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Abstract

The formalism of nonrelativistic quantum physics was originally considered in
the context of inertial frames. Here, we report on a more general framework
that includes noninertial frames and arbitrarily strong gravitational fields. We
derive from first principles the nonrelativistic limit of quantum fields in curved
spacetime.

Unique features and subtleties of the fully covariant theory in curved space-
time affect nonrelativistic quantum systems in accelerated frames when the ac-
celeration is sufficiently high. This includes the frame dependent notion of
particles, energies, vacuum states and nonrelativistic conditions. By using the
algebraic approach to quantum field theory, we detail these effects in the non-
inertial nonrelativistic regime.

The theoretical framework developed here gives predictions about the phe-
nomenology of nonrelativistic quantum systems that are put in noninertial mo-
tion. As an application, we derive the realistic model of accelerated nonrela-
tivistic atoms by using Dirac field theory in Rindler spacetime. We report on
the experimental constraints for the indirect observation of the Unruh effect by
means of atomic detectors via hyperfine structure.

Then, we address the problem of localization of quantum states and observ-
ables in inertial and accelerated frames. We show how the Born probabilistic
notion emerges in both cases as a consequence of the respective nonrelativistic
limit. As a result, we find that nonrelativistic states can be described in terms
of wave functions that quantify the probability to find particles in each space
position. Also, we report on nonlocal effects that originate from the frame de-
pendent nature of vacuum states and nonrelativistic conditions in the quantum
field theory in curved spacetime.
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Notation and conventions

Throughout the thesis we follow the following notation and conventions.

The signature of metrics is (—, +,+,+). We adopt Einstein notation over
repeated indices. Greek indices p, v, p, o are for 4 dimensional spacetime coor-
dinates (0,1, 2, 3), while Latin indices 4, j, k for 3 dimensional space coordinates
(1,2,3). The index « is used for spinorial degrees of freedom. The other let-
ters [,m,n,... are used as bare indices and do not follow the Einstein rule of
repeated indices. Only in the case of 1+1 dimensional spacetimes, the letters
1,7,k are used as summation indices as well.

§(t —t') and 63(Z — @) are Dirac deltas, while 6 = §;; is the Kronecker
delta. We use generalized deltas dgg as well when the variables 6 and 6’ include

continuous and discrete degrees of freedom. Also, 6(¢) is the Heaviside step
function.

Fundamental constants

c speed of light
h reduced Planck constant
kg  Boltzmann constant

Acronyms
QFT Quantum Field Theory
QFTCS Quantum Field Theory in Curved Spacetime
RQM Relativistic Quantum Mechanics
NRQM NonRelativistic Quantum Mechanics
NRQFTCS NonRelativistic limit of QFT in Curved Spacetime
AQFT Algebraic Quantum Field Theory
GR General Relativistic



Abbreviations
Eq. Equation
Fig. Figure

Chap. Chapter
Sec. Section or subSection

NOTATION AND CONVENTIONS



Introduction

State of the art and objectives

NonRelativistic Quantum Mechanics (NRQM) is typically defined in terms of
the following postulates.

1. Single particle states are identified by wave functions (%) as elements of
the Hilbert space C" @ L*(R?).

2. Due to the Born interpretation of quantum mechanics, [ (Z)]? gives the
probability to find the particle in the position Z, which means that states
are localized in the support of their wave functions.

3. The theory is supplied with a notion of time evolution by means of a
Hamiltonian operator H. The time evolved wave function Y(t, Z) is solu-
tion of the Schrodinger equation ihdpt (¢, &) = Hy(t,Z), where H is the
representative of H in C" ® L2(R3).

NRQM is regarded as the limit of a more fundamental theory, namely Quan-
tum Field Theory (QFT). At variance with NRQM, QFT is consistent with
special relativity; however, the postulates do not apply there. In particular,
single particles are defined as positive frequency modes of the field equation and
not as elements of C"® L%(R3) [9]. The corresponding modal wave functions are
not associated to the probability to find particles in defined positions. Also, the
notion of time evolution is given by the hyperbolic field equation (e.g., Klein-
Gordon or Dirac equation) which can be second order in the time coordinate.
The NRQM postulates only emerge in the nonrelativistic regime of QFT as
an approximation of the theory [10], [IT], [12].

QFT describes relativistic quantum phenomena in the Minkowski frame of
a flat spacetime. More general coordinate frames or curved spacetimes are, in-
stead, considered in the so-called Quantum Field Theory in Curved Spacetime
(QFTCS) [9]. QFTCS is a well-established theory, which led to conceptual re-
sults and phenomenological predictions, including the frame-dependent content
of particles and the consequent frame-dependent notion of vacuum state, which
is at the origin of the Hawking [I3] and the Unruh effect [14} 15| [16].

Here, we focus on QFT in Rindler spacetime describing the frame of an ac-
celerated observer. One of the aims of the thesis is to show the existence of a
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regime in which postulates[I}j3] hold for the accelerated observer. We define Non-
Relativistic limit of Quantum Field Theory in Curved Spacetime (NRQFTCS)
as the restriction of QFTCS to states with energy very close to their mass. We
demonstrate that, when such a nonrelativistic condition is satisfied, the postu-
lates [[H3] hold.

An additional goal is to compare NRQFTCS with NRQM, defined as the non-
relativistic regime in Minkowski spacetime. Some unique features of QF TCS—
such as the frame dependent notion of particles, energies and vacuum states—are
expected to appear in the context of NRQFTCS and cannot be predicted by
the sole postulates [I}j3] of the nonrelativistic quantum theories. What are the
consequences of such frame dependent effects in the noninertial quantum exper-
iments? Do they produce measurable differences between the NRQM and the
NRQFTCS regimes?

NRQFTCS represents the natural framework for the description of, e.g.,
nonrelativistic systems in gravitational field or particle detectors in noninertial
motion. Remarkably, the regime is experimentally accessible with current tech-
nology. In particular, the weak gravitational effects produced by the Earth’s
gravity on nonrelativistic quantum systems was detected by experiments on ul-
tracold neutrons [I7, 18], 19, 20l 211, 22| 23]. The ever-improving measurement
accuracy and the theoretical interest in describing strong gravity effects in non-
relativistic quantum systems motivate the formulation of NRQFTCS from first
principles.

As an example of nonrelativistic quantum system in noninertial motion,
we consider an accelerated atomic detector [24] 25| 26]. For a comprehensive
description of the noninertial atom, the idealized nonrelativistic Unruh-DeWitt
detector [I6], 27] needs to be superseded by a more realistic model. An explicit
description of the quantum system based on bound states of atomic fields—
including nuclear, electronic and electromagnetic fields—in QFT and QFTCS is
currently lacking; conversely, the nonrelativistic semiclassical atomic theory is
well-established and gives measurable predictions in the NRQM regime. When
the atom is accelerated, NRQFTCS becomes the only accessible framework for
the description of the quantum system.

The nonrelativistic limit of quantum fields in Rindler spacetime unveils
conceptual and experimental subtleties, such as the frame dependence of the
nonrelativistic limit and particle number. Due to the different notion of time
and energies—as generators of time translations—between the Minkowski and
Rindler frame, the inertial and the accelerated observer generally do not agree
about the nonrelativistic nature of states. Also, the frame dependent content
of particles predicted by the algebraic approach to QFTCS [9, 28] imply that
the two observers do not agree about the number of particles representing the
same state either. Consequently, if the atom is prepared in the inertial frame as
a nonrelativistic system with a fixed number of electrons and nuclear particles,
it appears as made of an indefinite number of particles with different energies
in the accelerated frame. In this thesis, we show how to suppress such a frame-
dependent effect and we derive the observational limits for the detection of the
Unruh effect via first-quantized atomic detectors.
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In the last part of the thesis, we address the problem of localization in QFT,
NRQM, QFTCS and NRQFTCS. The notion of localization in QFT is charac-
terized by the lack of independence between the preparation of states over the
Minkowski vacuum |0p) and the measurement of observables in disjoint regions
of space [29, 30, B 28]. This nonlocality originates from Bell-like quantum
correlations of |Oy) between the local Hilbert spaces [28| [32] [33] and does not
violate causality [32] B4 B5] B6]; however, it is incompatible with the notion
of Born localization considered by the postulate 2] of NRQM. Provably, in the
nonrelativistic limit of QFT such a nonlocal effect is suppressed and the Born
localization scheme emerges. This leads to the independence between the prepa-
ration of nonrelativistic states over |Op) by an inertial experimenter (Alice) and
the measurement of observables by an inertial experimenter (Bob) in disjoint
regions.

Here, we show that the same nonlocal effect seen for QFT in Minkowski
spacetime is also present in QFTCS and is suppressed in the NRQFTCS regime.
Hence, we find that the preparation of nonrelativistic states over the Rindler
vacuum |0, Og) carried out by an accelerated experimenter (Rachel) do not
influence measurements of nonrelativistic observables by another accelerated
observer (Rob) operating in a different region.

The frame dependent notion of vacuum states and nonrelativistic conditions
in QFTCS is crucial for the description of “hybrid” experiments. This includes
Rachel-Rob scenarios with the Minkowski vacuum |Oyr) as the background state
and Alice-Rob scenarios over |Op). In all of these cases, the aforementioned
nonlocal effect is not suppressed. Specifically, we find that nonrelativistic mea-
surements carried out by Rob are influenced by local preparation of nonrela-
tivistic Rindler particles by Rachel over the Minkowski vacuum |0y) or by local
preparation of nonrelativistic Minkowski states by Alice. Such a result leads
to measurable outcomes in the NRQFTCS regime that cannot be predicted
by the sole postulates of the nonrelativistic quantum theories and makes
NRQFTCS conceptually and physically different from NRQM.

Structure of the thesis

The thesis is divided into three parts.

e Part [[| gives an introduction to the nonrelativistic limit of quantum fields
and particles in flat and curved spacetimes.

— In Chap. [I[] we consider scalar and Dirac fields in Minkowski and
Rindler spacetimes. By following the existent literature [9], we show
the representation of particle states as positive frequency modes of
the corresponding field equation.

— In Chap.[2] we discuss the behavior of such a modal representation in
the nonrelativistic limit of each frame. By considering particles with
energy very close to their mass, we show that postulates [l and [3| are
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satisfied. Specifically, we find that the modal wave functions live in a
C" ® L?(R?) Hilbert space—up to a metric dependent measure—and
their dynamics is determined by a Schrédinger-like equation.

e While Part [[] is devoted to the representation and the time evolution of
nonrelativistic states, in Part [Tl we focus on the notion of nonrelativistic
observables by considering the algebra of creators and annihilators of non-
relativistic particles. We discuss the frame dependent content of particles
in QFTCS and its consequences in the nonrelativistic regime for inertial
and accelerated observers.

— In Chap. [3| we follow the algebraic approach to QFTCS [28] to show
how particle representations of one frame can be related to the other.
For both scalar and Dirac fields, we compute the Bogoliubov trans-
formations relating Fock operators of one frame to the other and we
derive the consequent representation of the Minkowski vacuum |Opp)
as an element of the Rindler-Fock space.

— In Chap. 4] we provide a general procedure to compute the statisti-
cal operator representing any Minkowski-Fock state as seen by the
accelerated observer. Also, we derive the explicit formulation of Min-
kowski particles in terms of Rindler-Wigner characteristic functions.

— In Chap. 5] we discuss the frame dependent notion of nonrelativistic
limit between the inertial and the accelerated observers. We show
that the two experimenters do not always agree about the nonrela-
tivistic nature of particles. We derive the condition in which such
a frame dependent effect is suppressed by constraining the relative
acceleration of the observers.

— In Chap. [6] we study accelerated atomic detectors as a practical
application for the NRQFTCS framework. By following the results
of Chap. 5| we identify the regime in which a nonrelativistic atom
prepared in the laboratory frame can be described as a first-quantized
system in the comoving accelerated frame. We show the observational
window for the detection of the Unruh effect by means of atomic
hyperfine splitting.

e Part [IT]] is reserved to the problem of localization in the inertial and the
accelerated frame.

— In Chap. [7} we review the existing literature about the localization
in QFT and its nonrelativistic limit. We follow the algebraic ap-
proach to QFT to define a fundamental notion of localization in the
fully relativistic theory. Only in the nonrelativistic regime, the Born
localization scheme—identified by postulate 2} —emerges.

— In Chap. |8, we address the problem of localization in the context
of accelerated frames. The algebraic approach to QFT provides a
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fundamental notion of localization in this case as well. By consid-
ering Rindler particle operators with energy close to their mass, we
recover the Born localization scheme and the consequent postulate
] of NRQFTCS. Also, we study the general scenario in which an
experimenter A prepares states over a background |Q?) by means of
nonrelativistic local operators and an experimenter B carries out non-
relativistic local measurements in a different region. If both experi-
menters are accelerated (i.e., experimenters A and B are Rachel and
Rob, respectively) and if |Q) is the Rindler vacuum |Op,0gr), then
the preparation of the state by Rachel does not influence measure-
ments by Rob. Conversely, due to the frame dependent notion of vac-
uum states and nonrelativistic conditions, the independence between
preparation of states and measurements is not guaranteed when |(2)
is different from |0r,,0r) or when one of the two experimenters is
inertial.

— In Chap. [0} we detail the results of Chap. 8| by considering the exam-
ple of a single particle that is prepared by an inertial observer and
is detected by an accelerated observer. The detection occurs even if
the particle is localized beyond the Rindler horizon.
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Part 1

Fields and particles






Chapter 1

QFT in flat and curved
spacetimes

In this chapter, we review the description of fields in terms of particles as positive
frequency modes of the respective field equation [9]. We focus on scalar and
Dirac fields as the simplest examples of bosonic and fermionic fields.

In Sec. we consider the Minkowski spacetime representing an inertial
frame. In Sec. we generalize the results to any static spacetime. In Sec.
we study the Rindler frame as the static spacetime associated to an accelerated
observer.

1.1 Minkowski spacetime

The Minkowski spacetime is defined by the coordinates (t,Z) = (¢, z,y, z) and
by the flat metric 7, = diag(—c?,1,1,1). We note by n** the inverse of 7,

In this section, we study Klein-Gordon fields and Dirac fields in Minkow-
ski spacetime. We provide the representation of Minkowski single particles as
positive frequency modes of the Klein-Gordon and Dirac equation, respectively.
The generalization to any Minkowski-Fock state is given by second-quantized
wave functions.

1.1.1 Scalar field

We consider a free scalar field é that is solution of the Klein-Gordon equation
N _ % 2l 2 —
[n 0.0, = (25) | =0, (L1)

with m as the mass, and satisfying the canonical commutation relation

[d)(t, 7), ' (', f’)] — ihAkg(t — ', @ — &), (1.2)

11
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with

—q Bk Cn o N
A t.7) = v —tw(k)t+ik-& _ iw(k)t—ik-& 1.3
xa{h2) (2m)? /]R3 2w(k) {6 ‘ ] (1:3)

as the Pauli-Jordan function (i.e., retarded minus advanced propagator) and

w(k) = \/(mhczf + k|2 (1.4)

as the dispersion relation. For real scalar fields, we have that QAST = g?); whereas,
for complex scalar fields one has to consider the following additional commuta-
tion rule

[é(t,fm(t’,f')} —0. (1.5)

Equations (L.1)), (1.2) and (1.5) are usually derived from the Lagrangian
formulation of classical scalar fields and the canonical quantization. The Klein-

Gordon Lagrangian density is
- c va ta me\2 ~ -~
Lxald] = 5 {n“ 0,90, 0" + (?) qbqb*} : (1.6)

which has the dimension of a density action, i.e., ET/L*, where E is the energy,
T the time and L the length. The conjugate momentum field is defined as

0Lka

fr= Ca(aoés) = —8yop! (1.7)
and satisfies the equal time canonical commutation relation
[q%(t, 7), 7 (t, f’)} = ihd3 (@ — T, (1.8a)
[6(6.3),(0.7)] = [o0.2), 610, 7)] =0, (1.8b)
(8, 2), 7 (4, @) = [#(t,2), 77 (t,7)] =0 (1.8¢)

Real scalar fields are such that g{)T = gZ) and 7t = #. Complex scalar fields also
satisfy the commutation relation

[(;s(t, f),frf(t,f’)} —0. (1.9)

The equivalence between Egs. ([1.2) and (1.8) can be proved by plugging
Eq. (1.7) in Eq. (L.8a) to obtain the differential equation

o6, 7). 6 (¢, )]

a0 | =i (@~ 7), [b(t.3),6'(L7)] =0, (1.10)

t'=t

whose solution is precisely Eq. (1.2).
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Free modes

Equations (1.1)) and (1.2) lead to the familiar expression for the scalar field
6.0 = [k [E LD + 1 Ft DD F)] (1.11)
R3
where a(k) is the annihilation operator for the free particle mode

FR4E) = | — it (1.12)
(27)32w (k)

and bT(K) is the creation operator for an antiparticle with momentum k. a(k)

and Z;(E) generate the usual Minkowski-Fock space through the canonical com-
mutation relation

(a(R), a(k)] = [b(R), b(F")] = [a(F), b(F)] = o, (1.13a)
[a(R), at (§)) = [b(R), b1 (R)] = 63k — i), (1.13b)

For real scalar fields, a(k) = b(k) and, hence, no distinction between particles
and antiparticles occurs. For complex scalar fields, one has to consider the
additional commutation relation

la(R), b (7)) = o. (1.14)

The f(k) modes are defined to be solutions of the Klein-Gordon equation
(1.1) and orthonormal with respect to the Klein-Gordon scalar product

(6.0)ka =3 | dr[6" (1,008 (.7) ~ & (D" (D). (115)

R3

Equation (1.15) is time-independent for solutions of Eq. (1.1). This can be
proven by using Eq. (1.1) and the integration by parts as

d } / 192 %

G000 =5 [ (o050 — o)
i
"7 o
28 [ a=00)0s6) + (0)(0,67)

=0. (1.16)

The orthonormality of the f (E) modes with respect to (¢, ¢')ka reads as

), F(K))ka = 8°(k — k'), (1.17a)
(f*(B), f*(K))xe = —6°(k — k), (1.17b)
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<f<E>,f*<E'>>KG =0, (1.17¢)
which can be proven from Egs. ) and -

In the interaction-free theory, the Hilbert space of single particles is repre-
sented by the vector space generated by the f(k) modes and supplemented by
the Klein-Gordon scalar product . The f *(E) modes have to be excluded,
in order for the Klein-Gordon scalar product to satisfy positive-definiteness
[Eq. ] The space of single antiparticle states is analogously defined from
the field qZST. In this chapter, we only focus on particles. . .

The mode f(k) is associated to the single particle state |k) = af(k)|Om),
with |Oy) as the Minkowski vacuum defined by a(k)|0n) = b(K)|0p) = 0. The
function f (]; t,Z), with varying ¢ and &, provides a representation for the state
|k(t)) evolved with respect to the free theory as

ol () = w () F(E)), (1.18)
with initial time condition |£(0)) = |k).
Any particle state |¢) can be expanded as

o0

'¢>:;¢lm [k H (K1) |0nr) + do[On), (1.19)

n

where k,, = (El, A En) is a 3n vector collecting n momenta and q[;n(kn) is the n-
particles wave function of |¢) in the momentum representation, which is defined
to be symmetric with respect to the momenta variables. The representative of
the time-evolved state |¢(t)) in the Schrodinger picture is

n

9 2\ n/2 ~ . .
Gt %) = ( o ) /]R k() [T (R, 30), (1.20)

=1

where x,, = (#1,...,%,). When n = 0, we assume ¢y = q’N)o.

Hereafter, we will refer to ¢, (t,x,) of Eq. as the wave function of
|¢(t)) in position space. However, we remark that ¢, (¢,x,) is not associated to
the probability to find the n particles in x,, = (Z1,...,%,); the interpretation
that the state |¢(t)) is localized in the support of ¢,,(¢,x,,) is generally incorrect.
A genuine notion of localization is only provided by the algebraic formulation
of QFT, which will be detailed in Secs. and The modal localization
scheme based on the wave function ¢y, (¢, x, ) will be rigorously defined in Sec.
and it will be shown to be incompatible with the fundamental localization in
QFT [Sec.[7.5.3].

A genuine notion of localization for ¢, (t,x,,) is only recovered in the nonrel-
ativistic limit. In such a regime, the wave function ¢, (¢,x,) is approximately
an element of L2(R?) and follows the interpretation of Born localization, i.e.,
@n(t,%xp) is the probability amplitude to find the n particles in x,, = (#1,...,Zn).
These results will be shown, respectively, in Secs. and Hereafter, we
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will assume that the particle states are localized in the support of ¢, (¢, %), but
only in the context of NonRelativistic Quantum Mechanics (NRQM).

While the wave functions ([1.20]) give a representation for particle states, the
Klein-Gordon scalar product (1.15)) represents the Hilbert product between two
single particle states in terms of their wave functions as

(¢l¢") = (¢17 ¢ ke (1.21)

2m2

This product is time independent if evaluated on wave functions of the form
of Eq. (1.19) and, hence, leads to constant probabilities, as expected by the

quantum theory. Equation (1.21)) can be proven by using Egs. (1.17), (1.19)
and (L20)

The time evolution of the state |k> is described by Eq. 1-} which states

that |k) is an eigenstate of the Klein-Gordon Hamiltonian hke with w(k) as
the eigenvalue. If we try to represents such a Hamiltonian in the representation
space of the modes f(k), we must rely on some kind of square root of

Hyxc = —(hc)Zdij&-@j + (mc2)2, (122)
since each mode f(k) is a solution of

Hye f(k) = [hwo(k)* £ (K). (1.23)

What we mean by square root of Hkg is the fact that Hxg and the repre-
sentative of hxg share the same eigenvectors, but with different eigenvalues: if
hw is the eigenvalue of |k) with respect to hikg, then (Aw)? is the eigenvalue of

f(E) with respect to Hxg. We define hkg as the representative of hxg and we
write the following improper expression

hke = vV Hke. (1.24)

General modes

We now generalize the results obtained for the free modes f (E) by considering
the expansion of ¢ in terms of generic modes g(#) and h(6) with, respectively,
positive and negative frequencies. Specifically, we consider

o(t.7) = Y [9(6.1.2)a(0) + b8, 1, 2)b1(6)] (1.25)

0

where 6 is a collection of quantum numbers which can be discrete, continuum or
both and )", is a generalized sum, eventually including integrals for continuum
variables. In the particular case of free modes, the quantum numbers 6 are
momentum components (i.e., § = § = k) and > 9 = Jgs dk. The operators

a(0) and bf () are, respectively, the annihilator of the particle mode g(#) and
the creator of the antiparticle mode h*(). The function g(,t, ¥) with varying
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t and 7 is, hence, the representative of the single particle state |0) = a'(8)|0y)
identified by the quantum numbers 6.

The fact that g(f) and h(6) have positive and negative frequencies can be
expressed by

g(0,t, %) = §(0, Z)e O, (1.26a)
h(6,t, %) = h(0, 7)™ O, (1.26b)

with +w(f) as the real frequencies. The orthonormality with respect to the
Klein-Gordon scalar product (|1.15)), instead, reads as

(9(0),9(0")xc = daor, (1.27a)
(h(8),1(0")) ke = —Jeer, (1.27b)
(9(8), h(8"))xc =0, (1.27¢)

where, in this case, the deltas are generalized, as they act as Kronecker deltas
for discrete indices and as Dirac deltas for continuum variables.

The decomposition of the field into real frequencies [Eq. ] is guaranteed
by the fact that () and h(f) are solutions of the Klein-Gordon equation (L.1)).

By imposing the ansatz (1.26a)), Eq. (L.1) becomes a Schrodinger equation for
g(0) with eigenvalues proportional to w?, i.e.,

Hyag(0) = [hw(0)]*g(0). (1.28)

Hyg is positive with respect to the Klein-Gordon scalar product (|1.15) for any
positive frequency solution of the Klein-Gordon equation. Indeed, by defining

ho = mc?, h; = hcd;, (1.29)
one can prove that
(¢, Hxa¢')ia = 87 (hid, hjd )k + (hod, hod)ka- (1.30)
In this way one can see that if ¢ is a combination of g(6) modes, then
(¢, Hkc9)ke > 0 (1.31)

and, hence, Hkg has positive eigenvalues in the space of g(f) modes. This is
compatible with the fact that the w appearing in Eq. is real. The same
proof can be obtained for the h*(6) modes by considering the field QBT.

As in Egs. and , we may define the wave function of any state
|¢) by decomposing |¢) in terms of |#) states as

) = Z % Z&n(en) HdT(91)|0M> + ¢o|0n), (1.32)
n=1 VT g 1=1

where we have defined the vector 8,, = (61,...,6,) and the function &n(en) is
symmetric with respect to 61, ..., 6,. In the Schrodinger picture, he state |¢) is
represented by

n

2mc? n/2 ~
O (t,Xn) = <52> > 6n(0,) [ 900, t, 3). (1.33)
6,

=1



1.1. MINKOWSKI SPACETIME 17

1.1.2 Dirac field

In this subsection, we consider a Dirac field z/A) in Minkowski spacetime and we
derive the modal representation of the corresponding particle states. We use
the Dirac representation for 7,/; and its modes; hence, we identify them as a 4
dimensional vectors and any operator acting on the left as a 4 x 4 matrix.
Free Dirac fields in Minkowski spacetime are solutions of the Dirac equation

2
(mﬂ@u - mg) =0, (1.34)

1/1T 0 ; 0 o
0o _ - i )

are gamma matrices, with I as 2 x 2 identity matrix and

A0 AT ee() am

as Pauli matrices. The following identities for gamma matrices will be used
throughout the thesis

where

{7 = -2, (1.37a)
(V)T =77, COUES (1.37b)

Free modes

The usual decomposition of 1& in terms of modes with defined momenta and
spin is

b5 = / I (s, 202 (F) + oy, 7)1 ) (1.38)

where ¢,(k) and di(k) are, respectively, the annihilation operator for the par-
ticle and the creation operator for the antiparticle with momentum k and spin
number s satisfying the canonical anticommutation relations

), s (K')} (K} = {és(k), do (K)} =0, (1.39a)
7! E/

{6S(E ¢ =
{ea(k), el (K)} = {da (), d}, (F)} = 0,008°(k — ). (1.39b)

The modes us(k) and vs (k) are orthonormal positive and negative frequency
solutions of the Dirac equation (1.34) having the form of

rY
T
ry

us(k,t, @) = (2m) 32w Rtikay (o) (1.40a)
,0) = (2m) 32w (B=ikEy (F). (1.40b)
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The orthonormality condition is

(us (K), ug (E'))C4®L2(R3) = 0,083 (k — K, (1.41a)

(vs (k) vy () cagre(s) = 856 (K = ), (1.41b)

(US(E)’US’(E/))C4®L2(R3) =0. (1.41c)
where

(1, ¥ )crgre(rs) = /RB Bt (t, 7)Y (1, %) (1.42)

is the Minkowski-Dirac product. Owing to Eq. (1.37)), one can prove that
Eq. (1.42) is time independent for any couple of solutions of Eq. (1.34]) as follows

GO s = [ ooty

=62% /R ) dPapTy0 0y’

=c’ /R L Pal(900) Y + 9T 0]

=c’ /R L 2(1°009) 1Y + 91975 0y]

—¢? /]Rs & { [(—’yiai - z%) w} Y
+ipia° (_’Yiai - Z%) w’}

=c [ dz[(0i")y'7 Y — Ty 4 9]

R3
= [ a0 + Ty 0]
R3
=0. (1.43)
The functions i, (k) and 7,(k) are solutions of the following equations
[w(ﬁ)*yo — ki — %] s (k) = 0, (1.44a)
[w(lg)vo N %] G5(k) = 0, (1.44b)
al (K)iig: (k) = 854, (1.44c)
01 (K) Dy (k) = 84sr, (1.44d)
@l (k)oy (—k) =0 (1.44e)

One can use Eq. (1.40) and the fact that us(k) and vy(k) are solutions of
Eq. (1.34) to obtain Eqs. (1.44a)) and (1.44bf). The orthonormality conditions
(L.44c), (1.44d) and (1.44€), instead, can be checked by plugging Eq. (1.40) in

Eq. (L.41) and using Eq. (1.42).
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The index s is associated to the two independent spin degrees of freedom.
One can consider any couple of solutions of Eq. and associate each solution
to either s = 1 or s = 2. This freedom is due to the arbitrary definition of the
spin basis for positive and negative frequency modes.

A possible basis is given by particles with defined spin along one direction.
For instance, states with spin up and down with respect to z are such that in
the particle comoving frame (i.e., the one obtained by performing a Lorentz
boost with opposite momentum —E) the representatives have only one spinorial
component different from zero. In this basis, the functions @ (k) and 7,(k) are

-,

cy'k; +mc?/h

(k) == w(kz Uy, (1.45a)
\/2w(k k) + me2/h)
a0
0s(k) = oy wk )+CW ki + me /hns, (1.45Db)
\/Qw( k) + mc2/h]
with
1 0 0 0
0 1 0 0
U = 0 ) Uy = 0 ) b = 1 3 by = 0 (146)
0 0 0 1

It can be noticed that the Dirac equation (1.34) is already put in a Schro-
(.34

dinger equation form. Indeed, by acting on Eq. (1.34) with a hcy® matrix and
using Eq. (1.37a)), one obtains

ihdoth = hat), (1.47)
with Hamiltonian '
hat = —ihc?y%~10; + me340. (1.48)
It can also be noticed that hy; is hermitian with respect to the C* @ L?(R?)
scalar product, in the sense that
(hm, V) cagrems) = (¥, hmt)cig 2 (vs)- (1.49)
This can be proven by using Eq. (1.37)) to obtain

(st ooy = [ d% [(=inea®0; +me) o] v
-/ dPx[—ihc® (001770 + meP iy )y’
=/ dafic (917 y + mePpta )y’
= . 3zt (—ihc2’yofyi3¢ +mc®y°)
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=¥, hmy)cser2 (rs)- (1.50)

The quantum states defined as |s, k) = éi(k)|0p) are orthonormal and gen-
erate the Hilbert space of single particles. This means that any Fock state |¢)
can be decomposed as

w> = Z \/>Z d?mk"wn Sm H l kl |0M +¢0|0M> (1.51)

R3n i1

with (sp,kn) = ((51,k1),-- ., (Sn, kn)) as a collection of spin and momenta and
with @n(sn,kn) as a function that is antisymmetric with respect to the spin-
momenta variables. Equation (| is the equivalent of Eq. - for Dirac
particles and provides the deﬁnltlon of z/)n(sn, k,,) as the wave function for |¢))
in the spin-momentum representation space.

Equivalently to Eq. , the representative of the time-evolved state [1(t))
in the Schrodinger picture is

n
e (txn) =Y | dkptha(sn k) [ [ ul (ki t, 7). (1.52)
S R3n =1
where u?(E, t, Z) is the a-th spinorial component of uS(E, t,Z). In Eq. lj the
4 dimensional spinorial degrees of freedom are, thus, indicated by means of the
« indices collected as o, = @1 ...a,. Single particle wave functions, instead,

can be written in the spinorial notation without indices as

2
t,7) = Z/ Bl (s, k)us (K, t, 7). (1.53)
s=1 R3

The spinor 1, is solution of Eq. and, hence, its time evolution is
provided by hy. Also, the Hilbert product between any couple of single particle
states |¢), [¢') can be written in terms of the C*® L?(R?) product of their wave
functions as

(W) = (Y1, %)) crgr2 @s).- (1.54)

This means that the single particle content of the Dirac field can be fully de-
scribed by spin-momentum wave functions , the C* ® L?(R3) product and
the Hamiltonian hy;. We may think that C* @ L?(R3) is the representation
space of the Dirac single particle states. However, the orthonormal functions
Ug (E) do not provide a complete basis for C* ® L?(R3), as it is possible to see
from Eq. (L.41). The actual representation space is a subspace of C* ® L?(R?),
namely the positive frequency subspace of C* ® L?(R?).

A generalization to Egs. (1.53) and (1.54)) for more than one particle can be
1.52)

given by the wave functions (1.52)) and by the Hilbert product

o0

W) =3 (W, ¥} )cangra@en, (1.55)

n=0
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where
(Wn ¥n)cmpramn) = Z /R T [ (8 3)] % [V (1 30)] 7, (156)
(thos ¥o) com L2 (o) = Y5 ¥ (1.56b)

General modes
We now consider the decomposition of 1[) with respect to general modes

Itz =Y [u(e,t,f)a(e) +o(0,t,2)d(0)] . (1.57)

0

Equation (1.57) is similar to Eq. (1.25)); here, however, the spin degrees of
freedom introduce an additional energy degeneracy and the modes u(6) and v(6)
have spinorial components. The time-dependency of u(6) and v(6) is identical

to Eq. (1.26) and reads as
u(0,t, %) = w0, Z)e Ot (1.58a)
v(0,t,T) = 0(6, Z)e™ O, (1.58b)

Equation (1.58) is guaranteed by the already-proven hermicity of hy. u(0) and
v(#) are also defined to be orthonormal with respect to the C* ® L?(R?) product

(w(0),u(0))crern2(ms) = doors (1.59a)
(v(0),v(0"))crg L2 (3) = oo (1.59b)
(u(8),v(0"))crer2@s) = 0. (1.59¢)

Any Fock state |¢) can be expanded with respect to the single particle basis
|0) = &1 (0)|0m) as in Eq. ( -,1e

o0 n

) = Zl % ezl/?n H (61)|0nr) +1/)0|0M> (1.60)

Similarly to Eq. (1.52), the representative of state |1)(f)) in the Schrodinger
picture reads as

qu‘"(t,xn) = Z"Z)n(en)nual (alatafl)' (161)
6, =1

It is straightforward to prove Eq. for single particles with the new
definition of 94 (¢, &) given by Eq. . As a result, we obtain the description
of single particles by means of the C* @ L?(R?) Hilbert space. The general basis
is identified by modes with quantum numbers . Owing to Eq. we notice
again that the representation space is actually a subspace of C* ® L?(R?).
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1.2 Curved spacetime

At variance with Sec. here we consider a more general class of spacetimes
(namely, hyperbolic static spacetimes) and we extend the discussion about the
modal representation of particle states to this entire class.

Globally hyperbolic spacetimes are the class of manifolds on which the dy-
namics of fields can be written in terms of a Cauchy problem. Static spacetimes
are defined by a Lorentzian metric g, satisfying the following property

Oog"” =0, g% =g"=0. (1.62)

Hyperbolic static spacetimes appear to have a well defined notion of particles
as positive frequency solutions of the field equation [9].

We note by (T, X) the coordinate system describing the manifold and by
guv its metric. Hereafter, we will use the term “curved spacetime” to refer to
both genuinely curved spacetimes and flat spacetimes in non inertial frames
(e.g., Rindler spacetime for accelerated frames). In other words, we say that
the spacetime is curved if g, 7# Nu.-

1.2.1 Scalar field

Here, we consider a free scalar field $ that is solution of the Klein-Gordon
equation in curved spacetime

[ 2 v=ara) - (1)

with g as the determinant of g,,, and satisfying the following commutation
relation

=0, (1.63)

{(i(T,)?),i)T(T’,X’)} — ihAcxa (T, X, T, X'), (1.64)

where Acke (T, X) is the solution of

0 /N _ 3y v/
aX’“ACKG(T X T X ) o =9 (X - X ), (165&)

Acka(T, X, T,X") = 0. (1.65b)

_g(T7 )?)goﬂ(T7 X)

We also consider the curved Klein-Gordon scalar product

(®,d) CKG_—f/ X\ —g g (T, X)
R Jrs
X [cx) (T, X)9,9(T, X) — @ (T, X)9,8*(T, X)|,  (1.66)
which is time independent for solutions of the curved Klein-Gordon equation
(1.63)); this can be proven by computing
ic

d
ﬁ(‘b’ P )cka = — 7 o d*X [(00®*)vV=gg*"0,®" + ®*0y(v/—g9°"0,P")
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—(00®")V=99" 8, ®* — @'o(v/=99" 0, ")]

=— %/Rs B> X {(009*)/=gg*" 0, ®" + ©* [-0;(v/—g9™D,1)
v () | - @) vagra,e
—¢ [—ai(\/—*ggi“au) +V=g (’7;)1 <I>*}

= — %/R X [(00®*)V 99", ®" + (8;9")v/ =99 D, P’
—(009")v/=9g™ 9, " — (9,9")v/~gg™" 0, "]

—— 5 [ EX [0V 0,8" ~ (0,8)v=55"0,0"]

0. (1.67)

Consequently, (®,®")cke can be used as the Hilbert product for positive fre-
quency modes.

By expanding ® in terms of modes with real frequencies with respect to the
time T', we obtain

(1, %)= [G(G,T,X’)A(G) +H,T, X’)Bf(a)] , (1.68)
6

where A(0) (B(0)) is the annihilation operator associated to the particle (an-
tiparticle) mode G(0) (H*(#)). The modes G(6) and H(0) are defined to be
orthonormal with respect to the curved Klein-Gordon scalar product , in
the sense that

(G(0),G(0))cxra = oo (1.69a)
(H(0), H(0"))cke = —dger, (1.69b)
(G(9), H(¢'))cke = 0. (1.69c)

As in Eq. (1.26]), the definition of positive and negative frequency modes is
expressed by

GO,T,X) =G0, X)e "7 (1.70a)
HO,T,X)=H(0,X)eOT, (1.70D)

At the beginning of this section, we remarked that hyperbolic static space-
times are provided with the notion of particles as positive frequency solutions
of the field equation. In general, the ansatz (1.70) can be incompatible with

Eq. 1' and, hence, the expansion of ® in positive and negative frequency
modes is not always possible. Sufficient condition for the validity of Eq. (1.70)

is given by Eq. (1.62)). Indeed, when Eq. (1.62) holds, Eq. (1.63)) becomes a

Schrodinger equation for G(#) with eigenvalues proportional to Q?

(72)*G(0) = Hoxa G (0), (1.71)
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with Hamiltonian
h2
Hcka =g00 | —F—
vV—9

that is positive with respect to the curved Klein-Gordon scalar product (|1.66))
for positive frequency modes. The positivity of Hoxg guarantees the existence

of real Q for Eq. (L.71).

It is possible to prove that Hckg is positive owing to the following identity

0 (v=99"9;) — (me)?| . (L.72)

(®, Hoka®')exa = 09 (H;®, H;®' ) cka + (Ho®, Ho®')cke, (1.73)
with
Hy = mc?e’y, H; = hceooeijﬁj (1.74)
where e, " is the vierbein field defined as
eaes” gy = Nag (1.75)

and with e®, as the inverse of e,*. Equation (1.73), in turn, can be proven by
using the static spacetime condition ([1.62)), which in terms of the vierbein field
reads as

doeat =0, e’ =ep' = 0. (1.76)

The product (1.66]) in static spacetimes [Eq. (1.62))] becomes

ic = =
(@.)oe = & | d*Xy/=g(X)g"(¥)
R3
x [@*(T,)?)@O@'(T,X) - @’(T,X)aoé*(T,X)} L)
By integrating by parts, one obtains
(®, Hoxa®')oxa

= — th/ d3X{<I>*[80(’)z (\/ —ggijaj) (I)l] - [61 (\/—gg“aj) <I>’]80<I>*}
R3
,m2c3
TR

= — ZﬁC/ dSX\/ —ggij [—(8@*)806]@’ + (6]@’)8280@*}
R3

BX/ =g (D0 — &' 0yd*)

m2e3
+1

/ BX /=g (D0 — &' 0yd*)
R3

v

:ih03 /3 dsX\/ 7g900€006007]ij6ii/6jj [7(32-/(1)*)808‘7‘/(1), + (8j/¢’)8¢/80<1>*]
R

.m
—1

2.5
hc / X /=gg%e%e% (®* 9P — 9y P*)
RS
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=0"(H;®, H;®")cxe + (Ho®, Ho®')cxa, (1.78)

which proves Eq. (1.73]).
Seemingly, one can prove that Hckg is positive with respect to the following
scalar product

(@) 13m0y = —c [ XY gD (D)0 (D)@' (X, (1.79)

which can be seen as the L?(R?) inner product with a metric dependent measure.
The positivity of Hcke with respect to (P, ®)2(rs) can be obtained from

(®, Hoxe®') 2 (rs) = 0% (Hi®, Hj®') 12 gs) + (Ho®, Ho®') 2 sy.  (1.80)

As in Sec. we interpret the Klein-Gordon equation for positive fre-
quency solutions as a Schréodinger equation

ihaoG(e) = hCKgG(e), (1.81)

with Hamiltonian hckg that is the square root of Hoka. The equivalent of
Eq. (1.24)) in curved spacetime is

hcke = v Heka. (1.82)

In summary, the single particle description of the field is defined by the
Hamiltonian hcke and the scalar product (®,®")ckg. Instead, general Fock
states |®) are represented in the Schrodinger picture by

2m02 n/2 ~ n
®,(T,X,,) = ( 2 ) > o,0,) [[ G0, T X)), (1.83)
2% =1

where ®,,(0,,) is defined from the decomposition

oo n

1 -
) ’;Tm;‘p 1;[ (8)10c) + ®ol0c), (1.84)
and is symmetric with respect to 61,...,6,. The state |0¢) is the vacuum in

the curved spacetime defined by A(6;)|0¢) = B(6;)]|0¢) = 0.

1.2.2 Dirac field

Here, we detail the quantum Dirac field theory on a globally hyperbolic static
spacetime.

The free field ¥ is solution of the curved spacetime Dirac equation (see for
instance Ref. [37])

, o mc?\ -
<zcea“’y D, - h) v =0, (1.85)
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with
D, =38, +T,, r,(T,X)= —%aa%aﬂu, (1.86)
the spin connection
Wapu = Nave v (Oues” + T upes”), (1.87)
the Christoffel symbols
D = 50% Oution + Butioo — Do) (1.58)
and the generators of the Clifford algebra
ot = 11#,7"] (189

We consider the product

(U, 0)cagra sy = / X\ =g(T, X )ea (T, X)W (T, X)7°y*¥'(T, X).
R3
(1.90)
It has been proven [38] that when the metric is static, (¥, ¥')cig 2 (rs) is time
independent for solutions of Eq.

(1.85).
As a consequence of condition (1.62)), Eq. (1.76) holds, together with
oIy = 0, Y%, =T, =T"0=0. (1.91)

Correspondingly, we have that

6060(15“ = 0, Wijo = Wioj = Woij = O, (192)
which leads to
Lo o L
aOFu = 07 1_‘0 = _ZUJOiOU s Fi = —gw]']ﬂ'O'j . (193)

By taking in count Eq. (1.37b|), we also find that I'y is hermitian while T';

antihermitian, i.e.,
Il =Ty, rf=—1,. (1.94)

Moreover, Eq. (1.90) becomes
1 — — — —
(0 V) cropm = 1 [ X —g(Re (OWNTDWT.X), (195)
R3
as a consequence of Egs. (1.37a) and (1.76). Equation (1.95) implies that

(¥, ¥')cagrz (re) can be seen as the inner product of C* @ L?(R3) but with
a metric dependent measure.
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In a static spacetime, the Hamiltonian hgp associated to the curved Dirac
equation (1.85) is hermitian with respect to the scalar product (¥, ¥')cig 2 (r3)-
Such a Hamiltonian can be obtained from

. . 2 A
{iceoovo(ﬁo +To) +ice (9, +T;) — % ¥ =0, (1.96)
which leads to
hep = —ihc?eoe; /70y (0; + T;) + me®e®oy’ — ihl. (1.97)

Indeed, by acting with hice®gy? on the left of Eq. (1.96) and using Eq. (1.37al),
one obtains R .
ihoW = hep . (1.98)

The proof for the hermicity of hcp with respect to (¥, ¥')cigr2 rs) arises
from the fact that (¥,V')cigrz rsy is time independent for solutions of the

curved Dirac equation (|1.85)) and, hence, for solutions of Eq. (1.98]), which means
that

. d
0 :Zh%(\p, \I’,)(C4®L]23(R3)
— (ihagqf, \II/)(C4®L2D(]R3) + (\I/, ihaO\I/,)([y;@L%(R;i)
— (]”LCD\I/7 \IJ/)C4®L2D(R3) + <\IJ, hCD\III)C4®L2D(R3)' (199)

The hermicity of hcp guarantees the separation of the field into positive and
negative frequency modes as

WrX) =Y [U(@,T,X’)O(e) + V(@,T,X’)DT(Q)} , (1.100)
0
with
U@b,T,X) =e 0770, X), (1.101a)
V(0,T,X) =Ty (0, X). (1.101b)

The positive frequency modes U(6), the product (¥, ¥')cag 12 (rs) and the Hamil-
tonian hcp define the Dirac single particle space in curved spacetime.
A general Fock state |¥) is represented in the Schrodinger picture by

T (T,X,,) Z\IJ 2 [[U 0,7, X)). (1.102)
=1

where \i/n(Bn) comes from the decomposition

) = =3 0,(6,)
6.

CT(0))]0c) + To|0c). (1.103)

s

3
Il
—
3
-~
I
-
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The inner product between two states |¥), |¥’) can be obtained from a gener-
alization of (¥, ¥')cag 2 (rs) for states with arbitrary number of particles

o0

(OO = (U, U )cangrz mon)s (1.104)
n=0
with
(U, U7 )can L2 (R3n) ZCin > /RSn d3"anf[1 [\/ —Q(Xz)eoo()zz)}
X [\I/%(T, X)) [P (T, X))o (1.105a)

(\Ilo, ‘I’IO)C"@LQD(]RO) :\IIS\IIIO (1105b)

1.3 Rindler spacetime

In Sec. [[.2] we gave a description of fields and particles in hyperbolic static
spacetimes. In this section, we consider the Rindler spacetime as a particular
example of hyperbolic static spacetime.

By definition, the Rindler coordinates (T, X) = (T, X,Y, Z) describe an
accelerated frame with acceleration « in a flat manifold. By assuming that the
acceleration of the Rindler observer is along the direction of z, the coordinate
transformation between the inertial (¢,#) and the accelerated frame (T, X) is

eaZ eaZ

t= sinh(caT), r=2X, y=Y, z=
a

cosh(caT),  (1.106)

with a = a/c?. The corresponding metric in the accelerated frame is
9 (T, )?) = diag (—0262(12, 1,1, eQaZ) . (1.107)

We assume that a is positive, so that the coordinates (¢,Z) in Eq.
cover the right wedge in the Minkowski frame identified by z > c|t|. Then, we
say that the right Rindler spacetime is defined by the coordinate transformation
and the metric with a > 0.

The spacelike hypersurfaces with constant T" are Cauchy surfaces for the right
Rindler frame; however, they are not Cauchy surfaces for the entire Minkowski
spacetime. For this reason, one usually considers the left Rindler frame in
addition to the right Rindler frame. The coordinates and metric of the left
Rindler frame are defined by replacing a with —a in Egs. (1.106) and (1.107).
This new coordinate system covers the left wedge z < —c|t|. The union of the
left and the right Rindler frames gives the entire Rindler frame. We find that
the hypersurface ¢ = 0 is a Cauchy surface for both the Minkowski and the
Rindler frame.

In summary, the coordinate transformation between the Minkowski and the
Rindler frame is

t=1t,(T, X), i=1,(T,X), (1.108)
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where v € {L,R} is the variable associated to the left (L) and the right (R)
wedges and &, (T, X) is such that

—

z=2,(T, X =X, (1.109)

~—

where #, = (z,y) and X, = (X,Y) are the transverse coordinates in each
frame. The functions ¢, (T, X) and z,(T,X) appearing in Eqgs. (1.108) and
(1.109) are

spaZ
t,(T,X) = sinh(caT), (1.110a)
ca
. syaZ
2 (T, X) =s, cosh(caT), (1.110Db)
where s, is such that s;, = —1 and sg = 1. The spacetime metric in the right

wedge is given by Eq. (1.107)); conversely, the left wedge metric is obtained by
replacing a with —a in

Due to the decomposition of the Rindler spacetime into the left and the
right wedge, the scalar field in the Rindler spacetime is described by the couple
&, = (dr,Pr), while the Dirac field by ¥, = (U, ¥Ug). Fields in opposite
wedges are defined independently, in the sense that scalar (Dirac) fields in one
wedge always commute (anticommute) with fields in the other wedge.

In this section, we study the fields <i>,, and \ily and we show their decom-
position in terms of real frequency modes. This will provide the corresponding
modal representation of Rindler-Fock states.

1.3.1 Scalar field
In the case of scalar fields in the right Rindler spacetime, Eq. (1.63)) becomes

2 -
{—83+6283+c2e2az {apa;— (%) ]}(I)R:O. (1.111)
An explicit decomposition of dp is known [39] and can be obtained by consider-
ing the frequency  and the transverse momentum components K| = (K1, K»)
as the quantum numbers § = 6 = (Q, K, ). The decomposition is

@R(T,X):/ a [ @K, [F(Q,KLT,X)AR(Q,KL)
0 R2

+FY(Q, K, T, X)Bl(Q, KL)} (1.112)
with
FIO,K.,T,X)=F(Q,K,,2Z)eKrXo-iaT, (1.113a)
. 1 Bl 00z
FQ,K,,Z)= 53 - s1nh( ) KlQ/ca ( (KL) ) , (1.113b)
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and 8 = 27/ca. The functions appearing in Eq. (1.113b)) are

k(K1) = (”;c) R (1.114)
and K¢ (&) as the modified Bessel function of the second kind [Appendix [A].
It can be noticed that, in the right Rindler spacetime, goo = —cy/—¢ and,
hence,
(®,9")ckg = (P, 9 )ka, (D, (I)/)Lg(]R?’) = (®,9")2(r3). (1.115)

The modes F(Q,I_{'l) defined in Eq. (1.113a)) are orthonormal with respect to
the scalar product (®, ®')ckq, in the sense that
(F(0), F(0")cxa = 6*(0 - 0), (1.116a)
*(0), F*(0"))cxe = —0°( — 67), (1.116b)
) cka = 0. (1.116¢)
As a consequence of Eq. ([1.115)), the modes F (12, K 1) are also orthonormal with
respect to (@, ®')ka. K
In the left wedge, @1, can be decomposed as &g with Z replaced by —Z. In-
deed, the Klein-Gordon equation in Rindler spacetime (|1.111) is invariant under
the transformation a — —a, Z — —Z and the orthonormality condition (|1.116]

also holds for the modes F(1, K.,T, XJ_, —Z) in the left wedge. Therefore, by
considering both wedges, the field &, (T, X) is

(T, X) / dQ/ d2Kl V(LKL T, X)A(Q, K1)
R2
YFH O, KT, X)BHQ, KL)} (1.117)

with
F(OK,,T.X)=F(Q,K,,T,X,,s,7). (1.118)

Particle wave functions are defined as

22 n/2 _ n .
O, (T, v, X,) = ( = ) > (. 0,) [[F (61, T, X1, Y0, 5, 21), (1.119)
0n =1
where (Vn,0,) = ((1,61) ..., (Vn,0,)) is a collection of quantum numbers in-

cluding wedges v € {L,R} and energy-momentum degrees of freedom g =
(Q, K 1). The function &, (1, 0,,) is defined from the decomposition

Z— Z n(Vn, 0,) [[ Al (60|01, 0r) + ®o[01, 0r),  (1.120)
n=1 0, =1
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with |0r,, Or) as the Rindler vacuum.

