @ C @ C be an S'-equivariant harmonic map as in
(3.17). Let p1, 2 = 0 and write w in the form w = (wo(0),w1(0)e'?, wa(0)e??) as in
(3.6), with wy,wsy real-valued. Then,

4 2
/wg |Vw|? dvols> = / {|agw2|2 + ‘”22} dvols: . (4.8)
sin“ 6

S2 S2

Proof. Suppose u : S? — S¢ C R4*! is harmonic. Let (e;)%_, be an orthonormal basis
for R4 and u; the components of u with respect to this basis, so that v = >, uie; and
u solves Au+ |Vul?u = 0, ie., Au; = — |Vul*u; for each i =0, ..., d.

Since each u; is a smooth function, evaluating Au? we have
2
"

1
§Au? = u;Au; + |Vu;

whence the harmonic map equation together with the divergence theorem yield

/uf |Vul® dvolg: = / |Vu;|* dvolg:.
S2 S2

Taking d = 4 and u = w as in equation (3.6), identity (4.8) follows by summing the last
equality over ¢ € {3,4}. O

We can finally prove the main result of this subsection.

Proof of Proposition 4.8. As a consequence of Lemma 4.9 it is enough to prove the
claim when the harmonic sphere w has parameters p1, pio > 0. In view of its degree-zero
homogeneity we can write & in the form &(6, ¢) = (wo(6), w1 (0)e™?, w2 (0)e*?) = w(8, ¢),
i.e.,, with w as in (3.6) and with wy # 0. Suppose, for a contradiction, that @ is stable.
Observe that, because of the explicit formulae (3.17), the function wo satisfies the same
hypotheses as ¢ in the statement of Lemma 4.11, so that it can be plugged into (4.6) to
obtain

1 2

/w% [Vw|? dvolg> < / ~w2 + |Bpwal® + 'wg dvolsz. (4.9)
4 sin” 6

S2 S2

On the other hand, using (4.8) for the left hand side and comparing to (4.9), we see that
stability of @ implies
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3 1
/mwg dvolg2 < /ng dvolsz ,
S2 S2

which is clearly impossible because wo # 0. Thus @ cannot be stable and the proof is
complete. O

4.2. Minimality of degree-one tangent maps

In this subsection we complete the proof of Theorem 4.5 by establishing claim 2). We
first prove that the equator map @eq(z) = (ﬁ, 0) is locally minimizing with respect to
compactly supported perturbations, whence the same clearly holds also for the rotated
maps £ R, - Weq because of the invariance of & under isometries on S4.

Proposition 4.13 (Equivariant minimality of the equator map). Let @ : R3\ {0} — S*
be the tangent map defined by w(x) = wé(ll) (‘i—‘), with wéa) the equatorial embedding in

(3.12). Then @ is locally minimizing with respect to compactly supported S*-equivariant
perturbations.

Proof. By the degree-zero homogeneity of @, it suffices to prove the minimizing property
in By. Let u € W12(B;;S*) be an S'-equivariant map such that uls: = &gz = wé}l).

Write
u = (ug,u1e’®, uze*”) eR®C & C,

where in polar coordinates u; = w;(r,0), i = 0, 1,2, because of equivariance; here ug is

) . . 1,2
real-valued while u;, ug are generally complex-valued. Moreover functions w; are in W
away from the symmetry axis with

2 "LL1|2 + |4UQ|2

1
/|Vu|2 dx = / |0,ul® + 2 |Ogu|” + dz < 00. (4.10)
B B

r2sin2 6

It follows easily from the previous relation together with the 1-d Sobolev embedding in
the variable 6 that for a.e. radius r € (0,1) the functions u;, us are continuous on the
sphere {|z| = r} and vanish at poles, i.e., at § = 0 and § = 7. In addition, the boundary
condition on dB; = S? implies that uy = 0, while u; = sin @ and ug = cos 6 respectively,
in the sense of traces on S2.

Now we use a trick similar to the one exploited in the proof of [30, Theorem 1.3], that
is, from u we construct the auxiliary comparison map

u = (ﬂ()aﬂlaaZ) - (uoa \/ |ul‘2 + |u2|26i¢’0> ‘



F.L. Dipasquale et al. / Journal of Functional Analysis 286 (2024) 110314 45

In view of (4.10) it is routine to check that @ € W12(By;S*%), @ is S'-equivariant and
1)

Usz = weq -
We claim that &y(u) < E(u). Indeed, a simple calculation gives

2 2 2 2

or

2 2
_ \Vr,euo|2 + |Vr,9ﬁ1|2 + lua|” + |ua|”

1
2

1
2

00

0ty

90

_2 |0
Val” = or r2sin% 6

1 |om
o

r2sin®4
where |Vngu0|2, \Vr,gﬂ1|2 are defined in an obvious way from the first line above. Now,
note that

1

———— [u1Vrpur + uzvr,eu2|2 < |V7.79u1|2 + |V7-,9U2\2-
lur|” + |usl

|v7',9ﬂ/1 |2 -

To conclude that (@) < E(u), it now suffices to note that the previous relations yield

Jur|? + 4 uz|?

B 2
r2gin?6 [Vul™.

IVa)* < |Viguol> + |Vigur|” + [V gua|® +

Thus, 4 can be regarded as a map in W12(By;S?) that coincides with wéé) on 0B, = S?
(1)

eq
in W12(By;S?) subject to its own boundary condition (see [10, Theorem 7.3]), we have

Eo(@eq) < Eo(1) < E(u), and this concludes the proof. O

and having lower energy than u, as claimed. Since @, is minimizing among the maps

In order to conclude the proof of Theorem 4.5 we need the converse of Proposition 4.13,
i.e., we need to show that any locally minimizing tangent map @ has actually the form
TRy - wéé) (I%) for some o € R. To see this, we first recall that in view of Remark 4.4
any locally minimizing tangent map is stable, therefore the first part of Theorem 4.5
yields @y = 0, hence the corresponding harmonic sphere w is linearly degenerate. It

follows from Proposition 3.6 that

~ _ x
o) =2l 003" (e (1))

for some p; € C \ {0} and by assumption it is locally minimizing among equivariant
S%-valued perturbations. Writing p; = 6e’®, with & € R and § > 0, and in view of the
S'-equivariance of both 5 and wéé) with respect to the rotation R, = €', it remains
to prove that § = 1.

It follows from the previous argument that the map v(z) = o5 * (6 oo (I‘;—O) is locally

minimizing among compactly supported symmetric perturbations in Wli’f(RB; S?) and it

remains to infer that, because of local minimality, 6 = 1. This is a classical argument from
[10, Theorem 7.3] which requires minor modifications because of symmetry. Following
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[54, Chapter 2, p. 21], v is stationary with respect to equivariant inner variations, i.e.,
for any S!'-equivariant vector field ® € C5°(By; R?) we have

0= %50 (vo (id + t))

:/|Vv|2div<I> —2((Vu)'Vv) : Vo dz.
t=0

B1

Choosing admissible vector fields ® = pes, with e = (0,0,1) and ¢ € C5°(B;1) a
radial function, we have Vu(V®)' = 0, because v is degree-zero homogeneous and, if
© = ¢, is a sequence of radial functions increasing to xp, and bounded in Wil we
have div ®,, = z3H?LS? as measures in R?. Passing to the limit in the previous equality
we obtain

/:U3|Vv|2 dvolgz =0, (4.11)
S2

and the conclusion 6 = 1 follows exactly from [10, p. 678] (see also [23, p. 125]) because
the energy measure |Vov|? dvolgz has barycenter at the origin if and only if § = 1 (note
that the analogues of (4.11) in which 3 is replaced by x1, 2 are obvious because of the
invariance of |Vo|® under the S'-action).

5. Compactness of minimizing S*-equivariant maps

In this section, we discuss compactness properties for equivariant minimizers of the
Landau-de Gennes energy (1.8) both in the interior and near the boundary. Such results
will be used both in the next section for the proof of the partial regularity Theorem 1.1
and in the final section of the paper to obtain existence of minimizing torus and split
solutions to equations (1.10) as described in Theorem 1.2 and Theorem 1.3 respectively.
The results presented here are the natural counterpart in the LdG case of the Luckhaus
compactness Theorem for harmonic and p-harmonic maps established in the influential
paper [43]. As in the harmonic map case, the key technical step is the construction
of comparison maps by a gluing argument, in the spirit of the Luckhaus interpolation
Lemma from the reference above, to exploit the local minimality property and turn it
into a compactness one. Here, inspired by a similar construction in [23, Proof of Theorem
4.2] for axially symmetric maps into S?, we give a simple self-contained construction of
equivariant competitors both in the interior and near the boundary which is well-suited
for our case. We refer the interested readers to [20, Lemma 4.4] for a similar but much
more complicated construction of equivariant competitors in the interior in the context
of minimizing harmonic maps between Riemannian manifolds equivariant with respect

to fairly general group actions.
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5.1. Local compactness

We consider a sequence of minimizers of functionals £ defined as in (1.8), with po-
tential energy W given by (1.9).

Theorem 5.1. Let {\,} C [0,00) be such that A, — A« € [0,00), and {Q,} C
W2 (By;S*). Assume that each Q, is minimizing Ex, (-, B1) among all Q € W2 (Bu;
S*) such that Q@ = Q,, on dBy. If sup,, Ex, (Qn, B1) < 0o, then there exist a (not rela-
beled) subsequence and a map Q. € W2 (B1;S*) such that Q, — Q. weakly in W' (By)
and Q, — Q. strongly in Wﬁ)f (B1). In addition, Q. is minimizing Ex, (-, B1) among all
Qe W;y’fn(Bl; S*) such that Q = Q. on OB;.

Proof. By assumption, the sequence {Q,} is bounded in W12(B;). Hence we can find
a subsequence and a map Q. such that Q,, — Q. weakly in W12(B;). By the compact
embedding of W2(B;) into L?(By), we have Q,, — Q. strongly in L?(Bj), and extract-
ing a further subsequence, @, — Q. a.e. in By. Moreover, by dominated convergence,
we then have

W(Q,) — W(Q.) in L'(B). (5.1)

As a consequence of the pointwise convergence we also deduce that the S*-constraint
and the S'-equivariance property are weakly closed, hence Q. € W2 (B1;S*).

In what follows, we shall first prove the local strong convergence of the sequence {Q,}
in W2, and then the minimality of @),. We start fixing an arbitrary parameter § €
(0,1/2) and a competitor Q € W2 (Bi1;S*) such that spt(Q — Q) C Bi_s. Extracting
another subsequence if necessary, by Fatou’s lemma and Fubini’s theorem, we can find

a radius p € (1 — 0, 1) such that

lim / Qn — Qu|?dH? =0 and / (IVian@Qnl? + [VeanQu|?) dH> < C, (5.2)
aB oB,

for a constant C' independent of n. Here Vi,, denotes the tangential gradient along
spheres. Set D, := B, N {xz = 0} to be the disc of radius p centered at the origin and
lying in the vertical plane {2 = 0}. Using spherical coordinates (r, ¢,6) on By, we infer
from (5.2) and the S*-equivariance of Q,, and Q. that those maps belong to the weighted
Sobolev space W2 over 9D, \ {z1 = 0} with respect to the weight |z |. Moreover, since
by equivariance the integrands in (5.2) do not depend on ¢, we have a uniform bound
on the sequence

/ |$1|(|V81Qn|2 + |VS1Q*|2) dH' < C,
oD,
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where Vg1 = 0y stands for the tangential derivative along the circle 0D,. In particular,
@n and Q. are absolutely continuous on 9D, \ {1 = 0}.

We now consider the sequence oy, := ||Qn — Q« HlL/Q?EaBP) +27" — 0. Using the absolute
continuity of @, and Q. on 9D, \ {z1 = 0}, we estimate by ld-calculus and Cauchy-

Schwarz inequality,

sup |x1|2|Qn - Q*|2 <
ame{‘zl‘>%}

W=
W=

c /|x1||vs1<cznf@*>|2d%1 /|x1||cznf@*|2cm1
oD, oD

P

+C / |21]|Qn — Qu|* dH* .

oD,

Still by S'-equivariance, we deduce from (5.2) that

sup Qn — Qu]? <
0BpN{(z}+a3)1/22 252 }

N
S|

Co,* / |Vian (Qn — Q)% dH? / |Qn — Quf? dH?
OB IB
+ Co,? / |Qn — Q.?dH?* < Co,. (5.3)
a8,

We now introduce the subsets

T+ = {:c € By\By1_ony : (z3+ 232 < %|x\7 +r3 > O}7

LE = {xe B\ By, : (2 +23)'/? = 07”|x|7 3 >O}7
and

An = (By\ Bpi—o)) \ (T, UT,)) -

We define for = € A,

o) 1= Qu () + LU= ) (o) - ()

POn |z|

Then we have by (5.2),
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/ [V, |* dz < Co, / (IVeanQn|? + |Vian @ [*) dH? + Co ! / Qn — Q.|* dH?

An 0B, 8B,
< Coy, (5.4)

and by (5.3),

sup dist? (v, (), S*) < Co,, . (5.5)
T€EA,
Using the equivariance of v,, and the fact that |Q,| = |Q«| = 1, we have |Vianv,|? <

Co, 2, H}(LE) < Co? and finally

/ \Vianvn|? dH? < Co, *HA(LE) < C. (5.6)

L

Then we set for x € 8Tni,

Qn(z) if v € 0T NOB,,

wn(l‘) =9 Qx < v ) ifxe GT;—L N aBp(l_an) R

1—o0,
U () ifreLf,

and we extend w, to TF by 0-homogeneity with respect to the center point af :=
(0,0,£p(1 = %)), ie.,

.-
wp(x) =w T % for x € TE\ {al}.
n n |$_a%| n n

Combining (5.2) and (5.6), we derive that

/|an|2dx<00n / |vtanwn|2dx

T oTiE
<Co, / (Ven@ul? + |VeanQul?) dH? + Cop < Co . (5.7)
0B,

Finally, we extend w,, to the whole annulus B, \ B,1_,,) by setting

wy(x) :=v,(x) forx € A,.

By construction, w, € W32 (B, \ By(1—0,); So), and we infer from (5.4), (5.
that

t
ot
=
&
=}
o
—
ot
EN|
N~—
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/ Vw2 dz < Cory, (5.8)

BP\Bp(lfun)

and

sup dist?(w, (z),S*) < Co, .
z€By\By(1-0p)

As a consequence, |w,| > 1/2 for n large enough, and we can define a competitor
Qn € W2 (B1;S*) by setting

Q=) iflal<pl-0v),

1—o0,
n(x) := |an)| if p(1—o0n) < lz| <p, (5.9)

Note that each map @Q,, in (5.9) is equivariant and W2 because we are gluig together
equivariant maps which are W? on each subdomain and on the spheres {|z| = p} and
{|z] = p(1 — 0,,)} the traces on both sides agree by construction of w,,.

By minimality of Q,,, we have €, (Qn, B1) < Ex, (Qn, B1), which reduces to

g)\n (Qna Bp) < g)\n (an Bp) ) (510)

since Q,, = Q,, in By \ B,. By (5.1) and dominated convergence, we have

lim )\nW(Qn)dm:/)\*W(Q*)daz and  lim AnW(Qn)d:v:/)\*W(Q)dx.

n—oo n—oo
B, B, B, B,

On the other hand, in view of (5.8) we have

VQ.|*dr = (1—0,) [ IVQ|*dx + IVQ,|? dx
/ 7,

Bﬂ\Bp(lfon)

<(1- an)/|VC_2|2dx +C / |Vw,|? dz
BP

Bp\Bp(lfan)

<(1—o,) / IVQ|? dzx + Co,,
BP
where we have used that |w,| > 1/2 in the first inequality. Therefore, £, (Qn, B,) —

&x.(Q, B,). By lower semicontinuity of the Dirichlet energy & (-, B,), we infer from (5.10)
that
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Er.(Q4,By) < lim_lirnfé'o(Qn, B,) + / AWV (Qy) dx
n— oo
BP

< limsupSO(Qn,Bp)+/)\*W(Q*)dx <E(Q,B,). (5.11)

n——+oo
BP
Since @ = Q. in By \ B,, we deduce that
Ex.(Qu; B1) <E.(Q,B1). (5.12)

In view of the arbitrariness of @, we may have chosen Q = Q., in which case (5.11)
shows that (Qn, B,) — &(Q+, B,). Combined with the weak convergence in W12 it
leads to the strong W' 2-convergence of Q,, toward Q. in B,, and hence in Bj_;.

By arbitrariness of §, we have thus shown that @, — Q. strongly in Wlif (By), and
(5.12) holds for every Q € W2 (B1;S?*) such that spt(Q — Q.) C By.