Particle states that are only made by right Rindler particles are such that
o, (T,v,,X,)=0if yy =L for some [ € {1,...,n}. For simplicity, they can be
described by the wave function

22 n/2 ~ n . -
®,(T,X,) = ( = ) > 0.(6,) [[F6,, T, X)), (1.121)
6, =1
with ®,,(0,,) defined by
[e'e) 1 B n R ., R
@) =" 7 > ®,(0,) [[ AL (6110w, 0r) + D001, O).- (1.122)
n=1 n: 6, =1

1.3.2 Dirac field

In this subsection, we study the Dirac field in Rindler coordinates \i/V(T,)? )
defined by the Rindler-Dirac equation

m02

[es"az (moao + sui%'y?’ + i07333) +icy O + icy? 0 — T b, =0.
(1.123)

We derive the orthonormal positive and negative frequency modes U, 4 (€, K | )
and V,4(Q2, K ) that are solutions of Eq. (1.123)), have the form of

Uyo(L K., T, X) = K+ X0-i9T7 (0 K\, 7), (1.124a)
Vio(Q K1, T, X) = e Ko Xiti@Ty ( F | 7) (1.124b)

and generate Dirac fields in Rindler spacetime as
2 Lo
¥, (T, X) :Z/ a0 | PK, [U,,S(Q,KL,T,X)C,,S(Q, K.
s=170 R?
Vs R, T X)DL (2, K )] (1.125)

The orthonormality condition for such modes is

(Ups (1, K1), Uper (2, K))y = 8556(Q2 — Q)62 (KL — K, (1.126a)
(Vos(, K1), Voo (U, K')))y = 855 6(Q — Q)62 (KL — K, (1.126b)
(Uys (K1), Voo (2, K')), =0, (1.126¢)
with
(0,0, = [ dXe?ut(T, X)v' (T, X) (1.127)
R3

as Rindler-Dirac product.
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The operators CJ (€, K, ) and D} (€, K, ) appearing in Eq. (1.125) create
particles and antiparticles of the v wedge with spin number s, frequency €2 and
transverse momentum K| and satisfy the anticommutation rules

{Co (K1), Cl (0, K"} = 6,86 — )2(K, — K),  (1.128)
(Do, K1), DS, (F K)} = 6,08,06(Q — )6* (K, — K'),  (1.128b)
{Cos( K L), Crro (Y, K} =0, (1.128¢)
{Dys(2, K1), Dy (9, K )} = 0, (1.128d)
{Cos(@, K1), Dy (Y, K )} = 0, (1.128e¢)
{Cus(, K1), D], (2 K} )} =0. (1.128f)

By extending the definition of the variable Q also for negative values, one
may define the function

Uys(Q, K., T, X) if Q>0

q L , (1.129)
Vyo(—Q, K., T,X) ifQ<0

Wus(QvgJ_aTaXV) = {

that includes both positive and negative frequency solutions of the Rindler-

Dirac equation (1.123]). Equation (1.125) can now be written in the following
equivalent ways

0,,(T, X) :z: /R s 5 PPK LW, (0, K., T, X)

x [9(9)@8(9,&) +9(_Q)1§35(_Q,_1?L)] , (1.130a)
U,(T, X) :i/RdQ 5 PK W, (-, K, ,T, X)

X [9(—9)@8(—9, ~K)) +e(9)ﬁi5(97fh)} : (1.130b)

with 6 as the Heaviside step function. The orthonormality condition (|1.126))
with respect to the modes W, 4(Q, K ) is

(Wos(Q, K L), Wy (U, K))y = 8550(2 — Q)0 (K L — K'). (1.131)

Notice that Eq. (1.129)) is compatible with Eq. (1.124). Indeed, one may
define the function W,(Q, K, Z) such that

W, (Q K1, T, X) = Ko Xmi@Tyy () R\ 7) (1.132)

and that

=

~VS(Q7EL,Z) ifQ>0

WK\, Z)=4 H . 1.133
(@K1, 2) {VS(—Q,—KLZ) if Q<0 (1.133)

<
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The modes W,4(€2, KJ_) are solutions of the Rindler-Dirac equation (1.123));
hence, W,5(Q2, K, Z) satisfies the differential equation

[e—suaz (QW’O + SVigV?’ +ify3(')3)

- (le + Koy? + %)] W,s(Q K1, Z) =0. (1.134)

By multiplying Eq. (1.134) with ¢y on the left and using Eq. (1.37al), one

obtains

Q
[e‘svaz (C + 5,0y + icv°v383)

2
—sym(&)esy(fh)} W,o(Q, K1, Z) =0, (1.135)
with )
= Sylc mc
G, (K|)= """ Ky + Ko7? + — 1.136
(K1) n(KL),Y ( 1Y+ Ky + h)’ ( )

and R(KJ_) given by Eq. (1.114).
The spinor W, 4(2, K, ,Z) can be decomposed into eigenvectors of cy’~3
with eigenvalues +1 by using the projections

1
(1 £ cy24?). (1.137)

P:t:§

The projected modes W}s(Q, K., Z) are such that

Woo(Q KL, 2) =WHQ KL, 2)+ W, (K, ,2), (1.138a)
W£(97KJ-7Z):P:tWVS(Qﬂ-[?J_vZ)v (1138b)
AVPWEQ K, Z) = +WE(Q, K, Z). (1.138c¢)

By using Egs. (1.37a)) and (1.136]) one can prove that

V036, (K1) = -6, (K1 )7y (1.139)

Hence, the projections Py and the matrix (’51,([? 1) are related by

—

P:t@V(XJ_) = QSV( J_)P:F, (1.140)

which can be proved by using Eqgs. (1.137) and (1.139f). By projecting Eq. (|1.135))
*

with respect to Py and using Egs. (1.138b)), (1.138¢c|) and (1.140)), one obtains
the following coupled equations for Wi (Q, K., Z) and W,,(, K., Z)

0 - .
o—svaZ {c +3 (3”% + 83)] WEQ,K.,27)

—s,ik(K1)6, (K )WL K., 2). (1.141)
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Equation ([1.141)) can be decoupled by applying e =*¥%?[Q/c Fi(s,a/2 + 03)]
on the left, leading to

S )| G E G S L

— KK L)S2(KE O WEQ, KL, Z). (1.142)

The derivative operator on left side of Eq. (1.142)) can be computed as
Q_ 7/ a —saz | a
[C:Fz(s,,Q—i—ag)] {e [C:I:z<su2+33)}}
Q Q\? 2
— {i Dai(stea)]+ (2) + (w2 ) }
c 2 c 2

QO a? 0\ 2
=e % | 50— — a4 () + 03
c 4 c
, ¢ 2
—e—vaZ | (246 %) 42 1.143
2 3
C

The right side of Eq. (1.142)), instead, can be computed by using Eqs. ((1.37al),

and (T113).

7 C mc me
63(Kl):_ 2([? )70 (K171+K272+?)70 <K171+K2'72+?)
K 1
2
2—6700([( - K+ 1) (Kt + Ko 4+ )
(Kv T 1 27 + A 17+ Ko™ + 3
L mc
- Kyl - K 7) (K 1y fo~2 7)
2R, hh 7% + 3 1y + Koy + -

16
[ Kiy'yt — K399 + (%)2 —K1K2{71,72}}

(5]

(1.144)

By using Eqs. (1.143) and ((1.144]) in Eq. (1.142]), one obtains

Q) a 2
(c :I:sl,z2> —|—3§
(1.145)

The solutions of Eq. (1.145) that converge to 0 for s,Z — +oo have the
form of

e sv2aZ WEQL KL, Z) = 2K )WE(Q, K, 2).

WEL KL, Z) = R(£s, 0, K, 5, 2)05, (0, K L), (1.146)
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where

~ o eaZ
R(Q,KL,Z) = Kiq/ca—1/2 <"5(KL) a > (1.147)

and K¢ (§) is the modified Bessel function of the second kind. An integral rep-
resentation for K () can be found in Appendix Notice that Eq. (1.145)

is a necessary but not sufficient condition for the modes W,i(Q,ff 1,7). In-
deed, Eq. (1.145) is a decoupled second order differential equation originated

from the first order differential equation (1.141). Hence, we now look for the
spinor functions 2E (Q, K1) of Eq. (1.146) such that WE(Q, K, , Z) satisfies

vs
Eq. (1.141]).
The first order derivatives of W (Q, K, Z) that appear in Eq. (1.141) can
be computed by using the following recurrence relation for Bessel functions [40]

0K (€) = £Kel) = —Ker(© (1.148)
and the fact that K (§) is even with respect to the order ¢, which means that
OeKc(§) — %Kc(f) =—K_¢c_1(). (1.149)

By considering & = k(K ) exp(syaZ)/a and ¢ = +5,iQ/ca—1/2, one may write
Eq. (1.149)) in terms of the functions £(£2, K., Z) |Eq. (1.147)] as

—spa”Z - -
ef (syag F syig + a> R(E£s, QK ,5,7) = —R(Fs,Q K1 ,5,72),
K:(KJ_) C 2

(1.150)
which, multiplied with +s,ix(K ), becomes
Q a -
—syaZ | °° . et
e [c j:z(s,,2 —|—(’93>] R(£8,Q,K,,8,7)
=T s,ik(K L )R(Ts,Q K1, 5,7). (1.151)

By using Egs. (1.146]) and (1.151]) in Eq. (1.141)) one obtains the following linear
equation for 2WE, (Q, K, )

WE (VL KL) =F6, (K )WEL(LK,). (1.152)

The two equations appearing in Eq. (1.152) are equivalent. This can be
proven by acting on Eq. (1.152)) with +6&,, (K ) and by using Eq. (1.144)). Hence,

one can consider a single spinor function 207, (€2, K 1) such that

]um)/z

anuts(gvkl) = {qu(l?l) wys(QaKL)~ (1153)

Notice that each spinor 207 (€, K 1) is eigenvector of ¢y%y? with eigenvalue
+1 [Egs. (1.138¢) and (1.146))]. Hence the following identity must be considered
together with Eq. (1.153))

A WE (O, KL) = £05, (0, K ). (1.154)
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Equations (|1.153]) and (1.154) are outnumbered. Indeed, one may consider one
of the two equations appearing in Eq. (1.154]) and obtain the other by using
Eq. (1.153). For instance, by choosing cy"y320f (Q, K1) = 25;,(Q, K1), one

can use Eq. (1.139)) and ([1.153) to prove that

A VW (2 K1) =e°7* 8, (K 1)2,4(Q, K 1)
=cy"%8, (K )W, (Q, K1)
=— 6, (f? WO W (Q, K ))

= — &, (K1), (Q, K1)

= ( 1)Wys (Q KJ-)

:—QB;S(Q,KL). (1.155)
Both equations appearing in Eq. (|1.154]) are equivalent to the following single

equation = .
W, (2, K1) =W, (Q, K 1). (1.156)
The third identity defining 25, (£2, K 1) comes from the orthonormality con-
dition (|1.131). The product (W, 4(Q, K1), W,s (2, K )), can be computed by
using Eqs. (1.127)), (1.132), (1.138a]), (1.146)) and the orthogonality condition

between eigenstates of ¢y’y3 with different eigenvalues. Explicitly, the product
reads as

(Woa @, ), Wo 0, R )y = 0T 3 [ peons R .
3

-, - - T _,
K (05,0, K1, 5,2) 805, K|, 5,7) [mgs(g, KL)} we (Y, KY).
(1.157)

By using Egs. l) and (|1.136)), one can prove that QﬁV(I?J_) is antihermitian

G (KL) = H?;;i) [VO (le + K2v* + %)r

Ssyic me
= (—Kﬂl - Ky’ + —) ~°

r(KL) h
s,ic 1 5  MmC
=———v (K17 +Kxy" + —
k(K1) ( ! ? h )
=—6,(K,). (1.158)

Equations (1.144) and (1.158) imply that &, (K, ) is also unitary

&K )6, (K)=1. (1.159)

By using Egs. (1.153) and (1.159)) one can prove that for any o = =+,

o qf - - -
[207,(2, R1)| 207, (20, K1) = 900,(Q, K)W,0 (0, K1), (1.160)
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which means that Eq. reads as
(Wos( K1), Waw (¥, K1)y = O] (0, K )W, (2, K1)
X Z /R3 d3Xes““Zei(1?/i_XL)'XLR*(USVQ,K'Ls,,Z)ﬁ(osl,Q’,K"l, $u7).
- (1.161)
Furthermore, one can use the following property for the Bessel function
K(§) = K¢-(6), (1.162)

with £ € R. A proof for Eq. (1.162]) can be obtained by considering the integral
representation for the Bessel function [Appendix [A.1]. In terms of the functions

R(Q,I?l, 7Z), Eq. reads as
RQK,,2)=R(-Q,K,,2), (1.163)
which can be plugged in Eq. to give
(W@, K1), Wor (¥, K1), = 20Tt (0, B )20, (2, KY)
X Z . d?’Xes”aZei(Ri_Ih)')hﬁ(—asyQ,I_('J_,SVZ)R(USVQ’,KL,SVZ).
- (1.164)

By computing the integral with respect to X and Y in Eq. (1.164}), one
obtains

(Wos(Q, K L), Wye (¥, K'))), = 4n26%(K | — I_(’i)ei(Q*Q/)T
<20 (O KW, (0 R Y [ dzese?
o=+ /R

x R(—0s, 0 K1, 5,2)R(08,0 K, 5,7). (1.165)

The integral with respect to Z, instead, can be computed by using the following
identity for Bessel functions

m23(¢ - ¢')
cosh(m()
(1.166)
A proof for Eq. can be found in Appendix By replacing ¢, ¢ and
¢" with k(K1 )e*%% Ja, $,9/ca and s, /ca, respectively, in Eq. 7 one
obtains the identity

/0 dé [K_ijc—1/2(8) Kier—12(8) + Kic—12(E) K _jer—12(8)] =

Z / dZes“aZﬁ(—Usl,Q,[?J_,SVZ)R(US,,Q’,I?J_,s,,Z)
o=+ 7R

:W [cosh ({jg)} - (1167)
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with f = 27 /ca. Equation (1.167) can be plugged in Eq. (1.165) to give

(Wos(Q, K L), Wy (¥, K))y, = 6(Q — Q)% (K,L — K')

4 —1
MO ot (Q, B )W (Y, B {cosh (%ﬂ , (1.168)
K(KJ_) 2

which is equivalent to Eq. (1.131]) only when the following condition is met

(K ’ = Gy ~(K L) 5 1.1
Wl (0, K 1)W,o(V,K') = b4 Tricn cosh(2Q . (1.169)

Equation ([1.169) suggests the definition of the spinor function Qbys(Q, K 1)
such that

272 ca

W, (LK) = 1\/“(&) cosh (gﬂ)ms(g,fh). (1.170)

The equations defining 20,(Q, K | ) are given by Egs. (1.156) and (1.169) and

explicitly read as

c«y%%ys(g K))=2,.(9,K,), (1.171a)
W (LK )W, (KL =,y (1.171b)

For fixed v, Q and K| and for varying s = {1,2}, the spinors QNU,,S(Q, I?J_) are
an orthonormal basis for the eigenspace of ¢y%y2 with eigenvalue 1. Hence, the
only freedom left by Eq. is about the arbitrary choice for the spin basis
QMnus (Qv [_('L) _

Any change of basis iﬂys(Q, .Z’?J_) — 20, (Q,KJ_) is defined by an unitary
matrix M, .z (9, I?l) (with matrix indices s and §'), as

Wye(UKL) =D Myew (K )W, 0 (LK), (1.172a)
Moo (K1) =8 ,(Q, K )W, (2 KL ). (1.172b)

Notice that for any basis Qi]l,s(Q, K 1) satisfying Eq. , also the spinor
functions QNU,;S(—Q, I?J_) (with 7 as the opposite of v, i.e., v =L if v = R and
v =R if v = L) satisfy Eq. . By acknowledging this symmetry, we prove
the existence of the change of basis M, s (2, I_('l) such that

2
Wis (KL =D Myew (Q, K1 )W, 0 (K ), (1.173a)

s'=1
N

Moo (0, K1) =200 (0, K )W (2, K ). (1.173Db)
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The unitarity of M, s (2, _I’?J_) reads as

Z Mg (K L) Myrar (9, K1) = 6o, (1.174a)
s''=1
Z 1/55/’ Q KJ.) VS/S”(Q KJ_) - 655’ (1174b)
s''=1

Hereafter we do not specify any particular solution of Eq. (L.171]). Instead,
we consider a general basis 2, (Q, K 1) for the eigenspace of ¢y%y® with eigen-
value 1. In Sec. we will show that for different choices of 2,4 (Q,I? 1),
different Rindler-Fock representations of the Minkowski vacuum exist. T hen b
tracing the left wedge the dependency of 2,,,(€2, K | ) will disappear [Sec.
Only in Sec. we will discuss different choices for the spin basis W, (Q, K J_)

In conclusmn7 the positive and negative frequency modes for Dirac fields in
Rindler spacetimes are

Uy K., T, X) = Ko XmiQTyy (0 K\ 7), (1.175a)
Vio(Q K1, T, X) = e Ko Xuti@lyy (q _F 7), (1.175b)
with
W Ri Zu(2) = Y Rlos, . Brs,2) [o,R0)] 7 w0, 7).
T (1.176)

To obtain Eq. (1.176]), use Egs. (1.138a)), (1.146) and (1.153). The explicit
expression of £(1, K., Z), (’SV(I?J_) and 27,(, .Z’?J_) can be obtained, respec-
tively, from Eqgs. (]1.147[), (Il.lSGI) and (]1.170[)7 with 20,(9Q, K ) as solutions of

Eq. (T.171).
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CHAPTER 1.

QFT IN FLAT AND CURVED SPACETIMES



Chapter 2

Non relativistic limit of QFT
and QFTCS

This chapter is based on and contains material from Ref. [1].

2.1 Introduction

The study of gravitational effects in quantum mechanics is driven by the search
for a bridge between general relativity and the quantum theory. In the last
twenty years, a remarkable series of experiments reported evidence of gravita-
tional effects on the discrete spectrum of neutron bouncing [17, [I8] 19} 20, 211
22, [23]. These experiments confirmed the prediction of neutron wave functions
having the form of Airy functions in the presence of an homogeneous gravity
field.

The reported observations can be explained by the NonRelativistic Quan-
tum Mechanics (NRQM) with an external gravitational Newtonian potential.
This theoretical approach is the first step to analyze phenomena in the regime
of Non-Relativistic Quantum Field Theory in Curved Spacetime (NRQFTCS),
ignoring the back-reaction of quantum particles on the gravitational field and
any eventual quantum nature of gravity. In Fig. we represent the approach
by two vertexes (NRQM and NRQFTCS).

Despite being the most direct attack on the problem, the former approach
can be inconsistent or too simplified. Indeed, the NRQM description of quan-
tum particles approximates the fully-relativistic Quantum Field Theory (QFT)
into a non-covariant theory. Therefore, in NRQM, we ignore the relativistic
nature of fields. As a result, we may miss some interactions between matter
and gravity arising from covariance, e.g., spin-gravity couplings for Dirac fields.
A nonrelativistic theory cannot furnish General Relativistic (GR) corrections.
On the other hand, the experimental precision may eventually increase to the
point that these GR corrections become detectable.

41
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QFT nonrellat.ivistic NRQM
limit \

s10050

S1001J9
[eUOI}R}IARIS
[euoIye}IARIS

QFTCS nonre'lat.ivistic NRQV‘FTCS
limit

Figure 2.1: The links between Quantum Field Theory (QFT), NonRelativis-
tic Quantum Mechanics (NRQM), Quantum Field Theory in a Curved Space
Time (QFTCS), and its nonrelativistic limit (NRQFTCS). The path NRQM —
NRQFTCS is not rigorous as it ignores the relativistic nature of the fields.

By looking at Fig. 2.1} we identify these steps with the path QFT — NRQM
— NRQFTCS. The fully-relativistic QFT is approximated by NRQM in the
nonrelativistic limit, and, then, by considering gravitational effects, one stud-
ies the NRQFTCS regime. The nonrelativistic limit (QFT — NRQM) can-
cels out information before the gravitational effects are introduced (NRQM —

NRQFTCS).

Another way to address the problem exists. Instead of introducing the gravi-
tational effects after the nonrelativistic limit, we may consider them before such
a limit. In this way, we are able to take track of the GR corrections on the
gravity-matter interaction avoiding the inconsistencies. The procedure relies on
the Quantum Field Theory in Curved Spacetime (QFTCS), which is the descrip-
tion of fully-relativistic quantum fields affected by a gravitational field. QFTCS
also ignores the back-reaction of the field on the metric (i.e., the gravity is not
quantum), but it is the simplest attempt to a quantum theory that takes into
account a non-flat metric. We identify the new approach in Fig. through
the path QFT — QFTCS — NRQFTCS, and corresponds to the nonrelativistic
limit of a fully-relativistic quantum field theory in a curved spacetime.

The most known predictions of QFTCS are the Hawking [13], and Unruh ef-
fect [I4), 15 16], which have never been directly observed due to their inaccessible
energy scales. Conversely, the neutron-bouncing experiments [17, [18), 19} 20} 211
22 23] prove that the NRQFTCS regime is nowadays experimentally accessible.
This circumstance motivates the study of the nonrelativistic limit of QFTCS.
For instance, in a recent work [41], the problem of quantum bouncing particles
in a gravitational field is discussed in the context of QFTCS. By solving the
Dirac equation in Rindler spacetime with bouncing boundary conditions, the
authors found GR corrections to the energy spectrum of the neutrons in a grav-
itational field. Others considered related scenarios: authors in [38] [42] found
the perturbations of the energy levels of an atom placed in curved spacetime;
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in [43], a generalized Schwarzschild metric is used to investigate GR corrections
with gravitational spin-orbit coupling. These results were derived from solving
the Dirac equation in Rindler spacetime in a nonrelativistic limit and, hence,
by following the path QFTCS — NRQFTCS.

Here, we report on a general procedure to perform the nonrelativistic limit for
bosonic and fermionic fields in a static spacetime. We consider complex scalar
and Dirac fields and provide the nonrelativistic description of quantum particles
in terms of wave functions, scalar product, and Hamiltonian. As detailed in
the next section, the nonrelativistic limit of QFT in Minkowski spacetime is
well-established. Despite early investigation [38] [42] [44] [43], the case of curved
spacetime has not been extensively considered.

It is known that, in the Minkowski spacetime, the time evolution of free non-
relativistic single particles can be approximately described by the free Hamil-
tonian, which has the same form for both scalar and Dirac fields. Indeed, the
Klein-Gordon and the Dirac equation asymptotically lead to the same nonrel-
ativistic Schrédinger equation. For a Dirac field, the spinorial components—
obeying the same Schrédinger equation—are decoupled and can be treated as
spectral degeneracy. Therefore, without a spin-dependent interaction or enough
experimental precision, a Minkowski observer cannot distinguish the time evolu-
tion of a nonrelativistic scalar particle from a Dirac particle. This also happens
if one introduces a first-order correction due to a weak gravitational field. In the
case of a Rindler spacetime with a nearly flat metric and for nonrelativistic par-
ticles, the first correction introduced in the Schrédinger equation corresponds
to the Newtonian gravitational potential, with no difference between scalar and
Dirac field.

By considering GR corrections, the difference between scalar and Dirac fields
appears. In this chapter, we show that metrics not approximated by the flat
spacetime lead to a non-vanishing difference between the Schrodinger equations
arising from the Klein-Gordon and Dirac equation in curved spacetime. A spin-
metric coupling occurs, and the observer can distinguish between a scalar and a
Dirac particle. We also show that for approximately flat metrics, such coupling
can be observed at different orders. For sufficiently large curvature, the precision
required to distinguish between scalar and Dirac fields is lower than the one
needed in flat spacetime.

The chapter is organized as follows. In Sec. we give a review for the
nonrelativistic limit of scalar and Dirac fields in the Minkowski spacetime. We
also show how nonrelativistic particles are approximately solutions to the same
Schrédinger equation. Sec. [2.3] is devoted to the curved case. We derive the
nonrelativistic limit of fields in a static spacetime and we show how the approx-
imated Schrédinger equations differ in the two cases. Finally, we detail these
results for the case of Rindler metric in Sec. 2.4l Conclusions are drawn in

Sec. 2.0l
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2.2 Minkowski spacetime

In the standard formulation of NRQM, states are represented by time-evolved
wave functions satisfying the Schrédinger equation. If we ignore internal degrees
of freedom, representatives of states are elements of the L?(R3) Hilbert space.
This is known as the Schrédinger position representation. We wonder if the
same representation can be obtained in the nonrelativistic regime of QFT.

The nonrelativistic limit of QFT in Minkowski spacetimes is well under-
stood and discussed in the literature. In different textbooks one can find the
usual procedure to recover NRQM as the limiting case of QFT [10, 11, 12]. In
these works, one can see how the fully-relativistic Klein-Gordon equation can
be approximated by the familiar Schrédinger equation with vanishing potential.
Consequently, one may assume that solutions of the Klein-Gordon equation can
be identified as relativistic wave functions (i.e., representatives of relativistic
states), in analogy to the standard approach to NRQM. However, this is not
possible, since the Klein-Gordon equation is second order in the time derivative
and, hence, does not provide conservation of probability [10]. Also, one cannot
use the Klein-Gordon scalar product as the Hilbert product between relativis-
tic states, because it is positive definite only for positive frequency solutions
[Eq. ] The issue is solved if one only considers positive frequency modes
as representatives of particle states.

In Sec [I.I} we derived the representation space of relativistic particles in
terms of positive frequency modes. There, the Hilbert product between states is
represented by the Klein-Gordon scalar product between the respective modes.
In the present section, we show how the standard representation of states in
NRQM is recovered by the nonrelativistic limit. In particular, we demonstrate
that positive frequency solutions of the Klein-Gordon equation are approxi-
mated by solutions of the Schrédinger equation and that the Klein-Gordon
scalar product is approximated by the standard L?(R?) scalar product between
wave functions.

In addition to spin-less scalar fields QB, we consider Dirac fields 1/3 [10] as
well. Also, we extend the results to interacting relativistic fields and obtain
Schrédinger equations with non-vanishing potential.

Additionally, we revise the nonrelativistic limit of flat QFT by considering
generic solutions of the Klein-Gordon equation (i.e., modes with not defined mo-
mentum). In this way, we address a problem that arises when one switches from
the flat to the curved case. In Ref. [45], it has been argued that the difficulty
around the definition of wave functions in QFT comes from the problematic def-
inition of position particle states. Conversely, states with defined momentum
are well-defined in both NRQM and QFT and have been used to connect the
two theories. This fact does not occur in curved spacetimes, where particles are
defined as solutions of the curved Klein-Gordon equation and, hence, do not
have defined momentum. Therefore, one may be interested in recovering the
nonrelativistic limit of QFT by avoiding modes with defined momentum. In
this section, we perform such limit with generic modes in flat spacetimes. The
curved scenario will be then discussed in the next section.
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2.2.1 Scalar field

Here, we study the scalar field QAS We start by considering the case without
interaction and we use the decomposition in positive and negative frequency
modes with fixed momenta which was detailed in Sec. [[.I.1}] The positive fre-
quency modes f (E) form a basis for the Hilbert space of single particles, while
the Klein-Gordon product between modes represents the inner product between
the corresponding states. By considering the nonrelativistic limit, we show that
the Klein-Gordon scalar product can be approximated by the usual L?(R?) in-
ner product of NRQM and the evolution of states is approximately described
by the free Schrédinger equation. In this way, we recover the nonrelativistic
description of free particles in terms of wave functions, scalar product and free
Hamiltonian.

Then, we derive the analogue description of nonrelativistic particles starting
from the general decomposition of the field in terms of positive and negative
frequency modes g(f) and h(#), which are not necessarily associated to parti-
cles with fixed momenta. Also, we estimate the errors for the nonrelativistic
approximations.

Finally, we describe the interacting case by a non-vanishing external poten-
tial. We represent a generic particle state as a time-dependent combination of
free-evolving modes. We show that in the nonrelativistic limit, these wave func-
tions are approximately solutions of a Schrédinger equation with a potential.
Also, we show that the product of two single particle states can be approximated
by the L?(R?) product of their wave functions.

Free modes

In Sec. we derived the representation of particles in terms of the wave
functions ¢, (k,) and é,(t,x,) by means of Eqs. (1.19) and (1.20). One can use

this representation to define the nonrelativistic condition as a constraint for the
support of ¢, (k).

The nonrelativistic regime is characterized by energies that are very close to
the mass energy and, hence, by momenta k satisfying

hew (k)
me2

<e. (2.1)

~

Here, ¢ < 1 is the nonrelativistic parameter representing the maximum ratio
2

between the nonrelativistic energy £ = hw — mc? and the mass energy mc-.
We say that |¢) is nonrelativistic if the corresponding wave function ¢, (k,) is
non-vanishing only for momenta k satisfying Eq. 1) Explicitly, this means

that

hw(k;
¢n(ky) = 0 if there is an I € {1,...,n} such that (k1)

-1
mc?

>e (2.2
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When Eq. (2.1) holds, the frequency dispersion relation (1.4]) can be approx-
imated by

- mc®  h|k?
k)~ —
w(k) h * 2m
and, hence, Eq. ([1.12)) becomes
. h 2t kPt
(G s — (—z’mc LI —Hka?) (2.4)

€
Jenpme Y 1 om

This means that f (E) is approximately solution of

: (2.3)

ihdof (k) ~ Hy f(K), (2.5)

with Hamiltonian
2
Hy = mc? — —699,0;. 2.6
M mc 2m ] ( )
Equivalently, Eq. (2.5) can be obtained by using Eq. (2.1) to approximate

the second-order time derivative of f (E, t, ) a

—02f (k. t, ) =2 (k) f(k,t,7)

. mCQ hw(E) ¢ —
_(h> 142 mc2 —1 +O( 2)}f(k,t,l‘)
1 oige = 4 M o] £t 7 2.7
= [aion "+ 0] 1Rt ). 27)

The mode f(k) is solution of the Klein-Gordon equation . By plugging
Eq. into Eq. we obtain Eq. .

As a result, we find that any state satisfying Eq. is characterized by a
time-dependent wave function that is solution of the Schrédinger equation

n FL2
vt~ (me — 12 5.
1hOyn, 2 (mc va11> On, (2.8)
where 5 9
2 =50~ 2.
Va=0 Oxt Ol (2:9)

In this way, we obtain the familiar Schrédinger description of time evolution in
NRQM.

! Hereafter we use the notation such that |O(e)| < e.
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| [ QFT [ NRQM |
Tnner product (¢|¢) [| (7°/2mc?)(61, ¢))kc | (¢1,91)r2®s)
Hamiltonian hka Hyp

Table 2.1: Inner product (first line) and Hamiltonian (second line) for free scalar
single particles. The left column is for the fully relativistic theory (QFT), while
the right one is for the nonrelativistic limit (NRQM).

It can be noticed that Hy; is hermitian with respect to both the Klein-
Gordon scalar product (1.15) and the L?(R?) inner product, which is defined
as

(0.0 = [ 2" (0.2 (0,3), (2:10)
R
Indeed, by integrating by parts, one can prove that
(Huo, ¢ ke = (¢, Hu¢ )k, (2.11a)
(Hmo, @) 2 w3y = (6, Huod') 2 rs)- (2.11b)

By using Eq. (2.1), it is straightforward to prove that for nonrelativistic
modes, the Klein-Gordon scalar product (1.15) can be approximated by the
L?(R3) inner product, with the only exception given by a 2mc?/h? factor, i.e.,

2mc?

(F(R) F(R)xe = g (F(R), F(F)) 12 (ga)- (2.12)
By using Egs. (1.20]), (1.21)), (2.2) and (2.12]), we can derive the same approxi-

mation for nonrelativistic single particle states

(0¢") = (61, 01) L2(r3)- (2.13)

This approximation can be also extended to the case of general numbers of
particles

(gl¢') ~ i(%, O L2 (Rn), (2.14)

where "
(P> br) L2 (REn) = /Rgn > % (%0 )0 (8, X)), (2.15a)
(¢0, 90) 2 (m0) = D5 %0- (2.15b)

While in the fully relativistic theory, single particles are described by the
inner product and the Hamiltonian hxg [Egs. and ], non-
relativistic single particles can be approximately described by the L?(R?) inner
product and the Hamiltonian Hy;. This difference is shown schematically by
Table The Schrédinger equation and the inner product are
the familiar ingredients for the description of free Fock states in the position
representation according to NRQM.
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General modes

It can be noticed that, in order to obtain Egs. and , we used the
explicit form of the free modes f (E) and considered the nonrelativistic limit
of such functions. Conversely, it is possible to obtain the same result without
looking at the explicit expression of f(k,t,#) and rely on the general definition
of positive frequency modes g(6).

Here, we prove that, in the nonrelativistic limit, ¢,, is approximately solution
of the free Schrodinger equation by showing that g(f) is approximately
solution of the free single particle Schréodinger equation

ihdog(0) ~ Hg(0). (2.16)

Owing to Egs. (1.33) and (2.16)), one can check that Eq. holds also for
wave functions defined by Eq. (1.33)).

The proof for Eq. follows from the fact that g(0) is solution of Eq.
and, in the nonrelativistic limit

‘hw(@)

o 1‘ <e (2.17)

the second-order time derivative of Eq. (1.1) acting on g(0) is approximately
replaced by a first-order time derivative. Indeed, by using Eq. (1.26a), we
obtain

~059(0) =w*(0)g(0)
V(s

(Y fiwa [0 ] o) o

ch ch mc2

= Jaiay - "+ 0 g10). (21)

Finally, by using Eq. (2.18) in the Klein-Gordon equation (|1.1)), we obtain
ihdog(0) = [HM + m020(62)] g(0), (2.19)

which leads to the Schrodinger equation .

From Eq. one can also derive the error associated to the approximation
(2.16). The difference between the nonrelativistic Hamiltonian Hy; and the
exact fully-relativistic Hamiltonian hkg acting on nonrelativistic states is of the

order of
Hy — hig = mc2O(€?). (2.20)

The equivalent of Eq. (2.12)) for the g(#) modes is

(96), 96" i~ 2~ (9(6), 9(6) 2 s (2:21)
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which can be obtained by using Eq. and the approximation . The
error associated to Eq. comes directly from having replaced the time
derivative of the modes with mc?/h times such modes. The relative error is,
hence, of the order of ¢, in the sense that

(9(6), 90 e = 22 (9(6), 98 w1+ O] (222)

Equations (2.16) and result again in the familiar description of free
single particle states in the position representation, as before. In this case,
however, g(f) represents a generic basis |6) for the single particles space. The
description of nonrelativistic Fock states is given again by Eqgs. and (2.14)),
with the definition of wave functions in a generic basis provided by Eq.

Interaction

Here, we consider interacting scalar fields. We adopt the interaction picture in
QFT, which means that the field ¢(t, Z) is free (i.e. solution of the Klein-Gordon
equation (L.1))), while any quantum state |¢(t)) is time-evolved with respect to
an interacting potential V (t) as

ihdolo(t)) = V(t)|o(t)). (2.23)

In the interaction picture, the field (ﬁ can still be expanded in terms of g(f) and
h(6) modes as in Eq. and the Hilbert state can still be defined as the
Fock space generated by the orthonormal free single particle states |6).

We show that, in the nonrelativistic limit, states, scalar products and Hamil-
tonian can be represented identically to the free case, with the only exception
given by an extra term in the Hamiltonian. To see this, we use the modes
g(0,t, F) as representatives of |6(¢)) evolved with respect to the free theory.

A generic particle state |¢(t)) is expanded as

o) = ﬁ 52 0000 TT61001050) + o0 ) (2.24)
n=1 e, =1

Here, the n-particles wave function (;~5n is time dependent as a consequence of
the time evolution of |¢(t)) in the interaction picture given by Eq. (2.23). This
leads to a differential equation for ¢,, that reads as

Zh@oébn 0n7t Z nIV |0;n><£m(0:nat) (225)

m=0 6

The representative of the state |¢(t)) in the Schrédinger picture is

2mC2 n/2 ~ n
0, l:l
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Here, differently from Eq. 1} gz~5n is time dependent accordingly to Eq. 1]

For interacting particles we still define nonrelativistic states as the ones
such that ¢,(0,,t) is non-vanishing only for nonrelativistic frequencies w(6).
However, we also require potential energies that are very small with respect to
the mass term. We therefore consider the following condition

01V (£)167,)] S eme?, (2.27)

so that Eq. (2.25)) is of order emc2dy,.
Owing to Eq. (2.25)), it is straightforward to prove that Eq. (2.8]) still holds,
but with an additional potential term, i.e.,

n

1hOodn (t, %) = Z (m02 - FZV%) o(t,xn)

=1
2mc? n/2 oo . n
+Z ( K2 > Z Z<0n|V(t)|0' ¢m Hg 0,t, %) (2.28)
m =1

Equation can be identified as the NRQM Schrédinger equation for parti-
cles with potential. It can be noticed that the error associated to Eq. (2.28)) is
still of the order e?mc? [Eq. ]7 since the interacting part of Eq. as
been exactly derived and the error associated to the time evolution only comes
from the free part.

It is also possible to prove that Eq. 1) holds for nonrelativistic interacting
single particles. In this case, Eq. lays an important role. Indeed
suppresses the terms coming from the time derivative of ¢, [Eq. ] that
appear as extra terms in Eq. . Moreover, the fact that h(?oqﬁn is of order
em02¢n means that the relatlve error associated to the approximation (2 is
still of order €, as for the free case [Eq. (2.22)].

The need for Eq. implies that in order to have the same description
of nonrelativistic particles for free and interacting systems, we have to assume
that the energy potential is small if compared to the mass term. The fact that

the energy of the particles is close to their mass energy [Eq. (2.17)] and that

the potential energy is very small with respect to the mass [Eq. (2.27))] means
that also the kinetic energy of the particles is small. In this way we recover the
definition of nonrelativistic particles in terms of their velocity.

2.2.2 Dirac field

In the previous subsection, we derived the familiar position representation of
states, scalar product and Hamiltonian in the nonrelativistic limit of scalar
fields. A very similar result holds for Dirac fields ).

The fully relativistic theory of Dirac fields has been provided in Sec. [[.I.2]
Here, we show that nonrelativistic Dirac particles can be described by wave
functions, scalar product and Hamiltonian as prescribed by NRQM. Specifically,
the representation space of single particles is C2® L?(IR?) and the time evolution
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is given by a Schrodinger equation similar to Eq. . The difference with
the scalar theory relies on the two spin degrees of freedom and the possibility
to have interaction-spin coupling in the energy potential.

This subsection is organized as Sec. We start from the free theory and
derive the NRQM description of nonrelativistic particles with fixed momenta.
We also show that the time evolution of these states can be approximately
described by the Schrodinger equation . Then, we use the general decom-
position of the field in positive and negative frequencies to derive the same
C? ® L%(R3) representation space, but with a general basis. Finally, we detail
the interacting case and show that Eq. still holds, but with a potential
operator that can generally break the spin degeneracy.

Free modes

We start by considering the free Dirac modes defined by Eqs. (1.40) and (1.45).
By taking the limit (2.3), we obtain
_mc?t B  hk?t

. 1
us(k,t, T) ~ ToF exp (—z - i

From Eq. :2.29) it is immediate to see that the us (E) modes cover the subspace
of C* ® L*(R?) with vanishing third and fourth spinorial components. More
specifically, one can prove that

+ zEf) u,. (2.29)

ol ug(k) = ul,us(K)O(e/?). (2.30)

This leads to a new representation for nonrelativistic particle states, where
the wave functions and the Hilbert product can be considered
with spinorial « indices running through only the first two components. The
representation space for nonrelativistic particles can, then, be identified with
C? @ L%(R3).

Moreover, the time evolution of us(k) becomes

ihdyus (k) ~ Hyus(k), (2.31)

which means that the spinorial components of uS(E) are approximately decou-
pled and are solutions of Eq. (2.5)). It is also possible to notice that Hyr is
hermitian with respect to the scalar product (1),%")csgr2(rs), in the sense that

(Hut, ¥ )cigrzmsy = (¥, Huy' )cigr2@s).- (2.32)
This can be seen from the fact that
hf/l mc?

- me 2.
2m02+ 2’ (2.33)

Hy

and, hence,

2

1 mc
j(thva w/)(c4®L2(]R3) + T(l/% "//)C“@LZ(H@)

(Hut, ¥ )cigre(ms) = e
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| [ QFT | NRQM |
Inner product ([¢) || (Y1, ¥))cierz®s) | (¥1,¥1)crer2 @)
Hamiltonian ha Hyp

Table 2.2: Inner product (first line) and Hamiltonian (second line) for free Dirac
single particles. The left column is for the fully relativistic theory (QFT), while
the right one is for the nonrelativistic limit (NRQM).

mc
(e, hmd ) cag L2 ms) + 7(1& YV )creL2®3)

~ 2me?
— 1 h h / mc /
= ome? (¥, sha ) cagre sy + T(T/)M/) )Ci@L2 (RS)
=, Hu{')c1or2(r3)- (2.34)
Equation (2.33)), on the other hand, can be derived from Eq. (1.37a]) as
h%/[ me? (h) 0.i.0.j mc400
o T g = o, Y VY00 + =y
h 3 i i mc?
— i (177" + 710 + T
(h) 0,0

o T ¥ 0;0; + me?
W y
== 517 9:0; + me?
=Hy. (2.35)

The result is that, in the nonrelativistic limit, single particles are described as
clements of C2® L2(R?), where u®(k, t, Z) is the wave function of a particle with
momentum k and spin number s and with spinorial index o running through the
first two values. The states are also approximately evolved with respect to the
Hamiltonian Hy. These facts are listed in Table 2.2 on the right column and
can be compared with the relativistic case, which is shown on the left column.

We have been able to derive the familiar description of Dirac particles in
NRQM. General Fock states can be obtained from the singe particle represen-
tation space C? ® L?(R?) and from the Schrédinger equation

m&@gnz§:<m8-%nvg>¢gm (2.36)

=1

General modes

We now want to provide the same description of nonrelativistic states but start-
ing from the general real frequency Dirac modes .

We identify the representation space of nonrelativistic particles as the one in
which the third and fourth spinorial components are always vanishing. Indeed,
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it is possible to prove the equivalent of Eq. (2.30) for the u(#) modes, that reads
as
olu() = ul,u(@)O(e'/?). (2.37)

The proof of Eq. (2.37) follows from the fact that u(6) is solution of the Dirac
equation

2
[cvow(ﬂ) +icy'0; — mhc} (@) =0 (2.38)

and is combination of modes with nonrelativistic momenta, which means that
hd;u(f) = meu(0)O(e'/?). (2.39)

By acting with uf on the left of Eq. (2.38)), one obtains

TeuT ) +ic Z:lu Yool du(0) = 0, (2.40)

which together with Eq. (2.39) leads to Eq. (2.37]).
It is known that the components of any solution of the Dirac equation are

also solution of the Klein-Gordon equation (1.1)) with the same mass. This fact
can be proven by multiplying Eq. (1.34) with icy*d, 4+ mc?/h on the left and
(1.37a)

using the anticommutation relation a)). Consequently, the modes u(6) are
solutions of the Klein-Gordon equation

ch 2
6277’“’3,L8,, _ (h)

We can, at this point, use the same arguments of Sec. that led to Eq. (2.16])
in order to prove that

u(f) = 0. (2.41)

which is the equivalent of Eq. (2.31)) for the mode u(#). The error associated to
the approximation (2.42)) can be identified with the equivalent of Eq. (2.20]) for
Dirac fields
Hy — hy = mc®O(€2). (2.43)
From Egs. and - one can derive the error made by considering
scalar and Dlrac states identical in their time evolution [Egs. (2.16) and (2.42))],
which is of the order of

hKG - hM = mCQO(EQ). (244)

Equation (2.44]) implies that corrective terms of Eqgs. (2.16)) and (2.42] - ) that spoil
the difference between scalar and Dirac fields in the Mlnkowskl spacetime can

be found at the order of €2.

An additional error associated to the nonrelativistic limit comes from con-
sidering the third and the fourth spinorial component of «(6) as vanishing quan-
tities. Such an approximation allowed us to replace the exact C*® L?(R?) scalar
product with the C?® L?(R?) scalar product. The relative error can be obtained
from Eq. and is of the order of €, as in the scalar case [Eq. (2.22)].
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Interaction

Finally, we consider interacting Dirac fields and by following the same steps of
Sec. 2:2.3] we conclude that interacting particle states can still be described in
the representation space of free particles. The difference between the interacting
and the free theory is only given by the presence of a potential energy in the ap-
proximated Schrédinger equation. Such a term may introduce spin interactions
that cannot appear in the scalar theory.

The representative of any state |¢(¢)) in the Schrédinger picture is

n
%’f"(t,xn) - Z¢7L On,t Huo‘l ol,t .73[ (245)
=1

0n

where, differently from Eq. (1.61), 1/~)n(9n,t) is time dependent. The time evo-
lution of Eq. (2.45)) in the nonrelativistic limit is given by

it (1) & 3 (e = 3 Y (.,

2
=1
30D (0uV()10,,) P (0, 1) [ [ u (01,8, 20), (2.46)
6, m=0 6’ =1

where, in this case, (6,,|V (t)|6,,) are the matrix elements of a potential V (¢) that
comes from a Dirac interacting Lagrangian. The quantum numbers 6 contain
spinorial degrees of freedom as well, and, hence, (8,,|V (¢)|@, ) may break the
spin degeneracy present in the free theory. As explained in Sec. we obtain
Eq. (2.46) by considering the nonrelativistic condition for potential energies
@2.27).

2.3 Curved spacetime

At variance with Sec. here we consider the coordinates (TJ? ) and the
metric g, representing a hyperbolic static spacetime. The aim of this section
is to derive a description for nonrelativistic states of scalar (é)) and Dirac (‘i/)
fields in curved spacetime.

We use the description of fully-relativistic particle states presented in Sec.
and we derive the corresponding nonrelativistic limit. We show how the rep-
resentation of nonrelativistic states changes from the Minkowski to the curved
case. We also derive the Schrédinger equation for particles affected by the met-
ric and the consequent precision needed to distinguish between scalar and Dirac

fields.

2.3.1 Scalar field

The field considered in the present subsection is scalar. As in Sec.|[2.2.1} we start
by considering the relativistic theory of particles for the free scalar field ®. We
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y I QFTCS | NRQFTCS |
Inner product (®[®") || (7%/2mc?)(®1, ®))cka | (1, Ph)r2rs)
Hamiltonian hcka Hcs

Table 2.3: Inner product (first line) and Hamiltonian (second line) for free scalar
single particles in curved spacetime. The left column is for the fully relativistic
theory (QFTCS), while the right one is for the nonrelativistic limit (NRQFTCS).

derive the nonrelativistic limit and show that the product between states can be
approximated by the L?(R3) inner product with a metric-dependent measure.
Also, we show that the quantum states are solutions of a metric-dependent
Schrodinger equation. Finally, we extend the theory to the interacting case by
introducing a potential energy in the Schrédinger equation.

In Sec. we showed that each positive frequency mode G(6) is associ-
ated to a single particle state and the Klein-Gordon product in curved spacetime
(@1, P])cke is used as the Hilbert product for the single particle space. Fur-
thermore, hckg is the Hamiltonian describing the dynamics. This result is
summarized in the left column of Table 2.3

In the curved spacetime, we characterize the nonrelativistic regime by means
of the condition

hQ(0)

me2

- 1‘ Se, (2.47)

with € < 1 as the nonrelativistic parameter. Here, we demonstrate that G(0) is
approximately solution to the Schrédinger equation

ihdG(0) ~ HesG(6), (2.48)
with Hamiltonian
mc? 900 h?goo i
_ e (900N Y00 5 (il
Hes =22 (1 Cz)+2m02\/jgal (V=999,) (2.49)

and that the curved Klein-Gordon scalar product (®,®’)cke is approximated
by
2mc?

(G(6), G(0'))cka ~ =3

(ORI (2.50)

In this way, we show that the nonrelativistic single particle description of the
field is defined by the Hamiltonian Hcs and the scalar product (®,®') 1z gs).
The result can be seen as the equivalent of Eqgs. and in curved
spacetime and are summarized by the right column of Table

Notice that Hcs is hermitian with respect to (@1, ®1)cke and (@, ®’) 12 (gs),
since it is equivalent to
HCKG mc2
2mc? 2

and Hckg is hermitian with respect to both products.

Hgs =

(2.51)
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The nonrelativistic description of states with general numbers of particles
is given by the wave function ®, of Eq. (1.83), the Fock extension of the
(®,®") 2 (rs) scalar product

o0

(®[0) ~ Z(q)n’q):z)Lg(R&l)a (2.52)

n=0

and the Schrédinger equation

n 5 IR
zha()(I)n(T, Xn) ~ Z {TT;C [1 o gOO(Xl)
=1

where, in this case,

@08z oy = (0" [ X, Vst #0020,
=1

R3n
(2.54a)
(Po, ) L2 (ro) = 25 Po (2.54b)
and
vt 0 X9 (%) =2 2.55
g—\/ﬁﬁ —9( )9()@- (2.55)
-9

A way to approximate Eq. (1.63]) as a Schrodinger equation is to replace the
second-order time derivative with a first-order time derivative. In the nonrela-
tivistic limit, we find that

mc? mc?  mc?
h h

—RGH) = —— [2i0p — —— + h0(62>:| G(0), (2.56)

which is the equivalent of Eq. (2.18)) in curved spacetime. By using Eq. (2.56))
and the fact that G(6) is a solution of Eq. (1.63]), we obtain

ihDoG(0) = [Hos + mc*O(e*)]G(6), (2.57)

which leads to the Schrodinger equation ([2.48)). The error associated to such an

approximation is
HCS - hCKG = m020(62). (2.58)

Equation (2.50) can be proven from Egs. (1.70), (L.77) and by replacing the

frequencies with mc?/h. The relative error associated to such approximation is
of the order of € as in Eq. (2.22), i.e.,

2mc?
K2

Finally, the interacting theory can be described similarly to Sec. The
only modification from the free theory is given by wave functions ®,,(0,,T) that

(G(6),G(0"))cka = (G(6), G(O') Lz w1 + O(e)]- (2.59)
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are now time dependent and, hence, generate an extra term in the Schrodinger
equation

- — | me? 900(X) | h2g00(X1) o
ihdy®, (T, X,,) ~ ; {2 l1 - |ty Vi (8T X0)
2me2\ ™ > . . n
+ (hz > SN (0.V(1)16;,) 2 (6, T) [[ G601, T, X)).  (2.60)
0, m=0 0./,” =1

In order to obtain such a result, we consider the condition
(0,|V(T)|6.,) = mcO(e). (2.61)
Then by following the same arguments of Sec. we obtain Eq. (2.60]).

2.3.2 Dirac field

Here, we consider Dirac fields U and we derive the representation of nonrela-
tivistic single particles. We also show that nonrelativistic Fock states are ap-
proximately solutions of a Schrédinger equation that is different from the one
obtained in Sec. for scalar fields. Such a difference is noticeable at any
order, unless the metric is almost flat and the limit g, — 7, is controlled by
the nonrelativistic parameter €. In that case, the difference between the scalar
and Dirac Hamiltonians is not vanishing only at some orders. We discuss the
situation in which these orders differ from the one seen for the Minkowski case
[Eq. ]

In Sec. we showed that the single particle space is generated by the
U(0) modes and is supplemented by the (¥, ¥')cigr2 (rs) product. It can be
noticed that even in the nonrelativistic limit , such a representation is not
equivalent to C? @ L?(R3), at variance with the flat case. This occurs for two
reasons: (i) (¥, ¥')cigr2 (rs) is metric dependent; (ii) the curved Dirac equa-
tion in the nonrelativistic limit does not lead to vanishing spinorial
components for U(6) modes. The familiar NRQM prescription of position rep-
resentation through the C2 ® L?(R3) space cannot be restored in the curved
case.

Single particles are also described by the Hamiltonian hcp. Here, we find an
approximation for hcp in the nonrelativistic limit by following the same steps of

Sec. We use the fact that U(0) is a solution of the curved Dirac equations
(1.85]

85) which leads to the following Klein-Gordon-like equation [46]

2

W

with R as the Ricci scalar. A detailed proof for Eq. (2.62)) is reported in Ap-
pendix A of Ref. [I]. In static spacetimes, Eq. (2.62) becomes

ch 2 C2
w (V=99""D,) — ( - ) - TR U®) =0, (2.62)

{02900 (90 +To)? + (0; +T3) [V=99" (0; + T;)]

c2
V4
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- (mgzy - fR} U(6) = 0. (2.63)

By using the fact that U(#) is a solution of the curved Dirac equation (1.98),
we obtain

— R202U(0) = { 7 g00 (0 +T4) [V—=99" (9; +T;)]

3

[

_gﬂ |:(m02)2+ (hC)

= 1 R} — i2hDohep + hQF?J} U(o). (2.64)

The left hand side of Eq. (2.64) can be computed by using again the fact that
U(#) is a solution of the curved Dirac equation ([1.98]), which means that

— h2O3U(0) = hipU(0). (2.65)
By plugging Eq. (2.65)) in Eq. (2.64)), we obtain

e =29 (05-+ 1) [V=ag” 0 + )] = 29 |(me?)? + PR
— i2hTohep + R2T2. (2.66)

The second-order time derivative appearing in Eq. (2.62) is the same as the
one appearing in Eq. (1.63). Moreover, Eq. (2.56)) is valid also for Dirac modes
U(#) in the nonrelativistic limit. For these reasons, Eq. (2.65) is equivalent to

me? [2ihdy — me* + mc*O(€2)| U(0) = hgpU(0). (2.67)

If we now define the Hamiltonian

Hep = ;;%CDQ mj, (2.68)
Eq. becomes
ihdoU (0) = [Hep 4+ mc®O(e2)|U(6). (2.69)
Equation leads to the Schrodinger equation
1thooU(0) = HepU (6), (2.70)
with an error given by
Hcp — hep = mc2O(€2). (2.71)

From Eq. one can see that the Hamiltonian Hgp is hermitian with respect
to (¥, ¥)cag 12, (R?) and can be used for the time evolution of nonrelativistic
states.

In summary, single particles are described by the inner product in curved
spacetime (¥, ¥)cag 2 (gs) and their time evolution is given by the Hamiltonian
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y I QFTCS | NRQFTCS |
Inner product <\I/‘\I//> (\Ifl, \Illl)(C4®L§(]R3) (\1’1, \Iﬂl)({:‘l@LQ (R3)
Hamiltonian hcp Hep

Table 2.4: Inner product (first line) and Hamiltonian (second line) for free Dirac
single particles in curved spacetime. The left column is for the fully relativistic
theory (QFTCS), while the right one is for the nonrelativistic limit (NRQFTCS).

hcp, which, in the nonrelativistic limit, can be replaced by Hop. These results
are shown schematically by Table

By comparing Eq. (2.66) with Eq. (1.72) we can write

hip = Heka + 2mc*AH (2.72)
and, hence,
HCD = HCS + AH, (273)
with
Rgo0 [ 10i(v/=99"T)] | 4 R
AH = d J Ur(20; +T5) — —
2mc? { V=g + 97 Ti(20; +15) 4
h h?
—i——=Toh — T2 2.74
‘ez ° CD—i_ch2 0 (2.74)

In the case of curved metrics (i.e., g # 1uv), the difference between Heg and
Hep is non-vanishing. At variance with the flat case, the spinorial decoupling
does not occur and Dirac particles evolve differently from scalar states.

In the case of Minkowski spacetime (i.e., g = nu), AH is identically
vanishing and the difference between scalar and Dirac fields is detectable only
at the order of €2 [Eq. ] We wonder if this is also true for a quasiflat
spacetime (g,, ~ 7). By considering the limit g,, — 7., regulated through
the nonrelativistic parameter ¢, different scenarios occur for different orders of
magnitude of AH/(mc?) with respect to e. For instance, if AH is of an order
lower than e?mc?, the difference between hoxe and hep is also of an order lower
than e?mc?. In that case, one can distinguish between scalar and Dirac fields
with less precision than the one needed for the flat case [Eq. (2.44)].

In Sec. 2:4] we will provide an example in which the difference between the
two Hamiltonians can be observed. In particular, we will consider an accelerated
observer whose acceleration is sufficiently high to detect nonvanishing values of
AH with less precision than the one needed for an inertial observer.

For completeness we provide the nonrelativistic theory of states different
from single particles. The Schrodinger equation for ¥, (T,X,,) is equivalent to
Eq. with extra terms coming from a non-vanishing AH

. o = | mc? 900(X7) 12g00(X1) s P
oW (T, Xn) ~ Z {2 |} 2 * 2mc? VXL Wi (T, Xn)
=1
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n
+Y T AHY 5 (X)W (T, Xy, (2.75)
=1
Finally, regarding the theory with interaction, we may use the same argu-
ments of Sec. to conclude that the only modification from the free theory
is given by an extra term in the Schrédinger equation

" 2 X 2900(X,
o (T,X,) & ) {mc _ gool l)] 1 Ig00(X0)

1
2 c? 2mc?
=1

vﬁ?l} e (T,X,,)

+)AHY 5 (X)W P (T, X

=1
n

+3 3N (0.V(D)16,,) T (6,,. T) [[ U (01, T, X). (2.76)

6, m=0 0/, =1

2.4 Rindler spacetime

As an example of hyperbolic static spacetime, here we consider the right Rindler
frame, defined at the beginning of Sec. We adopt the theory of Sec. 2.3 with
metric g,, given by Eq. to derive the nonrelativistic limit of Rindler
particles. We discuss the cases in which the time evolution of scalar and Dirac
fields differs.

2.4.1 Scalar field

Here, we consider the scalar field Pg. Firstly, we derive the nonrelativistic limit
of single particles by means of the condition

R (0;)
mc?

&Jn(Gn) ~ 0 if there is an [ € {1,...,n} such that

- 1‘ >e (2.77)

Owing to the particular form of the Rindler metric, we find that the scalar prod-
uct between nonrelativistic single particles can be approximated by the L?(R?)
inner product. In this way, we show that nonrelativistic Rindler-Fock states can
be equivalently treated as if they were in a flat spacetime, but with a modified
free Schrodinger equation. Such modifications depend on the magnitude of the
acceleration. By constraining o with respect to the nonrelativistic parameter e,
we show how the Schrédinger equation is further approximated by the familiar
Schrédinger-Newton equation.

In Sec. [I.3:1] we showed the set of positive frequency modes in the right
Rindler frame labeled by the quantum numbers 6 = g = (Q,I? 1), where Q
is the frequency (i.e., Q(f) = Q) and K| is the transverse momentum. The

explicit form of such modes is given by Eq. (1.113). Equation (2.77) is, then,
equivalent to

hé, - 0;
6121_1
mc

®,,(0,) ~ 0 if there is an [ € {1,...,n} such that >e, (2.78)
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with €1 = (1,0,0).
When € satisfies the nonrelativistic condition 1' F(Q, K, ) is approxi-
mately solution of

ihOyF(Q, K )~ Hes F(Q, K1), (2.79)
with ) )
_ _i 2 207 (92 2 mc 27
Hes = —5— (05 + €7 (07 + 03)] + 5 (14e*7). (2.80)

Equations (2.79) and (2.80) can be checked by using Eq. (1.107) in Egs. (2.48)
and ([2.49)).

Moreover, in the nonrelativistic limit, the Klein-Gordon product can be ap-
proximated by Eq. (2.50)). In the case of Rindler modes, we find that

2mc?

72
Owing to Eq. (1.115)), Eq. (2.81]) can be also replaced by

(F(Q’EL)vF(leﬁi))CKG ~ (F(QaI?L)aF(leI?j_))Lg(]Rf*)' (281)

2mc?
h2

(F(Q,K.),F(Y,K))cka ~ (F(Q, K1), F(Y,K))2ms).  (2.82)

This means that nonrelativistic Rindler single particles can be treated identically
to Minkowski particles, but with a different free Schrédinger equation (2.79).

Quasi-inertial regime

A further approximation for Eq. (2.79) can be obtained by considering

ha o a2, (2.83a)

mc

alZ| Se, (2.83b)

ULISE Ve (2.83¢c)
me ™

in addition to the nonrelativistic condition (2.47)), with e representing the max-
imum ratio between the nonrelativistic energy F = hQ) — mc? and the mass

energy mc?. Notice that the limit expressed by Eqgs. (2.47) and (2.83) is equiva-
lent to the regime in which the speed of light ¢ goes to infinity while the variables

Z, I?l, a, E are kept fixed.

Equation is to be intended as the condition in which states are mostly
localized close to the position Z = 0 with respect to the Rindler length scale
a~'. Explicitly, this means that we only consider states |®) whose wave function
®,,(T,X,,) is such that

®,(T,X,,) ~ 0 if there is an [ € (1,...,n) such that a|d - X;| >e.  (2.84)
The fact that a|Z| goes to zero with the order of € means that

Uy = maZ (2.85)
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has the same magnitude of E (i.e., Uy = mc?O(e)) and can hence be regarded as
a nonrelativistic energy. We anticipate that U, represents the potential energy
for the approximated Schrédinger equation in the limits and .

Equation states that the acceleration is relatively small with respect
to the mass of the particles; whereas, the limit can be identified as a
locality condition where curvature effects are considered small (i.e., g, = 7).
For these reasons we refer to Eq. as the “quasi-inertial limit”.

Equation is equivalent to h2|K | |2/(2m) = mc2O(e), which is a non-
relativistic condition for the transverse kinetic energy. Similarly to Egs.
and (2.83b), Eq. (2.83d) needs be interpreted as a restriction to states charac-
terized by a wave function én(en) satisfying

hey- 01l + hes -0 1pp

én(en) ~ 0 if there is an [ € (1,...,n) such that
me

(2.86)

In summary, we say that the acceleration « and the state |®) are in the quasi-
inertial regime if, respectively, a satisfies Eq. (2.83a) and the wave functions
o, (T,X,,) and én(en) have support in (2.83b)) and (2.83c|). In Appendix
we show that the nonrelativistic and the quasi-inertial condition are compatible,
in the sense that there can be states that simultaneously satisfy Egs. ,

[£:59) and (2:50).

By definition, the wave function ®,, (T, X,,) is equal to ®,,(6,,) smeared out

with the modes F (5) Consequently, the effects of the quasi-inertial regime
can be deduced from the limiting behavior of the function F(S, K 1,7, X ) with

respect to Eq. (2.83). When Eqs. (2.47) and (2.83)) hold, Eq. (1.113b]) can be

approximated by

h5/6

N T T6 1 a /o m1/3 AT

2175 |2
| o153 (MC 2/3 | W?| K| B hQ _
x Ai (2 (52) " | S 92— (o —1) | ]+ 287)
where Ai(€) is the Airy function. The proof for Eq. (2.87)) is provided by Ap-

pendix [A72.3]

From Eq. 1D one can see that F'(£2, K 1) is approximately solution of

F(Q,K.,2)

ihdoF(Q, K1) ~ HuF(, K1), (2.88)
with .
Hor = —5 (07 + 95 + 93) + me® + U,. (2.89)

Indeed, by knowing that the Airy function is solution of the differential equation

AT"(€) = EAI(€), Eq. (87) leads to

, . 2 | R2|K | |2 hQ
BF(Q, K, T,X)~2 (@) [U taZ - (2 - 1)
mc

h 2m262 F(Q?KLaTaX)a

(2.90)
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which, together with Eq. (1.113a)), proves Eq. (2.88).

Equation is a Schrodinger-Newton equation with a mass term mc?
and a potential energy U, generated by a uniform gravitational force mo along
the Z axis. This can be interpreted as the fact that an accelerated frame is
locally equivalent to an observer that experiences a gravitational force. The
result is hence expected by the equivalence principle of general relativity.

The error associated to Eq. approximating Eq. can be obtained
by evaluating the difference between the Hamiltonians Hcg and Hgqr acting on

F(Q, K1), which lead to

h2|[§v’l|2

Hcs — Hgp = o

e2aZ -1
(€**Z — 1) + mc? (2 - aZ) . (2.91)
For nonrelativistic modes F(2, K 1) and in the quasi-inertial limit lj Heg—
Hqp acts on F(2, K ) with leading order

HCS - HQI = mCQO(Ez). (2.92)

By comparing Eq. (2.92)) with Eq. , one notices that the errors associated
to Eq. (2.88) are at least of the same orders of Eq. . Therefore, no reason to
prefer the Hamiltonian Hcg over Hqr exists: they can be considered equivalent
in the nonrelativistic quasi-inertial regime. Moreover, the difference between
the Hamiltonian Hqp and the exact fully-relativistic hckg is

HQI - hCKG = m620(62). (293)

Equation (2.93) gives an esteem of the GR corrections to the Schrodinger-
Newton equation ([2.88)) for scalar fields.

High acceleration regime

In the quasi-inertial regime (2.83), GR corrections are of the same order of
special relativistic corrections [Egs. and ] and, hence, unnoticeable
in the nonrelativistic regime. We expect to obtain GR effects by raising the
acceleration beyond the approximation and by extending the support of
the wave function @, (T, X,,) outside the quasiflat region (2.94b)).

Here, we test the appearance of GR corrections by considering a parameter
ega, which is larger than e but less than one order of magnitude more, i.e., € <K
ea < €/2. We use epa to give a slightly weaker conditions than Eqgs.
and by considering the following regime

h

—ac S 611{/:6, (2.94a)
alZ] < ena, (2.94b)
UILSE] < €2, (2.94c)

mc
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We refer to Eq. as the “high acceleration condition”. Notice that Eq.
cannot be obtained from the limit ¢ — oo, with X, [?J_, «, F fixed.

In analogy to the quasi-inertial condition, we say that the acceleration o
and the state |®) are in the high acceleration regime if, respectively, a satis-
fies BEq. (2.94a) and the wave functions ®,(7T,X,) and ®,(8,) have support
in (2.94b) and (2.94c). In Appendix we demonstrate the compatibility
between the nonrelativistic condition and the high acceleration condition
(12.94)).

By following the proof of Appendix [A:2:3] one can show that in the high
acceleration limit , the Rindler modes F (€2, K 1) can be approximated by
Eq. and, hence, are approximately solutions of Eq. . Notice that,
at variance with the quasi-inertial regime, the potential energy U, may reach
relativistic values at the border of the region , since Uy = mc2O(ena)
and ega > e. However, for negative values of Z, the potential energy U, is
balanced by large values of the kinetic energy —(i/2m)d2 due to the rapidly
oscillating behavior of the Airy function in this region; for positive values of Z,
instead, the Airy function is exponentially vanishing.

The error associated to the Schréodinger-Newton equation is given by

Hes — Hor = mcO(efy), (2.95)

since the support of the wave functions is . In particular, errors of the
order of €%, may be detected for negative values of Z such that Z ~ —ega /a.
Inside the region a|Z| < ¢, instead, Eq. is still valid. Hence, a more
precise evaluation of the errors to the Schrédinger-Newton equation is
given by

mc2O(e) if e < alZ| < ena

2.96
mc?O(e?)  ifa|lZ| Se (2.96)

Hcs — Hgr = {
GR corrections to the Schrédinger-Newton equation (2.88)) in the region
alZ| > € are now dominated by Eq. (2.95) and lead to

HQI — hCKG = mc20(e%{A). (2.97)
More precisely, we obtain

mc?O(e4,) ife<alZ| < ena
Hqr — heke = Ha ~ 2.98
QoK {m020(62) ifalZ] Se (2.98)

2.4.2 Dirac field

Here we discuss the case of Dirac fields Wy in Rindler spacetime. Firstly, we
review the nonrelativistic limit of single particles. We obtain a Schrodinger
equation that is different from the one saw for the scalar case. We then show
the convergence to the Schrédinger-Newton equation in the quasi-inertial
limit . GR corrections to such an equation are of order e?mc?, as for
the scalar field. Conversely, by considering the high acceleration limit ,
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we obtain GR corrections to the Schrédinger-Newton theory that can reach
values (epa/€)?/3 times larger than the ones obtained for the scalar field. This
means that Dirac fields are better candidates for detecting GR corrections to
the Schrodinger-Newton theory. Moreover, we show that the difference between
scalar and Dirac Hamiltonians is (epa/€)?/® times larger than what we found
for the Minkowski case [Eq. ] In other words, the Rindler metric is able
to enhance the distinguishability between scalar and Dirac fields.

In the nonrelativistic limit , the modes Ugs(£2, I?J_) defined in Sec.
are approximately solution of the Schrédinger equation , ie.,

ihOoUrs (%, K1) ~ (Hes + AH)Ugs(Q, K1), (2.99)

where, in this case, Hcg is given by Eq. (2.80) and AH by

h ha)?
AH = —i 2203 hep + (fia)” , (2.100)
2m 8m
2
hcp = —hey” 1%73 +icy*03 + e? (iC’7131 +icy? 9y — mhc)] - (2.101)

It can be noticed that the Schrodinger equation (2.99)) differs from Eq. (2.79)
obtained for the scalar case. The difference between the two Hamiltonians Hcp
and Hcg is given by Eq. (2.100), which, in the nonrelativistic limit can be
approximated by

hcta (ha)?
AH =~ —i——%% 4 ——. 2.102
i+ (2.102)
Equation ([2.102)) is generally non-vanishing. As already explained in Sec.
this occurs because the metric is curved and a can be arbitrarily large.

Quasi-inertial regime

Different scenarios are possible when a varies with respect to other dimensional
quantities and the nonrelativistic parameter €. For instance, in the case of
the quasi-inertial limit defined by Eq. , the scalar product can be
approximated by the C* ® L?(R3) inner product

(U, ¥)cigrz @s) = (U, ¥)cigrers) (2.103)

and the dynamics of the single particles is reduced to the familiar Schrédinger-
Newton equation
ihaoURs(Q, KJ_) ~ HQIURS(Q,KJ_), (2104)

already defined for scalar field in Egs. and .

Equation is due to the fact that in the quasi-inertial limit, wave
functions are localized inside the region a|Z| < 1, and, hence, e*? ~ 1. Equa-
tion , instead, can be directly proven by applying the nonrelativistic and
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the quasi-inertial conditions (2.47) and (2.83) on Egs. (1.175a)) and (1.176). In

particular, one can use the approximation

aZ
RO, R .. 2) % Koo (B0 ) (2.105)

and Eqs. (1.113b]) and (2.87) to prove Eq. (2.104]).
(12.104))

Alternatively, Eq. can be proven by noticing that AH, acting on
nonrelativistic states, is approximated by Eq. (2.102) and, hence, in the quasi-

inertial limit (2.83]),
AH = mc*O(e?), (2.106)

which is € times smaller than the potential energy U, = mc?O(e). This, together
with the fact that, in the quasi-inertial limit (2.83)), Hcs can be replaced by Hgr

[Eq. (2.92)], leads to Eq. (2.104]).

Equation (2.106)) comes from the fact that in the quasi-inertial limit fica <
€3/2me? and for any couple of nonrelativistic modes Urs(Q, K ), Urs (', K')),

UL (2, K) ey’ Urs (Q, K1) = UL, (2, K ) Urs(Q, K1) O(Y/?); - (2.107)

hence, ¢y°+? effectively acts on nonrelativistic modes as O(e'/?). Equation
(2.107) comes from the following property

ol Ure (K1) = ulUrw (Q, K1)O('/?), (2.108)

which holds for any nonrelativistic mode Ugy (Q,I? 1). To prove Eq. ,
one has to consider the explicit form of Ugs(2, K 1) and compare its spinorial
components. We provide such a proof in Appendix

As a consequence of Eq. , nonrelativistic modes are approximately
described only by their first two spinorial components and, hence, the represen-
tation space becomes C? ® L?(R?). This result is equivalent to what we found
in the Minkowski spacetime [Eq. (2.37)].

In summary, Dirac modes are approximately solution of the Schrédinger
equation for the scalar field and the product between states is represented by
the C? ® L?(R3) inner product. This means that nonrelativistic quasi-inertial
Dirac particles can be described identically to scalar states with the exception
of spin degeneracy, as it occurs in the Minkowski spacetime.

From Egs. (2.71)), (2.92)) and (2.106)), one can derive the errors associated to
i2 104))

the Schrédinger-Newton equation (2.

HQI - hCD = mCZO(Ez). (2109)

By comparing Eq. with Eq. , one can deduce that GR corrections
to the Schrodinger-Newton equation for Dirac fields are of the same order as
the GR corrections for scalar fields. Moreover, the difference between scalar and
Dirac Hamiltonians is of the same order as in the Minkowski case [Eq. ]
and reads as

hcka — hep = mCQO(Gz). (2.110)
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High acceleration regime

A different scenario can be considered by changing the asymptotic behavior of
a with respect to the nonrelativistic limit. For instance, by considering the high
acceleration limit (2.94)), one obtains

AH = mc®0(e}l34?), (2.111)

Equation (2.111) can be proven similarly to Eq. (2.106) with the differ-
ence that hca < 611{/ zemcg, and that for any nonrelativistic couple of modes

Urs(Q, K L), URs/(Q’,RL),

Ut (0, B )y Uns (2, K1) = U (9, K ) Uns (9, K1) O(eff /).
(2.112)
Equation (2.112)) comes from the equivalent of Eq. (2.108]) in the high accelera-

tion limit, i.e.,
0l Upe (2, K1) = wl U, (2, K1) O(e}2'/?) (2.113)

that is proved in Appendix
From Egs. (2.71)), (2.95) and (2.111]), one can notice that the errors associated

to the Schrodinger-Newton equation (2.104f) are dominated by Hcs — Hqr and
are of the order of

Hqr — hep = mcO(efy)- (2.114)

This means that the GR corrections to the Schrédinger-Newton equation for
Dirac fields are the same as the ones found for scalar fields. However, a more
detailed analysis shows that errors of the order of €4, can only be achieved
in the region ¢ < a|Z] < ega. Inside the region a|Z| < €, instead, the errors
associated to the Schrédinger-Newton equation are dominated by AH

Egs. (2.71), (2.96) and (2.111))], which are of order of 3L, Overall, we
HA

obtain the following cases

mc2O(en) if e < a|Z| < ena,

2.115
chO(e%i’e‘lB) ifalZ] Se ( )

Hqr — hop {

By comparing Eq. (2.115) with Eq. (2.98)), one can deduce that GR correc-
tions to the Schrédinger-Newton equation for scalar and Dirac fields are of the

same order in the region € < a|Z| < ega. Conversely, inside the region a|Z| < ¢,

. ) 2/3 .
errors for Dirac fields are larger, since eH/ Ae4/ 3 > ¢2. Hence, less experimental

precision is needed to spoil GR corrections. In particular, by reaching the exper-
imental precision for energies up to the order of ef{/ : €*/3 a term proportional to
%93 [Eq. (2.102)] appears in the Dirac case, while nothing shows up for scalar

fields.

By using Egs. (2.58), (2.71), (2.73]) and (2.111)), one can deduce that

hckg — hep = chC’)(e?{/je‘l/g), (2.116)
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ha hK .| Ah

o -

me me me
quasi-inertial limit O(e3/2) O(e) | O('/?) O(€?)
high acceleration limit O(elll/Aze) O(ena) | O(1?) O(ef{/:e‘l/?’)

Table 2.5: Asymptotic behavior with respect to the nonrelativistic parameters
€ and e for different limits. The quasi-inertial and the high acceleration limit

are defined by, respectively, Egs. and in terms of the position Z,
the transverse momentum K | and the acceleration o = ac®. The variable
Ah = hcka — hep is the difference between the scalar and Dirac Hamiltonians.
The orders of Ah for the two limits are shown in the last column. In the high
acceleration limit, Ah is larger than its equivalent for Minkowski spacetime
(hkg — har)/mc? < € [Eq. ] This means that lower precision is needed

to distinguish between the time evolution of scalar and Dirac fields.

which means that the difference between scalar and Dirac Hamiltonians is visi-
ble at the order of 612_1/ A364/ 3. Such an order of magnitude is lower than the one
needed for the distinguishability between the two types of fields in the Min-
kowski spacetime [Eq. ], since 612{/ ,;9’64/ 3 > €2, The result is that in the
Rindler frame, when the acceleration is sufficiently high, it is easier to distin-
guish between scalar and Dirac fields than in the Minkowski spacetime. This
is a difference between the quasi-inertial and the high acceleration limit

(2.94) that is summarized in Table

2.5 Conclusions

We investigated the nonrelativistic limit of scalar and Dirac particles in curved
static spacetimes. It is well known that particles in flat spacetime are approxi-
mated by the same Schrédinger equation in the nonrelativistic limit [Egs.
and ] On the contrary, scalar and Dirac fields in curved spacetimes have
different nonrelativistic asymptotic Hamiltonians Hcg and Hep. This implies
that the two kinds of particles evolve differently when the gravitational field is
sufficiently strong.

As an example, we considered nonrelativistic particles in a Rindler metric
with acceleration «. For an « sufficiently large, AH = Hcp — Hes cannot be
ignored and leads to noticeable differences on the time evolution of the particles.
If the spacetime is almost flat [Eq. ]7 AH becomes negligible if compared
to the gravitational potential Ug; in this way, one finds the usual Schrédinger-
Newton equation for both scalar and Dirac fields.

We remark that the nonrelativistic limit is often regarded as the one in which
¢ — 0o0. However this limit may vary in a way dependent on the acceleration.
Letting a = a/c?, the limit ¢ — oo does not specify if a has to go to infinity
with finite a, or a has to go to zero with finite «.
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By considering an « sufficiently large [Eq. ], we find that GR correc-
tions coming from AH can reach values of some orders larger than GR correc-
tions coming from the Klein-Gordon equation [Egs. (2.98)) and (2.115)].
This implies that an improved experimental precision will eventually unveil a
second-order GR correction only for Dirac fields. We believe that this scaling
addresses the possibility of observing spin-gravity coupling as a signal for general
relativity in quantum particle phenomena.

The different dynamics of the Klein-Gordon and Dirac particles in the Min-
kowski and Rindler frames can be exploited for a test for the Einstein’s Equiv-
alence Principle [47, 48]. The principle states that in freely falling frames, the
laws of physics are the same as if there were no gravity; which means that phys-
ical phenomena can be locally described by a Minkowski spacetime. Conversely,
a uniformly accelerated frame (i.e., Rindler spacetime) appears indistinguishable
from an inertial reference frame affected by a uniform gravitational field.

The Einstein’s Equivalence Principle has been repeatedly tested in the clas-
sical regime [49]; however, its application in the quantum domain is still debated
[60, 511 52 53] [B54]. In this chapter, we showed a novel quantum effect prob-
ing the nature of the observer’s frame. The possibility to distinguish between
Klein-Gordon and Dirac particles in the nonrelativistic limit and in presence
of a gravitational field would validate the prediction of equivalence between
uniformly accelerated frames and inertial frames affected by gravity.
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Part 11

Minkowskil and Rindler
particles
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Chapter 3

Frame dependent content of
particles

3.1 Introduction

In the previous Part, we studied the particle content of fields in flat and curved
spacetimes. In particular, we considered Minkowski and Rindler spacetimes. In
Sec. we derived the positive frequency modes of scalar (¢) and Dirac (1))
fields in Minkowski spacetime; conversely, in Sec. we computed the Rindler
modes for Rindler scalar (®,) and Dirac (¥,) fields. Positive frequency solutions
of the field equation provide the particle content of the field in each spacetime
by generating the Minkowski-Fock space Hyr and the Rindler-Fock space Hr, r.
In this way, we gave the full description of particle phenomenology for inertial
and accelerated observer in their respective frames.

Still, an important piece of information is missing. We know that a Min-
kowski single particle is described by an inertial observer as a positive frequency
mode of the Klein-Gordon or Dirac equation. However, we still do know how
an accelerated observer would describe such a state. We need a prescription to
relate states of one spacetime representation to the other. If Alice is an inertial
experimenter and Rob an accelerated observer, how would Rob describe states
that are prepared by Alice?

We find an answer to the previous question in the axiomatic formulation of
algebraic QFTCS [55]. The main idea is that field operators in different frames
are ontologically equivalent, but described by different coordinate systems. For
instance, the scalar operators é(t, Z) and éy(T, X ) are the same if the coordi-
nates (¢,) and (T, X) satisfy the coordinate transformation equation .
Explicitly, this means that

(i)u(T’X:) :é(tV(T’X:)va(Ta)Z))' (3'1)

Equation 1D can be interpreted as the transformation (;3 — &, between
scalar fields in inertial and accelerated frame, in analogy to classical physics.

73
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The inverse of Eq. (3.1]) is

St T) = Y 0(5,2)®, (T, (L, 7), X, (¢, 7)), (32)

v={L,R}

where the functions 7, (¢, #) and X, (¢, #) map the Minkowski coordinates (¢, %)
to the Rindler coordinates (T, X) and are the inverse of Eq. .

For Dirac field, one also has to consider the spinorial degrees of freedom to
let the field transform as a spinor. The explicit transformation U, — v is [56]

b(t,F) = Y O(syz)exp (;7()73T,,(t,f)) U, (T,(t,7), X, (t, 7). (3.3)
v={L,R}

We now know how to relate field operators of one frame to the other. How-
ever, the question still remains: how do we relate particle states to each other?
The usual prescription is to use Eq. or Eq. to compute the Bo-
goliubov transformations associating creators/annihilators of one frame to the
other. Then, by means of the Bogoliubov transformations, one is able to relate
element of the Minkowski-Fock space Hy; to elements of the Rindler-Fock space
HiR-

For instance, the procedure for scalar fields is described by the following
steps:

1. Isolate the Minkowski annihilators @(6) and b'(6) from Eq. (1.11)) by using
the Klein-Gordon scalar product ([1.15]) and the orthonormality conditions
(1.17)

a(k) = (f(k), Dxe bI(k) = ~(f"(k), D). (34)
2. Plug Eq. (3.2) into Eq. (3.4) and use Eq. (1.117) to see the annihilation

operators a(k) and b(k) as operators acting on the Rindler-Fock space
‘Hi,r by means of the linear equation
b= / &6 [0 (F.6)A,(8) + a0 (F.O)BL@)] . (350)
I/:{L,R} 61>0

o= Y [0 EDBG + o (EHALEG]. (350
v={L.R} 7 01>0
with 6 = (Q,K ).
3. Plug Eq. into the definition of Minkowski vacuum, i.e.,
a(R)[ox) =0, b(k)[0n) = 0, (3.6)
for any k € R3, to obtain the identity

|0n) = Ss[0L, Or), (3.7)
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for some unitary Rindler-Fock operator Sg and with |0L,, Or) as the Rindler
vacuum, defined by

A (0)0r.r) =0, B,(8)|0Lr) =0 (3.8)

for any v € {L,R} and for any g e (0,00) ® R2; Eq. (3.7) gives the
representation of |Oyr) as an element of the Rindler-Fock spaceE

4. Use the representation of the Minkowski vacuum in the Rindler-Fock space
and the Bogoliubov transformations to see any element of the
Minkowski-Fock space Hy as an element of the Rindler-Fock space Hy, r;
for instance, the Minkowski single particle state

0) = | | d*ke1(R)af (k) On) (39)

can be seen as an element of the Rindler-Fock space by means of

x Ss|0r, 0r). (3.10)

Steps [3] and [ raise the following questions: What does it mean to give the
representation of |Oy) as an element of the Rindler-Fock space? What does it
mean that elements of Hyr are seen as elements of Hy, g? After all, Hy and Hy, g
are two distinct Hilbert spaces which are not related by unitary transformation.
The questions can be answered by assuming that the role of elements of Hy; and
‘Hi g is to represent the same physical configurations (i.e., genuine states) in
two different frames. The elements of Hyr and Hy, g represent objective physical
objects, resulting in different description for the same physical phenomena. In
other words, there is nothing physical per se in the Hilbert spaces Hy and Hr, r;
the real physical content of the vectors |¢) is the probabilistic notion entailed in
the concept of state. We are allowed to use different representations, since two
different observers should only agree about physical predictions and not how
physical phenomena are represented.

The idea to relate particle states of one frame to Fock states of the other
frame is put in a mathematically precise formalism by Algebraic Quantum Field
Theory (AQFT). In this section, we already gave an intuition to the algebraic
approach, by putting emphasis on the field operators and deriving the relation
between states by means of Egs. and . However, a more detailed

IThe possibility to represent the Minkowski vacuum and, in general, any Minkowski-Fock
state as an element of the Rindler-Fock space Hy, R is given by a theorem that guarantees the
equivalence between a state of Hy; and a state of Hy, r up to an arbitrarily large precision
with respect to any finite set of mean values. A more detailed discussion about the explicit
statement of the theorem is provided in Sec. @
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discussion will be addressed in Sec. where we will give an introduction
to AQFT and a mathematically precise description of unitarily inequivalent
particle representations in different frames.

The only relevant information that we need here is that the fundamental
objects of AQFT are elements of an abstract algebra; fields only provide a “co-
ordinatization” to the algebraic system. Hence, AQFT puts fields of different
frames on an equal footing. States are defined as abstract objects that act lin-
early on the algebra and satisfy minimal properties to entail probability notion.
Operators acting on the Fock spaces Hy and Hy, g (e.g., creators and annihila-
tors) are only representatives of elements of the algebra; whereas elements of the
Fock spaces Hy and Hiy, g concretely represent abstract states. In this frame-
work, the existence of different unitarily inequivalent representation of states
appears naturally and does not lead to conceptual inconsistencies.

As a consequence of the nontrivial Bogoliubov transformation , the Min-
kowski and the Rindler particle description of the field are unitarily inequivalent.
In other words, the notion of particles as positive frequency modes is frame de-
pendent. A state made by n Minkowski particles is not equivalent to a state
made by n Rindler particles. Also, the notion of vacuum is frame dependent, in
the sense that the Minkowski vacuum |0y;) defined by Eq. (3.6) and the Rindler
vacuum |0p, ) defined by are not the same state [Eq] This is at the
origin of particle production in the Unruh effect |14} [15] [16].

We remark that the procedure describe by steps [I}fd] only provides a way to
relate Minkowski particle states to the elements of the left and right Rindler-
Fock space Hi, g. The Hilbert space Hr, r is the tensor product of the Fock
spaces Hr, and Mg generated by, respectively, A, By, and by Ar, Bgr, with
vacuum states |0r,) and |Or) defined by

~ = A~ —

A, ()0,) =0, B,(8)[0,) =0 (3.11)

for any v € {L,R} and for any 6 € (0,00) ® R2. In summary, we have that
Hrr = HL ® Hgr and [OLr) = [OL) ® |OR).

At the beginning of Sec. [I[.3] we defined the left Rindler spacetime as a way
to have a common Cauchy surface in both Minkowski and Rindler frame. In
the formulation of quantum fields, this gave the opportunity to define a one-
to-one map between fields in the Cauchy surface t = T = 0 [Egs. and
(3-3)] and, hence, a common initial time description of quantum phenomena for
both Minkowski and (left and right) Rindler frames. However, the accelerated
observer (i.e., Rob) does not have access to the left wedge as a consequence of
the Rindler horizon. Hence, if we want to describe physical phenomena from
Bob’s point of view we have to restrict to the right wedge alone.

The mathematical procedure to restrict the quantum description from the
Hilbert space Hi, r = Hi, ® Hr to Hg is the partial trace with respect to Hy,,
which will be indicated by Tr;,. Hence, by applying Tr;, on representatives
of Minkowski particle states in the Rindler-Fock space #p, g, one is able to
derive the description of Minkowski states as seen by the accelerated observer.
For instance, in the case of scalar fields, the representation of the Minkowski
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vacuum and Minkowski single particle states in the right Rindler frame Hy can

be obtained by applying Trr, in Egs. (3.7) and (3.10]), respectively. This leads
to

/30 :TIL (gs‘OL, 0R> <0L, 0R|S§) y (3.128,)
po= . / dSk/ Y / d3/€'/ 43061 (k) dr (')
v={L,R} R3 6:1>0 v'={L,R} R3 0,>0

- = —

x Tr, ([ (.6)AL(0) + (K, ) B, ()] Ss/0L,0r) (01, 0n L
% Jous (B.0)A,(0) + - (R.0)B1(B)) ) (3.12b)

where po = Trr,(|0m)(Om]|) and pg = Trr,(|¢)(¢|) are, respectively, the Minkow-
ski vacuum and the single particle state |¢) as seen by the accelerated observer.
In Sec. we will show that pg is a thermal state with temperature
%5} 27

Ty = — 3.13
U kB’ /8 cav ( )

Po X exp <_hHR) , (3.14)

where

HR:/ dQ dQthQ[AR(Q,I?L)AR(Q,I?L)+B§(Q,KL)BR(Q,I?L)}
0 R2

(3.15)
is the Hamiltonian in Hg. The same result will be obtained for massless scalar
real field in 1+1 dimensions [Sec. [3.3.3] and Dirac fields in 3+1 dimensions
[Sec. . This is known as the Unruh effect and gives predictions about the
detection of a thermal state by an accelerated observer whenever an inertial
observer sees a vacuum state.

This Chapter is organized as follows. In Sec. 3.2] we give a brief review
to the algebraic approach and we provide the mathematically precise formal-
ism for unitarily inequivalent particle representations in different frames. In
Sec. we consider massless scalar real field in 141 dimensions as a toy model
to discuss the frame dependent content of particles in QFTCS. In Sec. we
compute the Bogoliubov coefficients a4 (E , 5) and the Rindler-Fock representa-
tion of the Minkowski vacuum for scalar complex fields in 3+1 dimensions. The
same procedure is then applied to Dirac fields in Sec. [3.5] with the appropriate
modifications.

3.2 Algebraic approach

The appearance of unitarily inequivalent representations in QFTCS motivates
the use of the algebraic approach. Here we give a brief introduction to the
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algebraic formulation of quantum mechanics [Sec. and its application to
quantum fields [Sec. . The aim is to give a mathematically precise descrip-
tion of the unitarily inequivalent particle representations in the inertial and the
accelerated frame. We give a formal answer to the question “What does it mean
that elements of Hyr are seen as elements of Hy, g7’ that has been raised in

Sec. 311

3.2.1 Algebraic approach to quantum theories

In the standard approach to quantum theory, one typically starts with states as
elements of a complex Hilbert space H. Observables are then defined by self-
adjoint operators on H. The expected value of the observable A with respect
to the state [¢) is (A)y = ()| A|1h). The quantity (A),, entails the probabilistic
interpretation of quantum mechanics by Born. Indeed, the probability associ-
ated to the any outcome a resulting from measuring Ais given by <]5a>¢,, where
P, is the spectral projection of the operator A associated to the eigenvalue a.

In the algebraic approach, the focus shifts from states to observables, and
their algebraic relations. Observables are defined as self-adjoint elements of a
unital C*-algebra 2[, whereas the set of states S(2) is identified by positive
normalized linear functions w on 2. Hence, states are not defined as elements
of a vector space, but as objects which act upon observables. Each state w
consists of a map associating a real number to each observable. Such a real
number is interpreted as the expectation value with respect to the state in the
usual approach.

By definition, w(A) € C is linear in A € 2 and is such that w(A*A) > 0
for any A € 2 and w(I) = 1. For any self-adjoint element A = A* of A and
for any state w, the real number w(A) is interpreted as the expected value of
A with respect to w. In this way, states and observables are provided with the
probabilistic notion of quantum mechanics by Born, in analogy to the standard
approach. However, at variance with the standard theory, the algebraic ap-
proach is based on observables that are defined independently of their action on
a Hilbert space.

Notice that the definition of operators and states in the algebraic approach
are an abstract generalization of their standard formulation. Indeed, elements
of the Hilbert space H and self-adjoint bounded operators on H are examples of
states and observables in the algebraic sense. Specifically, the bounded operators
B(H) are an example of C*-algebra and every |¢)) € H induces a state wy on A =
B(H) by wy(A) = (¢|Al) for any A € B(H). However, states w € S(2) and
observables A € 2 do not need to be represented by elements of Hilbert spaces
and bounded operators on it; thus, the algebraic approach gives a generalization
of the notion of quantum states and observables.

The connection between the standard and the algebraic approach to quan-
tum theory is given by the definition of algebraic representations (7, ), with
7 as a representation map and H as a representation Hilbert space. The func-
tion 7 is a continuous homomorphism that maps each element of the algebra
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A € 2 into a bounded operator A = #(A) € B(#) acting on the Hilbert space
H. It is required that 7 preserves the algebraic structure of 2, in the sense that
#(AB) = #(A)#(B), #(aA + bB) = a#(A) + bw(B) and #(A*) = #1(A) for any
a,b € C and A, B € 2. The operator 7(A) is said to represent the element of
the algebra A € 2, while the vector |i)) € H represents the state wy € S(A)
defined by wy (A) = (¥|7(A)|¢) for any A € 2.

Any A € 20 is an abstract algebraic object that can be concretely repre-
sented by operators on Hilbert spaces. Equivalently, the state wy € S(2) is an
abstract object defined as a linear map on 2 and represented by |¢) € H in
the Hilbert representation space. The fundamental structure of the theory is
fully characterized by the abstract algebra 2(; conversely, the space of bounded
operators B(H) and the Hilbert space H only provide a concrete representation
for elements of 2 and S(A).

In principle, there can be infinitely many representations for 2[. Some of
them can also be unitarily nonequivalent. Two representations (71, #H;) and
(2, H2) are called unitarily equivalent if there is a unitary map U : Hy — Ha
such that Uty (A) = 7o(A)U for any A € 2.

The existence of at least one representation is guaranteed by the GNS
(Gel’fand, Naimark, Segal) theorem. For any state w € S(2), there is a GNS
representation (7, H,,) and a vector |{2,) € H,, which are unique up to unitary
equivalence and are such that 7, (2()|Q,) is dense in H,, and |€),,) represents w,
ie., w(A4) = (Qu|7,(A)|Q,) for any A € QIE|

The algebraic approach provides the following prescription to construct quan-
tum theories. Start from an unital C*-algebra encoding the algebraic relations
between the observables. Then, select a state w as a positive, normalized, linear
function on the algebra. From w, construct an Hilbert space via the GNS theo-
rem and recover the standard probabilistic interpretation of quantum theories.

3.2.2 Algebraic approach to QFT and QFTCS

When applied to QFT, the algebraic approach is named Algebraic Quantum
Field Theory (AQFT). AQFT is an axiomatic mathematically precise formalism
that emerged in the 1950s by Haag and others. The emphasis is put on the
local observables, which are abstract algebraic objects concretely represented
by operators on Hilbert spaces (e.g., creators and annihilators on Fock spaces).

Remarkably, the theory lacks of an intrinsic concept of particles and treats all
states on an equal footing even if they come from different particle representa-
tions. Consequently, the algebraic approach is naturally applied to QFTCS and
provides a solution to the conceptual issue of the inequivalence between particles
in different frames. The key observation is that notwithstanding the presence

2There is also a generalization to the GNS theorem for *-algebras that do not satisfy the
C*-property (see for instance Ref. [57] for the details). In that case, the representation map
7, is a function between the *-algebra and the space of—mnot necessarily bounded—operators
on Hy; also, the domain of 7, (A) for any A € 2 is not the whole Hilbert space H.,, but its
dense subspace D, = 7w, (A) Q).
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of unitarily inequivalent representations of particles, the algebraic structure of
the field operators is the same.

The early development of AQFT can be found in the monograph by Haag
[28] and his pioneering work with Kastler [58]; while, more recent developments
can be found in the edited collection [57]. Also, Ref. [59] gives an introduction
to AQFT focusing on its key features and Ref. [60] gives an extensive survey
focusing on foundational aspects of the theory.

In AQFT, the basic requirement of the theory is given by the definition of
local algebras 20(0). For each region of spacetime O, there is a C*-algebra
2A(0), whose elements represent physical operations that can be performed in
O. In particular, self-adjoint elements of 2((Q) are the observables that can
be measured in O. The global algebra 2 is generated by elements of the local
algebras 2(0).

The minimal axioms of AQFT are isotony (i.e., A(01) C A(O2) if O1 C Os)
and microcausality (i.e., [A1, As] = 0 for any A; € A(01), Az € A(O3) and
for any spacelike separated regions O and O3). The former implies that any
observable in O; can also be measured in a larger region Os; whereas the latter
ensures that measurements in spacelike separated regions are independent.

Algebra of scalar real field

The standard approach to QFT can be recovered by considering the algebra of
local field operators. For instance, in the case of scalar real fields in Minkowski
spacetime, A(0) is generated by the Klein-Gordon real fields ¢ () smeared
out with test functions supported in the Minkowski coordinate region Oy rep-
resenting O, i.e.,

=% [ e [ dtaagho i) a6 @0

n

with f(2¥, ..., z") as test function and with ¢(z#) as solution of the Klein-
Gordon equation satisfying the canonical commutation relation E|
For any coordinate x* representing a spacetime event &£, the operator qg(x“) is
an improper element of any algebra 20(0) satisfying £ € O. For all practical
purposes, we say that ¢(z+) € A(E) if 2# is a coordinate representing S

3We remark that the operator in Eq. is not bounded. Hence, the algebra of local
field operators is not a C*-algebra, but only a *-algebra. To address this issue, one may
consider two alternative solutions: (i) Extend the GNS theorem to include also *-algebras;
(ii) Construct a C*-algebra from the algebra of local field operators. Solution (i) has already
been discussed in footnote |Z| at the end of Sec. @, where we introduced a generalization
of the GNS theorem for *-algebras; the price to be paid is that some A € 2 are represented
by unbounded operators 7., (A) and the domain of 7., (A) is restricted on the dense subspace
D C He. Solution (ii), instead, consists of using the Weyl algebra 20 associated to the field
algebra 2 and generated by the Weyl operators W[f] = ¢*®lf] (see for instance Refs. |9, [57]
for the details); at variance with 2, 20 is a C*-algebra. Hereafter, we choose (i) when the use
of the algebra of fields 2 appears more convenient than the Weyl algebra 20 and (ii) when the
C*-property is necessary.

4This is a mathematically imprecise statement because dg(m“) is not a proper element of
the local algebra and £ is not a region of the spacetime, but a point.
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In analogy to QFT in Minkowski spacetime, the standard approach to QFTCS
can be obtained by considering the algebra of fields in curved spacetime. For
instance, the elements of the algebra of scalar real fields ®(X*) are defined as
real solutions of the Klein-Gordon equation in curved spacetime satisfying
the commutation relations .

The coordinates z* and X* that appear as arguments of the fields gf)(;z:“)
and <i>(X #) are actual spacetime coordinates. Hence, if z# and X* are different
coordinate systems representing the same manifold, both of them can be used to
describe elements of the same local algebra. In particular, if z* and X* represent
the same event £ in a spacetime, then the operators ¢(z#) and ®(X*) are
elements of the same local algebra A(E), i.e., p(x") € A(E) and B(X*) € A(E).

It can also happen that ¢(z*) and ®(X*) are actually the same element
in AE), ie., dp(z*) = &(X*). Indeed, the operators ¢(z#) and $(X#) can
be two different representatives of the same element in 2(E) with respect to
two different coordinate representations of the spacetime. This is a possibility
that does not lead to inconsistencies, since the local net O — A(O) lacks of
an intrinsic concept of coordinates. The fundamental elements of 2 are objects
locally defined on events £ which can be labeled by arbitrary coordinate systems
(e.g., & — aH or £ — X*); the process of labeling give rise to fields in different
coordinate systems (e.g., ¢(z*) and ®(X#)). In this sense, fields naturally
emerge as a coordinatization of the algebra 2f and can have different spacetime
representations depending on the arbitrary coordinate system.

An example of different coordinate representations of the same local field
algebra is provided in Sec. where we considered fields in inertial and ac-
celerated frames. In particular, Eq. states that the operators g?)(x“) and
o, (X*) are the same algebraic objects if z# and X* represent the same event £
in the v wedge. The discussion we gave about the coordinatization of 2 provides
a formal justification for Eq. .

We remark that the use of the term “coordinate representation” of the local
field algebra should not be confused with the notion of algebraic representation
(w,H) given in Sec. The coordinate representation of 2l is based on
the coordinate representation of the underlying spacetime and consists of a
coordinatization of 2 by means of field operators of an arbitrary frame, e.g.,
¢(z*) and ®,(X"). The algebraic representation (#,H), instead, uses # to
represent elements of the algebra 2( as operators acting on the Hilbert space H
and states w € S(2) as vectors in H. In summary, by means of a coordinate
representation, one can see the elements of the algebra 2 as objects defined
locally in a coordinate patch; whereas, by means of the algebraic representation
(7r,H), one can see the elements of 2 as operators acting on the Hilbert space
H.

Minkowski-Fock representation

In Sec. we gave the canonical formulation of quantum scalar fields ¢(z*)
in terms of Minkowski particles and Minkowski-Fock space Hy;. In the algebraic
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formalism, the results of Sec. need to be interpreted as the application of
an algebraic representation (7n, Hy ), where 7y maps elements of the abstract
algebra 2 to operators acting on the Minkowski-Fock space Hy, e.g., creators
and annihilators of Minkowski particles.

The representation (7, Har) that leads to the canonical formulation of Min-
kowski particles is the GNS representation of the Minkowski vacuum ;. In
AQFT, the Minkowski vacuum is defined as an element of S(2) satisfying cer-
tain properties, whereas the vector |0y) introduced in Eq. (3.6 is only the
representative of {2y in Hyr. In particular, 2y is an example of quasifree state.
Any quasifree state w is defined by the following property: the n-point functions
w(p(x™) ... d(x)) are non-vanishing only for even n and are completely deter-
mined by the 2-point function. The 2-point function for the Minkowski vacuum
is the familiar Wightman propagator

. . hc2 Bl o e
Om(d(t, D)o, 7)) = —/ ~_e (k) (t—t)+ik (Z-77) 3.17
M(o(t D)ot 7)) @7 Jes 2B (3.17)

The mathematically rigorous way to canonically decompose the real scalar
field ¢ in Minkowski spacetime is by means of the representation map 7y, such
that

ma@(t.2) = [k [fELDE + 1 Eraa @], @1

-,

where a(k) are the annihilation operators of the Fock space Hy. Equation
is a mathematically precise version of Eq. for real fields in the
context of AQFT and can be interpreted as follows. The field qg(:c") is only an
element of the local algebra 2(£), with £ represented by z*, but does not act on
any Hilbert space; the canonical annihilators a(), instead, act on the space of
Minkowski particles Hyr. The representation map 7y realizes the link between
the algebraic and the particle content of the field, by connecting ¢ with d(@)

By using Egs. (3.17) and (3.18)), one can check that Qu(é(t, Z)d(t', &) =

(Om|7m(@(t, Z)P(t', &7))|0p). This is in agreement with the fact that |Oy) rep-
resents Qy; in Har.

Rindler-Fock representation

In Sec. we defined Rindler particles and the Rindler-Fock space Hy, g by
means of scalar fields in Rindler spacetimes ®,(X*). As for the Minkowski
spacetime, the Hilbert space Hr, r and the operators acting on it need to come
from a representation (7, g, Hr r) of the field algebra.

In analogy to the Minkowski-Fock representation, (7, r, Hi, r) is the GNS
representation of the Rindler vacuum {2, . The canonical decomposition of the
real scalar field in Rindler spacetime is realized by means of the representation

5The analogue reconstruction of Fock space from the Weyl algebra 20 can be obtained from
the representation my; defined by wy (W[f]) = M (D),
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map 7, g in analogy to Eq. (3.18),

i @TX) = [ P[R0.1 04,0+ F0.1.0A0)] . (319)

01>0
The state Qg is defined in terms of the Rindler vacuum 2-point function
Qur(P,(T, X)®,, (T, X)) = (0L r|#L.R (P, (T, X) P, (T", X))|0r, 1) and is rep-

resented by |Orr) € Hr Rr.

Unitarily inequivalent particle representations

In Sec. we remarked that the Minkowski (z*) and the Rindler (X*#) coordi-
nates describe, respectively, the inertial and the accelerated frame of the same
flat spacetime; hence, they are two different coordinate systems of the same
manifold. Both frames share the same field algebra 21 and the operators ¢(z*)
and @V(X #) describe the same scalar field in each coordinate representation. In
particular, ¢(z*) and &, (X*) are the same algebraic object when z# and X*
represent the same event & in the v wedge [Eq. (3.1)].

The existence of a single algebra 2 describing both Minkowski and Rindler
fields implies that both (7, Ham) and (7, r, Hi,r) can be used to represent 2
and S(2). In other words, (m, Hm) and (71, r, Hi,r) are unitarily inequivalent
representations of the same algebra 2. This shows that the inequivalent particle
content of fields in different frames actually comes from an unifying notion of
algebra 2l and states S(2).

The unifying notion of states S() between different frames formally guar-
antees the possibility to relate particle states of one frame to the other. In
particular, the vector |1,) € Hy representing the state w € S(2) in Hy can
be mapped into the vector |¥,,) € Hy, g representing w in Hy, g. Physically, the
map FvoLr ¢ [Yw) - |Py) tells how an accelerated observer would describe
Minkowski particles.

The existence of a map Fy1,r gives a formal answer to the question “What
does it mean that elements of Hy; are seen as elements of Hy, g 7" that has been
raised in Sec. The answer lies in the idea that vectors in Hy; can be naturally
mapped in Hr, r by Fum—r,r while preserving their objective physical content.

Notice that, in principle, the map Fyrr is not always defined for any
|y € Hm. This a consequence of the fact that for any representation (7, H),
not all states are guaranteed to be represented by (#,H). Hence, the set of
states that are represented by (#y, Ha) may differ from the set of states that
are represented by (71, r,Hr r). Hereafter these sets will be called Su and
SR, respectively. By definition, the domain of Fy 1, r is only restricted to
SmNSL R, which means that vectors in Hyy representing states outside SyNSt r
cannot be seen as elements of Hy, g. In other words, not all Minkowski particle
states are guaranteed to be described in terms of Rindler particles.

Luckily, there is a theorem for Weyl algebraﬁ that guarantees the possibil-
ity to approximate states of different representations between each other (see

6Here we consider the Weyl C*-algebra 20 constructed from the field *-algebra 2 and
already discussed in footnotes |§| and El
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Sec. 4.5 of Ref. [9] and references therein). Specifically, the theorem says that
for any couple of representations (71, H1) and (@2, Ha) representing states in
S1 C S(A) and S2 C S(A) and for any state wy € Sy there is a state wy € Sy that
approximates wy. The approximation works as follows: for any state w; € S
and for any finite set Ay,..., A4, € A and €1,...,¢, > 0, there is an wy € Sy
such that |wy(A4;) —w2(A;)| < ¢ forany ¢ =1,...,n. The theorem includes also
statistical operators as representatives of states, hence w; and wy; do not need
to be represented by pure vectors in ‘H; and Hs.

The theorem guarantees the success of the prescription introduced in Sec.
by stepsm@to relate statistical operators of Hy to statistical operators of Hy, r;
however, the approach only guarantees the equivalence between states in a sort
of weak limit. In particular, the existence of the unitary operator Ss in Eq.
that exactly maps |On) in Hy, g with infinite precision is not always guaranteed.
In the next subsections, we will show how in all considered scenarios (i.e., scalar
and Dirac fields) the unitary operator Sg exists (though for Dirac fields it will
be called SD) and elements of one vector space can be exactly written in terms
on elements of the other vector space.

The procedure described by steps in Sec. tells how to practically
construct the map Fu1,,r- The method is based on deriving the Bogoliubov
transformation relating the Minkowski operators to the Rindler operators.
We remark that the formal way to write Eq. in the context of AQFT is
by means of the representation maps 7y and 7y, g, which encode the particle
representation in each frame, as shown by Egs. and . The mathe-
matically precise way to write Eq. is

mnt@@)= [ a0 o,

v={L,R}
(3.20a)
Al 6E) = 5 [ @0 [ EOBG) + o (FHALG).
LRy Y 01>0
(3.20b)

Furthermore, the formal way to write Egs. (3.7) and (3.10) in the context of
AQFT is by means of the map Fur1,r as follows

FuioLr(0M)) SS|0La0R (3.21a)
FusLr([6)) / &’k / d*06, (k) |a . (k,0) AL(0)
v={LR} & 01>0
+a;_ (K, 0)B,(8)| 55101, 0r). (3.21D)

For all practical purposes, we will leave the use of representation maps 7
and 71, g implicit. In particular, we implicitly assume the use of representation
maps whenever particle operators of one frame are treated as if they were Fock
operators of the other frame. For instance, we will use Egs. , and
instead of Egs. (3.18)), (3.19) and (3.20)), respectively.
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Analogously, we will avoid to name the map Fy,1, g when particle states
of one frame are related to particles of the other. Specifically, we implicitly
assume the use of Fu1,,r Whenever a particle state of one frame is written
as an element of the other Fock space. Hence, we write |¢,) = |¥,,) instead
of Fusrr(|Yw)) = |Vu), although |¢,) and |¥,) are formally elements of
different Hilbert spaces. For instance, we will use Eqgs. and instead

of Eqgs. (3.21a)) and (3.21b)), respectively.

Fermionic and scalar complex fields

We now want to add the following remarks for fermionic and scalar complex
fields. As a consequence of microcausality, elements of local algebras 20(QO) in
spacelike separated regions commute. This is an apparent contradiction with the
requirement that fermionic fields anticommute in causally disconnected regions;
only products of even numbers of fields satisfy the microcausality condition.
However, there is no contradiction between the anticommutation relation be-
tween fermionic fields and the microcausality axiom since the only observables
that can be physically measured involve even numbers of fermionic fields. A
spinor field by itself is not measurable, at variance with, e.g., second degree
products of spinor and cospinor fields. Consequently, operators involving odd
numbers of fermionic fields are not elements of the algebra 2.

This also occurs for complex scalar theory characterized by a global U(1)
gauge symmetry, where the only measurable observables are invariant under the
global U(1) gauge action. Products of odd numbers of fields do not satisfy this
condition and, hence, are not elements of the algebra 2.

In summary, some field operators are not measurable and, hence, do not
belong to /. However, the algebra of non measurable field operators still plays
a role in AQFT. From the local net O — A(O) one can construct an algebra
F(O) which contains non-observable fields (e.g., product of odd fermionic fields
and odd complex scalar fields) in addition to elements of 2A(©). The local
algebra 2((Q) is made by elements of F(O) that are invariant under the action
of the gauge group G.

The reconstruction of §(O) and G from the fundamental local algebra 2((O)
is achieved through the DHR (Doplicher—-Haag—Roberts) program and the anal-
ysis of superselection sectors. These theories are out of the scope of the present
thesis and we refer the reader to, e.g., Refs. [28] [61] for detailed discussions.

For all practical purposes, we consider algebraic representations of §, in-
stead of 2(. For instance, we consider the Minkowski-Fock (Rindler-Fock) spaces
of Dirac and charged scalar fields, which are constructed by the Minkowski
(Rindler) vacuum GNS representation of §.