Finally, in order to prove the minimality of @), with respect to its own boundary
condition, we now consider an arbitrary Q € W2 (By;S*) such that Q = Q. on 9B;.

sym
For € € (0,1/4), we set

Q«(x) ifl—e<|z| <1,
Qu(z) == Q*<(2—25—\x|)‘i—|) if1-2 <|o|<1—¢,
~ x
i <1-— .
Q(l—?s) if |z <1—2¢

Straightforward computations yield

(1= 26)E1—2092.(Q, B1) < Ex,(Qe, B1) < Ex.(Q, B1) + CEx. (Qs, By \ Bi—),

so that &, (Q.,B1) — &.(Q,B;) as ¢ | 0. Since Q. € W2 (B1;S?) satisfies
spt(Q- — Q.) C B;_., from the previous part of the proof we have £y, (Q.,B1) <
Ex. (Qe, By). Letting € — 0, we conclude that &y, (Q., By) < &, (Q, B1), and the proof

is complete. O

Remark 5.2. In the case A\, = 0, Theorem 5.1 tells us that the limiting map @, is minimiz-
ing the Dirichlet energy among all S'-equivariant maps with values in S* agreeing with
Q@+ on 0B;. In particular, Q). is a weakly harmonic map in By, see e.g. Proposition 6.2.

Remark 5.3. In the particular case A\, = A, = 0 the previous result reduces to a local
compactness property for equivariant harmonic maps into S* and it is just a particular
case of the much more general statement established in [20, Proposition 4.6].
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5.2. Compactness up to the boundary

For an axisymmetric open neighborhood U of a point 2y € 92 N {z3-axis}, we shall
assume on U that

U N has a Lipschitz boundary, (5.13)

and that there exists a Cl-diffeomorphism ® : By C R® — ®(B,y) C R? satisfying

@(0) = Zo;
® is symmetric, i.e., ®(Rz) = R®(z) for all R € S! and for all = € Bs; (5.14)
®(B1) =U, ®Bf) =UNQ, ®B1N{zs =0}) =UN, ®OB1N{zs > 0}) C

where we have set B := By N {x3 > 0}.

Remark 5.4. If 99 is of class C' and rotationally symmetric then a sufficiently small
neighborhood U of a given point g € 9Q N {x3-axis} satisfying properties (5.13)-(5.14)
above clearly exists and indeed it is enough to choose U = B,(z¢) for a radius » > 0
small enough.

Theorem 5.5. Let xg € 90 N {x3-azis} and U an axisymmetric open neighborhood of
zo satisfying (5.13)-(5.14) above. Let {QF} C C1(0Q;S*) be a sequence of boundary
conditions satisfying

sup / |VtanQ§|2dH2<+oo. (5.15)
" vhen

Let {\,} C [0,00) be such that A, = A« € [0,00), and {Qn} C AZ’?(Q) Assume that
Qn is minimizing €y, over Ag{?‘(Q) If sup,, Ex, (Qn, U N Q) < oo, then there exist a
(not relabeled) subsequence and Q. € W2 (U NQ;S*) such that Qn — Q. strongly in
Wiee (UN Q).

Proof. We proceed as in the proof of Theorem 5.1, and we partially sketch the argument,
focusing on the main differences. First, we infer from the uniform energy bound that there
exist a subsequence and Q. € W32 (UNQ; S*) such that Q,, — Q. weakly in W2(UNQ),
Qn — Q. strongly in L2(UN Q) and a.e. on U N Q. Then, W(Q,,) — W(Q.) strongly in
LY (UNQ).

We now consider the maps Q, = Q, o ® € Wsly’?n(Bfr; S*) and Q. = Q.0 ® €
WLZ (B;S*) (note that the S'-equivariance of Q. and @, follows from the equivariance
assumption on ®). Then, Q, — Q. weakly in W2(B;), and Q,, — Q. strongly in
L?(B;") because the corresponding properties for {Q,,} are preserved under composition
with the diffeomorphism ®. By weak continuity of the trace operator, we also have @n -
Q. weakly in W/22(B; N {z3 = 0}), and hence Q,, — Q, strongly in L2(B; N {z3 = 0})

by the compact embedding W'/2 <+ L2, On the other hand, assumption (5.15) implies
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that (the traces of) Q, are bounded in W12(B; N{z3 = 0}), and thus Q,, — Q. weakly
in W1’2(31 N {333 = O})

We fix an arbitrary parameter § € (0,1/2), and we aim to show that Q, — Q.
strongly in W12(®(B;" ;)). Since Qn — Q. weakly in W2(By N {3 = 0}), arguing as
in the proof of Theorem 5.1, up to a subsequence, we can find p € (1 — 4, 1) such that

tim [ 1Ga = QPP =0 and [ (Vin@al + Vi@ P) a2 < . (5.10)
OBy aBy

It is now convenient to consider a biLipschitz (i.e., invertible Lipschitz map with Lipschitz
inverse) map ¥ : B, — E: satisfying the properties

e U(Rr) = R¥(x) for every R € St;
. \I/(&'Bp N {1’3 > 0}) = (9B;r n {IEg = 0},

and to define Qn(x) = Qn(¥(x)) and é*(x) = Q. (¥(x)) for z € B,. Then, Qn, Q. €
Wk2 (B,;S*), and for the corresponding traces on 0B, the estimate (5.16) yields

sym

lim / 0, — O.|2dH? = 0 and / (VeamQnl? + [VeanQu ) dH2 < C. (5.17)
0B,

0B,
Setting oy, = H@n - é* H}Z/;EBB )-&-2_” — 0, we proceed as in the proof of Theorem 5.1
to construct a sequence w, € W2 (B, \ By(1—s,); So) satisfying w, (x) = @n(x) on 0B,
and wy,(z) = Q*(ﬁ) on dB,(1_,,), together with the bounds
|an\2 dr < Coy, (5.18)
BP\Bp(lfvn)
and

sup dist?(w, (z),S*) < Co,,
TEBL\Bp(1-0p)

for a constant C' > 0 independent of n.
When n is large enough, we have |w,| > 1/2, and we can then define a map Q, on Q

by setting
Qn(z) forz € Q\ ®o ¥(B,)
On(z) = &Z&_i ° i_ig;; for 2 € ® o W(B,\ Byi_o,)).
Qx (<I> o \I!(\Ij_llo_q:: (x))) for x € ® o ¥ (B,(1-s,)) -
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By construction, Q,, € Agr'(2), so that &x,(Qn) < Ex, (Qn). Since Q, = Q,, outside
® o U(B,), the last inequality reduces to &y, (Qn, ® 0 ¥(B,)) < &, (Qn, ® 0 ¥(B,)). On
the other hand, it follows from (5.18) that

g)m (an Po \II(B/) \ Bp(lfo'n))) — Oa

and by a change of variables,

5)\71 (an o \II(Bp(l—Un))) — g)\* (Q*a ®o \IJ(BP)) .

Hence, &y, (Qn, ®o¥(B,)) — Ex. (Q+, PoW(B,)). By lower semicontinuity of the Dirichlet
energy and the established convergence of the potential term, we have

E0.(Qu® 0 U(B,)) <lminf &y (@, @ o U(B,))

<limsup &y, (Qn, P o ¥(B,)) < &, (Q+, PoV(B,)).
n—oo
We have thus proved that £y, (Qn, P o ¥(B,)) = Ex, (Q«, P o ¥(B,)). As in the proof of
Theorem 5.1, it implies the W' 2-strong convergence of @,, in the open set ® o U(B,) =
®(B]), whence the strong W'2-convergence in the smaller open set ®(B|" ;). Finally,
as 6 1 0 we have ®(B]" 5) 1+ U NQ and the conclusion follows. O

Remark 5.6. Theorem 5.5 can be easily extended to the case of varying domains €2,
depending on the sequence index n. This case is of specific interest when analyzing
blow-up sequences at the boundary as we will do in the next section when discussing
boundary regularity properties for energy minimizers. To this latter purpose, we consider
a sequence {2, } ,en of axisymmetric bounded open sets such that z¢ € 99, N{z3-axis}.
We assume that for a fixed axisymmetric neighborhood U of x( there exists a sequence
of Cl-diffeomorphisms ®,, : By — ®,,(Bz) satisfying (5.13)-(5.14) with U = ®,,(B1),
and such that ®, — 7,, as n — oo in C*(Bay), where 7, (z) := = + zo. This latter
condition implies that U N Q,, — B (zg) as n — oo in the Hausdorff metric. Under
these assumptions and (5.15), the conclusion (and proof) of Theorem 5.5 holds in the
following form: there exist a (not relabeled) subsequence and Q. € W2 (Bf (z0); S*)
such that @, o ®, — Q. o 7y, strongly in W2(B;) for every radius r € (0,1) (and in
particular, @, — Q. strongly in WIECQ (B (z0))).

6. Partial regularity of LdG minimizers under axial symmetry

In this section we provide the proof of Theorem 1.1 as outlined in the Introduction,
following the well-known strategy introduced in [48-50] for minimizing harmonic maps as
already adapted to the LdG context in [16] without the symmetry constraint. However,
the arguments here are similar, but sometimes deviate substantially from [16] as we
illustrate now.
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Our proof of the partial regularity is based on the results in Sec. 5 and 6 for axially
symmetric minimizers of (1.8) combined with the regularity results for arbitrary weak so-
lutions to (1.10) under smallness of the scaled energy from our previous paper [16]. Here,
the smallness property both in the interior and at the boundary automatically holds out
of the symmetry axis in view of a classical capacity argument for W2 functions, there-
fore the singular set is confined to the symmetry axis. When dealing with points on the
symmetry axis, we apply the general strategy by suitably modifying the arguments used
there because the minimality property is now available only in the restricted class of
symmetric competitors. Here monotonicity formulas are obtained through the same pe-
nalization trick from [16] adapted to the S'-equivariant case. Compactness of blow-ups
centered on the symmetry axis are obtained as in the previous section, through a Luck-
haus’ type interpolation argument but constructing the comparison maps by suitable
S'-equivariant extensions into spherical shells. The novelty when discussing the Liou-
ville property in the interior has been already pointed out in the Introduction whereas
the analogous Liouville property at the boundary is obtained as in the nonsymmetric
case, since only criticality and no energy minimality was used in [16]. As a consequence,
complete boundary regularity also follows in the present case.

Finally, the asymptotic analysis at isolated singularities relies instead on the classi-
fication and (in)stability results for tangent maps from Sec. 3 and 4 together with the
celebrated Simon-tojasiewicz inequality, adapting to our context the simplified proof
from [54] for the case of harmonic maps. We refer the interested reader to the introduc-
tion to Sec. 6.5 for further remarks on the proof.

6.1. Symmetric criticality & the Euler-Lagrange equations

In this subsection, we establish the Euler-Lagrange equation satisfied by critical points
of £, in the constrained class Wsly’fn(ﬂ; S*). As a preliminary step, we show that the
admissible class of symmetric configurations Ay ™ () defined in (1.15) is not empty for
any equivariant boundary condition of interest in this work, a fact which immediately

implies also existence of minimizers of £y over AZ™(Q).

Proposition 6.1. Let Q C R3 be an S'-invariant bounded open set with Lipschitz boundary
and let Qy € Lipgy,, (09;S*). Then AD(Q) is not empty. As a consequence, there exists
at least one minimizer of Ex over A" ().

Proof. Once we have proved that AB’;“(Q) is not empty, existence of minimizers is stan-
dard from the direct method in the Calculus of Variations. Indeed, whenever not empty
A () is sequentially closed under weak convergence in W2, (9 S*) (which is in turn
sequentially weakly closed in W12(Q;S*)) and &, is bounded below, coercive and lower
semicontinuous w.r.to the W2-weak convergence.

To show Ag™ () is not empty, there are two cases to deal with: writing £ = (z;, z)
for each segment £, C QN {z3-axis} as in Sec. 2, either we have Qy(z, ) = Qp(x}) for
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every k (Case 1) or there is a segment ¢j, at the endpoints of which the map @y, attains
different values (Case 2). Recall that, according to Remark 2.9, Qp, = +eq on B.

Case 1. As in Sec. 2, we consider D, = QN {zg3 = 0,1 > 0}. Let 1 denote the
restriction of @y to GD;S extended to each segment ¢j, as the constant corresponding to
the common value of @y, at the endpoints of the segment. Then 1) € Lip(0D¢; S*). Being
Lipschitz, 1/ omits at least a point P € S* (indeed, H!(¥(9D)) < Lip(v) - HH(IDE) <
00, where Lip(¢)) is the Lipschitz constant of 1, therefore ¢(8D+) can’t be the whole
S*), therefore the composition w = 0407, where a4 : S*\ {P} — R*is the stereographlc
projection from P, belongs to Llp(aDér ; R*). By McShane-Whitney extension theorem, 1/1
has an extension ¥ € Llp(D;g, R%). Letting ¥ := o, 'oW, we then have ¥ € Llp(D;g, S).
From ¥, we define a map ® € Lip,,,,(Q;S*) by letting ®(Rz) := R¥(z)R" for every
R € S! and every = € Dig Noticing that, by construction, ®|sn = Qv, we finally see
that ® € AJ™(Q2) and, by the boundedness of the potential, £x(®) is finite.

Case 2. In this case any S!'-equivariant extension of @, necessarily has singularities
and the argument below slightly deviates from the one used in Case 1 precisely to deal
with this fact. Let p < M + 1 (where M is as in Sec. 2) denote the number of segments
l, C QN {zs-axis} so that at the endpoints of these @, attains different values and
denote such segments 171, ly ... ,Zp, ordering them increasingly with the x3-coordinate of
their lower endpoint. For each j = 1,2,...,p, we pick the mid-point z; € Zj = (:E;, a:j)
and we fix a small § > 0 such that V := Uf_ Bs(z;) C Q and the union is disjoint
Let us set U := Q\ V and notice U N{; = (2 ,y; ) U (yJ , T x1), where Y5 s y are the
intersections of 0Bs(x;) with the x3-axis, ordered in the obvious way.

To construct the desired extension ® of @y, we first define ® := @}, on 9Q (in the
pointwise sense) so that, in particular, @(xji) Qb( ) for every 7 = 1,2,...,p. Then
we define ® on V' \ {x1,29,...,2,}. To this purpose, on each set Bs(x;) \ {xj} we let
®(z) = £Q(z — x;), where Q) is given by the formula (1.18) with a = 0 and
we take the positive sign if Qu(z;) = —ep and the negative sign otherwise, i.e., if
@b(7;) = eo. Thanks to this sign convention, we thus have @(xji) = O(y; *) for each
j=1,2,...,p. Therefore we can extend ® to each segment ( T, yj_) resp. (yj \ T ), as
the corresponding constant at the endpoints. Noticing ® € O, (V\{z1, 22, ..., 2, }; S?),
we see ® is a well-defined S!'-equivariant Lipschitz map on OU and therefore, arguing
as in Case 1, we can extend ® to U in an S'-equivariant Lipschitz way. Because of
this, and since we also have ® € W2 (Bs(x;);S*) for every j = 1,2,...,p, we finally
deduce ® € AJ5"(Q2). Moreover, by the boundedness of the potential, £4(®) is finite.
This concludes the proof. O

A map Qy € WL2 (€;S?) is said to be a critical point of £ in W12 (Q;S*) if

sym sym
Q)\ + t(I) o 1,sym .
\ <|QA )| 0 vee CLm (0 S) | (6.1)
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while @, is said to be a critical point in the unconstrained class W12(Q;S%) if (6.1)
actually holds for every ® € C1(£2;Sp), see [16, Definition 2.1]. We shall prove in Propo-
sition 6.2 that a critical point in the symmetric class W2 (Q; S*) is always a critical point
in the global class W12(Q;S*) in the spirit of the general Palais symmetric criticality
principle [46]. Note that this principle does not directly apply here since W12(Q; S%) and
W2, (€ S*) are not Banach manifolds, and we need to prove it by hand (see also [20] and
[27] for a similar results in the context of harmonic and biharmonic maps respectively).

Proposition 6.2. If Q, € WZL2(Q;S*) is a critical point of Ex among maps in

sym

Wk2 (Q;S%), then Q. is a critical point of Ex among all maps W12(Q; S%).

sym

Proof. Arguing as in [16, proof of Proposition 2.2, Step 1], we derive from (6.1) that

/VQ,\ VD — (|VQ,\|2Q,\ + )\f(QA)) Bdr=0 Ve . (%S), (62)
Q

where we have set f(Q) := Q? — tr(Q*)Q. Still by [16, Proposition 2.2], it is enough to
show that (6.2) actually holds for every ® € C1(£2;Sp). To this purpose, let us fix an
arbitrary ® € C(;Sp). Given R € S, we define the “twisted action” of R on ® by
setting

R+ ®(z) := R®(R'z)R",
and we set

P° = /R x*ddh,
NES
where h denotes the normalized Haar measure on S!. Since R’ * (R * ®) = (R'R) x ®,

using the invariance under translations of b, we obtain R’ * @ = ®° and in turn ®° €
Cl . (9 8p), which is indeed the subclass of deformations fixed by the twisted action

¢,Sym
of St on C}(Q;Sp).