3.3 Massless scalar real field in 141 spacetime

In this section, we consider a flat spacetime in 1+1 dimensions and a massless
scalar real field. Minkowski and Rindler coordinates are identified by (¢, ) and
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(T, X) and are related to each other by

t=1,(T, X), x=x,(T,X), (3.22)
with
es,,aX es,,aX
t,(T,X) = sinh(caT), 2y (T, X) = s,—— cosh(caT), (3.23)
a

as the coordinate transformation from the v-Rindler frame to the Minkowski
frame. In this case the left and right wedges are defined, respectively, by x < c|t|
and x > c|t|. The inverse of Eq. is identified by T, (¢,x) and X, (¢, z).
The Rindler metric in the v wedge is diag (76265”2‘1)(, esuzax).

The Klein-Gordon equation in 1+1 dimensions and with zero mass
reads

(03 — oF) ¢ = 0. (3.24)

The Rindler-Klein-Gordon equation ((1.111f) in 1+1 dimensions and with zero
mass, instead, reads
(95 — °07) ¢r = 0. (3.25)

The same identity can be found in the left wedge, i.e.,
(95 — *07) @1, = 0. (3.26)

Notice that the field equations in the Rindler frame (3.25) and (3.26]) have the
same form as the Minkowski Klein-Gordon equation (3.24). This is a conse-

quence of the fact that the 1+1 Rindler metric is conformally flat and the field
is massless.

From Egs. (3.24)), (3.25) and (3.26)), one can derive a decomposition for the
scalar field in the Minkowski and the Rindler frames in terms of Minkowski
and Rindler particles with defined momentum. By defining a(k) and A, (K) as,
respectively, the annihilator of the Minkowski particle with momentum % and
the annihilator of the v-Rindler particle with momentum K, one can write

dta) = [ dk [F(hut)alh) + (ks ta)al ()] (3.272)
B(1,X) = [ dK [FE. T4 + PR OAW)] . (2m)
R
with
fk,t,x) = N iclkitina (3.28)
Y 4mel|k|

as 1+1 dimensional free mode with zero mass.

The Klein-Gordon scalar product (1.15)) in 141 dimensions now reads

(0.0)0 = 1 [ del6" (000 (t.0) — o (L0)us (). (329
R
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The positive and negative frequency modes are orthonormal with respect to
Klein-Gordon scalar product (3.29), in the sense that they satisfy Eq. (1.17).
The two fields ¢ and ®, are related to each other by

dlt,x) = > 0(s,@)@,(T(t,x), X, (¢, 2)), (3.30)

v={L,R}

which is the equivalent of Eq. in 141 dimensions.

Throughout this section, the massless scalar real field in 1+1 dimensions
will serve as a toy model for the theory introduced in Sec. [3.1] We follow the
prescription given by steps [I}[4] of Sec. [3:1] to relate Minkowski particle states to
Rindler-Fock states. In particular, we compute the Bogoliubov transformation
relating creators and annihilators of one frame to the other [Sec. [3.3.1], we
derive the representation of the Minkowski vacuum in the Rindler-Fock space

[Sec. [3.3.2] and we detail the consequent Unruh effect [Sec. [3.3.3].

3.3.1 Bogoliubov transformation

In this subsection, we compute the Bogoliubov transformations relating Min-
kowski operators a(k) to Rindler operators A, (K) by following steps |1| and [2| of

Sec. 31
We start by giving the explicit form of Eq. (3.4) in 1+1 dimensions by means

of Eq. , ie.,
a(k) = % /R dx [f*(k,t,x)aqu(t,x) — (t, )0 f*(k,t,x)} . (3.31)

The right hand side of Eq. (3.31]) is independent of ¢. For practical purposes we
choose t = 0; hence, we consider
)

h/Rdm [7(5,0,) a0t )|

The next steps consists of plugging Eq. (3.30) into Eq. (3.32)) to obtain

(k) = L= 90.2) 0L (ki t )], o] (3:32)

a(k) ! /R dzf(s,x) [f*(k,o,x) %@,,(T,,(t,xLX,,(t,x))

v={L,R} t=0

b, (0, X, (x)) 00 (1, ) o] (3.33)

where X, () = X, (0, z). We compute 8‘i>V(TV(t,x),Xy(t,x))/8t‘ . by means
t=
of the chain rule

J 0 5, 0
T = STy + sypac t%. (3.34)

and by knowing that the hypersurface ¢ = 0 is equivalent to the condition 7" = 0
in both wedges. We obtain
o - s, O

(I)V(Tu(t7w)7XV(t7x)) = 7qA)V(T7Xu<x))

. -+ , (3.35)

T=0
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which leads to

Z /dmﬂsy S”f(kOx)ao &,(T, X, ()
V{LR}
—¢AQXA@)%fWhtmhﬂ}- (3.36)

By plugging Eq. (3.27b)) in Eq. (3.36]) we finally obtain the Bogoliubov trans-
formation

T=0

k)= Y / dK [ay+(k,K)Ay(K)+ay_(k,K)AL(K)}, (3.37)
v={L,R} 'R

with
s (1K) =5 [ dat(s) [ 221 (1,0.0) QSO T X @)y
—F(K,0, X, (x)) 80 f* (k. t.2)],_,] (3.38a)
(b, K) = /dm& (sv [ “(k,0,2) Ao f* (K, T, X, ()| p—q
— (K0, X, (x)) Do f* (k. t,2)],_] (3.38D)

Equation (3.37) is the equivalent of Eq. (3.5)) for massless scalar real fields in
141 dimensions.
The explicit form of the Bogoliubov coefficients can be obtained by plugging

Eq. (3.28)) in Eq. (3.38). This leads to

0(s, K —
Ozyi(k,K) — d (S 1’) (:l: |a ‘ + |k|> +iK X, (x) ikx (339)

v dmyJIRK]

By performing the coordinate transformation z — X = s,X,(x), Eq. (3.39)
becomes

+|K aX
a1 (k,K) = / dXﬂexp <:|:8ViKX - syikeax) . (3.40)
R 4/ |kK]| a
By defining
X
F(k,K) = / ax exp (—iKX + ike“X) , (3.41)
R 21 a

we can write Eq. (3.40)) in the following simpler form

1 , 0
Y (:tK| - m|k|8,‘<> F(k,Fs,K)

s (b K) = (3.42)

K=—s,k

F(k, K) is a distribution that can be obtained from the following distributional
limit [62]

e—=0t Jp

F(k,K)= lim / % exp ((—iK +ea)X + (z: - e) eaX> : (3.43)
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The derivative of F(k,K) with respect to k appearing in Eq. (3.42) can be

obtained by using integration by parts in Eq. (3.43)) and by taking the distribu-

tional limit € — 07T

9

ok
iesX k x

lim [ dX exp ((—iK +ea)X + (z - e> e’ )
2mwa a

e—0Tt R

. k 1 k
— 1 dX (—zK+ea)X -V 7 oo aX
el R 27ra2 aT ¢ ax P\ T¢)°

+oo

F(k, K)

. 2 ~1 I
Elirél+ 27:a2 (ia - e) exp ((—iK +ea)X + <ia - e) e“X>

-1
/d K +ica 'k —€ exp | (—iK +ea)X + zﬁ —€) e
2ma? a

1K —ea dX k
= lim |—mM8M— K X A aX
0 [a(k: + ica) / o P <( K +ea)X + (Za €> ¢ )]

1K

=—F(k K 3.44

" Pk, ). (3.49)
Equation (3.44)) can be plugged in Eq. (3.42) to obtain

1 k| K
(x| + 5=
2\/|kK] < %

1 i K K
-+ ngfn(k) “F(—suk,IFSVK)

a1 (k,K) = ) F(—s,k, Fs, K)

k

=+ O(kK), /‘I]:‘F(syk,:FsyK). (3.45)

The distribution F(k, K) of Eq. (3.43) can be proven to be equal to [62]

Fk, K) = ﬁr ( Zf) exp (za In ( |) sign (k) Cﬁf) . (3.46)

with I'(£) as the gamma function and 5 = 27 /ca. Two important properties that
can be deduced from Eq. (3.46)) and will be used in the rest of this subsection
are

F(—k,—K) = F*(k, K), (3.47a)

F(—k,K)=exp (—sign(k) oK

) F(k, K). (3.47b)

In particular, Eq. (3.47a)) can be used in Eq. (3.45]) to prove that
ar+(k, K) = af 4 (k, K). (3.48)
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Hence, one can define the couple a(k, K) and 8(k, K) such that

ar+(k, K) = alk, K), ap—(k,K) = -6k, K), (3.49a)
ar+(k, K) = o*(k,K), ar_(k, K) = —B(k, K). (3.49b)

In conclusion, we obtain the Bogoliubov transformation

alk) = /]R 4K [a(k, K)AL(K) — 3 (k. K) A}
ot (k, K)AR(K) — B(k, K)A;(K)} , (3.50)

with Bogoliubov coefficients

Mk,K):@(kK)\/fF(k,K), 5(k,K):«9(kK)\/§F(—k7K) (3.51)

and with F'(k, K) defined by Eq. (3.46). As a consequence of Eq. (3.47b)), we
also obtain the following identity relating a(k, K) to 8(k, K)

cBlK|

B(k, K) = exp <—2> alk, K), (3.52)

which will be used in the next subsection to derive the Rindler-Fock represen-
tation of the Minkowski vacuum.

3.3.2 Minkowski vacuum in the left and the right Rindler
frame

In this subsection, we follow step [3] of Sec. to derive the Rindler-Fock repre-
sentation of the Minkowski vacuum.

The vector state representing the Minkowski vacuum in the Minkowski-Fock
space Hyy is defined by means of Eq. adapted for the 1+1 dimensional
case, i.e.,

a(k)|0n) =0, (3.53)
for any k£ € R. By plugging Eq. (3.50) in Eq. (3.53) and by using Eq. (3.52)) we

obtain
/RdK {a(kz, K) [AL(K) — exp (_cm?m) A;(K)]

+a* (k, K) [— exp (—CB|2K|> Al (K) + AR(K)} } |0n) = 0, (3.54)

which holds for any real k. Necessary and sufficient condition for Eq. (3.54)) is

B K|
2

A (K)[0yr) = exp (— )AL<K>|0M>, (3.55)
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which holds for any v = {L,R} and for any K € R. The variable 7 is defined
as the opposite of v in the sense that v =L if v=Rand v =R if v =L.
The Rindler-Fock state that satisfies Eq. (3.55]) is given by

|Onm) o< exp($s) O, Or), (3.56)
with X
bg = /RdKeXp (—CB|2 I) Af ()AL (K). (3.57)

The vector |0r,,0r) represents the Rindler vacuum in the Rindler-Fock space
‘Hir and is defined by the equivalent of Eq. (3.8) in 141 dimensions, i.e.,

A, (K)|0L,0r) =0, (3.58)

for any v = {L,R} and for any K € R.

One can prove that Eq. (3.56) is the solution of Eq. (3.55) by noticing that
3g satisfies the commutation relation

RI—+

~ K ~d

[AV(K), §S} = exp ( b |2 |) AL(K). (3.59)
By using the exponential series exp(8s) = ZZOZO §2/n! and Eq. (3.59) one can
prove by induction the following commutation relation

[4,(K). exp(ss)] = exp (—ﬁ'f') AL(K)exp(3s).  (3.60)

Equation (3.60) implies that
A, (K) exp(3s)|01, 0r) = | A, (K), exp(5s) | 101, 0r) + exp(3s) Ay (K)[0r, Or)

= exp (—Cm;(') AY(K) exp(3)|05, Or). (3.61)

By means of Eq. , we have been able to write the Rindler-Fock rep-
resentation of the Minkowski vacuum as prescribed by Eq. . However,
the state exp(8s)|0L,0r) appearing in the right hand side of Eq. is not
normalizable. Provably, this is a consequence of the continuous nature of the
variables K. Consequently, Equation needs to be interpreted in some
regularization limit.

In Appendix we study the state exp(3s)|0r,0r) in the regularized dis-
crete theory, we derive its normalized version and then we perform the contin-
uum limit. Such a limit leads to the normalized state Ss|0r,0g) with unitary
operator

Ss = exp (2 /R dKC(c|K) [ATL(K)A;(K)}A> : (3.62)

¢(Q) = tanh™* (exp (—529» (3.63)

with
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and Where Or = (O O1)/2 is the antlhermltlan part of O. This proves that
Egs. (3 and are equivalent to Egs. (| and (| -
The explicit particle content of the Minkowski vacuum in Hi, g can be ob-
tained by defining the states
(K, ..., K!), (Ky,... K Al (K7) H K)|0L,0r),  (3.64)

Jj=1

which result in

exp(3) 01, Or) Z / aK, - / A, exp (Cmel)

n= 1 i=1

< |(Ky,..., Ky), (K1, ..., K,)) 4|05, 0R). (3.65)

Notice that |(K{,...,K],),(K1,...,K,)) is the Fock basis of Hr, g up to the
repetition of equivalent states due to the bosonic Symmetry between the ele-
ments of {K; }” 1 and between the elements of { K}

From Eqs. 6)) and (3.65)) one can see that the Mmkowskl vacuum appears
as a state populated by partlcles when represented in the Rindler-Fock space.
This is at the origin of the particle production in accelerated frames and the
Unruh effect, which will be detailed in the next subsection. In particular, we
will use Eq. - to derive the thermal state

Notice that the operator S of Eq. is composed by two modes squeezed
operators [63], where each couple of modes is a left and a right Rindler mode
with defined momentum K. The partial trace of a two mode squeezed operator
is precisely a thermal state.

3.3.3 Minkowski vacuum in the right Rindler frame

As discussed in Sec. the representation of the Minkowski vacuum in the
accelerated frame pg is given by the partial trace Trp, over the left wedge. Also,
we have anticipated that pg is the thermal state (3.14) with Unruh temperature

Ty = hf/kg.
For massless scalar real fields in 1+1 dimensions the right Rindler Hamilto-
nian is

Hg = /R dKhe| K| AL (K) AR (K) (3.66)

and can be expanded with respect to the states | K7, ..., K, ) defined by

|K1,..., K, H K;)|0R) (3.67)

in analogy to Eq. (3.64]). The expansion of Eq. (3.66|) with respect to the states
|Ky,...,K,) is

. <1
HR:ZE/RdKl/ (thK|> ‘Kl, .. n><K1, ,Kn|
n=1

(3.68)
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By plugging Eq. (3.68]) into Eq. (3.14)), we obtain the expansion of the thermal
state

. 1 RS
poocngln!/RdKl.../RdKnexp (ﬁ;m) |K1, . K K, Ky
+ |0r ) (OR|- (3.69)

It is straightforward to prove that pg oc Try,(exp(8s)|0r, Or){Or, Or| exp(8s)T)
by means of Egs. and and by knowing that there are the n! combi-
nation of permutations to write | K7, ..., K,) as the same state. In this way, one
formally derives the Unruh effect that predicts the presence of a thermal state
in the accelerated frame whenever an inertial observer detects the vacuum.

3.4 Scalar field

In this section, we consider a massive scalar complex field in 3+1 dimensions,
which has been described in Sec.[I.1.1]for the Minkowski spacetime and Sec.
for the Rindler spacetime. We follow steps of Sec. to derive the Bo-
goliubov transformation ([3.5) and the representation of the Minkowski in the
Rindler-Fock space . In particular, we compute the Bogoliubov coefficients
o+ (K, 0) and the unitary operator Sg relating the Minkowski vacuum [0y;) to
the Rindler vacuum |0r, g). The procedure is very similar to the one seen in
Sec. few changes include the presence of three spatial dimensions and the
Rindler-Klein-Gordon modes replacing the free modes . Also, we
prove Eq. (3.14)), which implies that the Minkowski vacuum is seen by acceler-
ated observers as a thermal state; hence, we detail the Unruh effect for scalar
fields.

3.4.1 Bogoliubov transformation

—

Here, we prove Eq. l} and we compute the Bogoliubov coefficients ozl,i(E, 0)
by following steps [I] and [2] of Sec. [3.1]
We start by considering Eq. (3.4), which explicitly reads as

1

al) = /R [ D00d( ) - (e 20 Rt D] (3700

- )

b= /R B[ fE LD - DR fELD]. @T0b)

For ¢ = 0, Equation (3.70]) becomes

—6(0,) oo f*(Rt.7)| _ ], (3.71a)

|,
t=0

(3.71b)

t=0

a(F) = % /}R @[ (F,0.2) (1, 7)

(B =~ [ a [1.0.9) 00602, - 50.2) b (F. .
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whereas Eq. becomes
30,7) = > 0(s,2)P, (0, X, (7)), (3.72)

where X, (Z) = X, (0,#). The time derivative of Eq. (3.2) for ¢ = 0, instead,
can be computed by considering the chain rule

0

a7 = 9% + s,ac? t@z (3.73)
which leads to
Bod(t, = Y ) AT X, (@ ))‘T:o' (3.74)
v={L,R}
By plugging Eqs. and (| in Eq. ( one obtains
iy b 3 Su e (F 0.2) 9nd (T X.(F
a(f) =1 > dexﬁ(suz) [ax £ (%,0,7) 60<I>,,(T,Xl,(x))‘T:0
v={L,R}
~&,(0,%, (@) dof (Rt 7)| _ | (3.75a)
t=
iy~ b 3 S B 0.2) 0nb(T. X (i
E == [ ) [227(R,0,2) 0, (T, X, (@)
v={L,R}
~6,(0.X,@) oofF.e.3)| _ |- (3.75b)
t=

Equation ([1.117)) can be used in Eq. (3.75) to obtain the Bogoliubov transfor-
3.5

mation (3.5) with Bogoliubov coefficients

ousf) = [ dab(s,a) 27 (E.0.5) 0R 0T R @),
~F,(6,0,%, (&) o0f (k1.7 0] (3.76a)
ou R = [ dat(s,a) 225 (F0.5) 0EG.T. R @),
— (0,0, X,(2)) 9 f*(E,t,f)L:O} . (3.76b)

By using Eqgs. , and and the fact that F is real,

Eq. (3.76]) can be written in a more compact form

a,x (K, 0) = / 222 [15”91 +w(/§)} £ (R, 0,8)F (0, 3,2, (2))eX 007
R3 h az
(3.77)
where 6 is such that § = (0791) = (Q,I%J_) and, hence, g, = I?J_, or, equiv-
alently 6, = (02,03) By knowing that F(f,X) is invariant under 6 — —f

[Eq. (L1I3B)], Eq. is such that

= —

i (K, 0) = o, (K, £0), (3.78)
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with

aw(k,0) = /R dgfﬂ(%‘%z) hil +w(15)} FH(k,0,2)F(0, 5,7, (2))e?+ 7+
(3.79)

Owing to Eq. (3.78), the Bogoliubov transformation (3.5 can be simplified
by

a(F) = / &0 [0 (R )AL (0) + o (F.~BYH] . (3800)
(L) 7 01>0

o= > [ a0 [a 0BG +aF-HAG], (@500
(L) /01>0

where a,(k,6) is defined by Eq. (3.79). Equation (3.80) can be written in a

more compact form by

— = ~

ak)= > A0, (k,0)A,(0), bk)= ) 4300, (k,0)B,(6),

v={L,r} " F* s LRy
(3.81)
where
.o~ [A@) 6, >0 .~ [B,(@) it6 >0
A, (0) =1~ ~ , B,(0) =4 . - . 3.82
) {BZ(—) if0; <0 (®) {AL(—) if 0, <0 (382)

We are now interested in giving the explicit form of the Bogohubov coefﬁ—
cient au(k 6) by computing the integral in Eq. . By using Eq. in
Eq. and by computing the derivative with respect to £, one obtams

—

ay (k,0) = 82(ky — 01)x, (K, 01), (3.83)

= il 20(s,z st w(k)| e 3= F kL,s z
i JLae0002) |25 wlB] e R @ Zu() (359

and k& 1 = (k1, ko) as transverse coordinates of momentum k.
Equation (3.84) can also be written as

0 hs ,
—8,i— lim dn/dz@(s,,z)e”(s”ﬁ_“)
R

a =0t J_g

with

hw (F)

XV(E7 Q) =

XF(, kL, $,7,(2)) + w(k) /]R dz0(s,z)e " F(Q, kL, 5,7,(2)) (3.85)
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Now, by using Eq. (1.113b]), one can write Eq. (3.84) in terms of Fourier trans-

form of Bessel functions
- 1 Q Q
Xv(k, Q) = —— " lsinh L —8,i— lim dn/dz9 (sy2)
27('20 aw(k) 2 a e—=0t — 5,00

xe"(s”e_iz)KiQ/ca (swe(l%l)z) + w(k) / dZH(SVZ)e_ikSZKZ‘Q/Ca (s,,/i(l;;l)z)} .
R

(3.86)
Notice that Eqs. (1.4)) and (1.114)) are such that
2(f . ., R
“C(Q ) _ k2 = w%(ky), w(k) >0, k(ky) > 0. (3.87)
This suggests the definition of the function (k) such that
w(k) = cr(kL) cosh(V(k)), (3.88a)
ks = k(ky) sinh(9(k)). (3.88b)
By means of Eqs. (3.88]), Eq. (3.86) can be written as
" 1 Q
Xv(k, Q) = 5= — = 'sinh (ﬁ)‘
2m%c\| car (k) cosh(9(k)) 2
0 r(k1) sinh(9(F)) , 4
s i i n(sve—iz) fo.
x| =svi 61;1(1)1+ e dn/Rsz(sl,z)e Kio/ca (SVKJ(]{)J_)Z)
+cr(k1 ) cosh(9(k)) / dzﬁ(sl,z)e_m(h)Sinhw(ﬁ))z[(m/ca (SVK(EL)Z):| .
R
(3.89)

In Appendix we compute the Fourier transform of K¢(|¢]) and obtain
the following result

efzf sinh(7) _ i ZT))
/R dgo(¢) Ke(©) sin(m¢) cosh(r) (3.90)

From Eq. (3.90) we can also compute the following identity

T

lim dr’ cosh(1") /]R de0(€)es (T i ()

e—=0t J_o

:% sl_i}él+ /; dr’ sin (C (g — iT’)) e€sinh(r")

:gsizwg) o8 (C (g - ”)) ' (3.9)
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By choosing § = s,k ca, T = , sinh(7') = s,n/k(k.) and
€= m(lﬂ) and by pluggmg Eqs 1 ) and { ) in Eq. 1 89|) we obtain

¢ L (22)
rear (k. ) cosh(D(k)) 2
x {—icos (’Ci (g - syiﬁ(E))) +sin (ZCZ (g - sym(E))ﬂ . (3.92)

which leads to

XV(E7 Q) =

N | .

—

1 . .
X (k, Q) :sign(Q)i [wccm(l@_) cosh(9(k))
9] -
X exp <Ca (g - sﬂt?(k))) . (3.93)
Equations (3.83) and (3.93) give the explicit expression for the Bogoliubov

coefficients
30) —1/2
sinh () H
2

X exp <Q (f - sﬂﬁ(E))) (k. — K1) (3.94)

ca \2

o (B, QK L) :sign(Q)% [wcan(lﬁ_) cosh(9(k))

Notice that Eq. (3.94)) satisfies
> 2\ iy T o
a,(k,—Q K )=—exp| ——— | ap(k,Q, K ), (3.95)
with § = 27 /ca and 7 is the opposite of v.

3.4.2 Minkowski vacuum in the left and the right Rindler
frame

Equation is the equivalent of Eq. in 3+1 dimensions as it relates
Bogoliubov coefficients of one frame to the coefficients of the other by means
of an exp(—p3|Q|/2) factor. In Sec. we used Eq. to derive the
representation of the Minkowski vacuum in the Rindler-Fock space as prescribed
by Eq. with unitary operator S‘S given by Eq. . In particular, as a
consequence of Eq. , we obtained an equation for the Minkowski vacuum
[Eq. ] that admits a solution in the Rindler-Fock space. In this subsection,
we show that a similar equation holds for massive scalar complex fields in 341
dimensions.

By following step [3] of Sec. we consider the definition of the Minkowski

vacuum [Eq. (3.6)]. By using Egs. (3.80) and (3.95) and by transforming the
[Eq. B-6)]- By using Eq y g
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summation index v — ¥ and the integration variable K L K | when needed
we obtain

/ ) d2KJ_O[,,(E,Q7KJ_)
0 R2

v={L,R}
R B gt 2] 1ou) =
x AL (Q, K1) —exp 5 BL(Q,—K )| |0m) =0, (3.96a)
/ dQ | PKio (kLK)
v={L,R} "0 R
s R B 4t o) 1ons)
X BV(Q,KL) — eXp 77 AD(Q, 7KL) |OM> = 0, (396b)

which holds for any real k. Equation (3.54)) is equivalent to

A,(9, B 1)[0n) = exp (529) B, K1) |0w). (3.97a)
Bo(9, B )|0ys) = exp (—ﬂf) AL, —R1)|0n) (3.97)

for any v = {L,R} and for any (Q,K,) € (0,00) ® R2.
The solution of Eq. (3.97) is (3.56)), with

00 . 0 . . N .
5= Y [T d2KJ_eXp<—6)Al(QKL)Bl(Q,—KJ_)- (3.98)
v={L,R}”0 R? 2

In analogy to the 1+1 massless scalar real field, the state exp(Ss)|0r,0r) can
be normalized in the regularized discrete theory [Appendix [B.2]; the continuum
limit leads to Eq. (3.7), with unitary operator

o0 A

Ss=exp(2 Y / aQ [ PR, Q) [AZ(Q, R)Bi@, —fh)} :

v={L,R} /0 LS
(3.99)
where () is defined by Eq. and the superscript A indicates the antiher-
mitian part.

As a result, we obtain the representation of the Minkowski vacuum in the
right and left Rindler frame for massive scalar complex fields in 341 dimensions.
Notice that the operator Sy of Eq. is composed by two modes squeezed
operators with defined energy {2 and opposite transverse momentum K. This
is in analogy to the case of massless scalar real fields in 1+1 dimensions studied
in Sec. The only difference between Eq. and is given by the
Rindler quantum numbers, which in the former case is just K, whereas in the
latter they are Q) and K.
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3.4.3 Minkowski vacuum in the right Rindler frame

In Sec. we proved for 1+1 massless scalar real fields that the representa-
tive of the Minkowski vacuum in the accelerated frame is the thermal state.
The prove is based on performing the partial trace Try, of the pure vector
exp(3s)|0L, Or,)-

Given the similarities between Eq. and Eq. , it is straightforward
to prove the same result for 3-++1 massive scalar complex fields as well. The only
difference is given by the Rindler quantum numbers, as we have detailed at the
end of Sec.

In conclusion, the Minkowski vacuum of massive scalar complex fields in 3+1
dimensions is seen by the accelerated frame as a thermal state pp with Unruh
temperature Ty = hf3/kp. This result proves the Unruh effect for general scalar
fields.

3.5 Dirac field

This section is based on and contains material from Ref. [2].

3.5.1 Introduction

The Unruh effect is the prediction that an accelerated observer detects Rindler
particles in the Minkowski vacuum [14} [I5] [16]. The phenomenon was originally
studied in the context of scalar fields. As we have seen in Secs. and
(3.4), scalar particles in the accelerated frame are expected to follow the bosonic
thermal distribution (e#?—1)~!, where i is the particles energy and 3 = 27 /ca
is inversely proportional to the acceleration of the observer a = ca.

More recent works considered Dirac fields [56] 64]. The result is a fermionic
thermal distribution (e#* + 1)~! for Rindler-Dirac particles in the Minkowski
vacuum. Despite these investigations, a complete description of the Minkowski
vacuum in terms of Dirac Rindler-Fock states is missing.

The Bogoliubov coefficients relating Minkowski operators to Rindler oper-
ators have been derived in Ref. [56]. Here, we give the explicit algebraic rep-
resentation of the Minkowski vacuum in the Rindler frame and its thermal
representation in one wedge.

We rederive the Bogoliubov transformation relating the Minkowski operators
to the Rindler operators and we derive the Minkowski vacuum as an element
of the Rindler-Fock space. We, hence, use the Bogoliubov coefficients to give a
complete description of the Minkowski vacuum in the Rindler spacetime.

We obtain different Rindler-Fock representations depending of the choice for
the spin basis in each wedge. The dependence of the spin basis is due to the
presence of a spin coupling between modes of opposite wedges.

We also derive the statistical operator describing the Minkowski vacuum
seen by the accelerated observer. We compute the partial trace with respect
to the left wedge Trr,(|On){(OMm|) by adopting a many-body approach for Dirac
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particles. The result is a fermionic thermal state that completely describes the
Minkowski vacuum in the right Rindler spacetime.

The section is organized as follows. In Sec.[3.5.2] we compute the Bogoliubov
transformations relating Minkowski to Rindler operators. The Bogoliubov co-
efficients are then used in Sec. to give the representation of the Minkowski
vacuum in the Rindler spacetime. We compute the partial trace with respect to
the left wedge and obtain the fermionic thermal state in Sec. [3.5.4] In Sec.[3.5.5]
we discuss the dependence of the results with respect to the spin basis choice.
Conclusions are drawn in Sec. 3.5.61

3.5.2 Bogoliubov transformation

In Sec. and in Sec. we considered the Minkowski (¢,#) and the
Rindler (7, X ) spacetimes and we studied the respective Dirac fields 1[)(15, Z) and
U, (T, X). We defined the operators ¢ (k), ds(k), Cs(Q, K1) and D,s(Q, K )
as the annihilators of positive and negative frequency modes for each spacetime.

Here, we consider both the Minkowski (¢, ) and the Rindler (T, X) space-
times to describe the inertial and the accelerated frame of a flat spacetime. The
operators (¢, Z) and W, (T, X) define the same Dirac field in each coordinate

-,

system. We compute the Bogoliubov transformation relating Minkowski (és(k)
and dy(K)) and Rindler (C,s(€, K,) and D,,(€, K)) operators. We follow
steps [I4] of Sec. B:I] and the same method presented in Secs. [3.3] and [3.4] for
scalar fields. A different approach can be found in [56].

Equation (|1.41)) can be used to invert Eq. (1.38) as
60(B) = (R Dcsorz ey dLR) = (0a(B), Dcsgra @y (3.100)
Equation (3.100) explicitly reads as
o) = [ EodEeDie, dE = [ EnlEanics. (@00
R3 R3

The Dirac field transforms as a spinor field under diffeomorphisms [Eq. (3.3)].
When t = 0, the transformation (3.3) reads as

$(0,7) = Y 0(s,2)¥,(0,X,()), (3.102)

with X, (Z) = X, (0, %). By choosing ¢ = 0 and using Eq. (3.102) in Eq. (3.101)

one obtains

(k)= > dPa0(s,2)ul (K, 0,2)0,(0, X, (), (3.103a)
v={L,R} ' &

di(k)= > da0(s,2)vl(k,0,2)¥, (0, X, (T)). (3.103b)
RS
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By plugging Eq. (1.130]) in Eq. (3.103)) one is able to related the Minkowski
operators & (k) and d, (k) to the Rindler operators C(€2, K1) and D,,(€, K, )
through the Bogoliubov transformation

Ga(k)= Y i/}RdQ/DQZdQKL

v={L,R} s'=1

X / dP(s,2)ul(k,0,2)W,e (Q, K. ,0,X, (%))
]Rfi

x [0(9)@3,(9,11)+9(—Q)D13,(_Q, “RK))], (3.104a)

iFH= Y zzj/RdQ/de?fg

v={L,R} s'=1
« / B (5020l (F,0,7)Wos (=0, —R 1,0, X, (7))
R3

x [9(—9)0,,5,(—97 —R)+6@)D!, (Q,Kl)] . (3.104b)

By using Egs. (1.40))"|and ((1.132)) and by performing the integration with respect
to x and y, the Bogoliubov transformation (3.104)) becomes

2
és(lz?'):\/ﬂ Z Z/Rdﬂ . dQKJ_(SQ(EJ_—I_('J_)/Rdze(syz)e_ik”

v={L,R} s'=1
Xl (B)Wosr (@ L, Z0(2)) [0(2)Crsr (2, R 1) + (=)D (—0, — K1) |
(3.105a)
2
di(k)=v2r > Z/dQ/ ?K 8 (ky —I?L)/dzﬂ(syz)eikSZ
v={L,R} s'=1 /R R2 R
X B () Wor (— 2, =1, Z(2)) [6(=2)Cr (=0, =K 1) + () D], (2, K1) -
(3.105b)

-~

To obtain @l (k)W (0, k1, Z,(2)) and 01 (F)W,e (=, —k., Z,(2)) appear-

ing in Egs. (3.105a) and (3.105b), we compute @l (K)6, (k. )20,¢(Q, k1) and
01(k)6, (=K, )2, (—Q, —k, ). The former can be obtained by using Egs. (1.37),

“In Sec. we chose the basis of particles with defined spin along one direction. A
basis of modes with the same property is not available in the Rindler spacetime. Indeed, the
translational symmetry with respect to the direction of the acceleration is absent, and particles
with defined energy do not have defined momentum component along such a direction. Hence,
no Lorentz boost leads to the comoving frame of these particles. For this reason, Rindler-
Dirac modes with defined frequency and spin cannot be considered. Since our aim is to relate
Minkowski modes with Rindler modes, there is no reason to prefer the basis with defined spin.
Hereafter, we consider the general solutions of Eq. and we do not choose any particular
basis for the spin degrees of freedom.
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(T44a), (T.136)), (1.156) and (T.158)
@l (B) S, (k1L )W,e (0,5 )

=~ [ou(Foa )] . @ F)

—s,ic 1 o mey ol i
- [70 (lm + kary +?) us(k)} Wy (k1)
:‘(Skﬂ; {30 [w(Bn® = ks?| s (B) } 2By (2, K1)

R\RL

. B i
B —(I?Z) { [w(ck‘) 7 ckg’yofy?’] us(E)} 2, (Q, k1)

KRR
=gy [#0) o a0 )
- 35777 | W (2, kL
_ —(k) [ev(k) B kgl AR, (). (3.106)

Kk ¢

Similarly, for the second scalar product one can use Eq. (1.44b) instead of
Eq. (1.44a)
Uy (E)qu(*k’l)wm’(*Qa *El)

- -,

— [@V(— l)ﬂs(k)rﬂnys/(—ﬂ,—ﬁ)
;

- ° (k' + koy? = Z2) 5.(R)| Wy (—2,—F2)

:E‘(S]_:,i) { l‘*’(f) _ cm%?’] vS(E)}Tms/(—Q, )

_Kf;%j)ﬁZ(E) [“’;) - ck'g’yo’y?’} W, (—Q, —F1)

o [Wf) . k] SR, (~0,—F1). (3.107)

By using Eq. (3.88)), Egs. (3.106)) and (3.107) turn into

-

@l (F), (FL )W, (2, k1) = exp (—szg - ﬁ(k)) @l (F)2,5 (2 kL), (3.108a)

—

G (B) B, (— k)W (—Q, —k1) = exp (szg - ﬂ(E)) 51 (R)Q,e (— 9, —KL ),
(3.108D)
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which means that
) [ouF0] " W) —enw (D5 [ + 0B )
X @l (k)W (2, kL), (3.109a)
W,e (—Q, —k1) =exp (” 5 ! [fszg + 19(12)])
x o1 (k)25 (—Q, —k1). (3.109b)

A [,k

Equations (1.163)), (1.176) and (3.109) and the fact that (K ) and R(Q, K |, Z)
are even with respect to K| [Eqgs. (1.114) and (1.147)] allow to compute the
scalar products

TR W (QEL, Z,(2) = Y Rlo5,2, k1, Z,(2))
o=%
X exp (ag 1 [Szg + 19(15’)}) @l (R) W, (2, FL), (3.110a)
SR W (0 KL, Z,(2) = 3 R (05,0, K1, Z,(2))
o==+
X exp (a; 1 [=s.i% + 0(1‘5)}) O (F)2, g (— 2, —F1). (3.110b)

By plugging Eq. (3.110) in Eq. (3.105]) and using Eq. (1.170f), one obtains

-3 /dQ PRy (R0, B L)t (R0 (9, K1)
v={L,R} s'=1

x [9(9)@5/(9, K.)+0(-Q)D! (-9, —Kl)} , (3.111a)

di(k) = Z Z/dQ/ BPK ok (k, QK)o ()W, (—Q,—K 1)
]RQ

v={L,R} s'=1

x [9(—9)@5,(—9, —K,)+ 0D}, (Q,fh)} , (3.111b)
with the Bogoliubov coefficient
PO R L2 % k(kL) B a 9(k)
oy, (k,Q,K)) 77r5 (ki KL)\/QWC& cosh <QQ exp 51,24 5

—

x I, (k, Q) (3.112)

and with

L(kQ) =Y LK 0Q) exp <asyiz + aﬁ(j)> , (3.113a)



104 CHAPTER 3. FRAME DEPENDENT CONTENT OF PARTICLES

I,(k,Q) = / dz0(s,z)e” "% R(s, 0, k1, 5,7,(2)). (3.113b)

R
The integral appearing in Eq. (3.113b|) can be computed by considering
Eq. 1i By replacing the variables &, ¢ and T with, respectively, s,,n(/g 1)z,
$,i02/ca—1/2 and s,9(k) and by dividing the equation with x(k_ ), one obtains

/ d20(s,2) exp(—ir (kL) sinh(ﬁ(E))z)KSUZ-Q/m,l/Q (sym(l_ﬂ_)z)
R

2ca

- H(EL) sin (syzﬂ _ 5) COSh(ﬁ(k)) : (3.114)

By using Eqgs. (1.147)), (3.88b)), (3.113b|) and (3.114]), one can compute

7rsin<s,,z——”+ () + s, zﬂ(k))

Ik, Q)

. . . svaZ,(z)
:/ dz0(s,z) exp(—ik(ky)sinh(JI(k))2) Ky, i0/ca—1/2 (/{(k‘ﬁ)
R

_ / 020(5,.2) exp(—in(F1) sinb(9(F))2) K sy 2 (s (F 1))
R

T sin (suzﬁﬂ T T+ 19(]6)9 + suiw)

k(KL ) sin (syz% - 5) cosh(9(k))
BQ IR | Z@)

3 : s
SVTFSIH(Z 1 —sy4+sy P

_ y _ . (3.115)
k(kL) cosh (%) cosh(¥(k))

By plugging Eq. (3.115)) in Eq. (3.113a)) one obtains
L (k. Q)

. [m(l_ﬁ) cosh (iﬂ) cosh(ﬁ(E))] o exp (08”1 + 01%2];))

in (052 5T 4 g5, B2 0B)
X Sin (m 1 Sl,4+asl, P +1 5
-1
=s,im [%ua) cosh (?) cosh(ﬁ‘(E))}
o—1  o-1_-  pQ (k)0
X Z lexp (sl,z 1 T+ 5 ﬂ(k)fUTJszuz - )

o=%+

1 1, = Q £)Q
—exp (syia + r+ 2 + 9(k) + a% - Usl,iﬁ(k) )
ca

4 2

=s,im [2,{(/@) cosh (?) cosh(ﬁ(lg))} B [— exp (s i +0(k) + o
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Suiﬁ(cka)g> + exp (syzg — 19(/_5) + ? — szq?(k:)ﬁ)]

ca
—1 =,
=17 |:2/€(EL) cosh () cosh(ﬂ(l;))] exp ( - 51,219(0]29>
X [—syieﬁ@) - syie_ﬁ(lz)}
-1 -
=7 |:I€(EJ_> cosh (62(2)} exp (iﬂ - s,,iﬁ(fa)9> . (3.116)

Equation (3.116)) can be used in Eq. (3.112) to obtain the final expression
for the Bogoliubov coefficients

. . . ., exp (—syig - %E) + % - s,,iﬂ(fa)ﬂ)
o (k, QK ) =6%(kL — K,) . (3.117)
\/27rcan(lgl) cosh (gQ)
By using the fact that s; = —s,, Eq. (3.117) leads to
ap(k, =, K1) =sie " 2a, (k0 K ), (3.118)

which can be used in Eq. (3.111) to relate operators of opposite frequency and
wedge. By inverting the variables 2 — —Q and v — 7 when Q < 0, Eq. (3.111))
becomes

2 S
Galky= Y Z/ dQ/ PPK |
v={L,R}s'=1"0 R?

S0 [aV(E, QK )W, (K )C,y (K L)

+ap(k, =, K )Wy (-, K1)DY L (Q,—K )|, (3.119a)
di(ky= Y i/wdﬂ/ PPK |

v={L,R}s'=1"0 R?

% 51(F) o (F, —, B )@ (9, —K 1) Crr (2, — K )

+ai(k, QK )W, (—Q,—K )DL (0, fh)} . (3.119b)

By plugging Eq. (3.118)) in Eq. (3.119)),

2 00
&)= > Z/ a0 | PKio,(kQ,K))
v={L,R} s'=1"0 R2

—

X AL (8) [0 (2 K1) (2, K1)
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s, ie P20, (—Q, K1) DE (9, flﬁ)] , (3.120a)
di(k)= Y Z/ Fig) dQKLa,’j(E,Q,I?l)
v={L,R} s'=1

x@g(k)[ s,ie P20, (O, — K1 )Crgr (Q, —FK 1)
0, (—Q, K1) D (9, KL)] (3.120b)

Finally, by using Eq. (1.173a)),

Y v / a9 [ Ko, F0R)

v={L,R} s'=1

X al(k)mus’ (Qy [?J_) |:éus’(Qz I?J_)

+syie P2 Z M, (Q, K1)DL L/ (Q, KL)} ; (3.121a)

s/'=1

i)=Y Z/ dQ/RZdQKLa (k,Q,K.)

v={L,R} s'=1

x 51 (B)W, (—2, —F 1) [ﬁis, (Q,K))

2
—S,,Zle_’@Q/2 Z MVSHS/(—Q, —Xl)éps//(g, _KVJ_>‘| . (3121b)
s''=1

From the definition of M, (Q7I?J_) [Eq. (1.173b))], one can compute its
complex conjugate, i.e.,

Ml/ee (Q Kl) Ml’/s’s(*Q’I_{’L)- (3122)

By using Eq. (3.122)), one can also conjugate Eq. (3.121b)) to obtain

= > / s dKLa,,(E,Q,I_Q)
v={L,R} s’=1

A~ —

X wls’(—ﬂa _[_('L)rz}s('l;) [Dus’(Qa KL)

2
tsyie PYEN " My (Q,-K 1 )CL (9, Kl)]. (3.123)

s'"=1

In conclusion, we computed the Bogoliubov transformations relating Min-
kowski and Rindler operators [Eq. m] The exphclt form of the Bogoliubov

coeflicient a,,(k Q, K 1) is reported in Eq. The symmetry between Bo-

goliubov Coefﬁ01ents of opposite wedge [Eq. l .118] resulted in a coupling be-
tween Rindler operators of opposite wedge and frequency in the Bogoliubov



3.5. DIRAC FIELD 107

transformation [Egs. (3.121a]) and (3.123)]. A similar coupling has been found
for scalar fields, as it can be noticed by comparing Eq. with Eq.
or Eq. . In the next subsection, we will show how this coupling is involved
in the Rindler-Fock representation of the Minkowski vacuum, in analogy to the
bosonic case.

3.5.3 Minkowski vacuum in the left and the right Rindler
frame

In Sec. we derived the Bogoliubov transformations relating Minkowski
and Rindler operators. We obtained an expression in which operators of op-
posite wedge and frequency are coupled. Here, we will use these transforma-
tions to show how the Minkowski vacuum can be represented as an element of
the Rindler-Fock space. The proof is similar to the one seen for scalar fields
[Secs. and [3.4.2] and involves the coupling between operators of opposite
wedges [Eqgs. (3.52)), and (3.118)]. We will obtain two-modes squeezed
states where each Rindler mode is paired with the mode with opposite wedge
and frequency The spin degrees of freedom are coupled through the matrix
M, 55 (€, K 1) defined in Sec Hence, we will obtained different represen-
tations depending of the chosen ba51s Qﬂys(Q, KJ_).
The Minkowski vacuum |0y) is defined as the state that is always annihilated
by the Minkowski operators & (k) and d,(k), i.e

&s(k)|0m) =0, ds(K)|0n) = 0, (3.124)
for any s and k. Conversely, the Rindler vacuum |0r,,Ogr) is defined as

OVS(Qv KL)|OL7OR> =0, Dus(Q7 [_('L)|OL7OR> =0, (3125)

for any v, s, 2 and K. Equations (]3.124[) and (]3.125[) are the equivalent of
Egs. (3.6) and (3.8]), respectively, for Dirac fields.

In order to see |On) as an element of the Rindler-Fock space, one has to plug
the Bogoliubov transformations (3.121a)) and (3.123)) in Eq. (3.124)) and look for
a Rindler-Fock state such that

3 / a9 [ @Ko, (.0 R)EEB,.0 (2 K1) [Con(. B L)
v={L,R} s'=1

+s,ie P2 Z Mysus,(ﬂ,&)bis,,(e,f?l)] |0n) = 0, (3.126a)

s!'=1

A —

3 / dQ/ A2K | o, (k,Q, K )90, (—Q, —K 1), (E)[ J(Q,K)
v={L,R} s'=1 R2

+s5,ie Y2 Z Mo (2, =K )C (9, KL)] |0p) =0, (3.126b)

s'’'=1
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for any s and k. As a consequence of the generality of s and E, Eq. (3.126) is
equivalent to

2
Cos(Q K1) + syie 2> " Moo (Q, K )D] (2, 1@)1 0n) =0,
s'=1

(3.127a)

2
Dys(Q K1)+ syie™ 2" Moo (9, - K1) CIL (9, _fh)] |0p) = 0.

s'=1

(3.127b)
The solution of Eq. (3.127)) is
|0n) o< exp(5p)|0, Or), (3.128)
with operator
2 2 400
Sp=—i > sy > dQ/ K e P02
v={L,R} s=1s'=170 R?
X Mus’s(QaXL>CA’11;5(97KL)IA);S/(Q, _XJ_). (3129)

Equation can be seen as the equivalent of Eq. for Dirac fields
and will be used in the next subsection to derive the thermal vacuum state. In
Appendix[B.3] we discuss how to normalize the state exp(5p)|Or., Or) and obtain
the identity .

|Om) = Sp|0r, Or), (3.130)

with

2 2

A +oo
Sp =exp | 2 Z S”ZZ/O dQ/dezKJ_C(Q)

v={L,R} s=1s/'=1

_, N _, N i A
X [ =iMys(@, B 1)CH(Q, B 1)DL, (2, - K L)) ) (3.131)

where () is defined by Eq. (3.63]) and the superscript A indicates the anti-
hermitian part. Equation (3.130) is the equivalent of Eq. (3.7 for Dirac fields

and gives the representation of the Minkowski vacuum in terms of left and right
Rindler particles.

We now provide a proof for Eq. (3.128) as the solution of Eq. (3.127). By
using the anticommutation properties of the Dirac operators (|1.128)), one obtains

Coa( K 1)CL (0, K\ )DL, (2, ~ K )
=0, 050 0(Q = V)0*(K L — K') D} (2, —K 1)
+ Ol (0 KDY, (2, —K7)Cs (K L), (3.132a)
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DVS(Q’ Kl)él’s/(gl7 I_{’i)b;’s”(gl’ _'R:j_)
= — 8,0 6(Q — QV)OH K, + K)C (9, -K L)
+ (@, R)DY, (@, —K) Dy, K L), (3.132b)

Gl KL)C] (2 R1)DL (2, -

:éj,s,(ﬂ’,K;)D;,S,,(Q’ —~K')C(9, KL), (3.132¢)
D (@, K)Cl (@ K\ )DL, //(Q’ K)
=C1, (,K')D!, (¥, —K' D} (2, K,). (3.132d)
By using Egs. (3.129) and (3.132)) and the fact that s; = —s,,
Cos( K1 )sp = — s,ie P2 ZMW SO, KDY (9Q,-K,)
+4pCha (9, KJ_) (3.133a)

A —

Dys(, K1 )ép = — syie P2 ZMM Q,-K,)C! L (Q,-K,)

s'=1
X +3p D, (0, K1), (3.133Db)
Cl (2, K1 )ép =3pC (2. K)), (3.133c¢)
Dtts(Q7I€J_)§D :§Dﬁls(ﬂvﬁl)' (3133d)

Recursively one may prove the following identity from Eq. (3.133)

—

2
éus(ﬂa KL)ég = nsui6_69/2 Z Mus’s(Qv }?J_) (Q KJ_)An !

s'=1

+353Cus(92, Iﬂ) (3.134a)

A~ —

Do (K18} = — ns,ie BQ/QZMDSS (Q, K, )CI (0, -K,)sn!
s'=1

+ 388D, (K L), (3.134D)

which holds for any n € N. By acting on the Rindler vacuum state |0, Og),

Eq. (3.134]) leads to

Cus(Q, K 1)3R|0L, 0p) = —ns,ie P22

2
X > Myys(Q,K1)D] (9, —K1)s570r, 0r), (3.135a)
s'=1
ﬁvs(Q,f_{’l)§%|0L,OR> = 7TLSVZ.67ﬁQ/2
2
X Z Muss Q KJ_)C (Q KJ_)SD ‘OL,OR>- (3135b)

s'=1
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By multiplying Eq. (3.135) with 1/n! and summing with respect to n, one
obtains

2
s, K1) exp(3p)|0n, 0r) = — syie 2 3" My (Q. K1)
s'=1
x DY, (Q,—K1)exp(sp)|0L,0r),  (3.136a)
2
DVS(Q’ kL) eXp(éD)mL? OR> == SVie_BQ/z Z MDSS’ (Q7 _I?J_>

s'=1

x CF (9, —K1)exp(sp)|0r,0r),  (3.136b)

which proves that Eq. is the solution of Eq. .

We now show how to write Eq. ( in a more compact form. By com-
puting the sum with respect to v and performlng the integral variables trans-
formation Q — — and KJ_ — KJ_ when v = L, one obtains

0
Sp=—iy. > {—/ aQ | d*K i eP My (—-Q,-K.)
s=1s/'=1 -0 R?
xC’T(Q KL) (QKL)
+oo
+/ dQ/ dQKLei'BQ/zMRs’S(QvKL)
R2

<Ol (K, )DI (9, KL)} (3.137)

By letting CA'I];S(Q, I?L) and ﬁ{s,(ﬂ, _R:J_) anticommute [Eq. (1.128€])],

$p 422 [/ dQ/ 2K | P
s=1s'=1
X MLS/S(_Q7 _KJ_)CE ( Q KJ_) ( Q KJ_)
+oo
+/ dQ [ BPK e Y2 My (0, K))
0 R2
xDf (@, ~K1)CE (2, K1) (3.138)

Equation (3.138) suggests the definition of the operators E(@), with © =
(v,5,0,K,) € {L,R} ® {1,2} ® R?, such that

EAIT(L,S,(L[_('L): Zsl 1MRS S(Q KJ_) Ls’ (Q KJ_) B 1fQ>O’
25/:1 Myssr ( Q’ KL)CLS’( Q7 KJ_) if Q<0
(3.139a)
A . T .
E'(R,5,Q,K,) = Cl?e(Q i) Q>0 1500
Rs(—§2 KJ_) ifQ <0
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In this way, Eq. (3.138)) becomes

$p=Y_fO)F(0), (3.140)
6
with 0 = (s,Q,K,) € {1,2} @ R3,
Fls, LK) =ie PI0/2) (3.141a)
ET(0) = ET(L,0)ET(R, 0) (3.141D)

and where )", is a generalized sum for the # variables consisting in a sum with
respect to the discrete variable s and an integral for the continuum variables €2
and K, i.e.,

2
> :Z/dQ/ PK,, 0= (s, K,). (3.142)
6 s=17R R2

The operator S'D, instead, can be written as

Sp = exp (2 Z[g(e)ﬁ(e)]A> , (3.143)
%
with .
g(s, QK1) = 4¢(|€2). (3.144)

Since the matrix M, ¢ (2, .Z’?J_) is unitary, Eq. (3.139) is invertible. Indeed,
by using Eqgs. (1.174]) and (3.139) one can prove

2
CL K1) =" My, (QK)EN(L, s/, —Q,—-K ), (3.145a)
s'=1
2
DEAQR L) = S My (0, KB (L, 8,0, — K1), (3.145D)
s'=1
CL (K1) = E'(R, 5,9, K)), (3.145¢)
DL (K1) = E'R,5, -0, K), (3.145d)

for any © > 0. For this reason, Egs. (3.139) and (3.145]) are a one-to-one map-
ping between ET(0) and the creation operators Cf(Q, K ) and D} (Q,K ).

Notice that, from the definition of the Rindler vacuum |0, Or) [Eq. (3.125))]
and the operator E(©) [Eq. ],

E(©)|0,0r) = 0. (3.146)
The anticommutation properties for the operator E(@) are

{E(0),E'(0)} = A(0,0), (3.147a)
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{E(©), E(©)} =0, (3.147b)

where A(O, ©’) is a generalized delta function for the variables © = (v, s, , K 1)
and © = (v/,s',Q, K'|). The function A(©, ©') is the product of the Kronecker
delta for the discrete variables v, v/, s and s’ and the Dirac delta function for
the continuum variables Q — Q' and K| — K %

A, s, K1), (V8,0 K")) = 6,000 — Q)63 (KL — K'). (3.148)

Equation (3.147)) can be checked by using Eqgs. (1.128]), (1.174) and (3.139)). As
a consequence of Eqgs. (3.146) and (3.147), the mapping from Cf (Q, K ) and
DI, (Q,K,) to ET(O) is canonical.
Equations (3.141b)) and (3.147b)) lead to
[ET(6), FT(8")] = 0, (3.149a)
FT(0)Ft(9) = 0. (3.149b)

The representative of the Minkowski vacuum given by Egs. (3.128) and (3.140)
and the algebraic properties of the operators E(©) and F(0) [Eqgs. (3.146)),
(3.147) and (3.149)] will be used in the next subsection to derive the statistical
operator describing the Minkowski vacuum in the right Rindler frame.

3.5.4 Minkowski vacuum in the right Rindler frame

In the previous subsection we derived the representation of the Minkowski vac-
uum in both left and right Rindler frames. Here, instead, we will focus only on
the right wedge, which describes the accelerated observer with positive acceler-
ation c?a. By performing a partial trace over the left wedge, we will compute
the statistical operator representing the Minkowski vacuum as an element of the
right Rindler-Fock space. The result will be a fermionic thermal state, which is
at the origin of the Unruh effect for Dirac fields.

In order to perform the partial trace, one needs a basis for the Rindler-Fock
space. The single particle space is defined by the creation operators C'f, (2, K.)
and D (Q, K ) acting on the vacuum state |0p,0r). Hence, a basis for single
particles and antiparticles in each wedge can be defined through the quantum
numbers s, ) and K. Alternatively, one may take advantage of the canonical
transformation and use the operator £(©) and the quantum numbers
0 = (v,s,9, K 1) to describe single particles and antiparticles of both wedges
as

|©) = ET(©)|0r, 0r). (3.150)
Notice that Eq. is an orthonormal basis for the single particle and
antiparticle space. The orthonormality condition can be checked by using
Eqs. (3.146)) and (3.147a)).

Many-particles states are given by the action of sequences of creation oper-
ators £7(0) on the Rindler vacuum. We define the Rindler-Fock state

©) = Ef(©)[01, 0r), (3.151)
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with
A |®| A
E'(@) =[] £(e)) (3.152)
i=1
and where ® = {©1,...,0,} is an ordered set of quantum numbers 0; and |®|

the cardinality of the set. By using Eqgs. (3.146]) and (3.147]), one can prove that
the scalar product of different states defined by Eq. (3.151) is
@l

(©1@') = Y sign(r)A(7(©),0), (3.153)
TES‘@”
with
]
A(0,0) = o0 H A(0;,0)) (3.154)

and where S,, is the space of all permutations of sets with n elements.

Notice that the order of the creation operators ET(©;) on the right side
of Eq. cannot be ignored because of the anticommuting nature of the
Rindler operators E' (6,) |Eq. ] Any permutation of quantum numbers
©; leads to the same many-particles state up to a sign. The set of states |®)
cannot be chosen as basis, due to the presence of the sign of permutations
appearing in Eq. (3.153).

To define a basis for the particles space, one has to consider an operator O
that acts on any sequence of quantum numbers ® and rearrange their order by
following a fixed ordering rule. The set of states |O(@®)) form an orthonormal
basis for the many-particles space. Indeed the following equation holds

(0(©)|0(©") = Z A(7(©),0). (3.155)

TES‘@|

Notice that in Eq. the sign of permutations is absent, as opposed to
Eq. (3.153).

The orthonormality condition can be proven in the following way.
Firstly notice that the ordering function O acts on any sequence of quantum
numbers © as a © dependent permutation. Indeed, for any ®, one can define
a permutation Pe € S)@| such that

O(©) = Pe(O). (3.156)

Notice also that the ordering function O is unaffected by any permutation.
Explicitly, this means that

0(r(@)) = 0(9), (3.157)

for any T € S|@|- By using Eq. (3.156) in Eq. (3.157)), one can also write
P-@)7(®) =Pe(0O), (3.158)



114 CHAPTER 3. FRAME DEPENDENT CONTENT OF PARTICLES

which means that

sign(P;e)7) = sign(Pe). (3.159)
Equations (3.153)) and (3.156)) lead to the scalar product
(0(©)[0(@") = Y sign(r)A(TPe(©), Per (©)). (3.160)
TGS‘@‘

Notice that from the definition of A(®,®’) [Eq. (3.154)], by rearranging the
order of the product index i — 7(i) with any permutation 7 € S|g| one obtains

A(1(0),7(0) = A(0,0). (3.161)
This can be used in Eq. (3.160]) to obtain

(0(©)|0(®") = > sign(1)A(TPePe, (©),©'). (3.162)

T€S|@‘

By using the fact that the sum ZTES‘@‘
can perform the transformation 7 — 7’73@/77(;1 in Eq. (3.162)) and write

runs over all permutations of S|g|, one

(0(©)|0(0)) = 3 sign(rPePs")A(r(6),0). (3.163)

TES‘@|

Notice that the A(7(©®),®’) function in the right side of Eq. (3.163)) is nonva-
nishing only when ®' = 7(@). Hence, Eq. (3.163)) reads as

(0(©)|0(©) = Y sign(rPr@)Pg')A(T(0),©). (3.164)

TES‘@‘

By using Eq. (3.159) in (3.164]), one obtains Eq. (3.155]).
Equation (3.155)) is the orthonormality condition for the many-particles

states |O(©)) defined as

|0(©)) = Ef(0(©))|0r, 0r). (3.165)

Notice that Eq. is symmetric with respect to any permutation of the
quantum numbers 6, [Eq. ]

Hereafter, we choose any ordering function O such that for any couple of
quantum numbers © = (v,0) and O’ = (v, §’),

O (v, 0),(v',0)}) 646

W (v, 0),(V,0)}) ifg=0" (3.166)

O({(V7 9), (Vlﬂe/)}) = {

where Q is any ordering function with respect to the non-repeating quantum
numbers § = (s,Q, K, ). The ordering function W, instead, is with respect to
the wedge variable v. We choose the following definition for W

W({(Lv 9)a (R7 0)}) = ({(L’ 6)’ (Ra 9)})) (3.167&)
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WH(R,0), (L, 0)}) = {(L,0), (R, 0)}). (3.167b)

We do not choose any particular definition for Q. However, for completeness,
we give a possible example by considering the lexicographical order as

Q({(r, 5,9, K1), (v, s, K')})

{5, 9K, (v, 8, QK ifs< s

LK), (1,5, QK L)} i s> s
Q({(V7SaQ7I?J_)7(V/asaQ/aR:j_)})

{5, QK0 (s, Y K)} if Q<Y

s LK), (1,5, QK1) Q> Q7
Q({(V,S,Q,Kl,KQ),(I/I,S,Q,Ki,Ké)})

_ {(V73>97K17K2)7(V/aSaQ,KivKé)} 1fK1<Ki

{5, QKL KY), (v,5,9, Ky, Ko)Yif Ky > K
Q({(V73a97K17K2)>(V/’S’QaKhKé)})

B {{(u,s,o,Kl,Kz),(y’,s,o,Kl,Kg)} if Ky < K,

(3.168a)

(3.168D)

(3.168c¢)

. 3.168d
(5,9, K, Kb, (v, 0 Ky Ko)} i K > K (3.1684)

We now show how to write the Minkowski vacuum [Eq. (3.128)] in terms of
the many-particles basis (3.165)). Equation ([3.140]) leads to

35_2 ZHf Hﬁf(ei), (3.169)

0, i=1

for any n € N. The operators F'f (6;) that appear in Eq. (3.169)) are defined by
Eq. (3.141b) and can be written in terms of Ef(@®) [Eq. (3.152)] as

F1 ) = ET{(L,0), (R,0)}). (3.170)

Notice that the couple of quantum numbers appearing in Eq. (3.170)) follow the
W order [Eq. (3.167))]. This means that

Fi(9) = ET(VV({( ) (R,0)}))- (3.171)

Consider the chain of operators ) that appears in Eq. (3.169). The
operators FT( ;) commute [Eq. (3 ], and hence one may write Eq. (3.169)
by following any order for the sequence of FT(G ). Notice also that as a conse-
quence of Eq. m, no repetition of the quantum numbers 0; occurs. There-
fore one may choose the Q order for the sequence of FT(6;). By sorting the
ail (@Z) operators in Eq. (3 with respect to the Q order and by considering
the fact that the ET(G) operators appearing in Eq. already follow the
W order [Eq. (3.171)], one derives the identity

ﬁFT(9i) =E' (O (CJ{(L,&), (R, 90})) . (3.172)
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By plugging Eq. (3.172)) in Eq. (3.169)), one obtains

g = Z ZHf (o (U{(L,Hi), (R, 90})) : (3.173)

0, i=1

By acting on the Rindler vacuum and by using Eq. (3.165)), Eq. (3.173)) becomes

$510L, Or) = Z ZHf (U{(L,ei),<R,9i)}>>. (3.174)

0, i=1
By multiplying Eq. (3.174) with 1/n! and summing with respect to n, one
obtains

exp(sp)|0r, Or) =[Or, Or) +Z Z ZHf
n= 1 !

6, =1

@] (U{(L,Gi), (R, ei)}> > , (3.175)

which provides a representation for the Minkowski vacuum [Eq. (3.128)] with

respect to the basis (3.165]).

We now compute the partial trace with respect to the left wedge. From

Eq. (3.175)), one obtains

Try, [exp(5p)|0L, 0r) (0L, Or| exp(5p)]

=|0r) ORH‘Zanle ZZ ZHf(ei)Hf*(%)

n=1m=1 0n 0] i=1

o (Gumn) o (Yoo
o (g{(R, ei)}> > <0 (H{(R, e;)}> ’ : (3.176)

The orthonormality condition in the left wedge is

<<9 (Q{(L,e > ‘ (U{ (L,6))} >>:5nm > ﬁA((L,&T(i)) (L, 6))) .

TES, 1=1
(3.177)

By plugging Eq. (3.177) in Eq. (3.176) and by computing the sum ) °_, and
the generalized sums 291 -+-> g , one obtains

Try, [exp(4p)|Or., Or)(Or, Or| exp(gD)T]

o0

SRS S 9D 900 9) | FLCC) 1 KR

T€S, 01 0, i=1
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o (U{(R, 91-)}>> <O (U{(R, eTu))}) | (3.178)

By using Eq. (3.157) and the fact that the cardinality of S, is n!, Eq. (3.178)
becomes

Try, [exp(4p)|0r, Or) (0L, Or | exp(3p)"] = |Or)(OR|

Say piverle(Gmon)) (o (Guon)|

0, =1
(3.179)

The right side of Eq. (3.179) is proportional to the thermal state in the right
wedge. This can be seen by considering the following eigenstate decomposition

of the Hamiltonian operator
:Z%ZWZ [Zth O<U{<R,oi)}>><0 (U{(R,e»}) :
n= 61 6, Li=1 i=1 i=1 (318())

where
hr(s,Q, K1) = hlQ). (3.181)

The 1/n! factor comes from the repetition of any independent n particles state
due to the permutation symmetry . Notice that Eqgs. (3.179) and (3.180
have the same eigenstate decomposition but with different eigenvalues. By com-
paring Eq. with Eq. (3.181f), one can derive the following identity re-
lating the eigenvalues of Egs. (3.179) and

11161 = exp (—iZhR(Qi)) (3.182)
=1 i=1

which means that

Try, [exp(ép)|0r, Or)(Or, Or | exp(sp)] = exp (—QFAIR> . (3.183)

By using Eqgs. (3.128)) and (3.183)) we prove that

Trr|On ) (Om| o exp <—§ﬁR> , (3.184)

which is the fermionic thermal state with temperature f/(kg/3), where kg is the
Boltzmann constant. Equation (3.184]) represents the Minkowski vacuum seen
by the accelerated observer with acceleration c?a.
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3.5.5 Spin basis choice

The result obtained in Sec. depends of the basis QNBVS(Q, [?J_) Indeed, the
matrix Myss/(Q,l_(' 1) appears in the Rindler-Fock representation of the Min-
kowski vacuum [Eqgs. (3.128) and (3.129)]. From Eq. (L.173b), one can see the
relation between M,,SS/(Q,K]_) and iU,,S(Q,K'l). We find out that different
choices for the basis 20, (Q, K 1) lead to different representations of the Min-
kowski vacuum in the Rindler spacetime.

In Eq. , the matrix Muss/(Q,I_('L) couples modes of one wedge with
modes of the opposite wedge. Hence, in the Minkowski vacuum, any solution
Wr,(Q, K 1) of Eq. in the right wedge is coupled with a solution of
Eq. in the left wedge that is proportional to Qg (—9, —[?L).

The spin coupling of |Op) is then averaged away by the partial trace over
the left wedge in Sec. [3.5.4] Indeed, the trace is computed by considering a
basis for the left wedge [Eqs. (3.139a), (3.152) and (3.165)] that absorbs the
matrix M, (Q,I?l) in Eq. d3.138|) and gives an expression for |Oy) without
M,s (2, K1) [Eq. [3.140].

Consequently, the result obtained in Sec. [3:5.4] is independent of the choice
for the solutions of Eq. . Indeed, the thermal state describing the Min-
kowski vacuum in the right wedge [Eq. (3.184)] is independent of 20,4 (€2, K 1)
One can see this by plugging Eqgs. (3.139b)), (3.152)), (3.165) and in
Eq. and noticing that W, (Q, K 1) never appears in the explicit form of
TI"L‘OM><0M|.

In this subsection, we go back to the representation of the Minkowski vacuum
in both wedges [Egs. and (3.129)] and we discuss different choices for
the basis 2,,(2, K1) that lead to different representations of |0y). We study
the operator $p for different choices of Qbus(Q7I? 1) and, hence, for different
matrices MVSS/(Q,I? 1). In other words, we consider different outputs of the
function 8p[M,.s (0, K1 )].

By looking at Eq. , one may conclude that the most natural choice
for 20, (Q, XJ_) is such that M, sy (€, I?J_) is proportional to the identity. This
choice can be made by adopting any spin basis for the v wedge and choosing
the spin basis in the other wedge 7 such that

QﬁDS(Q»Kl) X ﬁlus(_Qv}?L) (3185)
In this way, Eq. (1.173b|) reads as
My (K1) o 8y (3.186)

and the Minkowski vacuum couples each particle mode of one wedge with the
antiparticle mode of same spin number s of the other wedge [Eq. (3.129))].
Possible choices for the unitary matrix M, s+ (2, K | ) that satisfy Egs. (3.122)
and (3.186) are Fsign(Q)idssr, and Fs,idss, which, respectively, lead to
2 400
8p[—sign(Q)ides] = Z/ dQ/ dPK, e P2 | CT (0, K )DL (Q,—K )
0 R2

s=1
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*OIR(Q,RL)ZA)IL(Q, *I?L)] ) (3.187a)
2 400
3p [sign(Q)id] :Z/ dQ | dPK e P2 {—CSTL(Q,KL)DIR(Q,—KL)
s=1"0 R?
+CIR(Q, K )DT (@, —Ih)} : (3.187b)
2 400 ) )
sp[—s,ide] =3 / dQ | d*K e P22 [—CSTL(Q,KL)DIR(Q—KL)
s=1 0 R2
~Cl(@, K.)Dl (@, —Iﬁ)} ; (3.187c¢)
2 400
$p[syides] = / . / PK e P2 {CJL(Q,KL)DZR(Q,—KL)
s=1 0 R2

+ @ BP9, -K1)]. (3.187d)

By letting the creation operators anticommute [Eq. (1.128¢)], Eq. (3.187) be-
comes equivalent to

4p[—sign(Q)ides] = i /O+Oo dQ 5 dPK | e Y2 {CIL(Q, K )DL (Q,-K,)
—s—f)lL(Q—lﬂ)C'jR(Q,Iﬂ)} : (3.1884)

3p[sign(Q)idss] i:l /0 m daQ /R 2 2K | e~ P22 {bIR(Q, ~K)CL(Q,K))
+et @, KDt (@, —I?l)} , (3.188b)

3p[—8,i0ss/] :i/om s 5 e e [f)lR(Q, ~K)CL(Q,K,)
+D1L(@, ~K)Cl (@ K1), (3.188c¢)

3D [51i05s] :ZZ; /O o pig) g 2K | e~ P2 [C“STL(Q,I?L)[)IR(Q, ~K))
+ T (Q,K)DI (9, _zh)} . (3.188d)

Notice that result that we obtained for fermionic fields is very similar to the
bosonic case. Indeed, the Minkowski vacuum of scalars in Rindler spacetimes
is equal to Eq. , but with $p replaced by the operator 65 defined by
Eq. , where A, (Q, K ) and B, (€, K, ) are annihilators of scalar particles
and antiparticles. Such operators commute. This means that the order between
A, (Q,f(ﬁ_) and By (Q, _I?J_) can be switched to give the following equivalent
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equations

“+ o0
5g = / dQ | d?2K e P2
0 R2

< [Bl(Q,—K AL (Q,F))+ AL, BBl (Q,-F,)|,  (3.180%)
“+o0
is = aQ | d*K e P9
0 R2
x |BL(Q,~K )AL (0, K, ) + Bl (Q, K )AL(Q, K1),  (3.189b)
+oo
5g = dQ | d?K e P2
0 R2
x |Al(Q,K)BL(Q,-K1) + AL(Q,K)BL(Q, —-KL)| . (3.189¢)

For Dirac fields, such an equivalence does not occur because of the anti-
commuting property of the creation operators [Eq. ] Indeed, any swap
between creation operators generates a minus sign. However, any of these mi-
nus signs can be canceled out by a change of spin basis. One can see this in
Eqgs. (3.188al), (3.188b)), (3.188c]) and (3.188d)), which are different representa-
tions of |Op) that are equivalent up to a change of spin basis. By compar-
ing Eqs. (3.1884), (3.188b), (3.188c) and (3.188d)) with Eqs. (3.98), (3.189a)),
3.189b)) and (3.189c|), respectively, one can see a complete analogy between
scalar and Dirac fields.

3.5.6 Conclusions

We derived the representation of the Minkowski vacuum |Oy) in the Rindler
spacetime for Dirac fields [Egs. (3.128) and (3.129)]. The result is a two modes
squeezed state that pairs particle modes of one wedge with antiparticle modes
of the other wedge. At variance with the scalar case, the coupling also occurs
with respect to the spin number s. The coupling matrix M, 4 (£, ]’?J_) can be
diagonalized by suitable choices for the spin basis of the Rindler-Dirac modes
[Fa. IS

By computing the partial trace of |0y )(On| with respect to the left wedge,
we derived the statistical operator representing the Minkowski vacuum in the
right wedge. This gives a complete description of the state seen by the accel-
erated observer with acceleration c?a. The result is a fermionic thermal state
exp(—BHg/h), with 3 = 27 /ca and Hg as the Hamiltonian in the right wedge.
The consequent thermal distribution of fermionic particles is at the origin of the
Unruh effect for Dirac fields.




Chapter 4

Minkowski particles in
accelerated frame

This chapter is based on and contains material from Ref. [3].

4.1 Introduction

In Chap. 3] we derived the representation of the Minkowski vacuum {2y as seen
by the accelerated observer. We showed that for both scalar and Dirac field,
the representative of {2y is the thermal state following bosonic [Secs. and
or fermionic thermal [Sec. distribution. This is at the origin of the
Unruh effect.

In addition to the Minkowski vacuum, we gave a general prescription to de-
scribe any Minkowski particle state from the point of view of the accelerated
observer. If the inertial observer Alice prepares a state by means of Minkow-
ski particles, we know how the accelerated observer Rob would describe such a
state by means of right Rindler particles. The prescription consists of using the
Bogoliubov transformations [Eqs. , and ] and the represen-
tation of the Minkowski vacuum in the left and right Rindler frames [Eqgs. ,
([3-62), (3:99), (3.130) and Eq. (3.131])] to represent the Minkowski particle state
as an element of the left and right Rindler frame; then one performs the partial
trace Try, to obtain the representation of the state in the right Rindler frame.

An example is given by Eq. , which describe a scalar Minkowski single
particle as seen by the accelerated observer. The method can also be applied
to more complex states such as n-particles and states with indefinite number of
Minkowski particles. However, the practical implementation of the procedure
appears to be tedious or hard to be carried out. In particular, we still lack of
a simple way to perform the partial trace Try, on representatives of Minkowski
particles in left and right Rindler frame.

Computing the partial trace Try, requires a series of non-trivial theoreti-
cal properties arising from the transformation of the state from the inertial to

121
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the accelerated frame. Here we show that these rules can be formulated in a
way such that one can build algorithmically a general expression of states with
arbitrary number of particles.

In Sec. [£:2] we formulate an algorithmic procedure to derive the represen-
tation of Minkowski states with arbitrary number of particles as seen by the
accelerated observer. The method comprise a general simple way to compute
the partial trace Try,. As a result, we obtain the statistical operators represent-
ing the states in the right Rindler-Fock space Hy. For practical purposes, we
consider 1+1 massless scalar real fields, but the theory can also be extended to
3-+1 massive scalar complex fields.

In Sec. [£:3] we derive an explicit Wigner formulation of Minkowski particle
states seen by accelerated observers. The method enables to derive mean values
of Rindler observables for Minkowski particles by means of derivatives of the
Wigner characteristic function.

4.2 Statistical operators

Here, we consider massless scalar real fields in 1+1 dimensions, presented at the
beginning of Sec. [3.3] By using the notation of Part [, we identify Minkowski-
Fock states by means of wave functions ¢, (k,), where, in this case, k, =
(k1,...,kp) is a collection of n one dimensional momenta. The Minkowski-Fock
state is

Z A", (4.1)

Rn

|0n) ifn=20
ol = : 4.2
o {fm [T af (ko)low) ifn >0 (4.2)

Equation (4.1) is the equivalent of Eq. (1.19)) in 1+1 dimensions.
The representation of the Minkowski-Fock state |¢) in the left and right
Rindler- Fock space ‘Hi,r can be obtained by plugging the Bogoliubov trans-

formation in Eq. ( . By replacing the aT(ki) operator appearing in
Eq. (4.2) Wlth the adjoint of right hand side of Eq. (| , one obtains

¢ = {gzo Y / ik, "”j;” T [af (ko) + k)| } On),  (43)

i=1

with

with
_ /]R 4K ok, K)AL(K) — B*(k, K) AL ()] (4.42)
an (k) = /R dK [a*(k,K)AR( ) — Bk, K) AL (K)} (4.4D)

as, respectively, left Rindler and right Rindler operators. By also considering
the Rindler-Fock representation of the Minkowski vacuum li with Sg given
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by Eq. , Eq. (4.3) can be seen as an element of Hr,r and leads to a
generalization of Eq. (3.10) by including any Minkowski state.

The representation of the Minkowski-Fock state |¢) in the right-Rindler-Fock
space Hy can, instead, be obtained by computing the partial trace Try, of the
pure state |¢)(¢|. The resulting statistical operator ps = Trp(|¢)(¢]) describes
the Minkowski-Fock state as seen by the accelerated observer.

In this section, we compute the partial trace Tr,(|¢)(¢|) for any |¢) € H.
As a result, we derive the explicit expression for the statistical operator ps =
Trr(|¢)(¢|) as an element of the right-Rindler-Fock space Hr. We detail the
dependence of p, with respect to ¢,(k,). This provides a comprehensive de-
scription of Minkowski-Fock states as seen by accelerated observed.

The method and the result are outlined in Sec. in that subsection,
we show the explicit expression for pg and a sketch of the proof. A detailed
derivation of py is provided in Sec. instead.

4.2.1 Method and result

To derive the explicit expression for py = Trp,(|¢)(¢|) we only make use of a
couple of identities that have been derived in Sec. In particular, we consider
Eq. to relate Bogoliubov coefficients to each other and Eq. to relate
Rindler operators of one wedge acting on the Minkowski vacuum |Oy;) to Rindler
operators of the other wedge acting on |0p). Also, we use the already-known
result that Trr,(|Onm) (On|) = pPo is a thermal state in the right-Rindler-Fock space
Hr.
The method is outlined by the following steps.

1. Consider the right hand side of Eq. (4.3) to put |¢){(¢| in the form of a
combination of chains of left and right Rindler operators acting on the left
and right side of |On)(Onm|.

2. Convert all left Rindler operators acting on |Oy)(Oyp| into right Rindler
operators using Eq. , so that |¢){(¢| is put in the form of a combina-
tion of chains of right Rindler operators acting on the left and right side
of [On) {Om].

3. Use the Wick theorem [65] to normal order the chain of Rindler operators
acting on the left and right side of |0y ){(Owm|.

4. Perform the partial trace over the left wedge Trr,, so that j is put in the
form of a combination of chains of right Rindler operators acting on the
left and right side of py.

This procedure will be detailed in Sec. [£:2.2]
The result is

R 2 = n n'q,./ ~n k, N:L/ k;ﬂ
EY Y Y Y Y [ [ g el

=0 n'=0 A'C[n] N C[n]| Ny CA” N CA”
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x Ck ({ki}iem \N) Ck ({Ki }iremmn)

< I Ates) T Abkose [T Actg) [T A&,

JjoEN\NL J+ENL I ENT JLEN\NL
(4.5)
with [n] = {1,...,n} as the set of the first n natural numbers and
AL(k) = / dK2sinh (CmQK') a(k, K)AL (K), (4.62)
i
A_(k) = / dK2sinh (CMQI('> B*(k, K)AR(K). (4.6b)
R

The sums 3 \rc () 2on7Clnr]s 2N, CA Z/\@ cr tun over all possible subsets
N C [n], N € [n], Nt € N and N € N’. For any ordered sequence
U= {ki}; = {k1,...,kn}, the coefficient Cx(Uf) is defined to be 0 when the
cardinality of U is even; conversely, if the cardinality of U is odd, then Ck (i)
has the following combinatorial expression

n/2

Cx ({ki}iq) =on Z HCK kp(2i—1): kp(2i)) » (4.7)

PesS, i=1

where the sum » 5 runs over all permutations of sets with n elements. The
coefficient ek (k;, k;), 1nstead is defined by

liists) == [ arczsinn (CUED) 5 )80 )+ 500 K08 1y .

(4.8)

A straightforward extension of Eq. (4.5)) to massive scalar complex fields in
3-+1 dimensions is made possible by noticing that the few ingredients used in
steps [[}4] for 1+1 massless scalar real fields are also present in the 3+1 massive

complex case. In particular, the equivalent of Eqs. (3.52) and Eq. (3.55) are
given by Egs. (3.95) and Eq. (3.97)), respectively.

4.2.2 Explicit derivation of the result

We now detail the prescription presented by steps in Sec. Firstly,
assume that the chain of af(k;) operators appearing in Eq. follows a fixed
order. For instance, consider [, a'(k;) = af(k1)...a'(k,). Since these op-
erators commute, any other order works as well. However, we need to make
a starting choice about their order to recursively apply Eq. as detailed
by step |1} Hence, by convention, assume that the operators a'(k;) are ordered
monotonically with respect to the index 1.

By choosing the order [[i_, af(k;) = af(k1)...a'(k,) for the Minkowski

operators in Eq. (4 , we can only use Eq. 1| on a}i kn) as it is the only dTL



4.2. STATISTICAL OPERATORS 125
operator directly acting on |0y) in Eq. (4.3)). This leads to

lp) = {J)o + / qu{)l(k) {&g(k) + &&(k)]
+Z/ "k, d)n H [} (ko) + a (k)| a/T(kn)} 0n),  (4.9)

with
a' (k) =al, (k) + ar(k), (4.10a)
il (k) :/RdK {exp CBZK|> a(k, K) AL (K)
—exp (Cmf') B*(k, K)AR(K)} . (4.10b)

We now use the commutation relation [a] ,@/l] = 0, coming from [Ay, Ag] =

[AL,A ]=0, to let aL(kn,l) act on |Oy), i.e
|9) = {J)o + / dkep: (k) [d’ﬁ (k) +a;(k)]
2 k / ~ / - n n kn
# [ [t gal o) + a1 0] + 3 [, Polke)

n=3

n—2

o T b (k) + (6] [ )il (o) + )3 ()| } On). (4.11)

i=1

This allows us to use Eq. li on a (k,_1) and obtain

00 = {0+ [ andue) [af 0+ aboo]

¢2(k2) ! Al ~ A - n (E)n(kn)
+/de2 e [ T(kz)ag(kl)+ag(k1)af(k2)] +n;3/nd K, N

< T [af k) + (k)] [0 Gen)a! (o) +ag(kn_1)a'f(kn)]}|oM>. (4.12)

=1

<.

The upshot is that left Rindler operators d{(kn,l) and d;(k ) appearing in
Eq. are replaced with right Rindler operators &f (kn—1) and A/T(k‘n). The
price to be paid is that the order of a (kn_1), af (kn), af (kn_1) and ajf (k) is
not monotonic with respect to the index ¢ anymore.

One can recursively use the same method to replace all left Rindler operators
al (k;) with right Rindler operators a} (k;). The result is

¢o+nzl/ 'k, ? (f[ )] |00t (O]

[9) (¢l =
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’
n

~ ad / ~*/ kl/
N ZEDD dﬂkg,MK [Ta®E) ]|, (4.13)

n=1 /R e i'=1

where K defines an ordering rule for the operators af (k), ar (k) and their adjoint
operators depending on the ordering for the af(k;) operators that we used in
Eq. (4.2). Since we chose the monotonic order with respect to the index 4, the
ordering operator K is defined by

K (ki (k) = K (e (), (k) = (ke ), (4.142)
K (aff (k)afy (k) ) = K (a(kp)atl (k) = al(kar! (k). (4.14b)
K(auki)ai(k]))—{;i(’;))i((’;g e (4.140)
K(&R(ki)&R(kj)){ZEEZZ))SE((:;; 1:;‘; (4.14d)
K (a5 )i (k) = :E’;))ffl’ji o (4140)
K (af, (o)l (k) ) :{Z%:EZJ))%{((Z]; ﬁzii (4.14f)

For practical purposes let us write

61=2 3 [ /dnkfw

n=0n'=

(H o' (k >|0M (Op|K H , (4.15)

=1 /=1

S

and assume that H?:l a; = 1 for any sequence a;.

The operators acting on the left and on the right of |0y ) (On| in Eq. are
combinations of chains of right Rindler operators. Each chain can be rewritten
using the Wick theorem by considering A;(K ) and Ag(K) as creation and
annihilation operators for the normal ordering N, defined by

N (A;(K)AR(K’)) =N (AR(K’)AL(K)) = Al (K) AR (K). (4.16)
We indicate by Cy the real function that act on any chain of right Rindler

operators and compute the sum of all the full contractions of such a chain, with
the following fundamental contractions

Cn (AR(K)A;(K')) — §(K — K'), (4.172)
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Cn (AR () AR (K1) = Cn (AR ()AL (K")) = Cn (Ar(K)Ar(K")) = 0.
(4.17b)

The combination between the Wick theorem and the K-ordering gives

K (H a’(m)) =) G [K ( 11 a’(m))) N (K (H a’(kj)))
i=1 NCln] i€[n]\Sn JeN

=> | I a’(kn) N (H a'(kj)), (4.18a)

NC|n] i€[n]\N JEN

K (ﬁd’f(ki)> =) G[K ( 11 a’*(m))) N (K (H a’*(kj)))
i=1 NCn] i€\ JEN

=Y & I &’T(ki)) N (H a’f(kj)) , (4.18b)

NC[n] i€ [n]\N JEN

with Ckx = Cy o K as a new contraction such that
C (a@'(Ki)a' (kj)) = Cn (K (@' (k)a’ (Ky))) =

{CN (@}, (ki)ag, (kj) + af, (k:)ar (k;) + af,(

/ k
L
Cn (a1, (kj)ar (ki) + ag, (ki) ar(kj) + ap (k

Owing to Eq. (3.52), Eq. (4.19)) has the following more compact form

Ck (@' (k;)a' (kj)) = — /RdK2sinh (C’;K'>
x [8* (ki, K)B(kj, K) 4 B(ki, K)B*(k;, K)],  (4.20a)
C (@' (ki)a"t (kj)) =Ck (@ (ki)a' (K;)) - (4.20b)

By using Eq. (4.18) we find a way to put Eq. (4.15) in normal ordering at the
left and right of |On) (O], i-e.,

=33 ¥ S [k [ K600

n=0n'=0 N'C[n] N C[']

ch< 11 a’*(ki)) CK( 11 a’(ké))
ie[n)\N i’ e \N"
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x N (H af(k ) |0nt) (O | N ( 11 a’(k;,)) . (4.21)

JEN JTeENT
Step [] gives

p

I
M &

[¥) (W

>

0 1/=0 A'Cln] A/ Cln’

|
L
| JRn R"
XCK( 11 &/T(ki)) CK( 11 d/(k’;))
i€n\W e\

x N (H 't (k ) poN ( II a’(k;;,)> . (4.22)
JEN JEN'

We can explicitly compute the normal ordering of Eq. (4.22)) by giving a new
decomposition for a'(k;)

n

o' (k) = Ay (k) + A_(k), (4.23a)
AL (k) = /}R dK {exp (Cm;{) ok, K) — B(k, K)} Al (K), (4.23D)
A_(k) = /RdK [— exp (-Cm;(> B*(k, K) + o* (k, K)} Ag(K).  (4.23¢)

In this way Eq. (4.22) reads as

25 SIS YD DD Sl X0 I

n=0n'=0 NC[n] N'C[n’] N+CNN’ CN’

ka><k>c( IT ' >) CK( I1 &’<k2/>>

nln’!

i€[n]\N i€ \N’
x H Al (k5 ) H Al(kp)ﬁo H A+(k;"+) H A—(k;L)-
JoEN\W4 J+ENG JleN JLEN\NL
(4.24)

Owing to Eq. (3.52)), Eqgs. (4.23b)) and (4.23c) can be put in the form of Eq. (4.6)).
Also, by using the definition of contractions and by using Eq. (4.20)), one can
prove that

Ck ( 11 d/T(ki)) = Ck ({kiticppw) » (4.25)

i€[n]\N
with Ck ({ki}iemp) defined by Eq. ([£.7).
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4.3 Wigner characteristic functions

Any particle state in the Rindler-Fock space Hp is generally defined by a sta-
tistical operator p acting on Hgr. An equivalent representation for p is provided
by its Wigner characteristic function [66, [67, [63], defined by

X1, €] =T (pDy g, €1) (4.26)

where £ = £(K) is a complex function, p can take values —1, 0 and +1 and
Dyle 1 =exp [ ar [e(R)AR(K) € (K)Ar(R) + FleP]) . (421

By using the canonical commutation relation [AR(K),AE(K’)} = §(K — K')
and the Baker—-Campbell-Hausdorff formula, one can prove that, in particular,

Doale] = oxp [ aKe(m) AR ) e (- [ dKe (0)An(r) ). (1250
D_1[£,6%] = exp (-/Rng*(K)AR(K)) exp (/R ng(K)AE(K)). (4.28b)

Notice that is is always possible to derive the characteristic functions y () [¢, £*]
with p = {—1,0,+1} if at least one of them is known; for instance, one can

derive x(P)[¢, £*] by knowing x(~D ¢, £*] as follows

. p+1 - .
XPE €7 = exp ( / dK25(K)|2) X6 (4.29)
R

The reason why x®) [€,&*] provides a comprehensive description of the state
is because any mean value of p can be computed by means of functional deriva-
tives of x(P)[¢,&*]; hence, all the defining information about the state are en-
coded in the functional dependence of x®) [€, &*] with respect to £(K). For in-

stance, the mean value of normal ordered operators [, A;(Kz) H;n:l AR(KJ’-)
is given by

Il

Jj=1

] XV €]
£=0
(4.30)
In a recent paper [68], Ben-Benjamin, Scully, and Unruh reported the charac-
teristic function for Minkowski-Fock states in the right and left Rindler wedges.
However, to the best of our knowledge, the case of the right Rindler wedge
obtained from the partial trace over the left wedge Try, is still missing.
In this section, we investigate the general expression of the characteristic
function for particle states prepared by an inertial experimenter and seen by
an accelerated observer. The aim is to provide a comprehensive description

~ - n - 1 / - 0 0
Tr pHA;(Ki)HAR(Kj) :_Ulag(K,») [_5‘5*(&‘)
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for Minkowski-Fock states in the accelerated frame and a general procedure to
derive mean values of Rindler observables.

This section is organized as follows. In Sec. we show the characteristic
function xP)[¢,£*] of a Minkowski-Fock state in the right Rindler frame; we
give a list of identities needed to derive x(P)[¢,¢*] and a sketch of the proof.
We also give a diagrammatic representation of x®)[¢, £*] resulting from our
combinatorial method. The results are detailed in Sec. with the exam-
ples of Minkowski single particle and two particles states. In Sec. we
compare the Rindler-Wigner function x()[¢, £*] with the characteristic function

Xl(\f;) [€, &*] describing the state in the Minkowski frame; we study the transforma-

tion X(p ) L&) = xP) €, &*] from the inertial to the accelerated frame. Finally,
in Sec. we explicitly compute x®)[¢, £*].

4.3.1 Method and result

Any Minkowski-Fock pure state |¢) € Hy can be represented in the right
Rindler-Fock space Hr by means a the statistical operator p. The general
procedure to derive p for any |¢) € Hy has been provided in Sec. In partic-
ular, Eq. gives the explicit expression for j in terms of the wave function
én(k,). Here, we use this result to derive the characteristic function () [€,&"]
associated to p and defined by Eq. .

We use the properties of the Minkowski vacuum state |0y) and its represen-
tation in the right Rindler wedge py listed below.

e It is possible to move right Rindler operators acting on the left of gy to
its right and the other way round by using the following identity and its
adjoint

AL (K)po = eI py A (K). (4.31)

Equation (4.31)) can be proven by means of Eq. (3.55) as follows

=exp <Cﬁ|2K|) Trp, [AL(K)|OM><0M|}

- <CB|QKI) Tre, [J0ar) {00 Aw (K]
="KV Tyy, | [0a) (| ALy ()]

=P 5o AT (K). (4.32)

e The functional derivatives of

16,671 = Tr (poDyle,€7) (4.33)
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for p = —1 with respect to different £(K) and £*(K) give the following
mean values

Wiy 1|5
=Tr | o ][ An(K) Dl €1 ][ AR () | (4:34)

as it can be noticed from Eq. (4.28b]).

] Ve €]

° X(()p ) [€,£%] is already known in literature [63], since po has the form of a
thermal state. Hence, we know that

“”[&s]—exp(/R dK|s<K>|2[ (K”le’ (4.35)

with ng(K) = (A5 — 1)1

Starting from this information, we provide a generic procedure to derive
xP)[€,€*]. The prescription is detailed by the following steps:

1. Reorder the right Rindler operators appearing in Eq. by using
Eq. and the canonical commutation rules; choose the rearrange-
ment such that p is put in the form of a combination of chains of creation
operators A;(K ) acting on the left of o and annihilation operators Ag (K)
acting on the right of pg.

2. Multiply both hand sides of the equation with D_l[f,ﬁ*]; use the trace
over the right wedge and the cyclic property of the trace in order to see
(=1 [€,£*] as a combination of terms that have the same form of the right

hand side of Eq. (4.34).

3. By using Eq. , see y(— [5 ¢*] as a linear combination of ¢-derivatives
of Xo [5 £, Wthh are explicitly obtainable from Eq. 1'

4. extract the final expression of P [¢,£*] from x(~D[€, €] by means of

E?) ; this is equivalent to simply replace X((fl)[g ,&*] of step 3| with
€€

As a result of this procedure, we obtain

Wiee1=3 3 [ [, el o, e 1)

n=0n'=0
(4.362)

X(p) (kna ker’)[§7 E*} = Xép) [57 E*] Z Z C ({ki}ie[n]\Sa {k;’}i’e[n’]\s’)

S§Cln] S'C[n']
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< [[{-Ltkple. 1 ] Lk (4.36b)

JjES j'es’

For any couple of ordered sequence U = {k;}*; = {ki1,...,kn} and U’ =
{5}y = {k1, ..., ky, }, the coefficients C'(U,U") have the following combinato-

rial expression

O (ks (K) = B S T 00k — Koy (437)

PesS,, i=1

where the sum » o g, runs over all the possible permutations P for the index
i; whereas, L(k)[¢,£*] is a linear functional of ¢ and &* defined as

L(k)[e, €] = / dK [o* (, K)E(K) — Bk, K)E*(K)) . (4.38)

It can be noticed that L(k)[¢,£*] appears also in Eq. (3.50) as a Bogoliubov
transformation between Minkowski and Rindler operators:

a(k) = {L(k) [A], Ay }T + L(k) [Ar, Af] (4.39)

A detailed derivation of Eq. by means of steps will be provided in
Sec. [£.3.4

We now show how to put Eq. in a diagrammatic form. A single
diagram is defined by the following prescription. Write all components of k,,
and k], in two distinct columns and create some pair connections between ele-
ments of the left and the right column k; — k:’ . The numerical value associated

to this diagram is the product between X(p ) [§ ,€*] and the numerical contribu-
tions coming from the elements of the diagram. Each pair connection k; — k;
contributes with a delta function between the two momenta 6 (k; — k). Each un-
paired left column element k; contributes with {—L(k;)[, £*]}*; whereas, each
unconnected right-column element £ contributes with L(k})[§, £*].

The full diagrammatic expressmn for Eq. ( m is

ke M
ko K T
ki K : : ky — ki
XP (kn, Kry) = DN ki — R ot
kn kL, : kj —k
kn K, :
kn KL,

(4.40)
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4.3.2 Examples: single and two particles states

In this subsection, we consider two examples of Minkowski-Fock states to detail
the results of Sec.[£.33] In particular, we consider single and two particles states
that are prepared by the inertial experimenter and registered by the accelerated
observer. By using Eq. and the diagrammatic expansion , we derive
the characteristic function y®) (€, &*] describing the states in the right Rindler
frame.

Minkowski single particle in the accelerated frame

A general Minkowski single particle state is defined with respect to its wave
function ¢4 (k) as follows

9) = [ drbi(at(0)ou), (4.41)
R
with normalization condition
/dk ’&sl(k)f —1. (4.42)
R

For such a state, Eq. reads as
e = [ i) [ WFHERO GRS @

R R

and ) (k, k')[€, £*] has the following diagrammatic expression
Xk KE =k K +k— K. (4.44)
The explicit version of Eq. (4.44)) is

®)(k, k'), €%] = —xP[6, €Lk [, €1} LK) [E, € x P [€, €710 (k — k(’>. |
4.45

Equations (4.42)), (4.43) and (4.45) finally lead to

xPg, €] = {—

/R dky (k) L* (k) [€, €]

2
+ 1} P, €] (4.46)

as the explicit expression for the Rindler-Wigner characteristic function of a
Minkowski single particle state with wave function ¢1 (k).

Minkowski two particles in the accelerated frame

A Minkowski two particles state can be defined by means of a wave function
@2(k1, ko) which is symmetric with respect to a switch between k; and ko. The
state is

|¢>:/de/Rdk2¢2(l\ﬁfék2)dT(k1)&T(l€2)|0M>, (4.47)
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with
G2 (k1. ko) = do(ka, k1), /de/deg ‘ég(kl,kg)r =1. (4.48)
For such a state, Eq. reads as
e = [ [ a [ a / Akl da(kr, o) 35K )
< XP ((ky, ka), (K7, K5))| (4.49)
XP) (K, k), (K, kS))[E, €] has the following diagrammatic expression
ky k1 ki —K ke Kk kK

X ((ky, ko), (K, k)€, €] = 4 N PN
ko ky ko Ky ky—k, ke K,

(4.50)
By using the symmetry and the normalization condition (4.48)), we can write

Eq. as
XPIE €T =x" 6,671 {; | koo, ha) L (k)6 €717 (k) 6,67

—Q/del +1} (4.51)

which results in the characteristic function of the Minkowski two particles state

(4.47) in the accelerated frame.

2

dky
R

/R dhay (ky, ko) L* (ko) €, €]

4.3.3 Comparison between inertial and accelerated frame

The explicit form of x()[¢,£*] given by Eq. (4.36) can be compared with the
characteristic function of |¢)(¢| in the Minkowski frame, which, in turn, is de-
fined by

Wl =1 (16 olexp ( [ ar [sa 1) - € wae) + Slewi?] ) )

and explicitly reads as

WD €] ZZ/ 'K, ‘“\/Z%,(“ T8 (o, K [E,€7),

n=0n’ R/
(4.53a)
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X (e K06 €T = xihle. €1 Y- Y C ({hidiens: (R dvens)

SC[n] 8'C[n']

< [J1=¢ k)] TT €50)- (4.53b)

JES j'es’

X((ﬁ)\/)l [€,&*] is the characteristic function of the vacuum |0y ) (O] in the Minkowski
frame; it is defined by

e =1 (10w 0wl exp ([ ak [emat(n) - & gaw + Hiecr?] ) )

(4.54)
and has the following explicit form
* pP— 1
e el = e ([ Hewp). (4.55)

The proof for Eq. (4.53)) will be provided in Sec.
By comparing Eq. (4.53)) with Eq. (4.36]) we can deduce how the character-

istic function transforms from the Minkowski to the right Rindler frame. As a
result, we know how the description of Minkowski particle states chances from
the inertial to the accelerated frame.

Notice that the transformation X%\? [€,6%] — xP)[¢,€*] can be easily com-
puted by performing the substitutions Xéﬂ[ﬁ,f*] — X(()p) [€,€*] and &(k) —
L(k)[§,€] in Eq. (4.53). This means that the inertial and the accelerated ex-

perimenters describe the Minkowski particle state in the same way up to the

presence of a thermal background (X((ﬁ[f,f*] — Xép ) [£,€*]) and a change of

variables (£(k) — L(k)[£,£*]) that is due to the Bogoliubov transformation
(@39).

4.3.4 Explicit derivation of the result

Proof of Eq. (4.36)

Here, by following the prescription given by steps of Sec. we prove
Eq. (4.36).
By using Eq. (4.31]) we can manipulate Eq. (4.24) in the following way

23D 3D VD S S Ol N0 B

n=0n"=0 N'Cln] N C[n’] N+ CA NN

bn(kn)ds (K)) " o
x Gulln)on ) e (T it | o[ TT @)
NP
e i€[n)\W ire[n/\N"
T A TT Al IT Awom T At
J_EN\N; J+ENG JleN JLEN\N

(4.56)
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with
Al (k) = / dK2sinh (§|K> e~ Pl o (k, K)AL(K). (4.57)
R
By following step [I] of Sec. we want to put the right hand side of
Eq. 1' in a normal order for the entire chain of AfL(k), A;(k) and A_(k)

operators. For this reason, we use again the Wick theorem to rearrange the
order of the Ai(k) and A’, (k) operators:

XYY Y Y Y Y Y e ek

n=0n/=0 N'C[n] A" Cn] Ny CN N CA" My TN M/, N IR R

XMCK II @'k | Ck I @)

N
s i€[n)\N e \NT

x Cn I Alw) J] Ak I A';)
lEN\M4 l’GN_;_\M;_ J— EN\N4

N TT At T Avw) o TI A=)

j+€M+ ];GM; ]LEN’\NL

SIS S SID D DD SRND R ILSY B

n=0n'=0 NC[n] N’ C[n’] N+§NN_;_§.N" My CNL M CNL

(gn(kn)qs*’(k/’) A1t N
NSASETAS S i RN gy H a'l(k;) | Ck H a' (k)
NS
U ic[n]\N e \N"

<ol IT Al JT Akl TI Atk

lENL\M4 VeENI\M/ j— eN\N4

< I Avy) TI Abtuose  IT A=) (4.58)

Jpemy JrEMy JLEN\NL
By defining M = N\ (M} \ M) and M' = N"\ (M} \ M), we obtain

XYY Y Y Y Y Y [aw ] ek,

n=0n'=0 N'C[n] N'C[n'] MCN M'CN’ M CM M, CM’

b (k)02 (K, . .y
v WCK (iEH aT(ki)> Cx ( E[H p (ki/))

[n\N €[ \N

nln'!
xcw( IT At 1 Aukz,)) | |
leEN\M

VeN'\M' j-€M\My
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< I Av) ] Ak, I A-&). (4.59)
JlemM, J+€M+ JLEMN\M,
Also, by defining £ =N\ M and L =N’ \ M’, we obtain

Yy Y Y Y Y OY

n=0n'=0 MC[n] M'C[n'] LC[n]\M L'C[n'\M' My CM M/, CM’

nk n’ /an n)¢ (k;z/) AT (1.
/nd / V'K, N LAt/ A 20 C (EMH a (kl))

\(MuUL)

x Ck 1T a'(kl) | Cn ( (k) [T AL (e )
' en/\(M'UL") reL’
< I At IT 4wt I1 AlGose T A=)

J-€M\My JhEM! J+EM4 JLeEMAM!,
(4.60)

The full contractions appearing in Eq. (4.60) can be manipulated in a com-
binatorial way by knowing that

Cn (AL(k)AL(k’)) — Cn (A;(k)/i;(k’)) —0, (4.61a)
Cn (Ai(k)ﬁ;(k')) = /RdK {2 sinh (C@Kﬂ : e~ Pl 0 (k, K)a(K, K).

(4.61D)

This allows us to put the right hand side of Eq. (4.60) in a more compact form
by means of an unifying contraction Ck ny between @’(k) and a'f(k) operators
defined by

Crn (@' (R)a/ (k') = Ck (@' (k)a'(K)), (4.62a)
f t(kya/t

a'(
G (@1 (' (K)) = Coc (& (BT () (4.62b)
Cun (@1 (0)8' (1)) = Cn (AL (0 AL (1)) (4.62)
In this way, Eq. has the following form
223030 SED DD SID D (N0 ARG
n=0n'=0 MC[n] M'C[n'] My CM M’ CM’
qgn(kn)q;:’(k;ﬂ) ~1t (1)
X —,CK,N a (kl) a (kz/)
valn'! (ie[g{M i’e[vl;][\./\/l’ )
« T Ao T1 ) T Ao T A6

joEM\M 4 J+€M/ J+EM4 i’ E./\/(/\./\/l/+
(4.63)
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Explicitly, the fundamental contractions of Ck n are

Cuon (8 (R)a (k) = — / 4K 2 sinh (5|2K|>

x [B*(k, K)B(K', K) + B(k, K)B" (K, K)], (4.64a)
Crn (@T(k)a'T(K')) =Cxn (&' (k)d' (k) (4.64b)
2
Cn (@ (k)a (k’)):/RdK [2sinh (Cm;{'ﬂ e~ PRl o (k, K)ok, K).
(4.64c¢)

Notice that the Ck y contraction of chains of a'(k) and @' (k) operators does
only depend of the momenta appearing in the chains. Hence, we write Cx n as
a function of sequences of momenta as follows

N (
in analogy to Eq. (4.25)). In this way, Eq. (4.63)) becomes

o / nkn ~:7,’k:’7/
3V Yy 3 3 [ [ e, o)

n=0n'=0 MC[n] M'C[n']| My CM M/, CM’

) s
N ::

a't (k) H &'(k§)) = Cun({ki}iz, {K5 120, (4.65)

X CK N ({k }16[ N\M> {k }z e[n’]\/\/l/)

< I1 dtwo I avwy IT Altsom TT A
joEM\M j+EM' JrEM4 JLEMN\M!,
(4.66)

By using again Eq. 1) on Ai(k) operators we conclude step [1|and obtain

/!

ZZZ > > /nd” /dnklw

n=07n'=0 MC[n] M’C[n'] ML CM M/ CM'
x Cxn ({Kitiemm) \M7 {kiYiremmmr)

< II At IT Avjope T1 AT II A~
J-EM\M JheM! J+EMy JLeEMN\M!
(4.67)

Step [2] gives
XV €]
~Tr (ﬁD,I[& &)

IYY Y Y O¥Y [ /dk¢>ﬁ<k>

n=07n'=0 MC|[n] M'C[n'] My CM M/, CM’
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x CkN ({KiYicppoms (ki Yirepmpaer) Tr ( H AT (k;.)

J-EM\M

< 1 A;(k;mo H Al II A~ 55)

g+e/vl’ jLeMy JLEMN\M,

Y Y Y Y Y [k [ an, e

n |
n=0n'=0 MC[n] M'C[n'] M4 CM M/, CM’ R nin/t

J+EMy

x Ok ({kiiempnms 1k biemna) ('00 H AL (k;,)

< I Awobaeer T Alw ] A;w;;)).

JjleMI\M!, joEM\M Jhem!,
(4.68)
As prescribed by step [3) we manipulate Eq. (4.68) by using Eq. (4.34]):
XV €]
fzz Y OY Y / Ik / K, O (kn) b5 (K710)
n n n'n '
n=0n/=0 MC[n] M’ C[n'] Ms-CM M, CM’ v

X CK’N ({kl}le[n]\/\/h {ki’}’i/e[’n/]\/\/[’) H A,(kji) H AJ’,(I{;;)

JoeEM\M JhLeM!

X_H [_Xi(kﬂ)} II [—Xf(kﬁg)}xéfl)[f,f*}v (4.69)

§(K)
/dK2 nh( mK') B(k, K)dng) (4.70b)

as functional derivatives acting on their right.
By using Eq. (4.35), we obtain

Ko(k) = /dKQsinh (C’;K'> e*cﬁlf(‘oz(k;,K)(sL (4.70a)
R
K_(k

*”[s ¢
nk n’y,./ d’n kn) ~*'(k/n’)
nz;mz:omzc%n]/w; M;MM;M//n / Vnln'l

JoeM\M JhLeM!