By equivariance of @y, we have Qx(z) = R'Qx(Rz)R a.e. in Q for every R € S
Using this identity, straightforward computations yield for every R € S!,

VQa(z) : VO(z) = VQA(Rz) : V(R* ®)(Rz) a.e. in Q,
and

(IVQA@)PQx(@) + Af(Qr())) : @)

- (|VQ,\(R1:)|2Q>\(Rm) v /\f(QA(Rx))) . (R+®)(Rz) ae. in Q.
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Integrating the previous identities over  and averaging over S!, using a change of
variables and Fubini’s theorem, we are then led to

/VQA : V@—(‘VQA‘ZQA + /\f(QA)) O dy
Q

= [{ [ @ Vo) - (9Q:PQs +27(@0) : (R x #) e fa

St Q
= [{ [ 7@ Vo) - (I9QuPQs+A1(@) : (R x #)dt
Q St

— [ 70y Ve~ (I9QAPQs +A7(Qu) s @ =0,
Q

thanks to (6.2), and the proof is complete. O
As a consequence of Proposition 6.2 and [16, Proposition 2.2], we thus have

Corollary 6.3. A map Qx € WL2 (Q;S*) is a critical point of Ex over WL2 (€;S*) if

sym sym

and only if it satisfies

~AQy = VAP A (@ - 31— 0(@D@:) 7@, (63)

Remark 6.4. If a map Qx € W32 (€2;S*) is a minimizer of £, among all Q € W2 (€;S*)

such that @ — @y is compactly supported in €2, then Q) is a critical point of &,. In
particular, if @y is minimizing €y over AZS™(Q2), then Qx solves (6.3).

Remark 6.5. The discussion above applies also in the particular case A = 0. In other
words, Qo € W2 (€;S?) is a critical point of the Dirichlet energy £ over Wk2 (Q;S*)
if and only if Q is a weakly harmonic into S* map in Q. In particular, if Q¢ is a minimizer
of & among all Q € Wsly’fn(Q; S*) such that @ — Qq is compactly supported in 2, then
Qo is a weakly harmonic map in 2.

6.2. Monotonicity formulas

The partial regularity for minimizers of €, in the symmetric class AZ™ () is based in
a fundamental way on (standard) energy monotonicity formulas for the scaled energy on
balls. Due to the symmetry constraint, such formulas cannot be directly deduced from
inner variations of the energy, unless the center of the balls is on the symmetry axis.
Here we rely on the results in [16, Section 2.1] which were developed precisely for this
purpose.
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Proposition 6.6. Assume that OS2 is of class C* and Qy, € C11(9Q,S*). If Qy € ASH ()
is a minimizer of Ex over Ay (Y), then Qy satisfies

1) the Interior Monotonicity Formula:

L6\, By (o)) - %SA(QA,Bp(xo» -
0Qx

| ol e *”/( | Qﬂdw) dt (6.4)

By (20)\B,(z0) Bi (o)

for every xo € Q and every 0 < p < r < dist(xg, 0Q);
2) the Boundary Monotonicity Inequality: there exist two constants Cq >0 andrg >0
(depending only on Q) such that

%&\(QM By (x0) N Q) — %&(Qx, B,(xo) N Q) = —(r — p) Kx(Qp, Q)

2

1
dzx

+
|z — x|
(Br(mo)\B (IQ))OQ

+2/\/<t2 / W(Qy) da:> it (6.5)

By (Io)ﬂQ

QA

0|z — x|

for every xg € 092 and every 0 < p < r < rq, where

K\(Qn,Qy) == Cq (||VtanQb||2Loo(aQ) + AMIW(@v) | L1 00) + ||VQA||%2(Q)) :
Moreover the quantity Kx(Qp, Q) in (6.5) satisfies

K\(Qv, Q) < Cq (HvtanQb”%N(aQ) + AW (Qv) L o0) + 5A(Qb)> . (6.6)

where Qy, € AB(Q) s any given extension of Qy, to Q.

Proof. We are going to prove that @, satisfies the assumptions in [16, Proposition 2.4]
(with Qref = Q). This will lead to (6.4) and (6.5). Hence, according to [16, Proposition
2.4], we consider for € > 0 the energy functional GL.(-;Q,) defined over W2(Q; Sp) by
L 2\2 1 2
GL(Q:Q) = 6@ + 15 [(- 1P dr+ 5 [l@-QaPdr.  (67)
Q

Q

Next we set for convenience
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Wo. () = {Qe Wsly’rzn(Q;So) :Q = Qy on 00} .

Since the potential W is nonnegative (see (1.9) and (1.1)), for each € > 0 the functional
GL.(+;Qy) is coercive on W12(;Sy). Moreover, GL(-;Q,) is lower semi-continuous
with respect to the weak W'--convergence (see [16, Proposition 3.1]). The class W™ (€2)
being closed under weak W'2-convergence, GL.(-;Q,) admits a minimizer Q. over
W, () by the direct method of calculus of variations. Such minimizer Q. is then a
critical point of GL.( ;@) over Wgybm(Q). Arguing exactly as in the proof of Proposi-
tion 6.2 (with minor modifications), the symmetric criticality principle holds and Q. is
actually a critical point of GL.(-; Q) over Wéf(ﬂ, So).

Now we consider an arbitrary sequence &, — 0. By minimality of Q, in Wj™(Q)
(which contains AF™(2)), we have

GLc, (Qe,; Qx) < GL:, (Qx; Q) = E(QN) - (6.8)

From this estimate, we can argue as in [16, Proof of Proposition 3.1] to find a (not
relabeled) subsequence and Q. € AZ™(Q) such that Q., — Q. weakly in W*(Q) and
strongly in L?(€2). By lower semi-continuity of £, and (6.8), we have

Ex(@Qx) < EXQ) + %/|Q* —Qx[Pdz < 1inrgi£fgﬁsn(an;QA) <ENQN),
)

sym

where we have used the minimality of @ in the class A5’ (Q) in the first inequality.
Therefore, Q. = @y and lim, GL. (Q., ;Qx) = Ex(Q»), which proves that the assump-
tions of [16, Proposition 2.4] are satisfied.

To complete the proof, it only remains to prove (6.6). It is a direct consequence of the
minimality of @x. Indeed, if Q, € AJ™(2), then IVOAlIZ2(0) < 260(@)) < 26\ (Qv),
which clearly implies (6.6). O

6.3. Compactness of blow-ups and smallness of the scaled energy
Proposition 6.7. Let Q be a minimizer of Ex over AZ™(Q). Given xo € QN {a3-azis}

and o > 0 such that By, (zo) € Q, consider the rescaled map Q3" € WL2 (B, /r; S*)
defined by

7 (x) = Qa(wo + 1) .

For every sequence r, — 0, there exist a (not relabeled) subsequence and Q. €
Wsly’fmloc(R?’; S*) such that Q3" — Q. strongly in VVI})CQ(]R?’) In addition, Q. is homo-
geneous of degree zero, and Q. is a weakly harmonic map which is energy minimizing

with respect to S*-equivariant compactly supported perturbations.
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Proof. Rescaling variables, we have

Zo,Tn 1
g/\r%( A ’ 7Bp) = r_g)\(Q)\;Bprn (xO))v

for an arbitrarily fixed radius p € (0,rg/r,). Using the monotonicity formula (6.4) we
see that the sequence {Q,} of rescaled maps, @, := Q3" is eventually bounded in
W1'2(B,) for any p > 0. Then the proof follows the argument in [16, Proposition 3.2],
using again the monotonicity formula (6.4), the compactness property established in
Theorem 5.1 (with @, := Q3™ and A, := Ar2), and taking also Remark 6.5 into
account. 0O

Proposition 6.8. Assume that 9S) is of class C* and @, € CLL (9;S*). If Qx is a

sym
minimizer of Ex over Ag ™ (Q), then

1
lim —5)\(Q)\, Br(l'o) n Q) =0 (69)
r—0 7r
for every xy € 00 N {x3-azis}.

Proof. Again, we essentially argue as in the proof of [16, Propositions 3.5 and 3.7] with
the help of the boundary monotonicity formula (6.5) and Remark 5.6 (which is based
on the proof of Theorem 5.5). Hence we only sketch the proof and refer to [16] for
details. First notice that the limit in (6.9) exists thanks to (6.5). Given a sequence

rn — 0, we consider for n large the domain €, := r;1(Q — z0). By smoothness of

01, for n large enough, U = Bj is an axisymmetric open neighborhood of the origin
satisfying the assumptions in Remark 5.6 (since there is no loss of generality to assume
that By N, — B;"). Considering as above the rescaled maps Q,,(2) := Qx(zo + rnz),
we infer from (6.5) and a rescaling of variables that €,z (Qn, B1 N2,) remains bounded
independently of n. Moreover, since Q,(x) = Qp(xg + rpx) for & € By N 0N, we
have [|Qn — Qu(x0)||z(Brno0.) + IVQnllLe(Bino0,) < Crn — 0. We can thus apply
Remark 5.6 to find a (not relabeled) subsequence and Q. € W2 (B ;S*) satisfying
Q. = Qv(xg) on By N {zs = 0} such that @, o ®,, — Q. strongly in Wl’z(B;r) and
Qn — Q. strongly in Wli’f(Bp*) for every p € (0,1), where the diffeomorphisms @,
satisfy @, (B;) = B1 NQ, and [|®, — id||c1(p,) — 0.

Rescaling variables, we deduce from (6.3) that @Q,, satisfies equation (6.3) in By N
Q,, with Ar2 in place of A. In view of the strong W'2-convergence of Q,, we deduce
that Q. is a weakly harmonic map in Bf' . On the other hand, letting n — oo in the
monotonicity formula satisfied by @,, as in [16, Proof of Proposition 3.5], we infer that Q.
is homogeneous of degree zero. As a consequence, Q. (z) = w(ﬁ) where w : S — S* is
weakly harmonic and satisfies w(z) = Qp(z0) on 8S% (here we have set S := S?N{z3 >
0}). Exactly as in [16, Proof of Proposition 3.7], it follows that w is constant, and hence
Q. = Qu(xo). From the strong convergence @, o &, — Q. in W1*2(Bf/2), we easily

deduce that Ex,2 (Qrn, B2 N Q) — EO(Q*,BT/Q) =0, so that
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1 2
l% ;(S’A(Q)\,BT(CL'()) N Q) = lim _SA(Q)\7BT‘H/2(:EO) N Q)

n—o0 T,

= lim 25,2 (Qn, B1/2 NQy) =0,
n— oo "
which completes the proof. 0O

Proposition 6.9. If Q\ is a minimizer of Ex over AZ™(Q), then
lim LE,(Qx, Bo(20) N Q) = 0
TI_I}'%) r A Ay r L0 -

for every mg € Q\ {x3-awis}.

Proof. By S'-equivariance of @) and the invariance under translations, we can assume
without loss of generality that zo belongs to the xi-axis. We set r¢ := |zg|. Using the
cylindrical coordinates x = (p cos(@), psin(@), z3) with p > 0 and ¢ € [0, 27), we observe
that for every r € (0,7q),

By(z0) € Gr(zo) == |J  Re-Dr(z0),
¢e(_¢7r;¢'r>

where D, (zo) := {z = (p,0,23) : (p — r0)*> + 3 < r?} and ¢, := arcsin(r/ro), therefore
Ex(Qx, B (70)NQ) < Ex(Qn, G, (20)NS). Combining the S'-invariance of the energy den-
sity, the equivariance of @ and Fubini’s Theorem, we infer that for every r € (0,rq/2),

1
;&\(Q,\,Gr(ﬂfo) N Q)
1
<Crg'! / <|5pQ,\|2 + E'Q?\‘ + 02, Qx> + AW(QA)))Pdexs
Dr(aco)ﬂ'DQ

(where Dgq is the section of  with the plane x5 = 0, see Definition 2.6). Since the
measure of D, (xo) N Dg goes to zero as r — 0, the conclusion follows. 0O

6.4. Partial reqularity

We split the proof of Theorem 1.1 in two steps. The first is presented here and concerns
the smoothness away from a finite set. The second one concerns the behavior around
singular points and it is postponed to the next subsection.

Proof of Theorem 1.1, Step 1. By the monotonicity formulas established in Proposi-
tion 6.6 (and the fact that W (Q,) is bounded), the limit

1 g
O(Quan) =lim oo [ IVQPde= lim 1E(QuBrw)NR) (610)

B (fo)ﬂﬂ
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exists at every zo € Q.

Combining Proposition 6.6 and [16, Lemma 2.6] with [16, Corollary 2.19] we obtain
the existence of a universal constant ;;, > 0 such that for every zy € (2, the condition
O(Qx, o) < €in implies Q@ € C¥(B,(zg)) for some radius p > 0 depending only on
xo and A. In particular, for every xzy € € the assumption @(Qx,x0) < €&j, implies
O(Qx,z) =0 for every x € B,(zo).

For points on the boundary, we invoke [16, Lemma 2.10] and [16, Corollary 2.20] in
place of [16, Lemma 2.6] and [16, Corollary 2.19], respectively. This yields the existence
of a constant €,q > 0 depending only on € and @}, such that for every xy € 012, the
condition ®(Qy, z¢) < epq implies Q € CH(B,(29)NQ). In view of Proposition 6.8 and
Proposition 6.9, we have @(Qy,xg) = 0 for every zy € 9. Consequently, @, is of class
C™9 for every 6 € (0,1) in a neighborhood of dQ up to 9. In particular ©(Qy,-) = 0
in a neighborhood of 9Q up to 9Q. Moreover, [16, Corollary 2.20] tells us that (%) if
Q1 € C*9(99) for some § > 0, then Qy is of class C%9 in a neighborhood of 9 up to
0% (i) if 99 is real-analytic and Qy, € C¥(99), then @, is of class C* in a neighborhood
of 002 up to 01.

As a consequence of the discussion above, the set ¥ := {x €Q:0Q\7r) > 0} is
a closed set which is contained in , and ¥ = {x €Q:0(Qyz) > ein}. In view of
Proposition 6.9, we also have ¥ C Q N {x3-axis}. Since we have proved the announced
regularity in Q\ ¥, it now remains to show that ¥ is a finite set. Since ¥ is a compact set,
it is enough to prove that all the points of ¥ are isolated. We argue by contradiction fol-
lowing a somehow classical argument (see e.g. [54, Section 3.4]). Assume that there exist
z € ¥ and a sequence {x,} C ¥\ {z} such that =, — Z. Set r,, := 2|z, — z| and define
(for n large enough) @, € WL2 (B1;S?*) by setting Qn(x) := QA(Z + 7). According
to Proposition 6.7, there exist a (not relabeled) subsequence and Q. € WSI},’IQHJOC(R3; S%)
such that @, — Q. strongly in w2

oX(R3) and Q. is degree-zero homogeneous and

weakly harmonic. Extracting a further subsequence if necessary, we can assume that
ro (2, — 2) = (0,0,1/2) =: a for every n (or, alternatively, r,, }(z,, — Z) = —a for every
n, a case for which the argument below is the same, up to obvious modifications).

As recalled in Sec. 4, if Q. € Wsly’i’loc(R:}; S%) is a degree-zero homogeneous weakly

harmonic map then Q.(z) = w (|£_|>’ for some harmonic sphere w € C:;m(SQ; S*). Thus
Q. € C®(R3\ {0};S%) and in turn ©(Q.,a) = 0. In view of this property, we can
find a radius p, € (0,1/2) such that p%é'o(Q*,Bp* (a)) < €in/2. Once again, by strong
W2 convergence of @Q,, we deduce that p%g/\r%(an B,.(a)) < €in for n large enough.
Scaling back, it implies that p*%né')\ (@x, Bp.r, (xn)) < &in for n large enough, and thus
O(Qx,x,) = 0. In other words, z,, ¢ 3 for n large enough, a contradiction. O

6.5. Uniqueness of tangent maps at isolated singularities

In this subsection we detail the second step in the proof of Theorem 1.1, concerning the
asymptotic decay of a singular minimizer to a unique tangent map at any of its isolated
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singular points. This property can be regarded as a consequence of the fundamental
result from the paper [52] and its further improvements and simplifications by the same
author in [54, Chapter 3] (see also [42, Chapter 2.5] for an account on the subject).

Since [52], the key tool to obtain this property is the celebrated Simon-Lojasiewicz
inequality recalled in Proposition 6.13 and, as in [42, Theorem 2.6.3] for the harmonic
map case, the power-type decay will depend on its validity with the optimal exponent
s = 1. Note that in our setting this validity is not obvious, since the space of harmonic
spheres Harm(S?; S*) is not a smooth submanifold of C?(S?;S*) (indeed, according to
[58] it is just a singular complex variety in the sense of Algebraic Geometry) and even the
integrability property of the Jacobi fields (see [54, Chapter 3.14] and [42, Chapter 2.6] for
explanations) along any of its element may fail because of the results in [40]. However, as
we detail below, in the present case the classification of minimizing equivariant tangent
maps from Sec. 4 allows to restrict the attention to the stratum Harmi(S?;S*) of har-
monic spheres with energy 47 which is a nice analytic manifold, whence the integrability
condition is obviously satisfied and the Simon-FLojasiewicz inequality (6.13) holds with
the optimal exponent.

Our proof of the asymptotic decay is a modification of the simplified argument from
[54, Chapter 3.15] for harmonic maps, taking into account the optimal exponent in (6.13)
but without using the integrability property at linearized level as in [42, Lemma 2.6.5]
or [53, Part II, proof of Theorem 6.6]. Here, instead, an elementary iterative argument
gives at once the power-type decay of the radial derivative keeping the rescaled map
at bounded small distance from any of its asymptotic limit. Then the L2-decay to a
unique limit, and in turn the C2-decay, follow, still with a power-type decay rate which
is however not optimal.

The following preliminary result allows to classify the possible blow-up limit and to
identify a first good approximation at some sufficiently small scale.

Lemma 6.10. Let Qx, Z, {r,}, Q”“ " and Q. be as in Proposition 6.7 and suppose in
addition T € ¥ = Sing Q. Then Q, = Q) , where Q%) is one of the maps described by
(1.18). In particular, up to subsequences

lim /
n—oo
B1

Proof. As Q) is a minimizer, we can apply the monotonicity formula (6.4) with p =

8@1 3T

Oz — Z|

dzx
|z — 2|

M / ‘Qz” Q*|2d$ =0.

B1\By 2

2
r, — 0 to conclude that ‘ BQ* ﬁ is integrable near x, hence

2
) :C sT'n 8@)\
lim = lim —
n—oo 8|x—x\ \x—x| n—oo Olz — x|

2 dx

— =0.
|z — 2|
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According to Proposition 6.7, for every sequence 7, — 0, the sequence Qi’r" has a
subsequence converging in VVI})C2 (R3) to Q., where @, belongs to Wsly’fnyloc(R?’; S*) and
it is a 0-homogeneous weakly harmonic map minimizing the Dirichlet energy with re-
spect to S'-equivariant compactly supported perturbations. Applying Corollary 4.7, the

conclusion follows. 0O

In view of the previous lemma and according to Theorem 4.5 and Corollary 4.7, we see
that the possible minimizing tangent maps correspond to the set of equivariant harmonic
spheres given by

Harm, (S%S%) == {#R, - w(l), R, € S'} C Harm(S?;8%). (6.11)

eq

It follows from Lemma 3.1 that the space of harmonic spheres can be decomposed ac-
cording to the values of the energy (3.1), i.e.,

Harm(S?; 1) = U Harmy(S?%;S%),
d=0

Harmg(S?%; S*) = {w € Harm(S?;S?) s.t. E(w) = 47nd } .
Note that Harm, (S?;S*) ~ S' US!, in addition
Harm, (S?;S*) C Harm, (S?;S*) C C3(S%; S, (6.12)

and Harm; is a C'-closed subset since the energy is continuous in the C''-topology.
The following fact is well known from [58].

Lemma 6.11. Harm; C C3(S?;S*) is a finite dimensional real-analytic submanifold.

Proof. We sketch an elementary proof for the reader’s convenience. First notice that by
Lemma 3.1 every w € Harm;(S?;S%) is not linearly full, it has three dimensional image
and its energy is 4m. Thus, it is a harmonic sphere into S? with energy 47 embedded
isometrically along a 3-plane in Sp. In view of [39] we have w = A o &, where & €
Conf*(S?) is an orientation preserving conformal diffeomorphism and A € Isom(R?; Sp).
The map

Isom(R?; Sy) x Conf™(S?) > (A, ®) — Ao ® € Harm, (S%;S?)

is clearly smooth and surjective, moreover is constant along the SO(3)-orbits of the
diagonal action on Isom(R3;Sy) x Conf™(S?) given by (A, ®) — (AR', R®), R € SO(3).
Since the previous representation of w in terms of (A, ®) is clearly unique up to the
choice of an orthonormal basis in Ranw we see that

Harm (S*;S*) ~ (Isom(R?; Sp) x Conf™(S?)) /SO(3),
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and the quotient has a natural structure of real-analytic manifold because the action
is free and properly discontinuous. Finally the map (A4,®) — A o & gives an analytic
embedding of the quotient into C3(S?%;S*). O

Remark 6.12. It follows from the previous lemma and the C'-continuity of the Dirichlet
energy E in (3.1) that for any w € Harm;(S?;S*) there exists v > 0 such that ¢ €
Harm(S?;S*) and [|1) — w||cs < v yields ¥ € Harm; (S%; S*), therefore C3-close critical
points ¥ belong to a small neighborhood of an analytic manifold passing through w.

As a consequence of the previous discussion we see that the integrability assumptions
in [54, Chapter 3.14] are satisfied and we can finally recall the celebrated Lojasiewicz-
Simon inequality for the Dirichlet energy functional on C3(S?;S*) with optimal exponent
around any harmonic sphere of energy 4.

Proposition 6.13. Let w € Harmy(S?;S*) be a harmonic map. Then there are C > 0 and
v € (0,1) such that

|E(y) — E(w)| < Cll A (¥)|[72(s2) » (6.13)

Jor any ¢ € C3(S%;S*) such that || — w|cs(s2) < v, where .4 (1) denotes the tension
field for a map ¢ € C3(S?;S%), i.e.,

M (P) = Ag2t) + [Vs2)* ) .

For a proof of a weaker analogue of Proposition 6.13, in the general case of a real-
analytic compact target manifold N, we refer the interested reader to [54, Section 3.14].
Under integrability assumptions as the one in Remark 6.12, the generalization of the
optimal inequality (6.13) is given by [54, Chapter 3.14, page 82, inequality (xiv)].

The next result gives the necessary a priori bounds of minimizers around isolated
singularities to show the convergence to a unique tangent map.

Proposition 6.14. Let r > 0, let T be a point on the x3-axis and let Q) € ng;r%](B,«(a_:); S%)
be a minimizer of Ex with respect to S'-equivariant compactly supported perturbations.
Suppose in addition T € ¥ and Qx € C*(B,(z) \ {z}). Then, for every k € N,

sup |z —z|" [VEQA(z)| < Ci, (6.14)
z€B,/2(Z)\{Z}

where Cy is a positive constant depending only on k and on r.

Proof. Given the sequence r,, = r27" | 0, we set Q,(z) := Qx(T + rpz) for z € B, .
By Proposition 6.7, the sequence {@,} has a (not relabeled) subsequence converging
strongly in VVlif (R3) to some minimizing tangent map Q. (which is one of those maps
given in Lemma 6.10), therefore in particular we have strong convergence @, — Q.
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in WLQ(Bg/Q \ Bi/3). Since @, has only an isolated singularity at the origin and it
is 0-degree homogeneous, we can find 0 < p < 1/6 so that for every y € By \ By
we have %pr(y) |VQ*|2 dx < €in/2, where gy, is the critical parameter in [16, Corol-
lary 2.19]. Note that p depends only on |VQ,|?, therefore it does not depend on the
chosen subsequence and on which map @, really is among those in (1.18). Thanks to
strong convergence, we have % I} B, () |VQn\2 dxr < g, for all n large enough uniformly
over y € By \ By 3, therefore [16, Corollary 2.19] gives p*[|V*Qu | Lo (B, 5 (y)) < Ci for all
sufficiently large n uniformly over y € By \ By /2. Thus the same estimate holds for every
n, because of the smoothness of each map @Q,, away from the origin, for a possibly larger
constant still uniform with respect to y € E\Bl/z. Thus, by covering B_1\Bl/2 with balls
of radius p/8, we have SUDyc B\ By |Van(y)| < C%, where C) does not depend on n.
Since B, /5(Z) \ {Z} = U3, A,,, where A, = {z : 27"V L |z — z[ < 27"} are dyadic
annuli around Z, scaling back the previous inequalities we have 27 *7r% |V*Q, (2)| < Cy,
for every x € A, for every n € N, and in turn we deduce |z — i|k |VkQA(x)} < C for
every x € A,, for every n > 1, hence the conclusion follows. O

As a corollary, a simple interpolation argument gives the following result which turns
L2-closeness to a tangent map into C*-closeness and which will allow to let the Simon-
Lojasiewicz inequality (6.13) come into play.

Corollary 6.15 (L?-closeness = C3-closeness). Let r > 0, let T be a point on the x3-

azis and let Qx € W2 (Br(Z);S*) be a minimizer of Ex with respect to S*-equivariant

compactly supported perturbations such that Qx € C*°(B,(z) \ {Z}). There exists C > 0
such that for any rescaled map Q,(z) = Qx(Z + px), 0 < p < /3, and any minimizing
tangent map Q. in the sense of Proposition 6.7 we have

~ ~ 1/6

1@, — Q*HCS(E\BS/U <OlQ, — Q*||L2(Bs/2\33/4) ’ (6.15)
As a consequence, for any y > 0 there exists n > 0 such that ||C§p — Q*HCS(W\BBM) <7
whenever ||Q, — Q*||Lz(33/2\33/4) <.

Proof. Since B; C R® we have W2(By) \ Bsjs) € C%Y/2(Bs)y \ Bs/s) and in turn
W52(Bs)s \ B3a) < C*(Bs)2 \ Bs/s) with compact embedding, hence
1Qp — Qulles(B55\Bs,0) < ClIQp — Qullws (5520834 »

for some constant C' > 0 independent of p. On the other hand, classical interpolation
results among W*2-spaces give

~ ~ 5/6 ~ x111/6
||Qp - Q*“W5’2(33/2\B3/4) < CHQP - Q*||W6=2(BS/2\BS/4)HQP - Q HL2(33/2\B3/4) )

for some constant C' > 0 independent of p. Clearly C% C W62 with continuous embed-
ding, and the derivative bounds (6.14) from Proposition 6.14 yield
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1Qp — Qullcs (B55\Bs,0) < CUIQnllco By 0\Bs,0) T 1@+l co (35 5\85,) <O

for another constant C' > 0 independent of p. Finally, (6.15) follows from the previous
three inequalities and the final claim follows immediately. O

The next result is the final ingredient in proving uniqueness of tangent maps at isolated
singularities. It gives the inductive step to improve L?-closeness to a tangent map from
each dyadic scale to the next one assuming we start the process sufficiently close to a
given tangent map.

Proposition 6.16. Let r > 0, let T be a point on the x3-azis and let Q\ € W2 (B,.(z);S*)

sym
be a minimizer of Ex with respect to S'-equivariant compactly supported perturbations

such that Qx € C™(B,(z) \ {z}).
Fiz p. < r/3 a small number such that pr* ‘
mizing tangent map at x as in Proposition 6.7.
There exist Cx > 1 and 1. € (0,1) depending only on Q. and p. with the following
properties. If for some 0 < p < p, the scaled map Q(z) := Qx(Z + px) satisfies |Q —
Q*||L2(31\Bl/2) < M, then

/

B2

2
ii—““" < % and let Q. be a mini-

0Qx
Olz—z|

0Q dx+%ﬁ2 . (6.16)

2

1
dr < C, / —
2|

B1\B1/2

Proof. The proof follows closely the one in [54, page 83-85, inequality (8)], with some
modifications to handle the extra terms coming from the potential energy W and to take
advantage of the Simon-f.ojasiewicz inequality with optimal exponent.

According to Corollary 4.7 and to (6.11)-(6.12), we have Q.(z) = w (ﬁ) for some
harmonic sphere w € Harm,(S%;S*) C Harm;(S?;S*). By Proposition 6.13 we can
choose v > 0 such that (6.13) holds whenever 1 € C3(S?;S*) satisfies || — wl|cs < 7.
Given v as above, we fix 1 as in Corollary 6.15 and we set 1, := (%)j _

For p = 3p € (0,3p.] C (0,7/2], we consider the scaled map Q(z) = Q,(z) as in
Corollary 6.15, so that @(m) = @ (%x) on Bj. Clearly the assumption of the proposition
yields

3

||Q - Q*||L2(Bs/2\33/4) = <

32
2) 10 = Qull(s\ 50,0y <7

hence

||Q - Q*||L2(Ba/2\33/4) <n = ||Q - Q*||Ca(35/4\37/s) <7 (617)

because of Corollary 6.15, and we are in the position to apply the Lojasiewicz-Simon
inequality (6.13) to the map ¢ = Q|s5, -
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~ |12
oQ

|

aQ

Rewriting (6.16) in terms of é, it is clear that to finish the proof we must show that

2
1 1
— dr < C, / —

/|$| || ||

By Bs/2\B3/4

9 o
— 1
dz + TR (6.18)

for some C, > 0 independent of p € (0, %p*]
Setting A = p?), by the Interior Monotonicity Formula (6.4) we have

~ 12
9Q

1
1 < 1 ~
Cacvni [ [w@ac) . o
0 By

By

Olz|

where the density ©(Q, 0) is defined as in (6.10) above.
Arguing by approximation as in the proof of the monotonicity formula above, the first
identity from step 2 in the proof of [16, Proposition 2.4] yields

~ 2
1 12 oQ 2,3 A 2 e A 5 ~
5/ VQ|* —2 m‘ dH” + A / W(Q)dH —SA(Q,Bl)—i-D\/W(Q)dx.
881 BBl Bl

Hence,

E@Q.B) <y [ Va@Par X [ w(Q)aw

aBl 8Bl
On the other hand,
~ ~ 1
0(Q.0)=©(Qx 1) = 8(Q.0) = 5 [ [Vun.I* a¥?,
831
so that the last inequality can be rewritten as
~ ~ 1 ~ - ~
QB - 0Q0) < 5 [ (19w - Vi@ ) @t 3 [ W@ a2,
331 aBl

which combined with (6.19) in turn leads to
~ 2
oQ 1

Jmilsal <5 [ (Vun@P = 1VuQ.P) a1t 45 [ w@are.

Bl 8B1 aBl

As already mentioned, we can apply (6.13) from Proposition 6.13 with ¢ = @ lop; =s2
to deduce
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[

By

~ 12
00 - : _
M| de < C|l A (Q)lz20,) + X / W(Q)dH?, (6.20)

OBy

because of the condition [|Q — QxllL2(Bs)2\Bs,0) < and of (6.17).

Now, the rescaled map @ satisfies
~ i~ 1 e~
Q= IVQPG+A (@ - 31 - (@)

which in spherical coordinates rewrites as

19 (00 1 A1 s
=P 3] <| \ e >+WAS2Q+ WWSZQl Q
—Q‘ @+3(@ - 31-u@)a) =0
d|z| -

Separating the terms with angular derivatives we obtain

~ 12
1~ 1 9 ( ,0Q aQ
W‘/’(Q)‘_WM< oL |> BEE

which combined with (6.20) leads to (recall that A = p?))

G-3(@- 31 u@)a).

2 ~ 14
1 0Q 2 0Q 2, 4 2
/x|a /‘ ("au) *m‘ S
By
90 00 [
<C 2 | dH>+p" |,
e |< o |> a|x||

B

with C = C(A, p«, Q«). Therefore, expanding the derivative on the product and applying
the gradient bound (6.14) on the scaled map @ we arrive at

/|i~| /‘m |<' 'a|x>

because of our assumption ||Q — QullL2(Byo\Bs /) < M-
In order to obtain (6.18), we apply elliptic regularity. For o € (3/4,4/3) we define

00 |

2 2
ol dH" +p" |, (6.21)

m‘

Qo(2) := Q(ow),
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so that @U € C(Bsg/s \ Bs/4) and it is a smooth solution to the rescaled system

AQ+ VG -+ 3* (@ - 31— (@) Qr) 0. (6.22)
Since

0 [~ B ~ 1 ~ |7 0Q,

55 (Qow)) =2 ¥Q(ow) =~ VQu () = 15 (@),

differentiating (6.22) with respect to o at o = 1 and setting v := \x|§l—g yields
Av+2(VQ : Vo)Q + |VQ[*v
- ~ ~ ~ o~ 1 S

+ 302 <vQ + Qu— tr(Q%)w — 3tr(Q2v)) — 92X (Q2 - 5l- tr(Q3)Q> :

Thus v(z) = - V@(w) is a smooth solution in Bs/y \ Bs/4 of the elliptic system
L) =\, (6.23)
where Z(v) = Av+b-Vv+c-v, and
[bllcr (By,0\B5 2 T Ieller By, 0\Bs ) + 1 ler(Bs,0\B5 ) < C

because of the estimate [|Q — Qxllcs(Bsa\Brys) < V-

Applying local H2-regularity theory for linear elliptic system as in [21, Theorem 4.11]
in view of the bounds on the coefficients, we have

Wl ir2(s 0800 < € (101228, 08y 0) + A28 20840
<C (Iollz2myaman +77) |
whence the 3d-embedding H? — C%/2 yields
IWllens2@mmz e < C (028,840 +72) - (6.24)
On the other hand, rewriting the first order terms in (6.23) as b- Vo =V - (bv) — (V- b)v

and applying Schauder regularity theory for elliptic systems in divergence form as in [21,
Theorem 5.20] we obtain

IVollorz(my By ) < C (”””co’lﬂ(m\&/s) + AHf||c*()&/?(?M\Bw/g)) :

whence (6.24) yields
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Iolles @78y < € (IWl2y 000 +2) - (6.25)

where the constant C' is independent of the rescaled map é andv=ux- V@.
Finally, combining (6.25) with (6.21) we easily obtain (6.18) and the proof is com-
plete. O

We are finally in the position to conclude the proof of Theorem 1.1. The proof here
differs substantially from [54] and [42], as it is based on the improved inequality (6.16)
and an elementary iteration argument.