— —
X CK’N ({kl}le[n]\/\/lv {ki’}’i/e[n/]\/\/[’) H A,(k] ) H AJ’»(]{‘;;—)
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IT Lot I L-t0leh e €) (a.71)

JreMy JLEMNAMY

with

L (k)[€] :/RdK2 sinh (Cm;(') e~ PRl (k, K)(ng + 1)E(K),  (4.72a)

L (k)] = / dK2sinh (Cm;() B (I, K)(no + 1)E(K). (4.72D)
R
Equation can be computed by means of Eq. as follows
Li(k)[¢] :/ dK2sinh (05|2K|> exp <_cm2K|> B*(k, K)(no + 1)§(K)
R
_ 1 “
:/RdK (1) <€g;< — + 1) B (k, K)E(K)
eBIE| ePIKL
_ / A (, K)E(K), (4.73a)
R
L_(k)[€] :/ dK?2sinh (chI> exp <— CB|K|> o (k, K)(no + 1)€(K)
R 2 2
:/RdK (1— 1) (eﬁKl — 1) o* (k, K)E(K)
BIKI 1 eBIKI
:/RdKe e g (kKOS (E)

= / dKo* (k, K)¢(K). (4.73b)
R

The derivatives Xi(k) now have to be evaluated on both Ly (k)[¢] and
Xé_l) [€,£*]. In order to simplify the calculation, we define A L (k) as (}givatives
identical to A4 (k) but acting on their left. Moreover, we define A y(k) =

Ay (k) + AL(k). In this way, Eq. 1) can be put in a more compact form,
ie.,

- s On(kn)ok (KL,
SRR o i ol B

n=01n'=0 MC|[n] M'C[n’]
Ayve
x Ckn (ki iempans ki rempae) ] {A —(k;) + L+(/fj)[§]}
jem

< I1 { )+ L- (k})[ﬂ}xé_l)[f,ﬁ*]- (4.74)

jrem’
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A further simplification can be made by defining Ca (U, U’) as a contraction
with the following fundamental contractions

Ca({k1, ka}, @) = A (k) Ly (ko)[€] + K (ko) L (R1)[e], (4.758)
Ca(@, (k1 ko)) = R (k)L (k)[€] + X+< ko)L (1)[€], (4.75D)
Ca({k}, (K}) = B_(k)L_(K)[€] + A 4 (k)L (k)[€] (4.75¢)

and by computing the following identities by means of Eqs. (3.52) and (4.35)

+L+( }Xo 1)[5 E }
:/RdK ( ﬁK') (5K)+5 (k, )f(K)} x5 Ve €]
_ 95i h(chl)ﬂ(k K)n (K)+1]5*(K>+ﬂ*(k,K)£(K)}
R

-1

2
/ dK{
)
/ K[ (CB'K') ( K)E () + 8 KOS() |
/ dK [~ K) + B (k, K)E(K)] x5 V16, €]

{- L(k)[f,g*]} xs V¢ *], (4.76a)
() + Lo (Rl | X616 €7

%

|
=

{3
{3
sinh (52) e Pl o (k, K)L + (laK)g(K)} xSV €]

R 0§ (K)

o s (257
= [ax {—2sinh (B'QK') e Pk, K)lng (K) + 11€° (K)

+a (b, K)S(K) b xg Vg, €]

/

d
d

= [ |=exp (- LUtk 0 1) + 0 KO0 ol
d

K 2
- / K [~ Bk, K)E*(K) + o (k, K)ECK)] 1§ V16, €]

=L(k)[€, xS Ve, €7, (4.76D)

where L(k)[&, &*] is defined by Eq. (4.38). In this way, Eq. (4.74) can be com-
puted as follows

XV €]

—ZZ > > Z/nd”k /nd"k’ On( \/ﬁT‘( )

=0 n'=0 MC[n] M’ Cln’] SCM S'CM/
x Ckn ({Kiticppas (ki Yoeppa) Ca ({kiheanss (ki bremnsy)
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< [T (-Lkple.e I Lk I Ve €4 (4.77)

JES j'es’

The fundamental contractions of Ca (U, U’) defined by Eq. (4.75) can be
computed by means of Eq. (3.52)) as follows

CA({k17k2}7®>
:/dKQsinh <CB|2K|> [B(k1, K)B* (ka, K) + B (k1, K)B(ka, K)]
R

= — CKVN({kl,k2},®), (4.78&)
Ca(9, {k1, k2})

/dK2 sin h< mK') e P [a(ky, K)o (ky, K) 4 o (k1, K)a(ky, K)]

/ dK2sinh ( |) [B(ky, K)B* (ko K) + B* (k1, K)B(kz, K]

=— CkN(D, {k1,k2}), (4.78b)
Ca({k},{%'})
/ AK2si ( cBIK ') Bk, K)a* (K, K) + e~ P51 8 (b, K)a(K, K)] (4.78¢)
The contractions Ck n(U, U’) and Ca (U, U’) appearing in Eq. can be

combined into a single contraction C(U,U’) = Ck n(U,U’) 4+ Ca (U, U’) which
has the following fundamental contractions

C({kl, k‘g}, @) = CK,N({kla kQ}, @) + CA({kh kg}, @) = O, (479&)
C(@,{k1,k2}) = Cu n(D,{k1, ko}) + Ca(D, {k1,k2}) =0, (4.79b)
C({k}{K}) = Cen({k} {K}) + Ca({k}, {F'})

(
(
:/RdK2 sinh <‘35|2K|) [2smh (%Iﬂ) e~ Pl o (k, K)a(K', K)

+B(k, K)o (K, K) + e~P1K 8% (k, K)a (K, K)} . (4.79¢)

The contraction (4.79¢) can be computed by means of Egs. (3.46), (3.51]) and
(13.52)) as follows

C({k} ()

= sin Cﬂ|K| '
_/RdKQ h( x )[ “(ky K)B(K, K) + Bk, K)a* (', K)
|

:/ dKO(kK)0(K K)2sinh (2 K|
R

x [F(k, K)F(K', —K) + F(k, K)

O(kk'
k) §\K|

- [/RdKQ(kKﬂsinh( \K|F(k, K)F(K ,—K)
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+/]RdK9(kK)2sinh <§|K|) |K|F(k:,—K)F(k’7K)]

(kK"
VK

/dKe( kK)2sinh (§K|> |K|F(k,K)F(k:’,K)}

= / dK [0(kK)
kk;’

= / dK2sinh (
kk’

:Q(kk dK2 inh <
k:k’

o(kk')

[/]R dK6(kK)2sinh <§|K|> \K|F(k, K)F (K, —K)

6(—kK)] 2sinh <§K|> \K|F(k, K)F(K, —K)

>|K|Fk:K) (K, —K)
)Jii' ()]
2

(.K
exp [ i— In
a

7

k/

@\N w\m w\m +

]{;k/ 27ra ex
_O(kE') 0 E
S, (1 ’ )
:Q(kk’)(s <ln K )

|| k'
=0(kk')s (k] — |K'])
=0 (k—Fk). (4.80)

Hence, the fundamental contractions of C(U, U’) are
C({kla k2}7 @) = 07 C(Q’ {klv kQ}) = Oa C({k}v {k/}) = 5(k - k/) (481)

As a consequence of Eq. (4.81)), the combinatorial expression for the full con-
tractions C'(U, U’) is precisely given by Eq. (4.37).

Owing to the definition of C'(U,U’) = Ck n(U,U’) + Ca (U, U’), Eq. ([4.77)
becomes

=2 Y S S [k [ g, el )

n=0n'=0S8C[n] S’'C[n’]
x C ({kiYiemns: {KirYoemns)
< [T{-Lkple. €y T] Lkile. € Ve e (4.82)

JES j'es’

In this way we have concluded step [3]
Finally, with step |4l we obtain Eq. (4.36]).
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Proof of Eq. (4.53)

Now, we prove Eq. (4.53). By plugging Eq. (4.1) in Eq. (4.52), we obtain

Eq. (4.53a) with
vk, K€ (Ha ) 100) (O] H a(k.)

i'=1

<o / i [eal () - € Waoy + Sleof] ) ) s

By choosing p = —1, we obtain
O (ki K )€, €] =Tr (H a' (ki) On) (On| T a(k}) exp (— / dk§*<k>a<k>)
=1 ir=1 R

X exp (/R dkg(k)&*(k)))

iy 08 (ka) 72y ’
X exp (— / dk§*(k)a(k)) exp ( [ dkf(k)aum))
- ﬁ 55?;%) ﬁ {_ 55*((5%) Xoni 6 €7, (4.84)

which, owing to Eq. (4.55)), result in

X <kn,k;>[sfl
XOM €]
=Z Z ({k}ze s Kboenma) TT €00 T gegyriad 6.6
SC[n] 8’Cln’] i’es’ €S
=Z Z ({kiYiemns (ki boemms) T € TTI-¢* kalxda 1€, €71,
SC[n] S’Cn i’eS’ ieS

(4.85)
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This proves Eq. (4.53b) for p = —1.

The general case can be proven by using the following identities
. pt1 “1)p g
16,67 = exp ( /R dk2|£<k)|2) €,

e el = o ([ T emP?) dleel

145

(4.862)

(4.86D)
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Chapter 5

Frame dependent
nonrelativistic limit

This chapter is based on and contains material from Ref. [J)].

5.1 Introduction

In Chap. [2] we studied the nonrelativistic limit of quantum fields in Minkowski
[Sec. and Rindler [Sec. spacetimes. In particular, we considered the non-
relativistic condition as the regime in which energies are very close to the mass
energy. As a result, we developed the framework for nonrelativistic phenomena
in inertial and accelerated frames when Eqgs. and , respectively, are
satisfied.

Inertial and accelerated observers experience different flows of times due
to the inequivalent time coordinates ¢ and T. Hence, they are provided with
different notions of energy as the generator of time translation. This means that
the nature of particle energy is frame dependent. Notice that if two observers
experience different energy content of particles, then also the nonrelativistic
condition appears to be frame dependent. The aim of the present chapter is to
study such a frame dependent effect.

In Chap. [3] we considered the scenario in which both the inertial and the
accelerated experimenter observe and interact with the same physical setup. By
following the algebraic formulation of QFTCS, we showed that the same state is
represented in both frames by different particle representations. Each represen-
tation can be mapped to the other by means of a Bogoliubov transformation.

The algebraic QFTCS appears to be the suitable framework to compare the
nonrelativistic condition in the two frames. In the present chapter, we will use
the results of Chap. 3] to show that nonrelativistic particle states of one frame
appear as a superposition of relativistic and nonrelativistic particles in the other
frame; hence, we will prove that the nonrelativistic limit is frame-dependent.

147
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Also, we show that the number of particles is not conserved between the two
frames as a consequence of the different particle representations of states.

In Sec. [2:4] we introduced the notion of quasi-inertiality by means of the
conditions (|2.83)). In the nonrelativistic quasi-inertial regime, both the accel-
eration o and the particle localization are sufficiently constrained to suppress
GR corrections to the dynamics coming from, respectively, high values of « and
noticeable differences between the Rindler (g, ) and the Minkowski (7,,,) met-
ric. In the absence of GR perturbations, one may expect that the description
of the field is equivalent to the one provided by the flat QFT with some min-
imal modifications (e.g., Newton potential); hence, the aforementioned frame
dependent effect in QFTCS is expected to be suppressed in the quasi-inertial
regime. In the present chapter, we explicitly prove this result for both scalar and
Dirac fields. In particular, we show that the accelerated observer agrees with
the inertial frame about the nonrelativistic nature of particles and the number
of particles is conserved.

The chapter is organized as follows. In Sec. we show that the nonrela-
tivistic limit of one observer is generally incompatible with the nonrelativistic
condition in the other frame due to the Bogoliubov transformations mixing
relativistic and nonrelativistic modes; also, we discuss the difference between
number of particles and antiparticles in the two frames. These frame dependent
effects are suppressed in the quasi-inertial regime, as we will prove in Sec.
for scalar and Dirac fields. Conclusions are drawn in Sec. 5.4

5.2 Inertial and accelerated frames

The aim of this section is to show that the nonrelativistic limit in the Minkowski
frame is generally non compatible with the nonrelativistic limit in the Rindler
frame; we also discuss the particle production between the inertial and the
accelerated frame.

Consider an inertial (Alice) and an accelerated (Rob) experimenter perform-
ing operations (e.g., preparation and observation) on the same physical state |¢).
Each observer is provided with a representation of |¢) in terms of Minkowski
and Rindler particles, respectively. Now, Alice claims that |¢) is nonrelativistic
if |¢) is only made of nonrelativistic Minkowski particles—i.e., if |¢) is defined
by Minkowski creators satisfying Eq. and acting on the Minkowski vacuum
|Onm). Conversely, Rob claims that |¢) is nonrelativistic if it is only populated
by nonrelativistic Rindler particles satisfying Eq. and created over the
Rindler vacuum |0f, g). Are these claims compatible to each other? Can both
Alice and Rob detect nonrelativistic states at the same time?

The answer to these questions can be deduced from the Bogoliubov transfor-
mation relating Minkowski-Fock operators to Rindler-Fock operators. For scalar
fields, these transformations are reported in Eq. ; whereas, for Dirac fields
they are shown in Eq. . In both cases, it can be noticed that the inte-
gral with respect to Rindler variables include also energies that do not satisfy
Eq. 1) even when only nonrelativistic Minkowski momenta k are considered.
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In other words, the condition A|k|/mc < €'/2 does not guarantee the absence of
relativistic Rindler operators in the right hand side of Egs. (3.80)) and (3.111]).

This means that the Bogoliubov transformations (3.80) and (3.111]) mix
nonrelativistic modes of one frame with relativistic modes of the other. The
effect is twofold: (i) The sea of Rindler particles and antiparticles populating
the Minkowski vacuum |Oy) in the Rindler-Fock space Hi, r generally appears
to include states with relativistic energies; to see this, check Eqs. and
for the scalar field and Eqs. (3.130) and (3.131)) for the Dirac field and notice
that the integral on the right hand side of Egs. (3.99) and (3.131)) include Rindler
operators that do not satisfy the nonrelativistic condition 1) as well. (ii) Any
nonrelativistic Minkowski particle creator can be responsible for the creation
and the destruction of relativistic Rindler particles and antiparticles. These
two facts imply that elements of the Minkowski-Fock space Hy that are made
of nonrelativistic Minkowski particles are generally made of relativistic Rindler
particles and antiparticles when seen as elements of the Rindler-Fock space
‘Hi,r- The other way around is also true: not always elements of Hr, g made
of nonrelativistic particles and antiparticles are also made of nonrelativistic
particles and antiparticles in Hy;. The conclusion is that the nonrelativistic
limit is frame-dependent.

To see an example, consider the Minkowski single particle state of a scalar
field defined by Eq. . Assume that the state is nonrelativistic from the point
of view of the inertial observer; explicitly, this means that the wave function
qgl(l_f') is vanishing for relativistic momenta, i.e.,

- hlk
b1(K) ~ 0, if % > e/2, (5.1)

The representation of the state |¢) in the Rindler-Fock space Hy, g is given by
Eq. , with S defined by Eq. . In the right hand side of Eq. , one
can see the presence of Rindler operators not satisfying the nonrelativistic con-
dition acting on the Rindler vacuum |0r,,Or). Independently of presence
of the Minkowski single particle, the Sg operator generates a sea of relativis-
tic Rindler particles over the Rindler vacuum |0r,, Or); furthermore, relativistic
Rindler operators A,JL(Q, K 1) act on the relativistic background §S|OL, Or) and
generate additional relativistic particles.

Provably, these relativistic Rindler operators AI(Q, K 1) do not always dis-
appear when condition holds. To see this, consider the approximation

- o, . 1 [7mc?a | . I519) -1/
o, (k,Q, K1) ~51gn(Q)§ [ - sinh (2) H
Q (7 hk - -
X exp (ca (2 - SVZmi)) 62k, — K)). (5.2)

for the Bogoliubov coefficients 1' in the limit h\lﬂ/mc < €!/2. As a conse-
quence of Eq. (5.2)), the functional

ap[1](2 K1) = . ke (k) (, Q0 K1) (5:3)
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can be approximated by

2mc2a

e K) msign(ed) | 25 s (57 H o (5F) #the - Ro)

x Fi ) (K L, s,5/mc?a), (5.4)

where
ik‘g xr3 _

il on)(R ) = | dhs™ =0
is the inverse of the Fourier transform of él(ﬁ) with respect to the variable
ks. If fgl[él](ﬁL,Sth/mCQG) is not supported in |AQ)/mc®> — 1| < ¢, then
the Rindler operators AIT, (Q, K 1) appearing in Eq. are smeared out with
functions that have support outside of the nonrelativistic region .

The condition for F31[¢1](K 1, s,h/mc?a) to not have support in the re-
gion [hQ/me® — 1| < € is compatible with condition (5.1)), in the sense that
one can find at least one configuration that satisfy both conditions. To see
this, consider the uncertainty principle for Fourier transforms [69] which states
that if ¢ (k) and F5 *[¢1](kL,x3) are supported inside of |ks — k3| < Aks and
|xs — T3] < Axs, respectively, then AxzzAks > 1. Assume that Eq. holds;
a necessary conditions for F3 '[¢1](K 1, s,h/mc%a) to have support inside of
|hQ/mc* — 1] < € is to satisfy the uncertainty principle ha/mc < €3/2. Conse-
quently, a sufficient condition for F; ! [61)(K 1, 5,h2/mca) to not have support
inside of |h2/mc* — 1| < € is given by ha/mc > €3/2. We found that when
the acceleration is sufficiently high (ha/mc > €3/?), the integral appearing in
Eq. includes relativistic Rindler creators as well, notwithstanding the
nonrelativistic condition for the Minkowski particle.

All the arguments that we used for the single particle case can also be ex-
tended to the case of more particles; this leads to the same frame dependent
effect for any Minkowski-Fock state. The procedure can also be applied to
the Dirac field case, due to the similarities between the Bogoliubov coefficients
(3.94) and (3.117]).

In addition to the frame dependent nature of the nonrelativistic limit, the
Bogoliubov transformations and give an explanation to the parti-
cle production between the two frames. An element of the Minkowski-Fock space
Hy with n particles and m antiparticles does not appear as an element of the
Rindler-Fock space Hp, r with the same number of particles and antiparticles.
This occurs because |On) is not a vacuum state for Hy, g and Minkowski particle

1 (k) (5.5)

(antiparticle) creators a' (k) (b'(k)) annihilate Rindler antiparticles (particles),
in addition to creating Rindler particles (antiparticles).

In conclusion, we proved the frame dependent nature of the first quantization
scheme. Any Minkowski-Fock state |¢) € Hy made of nonrelativistic particles
can also be seen as an element of Rindler-Fock space Hp, r. The Minkowski
vacuum background |Oyr) is converted into a see of relativistic and nonrelativis-
tic Rindler particles and antiparticles [Eqs. (3.7), (3.99), (3.130) and (3.131)];
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whereas, any Minkowski creator af(k) or bf(k) acting on |0y) is converted into
Rindler creation and annihilation operators involving also relativistic modes
[Egs. (3.80) and (3.111))]. The nonrelativistic limit in the inertial frame is non-
equivalent to the nonrelativistic limit in the accelerated frame; also, the number
of particles and antiparticles is frame dependent as well.

So far, we have considered a sufficiently large acceleration (ia/mec > €3/2).
We may expect that the resulting frame dependent effect is suppressed when this
condition is not met. Intuitively, in a limit in which the two frames are similar,
the nonrelativistic condition and the number of particles become approximately
equivalent between the frames. In the following section we prove that such an
equivalence precisely occurs in the quasi-inertial regime.

5.3 Inertial and quasi-inertial frames

In Sec. we showed that the inertial and the accelerated observers, Alice
and Rob, do not agree about the particle content of states. In particular, we
showed that the nonrelativistic condition and the number of particles differ
between the two frames. Here, instead, we investigate the regime in which these
frame dependent effects are suppressed. We prove that the suppression occurs
when Rob’s acceleration is sufficiently low (ha/me < €3/2), the nonrelativistic
Minkowski-Fock state prepared by Alice is localized in |az — 1| < € and Rob has
only access to the region |aZ —1| < € in his coordinate frame. In this regime, the
nonrelativistic Minkowski-Fock state is nonrelativistic in the accelerated frame
as well and the number of particles and antiparticles is conserved.

Additionally, we show that wave functions describing states in the quasi-
inertial frame are approximated by the corresponding wave functions in the
inertial frame, with the only difference coming from the coordinate transforma-
tion relating the two frames. In other words, particle states appear identical by
both observers, up to their coordinate representations.

We detail the results by considering scalar Gaussian single particles. The
accelerated observer sees a nonrelativistic single particle only when « is suffi-
ciently small and the wave packet in the inertial frame is narrower than the
scale length of the curvature, but wider than any relativistic wavelength. We
also show that the wave function describing the state in the accelerated frame
is approximately Gaussian.

The section is organized in the following way. In Sec. [5.:3.1] we define the
quasi-inertial condition for the state as a localization condition in |az —1] < e for
its wave function. In Sec. we define the notion of quasi-inertial observer as
an accelerated experimenter with a sufficiently low acceleration (i.e., ha/me <
€%/?) and only having access to the region |[aZ —1| < e. By combining the results
of Secs. [5.3.1 and [5.3.2] we prove that the nonrelativistic limit and the number
of particles are approximately the same in both frames. In Sec. [5.3.3] we prove
that the wave functions are the same as well, with the only difference coming
from the coordinate representations. We detail these results in Sec. for
scalar Gaussian single particles.
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5.3.1 Quasi-inertial setup

Here, we investigate the regime in which nonrelativistic Minkowski-Fock states
are seen by the accelerated observer as made of nonrelativistic Rindler particles
created over the Minkowski vacuum background. We show that a necessary and
sufficient condition is given by the localization of the wave function inside the
quasiflat region |az — 1| < e. States satisfying this condition are refereed to as
quasi-inertial.

Scalar Minkowski single particle

Firstly, consider the simple case of a scalar Minkowski single particle, defined
by Eq. and represented by Eq. in Hy, r. Assume that the particle
is nonrelat1v1stlc from the point of view of the inertial observer, which means
that ¢ (k) satisfies Eq.

In Sec. 5.2 we showed that the function o [¢1](€2, K1) defined by Eq.
satisfies Eq. (5.4). This means that o%[$1](, K 1) has support in [hQ/mc2—1] <
€ if and only if the inverse of the Fourier transforms of ¢~>1(l;) with respect to ks
is supported in |s,azs — 1| < €, in the sense that

Fi o) (ky,x5) =~ 0, if [s,azs — 1] > €. (5.6)

This gives a necessary and sufficient condition for the v-Rindler creators act-
ing on S’S|0L,OR> in Eq. to be nonrelativistic. Notice that the regions
|hQ/mec — 1] < e and Q < 0 are disjoint, which means that if o[¢,](€, K1)
is supported in |AQ2/mc? — 1| < ¢, then it is vanishing in Q < 0. Consequently,
Eq. is a necessary and sufficient condition for relatwlstlc V- Rlndler creators
and all Rindler annihilators acting on Sg|0,,0r) in Eq. to be smeared
out with a vanishing function.

The regions |s,azs — 1| < € and szax3 > 0 are disjoint as well; hence, the
function f;l[g?)l](EL, x3) cannot simultaneously be supported in |s,azs — 1| <
e and be non vanishing for some positive values of szx3. The condition for
fgl[qgl](l_ﬁ,wg) to be vanishing in s;x3 > 0 is equivalent to a;[él](Q, I?J_) ~0
for 2 > 0. Consequently, Eq. is a necessary and sufficient condition for
relativistic v-Rindler creators, all -Rindler creators and all Rindler annihilators
acting on §S|OL, Or) in Eq. to have vanishing smearing function.

Equation can be proved to be equivalent to a localization condition for
|¢). To see this, consider the single particle wave function in the position space
o1 (& )deﬁnedby Eq. - ) forn=1and t =0, i.e.

dBkzkz .
(e

and notice that in the nonrelativistic limit (| , Eq. . can be approximated
by
= 1 2y, ikl FL =117 (L
01 () = d°k e Fo ] (ko 2). (5.8)
2T R2
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Owing to Eq. (5.8)), the condition ([5.6) becomes equivalent to
d1(Z) = 0, if |spaz — 1] > e. (5.9)

Equation can be compared with the localization condition expressed by
Eq. m In analogy to Eq. m Eq. . 5.9) describes the situation in which
the wave function ¢, (Z ) is locahzed in a region in which the metrlc is quasiflat,
ie., gy = Ny In Sec. we Wlll show that when v = R, Eq. ( is precisely
equlvalent to the condltlon . In particular, we will show that in the quasi-
inertial regime, the transformatlon between wave functions is determined by the
coordinate transformation . Hence, the localization condition for
the wave function ¢ (Z) is equivalent to the localization condition expressed by
Eq. for the wave function describing |¢) in the right Rindler wedge.

Equation is a necessary condition for Egs. and due to the
uncertainty principle for Fourier transforms, as we have discussed in Sec. [5.2]
Equation (2 7 instead, gives a constraint for the Rindler operators actln on
SS|OL, Or) in Eq. 1.' as a consequence of the nonrelat1v1stlc condition
and the (52(k 1 — K ) functions appearing in Eq. . Given the analogles
between the present configuration and the one described in Sec. by means
of Eq. (2.83), the setup satisfying Eq. is referred to as being quasi-inertial.

Scalar Minkowski-Fock state

We can now generalize this result for any Minkowski-Fock state |¢). In Sec.
we gave the definition for wave functions ¢, (x,) and qgn(kn) by means of
Eqgs. and . For practical purposes, we ignored antiparticles and only
focused on Fock states made of particles. However, to consider the Bogoliubov
transformations (3.80) and the Rindler-Fock representation of the Minkowski
vacuum [Egs. (3.7)) and ]7 we have to include antiparticles as well.

We define the wave function of |¢) in the position space as

2mc?

ntm
2 ~
(bnm(a:ner) = (7#) /]R’i( ) d3(n+m)kn+m¢nm(kn+m)

n n+m
< [[rE0.2) ] £(8,0,8)), (5.10)
i=1 j=n+1

where énm (kntm) is the wave function in the momentum space, defined from
the decomposition of |¢) with respect to the Minkowski-Fock space Hm

|#) = ¢6|0m), (5.11)

with

n+m

3(n+m) ¢7Lm( n+m o7
Z /Ra(n+m>d ket \/W Zl;[l H b'(k;). (5.12)

n,m=0 j=n+1
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By definition, énm (kntm) is symmetric with respect to the momenta variables

El, ..., ky, and with respect to k11, ..., kntm. The nonrelativistic condition for
|¢) reads as

7 h| Z| 1/2 ;

Grm (kntm) = 0, if —— > €/° for some i € {1,...,n+m}, (5.13)

which gives the following approximation

n+m

2mc?\ 2 3 ~
~ (n+m)
¢nm(wn+m) ~ ( h2 ) /RS(Her) d kn+m¢nm(kn+m)
NR,M
n . n+m .
x [ rE,0,2) [ £&0.8), (5.14)
i=1 j=n+1

where Rygr,m is the nonrelativistic region defined by the condition (2.1)), i.e.,
ke Rnr,M if and only if h|E\/mc < el/2,

The explicit expression for |¢) as an element of the Rindler-Fock space Hr, r
can be obtained from Eqs. (3.7), (8-81), (5.11)), (5.12) and reads as

|6) = CySs|01, Or), (5.15)
with
A = D1 (O ms Vi)
C, = d3(n+m)0n - nm\Yn+m,Vn+m
’ 20 Z /]R3(n+m) - nlm!
n,m=0Vnp{m
n ) . n+m .
< [TAL@:) T B @) (5.16)
i=1 j=n+1
and
&)nm(enerﬂ/ner) :/ d3(n+m)kn+m¢§nm(kn+m)
R3(n+m)
n oL n+m oL
< [T ez (ki) T e, (k5. 65), (5.17)
i=1 j=n+1

where the sum Zl’n+m in Eq. 1' runs over all the possible v-variables

v € {L,R}. Notice that the function énm(0n+m,un+m) defined in Eq.
cannot be regarded as the wave function of |¢) in the Rlndler frame due to
the presence of the Ss operator acting on |0r,,0r) in Eq. In other
words, <I>nm(0n+m,un+m) is not simply the generalization of Eq for
particles and antiparticles. However, in Secs. and we will show
that <i>nm(0n+m7 Vy+m) Obtains the notion of wave function in the quasi-inertial
regime.
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The generalization of the quasi-inertial condition (5.9)) for Minkowski-Fock
states with any number of particles and antiparticles is

Onm(Trntm) = 0, if |syaz; — 1| > € for some i € {1,...,n+m}. (5.18)

Equation is a necessary and sufficient condition for |¢) to not have rela-
tivistic v-Rindler creators, no 7-Rindler creators at all and no Rindler annihila-
tors acting on 5'5|0L, Or) in Eq. . Hence, we find that the operator C¢ is
only made of nonrelativistic v-Rindler creators if and only if the quasi-inertial

condition ({5.18)) holds.
Explicitly, we say that Eq. (5.18) is a necessary and sufficient condition for

the approximation

@nm(0n+m,un+m) ~ 0, if 0, € Rar,c or v; = for some i € {1,...,n+m},
(5.19)
where Rygr,c is the nonrelativistic region defined by the condition , in
the sense that (€2, I?J_) € Rur,c if and only if Q satisfies Eq. . Equation
is equivalent to

oo jod

A Dy (O Vitm)
~ 3(n+m) nm\Yn+m,¥n+m
Cd) Z Z R7z+m d 0n+m n'm'
n,m=0Vn4m NR,C
n R R n+m R .
< [TAL@) TT Bl @). (5.20)
i=1 j=n+1

This means that C’¢ is approximately only made of creators of nonrelativis-
tic v-Rindler particles. Therefore, the transformation ¢4 — C’¢ conserves the
nonrelativistic nature of particles when one switches from the inertial to the
accelerated frame.

By comparing Eq. with Eq. one can notice that C’¢ is identical to
g, up to the function Dm replacing ¢,,, and the v-Rindler creation operators
fl;ﬂ 6, 337 (5;) replacing the Minkowski operators a'(k;), BT(EJ) This implies
that the number of particles and antiparticles created by C’¢ is the same as ¢4.
The conclusion is that the transformation ¢4 — C’¢ conserves the number of
particles and antiparticles, in addition to the nonrelativistic condition.

Finally, notice that if |¢) satisfies the quasi-inertial condition for v =
L, then approximately no right Rindler particles are produced over Ss|0r,, Or)
as a consequence of Eq. . Conversely, if v = R, then all the Minkowski
operators af (k;), BT(EJ) are converted into AL(@:) and Bl];(é;) operators. With-
out loss of generality, we assume that the accelerated observer Rob is describe
by the right wedge. Hence, the quasi-inertial condition for v = L leads
to the trivial scenario in which Rob can never detect the Minkowski single par-
ticle over the Minkowski vacuum. For this reason, hereafter, we only consider

Eq. (5.18]) for v =R, i.e.,

Onm(Tntm) = 0, if |az; — 1| > e for some i € {1,...,n+m}. (5.21)
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Equation ((5.21)) is a necessary and sufficient condition for

D (Ontms Vnim) = 0, if 0; € Ryr,c or v; =L for some ¢ € {1,...,n+m}
(5.22)
and, hence,
~ n+m R\Y? R\Y2/»
n,m=0 n+m672§-§wé nlm! =1 j=n+1
- (5.23)
where @,,,,,(0,,4m) is defined as
&)nm (0n+m) = énm(an—kma Rn+m)a (524)
with
Rutm=(R,...,R,R,...,R). (5.25)
—_——— ——

Numerical check

These results can be numericall_y checked as follows.
Firstly, notice that when h|k|/mc < ¢, Eq. (3.79) can be approximated as

o (K, 6) ~ / B f*(k,0,7)a,(Z,0), (5.26)

with

2 ~ = o —
+ h) F(0,5,7,(2))e+%L, (5.27)

By using the relation between ¢, (€r4.4,) and Grm (knim) [Eq. (5.10)] and
between ozl,(E, 5) and @, (7, 5) [Eq. (5.26)], one can approximate Eq. (5.17)) with

n+m

B 2\ T2
(I>nm(9n+m7’/n+m) ~ (fﬂ) /RS( . dS(n+m)wn+m¢nm(wn+m)

n n+m
< [[as@.0) [ a5, (5.28)
i=1 j=n+1

The quasi inertial condition can be used in Eq. to let the integration
with respect to the position variables Z; run inside of the region |az; — 1| < e.
The Heaviside theta function appearing in Eq. implies that a necessary
condition for the localization condition is that ®,.,(0ntm, Vntm) is vanishing
when at least one v variables is equal to L. Therefore, hereafter we only consider
the right-wedge wave function énm(9n+m) defined by Eq. .

Due to the quasi inertial condition (5.21]), one may also introduce a cutoff
0z for any integration variable z in Eq. and assume that any integration
can be approximately performed in z € [a~! — dz,a™! + 62], with

6z <ea™t, (5.29)
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instead of the full real axis. By considering such an approximation in Eq. (5.28)
and by using Eq. (5.10)), one obtains

(I)nm(ener) %/ d3(n+m)kn+m&nm (kn+m)
R3(n+m)

n n+m
x [[ e (ki 6:,62) T] o (k;.65,62), (5.30)
=1 j=n+1
with
oo 1 2 a 146z
a(k,0,02) =— | 01 + me. / dz P,
h h a=1-6z R2
x f*(k,0,2)F (0, Zp(2))e! -7+ (5.31)
By using Eq. (1.12) and integrating with respect to #,, Eq. (5.31) becomes
ok, 0,62) = 62k, — 0, )x(k,0,62), (5.32)
with
. p ch a 452 ) _ .
k,Q,62) = |—= (Q+— dze”**F(Q, k1, Zp(2)), (5.33
WE000) = [ (0 ) [Tt Re B ), 6

which is the equivalent of Eq. (3.84) with a cutoff 6z, v = R and w(k) ~ mc?/h.
We are interested in the behavior of E, Q, 0z) with varying €. In particular,

(5.34)

with y
o [ ha\**
a=2"1/3 <a> (5.35)

as an acceleration dependent adimensional variable. We furthermore consider
the following adimensional variables

L QL 5z = B2 (5.36)

a mc?’ a

In this way, Eq. (5.33) reads as

moz exp (_ikaB> X (ak hid W) , (5.37)

x(k,Q,02) =

Q| Ql

h a’ mce? @
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with
S A 5z P,
x(k,Q,6%) = M dze~®ZF(Q k., 7) (5.38)
V1 +2ak2/6z J -5z
and
= _ = a =~ [ me2Q al@_ az+1
F(Q,kJ_7Z) = %CF <h, ?, ZR < o ) (539)

as adimensional functions. The variable k; appearing in Eq. || is made of

the transverse components of l?, ie: ki = (ki ko).
Explicitly, Eq. (5.38) reads as

C(F. .0 21 " et
X\K,34,02) = — Z
273/23/1 + 2ak2\adz J oz

/| . o) 142k 2,
X sinh (\/ﬁ> Ki(l/\/ﬁ T(l +CLZ) . (540)

We numerically compute Eq. (5.40) and plot the results in Fig. for different
values of k3 and Q. We choose a € {0.1,1} and 6z € {1,10} to show the
quasi-inertial limit (i.e., @ < 1 and §z < 1).

Conditions (2.1]), (2.83a)), (5.29) in the new set of coordinates become

an~e k| <1, 5z <1, (5.41)

~

whereas Eq. (2.47)) becomes
2 —1]

<1 (5.42)

Ql

In Fig. we show that when the parameter @ and the coordinates |I?| and

0z are constrained by Eq. 1' )’((l?, Q,6%) is not vanishing only for Q such
that Eq. (5.42)) holds. In other words, the regime of low acceleration (@ < 1),
quasiflat metric (6z < 1) and nonrelativistic Minkowski momenta (|k3| < 1)

is characterized by a distribution )‘((l?, ), 6%) peaked at nonrelativistic Rindler
energies (€2 ~ 1). As a result, Eq. (2.47) selects only nonrelativistic frequencies
for which ®,,,,(0y,44n) is not vanishing.

Dirac Minkowski-Fock state

The discussion we provided for the scalar fields can also be extended to the
case of Dirac fields as well. The only differences are given by the Rindler-Dirac
operators Cos (Q, I?J_) and ﬁys(Q, .Z’?J_) replacing the scalar operators A, Q, .Z’?J_)
and BV(Q, K 1), the Bogoliubov transformation replacing Eq. 1' and
the Sp operator replacing Sg.
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a=0.1,6z=

UOI}RID[O0DR MO[

nonrelativistic limit

oLjew yepgisenb

Figure 5.1: Distribution of Rindler energies € (horizontal axis) with respect
to Minkowski momenta k3 (vertical axes). The quantity measured here is

x(k,Q,0%), which describes how energy-momentum distributions transform
from inertial to accelerated frames [Eqgs. (5.30), (5.32), (5.37)]. For simplicity,
we ignore the transverse coordinates = and y by choosing k; = 0 and ky = 0.
The regime of low acceleration (a < 1) and quasiflat metric (6z ~ 1) [Eq. (5.41)]
are indicated with, respectively, blue and purple arrows. In such regime, non-
relativistic Minkowski momenta are paired with nonrelativistic Rindler energies

(green arrows). Indeed, when k3 < 1 [Eq. ], x(k,Q,0%) is peaked for
Q~1|[Eq. ] This means that in the quasi-inertial regime, the accelerated
observer agrees with the inertial observer about the nonrelativistic nature of
particles created over the vacuum state |Oyp).
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For instance, in the case of single particle state |¢), we can use the definition
of wave function 1 (s, k) given by Eq. l) ie.,

2
)= 3 [ k(s Bl 100,00 (5.43)

1/;1 (s, E) can be used to define the nonrelativistic condition for the particle in
the inertial frame

Rl 1/2

Y1(s, k) =0, if — > ¢€/%, (5.44)

mc
which is the equivalent of Eq. for Dirac fields. The wave function in the
position space, instead, is given by Eq. (L.53); for ¢ = 0, we define () =
1;[}1 (Oa f) .
The representation of |¢) in the Rindler frame can be derived by means of

the Bogoliubov transformation (3.111) and the Rindler representation of the
Minkowski vacuum ((3.130)) in analogy to Eq. . We have that

|¢) = Cy5p 0L, Or). (5.45)

with

2 2
Cp= > ZZ/R d3k/RdQ/Rz d®K (s, k) (k,Q, K1)

y:{L,R} s=1s'=1

x W, (Q, K )ity (k) [Q(Q)C‘is,(ﬂ,ﬁl)+9(—Q)Dys/(—ﬂ,—fﬁ) . (5.46)

By following the same arguments used for scalar fields, one can prove that
Eq. (5.46]) can be approximated by

Com S [ @ [ @0 Pk F T a0 64

s=1s'=1 Rxr,c
if and only if the wave function v (%) satisfies
P1(Z) = 0, if laz — 1| > ¢, (5.48)

which is the equivalent of Eq. for Dirac fields and with v = R. The
equivalence between the scalar and the Dirac case is due to the similarities
between the Bogoliubov coefficients (3.94) and (3.117).

Equation is the quasi-inertial condition for the Dirac field |¢). It gives
a necessary and sufficient condition for the C’w operator to be made exclusivity
of nonrelativistic right Rindler creators; additionally, the number of particles
created over the Minkowski vacuum |0y) = §D|OL, Ogr) is preserved.
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5.3.2 Quasi-inertial observer

In Sec. We found that Eq. is necessary and sufficient condition for the
operator Cy to be made of nonrelativistic right Rindler creators and to have
the same particle content of ¢4 [Eqgs. and ] Notice, however, that
Eq. does not imply that |¢) is nonrelativistic in the Rindler frame and
the number of particles are still not conserved if one considers the Minkowski
and the Rindler representations of |¢). Indeed, the operator Sg still generates
relativistic particles by acting on the Rindler vacuum |0r,, Og). Equation
is a condition that guarantees the absence of relativistic operators acting on
5‘5|0L, Or) in Eq. ; however S’S|OL, Or) is a relativistic state populated by
a non vanishing number of Rindler particles. Moreover, Eq. (5.21)) is a condition
for the state |¢), whereas the relativistic nature of S’S|OL, Or) and its particle
content are independent of the Minkowski particles created over it.

To solve this problem, we assume that the accelerated observer Rob has an
acceleration that satisfies Eq. and has only access to the region defined
by Eq. , with Z as the right Rindler coordinate describing Rob’s frame.
We already remarked that for any Z such that Eq. holds, the metric
Juv is approximated by 7,,,,. For this reason, we say that Rob is a quasi-inertial
observer.

The localization condition defines the set of particles states that can
be detected by the quasi-inertial observer. For instance, left-Rindler particles are
excluded by such selection, since they are localized beyond the Rindler horizon.
The same occurs for right-Rindler particles with frequency 2 < ca, because they
are localized too close to the horizon. This is a consequence of the fact that the
F(Q, K.,T, )?) modes are exponentially vanishing when Q < ca, aZ 2 —1 and
ha/mc < 1. Indeed, Bessel functions have the following asymptotic behavior

K ¢’ 5.49
€~ 2 (5.49)

when £ — oo, and, hence, F(1, I?L,T,X) goes to zero as

L1
F(QaKLaTaX) ~ AT

h Q
sinh <W>
ca

Cc a

/% exp (—673/2> . (5.50)

We define the Fock space Hgz that is generated by left-wedge particles with
any frequency Q and by right-wedge particles with frequency Q < ca. Hex
represents the set of states that cannot be detected by the quasi-inertial observer.
We define the partial trace Trgg over Hegg, which maps any pure state |®) € Hy, g
into a statistical operator p = Trqe(|®)(®|) describing |®) from the point of view
of the quasi-inertial observer. We also define the Fock space Hqr = Troi(Hr, r)
as the representation space for the quasi-inertial observer. In practice, the quasi-
inertial observer is not able to distinguish between any element of Hgy and the
vacuum state of Hqr.

We now consider a state |¢) that satisfies the quasi-inertial condition
and we derive its representation in Hq. We start by considering the represen-
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tation of |¢) in Hy, g, which is given by Eq. 1D Notice that the Sg operator
defined by Eq. (3.99) can be approximated by

Ss~exp(2 Y / dQ/ KL ¢(Q) [AIT,(Q,I?L)B;(Q, _EL)}A ,
v={L,R} Q<ca R2
(5.51)
since ((€2) is exponentially small when Q > ca. Also, notice that when |¢)
satisfies the quasi-inertial condition , the operator C'¢ is approximated by
Eq. .
The integration interval in Eq. (5.51) is Q < ca < mc?/h [Eq. ],
whereas the frequency variables 6; in Eq. are constrained by 0; ~ mc?/h.
This means that C’¢ is left unaffected by the partial trace Trqq, in the sense that

Tras(Cy0) ~ CyTrez(0), (5.52)
whereas Sg satisfies the trace cyclic property
Trai(SsO) ~ Trei(0Ss). (5.53)

Indeed, the particles and antiparticles created by é¢ are not elements of Hgy,
since 6, ~ mc?/h > ca. On the other hand, particles and antiparticles created
and annihilated by Sg have frequency 2 < ca and, hence, belong to He;.

Equations (5.52)) and ([5.53]) can be used together with (5.15) to prove that

Trea(|6)(8]) & Cyl0q1) (0q1|CY, (5.54)

where
10q1){0q1| = Tra:(|0r, Or){OL, Or|) (5.55)

is the vacuum state of Hqr. Equation (5.54) states that |¢) is seen by the
quasi-inertial observer as a pure state |®) such that

[®) = Cyl0cu). (5.56)

In this way, we have proved that |¢) is seen by the quasi-inertial observer as
a nonrelativistic state preserving the number of particles and antiparticles from
the Minkowski representation. Indeed, by comparing Eq. with Eq.
and Eq. with Eq. , one notices that the same configuration of non-
relativistic particles and antiparticles are created over the respective vacuum.
As said before, the map ég — C¢ preserves the nonrelativistic condition and
the number of particles and antiparticles. The conclusion is that the inertial
and the quasi-inertial observer agree about the first-quantization description of
states.

An analogous result can be obtained for the case of Dirac fields due to
the similarities between the operators Ss [Eq. ] and Sp [Eq. (3.131)] and

between the scalar [Eq. (1.113))] and the Dirac modes [Eq. (1.175)] in Rindler
spacetime.
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5.3.3 Wave function transformation

By means of Egs. and we proved that the frame dependency of
the nonrelativistic limit and the particle production is suppressed in the quasi-
inertial regime. Additionally, we can notice that ®,,,,(8,+m) plays the role of
wave function for |®) with respect to the quantum numbers 6,,,,,, analogously
to qﬁnm( n+m) 0 the inertial frame. The transformatlon between wave functions
¢nm( n+m) = (I)nm(ener) is glven by Eq

The wave function of |®) in the position representation is defined as

2mc? = e -
(bnm(Xn-&-m) = ( h2 > / d3( + )0n+m¢nm(0n+m)
R3(n+m)

n n+m
< [[F@:.0.X) [ F6;,0,X)) (5.57)
1=1 j=n+1

which is the analogue of Eq. (|1.121)), but for the quasi inertial frame and with
antiparticles included as well. As a consequence of Eq. (5.22)), Eq. (5.57) can be
approximated by

n+m

2mc? 2
q)nm (Xn+m) = (h2>
n+m

xﬁ F(0:,0,X;) [] F(6;,0,X;), (5.58)
=1

j=n+1

/ dS(ner)gn—&-ménm(gn—&-m)

3(n+m)
RNRr,c

The wave function transformation ¢nm(€nim) = Ppm(Xni+m) can be de-
rived as follows. Use Eqgs. (3.79)), (5.14)), (5.17)) and the definition of Ryr,m and
Rnr,c in Eq. " to obtain

(Dnm(Xner) R‘// ds(n+m)wn+m¢nm(wn+m)
R3(n+m)
n+m .
xHaR @, X:) J[ an@, X)) (5.59)
Jj=n-+1
with
S QEACN 4200, F (0, 7 070 pe(d0, X). (5.60
(. )= "2 (1) [ POnEE Zae)e ™ @0.5). (5.00)
1>

Use Eq. (1.113a) in Eq. (5.60) to have

o (7, X) = &;) <alz * 1)/9 (00 F(0, Zn(2)) F . Z)eili(@i-X0),
1>
(5.61)

Notice that, as a consequence of Eq. lj the functions ag (Z, X ) appearing
in Eq. (5.59)) are smeared out with a function that is vanishing for ¥ such that
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laz — 1| > e. Hence, we may focus on values of ag (&, X) for Z that are inside
of |az — 1| < e and approximate Eq. (5.61) with

ar (T, X) ~ / dSO%F(@ Zr(2))F(0, Z)e - Fr=X1) (5.62)
61>0 az
It is possible to show that
S 10, 25 PG 2()E . Z) = -2 6(2 — on(2)) (5.63)
o 1haz s LR\ Z 5 = 4’/T2 z ZR . .

A proof for Eq. (5.63) is provided in Appendix Equations (5.62]) and
(5.63) lead to

ar(Z,X) ~ 0(z — 2r(X))6*(FL — X1), (5.64)
which can be used in Eq. (5.59)) to obtain

where
mR(Xn-‘rm) = (fR(X:l)a s 73?R()_('n)a fR()?7L+l)a s 73_3’R()_('n+m))- (566)

Equation ([5.65) states that the wave functions in the position representation
approximately transform as scalars, in the sense that ®,,,, (X, 1) is identical
t0 P (Tptm) up to the transformation #,(X) for each spatial coordinate.

5.3.4 Example: Gaussian single particle

We now provide an example of Minkowski single particle state |¢) to probe the
results that we obtained. We assume that qznm is vanishing for any n and m,
except for n =1 and m = 0. We also assume that the wave function @O(E) has
a Gaussian form along the z axis and vanishing transverse momentum, i.e.,

dr0(K) = 2m (k)5 (k). (5.67)
with ~ v 22
p(ks) = yrdesy (— 5 3 _ ikgzo> . (5.68)
In the position representation, the wave function ¢1¢ [Eq. ] in
$10(%) = (2), (5.69)
with

_ L m62 7 eikgz
o) = = /[R dkgr R seatlC) (5.70)

and € = (0,0,1). The nonrelativistic limit (5.13)) leads to

o(z) ~ Wl/iﬁ exp (-W;U“Z'”Q) : (5.71)
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which is a Gaussian wave function with variance o.
In the accelerated frame, the wave functions ®1(2, K1) [Egs. li and

1' and ®10(X) [Eq. ], respectively, are

B10(Q, K1) =27d(Q)6%(K L), B10(X) = ®(2), (5.72)
with
B() = [ b)), (5.73a)
o(Z) = %é% /Oo AQd(Q)F(9,0,0, 2) (5.73b)
0

and (K, ) defined by Eq. (3.83).
In order for |¢) to be nonrelativistic in the inertial frame [Eq. (5.1)], we
assume that 5

—— <€ (5.74)

mco

which, together with Eq. (2.83a)), reads as
ac 2 €. (5.75)

The localized condition (5.21)), instead, requires

lazg — 1] S e (5.76a)
ac S e. (5.76b)
Hereafter we assume
1
== 5.77
20 (17 ( )

in order to meet condition (5.76a)). On the other hand the values of o are
constrained by Egs. (5.75)) and ([5.76b)) and result in

ao ~ €. (5.78)

We consider the adimensional variables defined by Eqgs. ((5.34)), (5.35)), (5.36]),
together with

ao Z:

_ aZ
g = v
a

(5.79)

—
a

and the following adimensional wave functions

(Fs) = \/gexp (ﬂf) é <“:3> . B2) = \/qu (E‘Za+ 1) . (5.80)

@) = ”f@(m‘;m) 8(2) = Z@(“Z) (5.80b)

-

(=]
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In this way, Egs. (5.68]), (5.70), (5.73) read as

B(k3) =7r1—\/i exp (— 022k§> , (5.81a)

o L e, 1
3(Q) :E/degq’s(/ég) * (ksés, ), (5.81c)
o(Z) :% /0 h dQO(Q)F(Qés, 2r(2)), (5.81d)

where _
- 1 az

Zr(Z2) = = — -1 5.82

zr(2) a[azR(a> ] (5.82)

is the coordinate transformation between the adimensional variables Z and Z,

and where Y, is defined as the adimensional equivalent of x, (l;, Q) by the fol-
lowing identity

ok 2) = /L exp (—zk3> T (ak sy > . (5.83)
mcea a

g~ 1. (5.84)
The explicit form of ygr(ksé3, Q) is given by Eq. (3.93). The adimensional

equivalent of Eq. (3.93)) is
" ST 70\ [
k, Q) = |47\/1 4 2ak? |sinh ( > H
(£ [ V2a?
mQ ]%3 . Q Vv 1+ 2ak2 + v 25,]%3
X exp ( z B In . (5.85)

+1 -
V1 + 2ak? — /2aks

20)32 ' @
By using Eqgs. (1.113b)), (5.39), (5.85)) in Eq. (5.81] -, one is able to compute

the wave functions ®(Q) and ®(Z) in the accelerated frame. The results are

drawn in Fig. [5.2] ~
In Fig. , we show that under condition 1b and @ < 1, ®(Q) is not

vanishing only for nonrelativistic frequencies (2 ~ 1). This is in agreement
with the results of Secs. and in the quasi-inertial regime (¢ < 1,

@ < 1), the accelerated observer detects nonrelativistic particles (Q ~ 1) when
the state is nonrelativistic in the inertial frame (¢ 2 1) as well. Conversely,
when conditions and a < 1 are not met, relativistic energies are present
in the accelerated frame.

In Fig. , we plot the wave function ®(Z). We choose a configuration
in which condition and @ < 1 are met. One can see that ®(Z) is ap-
proximated by ¢(2), up to the coordinate transformation (5.82)). Such a result
confirms the prediction of Eq. for the case of a single Gaussian particle.
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Figure 5.2: Inertial Gaussian single particle wave functions in accelerated

frames. In panel (a), we plot the distribution of Rindler frequencies Q with
respect to different acceleration a and different variance o. If a = 0.1, 0 = 1,
the wave function é(Q) is peaked in Q ~ 1 and, hence, the state is populated by
nonrelativistic energies in the accelerated frame [Eq. ] Conversely, rela-
tivistic energies appear for other configurations. The reasons are the following:
when ¢ = 5, the particle is not well-localized in the region where the metric
is almost flat [Eq. ]; when & = 0.5 the state is populated by relativistic
Minkowski momenta [Eq. ]; when a = 0.5 the acceleration is not suffi-
ciently low for the quasi-inertial approximation [Eq. ] In panel (b), we
show the wave function in the position representation ®(Z) (gray solid line) for
the state seen by the accelerated observer. We choose @ = 0.1 and & = 1 for the
nonrelativistic and quasi-inertial approximation. In such a regime, ®(Z) can be
approximated by the Minkowski wave function ¢(2r(Z)) (orange dashed line).
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5.4 Conclusions

We proved the frame-dependence of the nonrelativistic limit. Specifically, we
showed that by switching from an inertial to a non-inertial frame, the relativistic
nature of quantum states may change: nonrelativistic particles of one frame can
be relativistic for the other observer. Also the number of particles may change.

This can be problematic in the context of non-inertial detectors—e.g., Unruh-
DeWitt detectors [16] 70} 27]. For instance, an atomic detector, that is prepared
in the laboratory frame as a nonrelativistic n-particles state and then acceler-
ated, cannot be described as a fixed number of nonrelativistic particles in its
proper non-inertial frame. The familiar first-quantization description of atomic
systems breaks down when one switches from the inertial to the accelerated
frame.

We have proposed a solution to such problem by considering a quasi-inertial
frame. The observer is defined to have low acceleration in the nonrelativistic
limit and can only have access to a region in which the metric is quasiflat. We
showed that nonrelativistic states in the inertial frame are also nonrelativistic in
the quasi-inertial frame, as opposed to the case of arbitrarily large accelerations.
Moreover, the number of particles is preserved when switching from one frame
to the other. Finally, we showed how scalar particles wave functions transform
from the inertial to the quasi-inertial frame. In particular, we proved that they
approximately transform as scalar fields under the coordinate transformation.



Chapter 6

Experiments: accelerated
detectors

This chapter is based on and contains material from Ref. [5].

6.1 Introduction

In Chap. [3] we discussed the frame dependent representation of states and the
consequent particle production when switching from one frame to the other. In
particular, we showed that the representation of states in terms of Minkowski
particles generally differ from the representation in the Rindler-Fock space. In
principle, this means that the inertial and the accelerated observer would see
different particle content for the same field configuration. This theoretical pre-
diction raises the following questions: How can one experimentally probe the
different particle content in the two frame? Is it possible to detect a Rindler
particle and distinguish it from a Minkowski particle?

In real life experiments, particles are revealed by means of detectors. Due to
the difference between particle contents in different frames (e.g., Minkowski and
Rindler particles), it appears natural to ask which type of particle each detector
is able to reveal: does it detect Minkowski or Rindler particles? The question,
however, is not well posed, since Minkowski and Rindler particles actually come
from different representations of the same state. In particular, the detection of
the Minkowski single particle is equivalent to the detection of the corre-
sponding Rindler-Fock state (3.10)); whereas, the detection of a Rindler particle
is equivalent to the detection of a suitable Minkowski-Fock state representing
the same state. A detector coupled to Rindler particles in the accelerated frame
is equivalent to a detector coupled to Minkowski particles in the inertial frame.