Proof of Theorem 1.1, Step 2. Let £ € . We know from the previous subsection that
Q> is (at least) C'-smooth in a neighborhood of the boundary and that ¥ is a finite
set of interior singularities on the symmetry axis, therefore singularities are isolated
and we can fix r > 0 so that Qx € C®(B,(7) \ {Z}). We set Q,(z) = Qx(Z + pz),
0 < p < px < 1/3 and p, as in Proposition 6.16, hence va is well-defined for z € By \ {0}
and @p is minimizing &5, with A = \p?, in B, with respect to S'-equivariant compactly
supported perturbations.
Notice that a simple application of the fundamental theorem of calculus gives

2 2

. / %3Qx

Olz|
BU(I)

9Q,
0)x]

1
||

@0 = Qollzis s < | [

By

)

0/2< 0 <o < ps, (6.26)

so the L?-oscillation between comparable scales tends to zero as ¢ — 0.

We are going to improve the estimate (6.26) to a power-type decay in terms of o valid
for all 0 < ¢’ < o < p« by proving a quantitative decay of the right hand side, at least
for o small enough so that inequality (6.16) can be applied.

For fixed 0 < p < p* and any j € N we define the sequence {Q, ;}; as Q,; := @27“.
In view of Lemma 6.10, there exists a minimizing tangent map @, such that

i) va,j — Q« in L*(By \ By/2) as j — oo along a subsequence;
ii) for each 1’ € (0,7), 1« as in Proposition 6.16, there exist j = j(n’) such that

~ 2
9Q,;
0|z

dzx = ~
T 2770+ 11Q,5 — QullLe BBy ) <N - (6.27)
||

Before making explicit the choice for 7’ in terms of C, and 7, from Proposition 6.16,
we simplify the notation, setting for brevity @ = @, ;. From now on we will work with

the sequence {@g}geN7 where ¢ € N is such that j = j+/¢ and, obviously, @g = QVPJH =

Q2—(3+1€>p-
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We are going to describe the behavior of the whole sequence {@e}zeN, knowing that

1) Q\g — Q. in L3(B, \ By/2) as £ — oo along a subsequence;
2) the map Qo satisfies

dx
Tl +279p+1|Qo0 — Qull2(mi\By ) <7 (6.28)

0Qu |

Al

where 7’ is the fixed constant in claim ii) above.

Applying Proposition 6.16 with p = 2_(3"'£)p7 if @g satisfies ||@g —Q, ||L2(Bl\Bl/2) < M
3@15

then
1
<, / L
/xl x| ||

By/s Bi\Bi,2

12
9Qy

0Q 2ol
ala] dx—|—(2 ) 0*4,0,

where for brevity p = 27 p-
_ 512
Now we apply Widman’s hole-filling trick. As C, > 1 we have % 02 < p? — St (g) ,

C.
~ 2
hence summing to both sides C, times fBl/2 ﬁ % T = fBl ﬁ 6;;2'% dxr and
rearranging we obtain
1 0G0 | 2 C 1 |00,
£+1 —(e+1)\” =2 * L —0\2 2
— dz + (2 ) g( ) /_ 2 dr+ (2 7
/|a: al P e\a+1) \J el |lal S
Bl 1
(6.29)
provided ||Qg — Q*|‘L2(B1\Bl/2) < 7.
Now we set ¥ := C?;_l € (0,1) and for £ € N we define two sequences
106,
A ¢ 2 _
= — Q. , = — = d 2-6)% p2 . 6.30
ve= 1@~ Qullnsg . B/ o o] e tR @30

Combining (6.28), (6.26) with ¢/ = 2=¢*Y5 and 0 = 27p together with triangle in-
equality, and the iterative estimate (6.29), we obtain the following three properties valid
for each ¢ > 0

a) Yo+ 20 <1;
b) yey1 < ye + ze;
C) Yo < N = zp41 < V24
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As a consequence, choosing 1’ = %n*, a simple induction argument using a), b) and
c) yields the following two inequalities for all £ > 0, namely

1— 9ttt

Yer1 < Yo+ —g

3 20 < M, Zoy1 < ¥tz (6.31)

Going back to the definition of z, and Qy, by (6.31) we obtain for all £ >0

/ 1 /1 a@gfﬁwp
_— €Tr = —_—
|| lz| | Ol

B B,

-
1]
|| | O||
B,

hence, if for fixed 0 < o < p we choose ¢ such that 2=+Yp5 < o < 27¢p, then

2 2

8@ﬁ dx

O]

~ 12
/ S V2N /L 0Q,
|z —2| |9z 2| | Ol
B, (z) B,
< Co”, 0<o<p, (6.32)

where 7 € (0,1) is such that 277 = 9 (note that 9 € (1/2,1) since C > 1).
Applying the same comparison argument between dyadic and arbitrary radii and
estimating the terms of a telescopic sum through (6.32) and (6.26), we easily obtain

Q225 — QollL2(B, \Bi/2) < Co”, 2*€ﬁ<a<§,

hence, for fixed o, taking the limit ¢/ — oo along the same subsequence chosen above
finally gives the L2-decay estimate

HQ* - QUHLQ(Bl \B1/2) < Co"” ) 0<o<p. (6'33)

Setting v = v/6 and combining (6.33) with (6.15) in Corollary 6.15 the conclusion
follows. O

7. Topology of minimizing equivariant configurations

In this final section we prove the other results announced in the Introduction, namely
the existence of torus solutions given in Theorem 1.2, the existence of split minimizers
in Theorem 1.3, and the topological properties for smooth and singular equivariant min-
imizers of the functional (1.8) presented respectively in Theorem 1.4 and Theorem 1.5.
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In Theorem 1.2 we exhibit the first examples of smooth solution to (1.10) which are
minimizers of £, in the class of S!-equivariant maps on the unit ball subject to ap-
propriate positive uniaxial smooth boundary conditions. Since the boundary data are
topologically equivalent to the radial anchoring, the corresponding minimizers inherit
a nontrivial topological structure in the interior. As discussed in the Introduction, the
structure of such minimizers resembles that of the torus solutions found in many numer-
ical simulations [55,36,35,19,14,28]. In particular, they possess a negative uniaxial ring
inside the ball (an embedded copy of S') which is surrounded by biaxial tori and which
is mutually linked to the region of positive uniaxiality made up by the boundary of the
ball and the vertical axis.

The structure properties of the solutions in Theorem 1.2 are actually quite ro-
bust. With Theorem 7.4 below we show that these are general features of smooth
St-equivariant maps under hypotheses (HP,)-(HPs). Thus, they pertain to general
smooth equivariant critical points of £, and Theorem 1.4 follows as a special case of
this more general result. On this basis, we propose a definition of torus solution (see
Definition 7.6) that seems natural and consistent with the phenomenological picture
emerging from the numerical simulations mentioned above.

The topological structure of singular minimizers is instead really different. Theo-
rem 1.5 deals with singular minimizers in the class of equivariant maps AF™(Q2) still
assuming smoothness of the domain and of the boundary data and the validity of
conditions (H Py )—(H Ps). Due to Theorem 1.1, we know that the singular set of such min-
imizers is a finite subset of the symmetry axis. In Proposition 7.9 we show that, thanks to
(HPy)—(H P3) and S'-equivariance, it has a more particular structure, namely, it consists
of finitely many dipoles (see Remark 7.8 for this terminology). The proof of Theorem 1.5
exploits the behavior of tangent maps at isolated singularities and shows in particular
that for each regular value of the biaxiality parameter each dipole belongs to spherical
connected components of the corresponding biaxiality surface.

Finally, examples of split minimizers under suitably chosen topologically nontrivial
boundary data in the unit ball By are provided by Theorem 1.3. A very important point
here is that singularities appear because they are energetically convenient although not
necessary for trivial topological reasons.

7.1. Existence and topology of smooth minimizers

In this subsection, we explore the topology of biaxial sets of smooth S'-equivariant
maps under assumptions (H Py)—(H Ps). To such maps, all the results in [16, Section 5]
apply. However, S'-equivariance will allow us to give more direct arguments and to
obtain more refined information. In particular, in view of the S'-symmetry we are able
to improve [16, Theorem 5.7, claim 1)], controlling the genus of the biaxial surfaces,
at least for regular values of the signed biaxiality below the critical value § in (HPy),
which must be therefore finite unions of tori (see below for the precise statement). Since
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this analysis mainly relies on the smoothness property of the configurations, the same
qualitative properties will hold for arbitrary equivariant critical points of (1.8).

The first result of this subsection provides the key step to reveal in any smooth S!-
equivariant configuration (assuming (H Py)—(H Ps) are in force) the phenomenological
picture of torus solutions discussed in the Introduction.

Proposition 7.1. Let O C R? be an azisymmetric bounded open set with C'-smooth
boundary and let Q : Q — S* be an S'-equivariant map. Suppose that Q and Q sat-
isfy assumptions (HP,)-(HPs). Then the biaziality set {8 = —1} of Q contains an
invariant circle S* which is mutually linked to (97);5, where 87)?2' is the boundary of the
simply connected domain ’Dg =QN{xe = 0,21 > 0} as already defined in Corollary 2.7.

Proof. By symmetry of € and assumptions (HFPy)-(HP;), the maximal eigenvalue
Amax = Ag varies continuously and it is always simple on 02 and hence on BD;’{ (because
Q(z) = ep, hence A\3 = 2/4/6 and it is simple on the symmetry axis). Note that, in
view of assumption (HP;) and Corollary 2.7, the section D;g is simply connected and
with piecewise smooth boundary. Notice that the eigenspace map Viax : 0Q — RP? is
well-defined and smooth because of (H P, ), moreover it is equivariant, because Apax(-) is
invariant and Q(-) is equivariant. As in (1.24), we define vy : 9D, — RP? as the restric-
tion of the map Vi,.x to 8D$ (extended to be the vertical direction ey € RP? for every
z € I = QN {x3 axis}) and we claim that v is a non-contractible loop in RP?. Indeed,
suppose the converse: then v would have a continuous extension to D_g and in turn a
continuous equivariant extension V € C(€; RP2) because of (1.25). Due to (HP,) the
map V would have a continuous (and equivariant) lifting & € C(Q;S?), in particular at
the boundary, where in turn deg(d,9) = 0. On the other hand, in view of assumption
(H Ps) any lifting of \N/\ag = Viax at the boundary must have odd degree, which gives a
contradiction and proves the previous claim.

Now we claim that there exists in D a point 2 at which Aa(20) = Amax(z0), S0
that 29 € DS N {B = —1}. Note that this fact could be deduced using [16, Lemma
5.2] which is valid also in the nonsymmetric context, but we prefer to give here a more
transparent and elementary argument. Indeed, suppose this is not the case: then A ax
would be always simple on D—g Arguing as above, the eigenspace map Via.x would be
well-defined and smooth on the whole Q, therefore the map 7 : 82)3 — RP? defined
above, setting v(z) = Vinax(z), could be extended to a map v € Cl(D_;g; R P2), hence it
would be homotopically equivalent to a constant again because Dg is simply connected.
Since 7 on the boundary is the nontrivial loop in 71 (RP?), then we have a contradiction
and such 2o € DY N{B = —1} must exist. Since BoQ(xz0) = —1 and So(Q is an invariant
function under S'-action, then we have Eo Q(Rxy) = —1 for all R € S!, that is, on
the whole orbit of xy which is an embedded copy of S'. Thus, the negative biaxial set
{B = —1} contains an embedded copy of S! and it is clearly mutually linked to 8D;g .o
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Proposition 7.1 is crucial in the proof of Theorem 1.2 below together with the following
auxiliary result.

Lemma 7.2. Let D C R2 be the open unit disk and RP? C S* C Sy. Let Uz =
{dist(-,RP?) < 2n} C So, n > 0 small, a tubular neighborhood of RP? such that the
nearest point projection 11 : Us,, — RP? is well-defined and smooth. There exists § > 0
depending only on 1 such that the following holds. For any Q € C(D;Sy) N W12(D; Sp)
such that

1) 5 |IVQP*dx <6,
2) Q(9D) C Uy,

the normalized map 7 € C(0D; RP?) given by ¥ = I o Q satisfies [y] = 0 in m (RP?).

Proof. We argue by contradiction and assume there exists a sequence {Q,} € C(D; Sp)N
WH2(D; Sy) such that [, [VQ;[*da — 0 as j — oo, Q;(9D) C U, for each j and for the
corresponding sequence of “normalized” boundary traces {7;} € C (0D; R P?) given by
7; = o Q; we have [¥;] # 0 in 71 (RP?2) for all j. We replace each @Q; with the harmonic
extension Q ; with values into Sy of its boundary trace 7;; by energy minimality, regularity
up to the boundary and maximum principle for Sp-valued harmonic functions, we see
that {Q;} C C(D;S;) N WH2(D; Sp) and they satisfy

a) [ |VQ;?dx — 0as j — oo,
b) Q;(0D) C U, and |Q;| < 1+7 on D for all 5.

Now we claim that Qj (D) C Uy, for j large enough. Before proving the claim, we show
that it yields the desired contradiction. Indeed, assuming the claim for a moment, then
the “normalized” maps I'; = Il o Qj would be well-defined and I'; € C(D;RP?) for j
large enough, whence for such j the maps 7; = I'j|sp would be homotopic through I'; to
a constant map I';(0) in C(S'; RP?), a contradiction. Thus the conclusion of the lemma
is true up to proving that Qj (D) C Uy, for j large enough.

In order to prove the last claim we argue by contradiction and we suppose that, up to a
subsequence, for each j there exists a point z; € D such that dist(Q;(z;), RP?) > 2n. We

z+2z;
- 1+7jz2
each ®; is a conformal self-diffeomorphism of D with ®;(0) = z;, then the compositions
U; = Qj o ®; are still harmonic functions such that {U;} € C(D; Bi1,) N Wh2(D; Sp).

Moreover, by conformal invariance and normalization,

. Since

rescale each map Qj by composing with the Mo6bius trasformation ®;(z) =

i) Jp |VU;2dz = [ [VQ;>dz — 0 as j — oo,
i) dist(U;(-),RP?) < n on 0D and dist(U;(0), RP?) > 27 for all j.
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Since {U;(0)} C Bitay, passing to a further subsequence if necessary we obtain a con-
stant map U, = lim;_ o U;(0) such that U; — U, weakly in W?(D;Sy) and locally
uniformly in D (even smoothly, by elliptic regularity). On the other hand by weak con-
vergence of traces still to the constant map U, and the compactness of the embedding
W1/22(0D; Sy) — L*(0D;Sy), we also obtain, up to subsequences, U; — U, a.e. on
OD. Passing to the limit in the inequalities ii) we have a contradiction and the proof is
complete. O

Proof of Theorem 1.2. We divide the proof into three steps to make the argument easier
to follow.

Step 1: we construct comparison maps {©;} C Lip,,,, (€;S*) such that sup; £x(0;) <
C for some constant C' > 0 and the corresponding traces @ := tr©, give a bounded
sequence in W1/22(S2; RP?) converging weakly to ey and correspond as in (1.22) to a
sequence {v;} C C,(S?; S?) equivariantly homotopic to the outer normal to S2.

We first consider maps v € O (S?;S?) described in terms of spherical coordinates

sym

(¢, 0) using an angle function (see [23,24]) h € C*([0,7]), with 0 < h(0) < =, so that
v(¢,8) = (cos psin h(0),sin psin h(0),cosh(f)), 0<p<2mr, 0<O< 7. (7.1)

We assume for simplicity the extra symmetry h(—0+m/2)+h(0+7/2) = 7,0 < 0 < 7/2,
so that the corresponding map v commutes with the reflection with respect to the plane
{x3 = 0}. The basic example is the function h(6) = 6, for which the corresponding map
v is the outer normal 1 (i.e., the identity map). We fix an increasing smooth function
h with the symmetry above and such that » = 0 for 0 < 6 < 7/6 and h = 7 for
57/6 < 0 < 7, denoting with v € O, (S?;S?) the corresponding map. Consequently, we
denote with @), € C2%,(S?; RP?) the map obtained from ¢ using (1.22) and we observe
that by construction of h we have Qy, = ey in S? N {2? + 23 < 1/4}. Notice that v
is (equivariantly) homotopic to the identity map simply through the affine homotopy
of their angle functions H(6,t) = t0 + (1 — t)h(#), 0 < t < 1, so that in particular
deg(v,09) = deg(Id, 9Q) = 1.