Instead of asking whether the detector interacts with Minkowski or Rindler
particles, one should understand how it reacts in the vacuum of each frame. If
the detector does not “click” in the Minkowski vacuum, then one can say the
detector is tuned for the detection of Minkowski particles; whereas, if it does

169
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not react in the Rindler vacuum, it can be regarded as a Rindler particle detec-
tor. The question now can be formulated as follows: when does the detector is
suited for the detection of Minkowski or Rindler particles? By quoting Unruh,
“a particle detector will react to states which have positive frequency with re-
spect to the detectors proper time, not with respect to any universal time” [16].
Intuitively, this means that detectors with inertial trajectory do not react in the
Minkowski vacuum, whereas accelerated detectors are suited for the detection
of Rindler particles as they do not react in the Rindler vacuum.

It has been argued that experiments in inertial laboratories hardly provide
a test for the particle production and the Unruh effect in accelerated frames,
since any noninertial phenomenon can be equivalently described in the inertial
frame [71I]. However, there can be situations in which the description of the
phenomenon in one frame appears more natural than in the other. An example
is provided by nonrelativistic systems. As pointed out in Sec. due to the
frame dependent notion of time and energy, the nonrelativistic condition is frame
dependent as well, in the sense that any physical setup can only be regarded as
nonrelativistic in one of the two frames. This gives a preferred choice for the
coordinate system and the consequent particle representation.

In QFT, detectors are usually regarded as nonrelativistic systems coupled to
the field that the experimenter wants to probe. Intuitively, we may assume that
the detector appears as a nonrelativistic system in its own comoving frame.
This means that the preferred choice of time coordinate is the proper time.
For instance, if the detector is accelerated, the preferred coordinate system is
given by the Rindler frame (1.106)) and both detector and field are naturally
described in terms of Rindler-Fock states. Clearly, an equivalent representation
can be given in terms of Minkowski particle states; however, the price to be paid
is the loss of the nonrelativistic nature of the detector.

Historically, Unruh-DeWitt detectors are the first proposed model of particle
detectors in the context of QFTCS [16], 27]. They are usually described as ideal
point-like objects with classical trajectory and quantized internal degrees of
freedom coupled with the background field. The first type of model considered
by Unruh and DeWitt is nonrelativistic; in particular, Unruh investigated a first
quantized particle in a box [16], whereas DeWitt [27] considered a monopole type
of detector.

More refined models including the recoil of the accelerated detector and
the back reaction of the Unruh effect superseded the original idealized descrip-
tion [72] [73, [74]. Fully relativistic detectors have been considered in Refs. [16]
72,[75]. Also, a general description of localized nonrelativistic quantum systems
by means of Fermi normal coordinates was presented in Ref. [76].

The Unruh-DeWitt model has been used in different works to describe ac-
celerated atoms as particle detectors [24, 25], 26]. In these cases, the atom is
assumed to be nonrelativistic and made of a fixed number of particles. However,
to the best of our knowledge, the fact that such a description is frame-dependent
has been overlooked. Remarkably, one has to take into account that the labora-
tory and the atom frames have different representations for the same quantum
system.
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In this chapter, we give a brief review of the Unruh-DeWitt detectors and
the experimental proposals to detect the Unruh effect. Afterwards, we discuss
the case of accelerated atomic detector. However, instead of using the idealized
Unruh-DeWitt model, we provide a description from first principle based on the
results of the previous chapters of this thesis. In particular, we consider the
formalism of NRQFTCS and use the nonrelativistic limit of the electron field in
Rindler spacetime presented in Sec.

Due to the accelerating trajectory, the Rindler coordinate system and the
Rindler-Fock representation appear as the most natural choices for the descrip-
tion of the detector. We model the interaction between the atom and the elec-
tromagnetic background via electron-photon coupling. The atomic system is
designed to detect photons with specific spectral energy in the comoving frame.

Unfortunately, we lack of a fully quantum relativistic theory describing the
bound states of the atom. In principle, this would require a genuine QFT
description of electron and nuclear fields interacting between each other via
electromagnetic and nuclear forces and generating a well defined spectrum of
atomic bound states. As far as we know, this has not been accomplished yet.
Hence, we can only rely on the familiar semiclassical nonrelativistic theory,
which needs to be described in the detector comoving frame. We conclude
that the characterization of the atomic detector in the Rindler frame in terms
of Rindler-Fock particles is not only natural, but also practically necessary.
Indeed, the description of the accelerated atom in the Minkowski frame would
require a fully relativistic theory of atomic phenomena that we do not have.

The necessity to describe the state in terms of Rindler particles has the
following consequence. As shown in Sec. if the accelerating atom is pre-
pared in the inertial laboratory frame with a fixed number of nonrelativistic
electrons, it appears as made of an indefinite number of relativistic and non-
relativistic particles in its proper frame. Hence, the first-quantized description
for hydrogen-like atoms cannot be adopted. However, following the results of
Sec. we know how to suppress such a frame-dependent effect. For the case
of accelerated hydrogen-like atom, we show that this can be accomplished by
constraining the atomic ionization and the accelerating electric field.

We identify the physical regimes with nonvanishing atomic excitation prob-
ability due to the Unruh electromagnetic background. We recognize the obser-
vational limits for the Unruh effect via first-quantized atomic detectors, which
appear to be compatible with current technology. Notably, the nonrelativistic
energy spectrum of the atom cannot induce coupling with the thermal radia-
tion, even when special relativistic and GR corrections are considered. On the
contrary, the coupling with the Unruh radiation arises because of relativistic
hyperfine splitting and the Zeeman effect.

This chapter is organized as follows. In Sec. [6.2] we discuss the Unruh-
DeWitt detector as a toy model for accelerated detectors; also, we give a brief
review of the experimental proposal to test the Unruh effect by means of Unruh-
DeWitt-like detectors. In Sec. we study accelerated atoms by applying QFT
in the Rindler spacetime and we detail the observational limits to detect Unruh
radiation via first-quantized atomic detectors. Conclusions are drawn in Sec.
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6.2 Unruh-DeWitt detectors

Since the theoretical proposal of the Unruh effect [14, [15] [16], there has been a
wide interest in noninertial particle detectors to probe this effect. Here, we give
a brief introduction about the Unruh-DeWitt detectors, originally introduced
in Refs. [16} 27].

In Sec.[6.2.1] we discuss the nonrelativistic models considered by both Unruh
and DeWitt; whereas, in Sec. we show the relativistic model proposed in
Ref. [16] as an alternative to the nonrelativistic particle detectors. Finally, in
Sec. we give a brief review about some experimental proposals to detect
the Unruh effect.

6.2.1 Non relativistic models
Particle in a box

In his original work [I6], Unruh considered a nonrelativistic particle in a uni-
formly accelerated box as a noninertial detector. In the comoving accelerated
frame (T, X), the particle detector is prepared in its ground state |0p) and then
interacts with the scalar real field @R(T, X ). The interaction is regulated by
the time dependent coupling constant €(7") simulating the switching on and off
of the detector. Afterwards, if the detector is found in an excited state |np),
one says that a quanta of the field has been detected.

The Unruh effect is the prediction that in the accelerated frame, the Min-
kowski vacuum |0y) of the field dg (T, X) is seen as a thermal state [Eq. ]
This means that |0pp) is filled with Rindler particles that interact with the parti-
cle in the box. For this reason, the excitation of the particle detector is regarded
as an experimental verification of the Unruh effect.

The total Hamiltonian describing the time evolution of the field-detector
system in the right Rindler frame is Hy = I%J,R + }AID,R + IA{inmR [70]. Hq),R
is the free Hamiltonian for the background field ®g (T, X) and is equal to the
right hand side of Eq. . fIDR = EDA]TDAD is the free Hamiltonian of the
detector. The interaction Hamiltonian I:Iint,R couples the detector to the field.
Explicitly, in the interaction picture, we have that

Frasn(T) = <(7) [ X\ ~g(D)on(T, 08X = Xp(T)  (6)

Here, Ep is the energy gap for the detector spectrum and ATD and Ap are, re-
spectively, the raising and lowering operators, defined by /Al;f) Inp) = vn + 1|(n+
1)p), Ap|np) = v/n|(n — 1)p) and Ap|0p) = 0, for any n € N. The states [np)
are the eigenstates of I:IDR with |0p) as the ground state. The operator Xp is
the first-quantized position operator for the particle in the box, with eigenstates

|XD>' Xp(T) is the time evolution of Xp with respect to the free Hamiltonian
HD,R-
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By defining the wave functions 1, (X) = (Xp|np), Eq. (6.1) becomes
Hnn(1) ==(D) S [ X/ =g(R) (T X (R (R}l BT
n,m RS

X ‘TLD><TTLD|, (62)

where the sum )" runs over all elements of the detector spectrum.

Monopole coupling

If we assume that for all practical purposes the box is well localized in X = 0,
then we can approximate Eq. (6.2) as

Hint,R(T) ~ E(T) Z (i)R(T, 6)6i<n_m)EDT/h‘nD><mD|, (63)

n,m

which results in a monopole coupling between the field and the detector.

The same model was considered by DeWitt in Ref. [27]. In this case, the
detector is assumed to follow the classical trajectory X = 0, which, in the
inertial frame, is the uniformly accelerating trajectory parameterized by (¢, %) =
(tr(T,0),0,0, z(T, 0)), with tg (T, X) and z5(T, X) defined by Eq. . The
internal quantum degrees of freedom of the detector couple to the field by means
of Eq. and lead to the detection of Unruh quanta.

The excitation of the Unruh-DeWitt detector can be derived in two equiv-
alent ways: (i) One can use the representation of the Minkowski vacuum as a
right-Rindler-Fock state provided by Eq. and notice that the time evolu-
tion of jp ®|0p)(0p| with respect to the Hamiltonian Hiy r(T') does not lead to
the same initial state pp ® |Op){(Op|; in particular, there is a non vanishing prob-
ability for the detector to be found in an excited state. (ii) Instead of using the
right-Rindler-Fock representation for the field, one can use the Minkowski-Fock
space Hy; by means of Eq. , one can represent Eq. as an operator
acting on Hyr; the time evolution of |0y) ® |0p) with respect to such an operator
has a non vanishing probability to be found in an excited state.

At variance with |Op) ®|0p), the time evolution of the state |Or) ®|0p), with
right Rindler vacuum state |Ogr), does not lead to excitations of the detector
if e(T) is sufficiently slowly varying, i.e., the detector is smoothly turned on
and off. This makes the Unruh-DeWitt detector defined by Eq. as an
instrument well suited for the detection of Rindler quanta.

Notice that the Lagrangian densities associated to Egs. and are
not Lorentz invariant. Physically, this means that the systems are nonrelativis-
tic. Notice also that the Hamiltonian Hg generates the time evolution with
respect to the Rindler coordinate T'. Hence, the unitary operator generated by
Hpy describes the dynamics from the point of view of an accelerated observer
comoving with the detector. To have a proper description from the point of view
of an inertial observer comoving with the laboratory, one needs the generator
of the Minkowski time ¢. However, this requires a fully relativistic theory that
allows for diffeomorphisms between coordinate systems.
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6.2.2 Relativistic model

A fully relativistic model was already discussed by Unruh in his original work
[16] as an alternative to the nonrelativistic particle in a box. In particular, he
considered a particle detector described by two Klein-Gordon complex scalar
fields &, (T, X) and &, (T, X), with masses M| and M; > M), respectively.
$,,(T, X) and Dy, (T, X) represent two field states of the detector, with exci-
tation energy My — M. The interaction action is given by

Stk =2 Y /dT/ X X)
R3

v={L,R}

x {(I)IV(T,X)i)T,,(T,X) + 0y, (T, X)0L(T, X)| &,(T. %), (64)

Here, we consider both left and right wedge to let t = 0 and T = 0 be a
common Cauchy surface in the Minkowski and the Rindler frame, respectively,
as explained at the beginning of Sec.

At initial times (T = —o0), the detector is assumed to be a particle of the
low mass field & iy(T,X ). The “clicking” is given by the transition from the
o, (T, X) particle to a Dy, (T, X) particle. The detection of the Unruh effect
is due to the absorption of an Unruh thermal quanta of ®g(T, X) with the
consequent excitation of the detector via particle transition from & w(T, X ) to
(i)TV(T7 Xi)

To obtain the representative of Eq. in the Minkowski frame, one needs
to consider the transformation of the fields from the Rindler to the Minkowski
frame. The equivalent of Eq. for the detector fields is

—

éiV(TvX) = &i(tV(TvX%fV(TvX»))v i)TV(TaX) = éT(tV(TaX)va(TaX) s

where ¢ (t, Z) and ¢4(t, &) describe the detector in the inertial frame.

Notice that the Rindler coordinate system (7T, X ) only covers the left and
right wedge in the Minkowski frame, respectively defined by z < —c|t| and z >
c|t|. The future (ct > |z|) and the past (¢t < —|z|) wedges, instead, are excluded
by the Rindler frame. Hence, by using Eq. in Eq. and by performing
the coordinate transformation (T, X) — (t,7) = (t,(T, X), %, (T, X)) for each
wedge, one obtains

& by (8, B)PL(t, )| Bt ). (6.
Swn=e e[ [3006:0.2) + 9,0 090 D] 60,2 (69)

The assumption that the particle detector is well localized in | X| < X in the
right wedge can be implemented by restricting the action of the field operators
P 1w(T, X ) and <I>T,,(T X ) to states that allow for the following approximation

&, (T, X) ~ 0 and &1, (T, X) ~ 0if v =L or | X| > A. (6.7)



6.2. UNRUH-DEWITT DETECTORS 175

Equation can be seen as an approximation for the matrix elements of the
field operators ély(T,)_(') and éTV(T,)?) with respect to the localized states.
The masses of the fields M| and M; must be sufficiently large to let the semi-
classical trajectory X~0 hold; in particular, a Compton length much smaller
than X is required. Also, an accelerating external force in the Minkowski frame
must be introduced to let the detector have a stationary motion in the Rindler
frame.
By assuming that A < a~!, the localization condition for the Minkowski
fields is
by (t, @) = 0 and ¢1(t,7) ~ 0 if |& — Z(t)| > A, (6.8)

where Z(t) = (0,0, 2(t)) is the accelerating trajectory in the inertial frame, with
2(t) = a~! cosh(sinh ™' (cat)) = a='y/1 + (cat)?. Notice that, as a consequence
of Eq. , Eq. is a necessary condition for Eq. .

When the detector localization condition holds, the spatial integral in
the right hand side of Eq. can be extended to the entire space R3, including
the future and the past wedges, i.e.,

Swnme [t [ o3l 060.3) + bt D00 66D (69)

This result can be understood as follows. The operator S’int’R appearing on
the left hand side of Eq. and defined by Eq. gives the time evolution
of the detector-field system with respect to the coordinate time 7'; physically,
it describes how the accelerated observer sees the system evolving from the
asymptotic time T = —oo to T' = +o0o. However, in principle, Sim’R is not
associated to the notion of time evolution in the Minkowski frame; hence, it
does not tell how an inertial observer in the laboratory sees the fields evolving
from ¢ = —oo to t = +00. The genuine action describing such an evolution is

Swei =< [ at [ @ (32D +bndlea] i), (610)

which is equal to the right hand side of Eq. . Consequently, Eq. gives
an equivalence between the two actions, i.e.,

Sint.R & Sine. M- (6.11)

This is a result of the Lorentz invariance of the relativistic action and the local-

ization condition (6.8).

Equation ates that both the inertial and the accelerated observer
describe the asymptotic evolution of the localized accelerated detector by means
of the same interaction Hamiltonian. Hence, they agree about the results of the
detector measurements. In particular, if the detector is prepared as a particle
of the low mass field w(T, X ), then the probability to be found excited (i.e.,
as a particle of &, (T, X)) after a large time of interaction is the same in the
two frame. For this reason, all the predictions that are made in one frame are
also valid in the other frame.
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This result can be applied to the nonrelativistic case as well. By taking
the nonrelativistic limit of the detector fields &, (T, X) and &4, (T, X) in the
Rindler frame, one obtains a model that is similar to the one shown in Sec. [6.2.1]
By considering the fully relativistic theory we know that the predictions made
in Sec. [6.2.] also apply to the inertial frame. However, we cannot use the
nonrelativistic theory to reach such a conclusion. Instead, we need to start
from the fully relativistic theory to obtain Eq. . Then, one can focus
on the accelerated frame and take the nonrelativistic limit to derive physical
predictions is such a frame; the validity of these predictions for both observers
is a priori guaranteed by the equivalence (6.11]).

6.2.3 Experiments

There have been a series of experimental proposal to test the Unruh effect.

For instance, the depolarization of electrons in storage rings [77] has been
explained in terms of Unruh effect in rotational frames [78]. In the experimental
setup, the electron plays the role of Unruh-DeWitt detector, with its spinorial
degrees of freedom coupled to the background electromagnetic field. It has been
argued that, in addition to the spin, also the vertical fluctuation needs to be
considered [79]. Such a degree of freedom has been considered in an experimental
proposal about an electron in a Penning trap [80] as well.

There are proposals that suggest the use of ultraintense lasers [81], 82]. The
growing interest is mainly motivated by the ever-improving experimental set-
ups, that allow to reach very high accelerations [83].

Besides electrons, uniformly accelerated protons have been considered as
well. They can be seen as Unruh-DeWitt detectors due to acceleration-induced
weak-interaction decay [84] 85] 86] and photon emission [87] 88].

Accelerated atomic detectors have also been considered in more recent works
[24, 25]. In these articles, the authors consider a two-level atom accelerated
through a microwave cavity. The coupling between the atom and the electro-
magnetic field is non-adiabatic due to the sharp boundaries of the cavity. Such
a non-adiabatic condition enhances the acceleration-induced radiation.

In the next section, we will consider accelerated atoms as Unruh-DeWitt
detectors. However, differently from the existing literature, we will derive the
description of such detectors from first principles by considering the nonrela-
tivistic limit of a Dirac field in Rindler spacetime.

6.3 Atomic detectors

In Sec. [6.2] we discussed the Unruh-DeWitt detectors. In particular, we consid-
ered the nonrelativistic [Sec. and relativistic [Sec. models proposed
by Unruh [I6] and DeWitt [27] in their original works. These particle detectors
give a simplified representation of physical objects used in real life experiments.

In this section, we consider accelerated atoms as a particle detector to probe
the Unruh effect. In literature, both the nonrelativistic [24] 25, 26] and the
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relativistic [72] Unruh-DeWitt model have been used to study these type of
detectors. At variance with these works, however, we provide a model for ac-
celerated atomic detectors based on the nonrelativistic limit of electron fields
in curved spacetimes. In this way, contrary to Sec. [6.2.1] we outline relativistic
corrections and fundamental subtleties, including the results of Chap. [5 that
have been overlooked in the nonrelativistic theory. Also, at variance with the
relativistic two-scalar-field model of Sec. here, we provide a description
for the particle detector by means of Dirac theory in Rindler spacetime for
hydrogen-like atoms.

As already remarked in Sec. [6.1] the nonrelativistic limit represents nowa-
days the only regime for a fully satisfactory description of hydrogen-like atoms.
Indeed, we still lack of an explicit energy spectrum for the fundamental quantum
fields forming the atomic system. More generally, the fully-relativistic theory of
quantum fields is not very suited for the description of bound states. For this
reason, we consider the nonrelativistic limit of relativistic hydrogen-like atoms
in the accelerating comoving frame.

The framework for the nonrelativistic limit of Dirac fields can be found in
Sec. This method allows for a comprehensive study of the nonrelativistic
regime for hydrogen-like atoms while including fundamental subtleties that come
from the relativistic theory, such as the frame-dependence of the nonrelativistic
condition and the particles number that has been outlined in Chap. [5}

Despite the atom is initially prepared in the inertial laboratory frame as a
nonrelativistic bound state with a fixed number of electrons and nuclear parti-
cles, in the comoving accelerated frame, the energy and the number of the quan-
tum particles are different. The single electron appears as a superposition of
states with varying energy and particles number and the electronic and nuclear
structure is radically modified. The frame-dependent nature of particles—at
the origin of the Unruh effect—mnot only alters the background electromagnetic
vacuum but also the electron and nuclear fields.

Such a frame-dependence poses limits to adopting the familiar first-quantized
description of the hydrogen-like atom in its proper frame and brings up dif-
ficulties in understanding light-matter interaction with noninertial observers.
Lowering the acceleration suppresses the effect on the electrons and the other
nuclear particles [Sec. ; however, this may also suppress the Unruh back-
ground electromagnetic vacuum, with the consequent decrease in the temper-
ature [Eq. (3.13)]. For a non-vanishing measurement of the Unruh effect, one
needs an energy gap AFE such that AFE < kgTy. Hence, the atomic spectrum
must have a sufficiently fine structure to absorb the low-energy Unruh thermal
photons. Is it possible to suppress the frame-dependent effect on the electron
while still detecting the electromagnetic thermal background?

We give a positive answer to the previous question by a rigorous analysis
based on QFTCS. Notwithstanding the suppressed frame-dependent effect for
electrons, the hyperfine splitting provides the energy gap to reveal the Unruh
radiation. We identify a specific parameter region in terms of the nuclear charge
number Z and the electric field F for the detection via first-quantized atomic
detectors.
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The section is organized as follows. In Sec. we use QFTCS to describe
free electrons in inertial and accelerated frames; by using the results of Chap.
we show the frame-dependent particle content of the field and how to suppress
the effect. In Sec[6.3.2] we discuss the atomic stability by studying the interac-
tion with the accelerating field and the nuclear electric field. In Sec. [6.3.3] we
investigate the physical regimes to detect Unruh radiation and we show that the
relativistic hyperfine splitting is responsible for the coupling between the atom
and the Unruh radiation.

6.3.1 Electron field in inertial and accelerated frame

We assume that the atom is ionized with 1 electron and Z > 1 protons and that
the electron is prepared in the laboratory frame as a nonrelativistic particle.
We consider a uniform electric field E = Ees, with E > 0, that produces an
acceleration a along €5 = (0,0,1) such that a = (£ — 1)eE/M, with e the
elementary charge and M the atomic mass. Both the nucleus and electric field
E are treated classically, whereas the electron is treated via quantum field theory
of Dirac fields.

In Secs. and we studied the Dirac field in Minkowski and Rindler
spacetimes. Here, we adopt the same formalism to describe the electron field
in the inertial and the accelerated frame, respectively. By using the interaction
picture, we separate the free field theory from the interaction Lagrangian. In
the inertial frame, the decomposition of the free electron field ¢ (¢, #) in free
modes is given by Eqs. (1.38]), (1.40) and (1.44)); whereas, in the accelerated

frame the decomposition of the field ¥, (T, ff) is given by Egs. (1.125)), (1.175)
and (|1.1706|).

In Sec. 3.5 we derived the frame-dependent particle content of the Dirac
field. In particular, we computed the Bogoliubov transformation relating
Minkowski to Rindler operators. The representation of the single Minkowski-
Dirac particle |¢)) in the Rindler-Fock space Hj, g was reported in Eq. ,
with C’w and Sp respectively define by Egs. and . We can use
this result to describe the single electron as seen by an accelerated observer
comoving with the atom.

In Sec. we showed the frame dependent nature of the particles. By
using Eq. , one can see that any nonrelativistic single particle prepared in
the inertial frame appears as a superposition of states with varying energy and
particle number in the accelerated frame. This can be applied to the case of
noninertial hydrogen-like atom prepared in the laboratory frame by an inertial
experimenter. The frame-dependent particle content of the electron field is
responsible for the appearance of electron states with varying energy and particle
number in the accelerated frame.

In Sec. .3 we showed that the frame-dependent effect is suppressed when
the acceleration « is sufficiently low and the particle state is localized in the
approximately Minkowskian region of the Rindler spacetime (i.e., where g,, ~
Nuv). Any nonrelativistic Minkowski single particle appears as a nonrelativis-
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tic Rindler particle in the accelerated frame if o satisfies Eq. (2.83a) and the
localization in & in such that

laz — 1| S, (6.12)

where € = h)/mc? is the nonrelativistic parameter defined as the ratio between
the nonrelativistic energy A€ and the mass energy mc?. The resulting Rindler
single particle is created over the Unruh background |0ys), which is in a super-
position of Rindler particles. These background particles are mostly localized
far from the region and close to the Rindler horizon. Hence, they can be
ignored for the local detection of the Unruh effect.

6.3.2 Avoiding complete ionization

In this subsection, we discuss the interaction between the electron and the classic
electromagnetic field. We obtain the conditions under which the atom is not
completely ionized by the electric field E. We show that such conditions not
only guarantee the atomic stability, but also suppress the frame-dependent effect
described in the previous subsections.

The classic electromagnetic field acting on the electron comes from the po-
tential energy Vox due to the external electric field E and the potential energy
Vaue due to the nuclear Coulomb interaction. In the comoving frame, Vi is

1—e20Z R

wxt(Z) = . 1
Vel 2) = —5—= (6.13)
The nuclear potential energy Vi, is
12 he
Vnuc(R) = _eQ/EDE’ (614)

where R = |)? | is the radial coordinate, eqrp = (Zay)? is the quantum electro-
dynamics (QED) coupling and o the fine-structure constant.

Equation can be proved as follows. The electromagnetic tensor asso-
ciated to the electric field E in the inertial frame is

0 00 1

, E 0 00 0

P =2 0000 (6.15)
100 0

The Jacobian matrix associated to the coordinate transformation (1.106)) is

e~ cosh(caT) 0 0 c te *Zsinh(caT)
oXH 0 1 0 0
0 0

ce~*% sinh(caT) e~ %% cosh(caT)
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Both Egs. (6.15) and (6.16) can be used to compute the components of the
electromagnetic tensor in the noninertial frame (7, X) as

0 00 1

oxX" X" . B[ 0 0 0 0

g ol T Tl 0 0 0 0 (6.17)
100 0

Equation states that in the accelerated frame, E appears as an electric
field along Z with magnitude e 2% E. The consequent potential energy Vi
that is vanishing for Z = 0 is Eq. .

The electron is pulled away from its orbit by Viy while it is dragged by the
accelerating nucleus via Vj.. If F is sufficiently large, the electron escapes from
the nuclear Coulomb barrier via quantum tunneling, compromising the atomic
stability. To avoid complete ionization, we require a small FE such that

Ve (Ro)| < | B3, (6.18)

with E(go) = —eqrppc?® /2 as the ground state of Vyye, p = (m+My)/mMy ~m
as the reduced mass, My = M as the nuclear mass, Ry = ag/Z as the atomic
radius and ag = ii/mecag as the Bohr radius. Hence, we assume that the external
force Veyt simply perturbs the spectrum of V. via Stark effect.

Equation (6.18) reads as

(Z-1)m
aRy < eQED oM (6.19)
or, equivalently,
Zon)3 m2e3
5« Bx) mic (6.20)

2 he
Notice that the electron is localized inside the region R < Ry since V. domi-
nates over Vey. Notice also that eqpp < 1 and (£ — 1)m < M. Hence, from
Egs. and 7 one concludes that the electron is localized where the
electric field is approximately uniform.
Notice that GQEDm62 is the order of the nonrelativistic atomic energies. This
is a consequence of the fact that the spectrum of Vi, is

EO _ __“QED o 6.21
By comparing Eq. (6.19) with Eq. (6.12), one finds out that the localization
condition (6.12)) is already met by configurations that satisfy Eq. (6.19). Fur-

thermore, Eq. (6.19) leads to

ha 3/2 (Z - 1)777,

— —_— 6.22
me < €QEp 2M (6.22)

which is a sufficient condition for Eq. (2.83al). By constraining E and Z accord-
ingly to Eq. (6.20)), one guarantees the atom stability and the first-quantization
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electron description in the accelerated frame. The atom does not ionize and the
electron appears as a nonrelativistic single particle in both frames.

Equation guarantees a lifetime 7 for the atom that is exponentially in-
creasing for decreasing electric field. Indeed, by using the WKB approximation,
one can find the following ionization rate [89]

1 16 )2 4B
LI E . 6.23
T hROeE( 0 ) P\ 3RoeE (6:23)

6.3.3 Detecting Unruh radiation via Hyperfine splitting

In this subsection, we consider the interaction between the accelerated atom
and the electromagnetic Unruh background. We show the conditions under
which the coupling between electron and Unruh radiation produce measurable
effects. We study the spectrum of the relativistic hydrogen-like atom in Rindler
spacetime with uniform external electric field and we show that the coupling is
induced by the hyperfine splitting. Finally, we plot the regime of parameters
for the observability of the Unruh effect.

In the accelerated frame, as a consequence of the Unruh effect, the electro-
magnetic background appears as a thermal bath [Eq. ], with temperature
given by Eq. . The electron can be excited by absorbing a photon with the
energy AFE, = E, — Ey of the n-th electronic transition. The event is detectable
if

AE, < kpTy, (6.24)

and if the atom has a sufficiently large lifetime such that

h
>
TNAEH'

(6.25)

Equation (6.24) guarantees a nonvanishing probability for the electron to
interact with photons described by the following Boltzmann distribution

1

Pp=—F——.
B = JAE./keTu _ |

(6.26)

A more refined constraint than Eq. (6.24]) can be imposed by assuming a lower
bound for Pg, i.e.,

PB < Pmina (627)

with Ppin < 1. Equation (6.25)), instead, ensures that the absorption spectrum
of the atom is narrow around AFE,,. Given the exponential growth of the atom
lifetime for smaller F [Eq. (6.23))], it is safe to assume that Eq. (6.25) gives an

almost exact lower limit for 7, i.e.,

(6.28)
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The states and energies of the spectrum E,, are the solutions of the Dirac
equation in Rindler spacetime for hydrogen-like atoms with the interaction po-
tential V. They can be computed perturbatively by considering the non-
relativistic hydrogen-like spectrum E,(LO) [Eq. ] perturbed by Ve and by
relativistic corrections coming from the Rindler-Dirac equation.

The energies gaps of the unperturbed Hamiltonian AE,(LO) = Er(lo) — E(()O) in
Eq. are of the order

AE® ~ eqepmc®. (6.29)

By plugging Eq. (6.29) in Eq. (6.24), one finds that the lower bound for the
electric field is
S 21(Zag)? mMc?

~ Z-1 he

which is way larger than the upper bound 1) Hence, AE,(LO ) does not induce
coupling with the electromagnetic background for any stable configuration.

E

(6.30)

Perturbations of ET(LO) do not significantly change the energies gaps, unless
they break the spin degeneracy of the atomic ground state. In that case, the
first level E(()O) splits into the actual ground state Ey and the first excited state
Eq, with AE = F, — Ey < EQEDmCQ.

Provably, the Rindler-Dirac equation for the hydrogen-like atom with poten-
tials Viyue and Voy have a degenerate minimum energy level. Hence, the external

electron field Viy and the special and general relativity corrections do not break

the spin degeneracy of Eéo).

To see this, consider the full Rindler-Dirac equation with potentials V. and
Vext describing the electron in the accelerated frame, i.e.,

thOg¥ = HY, (6.31)
with the following Hamiltonian
H = — ihic*y%4305 — %ha’yofyg + %20 (—ihic® 410y — ihc* Y20y + mc)
+ Vaue + Vext- (6.32)
Notice that H is symmetric with respect to the following unitary operators
Uy =iy’ Piy2~3, Us = icy?y1 Pyy3, (6.33)

where P; is the parity operator for the i-th coordinate, i.e., P; : X — —X and
P, : Y — =Y. Indeed, one can prove that H commutes with U; and Us, i.e.,

[Uy,H] =0, [Us, H] =0, (6.34)
by using the following anticommutative properties

{P17 81} =0, {Pz, 82} =0, (6.35&)
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("= -2, (6.35b)

Equation (6.35b)), the hermiticity of v°, P; and P, and the antihermiticity of
~% can be used to prove the unitarity of U; and U,. Furthermore, Eq. (6.35b))
leads to the following anticommutative relation

(U1, Us} = 0. (6.36)

Equation implies that H and U; are simultaneously diagonalizable. The
same occurs for H and Us. However, U; and U, are not compatible, since, as a
consequence of Eq. 7 they do not commute.

Consider a state ¥ which is simultaneously eigenstate of H and U,. The
non-compatibility between U; and U, implies that ¥ is not eigenstate of Uj.
Hence, U1V is a different state from W. However, UV is still eigenstate of H
with the same energy of U. We find that the Hamiltonian H is at least two-
degenerate for each energy level. This proves that the spin degeneracy of the
first energy level is not lifted by the energy potential V., nor by the special and
general relativity corrections to the accelerated hydrogen-like atom.

One has to look at the hyperfine structure to see a split of E(()O) due to
quantum electrodynamics corrections. The electron-nucleus interaction via spin-
spin coupling generates the following energy gap [90]

, 6.37
0 ifI=0 (6:37)

2 2
A {3177(21 + 1) Zadg™e 140
with Mp as the proton mass. I is the quantum number such that |Iﬂ|2 =I(I+1),
where I is the nucleus spin. g is the effective g-factor defined as follows: ji =
(ghe/ 2Mp)f, where /i is the magnetic moment of the nucleus resulting from its
spin.

Notice that the selection rule that forbids transitions between levels with
vanishing azimuthal quantum number ¢ = 0 breaks down due to the Stark
effect. Hence, the absorption of photons coupled to the hyperfine structure is
allowed.

By plugging Eq. (6.37) in Eq. (6.27), one finds that the atomic hyperfine
structure produces a measurable Boltzmann distribution when I # 0 and when

221 +1)Z3agg Mm?3c3 -t
—1 Prin- .
{eXp ( 3(Z_1) MpheE < (6.38)

Furthermore, the atom has a sufficiently long lifetime when [Eqs. (6.28]) and
(6-37)]

(6.39)

heE 2(Zag)® m2c? 127220 Mp
35 OXP

3  heE @I +1)g m "
Equations (6.38) and (6.39) define the regime of parameters E, Z, M, I, g

for the detection of the Unruh effect via first-quantized atomic detectors. The
results are shown in Fig. where for some nuclear configurations we plot the
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Figure 6.1: Observation window for the Unruh effect via first-quantized atomic
detectors. The constrained variable is the accelerating electric field E for each
nuclear configuration Z, M, I, g [91]. The upper limit for E [Eq. ] guaran-
tees the stability of the atomic bound state and the first-quantized description
of the electron in the accelerated frame. Above this limit, the electron escapes
from the Coulomb potential via tunneling and it appears as a superposition of
states with different energies and number of particles in the accelerated frame.
The lower limit [Eq. (6.38)], instead, ensures the detection of the Unruh effect
from the electromagnetic thermal background via light-matter interaction. Be-
low such a limit, the hyperfine structure of the atom produces an energies gap
that is too large for the Boltzmann distribution to be detected. In (a) we show
the Boltzmann distribution for the atom-radiation interaction [Eq. (6.40)]. In
(b), we show the Unruh temperature Ty of the electromagnetic background in
the accelerated frame for different configurations [Eq. (6.41)].
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range of validity for the electric field E. In Fig. we also plot the Boltzmann

distribution )
(2I +1)Z3a8g Mm?c3 -
P = -1 !
B {eXp < 3(Z—1) MpheE (6.40)

and the Unruh temperature

Z—1 heFE
2r kpMc’

Ty = (6.41)
To overcome background noises, a sufficiently large Ty is needed and requires
high ionization Z.

6.4 Conclusions

Various experimental proposals have been reported to test the Unruh effect. The
proposals include the depolarization of electrons in storage rings [78] [79], Pen-
ning traps [80], ultraintense lasers [81],[82]. The growing interest is motivated by
the ever-improving experimental equipment that allows to reach high accelera-
tions [83]. Besides electrons, also uniformly accelerated protons have been con-
sidered as Unruh-DeWitt detectors via acceleration-induced weak-interaction
decay [84, [85] [86] and photon emission [87, [8§].

In this chapter, we analyzed the electron in the accelerated atom by the
nonrelativistic limit of a Dirac field in Rindler spacetime. While considering
hyperfine splitting, we addressed three problems: (i) the instability of the atom
due to a strong accelerating field; (ii) the frame-dependent nature of the electron;
(iii) the detectability of the Unruh effect due to the electromagnetic radiation.
We have shown that (i) and (ii) impose an upper boundary condition for the
electric field accelerating the ionized hydrogen-like atom. Taking into account
(iii), we determined an observation window in the E and Z plane [Fig. [6.1].
Surprisingly, quantitative estimates unveil that the effect can be detected with
electric fields within the reach of the modern technologies of high-power lasers
and nuclear magnetic resonance.

As a concluding remark, we discuss the possibility to extend our results by
including the Zeeman effect. The presence of a uniform magnetic field B parallel
to the accelerating electric field E has the following effects: (i) it does not affect
the accelerating trajectory of the atom; (ii) it induces an energy splitting at
the ground states similarly to the hyperfine splitting. Hence, for atoms that
have vanishing hyperfine splitting (e.g., nuclei with zero spin), only the Zeeman
effect produces a measurable energy gap that couples to the Unruh radiation.
We remark that, at variance with the hyperfine splitting, the strength of the
magnetic field B can be controlled and induces an arbitrarily small energy gap.
Consequently no lower bound for the electric field E occurs.
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Chapter 7

Localization in inertial frame

This chapter is based on and contains material from Ref. [6].

7.1 Introduction

Much work has been done on the problem of localization in QFT. The difficulties
are explainable by means of some no-go theorems. Notably, the Hegerfeldt the-
orem [92] forbids any notion of localization that assumes causal propagation of
wave functions and orthogonality condition between states in disjoint regions of
space. The Reeh-Schlieder theorem [29], instead, shows that the causal and local
structure of fields does not guarantee the independence between the preparation
of states and the measurement of observables in disjoint regions.

In NRQM, the notion of localization is notoriously given in terms of wave
functions and position operator and follows Born’s interpretation of quantum
mechanics. States are localized in the support of their wave functions, whereas
second-quantized observables are localized in & if they are generated by creators
and annihilators of particles in #. Also, states are orthogonal if the supports
of their wave functions are disjoint and, hence, if they are localized in different
regions. In this case, the Hegerfeldt theorem does not lead to contradicting
results, as the relativistic postulate of causality is not needed in NRQM.

This notion of localization was then extended to QFT by Newton, Wigner
and Fulling [93, ©4]. The so-called Newton-Wigner localization is based on
the orthogonality condition between states in disjoint regions and other nat-
ural requirements that make it conceptually equivalent to the Born scheme.
At variance with Born, however, Newton and Wigner worked in the context
of relativistic theories. Hence, the superluminal propagation of wave functions
predicted by Hegerfeldt gives unsatisfactory results and leads to the idea that
the Newton-Wigner scheme is not suited for a genuine description of local phe-
nomena in QFT.

A fundamental notion of localization is, instead, provided by the AQFT
formalism. As already detailed in Sec. the algebraic approach to QFT is

189
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based on the definition of local algebras by means of quantum fields in spacetime
points. This gives a natural definition of local observables and local preparation
of states.

At variance with the Newton-Wigner scheme, the AQFT framework provides
a genuine notion of localization and it faithfully describes local experiments in
isolated laboratories. The main argument is that the instantaneous propagation
of Newton-Wigner wave functions is in conflict with relativity. Conversely, in
AQFT, the microcausality condition appears as an axiom of the theory and is
expressed by the commutativity of quantum fields in spacelike separated points.

Unfortunately, the microcausality condition does not guarantee the indepen-
dence between the preparation of states and the measurement of observables in
spacelike separated regions. The Reeh-Schlieder theorem demonstrates that
states that are localized with respect to the AQFT scheme are not necessarily
strictly localized [30, BI]. Explicitly, this means that the outcome of measure-
ments in a region Op may depend on the local preparation of states in Op even
if Op and Og are causally disconnected. However, it has been argued that such
a nonlocal effect does not violate causality since it only comes from selective
nonunitary preparations of states [32, [34] [35] [36].

At variance with the AQFT, the Newton-Wigner scheme is not affected by
the Reeh-Schlieder nonlocality. In particular, any state localized with respect
to the Newton-Wigner scheme is also strictly localized and does not affect mea-
surements in any other disjoint space regions. In this case, we say that the strict
localization property is always satisfied.

Also, as a consequence of a corollary of the Reeh-Schlieder theorem [32], [36],
no local creator and annihilator operator can be defined in the AQFT formalism.
This means that, contrary to the Newton-Wigner scheme, the AQFT scheme is
not characterized by local Fock spaces and local vacua.

All the incompatibilities between the two localization schemes disappear in
the nonrelativistic limit. In particular, it has been proven that any operator
that is localized in & with respect to the Newton-Wigner scheme approximates
to an operator localized in & with respect to the AQFT scheme [95] [96]. This
result is in agreement with the fact that the Born-Newton-Wigner and the
AQFT schemes are suited for the description of phenomena in, respectively,
the nonrelativistic and the relativistic regime.

As a consequence of the convergence to the AQFT, the Newton-Wigner
scheme acquires a fundamental notion of localization in the nonrelativistic limit.
Furthermore, the Reeh-Schlieder nonlocal effect is suppressed and any state
locally prepared in a space region V; is also strictly localized in Vi, even if the
preparation is a selective nonunitary operation.

In addition to the Newton-Wigner and the AQFT scheme, we study the
modal localization scheme, which was already introduced in Sec. by means
of the modal representation of single particle states. In Parts[[Jand [[] of the the-
sis, we used the definition of Minkowski particles as positive frequency solutions
of the field equation and we implicitly assumed that these states are localized
in the support of the corresponding modes. This is generally inaccurate, since
a genuine notion of localization is only given by the AQFT scheme which is



7.2. NEWTON-WIGNER SCHEME 191

not compatible with the modal scheme. However, here, we show that in the
nonrelativistic limit the two localization schemes converge. This implies that
the modal scheme is actually suited for a genuine description of localized states
but only in the nonrelativistic regime.

This chapter is intended to be an introductory review on the problem of
localization in QFT. In particular, we consider a Minkowski spacetime and we
study the Newton-Wigner, the AQFT and the modal schemes. We compare
their features and show their convergence in the nonrelativistic limit. We only
focus on real scalar fields, as the only important elements of the theory are
captured by quantum fields without internal degrees of freedom.

The chapter is organized as follows. In Secs. and [7.4) we define the
Newton-Wigner, the AQFT and the modal schemes, respectively. Their features
are then shown and compared to each other in Sec. In Sec.[7.6] we study the
localization in NRQM; in particular, we define the Born scheme and we show the
convergence of all localization schemes in the nonrelativistic limit. Conclusions
are drawn in Sec.

7.2 Newton-Wigner scheme

In their paper [93], Newton and Wigner addressed the problem of localization
of particles in Relativistic Quantum Mechanics (RQM) by deriving the posi-
tion observable and its eigenstates from first principles. They showed that the
definition of localization is uniquely determined by some natural requirements.
They assumed the following general theoretic postulates on the basis of which a
particle can be considered localized at time ¢ = 0 in &: (i) the superposition of
localized states is localized as well; (ii) the set of localized states in & is invari-
ant under rotations and time and space reflections with # as a fixed point; (iii)
states localized in different spatial positions & # &’ are orthogonal; (iv) some
regularity conditions of mathematical good behavior. From these assumptions,
Newton and Wigner derived the definition of a unique position operator Tnw
and localized states |Zxw). The operator was then second quantized by Fulling
[94], who reformulated the theory in the context of QFT.

Newton and Wigner started from the representation of the spinless elemen-
tary particles (i.e., Klein-Gordon single particles) via irreducible representation
of the Poincare group (i.e., energy, momentum and angular momentum). Then,
they studied the case of particles with spin and finite mass. The uniqueness of
the position operator satisfying the natural transformation conditions in RQM
with arbitrary spin was later discussed in [97] and led to the same conclusions
as Newton and Wigner.

The Newton-Wigner scheme in QFT predicts a phenomenon of superluminal
spreading [98] that is in contrast with the relativistic notion of causality. This is
a consequence of the Hegerfeldt theorem [92] [99], whose only hypotheses are the
positivity of the energy of relativistic particles and the orthogonality condition
of states localized in disjoint regions. Due to the violation of causality, the
Newton-Wigner scheme is not regarded as fundamental in nature. Conversely,
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in Sec. we will see that the notion of locality provided by AQFT does not
lead to superluminal signaling and can be regarded as a genuine localization
scheme in QFT.

The present section is organized as follows. In Sec. we briefly show
the results of Newton and Wigner’s work in the context of RQM. Then, in
Sec. [7-2.2] we consider the second-quantized version of the position operator to
define the Newton-Wigner scheme in QFT. Lastly, in Sec. [7.2.3] we review the
literature about the Hegerfeldt theorem and its consequences on the problem of
localization.

7.2.1 Newton-Wigner scheme in RQM

Here, we give the definition of Newton-Wigner position operator and wave func-
tions in the context of RQM.
States with defined momentum |k) are defined as eigenstates of the momen-

tum operator l% satisfying the following orthonormalization property
(B|E"Y = 63(k — k). (7.1)

Starting from the definition of |E>, Newton and Wigner derived the unique state
satisfying conditions (i)-(iv) as

efzk-m .
) = [ kTl (72)

Equation (7.2) describes the state localized in Z at time ¢ = 0 according to
the Newton-Wigner scheme in RQM. This provides the definition of the position
operator

J%NW:/ def|wa><wa|, (7.3)
R3

whose eigenstates are |Znw) with eigenvalues Z. Also, for any state |¢), Newton
and Wigner defined the wave function in position space as

e—iw(R)t+ik-& _
onw (t, %) = (Tnwlo(t)) = ” d?’ngb( ), (7.4)

with w(k) as the frequency of k [Eq. (1.4)] and with (k) as the wave function
in momentum space, defined as

(k) = (ko). (7.5)

The inner product between states can be written in terms of their wave function
in position space as

010) = [ | e (t.2) k(. 3), (7.6
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which is the familiar L?(R?) scalar product.

Notice that in NRQM, wave functions in momentum space are related to
wave functions in position space by means of the Fourier transform. The same
occurs in RQM between the wave functions ¢(k) and ¢nw (0, T) [Eq. ] This
analogy leads to the equivalence between the Newton-Wigner and the Born
localization schemes, which will be detailed in Sec. [7.6.2}

Newton and Wigner already pointed out in their original work [93] that the
position operator i’Nw is not relativistically covariant. For any Lorentz boost
Az : (t,%) — (¥, 27), the state that is localized in (say) £ = 0 at ¢ = 0 is not
localized in & = 0 at ¢ = 0. Hence, two inertial observers do not share the
same notion of localization. This is an important argument against the Newton-
Wigner localization program, since Lorentz transformed frames are physically
equivalent in relativistic theories.

Furthermore, the Newton-Wigner localization is found not to be preserved
in time. Specifically, a particle localized in a bounded region at t = 0 will de-
velop infinite tails at immediately later times ¢ # 0, exceeding the light cone
of the initial region [98]. The phenomenon of superluminal spreading of the
wave functions was then proved to occur for a more general class of localization
schemes. The only condition is a nonconstant Hamiltonian that is a semi-
bounded function of the particle momentum (e.g., Klein-Gordon particles) [99].
This model-independent result goes under the name of Hegerfeldt theorem and
will be discussed in Sec. R

The non-covariant behavior of the position operator Znw and the acausal
spreading of the wave functions make the Newton-Wigner localization unsat-
isfactory for a fully relativistic theory. The solution to this problem will be
found by noticing that the operator xw does not entail any fundamental no-
tion of locality; conversely, it is a mathematical artifice that comes from the
nonrelativistic theory. Only in the nonrelativistic limit of RQM, the Newton-
Wigner scheme obtains a genuine notion of locality. This result will be shown

in Sec. [7.6.3

7.2.2 Newton-Wigner scheme in QFT

In Sec. [7.2.1} we worked in the context of RQM and used the definition of first-
quantized Newton-Wigner position operator Znw to define localized states and
wave functions in position space. Here, we apply these results to the framework
of QFT. In particular, we define localized states and observables by means of a
second-quantized version of Znw. The method is based on the natural embed-
ding of RQM in QFT as the theory of single particle states of the corresponding
quantum fields.

For any scalar field (%(t, Z), the corresponding single particle state with de-
fined momentum k is defined as

k) = a(k)[0n), (7.7)

where dT(E) is a creator operator satisfying the canonical commutation identities
(1.13). Single particle states with defined position are defined by Eq. (7.2).
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Owing to Eq. (7.7), Eq. (7.2) is equivalent to

|Enw) = @l (£)0m), (7.8)
where .
- P ) (7.9)
anw(Z) = . (27T)3a .

is the inverse of the Fourier transform of the annihilation operator a(k).

Notice that there is a one-to-one mapping between the operators anw ()
and d(E) for varying & and k. Hence, the entire Minkowski-Fock algebra 20y
is generated by anw(Z) with varying Z, in the sense that any operator acting
on the Minkowski-Fock space Hy can be written as a linear combination of
products of anw (%) and &Lw(f) operators.

Hereafter, the algebra generated by anw(#) with fixed Z is denoted as
ANV (F). We say that AW (F) is a local algebra with respect to the Newton-
Wigner scheme. Any element of ANV (Z) is an operator that is localized in .
Conversely, any local state |¢) is the result of local operations on the vacuum
background |Oy). Hence, |¢) is said to be localized in Z if there is a local
operator O € ANV (Z) such that |¢) = O|0y).

The definition of localized states and observables can also be generalized to
extended regions. For any region V C R3, we define YW (V) as the local algebra
in V generated by the operators anw (Z) with & € V. We say that the operator
O and the state |¢) = O|0y) are localized in V if O is an element of ANWY (V).

The definitions of local operators and states provided here come from a
second-quantized generalization of Fnw. Notice that, by embedding the rela-
tivistic theory of single particles, the Newton-Wigner scheme in QFT inherits
all the issues concerning the localization of states described by Sec. [7.2.1] This
includes the instantaneous propagation of localized states and the consequent
violation of causality, which will be discussed in the next subsection.

7.2.3 Hegerfeldt theorem

In his original work [92], Hegerfeldt showed that the phenomenon of instanta-
neous spreading for a relativistic particle does not occur only in the Newton-
Wigner scenario. An alternative proof was later provided by Perez and Wilde
[100]. Hegerfeldt and Ruijsenaars recognized that relativity is not needed to
prove the results, while positivity of the energy and translation invariance suf-
fice to give the instantaneous spreading [99]. Then, Hegerfeldt recognized that
translation invariance is also not needed and, hence, the role of positivity of
energy appears to be crucial in the instantaneous spreading of the wave func-
tion [I0I]. However, when translation invariance is not considered, the localized
particle either develops infinite tails immediately after or stays in its support
indefinitely.

In [99], the authors show that any particle confined in a bounded region can
be found in spacelike separated regions at later times if the Hamiltonian is a
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nonconstant semibounded function of the momentum and translation invariant.
Under stronger assumptions, the spreading of the wave function is over all of
space. The conditions considered by Hegerfeldt and Ruijsenaars are met in RQM
and QFT, where the energy of particles w(k) is a function of the momentum k
and is always positive.

The generality of the results is given by the fact that no specific definition
of localization has been considered. To prove that no state can be localized
in a finite region for a finite time interval, Hegerfeldt and Ruijsenaars only
assumed that states localized in disjoint regions are orthogonal to each other.
Also, to show that the spreading is over all of space, the authors assumes the
existence of a positive operator N (V) for any space region ¥V C R3, such that
(p|N(V)|#) € [0,1] is the probability of finding the particle in V. For instance,
in the case of Newton-Wigner localization, N (V) is defined as

=W / dPzal g (7)anw (2), (7.10)

where |V] is the volume of V.

The apparent contradiction with the causal nature of the Klein-Gordon equa-
tion (or any other hyperbolic equation satisfying finite propagation speed, e.g.,
Maxwell equation, Dirac equation) can be argued in the following way [102].
Given any positive frequency solution of the Klein-Gordon equation ¢(t, Z) such
that ¢(0, &) = 0 for any & outside V, then one finds that ¢(¢, Z) = 0 in any region
spacelike distant from V only if 9;¢(0, Z) = 0, which does not occur for positive
frequency solutions. This means that the localization in a finite region for a
finite time is only possible for superpositions of positive and negative frequency
solutions of the Klein-Gordon equation, which are excluded by the hypotheses
of the Hegerfeldt theorem.

7.3 AQFT scheme

In Sec. we reviewed the Newton-Wigner approach to the problem of localiza-
tion in QFT. We remarked that the assumption made by Newton and Wigner
are included in the hypotheses of the Hegerfeldt theorem. The results of the
theorem are incompatible with the causality principle, as they imply a superlu-
minal propagation of the localization condition. The paradox can be resolved
by noticing that, in QFT, the spacetime coordinates z* appear as variables
of the fields ¢(z*) and the causality condition is defined via commutativity of
spacelike separated fields.

In the framework of AQFT, any spacetime event & is provided with a local
algebra 2(€) generated by the field ¢(z*) with z* as the Minkowski coordinate
representing £ [Sec. . More generally, for any spacetime region O, the local
algebra 2(0) is generated by the field ¢(z#) smeared out with test functions
that are supported in the Minkowski coordinate region Oy C R* representing
O. The operator O is said to be localized in @ with respect to the AQFT
scheme if O is an element of A(0). We also define localized states by means
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of the notion of preparation over the vacuum |Op;). The state |¢) is said to
be localized in O if it is the result of local operations on |0y). Explicitly, this
means that |¢) = O|0y), with O € 2(0).

The causality condition states that if Op and Op are spacelike separated re-
gions, the corresponding local algebras (0,4 ) and 2(Op) mutually commute.

For the particular case of the real scalar field ¢(x#), this is a consequence of the
canonical commutation relation . From Egs. and , we find that
[(;B(t,i"),é(t',f’)] = 0 if (¢,%) and (¢, &) are spacelike separated. The commu-
tativity of quantum fields imposes statistical independence of measurements in
spacelike separated regions O and Og, in the sense that measurements in Op
and Op do not influence each other. This leads to the notion of microcausality
of fields, which is included in the axioms of AQFT [28].