In order to extend @y, to 2 = Bj, we find it is more convenient to work on the
vertical slice D¥ = QN {zy = 0, 27 > 0}, defining the map © : 9D — RP? by
restriction of @y, on the curved part of the boundary extended with the constant value
eo on the vertical segment I = Q N {z3-axis} C 9DT. Notice that the previous map
O : 9D ~ St — RP? is continuous and [O] # 0 in 1 (RP?) because ¥ is equivariantly
homotopic to the identity. Now we extend © to DV as the constant eg on DT N{z1 < 3}
and then on 7+ := DT n{z; > %} as any fixed Lipschitz extension with values into
S* (as the latter is simply connected there is no obstruction for such an extension). To
summarize, there exists © € Lip(DT;S*) such that © = ey on D* N {0 < z; < 1} and
© € C(AT ;R P?) but not homotopic to a constant. Then, due to (1.25), we can extend
© equivariantly to the whole Q to have a map © € Lipgym (£2;S*) such that ©|pq = Qp
and © = eg on QN {z} + 23 < 1}.
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Finally, we construct the sequence {©,} and the corresponding boundary traces {Q{)}
by deforming the map © as follows. First we extend © from DT to a map © on the

whole D = QN {x9 = 0} with the constant value eg for 21 < 0. Then for a deformation
z—1+1/p
1-(1-1/p)z"
Note that as p increases the conformal diffeomorphisms ®, “squeeze the interior of D
towards the point (—1,0)”. In addition, ®,*(D+) € D+, &,/ (T+) C T+ and &, 1(T+) |

{(1,0)} as p — oc. Thus, if we set ©, = Oo®,, then @p € Lip(D+;S%) and ©,, is obtained

b2

parameter p > 1 we consider Mébius maps ®, : D — D defined as ®,(z) =

by a continuous deformation of ©, “concentrating © near the point (1,0)
Taking p = j and extending each ©; equivariantly to Q we have the following:

1) for each j > 1 we have ©; € Lip(0D";RP?) and [©;] # 0 in m (RP?) because
the same property holds for © by construction (just use p € [1,5] as a homotopy
parameter);

2) {©,} C Lipy,, (2% S*) and ©; = eg out of S*- &, 1(TF) | S*-{(1,0)} = C as j — oc;
thus ©; — eg locally uniformly on 2\ C as j — oo because of the properties of the
Mo6bius transformations combined with those of ©;

3) for every j > 1, by equivariance of ©; and conformal invariance in 2d we have

/|vej|2dx: / VO,[?de < C |1+ / |V 25O 2dH?
Q T+

Qn{z?+23>11

<C 1+/|vm1,x3@|2d“rz2 . (7.2)
D+

4) sup; Ex(0;) < C for some C' > 0 because of the equiboundedness of the potential
energy W on S* and the a priori bound (7.2) in 3);

5) the traces i := tr ©; are bounded in W1/22(9Q; RP?) by the pointwise properties
of ©; at the boundary and 2)+3); in addition, the wealk limit of @/ is the constant
map eg since ©; — e in WH?(Q) as j — oo because of 2)+3); thus, claim 1) of
Theorem 1.2 hold;

6) the sequence {Q} corresponds as in (1.22) to a sequence {v;} C C

(%%
sym

equivariantly homotopic to the outer normal to S? given through (7.1) by angle
functions h; = ho ®;, h; € C=([0,]) increasing (here we extend h to the whole
(=7/2,37/2) ~ 9D\ {(—=1,0)} as a constant 0 in (—7/2,0) and 7 in (m,37/2) re-

spectively, hence they are still smooth).

Notice that in 6) the equivariant homotopy for each j fixed is given through a homotopy
of angle functions h; with h varying the parameter p € [1, ;] of the Mobius maps ®,.
Finally, since h(r/2) = 7/2 because of the symmetry above and h being increasing, the
same hold for corresponding angle functions {h;}, therefore for the corresponding maps
{v;} equation (7.1) yields v; - n > 0 on 99 for each j > 1.
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Step 2: we prove that the corresponding minimizers Q7 of £, in Ag{in (Q) for j suf-

ficiently large are smooth up to the boundary, converge locally smoothly in Q to the
constant map Q. = ep away from the circle C and moreover that claim 2) and 3) of
Theorem 1.2 hold.
Indeed, first notice that by Proposition 6.2 each minimizer @’ is a weak solution to
(1.10) and, due to Proposition 6.6, the monotonicity formulas (6.4)-(6.5) are satisfied.
Using ©; as comparison maps for every j > 1, in view of Step 1, claim 4), the
minimizers Q7 satisfy

sup Ex(Q7, Q) < sup€x(0;,Q) < C. (7.3)
J J

Since the energies £,(Q7, ) are equibounded and = B;, we can apply Theorem 5.1
to the sequence {Q’} (with A; = \) to deduce there is a (not relabeled) subsequence
and a limiting map Q. € W2 (€;S*) minimizing the energy in Q with respect to its
boundary trace so that Q7 — Q. in WH2(Q) as j — oo and Q7 — Q. strongly in
W 2(Q) as j — oco. From the fact that Q] — eg weakly in W1/22(S%RP?) as j — oo
and the commutativity of the trace operator with weak limits, we infer that the trace of
Q. on 9 = S? is the constant map ey, hence @, = ey because such constant map is
clearly the unique minimizer of £, with constant trace ep on the boundary (note that
uniqueness also implies the convergence of the whole sequence {Q’} to eg). Thus claim
2) is proved.

In order to prove claim 3), first we recall that according to Step 1), claim 2), the
boundary data ©; are constant away from neighborhoods of the equatorial circle C =
QN {x3 = 0}, and such neighborhoods shrink onto C as j — oo. Therefore, recalling the
equiboundedness of {7}, using Theorem 5.5 (and the already obtained locally strong
convergence in the interior) we deduce that Q7 — e strongly in VVli)C2 (Q\C). Now observe
that in view of (7.3) and the pointwise equiboundedness of the potential W (Q7), the
energy measures ft; = ‘VQj |2 dx have equibounded mass. Since each Q7 is equivariant
then each p; is invariant, hence the local strong convergence to a constant map just
mentioned above yields, up to subsequences,

IVQI|” de — cH'LC (7.4)

as measures on () as j — oo, for some ¢ > 0.

To conclude the proof of claim 3) it remains to show that ¢ > 0. Before doing this
we first observe that, even if ¢ > 0, we have the constancy of the boundary data in
uniform neighborhoods of the poles (due to Step 1, claim 2)) and in view of (7.4) also
smallness of the scaled energy centered at the poles for uniform neighborhoods B, N €.
Actually, using again (7.4) we see that for any 0 < r < 1/2 there exists jo such that
1E\(Q7, B, (Z) N Q) < min{ey,,epa} for all j > jo and for all z € QN {3 -axis}.
Neglecting finitely many maps with j < jo and applying the e-regularity property from
[16, Corollary 2.19 and 2.20], we see that all the minimizers @7 must be smooth on the
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whole Q because each boundary datum Q{) is C*°-smooth and no interior singularities
on the symmetry axis are allowed. We can push the same argument further and indeed
in the truncated domain Q N {z? + 23 < i}, possibly neglecting finitely many maps
if necessary, combining again (7.4) with [16, Corollary 2.19 and 2.20] we see that all
the minimizers Q7 must be equi-Lipschitz continuous, therefore Q7 — ey uniformly on
Qn{a?+a2 < 1},

We are finally in the position to prove that the constant ¢ > 0 in (7.4) is indeed
strictly positive. We argue by contradiction and suppose that ¢ = 0, aiming to derive
a contradiction for the sequence of minimizers {Q7} restricted to the vertical slice 7+
with the help of Lemma 7.2. First notice that for j large enough we have Q7 € U,,
U, being the n-neighborhood of RP2, on the whole QN {27 + 23 < i} because of the
uniform convergence to eg just established above. Since Q7|3p+ = ©; we see that, with
the notations of Lemma 7.2, the maps © € C(0D";RP?) and Q7 € C(0T *;U,)) satisfy
[©;] = [[To Q7] # 0 in 71 (RP?) for j large enough (because of Step 1, claim 1) and using
Q7 itself as homotopy to deform the restriction of ©; to DT into the one to T ).
Now observe that if ¢ = 0 then using equivariance and arguing as in Step 1, claim 3), as
J — oo we have

/ Ve 0@ dardas < C / IVQI|* de — 0.
T+

on{a?+a3>1)

Then we infer a contradiction from Lemma 7.2 up to pulling back the maps onto the unit
disc D by composition with a biLipschitz homeomorphism ® : D — 7+. Indeed, setting
Qj = 7 0 @, all the assumptions in Lemma 7.2 are trivially satisfied (assumption 1) for
j large enough) but [T o Q;] = [T o Q7] # 0 in 71 (RP?) for all j, a contradiction.

Step 3: we show that for j large enough the uniaxial sets and the biaxial regions corre-
sponding to the smooth minimizers Q7 possess all the announced qualitative properties.

Indeed, first notice that each minimizer is smooth up to the boundary of 2 and
analytic in the interior (see [16, Corollary 2.19]), hence assumption (H Py) holds. On the
other hand, since 2 = By, assumptions (H P;)—(H Ps) are clearly satisfied by the domain
and the boundary data, because of Step 1, claim 6). Since the whole set of assumptions
(HPy)—(H P3) is verified by each minimizer @7, applying Proposition 7.1 we infer that,
for every @7, the set {8; = —1} contains an invariant circle I'; mutually linked to
OD™. Moreover, since Q% takes values into RP? for every j, we have 0By C {3; = 1}
(actually, we have also 0B1UI C {f; = 1}, where I denotes the vertical diameter because
smoothness yields Q7 = ey on the symmetry axis). From [16, Lemma 5.2], it then follows
that all levels of biaxiality are nonempty. Moreover, the set of singular values for 3; in
the whole range [—1,1] is at most countable and can accumulate only at ¢ = 1. Now,
if -1 <t <1 is a regular value for ;, we know from [16, Theorem 5.7, claim 1)] that
{B = t} is a smooth surface with a connected component of positive genus. On the
other hand, because of equivariance of each map the set {3 = t} is an S'-invariant set,
hence we can study it by looking to its section in the vertical plane, i.e., by looking at
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{8 =t} N{x2 = 0}. This fact allows to completely characterize {3 = t}. Indeed, because
of S'-equivariance and the regularity of @7, its planar section can only look as the union
of finitely many smooth closed simple curves, so that {3; = t} is the union of finitely
many axially symmetric tori.

It remains to prove that the biaxial regions {§; < t}, where t € (—1,1), are pushed
towards the circle C as j — oo. This property is a straightforward consequence of the
fact that Q7 — ep uniformly on QN {z? + 23 < r2} for any 0 < r < 1 by an argument
entirely similar to the one used in Step 2 above for the case r = 1/2. We leave the simple
adaptation to the reader. Thus, for each 0 < p < 1 and for each distance neighborhood
O, from C we have §;(x) = B(Q7(z)) — 1 uniformly in By \ O, as j — oo, whence for
each number ¢ € (—1,1) we have ) # {5; < t} C O, for any j large enough and the
proof is complete. O

Remark 7.3. (W'/22-bubbling of nontrivial loops) As shown during the proof of Theo-
rem 1.2, the sequence of minimizers {@’} concentrates energy on the horizontal circle C
in the sense described in (7.4). Considering their restrictions to the vertical slice DT, one
has the uniform convergence @ — eg on D+ N {z; < 1} (actually on D+ N {z; < r} for
any fixed 0 < r < 1). On the other hand, slicing (7.4) one has the 2d-energy convergence

2 _
‘le,mgQ]’ dridrs — (1),

for some ¢ > 0 in the sense of measures on 7+, where 7+ = D+ N {z; > +}, whence
the restrictions also satisfy the condition @7 — ey weakly in W12(T+) as j — oco. As
observed during the proof of the theorem, the sequence of traces v/ := Q7|57+ inherits
the following two properties (compare Lemma 7.2 for the relevant definitions):

1) for a given neighborhood U, of RP? we have {7} C C(0T *;U,)) and for the nor-
malized maps 77 := Il o047 we have [y7] # 0 in 71 (RP?) for all j large enough;
2) {77} C WY22(9T*;S*) is bounded and 77 — ey weakly in W'/22 as j — oc.

As the maps @’ are S'-equivariant, the properties above amount to say that, for the 1d-
restriction of Q7 to the simple loop T as well as to each of its congruent copies under
rotation, the “normalizations” 47 := II o 47 are homotopically nontrivial, bounded in
W1/2’2(T+; R P2) and weakly convergent to the constant map eg as j — oo (bubbling-off
of a topologically nontrivial loop under weak W1/ 22_convergence).

In the final part of this subsection we study more generally the topology of smooth
St-equivariant maps satisfying (H Py)—(H P3). The following result is the counterpart of
[16, Theorem 5.7] in the axially symmetric setting and obviously implies Theorem 1.4 as
a particular case.

Theorem 7.4. Let Q C R? be an azisymmetric bounded open set with C-smooth boundary
and let Q : Q — S* be S*-equivariant. Assume that Q and Q are such that (HP,)-(HP3)
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hold. Then the biaxiality regions associated with Q are nonempty S'-invariant closed
subsets of Q and satisfy:

1) the set of singular values of B in [—1,/] is at most countable and can accumulate
only at B; moreover, for any regular value —1 < t < [3 the set { =t} is the disjoint
union of finitely many (at least one) revolution tori well contained in Q while for any
regular value 3 < t < 1 the set {8 = t} is the disjoint union of, possibly, finitely many
revolution tori, finitely many S'-invariant strips touching the boundary and finitely
many circles lying on the boundary. If in addition Q is real-analytic and Q € C* (),
then the set of singular values of 3 in [—1, ] is finite.

2) For any —1 < t; < B <ty < 1, the set {B < t1} contains an invariant circle
' C {B8=—1} and the set {3 > ta} contains ODT. T and ODT are mutually linked.
As a consequence, for any —1 < t1 < ta < 1 the sets {8 < t1} and {8 > t2}
are nonempty, compact and mutually linked. In particular, the set {8 = 1} N Q is
nonempty. If in addition B =1, then {B =1} CQ is not simply connected.

Proof. As a preliminary remark we observe that, due to (HP;), (HP,) and S!-
equivariance, 3y := maxgq 8 = 1, hence it follows from [16, Lemma 5.2] that all levels
of biaxiality are non-empty. Now, the first part of Statement 1) follows as in Theorem
5.7 in [16], using the analytic Morse-Sard theorem from [56]. The more detailed infor-
mation we are claiming about the genus of the biaxiality surfaces comes as follows: we
first recall that for a regular value —1 < ¢ < 1 the biaxiality set {8 = ¢} is a finite union
of smooth connected orientable surfaces 3; which are analytic in the interior (and also
boundaryless when ¢t < B) Notice that such surfaces do not touch the zs-axis, where
B = 1 because of (HP;) and the equivariance of @ (see Remark 2.9). Then we observe
that § is invariant under rotations around the z3-axis, so that each X; must be a smooth
revolution surface and, as a consequence, it is enough to discuss its behavior looking at
its cross-section with the planar domain D+. From this and the implicit function theo-
rem, the section ¥; N D+ appears either as a simple closed curve, or as a smooth curve
connecting two or more boundary points or even as a single point on the boundary. This
in turn implies that each ¥; is either a revolution torus, a cylinder-type surface touching
the boundary (which we call a strip for brevity) or a circle lying on the boundary. In
particular, when ¢ < § we can only have a finite number of tori (at least one) well inside
2, which concludes the proof of 1).

The existence of an invariant circle I' C {8 = —1} and the fact that {3 > t2} 2 0D"
follow from Proposition 7.1 and definition of 3. Now we show that K; := {# < t1} and
Ky :={f > t2} are always mutually linked (even if there are critical values for 5 between
t1 and t2). Indeed, we claim that no one of Kj, K> is contractible in the complement of
the other. To see this, denote I'y = I and I'y = D+ with continuous parametrizations
vi + St = Ty, i = 1,2. Suppose, for a contradiction, that K; is contractible in K5 =
Q\ Kj, with i # j. This means there exists a homotopy G; : [0,1] x Kf — K¢ so that
G,(0,-)|k, =Id and G,(1,-)|k, = constant. Thus, we can find a homotopy H; : [0,1] x
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St — 'S with H;(0, s) = vi(s) and H;(1,s) = const. (in fact, H;(t,s) = G;(t,vi(s)) and
I € K; € K§ C T%). This means +; is homotopic to a constant in Q\ 'y, i.e., I'; is
contractible in © \ T';; however this is false, because I' and D" are mutually linked.

To conclude the proof, notice that, as already observed above, 5 = 1 on QN{ z3-axis },
hence on the vertical part of 9D+. In addition, when 3 = 1, then {B =1} on the whole
ODT. Then it is clear that {8 = 1} cannot be simply connected because we have just
seen that it contains non contractible loops, and we are done. O

As a particular case of the above theorem, we have the following corollary, generalizing
Theorem 1.4 to the case of critical points (note that for C! solutions to (1.10) linear
higher regularity theory yields C*°-regularity and in turn C*-regularity because of [45];
hence assumption (H Pp) automatically holds in the corollary).

Corollary 7.5. Let Q C R? be an azisymmetric bounded open set with C'-smooth bound-
ary and let Qy, € C1(08,S*) be S!-equivariant. Suppose that Qy € A () N cl(Q)
is a smooth critical point of Ex over Aj™(Q) and assume that Q and Qx satisfy
(HPy)-(HPs). Then the biaziality regions of Qy satisfy the conclusions of Theorem 7./.

Thus, the topology of smooth S!-equivariant critical points of £, looks very similar to
the picture emerging from numerical simulations. For this reason, the following definition
seems appropriate.

Definition 7.6 (Torus solution with Lyuksyutov constraint). Let © C R3 be an axysim-
metric bounded open set with C'-smooth boundary and let @y, € C'(99,S?*) be S!-
equivariant. Suppose Qx € Ap™(Q) is a critical point of £y over AZ™(Q). If @ and Qx
satisfy (HPy) — (HPs;) — so that the conclusion of Theorem 7.4 holds — we call @y a
torus solution of the Euler-Lagrange equations (1.10) in A ™ (Q).

Note that this definition entails the existence of a negative uniaxial ring mutually
linked to a region of strictly larger signed biaxiality, namely 02 U I where I = QN
{ x3-axis }. In particular, when the domain is a ball and the boundary condition is the
radial anchoring, we have a negative uniaxial ring mutually linked to a positive uniaxial
region, as for the minimizers constructed in Theorem 1.2.

Remark 7.7. There are two main reasons to encode smoothness (i.e., requiring (HP,))
inside the very definition of torus solution. The first is that numerical simulations, even
the ones in which the norm constraint is imposed, hint that biaxial torus solutions are
smooth (see, e.g., [19,14,28], see also [35] and [36] for the constrained case). The second
lies in the fact that, in principle, also in split minimizers (see next subsection) there can
be mutually linked biaxial regions and tori. This could a priori happen also for the other
singular solutions once we drop the hypothesis @1, = eg on B = Q N { z3-axis }. To rule
out these apparently spurious cases, we restrict the notion of torus solution to smooth
solutions.
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7.2. Existence and topology of split minimizers

In this subsection, we study the topology of singular minimizers @y of £y in Ag;n(Q)
assuming that the domain has smooth boundary, the Dirichlet datum is smooth enough
and that assumptions (HP;)—(H Ps) hold. The key ingredients to this purpose, as es-
sentially explained in the remark below and then formalized in Proposition 7.9, are a
special structure of the singular set of such minimizers and the detailed knowledge of the
asymptotic behavior of minimizers at the singular points in terms of the tangent maps
described in the previous section.

Remark 7.8. Let Q be an axially symmetric domain with C'-smooth boundary and
suppose we have an axially symmetric configuration @ belonging to C'(Q2\ ), where
Y = Sing(Q) € QN {zs-axis} is a finite set, so that in view of Remark 2.9 we have
Q(xz) = +eg at any regular point. We assume Q = eg on B, where B is the set of
boundary points defined in (2.10), and that when passing through a singular point along
the symmetry axis @) jumps from eg to —eq or vice-versa.

Then, it is clear that singularities come out in pairs. That is, if Sing(Q) =
{a1,as,...,ap} are ordered increasingly on the z3-axis, then M = 2N for some N € N
and, moving monotonically along the symmetry axis, if () around a; jumps from +eqg to
Feg, then it jumps from Feg to £eg at ax41. In this sense, the singularities not only are
even in number but they are naturally grouped as pairs of endpoints for the segments on
the symmetry axis where @@ = —eq. In addition, each pair is contained in some segment
L) as defined in (2.9). We term these pairs dipoles (extending to this case the terminology
of [10]; see also [23,24] for related statements for the case of axially symmetric maps from
B to S? described by an angle function).

Proposition 7.9. Suppose Q is an azisymmetric bounded open set with C3-smooth bound-
ary, let Qy, € CH1(9Q; S*) be St-equivariant and assume that (H Py )—(H Ps) are satisfied.
Let Qx € AG"(Q) be a minimizer of Ex over AG™ (). Then, Sing(Qx), the singular set
of Qx, either is empty or consists of a finite number of dipoles located on the x3-axis. In
fact, more precisely, on each segment ly, as in (2.9) there are either no singularities of
Q@ or a finite number of dipoles.

Proof. The claim is a straightforward consequence of Theorem 1.1 and Remark 7.8.
Indeed, all the structural assumptions in Remark 7.8 follow from the partial regularity
result from the previous section. In particular, since the tangent map at each singularity
of @y is one of those given by equation (1.18), when passing through a singular point
along the symmetry axis ), can only jump from eg to —eqg or vice-versa. In addition,
Q) = eg on B because of (HP;) and S'-equivariance (compare Remark 2.9), hence along
each connected component £ of Q N { z3-axis } there must be either no jumps (i.e., no
singularities) or an even number of jumps, i.e., a finite number of dipoles. O
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Remark 7.10. Symmetrically, the same conclusion in Proposition 7.9 holds if @y, = —eq
on B. If instead we allow @}, to be both ey and —ey on B and in particular if there
is an £ = [bag—1, bag] such that Qy(bar—1) = —Qp(bar), then there is an odd number
of interior singularities of @y in ¢;. As a model example, which will be of use below,
we may take Q = By and Q, = Q©, with Q(© as in formula (1.18) for o = 0. Then
any minimizing solution of the Euler-Lagrange equations in A" (B1) must have an odd
number of singularities.

In view of the peculiar structure of their singular set, it is natural to give a special
name to the singular minimizers @ in Proposition 7.9.

Definition 7.11 (Split minimizer with Lyuksyutov constraint). Let {2 be an axisymmetric
bounded open set with C3-smooth boundary, Q,, € C11(9€2; S*) be S!-equivariant and
assume that (HPy)-(HP3) are satisfied. If Qy is a minimizer of £y over AZ™(Q) and
Sing(Qx) # 0, we call Q, a split minimizer of &y over A5™ ().

For exposition purposes, it will be convenient to associate a sign with each singularity.
This sign will play a role similar to the degree of tangent maps in the case of harmonic
maps from B; to S?; it can be defined as follows.

Definition 7.12. Let Q\ € AH™(©) be a singular minimizer of £y over AF™(Q) and
suppose ag, as, . ..,ay € Sing(Q,) are the singularities of Q. We say that a,, is positive
if, for x3 increasing, approaching a, from below along the xs-axis we have Q) = —eg
and approaching a,, from above along the z3-axis we have @y = eg. We say that a,, is
negative if it is not positive.

After the previous preliminary discussion we are finally in the position to prove The-
orem 1.3, on the existence of split minimizers in a nematic droplet. The proof is a
combination of compactness and partial regularity results from Sec. 5 and Sec. 6 to-
gether with the classification of harmonic spheres from Sec. 3.

Proof of Theorem 1.3. We divide the proof into three steps to make the argument easier
to follow. Some technical points are essentially the same as in the proof of Theorem 1.2,
hence in these instances we shall not repeat full details here.

Step 1. Construction of boundary data and their weak convergence. We shall construct
S!-equivariant boundary data Qf; € C’;};L(S% S*), for j = 1,2,..., such that Q{) — QO
in W2(S%;8*) as j — oo; here Q) is given by (1.18) for a = 0, i.e., it is the Q-
tensor field corresponding to the equator map w(%). To this end, we shall exploit the
classification results in Sec. 3 and the correspondence between harmonic spheres and
Q-tensor fields given by Lemma 2.2.

More precisely, from formula (3.17) and making use of Lemma 2.2, we immediately
obtain a family of S'-equivariant Q-tensor fields {Qy, u,} € C%,,(0B1;S*) indexed by

the two complex parameters fiq, o appearing in (3.17).
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Notice that as the two parameters p; and ps vary we have:

i) The constant norm hedgehog H corresponds to the case j; = s = v/3.
ii) The limiting boundary datum Q) corresponds to the case py = 1, pg = 0.
iii) Every map Qu, ., with 1 # 0 and po # 0 (i.e., corresponding to a linearly full
harmonic sphere in (3.17)) attains ey at both poles and has Dirichlet energy 127.
iv) Each map Qu, ., with ui, ps real, p1qg > 0 and po > 0, satisfies (HP;).
v) Each map Q,, ., With p1, o real, g1 > 0 and pp > 0, satisfies (H Ps).

Clearly, i)-iii) are obvious consequences of the results in Sec. 3 (see Remark 4.6, Propo-
sition 3.6 and Proposition 3.8 respectively).

To see iv), first notice that for any Q € S* we have g(Q) = —1 if and only if Q
belongs to —RP? C S* (the mirror image of RP?, embedded in S* as in (1.6), through
the antipodal map of S*). Now, let w,, ., be a harmonic sphere given by (3.17), with
1 > 0 and pp > 0, and let @, ., be the corresponding Q-tensor field as in the above.
By equivariance, if at € S? we have E(Qm,m)(x) = —1, then the same is true on
the whole orbit of z under the action of S'. We are going to rule out the two cases:
either Q, u, (¥) = —€p or Quy 4y () € —RP?\ {—ep}. In the first case x is not a pole
by property iii) above. Then w,, ,, takes the constant value —ey on a circle, hence
it must be constant on the enclosed spherical cap by Lemaire’s Theorem [39] and in
turn wy,, ., = —eo by unique continuation, contradicting the fact that it is linearly full.
Next, we show that @, .,(z) € —RP?\ {—eg} is also impossible, where x cannot be
a pole again by iii) above. Indeed, if this were the case, from (1.6), Lemma 2.2 and
equivariance, we would infer that the function ws, relative to w = wy, ,, as in (3.6), is
strictly negative on the orbit of x, whereas (3.17) tells us it is strictly positive. Hence,
if Qu, ., 1s built upon the harmonic spheres in (3.17) and 1, o are real and positive,
then mingq B(Qm,m) > —1, i.e., assumption (HP;) holds.

To prove v), first observe it holds true for H. Let Y = {(u1, p2) € R? : iy > 0, g >
0}. We notice that Y is path connected and that, by the discussion above, the leading
eigenvalue remains simple for every x € 02 moving the parameters along any path in Y.
In particular, every pair (u1,u2) € Y can be connected to (v/3,v/3) by a path in Y with
parameter s € [0, 1] and the corresponding path of maps @, (s),us(s), 0 < 5 < 1, gives
an equivariant homotopy between @, ., and H. In addition, for every fixed value of
the parameter s of the path the maximal eigenvalue )\f{fgx(m) of the corresponding map
Q1 (s),us(s) 1s simple for every o € 9Q because of property iv). Thus, the corresponding
eigenspace Vn(li)x : 0Q = S? — RP? is well-defined for every s € [0,1] again by property
iv), it is of class C! and it depends continuously on s. Hence VISI(;)X and Vn(lla)X are homo-
topic. Moreover, for each s € [0,1], Vn({z)x lifts to vfi&x € C’slym(SQ;SQ) and indeed the
whole homotopy lifts [25, Proposition 1.30]. As a consequence, v9_  and vl are also
00 1, O0) = deg( 0€?) = £1 and assumption (H Ps3) holds.

Finally, for any sequence ps; | 0 we define Q{) ‘= Q1,u, - Note for each Q{; the
maximal eigenvalue M . is simple on S? because of property iv) above; in addition,

max

1
Umaxs

homotopic, so that deg(
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the corresponding eigenspace map V7. is homotopic to H as shown in the proof of

max
property v) above, hence claim (1) holds. Now a direct inspection of (3.17) reveals
that Q{)(x) — Q) (z) a.e. on S? as j — oo. Moreover, in view of (iii) the sequence
{Ql}y C W12(S?;S*) is bounded, which in turn easily yields claim (2) of the theorem.

Step 2. Strong and locally smooth convergence to a singular minimizer. Now, for each
boundary datum Q]J; on S? = 0By, we take an £,-minimizer 7 (which exists by the
direct method). Notice that for every j > 1 the degree-zero homogeneous extension @j
to Q = By of Qf; is an admissible competitor for testing the minimality of @’ and,
since the potential energies of the maps @j are equibounded, we have sup; & A(@j ,Q) <
+00 and in turn {Q’} is bounded in W12(£2;S*). Passing to a subsequence, we have
Q' — Q* in W2 to some map Q* € Wslb;ﬁl(Bl; S*) and, moreover, Q*|s2 = Q) by the
weak continuity of the trace operator. We now observe we can apply Theorem 5.1 (with
Aj = ) to deduce @7 — Q* in Wlf)’f(Bl; S*) and that Q* is minimizing £y w.r.to QO
as boundary datum. Actually, thanks to the properties of the boundary data and the
minimizers proved in Step 1, we may also apply Theorem 5.5 to improve local strong
convergence to strong convergence Q' — Q* in W12(Q;S*). Moreover, by the uniform
gradient estimates in [16, Corollary 2.19], the strong convergence Q7 — Q* improves to
local smooth convergence in Q \ 3, where ¥, C Q is the finite set of possible interior
singularities of Q* according to Theorem 1.1. We now observe that Q(©) attains ey at the
north pole and —eg at the south pole of Bj, hence any £y-minimizer Q* over AB'(T) Q)
must have an odd number of singularities in view of Remark 7.10.

Step 3. Persistence of singularities and existence of split solutions. According to claim
(1) of the theorem and to Remark 7.8, each minimizer Q7 has either no singularities or
an even number of singularities coming in dipoles. We now claim that, for j large enough,
any such minimizer is not smooth, hence it has an even number of singularities. Notice
that, as shown in Step 2, the limiting map Q* has an odd number of singularities. In
order to prove the claim, let x, € ¥, and, just to fix ideas, suppose x. is a singularity
with positive sign (in the sense of Definition 7.12). Letting r. > 0 so small that there are
no singularities of @* in B, (z.)\ {«.} then, for every point z; € B, (x.) on the x3-axis
which is above z,, we have Q*(z4) = eg and, for every z_ € B, (x.) on the z3-axis
below ., we have Q*(z_) = —eq. From the strong W' 2-convergence and e-regularity
we have CL _-convergence @7 — Q* in Q\ .. As a consequence, up to discarding finitely
many values of j it follows that for every map @’ there are points in B,., ()N {z3-axis}
above z, at which Q7 is ey and points below z, at which Q7 is —eg. This means that
Q7 has at least one singularity in B, (z.) N {x3-axis} and the proof is complete. O

Remark 7.13. Although the boundary data Q{) in Theorem 1.3 are real-analytic, ana-
lyticity does not play a role in the argument. Thus, singularities can occur because of
energy efficiency even when the regularity of the boundary data is maximal.

Remark 7.14. Keeping in mind the examples of torus solutions in the unit ball con-
structed in Theorem 1.2, the theorem above also suggests how delicate is the interplay
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between the geometry of the domain and the properties of boundary conditions in de-
termining the (regularity, hence topological) properties of the corresponding minimizers.
Further results in this sense, including the coexistence of smooth and singular minimizers,
will be discussed in our forthcoming paper [17].

The previous theorem has two remarkable consequences even for the minimization
of the Landau-de Gennes energies among nonsymmetric maps. Indeed, for {Q{)} as in
Theorem 1.3 we know from [16, Theorem 1.2] that any minimizer of £, over each norm-
constrained nonsymmetric classes AQ{-) (©) is smooth up to the boundary. In view of
Theorem 1.3 such minimizers cannot be axially symmetric for j large enough because
the minimizers in the subclass AZ’{)m (©) must be singular. As a consequence, symmetry

breaking and nonuniqueness of minimizers in the class AQ{) (©) occur as summarized in
the following corollary.

Corollary 7.15 (Symmetry breaking). Let Q = By, let {Q{)} C CH1(S2%;8%) be the St-
equivariant boundary data constructed in Theorem 1.5 and let Q7 be a sequence of
minimizer of £y over .AQ%(Q). Then, for every j large enough Q7 is not S'-equivariant
(i.e., Q7 belongs to AQ{;(Q) \AZ;(Q)) In particular R-Q7(R!-) is a minimizer for each

R € S', hence nonuniqueness of minimizers occurs.

The symmetry breaking phenomenon extends to the Lyuksyutov regime introduced
in [16], as made precise in the corollary below. Let us recall that without the norm
constraint (1.7) the relevant energy functional is

1 2
Fu@ = [ 5IVQ W@+ (1-10P) da,
Q
where A is defined after (1.8), p:= ‘LL—Q > 0, and
1 4 1 1
W(Q)=——= — =t —.
(@ =77 11" = 3@ + 5z

The functional F) ,, is defined over W12(£; Sp) and it reduces to £, under the Lyuksyu-
tov constraint (1.7) in view of the definition of 8 in (1.1) (see also discussion in the
introduction of [16]). The Lyuksyutov regime considered in [16] corresponds to

A = const., w— 400,

where the energy minimization was performed under a fixed boundary datum @, €
C11(0£;S*). According to [16, Theorem 1.3], in the Lyuksyutov regime the minimizers
of Fy,, over Wé’f(Q;So) strongly converge in W12 to minimizers of £, over Ag, ()
which are smooth up to the boundary, as already recalled above. Since S'-equivariance
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would persist under strong convergence, we deduce that it eventually fails when it fails
for the limiting map. Thus, Corollary 7.15 immediately yields the following result.

Corollary 7.16 (Symmetry breaking in the Lyuksyutov regime). Let Q@ = By and let
{Q%} C CL1(S%;8%) be the sequence of S'-equivariant boundary data constructed in
Theorem 1.3 and let us fix j large enough such that Corollary 7.15 holds. Then, for each
@ >0 large enough any minimizer Qfl of Fx,. over Wl’]f(Q;So) is not S'-equivariant.

Finally, we discuss general properties of singular minimizers under norm and sym-
metry constraints as those constructed in Theorem 1.3. We are now going to prove
Theorem 1.5 but we still need some preparation. Indeed, another important ingredient
in the proof of Theorem 1.5 is the following result which explains how biaxiality behaves
near the singular points. The statement is an immediate consequence of the asymptotic
analysis at isolated singularities from the previous section and the structure of tangent
maps in (1.18).

Proposition 7.17. Let Qx € Ay () be a minimizer of Ex over Ay () and let us fir
zo € Sing(Qy) and ro > 0 such that Qx € C™®(B,,(20) \ {z0}). Let Q) denote the
corresponding tangent map at xo and Q\"" (x) = Qx(xo +rx) the rescaled maps, so that
by Theorem 1.1 we have Q5" — Q™) in C%(By \ B1) as r — 0. Then for the biaziality
functions of the rescaled maps we have that Bo Qio’rj smoothly converges to Eo Q) gs
j — oo in By \ By along any sequence r; = 0. As a consequence, for any —1 <t <1,
there is a cylinder Cy coaxial with the xs-axis with the property that {Eo Qr=1t}NC is

a smooth disc-type surface with a conical point at xg.

Remark 7.18. Notice that, due to the explicit formula (1.18) for any minimizing tangent
map, the function g = B o Q'® is invariant under rotations around the zs-axis, it is
actually independent of @ and in spherical coordinates depends just on the colatitude
¢ € [0,7]. Indeed, an elementary calculation gives 3(6) = —1 cos® 6 + 3 cos 6, therefore
all the values t € (—1,1) are regular. As a consequence, Proposition 7.17 would hold
even without uniqueness of the tangent map proved in the previous section.

Proof. The proof is elementary, so we only sketch the main idea. First we observe that
in view of (1.18) and Remark 7.18 the level sets {80 Q@ = t}, ¢t € (—1,1) fixed,
are Sl-invariant round cones with tip at zo and opening angle ¥ € (0, 7) depending on

€ (—1,1). As for the limit function all the values are regular (away from the origin), the
same property holds for the biaxiality functions So Q" for j > jo, jo large enough, and
indeed smooth convergence of the functions implies smooth convergence of the surfaces
seen as graphs over a fixed annular region of the limiting cone. Choosing dyadic radii
r; = 19277 and undoing the scaling, we see that {Bo @y = t} is a smooth disc-type
surface (it is indeed the union of the rescaled annular graphs) with a conical point at xg
and having {E 0@ = t} as tangent cone at it. Thus the conclusion follows in a small
cylinder C; of radius r = 72770, O
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Proof of Theorem 1.5. Since @), is equivariant, the function g is invariant under rota-
tions around the z3-axis, therefore it is enough to work in the planar domain D—;g, where
D;g is as in (2.8). The function [ is real-analytic where @, is; thus in particular g is
real-analytic in D). Recall that Sing(Q,) is a finite set of isolated points on the z3-axis.
Then we infer from Sard’s theorem for analytic functions [56] that the set of singular
values of [ is finite on each compact set K C Dg (note that because of Sl-invariance
the critical values of 8 in ) are exactly those of the restriction to D;g ), hence all but
at most countably many ¢t € [—1, 8] are regular values of 3 (note that § = 41 on the
symmetry axis).

Suppose there is a sequence of distinct singular values {8,} C [—1, B) accumulating
at some —1 < B, < B with corresponding points {z,} C Fg \ Sing(Q»). Passing to
a subsequence we may assume z,, — z, and VB(x,) = 0. Since B(z,) = B, < B we
conclude that =, € Q. Note that z. ¢ Q\ Sing(Q»), because otherwise § would have
countably many distinct singular values in some closed ball B,.(z,) C 2\Sing(Q)), which

is impossible by Sard’s Theorem. We are going to show that the last possible option, i.e.,
x, € Sing(@)), is also impossible, therefore the critical values can accumulate only at B
or at —1 as claimed. Indeed, assume the converse. Then there would be x. € Sing(Q»)
and a (not relabeled) sequence x,, — . such that V@(x,) = 0 for all n. Applying
Proposition 7.17 with xy = 4, r,, = |2, — x| and tangent map QY| passing to a (not
relabeled) subsequence we would have y,, = (z, — 2.)/r, — y« € 0By which is not on
the vertical axis, because clearly go QY (y.) = B. # 1, in contrast with Remark 2.9.
On the other hand, the C'-convergence in Proposition 7.17 yields V(8 o Q(®))(y,) =
lim, V(8 o Q3" )(yn) = 0 which is clearly false, since t = 3, (indeed every t € (—1,1))
is a regular value of B o Q™ away from the origin in view of Remark 7.18.

Let t € (—1,) be a regular value of 3 and a € Sing(Qy). Then the biaxiality set
{B=1t}nN Dg comes out from a tangent to a straight line by Proposition 7.17, it is
contained in ’D?{ by the definition of 5 and it is a finite union of analytic connected arcs
and, possibly, of finitely many disjoint analytic closed simple curves. Let C be a maximal
arc in {8 = t} ND¢) originating from a. We want to show that it ends at another singular
point a1 # a of @y, with opposite sign w.r.to a. Indeed, we observe that C cannot end
on 81?5 \ Sing(Q»), since either 8 > ¢ or § = —1 there. On the other hand, C cannot
end at a point 7 in the interior of D;g , since here (8 is analytic and, with the aid of
the implicit function theorem, we could continue C a bit as a smooth arc across zi,
contradicting maximality. Thus, C can only end on a singular point a;, necessarily with
opposite sign w.r.to a since ¢ is a regular value of 5 (the sign of the normal derivative
of B along the arc with respect to the outer normal of the enclosed region is constant,
so the sign of the two endpoint singularities must be opposite). Rotating around the
xr3-axis, we have topological axisymmetric spheres and, possibly, tori. Note that the
topological axisymmetric spheres so determined have corners for any ¢ # 0 because of
the asymptotically conical behavior in Proposition 7.17. In the special case t = 0 is a
regular value, then the set {§ = 0} contains N smooth axisymmetric topological spheres.
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Now, let 8 < t < 1 be a regular value of 3. Arguing as in the proof of 1) in Theorem 7.4
and in the above, we see that {8 = t}ﬁDg looks like the disjoint union of finitely many of
the followings: (a) arcs connecting singularities with opposite sign (as in the above); (b)
arcs connecting boundary points; (c) arcs connecting singularities and boundary points;
(d) points on the boundary; (e) simple closed curves. Therefore, rotating the planar
section around the zs-axis gives both 1) and 2).

Finally we now prove 3). In view of the information previously obtained, going down
along the symmetry axis we have a first singularity a* € €, which is clearly positive
because of (H P ), and which is the north pole of a sphere & contained inside the biaxial
set {8 = ta2}, whose south pole is a negative singularity a~. Notice that this pair could
be a dipole or not, if there are other singularities in between. In both cases there is a
regular point @ such that Q,(@) = —ep and which is on the symmetry axis in between
the two singularities (this is trivial if the two forms a dipole but also obvious if there is
an extra singularity in between, choosing a sufficiently close and “on the negative side”
of it) and therefore contained in the interior of the biaxial sphere &.

Clearly, & C {3 >t2} and @ € {8 < t1}, hence & C {B >t} C Q\ {B < t1} C
R3\ {a}, therefore if {3 > t,} is contractible inside Q \ {8 < 1} then & is contractible
inside R? \ {a}. However, the latter fact is clearly impossible by the following classical
argument from degree theory, which gives the desired conclusion. Indeed, since & is
topologically a sphere we have a bi-Lipschitz embedding ¢ : S? =+ & C {8 > t5} and
of course @ ¢ & by construction. If O C Q is the region enclosed by &, then for r > 0
small enough we have @ € B,.(@) C O, hence the map ® : S? — S? obtained through the
retraction Il; : R3\ {a} — S? given by

P(y) =Tz 0 0(y) =

is well-defined and by Stokes theorem deg(®,S?) = deg(Il;, &) = deg(Ilz, 0B,(a)) = 1.
Now, for the sake of a contradiction, assume that {3 > ¢} is contractible in Q\ {3 < ¢1}.
Thus, there exists a homotopy H : (2 \ {8 < t1}) x [0,1] — Q\ {8 < t;} so that
H(-,0)|{g>t,3 = Id, H(:,1)|{s>¢,} = const. Considering the induced continuous map
G :S? x [0,1] — S? defined by

G(y,s) =

we have deg G(-, 1) = degconst = 0 while deg G(-,0) = deg ® = 1, which contradicts the
invariance of the degree under homotopy. O

Remark 7.19. Split minimizers are somewhat analogues of the so-called split core solu-
tions found numerically in [19]. Also split core solutions contain pairs of special points
but these are isotropic points (i.e., points at which @ = 0) rather than singularities, and
because of axial symmetry they still bound a segment of negative uniaxiality. In fact,
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singularities are impossible in the framework of [19] since there is no norm-constraint
there. Conversely, isotropic points are impossible here, because of the norm constraint. It
is natural to conjecture that the norm constraint turns isotropic points into singularities.
Arguments in [17] will provide more evidence for this. For all these reasons, we preferred
to give these singular solutions a still evocative but slightly different name.

Remark 7.20. As stated in the previous theorem, the presence of tori in the biaxial
sets of split minimizers is not excluded. The difference with the smooth case is that,
according to Corollary 7.5, tori must be contained in the biaxiality surfaces of smooth
solutions, at least for levels of biaxiality lower than 3. For singular minimizers this is not
yet clear, because we are not able at present to describe the topological structure of a
singular configuration near each dipole and consequently to understand its relation with
the topological properties of the boundary data.

Remark 7.21. Further, numerics from [35] and [36] suggest these singular solutions are
not minimizing deep in the nematic phase, at least in the ball under homeotropic bound-
ary condition, where energy minimizing configurations should be smooth with torus-like
structure. However, as commented in the final subsection of the paper, the coexistence
of smooth and singular minimizers in such model case has been proved in the recent
remarkable paper [59] in the smaller class of O(2) x Zs-equivariant configurations. As we
will discuss in [17] in the context of S'-equivariant minimizers under radial anchoring,
this coexistence can occur but it depends in a subtle way on the geometry of the domain
Q and it may be lost for suitable deformations of the ball for which energy minimiz-
ing configurations turn out to be necessarily minimizing torus solution in the sense of
Definition 7.6 or minimizing split solutions in the sense of Definition 7.11.

7.8. Concluding remarks

Many results of this paper, in particular Theorem 1.1, Theorem 1.4, Theorem 1.2 and
Theorem 3.19, are much improved versions of results proven for the first time in the Ph.D.
thesis of the first author [15], where the concepts of torus solution and split minimizer
have been firstly formalized, at the least to the best of our knowledge. Theorem 1.4 and
Theorem 1.5 are the first results in literature describing the topology of S'-equivariant
(LdG) minimizers in such detail and, at the same time, in such generality.

However, as already remarked in the Introduction, apparently similar and somewhat
related results very recently appeared in the interesting paper [59], where the mini-
mization problem of the energy functional (1.8) in a symmetric class of competitors is
considered, and here we want to comment a bit on the differences between our work and
[59].

First of all, as we already mentioned in the Introduction, the analysis in [59] is re-
stricted to the case when the domain is the unit ball {2 = B; and the boundary condition
is always the constant norm hedgehog H given by (1.23). In addition, the class of Q-
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tensor fields considered in [59] is strictly smaller than AF™(B1), because instead of
considering arbitrary S'-equivariant configurations the author restricts to the smaller
class of O(2) x Zga-equivariant configurations. More explicitly, in [59] the author con-
siders maps @ that in cylindrical coordinates (r, ¢, z) € B; can be equivalently written
as

Q(’F, (b’ Z) = (fO(rv Z),f1(7“, Z)ew)mf?(rv Z)ei2¢) ) (’I“COS(b,’I“Sin¢,Z) € Bl ) (75)

using the identification of Sy with R @ C & C instead of a reference moving frame
adopted there. It is assumed that f; € R for j = 0,1,2, to entail O(2)-equivariance,
so that the admissible space of tensors at each point is only a two dimensional sphere,
ie., f(r,z) € S? and Q(-,-,¢) € Sé C S*. In addition each f; is also assumed to be
even/odd symmetric in the z3 variable, more precisely f;(r, —z) = (—1)? f;(r, z) for each
j = 0,1,2, which amounts to the Zs-equivariance with respect to the reflection across
the plane {x3 = 0}. In this restricted class the author performs a clever parametrized
constrained minimization which yields in the limit coexistence of “torus” and “split”
minimizers of the unconstrained minimization problem in the O(2) x Zs-equivariant
class having the same energy.

In essence, both the minimizers in [59] are smooth near the origin, and the different
behavior depends essentially on the possible values @5(0) = +eq. Since the extra Zo-
symmetry forces the singular set to be symmetric as well, in agreement with Remark 7.8,
the number of singularities in the upper half space is shown to be even (possibly zero) if
Qx(0) = e or odd in the opposite case Q»(0) = —eg. In the former case, Zy-symmetry
is cleverly used to deduce the existence of a negative uniaxial ring on the symmetry
plane {x3 = 0}, surrounded by a coaxial thin solid torus of biaxial tensors. In the latter
case instead, a vertical segment of negative uniaxiality containing the origin with a pair
of singularities at the endpoint is shown to exist, surrounded by a thin neighborhood
of biaxial phase. These conclusions, as well as further interesting results concerning
the behavior of the eigenvalues and the eigenframes in these neighborhoods, depend in a
crucial way on the O(2)-equivariance. Indeed, compared to our setting, O(2)-equivariance
allows to conclude that the vector field eg(x) = (—sin ¢, cos ¢, 0) is an eigenvector of any
O(2)-equivariant @-tensor at any point. In turn this allows to write the corresponding
eigenvalue Qey-ey as a linear combination of the entries of @), to give manageable formulas
for the remaining ones and to deduce ordering properties between the eigenvalues which
are crucial when discussing the behavior of the eigenframe mentioned above. It would be
very interesting to extend these conclusions to the full S'-equivariant context, in which
a better understanding of the behavior of the eigenframe near the uniaxial sets would
be highly desirable.

Also the explicit boundary datum plays a major role in [59], in combination with the
O(2)-equivariance and at least in two respects. Firstly, it allows to deduce by the maxi-
mum principle that fo > 0 in the interior and f; 2 0 for z3 2 0 from the same properties
on the boundary, useful sign properties which are crucial to prove that the uniaxial sets
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mentioned above are surrounded by the biaxial phase. The second fundamental aspect
in which it enters concerns the discussion of the regularity theory in [59], where through
an a priori energy upper bound on the minimizers it allows to exclude a priori (and not
by any stability analysis, as done here in Sec. 4) the presence of linearly full harmonic
spheres as tangent map, therefore no classification as the one in Sec. 3 is needed. As
a result, the possible tangent maps at isolated singularities are still of the form (1.18),
with the further restriction o = 0 in the upper half space and o = 7 otherwise, due to
0O(2)-equivariance and the sign condition on f; mentioned above.

Concerning qualitative properties of the minimizers in [59], these seems to be somehow
weaker counterparts of the ones in Theorem 1.4 and 1.5 above. Clearly the minimizers
in the restricted class described above are critical points of the energy functional (1.8)
as those in the class .Azgyin(Bl) by a symmetric criticality principle as the one in Sec. 6,
although their energy minimality in the class AZ™(B1) remains unclear. On the other
hand, the fundamental difference between our definition of torus solution (and, in turn,
of split minimizer) and the corresponding one in [59] is the full regularity assumption we
make in Definition 7.6 (and in turn its violation in Definition 7.11) and which is absent
in [59]. Indeed, as already recalled above, torus solutions as constructed in [59] may
have singularities (although when they are smooth then they satisfy our Definition 7.6
in view of Corollary 7.5); more precisely, they may have a finite number of dipoles (in
our sense) in each half-space. As a consequence of regularity, in our case the linking
property of the negative uniaxial ring with the positive uniaxial region made up by the
boundary and the xz-axis holds and is actually encoded in Definition 7.6. On the other
hand, without assuming regularity it is unclear whether the linking property or some
weaker counterpart of it still holds when a negative uniaxial ring is present. This is quite
undesirable, since the linking property seems to be the most striking feature of biaxial
torus solutions according to numerical simulations, leading to a foliation of the domain
in tori corresponding to the level sets of the (signed) biaxiality parameter.

Without further regularity information, the most intriguing conclusion of [59], the
coexistence of a torus and a split minimizer, should be reinterpreted in the weaker sense
of “coexistence of two minimizers among O(2) x Zs-equivariant configurations with a
different number of singularities”. In the full S'-equivariant class, but for well-chosen
domains and boundary conditions (allowing also for the stronger conclusion that one of
the two must be a torus solution), this fact was already proven by the first author in
[15, Theorem 8.9]. Anyway, even if weakened and even if valid only in a restricted class,
the conclusion of [59] remains very interesting because no rigorous result was previously
known for the ball with the constant norm hedgehog on the boundary, which is by far the
most interesting and representative case considered in literature. Inevitably, comparison
with [59] puts in even more evidence the interest of Theorem 1.2 and Theorem 1.3,
since we not only proved that torus solutions and split solutions in the ball do exist
but also that there are fairly natural boundary conditions with respect to which they
are the only minimizers in the full S'-equivariant class. Furthermore, in analogy with
the results announced in Remark 7.21, in our companion paper [17] we will elaborate



96 F.L. Dipasquale et al. / Journal of Functional Analysis 286 (2024) 110314

more on this theme and we will show how singular and smooth solutions for the Euler-
Lagrange equations do appear simultaneously as minimizers among S'-equivariant maps
in a nematic droplet for suitable deformations of the radial anchoring as boundary data.
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