The microcausality axiom only ensures independence of measurements in
spacelike separated regions Op and Op. However, experiments also include
other types of operations, such as the preparation of states. Hence, one can
be interested in studying how and when operations in O can be considered
independent of experiments made in any other spacelike separated region Og.
For instance, one may ask if the local preparation of a state in Op influences
measurement in Og.

The localization program in AQFT is crucially affected by the Reeh-Schlieder
theorem [29], which predicts the presence of nonlocal quantum correlations in
the vacuum [Op) [28, 132 33]. One of the consequences of the Reeh-Schlieder
theorem is that measurements made in Op are able to distinguish the vacuum
|On) from some states |@) localized in Op, even if Op is spacelike separated
from Oa. Notwithstanding this apparent incompatibility with causality, it can
be shown that the Reeh-Schlieder nonlocality cannot be used for superluminal
signaling.

Another consequence of the theorem is the fact that one cannot use local
fields to construct the operator N (V) that gives the probability to find a particle
in space region V [32, [36]. This implies that Hegerfeldt formulation of locality
is not compatible with the algebraic notion of locality in AQFT.

The explicit hypotheses and statement of the Reeh-Schlieder theorem will
be given in Sec. Conversely, the solution to the apparent violation of
causality will be discussed in Sec. [7.3.2]

7.3.1 Reeh-Schlieder theorem

In this subsection, we show the hypotheses and statement of the Reeh-Schlieder
theorem. We discuss the dependency of spacelike separated operations and the
nonlocality of number operators as consequences of the theorem.

Besides the microcausality of fields, the other axioms for AQFT in flat space-
time are

1. Isotony: any observable in O can also be measured in a larger region O,
hence, 20(0) C A(O’) if O C O';
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2. Relativistic covariance: each Poincaré transformation p is provided with
a unitary representation U (p) such that U(p)A(O)UT(p) = A(p(O)) with
the vacuum |Op;) as the uniquely invariant state;

3. Spectrum condition: the spectrum of the generators Pr of the translation
are such that P° > 0 (i.e., the energy is nonnegative) and (P°)2 > |P|?
(i.e., the spectrum of the energy-momentum is confined to the forward
light cone, capturing the notion of luminal and subluminal propagation of
physical effect);

4. Weak Additivity: for any region O C M, with M as the Minkowski
spacetime, 2A(M) is the smallest algebra containing | J, . cps A(Oa), where
O, is the region O translated by o*.

Assumptions 2-4 are used to prove the Reeh-Schlieder theorem [29] 28]. The
theorem states that the vacuum |0y) is cyclic for any local algebra 4(0O), in
the sense that for any region O, for any state |¢) and for any e > 0, there
exist an operator O € 2A(O) such that || O|0n) — |¢) ||< €, where || - || is the
norm in the Hilbert space. This means that one can approximate any state of
the global Hilbert space with arbitrary precision by applying an element of any
local algebra 20(O) to the vacuum |0p). Such a nonlocal effect is the result of
entangled correlations in the vacuum [28] [32] [33].

By operating in any bounded spacetime region Oy, one is able to produce
any global state |¢) that may, in principle, differ from |0y;) in another spacelike
separated region Op. Even if Oy and Op are not causally connected, the re-
striction of |¢) in A(Op) may be different from the restriction of |0y) in A(Op).
This result seems to be incompatible with the notion of causality. However, the
contradiction is resolved by noticing that the nonlocal effect cannot be used for
superluminal signaling. A more detailed discussion will be provided in Sec. [7.3.2}

A corollary to the Reeh Schlieder theorem is that the vacuum is a separating
state in any local algebra 2(O), in the sense that for any O € A(O), if O
annihilates the vacuum (i.e., O[0p) = 0), then O is trivial (i.e., O = 0) [32,
36]. The consequence is that local number operators do not exist. As already
anticipated by the previous section, the number operator N (V) is inevitably
nonlocal with respect to the AQFT scheme. This also applies to the Newton-

Wigner number operator [Eq. (7.10)].

7.3.2 Apparent violation of causality

In Sec. [7.33] we introduced the apparent violation of causality due to the Reeh
Schlieder theorem. To see the problem in a physical scenario, consider two ob-
servers, Alice and Bob, which are localized in two spacelike separated regions,
O and Og. Alice prepares a state |¢) = Oa|0y) by means of a local operator
O € A(O,) acting on the vacuum |0yr); whereas Bob performs local measure-
ments by means of the observable Og € 2(Og). As a consequence of the Reeh
Schlieder theorem, we find that there are some cases in which

(#10B|¢) # (Om|OB|0n). (7.11)
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Equation implies that the preparation of the local state |¢) = OA|OM> in
O can be detected by Bob as a result of measurements of the local observable
Og. This seems to be incompatible with the notion of causality since Alice and
Bob are spacelike separated.

The problem has been addressed by different authors [32], [34] [35] [36] and led
to the conclusion that the violation of causality is only apparent. The solution
is given by noticing that a global change of the state is only due to selective
operations that cannot be used for superluminal signaling. This argument will
be detailed in the present subsection.

Firstly, notice that Eq. does not hold if Oy is unitary. Indeed, by using
the unitarity condition OALOAA = 1 and the microcausal commutation relation

[O4,Op] = 0, we obtain
(0M]OL OBO0A|0M) = (000X 04 OB|00) = (00| Op|0n)- (7.12)
Explicitly, this means that
(9|0g|¢) = (0n|OB|0wm).- (7.13)

By following Knight and Licht [30, BI], we say that the state |¢) satisfies
the strictly localization property if it gives the same expectation values as the
vacuum for all measurements in the causal complement of Q. Equivalently, we
say that |@) is strictly localized in Oy if Eq. (7.13)) holds for any Op € 2(Op)
and for any region Op spacelike separated from Q4. As a result of Eq. , we
know that any local unitary operator Us € A(O4) produces a strictly localized
state |¢) = UA\0M> by acting on the vacuum [Oy).

In general, the modification of quantum states due to the interaction with
experimental instruments (e.g., emitters) is represented by a unitary evolution
|Onm) — ﬁint|0M>. However, one can argue that this is not the only way to
prepare local states. For instance, one can use the following procedure: (i) let
the device interact with the vacuum |0yg) to unitarily prepare the state Usnt |OnM);
(i) perform the projective measurement P; over a set of subspaces #; of the
global Hilbert space; (iii) reject all the states that are not elements of (say) Ho.
In this way, the experimenter is sure that the resulting state is an element of H.
The overall operation is said to be selective due to the experimenter’s choice of
selecting a subensemble after the measurement.

In this scenario, the preparation of the state in O affects observations in
the spacelike separated region Og. To see this, consider a local observable
Og € 2A(Ogp) and assume that Ui € A(O4) and Py e 2A(O4). The normalized
state after the preparation is |¢) = Oa|On), with

A P Uin
Ox = 0 t

A= —0int (7.14)
/(O[T BoTae 08)
as a local operator in @a. The mean value of Og is
. Om|U;, PoUsns Og |0
<¢|OB|¢> _ < M| int£ 0 t B| M>’ (7.15)

<0M|UJr POUint|OM>

int
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which is different from (0y|Og|Oy). Hence, in this scenario, Eq. (7.11) holds
and the state |¢) is not strictly localized in On. Notice that the inequality
By = 1 is crucial for the proof of Eq.

We found that only nonselective local operations in O do not change the
vacuum in the causal complement of O4. Conversely, the Reeh-Schlieder non-
local effect and the consequent apparent violation of causality occur when the
state is prepared by means of selective operations on |0y). The defining feature
of this type of operations is the experimenter’s decision to only consider the
subspace Hy and reject all states that give negative results in measuring the
effect Py. Crucially, the outcomes of the projective measurements are random
and only the observer knows when the state has been successfully prepared.
This information can only be shared by means of a classical communication.
Hence, causality is not violated.

To see that selective operations cannot be used for superluminal signaling,
consider again the two experimenters, Alice and Bob, localized in two spacelike
separated regions Oy and Op. Alice performs a selective operation in Op to
prepare a state, whereas Bob measures the observable O € A(Op) in Op. In
order to prepare the desired state, Alice repeats the operation multiple times
and excludes the cases in which the outcome of her selective measurements are
unsuccessful, i.e., when the desired state has not been successfully prepared.
At this point, Alice is biased, as she knows which operation was successful and
which was not. Bob, in principle, is ignorant about the outcome of Alice’s
operations and, hence, does not know when to perform the measurement with
the correct state. He can only acquire this information in two possible ways:
(i) by performing Alice’s projective measurement to verify if the state is the
correct one; however this is only possible if Bob has access to Alice’s algebra
and, hence, if they are not spacelike separated; (ii) by letting Alice share her
information via classical communication, which follows relativistic causality and
forbids superluminal signaling.

To connect with the literature, we agree with Clifton, Halvorson and Valente

IThe results of Eqgs. (7.12) and (7.15) can be extended to the case of general quantum

operations with local Kraus operators K; € (Op) [103] [34, [35]. The statistical operator
describing the state after the operation is

3 Kil0n) (On | K]

p= —— . (7.16)
> (Om | K] Ki[on)
The operation is said to be nonselective only when
ZKTK =1. (7.17)

k3

By using the ciclicity of the trace and the commutation relation between K; € 2(O4) and
O € 2A(Op), one can prove that

Tr(p0) = >, Tr(K] Ki10m) (0m]0)
S0 KK o)

The right hand side of Eq. (7.18) is equal to Tr(|0nm)(0np|O) if and only if the Kraus operators

satisfy Eq. 1) .

(7.18)
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[34, B5] who recognized that the problematic operations are selective. However,
we give a different argument on why no violation of causality occurs even in the
case of selective operations. For Clifton and Halvorson [34], these operations do
not retain full physical meaning, but are partly affected by the purely conceptual
operation of selecting subensembles. In other words, the selective component of
the operation is regarded as mathematical and nonphysical. This leads to the
interpretation of quantum states as partly epistemic entities, where each update
of state after a measurement only represents a change of knowledge of the ex-
perimenter based on the outcome of the measurement. Conversely, Valente [35]
avoided any interpretation of states, while giving arguments to support the the-
sis that superluminal signaling of selective operations cannot be controlled. We
also showed how these operations cannot be used to instantly send information
to another experimenter; however, we used a different argument.

Our approach is inspired by the quantum teleportation technique [104],
where a maximally entangled state is used to teleport a quantum state. In
that case, no violation of causality occurs because a classical channel has to be
employed to transmit information about the outcomes of Alice’s measurement.
This is in complete analogy with the scenario of the Reeh-Schlieder apparent
paradox described here. Hence, we used the argument that the nonlocal cor-
relations due to entanglement is compatible with the prohibitions of superlu-
minal causation. QFT admits correlations between spacelike separated regions
[105], 106] while causality is not violated.

The result is also directly connected to the EPR experiment [107, [34], where
nonlocal quantum correlations are used to globally change a state via local
measurements. The wave function collapse in the EPR scenario cannot be ex-
ploited to instantly send information to another experimenter. Equivalently,
in the Reeh-Schlieder scenario, one uses the vacuum correlations to produce a
nonlocal effect, which, however, does not lead to superluminal signaling.

7.4 Modal scheme

In Sec. [[.13] we derived the representation of single particle states as positive
frequency modes of the Klein-Gordon equation ([1.1)). States with defined mo-
mentum |/_<;> are represented by the free modes which satisfy the orthonor-
mality condition with (¢, ¢')ke as the Klein-Gordon product (I.15). More
generally, any Minkowski-Fock state |¢) € Hy is represented by the wave func-
tions in momentum space ¢, (k,) and in position space ¢, (t,x,), respectively
defined by Egs. and (1.20). To not get confused with the notation of
Sec. we say that ¢nw (¢, Z) is a Newton-Wigner wave function and ¢, (¢, x,,)
is a modal wave function.

In Sec. we also remarked that ¢, (¢,x,) does not entail any genuine
notion of localization in QFT, at variance with the AQFT scheme. To see this,
one can use the same argument provided for the Newton-Wigner scheme. In par-
ticular, one can refer to the superluminal spreading of the modal wave functions
On(t,x,) to claim that the modal scheme is not suitable for the description of
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localized relativistic states. Such an instantaneous spreading can be proven by
noticing that ¢, (t,x,) is a linear combination of products of positive frequency
modes. Hence, if the support of ¢, (t,x,) is compact at a fixed time ¢, then its
time derivative 9y¢y, (¢, X, ) is not compactly supported at the same time ¢ [102].
Consequently, the modal wave function instantly develops infinite tails.

In QFT, the function ¢, (t,x,) cannot be associated to the probability to
find the n particles in x,, = (&1,...,Z,). However, this is not true in NRQM.
In Secs. and we will show that both the AQFT and the modal
scheme converge to the same localization scheme when states and observables
are restricted to the nonrelativistic regime. This means that the modal wave
functions acquire a fundamental notion of localization only in the nonrelativistic
limit.

In the remaining part of this section, we formulate the modal localization
scheme in terms of localized states and observables. By definition, the state |¢)
is said to be localized in a volume V at time ¢ with respect to the modal scheme
if the support of ¢, (t,%,) is in V", in the sense that ¢,,(¢,x,) = 0 when there
isanl € {1,...,n} such that 7 ¢ V.

We now show that there is a natural definition of localized operators based
on the localization of states with respect to the modal scheme. We start by
considering the Minkowski-Fock representation of any state |¢) € Hy given by
Eqgs. and . As specified at the beginning of the chapter, we consider
a real field é(t, Z) which does not include antiparticles; hence, we assume that
m = 0 in Eq. .

The identity relating c{)n(kn) to ¢n(t, x,) is Eq. , which can be inverted
by means of a Fourier transform as

(k) = [(mzmarp /IR N d3"xn¢n(0,xn)ﬁ [\/@e—k] (7.19)

=1

Equation ([7.19) can be plugged in Eq. (5.12) to obtain

~ S 1 3n AT =
ey = T;J Nl A" xp 0, (0,%5,) Hamod(xl), (7.20)

=1

Amod (T) = /RS d3k\/ me“@f&(*). (7.21)

For each & we indicate the algebra generated by the operator dmeq(Z) and its
adjoint as 2A°d (7). For extended regions of space V C R3, we define 2%°4(V) as
the algebra generated by the operators amoq(Z) with & € V. By using Eq. (7.20))
and the definition of localized states with respect to the modal scheme, we find
that é, is an element of A{°(V), with V as the region in which the state
|¢) = é4|0m) is localized at ¢ = 0. This naturally leads to the definition of local
operators as elements of 24°()) and the identification of 2A°4(V) as a local
algebra with respect to the modal scheme.

with
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Newton-Wi- AQFT modal
gner scheme scheme scheme
RelatlYIStIC covariance and No Yes No
causality hold
Th iable T is i
e Yarlab e Z is a genuine No Yes Yes
position coordinate
Opfzrators in disjoint spatial Yes Yes No
regions commute
States in disjoint spatial Yes No No

regions are orthogonal
The global Hilbert space
factorizes into local Hilbert Yes Yes No
spaces: Huv = @, Hum (Vi)
The global vacuum [0y) is
entangled across the local No Yes -
Hilbert spaces Hy (V;)
The local Hilbert spaces
Hum(V;) are Fock spaces Yes No -
with local vacua |0p (V)
The global vacuum
factorizes into the local Yes - -
vacua: [Ov) = Q); [0m(Vi))
Localized states live in local

Hilbert spaces [Eq. (7.26)] Yes ) )
The strict localization Only for local
property [Eq. (7.13)] at Yes nonselective No
t = 0 is guaranteed preparations

Table 7.1: Summary table of the differences between the Newton-Wigner, the
AQFT and the modal localization schemes.

Notice that, due to the invertibility of Eq. , any operator O acting on
the Minkowski-Fock space Hy admits a region V C R? such that O € 2504 (V).
If, in particular, V = R?, then the operator is said to be global (i.e., nonlocal)
with respect to the modal scheme.

7.5 Comparison between localization schemes

In the previous sections of this chapter, we introduced three different localization
schemes in QFT. Here, we compare them and we detail the relevant differences.
A summary of the discussion can be found in Table



7.5. COMPARISON BETWEEN LOCALIZATION SCHEMES 203

7.5.1 Newton-Wigner and AQFT scheme
Fundamental differences

There are significant conceptual differences between the Newton-Wigner local-
ization and the AQFT localization schemes. The former is based on the or-
thogonality between states localized in different regions and leads to frame-
dependent (i.e., noncovariant) features and superluminal phenomena. Con-
versely, the AQFT localization scheme is causal and covariant and, hence, it
is regarded as fundamental in nature. In particular, the commutativity of fields
in spacelike separated regions guarantees the independence of measurements.
Furthermore, if a state is localized in one region V of space at ¢ = 0, there is no
mean by which one can instantaneously send information outside the light cone
of V.

In the Newton-Wigner scheme, the variable ¥ appears as a result of second-
quantizing the position operator Znw. Conversely, in the AQFT scheme, the
variable T is associated the coordinate system representing the underling space-
time and, hence, entails a genuine notion of localization.

Other differences between the Newton-Wigner and the AQFT schemes can
be obtained by considering the respective local algebras 2NV (V) and 2(0).
However, notice that V is a subset of R3, whereas O is a region of spacetime.
Hence, a direct comparison between the two schemes can only be made if we
restrict O to a space region at t = 0. This is possible due to the dynamical
structure of the field qg(x”) Indeed, as a consequence of the Klein-Gordon
equation and the hyperbolic nature of the spacetime, any region O admits
a minimally extended Cauchy region Cy inside the hypersurface t = 0 such that
the field operators ¢(z#) inside O can be written in terms of field operators ¢(z#)
and 7 (z") [Eq. ] inside Co. Explicitly, this means that 2A(O) C Qlf/IQFT (Co),
where Q[QQFT(V) is the algebra generated by the field operators gﬁ(O,f) and
(0, &) with varying & € V. We also define the local algebra in a space point
Qll\A/[QFT(f) as the one generated by the fields ¢(0, %) and #(0, %) with fixed Z.
The Newton-Wigner and the AQFT localization schemes can now be directly
compared by means of the algebras 23V (V) and Qlf/IQFT (V), or, equivalently,
by means of AW () and QIQQFT(JE').

By comparing the algebras 2ANW (#) and 25T (Z), one can notice that the
two notions of locality are not compatible, in the sense that if an operator is
Newton-Wigner localized in Z, it cannot be localized with respect to the AQFT
scheme as well. Explicitly, we are saying that 2\ () # Qlf/IQFT(f).

This can be proved by reminding that operators in 23V (F) are generated
by the Newton-Wigner annihilation operator danw(Z) and its adjoint, whereas
the algebra Q[I\A/IQFT(E) is generated by the field operators $(0,Z) and #(0, Z).

By using Eqs. (1), (T1T), (T12) and (79), we obtain

(@) = [ %[y @ = )00 + s 7= 2)70.5)] . (722
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From Eq. , it is possible to notice that f; ,\w(Z) and frnw(Z) are
supported in the whole space R3. Consequently, the right hand side of Eq. -
is nonlocal with respect to the AQFT scheme. This means that anw(Z) ¢
AT (7) and, hence, ANV (Z) # AT (D).

Local particle content

An important difference between the two schemes is given by the notion of the
vacuum as locally and globally devoid of quanta [I08]. The Newton-Wigner
operators anw (%) [Eq. . | annihilate the vacuum, i.e., anw(Z)|0p) = 0, and
can be used to define a local number density operator N (V) [Eq. ] Con-
versely, the corollary of the Reeh-Schlieder theorem forbids the definition of such
an operator in the AQFT localization scheme. In that case, the vacuum is not
locally devoid of quanta, but only globally.

Notice that the Newton-Wigner operators anw (Z) satisfy the canonical com-
mutation identity

[anw (Z), alow (T)] = 0%(F - &), [anw (2), anw (#)] = 0. (7.24)

Hence, anw (%) can be interpreted as a local annihilation operator in the Newton-
Wigner scheme. Conversely, due to the corollary of the Reeh-Schlieder theorem,
local creation and annihilation operators do not exist in the AQFT scheme.

The existence of local creation and annihilation operators in the Newton-
Wigner scheme ensures that the global Fock space factorized into local Fock
spaces Hu = @, HNY (V;), where {V;} is any partition of R®. The vacuum
of each Fock space HYW (V;) will be denoted as [03V(V;)) and is defined by
anw (Z)|05Y (V;)) = 0, for any F € V;. From the definition of [03V(V;)) and
the fact that the Minkowski vacuum |Opp) is always annihilated by anw (%), we
find that |On) is equal to the product state of the local vacua, i.e., |Opm) =
&, |0m(Vi)), and, hence, it is not entangled across the local Hilbert spaces
Har¥ (Vi)

In the AQFT scheme, the global Hilbert space Hy can be factorized by
means of the local field operators ¢(0, ) and #(0, a‘:’) and their commutation
relations , which lead to Hu = ), ’HAQFT( ) However, a factorization

2We remark that the factorization Hy = ), HﬁQFT(Vi) is not mathematically precise
and can be considered valid only in some sort of limit. In particular, in the rigorous context of
AQFT, the microcausality condition does not guarantee the factorization of the global algebra
into the local algebras 2 = @), QlAQFT(Vz)

AQFT (Vz)

However, a weaker version of 2 = @), 2y, can be found in those theories that satisfy
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of Hy into local Fock space is not possible, due to the nonexistence of local
creators and annihilators. Consequently, the local Hilbert spaces H@IQFT(Vi)
cannot be Fock spaces and the global vacuum |Op) cannot factorize into local
vacua. More precisely, |Oy) does not factorize into any set of local states, since

it is entangled across the local Hilbert spaces ?ZlﬁQFT (Vi) 28,132, 33].

Independence via tensor product of local Hilbert spaces and algebras

In quantum physics, the independence of physical phenomena is represented
by the factorization of states and observables. In the usual prescription, two
distinct laboratories, A and B, are supplied with their own Hilbert space Ha
and Hp, the respective experimenters prepare the states |1)5) € Ha and |¢p) €
Hp and perform the measurement of the observable Oa and Op. The global
Hilbert space, state and observable are the respective tensor product Ha ® Hp,
|1/JA> X |1/JB> and Op ® Op.

A similar factorization also occurs in the Newton-Wigner and the AQFT
schemes. In particular, the global Hilbert space factorizes into local Hilbert
spaces, i.e., Hum = @, Hm(Vi). Hence, the two laboratories A and B can
be represented by local fields in the respective regions Va and Vg. Here, we
use a unifying notation for both schemes by indicating local Hilbert spaces as
Hwm(Vi). Depending on the circumstances, if we are referring to the Newton-
Wigner scheme, then Hy(V;) = HAY (V); conversely, for the AQFT scheme,
Hu (Vi) = HOET (V).

The factorization of Hy into Hy(Va) @ Hum(Ve) ® ... allows experimenters
in Va and Vp to independently prepare and measure states in their own bounded
regions. The fact that the experimenter in V, is able to perform measurements
independently from Vg is made possible by local operators in V4 which act as
an identity on H(Vg).

We remark that the only preparations in Vja that are guaranteed to not
affect measurements in Vg are nonselective. Notwithstanding the factorization
Hy = Hv(Va) @ Hu(VB) & . . ., selective operations may still lead to nonlocal
effects as a consequence of the nonunitary state update. The problem has been

the so-called split property [109]. The assumption is that for any couple of spacetime regions
O and O’ D O there is a type I von Neumann algebra R such that A(O) C R C A(O’). The
split property has been proven in a variety of models, including free massive scalar field [110],
Dirac, Maxwell, free massless scalar fields [I1I] and free massive fermion fields [112].

A weak notion of independence via tensor product of local Hilbert spaces and algebras
is present in quantum field theories with split property [59]. In particular, for any regions
O, O)y and Op such that Op C O/, and Op is spacelike separated from O’ , the following
isomorphism holds

2A(0a) VA(Op) = A(O4) @ A(OB), (7.25)

where the left-hand side is the algebra generated by sums and products of elements in 2A(Oy )
and 2A(Op) and the right-hand side is the spatial tensor product of the algebras.

The notion of independence via tensor product is weak because one can consider any O’y
arbitrarily close to O, but never equal. In other words, the region O/, ensures that O and
Op do not touch at their border; however, one can consider the limiting case in which the
two regions Op and Op are arbitrary close. Hence, the factorization A = ), QI&QFT(VZ') can
only by formalized in such a limit.
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discussed in Sec. for the case of the AQFT scheme. In particular, we
showed that the strict localization property of states is not always satisfied as
a result of the Reeh-Schlieder theorem.

In this subsection, we will demonstrate that the Newton-Wigner scheme is
not affected by these nonlocal effects. In particular, we will show that in the
Newton-Wigner scheme the strict localization property is always satisfied and,
hence, local measurements in Vg are independent of selective preparations of
states in V4.

Intrinsic notion of localization

Due to the factorization of the global Fock state Hy = @, HN"W (Vi) and the
global vacuum [Oy) = &), [0 (Vi) in the Newton-Wigner scheme, we find that
any state that is localized in V can be written as

) = Olom(V)) ® ®|0M(vi)> : (7.26)

where, in this case, {V;} is a partition of R3\ V and O is an operator act-
ing on HYW (V). The same factorization does not occur for localized states
in the AQFT scheme, because the global vacuum does not factorize in Hy =
®; Har L (V-

Equation gives a definition of localized states in terms of a local Hilbert
space HYW (V) as the domain of the state. Intuitively, we say that the state |¢)
lives in HYW (V), while it appears indistinguishable from the vacuum outside
the region V. Such a notion of localization can be compared to the one provided
in Sec. by means of local operators O € ANV (V) acting on the vacuum
|On). The physical interpretation was that the local state is the result of lo-
cal operations occurring in V over the vacuum background |0p). Conversely,
Eq. gives a notion of localization that is independent of the preparation
of the state.

The intrinsic notion of localization provided by Eq. is missing in the
AQFT scheme, which can therefore only rely on the interpretation of localized
states in terms of local preparations over the vacuum |Op). In that case, the
local state |¢) = O|0y) with O € QL?AQFT(V) cannot be said to live inside the

local Hilbert space Ha2r T (V).

Strict localization property and Alice-Bob scenario

As a consequence of Eq. the strict localization property is always satisfied
in the Newton-Wigner scheme, in the sense that any state |¢) localized in Va
with respect to the Newton-Wigner scheme always appears indistinguishable
from the vacuum |Op) in any other separated region Vg. Explicitly this means
that for any |¢) = Oa|Oy), with Oa € ANV (V4), and for any observable Og €
ANV (VB), Eq. (7.13) holds. The proof comes from the factorization of |¢) and
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Op in Hy = HNV (Va) @ HYW (VB) ®. .. and from the normalization condition
1= (9l6) = (Oui(Va)|OLOalOn(Va)).

The result may be understood in terms of the Alice-Bob scenario presented
in Sec. for the AQFT scheme. An experimenter (Alice) prepares a state
over the vacuum |Op;) by means of local Newton-Wigner operators anw(Z) €
AW (Va). Another experimenter (Bob) performs measurements in a separated
region by means of local Newton-Wigner operators anw (7) € 23" (V). From
Eq. , we deduce that the outcomes of Bob’s measurements are independent
of the preparation of the state by Alice.

Hereafter, we will refer to this scenario as the Newton-Wigner Alice-Bob
experiment to not get confused with AQFT Alice-Bob experiment presented
in Sec. The discussion of Sec. led to the conclusion that not all
the states that are localized with respect to the AQFT scheme are also strictly
localized, at variance with the Newton-Wigner scheme.

The two Alice-Bob scenarios lead to different results. One may ask which
one would be applicable in real experiments. We have already remarked that the
AQFT localization scheme is fundamental and entails causal processes. Hence,
we may be prone to consider the AQFT Alice-Bob experiment as the most
relevant one, while the Newton-Wigner Alice-Bob scenario should not be un-
derstood as having a genuine notion of localization. The processes considered
in the Newton-Wigner case are physically realizable, in the sense that the state
prepared by Alice and the observable used by Bob exist; however, they can
hardly be interpreted as genuinely local. If, for instance, Alice uses an emitter
to produce the state over the vacuum, the correct way to describe the QFT
interaction between the device and the field is by means of local unitary evo-
lution, with the AQFT notion of localization. This would motivate the idea of
considering the AQFT Alice-Bob scenario as the one genuinely describing two
macroscopic experimenter living in disjoint regions of space.

Orthogonality condition

By means of Eq. we found that the Newton-Wigner and the AQFT
schemes are incompatible. This seems to contradict the idea of generality advo-
cated by Newton and Wigner in Ref. [93]. In particular, the two authors only
considered a minimal set of physically motivated postulates to define the notion
of localization in RQM. At least one of the postulates for the Newton-Wigner
localization must have been ignored in the AQFT scheme.

The missing assumption is the orthogonality of states in different spatial
positions. To see this, consider the states |¢a) = $(0, F4)|0m) € Qlf/IQFT(fA) and
|pB) = ¢(0, Zp)|0M) € QlﬁQFT(fB), which are respectively localized in Za and ¥
according to the AQFT scheme. Assume that the two points are different, £y #
g, and, hence, the states are localized in disjoint regions. By following Newton
and Wigner’s assumptions, one would expect that (¢a|dp) = 0; however, this is
not true. The inequality (¢a|éB) # 0 can be checked by computing the 2-point
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correlation function

f e ok 5, eiF (@a—Tn)
(Om[(0,Za) (0, Zp)|0n) = W/Rgd kT(E), (7.27)

which is different form zero.

We recognize that the orthogonality condition is not met by the AQFT local-
ization. Consequently, the probability transition associated to the two spatially
separated states [(¢a|¢p)|? is different form zero. The result is apparently para-
doxical, as it seems that there is a nonvanishing probability for a local state to
be found in another disjoint region [I08]. The paradox is resolved if we assume
that in AQFT the definition of localized states can only be given in terms of
local preparations over the vacuum |Op).

At the beginning of Sec. we said that |¢) is a localized state with respect
to the AQFT scheme if it is the result of local operations on |Op). The same def-
inition was also provided for the Newton-Wigner scheme in Sec. Then, we
found that an intrinsic notion of localization naturally occurs due to Eq. ,
which provides a definition of localized states as elements of the local alge-
bras HNW (V). This notion of localization only appears in the Newton-Wigner
scheme. Conversely, in the AQFT scheme, Eq. does not hold because
local vacuum states do not exist; hence, the definition of localized states can
only be provided in terms of local preparations over the vacuum |Oy).

The quantity |(¢)a]1)|? should be interpreted as the probability for a state
locally prepared in Zs to turn into a state that can be locally prepared in
Zp. The fact that (¢¥a|yp) is different from zero implies that |[¢g) can be ob-
tained as an outcome of the projective measurement |¢g){1g| on |1a), ie.,
[¥p) o |¥B){¢¥B|a). This means that |¢)p) may be prepared in both of the
following ways: either (i) via local operation ¢(0,Zp) on |Oy) in Zp or (ii)
via local operation QAS(O,fA) on |Op) in Za followed by the projective mea-
surement |¢p)(¢g|. The apparent paradox comes from the unexpected com-
patibility between (i) and (ii) notwithstanding the fact that Zx and Zp are
different points. However, notice that the operator |ip){(¢5| is nonlocal, i.e.,
[vB)(vB| ¢ QlI\A/[QFT(fB). Due to the nonlocality of the projective operation, one
should not be surprised by the compatibility between (i) and (ii).

7.5.2 Newton-Wigner and modal scheme

In this subsection, we detail the differences between the Newton-Wigner and
the modal scheme.

As remarked in Sec. the variable ¥ in the Newton-Wigner scheme is
not a space coordinate and, hence, it does not entail any genuine notion of
position. Conversely, in the modal scheme, Z appears as a space coordinate for
the positive frequency modes f (E,t,:f) that are solutions of the Klein-Gordon
equation . The representatives f (E,t@’) inherit the fundamental notion
of spacetime event (t,Z) from the QFT framework. Hence, in analogy to the
AQFT scheme, we say that the variable ¥ entails a genuine notion of position.
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A feature that both localization schemes share is the acausal spreading of
the wave functions, which was discussed in Secs. and [7.4] In particular, the
superluminal effect in the Newton-Wigner is a result of the Hegerfeldt theo-
rem [Sec. [7.2.3], which is a no-go theorem for localization schemes that simul-
taneously satisfy (i) causality, (ii) positivity of energy and (iii) orthogonality
condition for states in disjoint spatial regions. The acausal spreading of the
modal wave functions ¢,,(t,x,,), instead, was proved in Sec. by means of the
non-localizability of positive frequency modes for finite intervals of time. The
Hegerfeldt theorem cannot be applied in this case because the assumption (iii)
is missing.

The lack of assumption (iii) can be proved by considering two single particle
states |pa) = d;od(fA)\0M> and |¢p) = d;od(fB)|OM> respectively localized
in ¥ and 7. By using Eq. and the commutation relations ((1.13)), we
obtain .
hw (k) etF (Fa—ah)

mez  (2m)3

(6alon) = /R d’k

which means that (¢a|¢p) different from zero even if £ # Zp. At variance with
the Newton-Wigner scheme, the modal scheme admits non-orthogonal states
that are localized in disjoint spatial regions.

By using again Eq. and the commutation relations ([1.13)) one can also
prove that

(7.28)

) . _ Fo(R) eiF- (@)
[atnod(z)7ajnod(x/)] - /Rs dSkm(CQ)(QW)?” (7.292)

[&mod(f)admod<f,)] =0. (729b>

Equation ([7.29a)) implies that the modal operators dmoq(Z) and a a od (&) cannot
be 1nterpreted as local annihilation and creation operators, at variance with the
Newton-Wigner operators anw(Z) and dLW(f). It also implies that operators
localized in disjoint spatial regions generally do not commute. Explicitly, this
means that there are operators Op € A°d(Z,) and Op € AN (&) such that

[Oa, O8] # 0, (7.30)

even if Zp # Zp.

As a consequence of Eq. , the global Hilbert space does not factorize
into local Hilbert spaces. This means that the modal localization scheme lacks of
the notion of independence via tensor product of local Hilbert spaces. Also, local
Fock spaces do not exist and the global vacuum cannot factorize into local vacua,
since local Hilbert spaces are nonexistent in the first place. Consequently, the
strict localization property is not guaranteed in the modal scheme, at variance
with the Newton-Wigner scheme.

All of these differences show that the two localization schemes are incom-
patible. More generally, it is possible to demonstrate that any operator or state
that is localized with respect to one scheme it is not localized with respect to
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the other. The proof is similar to the one provided in the previous subsection
for the Newton-Wigner and the AQFT scheme. Consider the operators moq (%)
and axw (7), which generate the respective local algebras 201°4(%) and AW (F).

Use their definitions [Egs. (7.9) and (7.21))] to compute

moa (7) = /R @ fawemoa (7~ i (7), (7.31)

l _' zk X
fNWl—)mod /]R‘S d3 82 (732)

Notice that the support of fNw—smod(Z) is R3, which means that Gmod (Z) is non-
local with respect to the Newton-Wigner scheme. This proves that 2°d(z) #
QIE/IW(E:') with the consequent incompatibility between the two schemes.

with

7.5.3 AQFT and modal scheme

In Secs. [7.5.1] and [7.5.2] we detailed the relevant features of the AQFT and
the modal scheme, respectively, and we made a comparison with the Newton-
Wigner scheme. In this subsection, instead, we use the results of Secs. and
to show the differences between the AQFT and the modal scheme.

The incompatibility between the two schemes can be proved by compar-
ing the respective algebras QIQQFT( 7') and A°4(F). By plugging Eq. in

Eq. (7.31]) we obtain
CAlmod(f) :/ d’x’ |:f¢>—>mod( )
R3

with

%>

(0,8) + frrmmoa(@ — F)7(0,)] , (7.33)

§3(x).  (7.34)

; T) = cliilfiw7 #omod (T) =
Forsmoa(®) /]1{3 (27)3v2mc? frrsmoa(?) 2mc?

The fact that f $smo 4(Z) has support in the entire space R? implies that the
modal operators Gmea(Z) are nonlocal with respect to the AQFT scheme, i.e.,
Gmod (T) ¢ QLAQFT( z), Wthh means that 2A°d(7) # QIAQFT( 7).

As remarked in Secs. and[7.5.2] both the AQFT and the modal scheme
are characterized by a genuine position coordinate ¥ representing the underling
Minkowski spacetime. However, at variance with the AQFT scheme, the modal
scheme cannot be considered fundamental in nature. This is due to the acausal
effects produced by the superluminal spreading of the wave functions. Also, the
microcausality axiom does not hold, as it can be noticed from Eq. . The
non commutativity of operators in disjoint spatial regions does not guarantee the
statistical independence of measurements in those regions. For these reasons,
the modal scheme does not give a genuine notion of localization.

Due to Eq. -7 the strlct localization property is not always satisfied,
which means that Eq. does not hold for any Op € 2A%°4(Vg) and any
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QFT NRQM

equivalent

Newton-Wigner scheme

nonrelativistic limit
AQFT scheme
nonrelativistic limit

Born
scheme
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Figure 7.1: Localization schemes in the relativistic (QFT) and the nonrelativis-
tic (NRQM) theory. The Newton-Wigner and the Born scheme are equivalent,
whereas the AQFT and the modal scheme converge to the Born scheme in the
nonrelativistic limit.

|p) = Oa0a), with Oa € A%°Y(V4) and Vo N Vg = @. This also occurs in the
AQFT scheme with O € Q(AQFT(VA) and Op € QIAQFT (VB), as a consequence
of the Reeh-Schlieder theorem [Sec. . However in Sec. we showed
that the unitarity of the local operator OB guarantees the validity of the strict
localization property (7.13) in the AQFT scheme. Crucially, the commutation
relatlon O A, OB] =0 and the definition of unitary operators were used to derive
Eq. . In the case of the modal locahzatlon Scheme the operators O and
Og do not commute, which means that Eq. is not guaranteed anymore.

7.6 Localization in the nonrelativistic regime

In the previous section we detailed three localization schemes for the fully rel-
ativistic QFT. Among them, only the AQFT scheme gives a genuine notion of
localization. In particular, any local experiment can only be faithfully described
in the framework of AQFT. The Newton-Wigner and the modal scheme, instead,
appear more as mathematical artifices not suited for a genuine description of
local phenomena.

In this section, we consider the nonrelativistic limit of QFT and we show that
the three localization scheme converge to each other. Hence, in such a regime,
the Newton-Wigner and the modal scheme acquire the fundamental notion of
localization entailed by the AQFT framework. We say that the two schemes are
“fundamentalized” by the nonrelativistic limit.

To obtain this result, we study NRQM and the notion of localization pre-
scribed by the nonrelativistic theory. We remark that in NRQM the fundamental
objects are the first-quantized position and momentum operator, Z* and ki. The
notion of localization in NRQM is based on the definition of &’ and on the Born
interpretation of quantum mechanics, according to which the modulo square
of wave functions gives the probability density to find particles. We demon-
strate that such a localization program is equivalent to the Newton-Wigner
scheme as they both rely on local creators and annihilators. Then, by following
Refs. [95] [96], we show that both the AQFT and the modal scheme converge to
the Born scheme in the nonrelativistic limit. These results are summarized by

Fig.
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Due to the converge between the Newton-Wigner and the AQFT, we prove
that the nonlocal effect described in Sec. is suppressed by the nonrelativis-
tic limit. In particular, we show that any state localized in a space region Vj is
also strictly localized in V4, in the sense that it does not affect any measurement
conducted in some disjoint region Vg.

Similarly to Sec. we detail this result by considering an Alice-Bob
scenario, in which Alice prepares the state 1)) in Va and Bob measures Og in
Vp. At variance with Sec. here, [¢)) and Op are nonrelativistic and, hence,
can be equivalently localized with respect to any scheme. The nonrelativistic
Alice-Bob scenario inherits from the AQFT scheme the fundamental notion of
localization, in the sense that, regardless of the scheme used to describe the
experiment, one always obtains an approximately genuine description of the
local phenomena in the two regions Va and Vg. Also, the strict localization
property of the Newton-Wigner Alice-Bob scenario emerges as an independence
between the preparation of |¢)) and the measurements of Osg.

The section is organized as follows. In Sec.[7.6.1} we present the Born scheme,
which gives the familiar description of localized states in NRQM. In Sec.
we show the equivalence between the Newton-Wigner and the Born scheme;
whereas, in Secs. [7.6.3] and [7.6.4] we demonstrate the convergence of the AQFT
and the modal scheme, respectively, to the Born-Newton-Wigner scheme. In
Sec.[7.6.5] we use this convergence to show that the Reeh-Schlieder nonlocal effect
is suppressed in the nonrelativistic limit and the strict localization property
always holds; we detail this result by considering the Alice-Bob scenario in the
nonrelativistic regime.

7.6.1 Born localization scheme

In NRQM, states are localized according to the Born localization principle which
assumes that the probability density of finding the system in any space point is
the square of the amplitude of its wave function. Hence, particles are localized
in the support of their wave functions and they are orthogonal to each other if
the localization occurs in disjoint spatial regions.

In the first-quantized theory, the algebra is generated by the observables po-
sition #? and and momentum IA% satisfying the canonical commutation relation

[&i, k;] = 1045, (7.35)

and by eventual internal degrees of freedom (e.g., spin), which we will ignore for
the sake of simplicity. The wave function (%) of any state |¢)) can be derived
from the eigenstates of , such that ¢ (&) = (Zp|t), where &;|Tp) = z;|Ts).
Wave functions in the momentum space can be obtained by means of states
with defined momentum |), which are defined by k;|k) = k;|k). The identity

relating |k) to the states with defined position |Zp) is

—ik-z
) = | Pk R, 7.36
|7B) o (2#)3‘ ) (7.36)
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which is the Fourier transform of |E> One can use Eq. to switch from
the representation of states in the position space to their representation in the
momentum space.

From the normalization of |¢) (i.e., (¢[¢)) = 1) and the orthogonality con-
dition (Zp|7g) = 6*(Z — &), one obtains the familiar result for wave functions

/R Palp@P =1, Wl = / P (@ (@) (7.37)

Equation captures the idea that (&) is the probability amplitude of
finding the particle in Z, with the consequent interpretation of the support of
(&) as the region of localization for the particle. For any couple of states [¢)
and |[¢'), if ¥(Z) and ¢’(Z) have disjoint support, they are orthogonal to each
other.

In the second-quantized theory, the state |Zg) appears as a single particle
with defined position. It is defined as

|@5) = aL()0), (7.38)

with d}g (Z) as the creator of the particle in # and |0) as the vacuum state. All the
relevant features of the Born localization scheme in second quantization are in-
herited from the first-quantized theory. This includes the definition of localized
states in terms of compactly supported wave functions and the orthogonality
condition for states that are localized in disjoint regions.

By definition, the operators ap(Z) and &};(f) satisfy the canonical commu-
tation relation

las (7), a ()] = 6% — &), a5 (Z), an ()] = 0. (7.39)

As a result of Eq. , the global Fock space factorizes into local Fock
spaces H = &), H(V;) and the global vacuum factorizes into the local vacua
|0) =&, |0(V;)). Any state |¢) localized in V is equivalently represented by an
element of H(V) such that

) = (V) ©

03¢ 00&-))} : (7.40)

where |1)(V)) is the element of #(V) and {V;} is a partition of R\ V. In this
sense, we say that the localized state |1)) lives in the local Fock space H (V).

7.6.2 Equivalence between the Newton-Wigner and the
Born scheme

In Sec. we presented the Newton-Wigner scheme as an attempt to formalize
the notion of localization in RQM and in QFT. Nonrelativistic theories, instead,
are described by the Born scheme, which was introduced in Sec.
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By comparing the two localization schemes, it is straightforward to see that
they are equivalent. In particular, they are both based on the existence of local
creation and annihilation operators. All the features found for the Newton-
Wigner scheme in Secs. [7.2)and [7.5.1] also apply to the Born localization scheme.

Conceptually, the only difference is given by the regime in which they are
defined. The Born scheme was originally introduced in nonrelativistic theories
(i.e., NRQM), whereas the Newton-Wigner scheme was conceived in relativistic
physics (i.e., RQM and QFT). The original attempt by Newton and Wigner was
precisely to recover the Born interpretation of localized states in the relativistic
regime. Consequently, the assumptions postulated by the authors are also met
by the Born scheme in NRQM. The results of their work [93] are not only
applicable in the relativistic theory but can also be understood in the context
of NRQM.

By seeing NRQM as the nonrelativistic limit of the corresponding field the-
ory, one can embed the Born scheme into QFT. This leads to a complete equiv-
alence between the Newton-Wigner and the Born scheme in the nonrelativistic
regime of quantum fields.

The equivalence is made possible by the fact that both theories are provided
with an unifying notion of single particles with defined momentum |E> In
NRQNL these states are defined as the eigenstates of the first-quantized operator

E, whereas in QFT they are associated to a basis of positive frequency solutions
of the Klein-Gordon equation . The two definitions of |E> are unified by
the idea that they both represent the same physical object.

By following the Newton-Wigner approach, we define the single particle
localized in & by means of Eq. (7.2). The same definition applies to the state
|ZB) with respect to the Born localization scheme. By comparing Eq. with
Eq. we find that |Zg) = |Znw). This proves the equivalence between the
two localization schemes.

7.6.3 Convergence of the AQFT to the Born scheme

In Sec. we remarked that NRQM is characterized by the Born notion
of localization. NRQM, however, is not regarded as a fundamental theory of
physics and it only comes from nonrelativistic approximations of QFT. Hence,
one expects that the Born scheme actually emerges as the nonrelativistic limit
of a more fundamental notion of localization properly defined in QFT.

In Sec. [7.6.2] we showed that the Born localization scheme is equivalent to
the Newton-Wigner scheme. In Sec. we remarked that QFT has more than
one localization scheme and that the Newton-Wigner scheme is in conflict with
the notion of localization in AQFT. Between the two schemes, the latter is more
fundamental than the former for the following reasons: (i) The genuine notion of
position in QFT is given by the Minkowski spacetime upon which the algebra of
fields is constructed, while the Newton-Wigner position operator is by no means
associated to spacetime events on a manifold; (ii) The AQFT localization scheme
is based on the microcausality of fields which forbids violation of causality and
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superluminal signaling, at variance with the Newton-Wigner which is affected
by the instantaneous spreading of wave functions.

In summary, the AQFT scheme gives the fundamental notion of localization
in QFT, while the Born scheme defines the localization in NRQM. The con-
vergence between the two schemes is expected in the nonrelativistic limit as a
consequence of the equivalence between NRQM and QFT in such a limit. In this
section, we show that the Newton-Wigner and the AQFT scheme converge in
the nonrelativistic regime. Due to the equivalence between the Newton-Wigner
and the Born scheme, this also proves the convergence between the Born and
the AQFT scheme.

Classical versus quantum position

Before showing the convergence between the two localization schemes, we want
to discuss conceptual differences that seem to make them incompatible at any
limit. We already remarked that, in AQFT scheme, the variable ' labeling
the fields ¢(0, Z) and (0, &) are coordinates representing classical events in the
Minkowski spacetime; in this sense we say that the notion of localization in
AQFT is classical. Conversely, in NRQM, the variable & is used as an index for
second-quantized operators generated by the first-quantized position observable
Z; hence, the notion of localization is quantum. This leads to the apparent
incompatibility between the two notions of localization. Why is the position
quantum in NRQM and classical in QFT?

An answer to this question can be found by comparing the Galilean and
the Poincaré group which are at the foundation of the nonrelativistic and the
relativistic physics. In NRQM, the operators ki and ma? are, respectively, the
generators of the translations and the Galilean boosts. Conversely, in relativis-
tic theories, the Poincaré group is defined by the generators of translations ]f”‘,
rotations J* and Lorentzian boosts K. It has been proven that in the nonrel-
ativistic limit, the Poincaré group converges to the centrally-extended Galilean
group and that the generator of Lorentzian boosts K’ is approximated by the
generator of Galilean boosts m#! [113] [114]. Intuitively, this can be seen by
noticing that for small momenta |k| < me/h, Lorentzian boosts effectively act
as Galilean boosts by transforming k linearly.

The upshot is that the operator & should not be interpreted as a quantized
version of the Minkowski coordinate z?, but as the limit of the Lorentzian boost
operator K divided by the mass m. In the centrally-extended Galilean algebra,
the operators & and ki satisfy the canonical commutation relation 7 which
leads to the correct transformation rule for the position operator under space
translation, i.e.,

exp(id@ - k)2 exp(—id - k) = &' + a'. (7.41)

Consequently, the operator & plays the dual role of position observable and
Galilean boost generator.

The interpretation of & as a position observable is only valid in the nonrel-
ativistic Galilean theory. The lack of fully relativistic nature in 2% is noticeable
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from the noncovariant and acausal features described in Sec.[7.2l Notwithstand-
ing the correct behavior under spatial translation [Eq. ]7 the operator &*
does not properly transform under Lorentz boost and, hence, cannot be seen as
a representative of the Poincaré group.

We now know why the Born-Newton-Wigner operator &' emerges as a po-
sition operator in NRQM. However, in the relativistic theory we already had
classical Minkowski coordinates z# assuming the role of position variable. Are
they still somehow present in NRQM or do they disappear in the nonrelativistic
limit? The question is conceptually relevant, because, contrary to the operator
4%, the coordinates z* have a fundamental notion of localization.

Clearly, we cannot directly compare the classical variable z# with the quan-
tum operator £¢. Instead, we need to consider the second-quantized operators
of NRQM labeled by & and compare them with field operators of QFT in the
hypersurface ¢t = 0. We remark that second-quantized operators in & are gener-
ated by the Newton-Wigner operators anw (Z), whereas field operators in (0, &)
are generated by ¢(0, Z) and #(0, Z). Alternately, one can consider

) . me? ~ T
aaqQrT (%) = \/;05(0’55) - WW(O,m)v (7.42)

and its adjoin as generators of the local algebra Q[I\A/IQFT(f). The inverse of
Eq. (7.42) is
50,7) = —— [a 7) + a 7 7.43
¢(0,7) = Vame [GAQFT(@ +G’AQFT('T)} ; (7.43a)
Lo met o - .
#(0,8) = i\ 5 [aAQFT@c) - aLQFT(x)} . (7.43b)

A priori, the variable & appearing in dnw(Z) and in daqrr(Z) have differ-
ent meaning. In the case of anw(Z), & appears as an index resulting from the
second quantization prescription; whereas, in daqrr(Z), ¥ is a genuine coordi-
nate representing a spacetime event. However, it has been proven that in the
nonrelativistic limit, the two fields daqrr(Z) and a(Z) converge [95], 96]. Con-
sequently, we see that the Minkowski coordinate Z does not disappear in the
nonrelativistic limit, but remains as an index for the annihilator field a(Z).

Convergence between Newton-Wigner and AQFT operators

The convergence between aaqrr(%) and a(Z) has two consequences. On one
hand, we see that the genuine Minkowski coordinate & emerges in NRQM as an
index for the annihilator field a(#). On the other hand, we have the proof that
the Newton-Wigner and the AQFT localization schemes converge in the non-
relativistic limit. Indeed, any operator that is localized in Z with respect to the
Newton-Wigner scheme can be approximated by operators which are localized
in & with respect to the AQFT scheme. This means that the fundamental notion
of localization owned by the Minkowski coordinate ¥ is approximately shared
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with the Newton-Wigner position operator #. In other words, the nonrelativistic
limit is able to “fundamentalize” the Newton-Wigner localization.

To show the convergence between aaqrr (%) and a(¥), different approaches
have been considered, including the use of coarse-grained operators [95] and the
restriction of the Hilbert space to a bandlimited subspace [96]. These methods
are based on the definition of a minimum resolution in space and a maximum
energy scale by means of the Compton wavelength A\c = ii/mec.

In Ref. [95], the minimum experimental resolution of nonrelativistic phenom-
ena is described via coarse-graining modeling. In such a regime, coarse-grained
operators are assumed to appear indistinguishable from their fine-grained coun-
terparts. The convergence between the Newton-Wigner and the AQFT local-
ization schemes can be realized by noticing that the kernels f;  \ () and
fasnw (%) appearing in Eq. decay exponentially as exp(—|Z|/A¢c) when
Z is outside the minimum spatial resolution, i.e., |Z] > Ac.

Explicitly, the coarse-grained versions of Gaqrr (%) and anw (%) are defined
as

daqrrin = /R d*GA(D] ~ Dinarr (D) (7.44a)

anwia = /]R3 d*2G\(Dj — Z)anw (), (7.44b)

with j € Z3 as grid coordinates, D as the spatial separation of the grid points
and )
1 z

GA(Z) = (2rAZ)i/i exp <|) (7.45)
as the Gaussian smearing function with spatial resolution A < D. The ap-
proximation G, qpr 74 & dyw 74 for A > Ac is proven in Ref. [95] and leads
to the convergence between the Newton-Winger and the AQFT schemes in the
nonrelativistic limit.

At variance with Ref. [95], the method adopted in Ref. [96] is based on
the definition of the bandlimited subspace ’H{\\/I as the Fock space of particles
with momenta lower than the cutoff 1/A. By restricting aaqrr(Z) and anw (%)
to Hf; with A > A¢, the authors derive the approximation de(f)|H$[ ~
dAQFT(fNHI/\\A at first order in A\¢/A < 1.

The proof is based on computing the Bogoliubov transformation between
the operators Gaqrr(Z) and a(k), ie.,

aaqrr (%) = /R3 &’k [f&HAQFT(-i k)a(k) + fatsaqrr (7, E)dT(E)} , (7.46)

with

fasnqrr(Z, k) = , (7.47a)
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fatesaqer (&, k) = W ,/ \/ (7.47b)

The restriction of Eqgs. and ( to the bandlimited subspace HM is

i (), = / ) (7450
|k|<1/A
isorr@hg, = [ & faraqer(@ D) + farvaqer (@ Bl (F)]
[k|<1/A
(7.48b)
with B
. cik-& 7.49)
5 k) = . ,
o (3 K) =~ (
Notice that
fasaqrer (T, k) ~ farsaw (T, F) if [k < MG, (7.50a)
fatsaqrr (T, k) ~ 0 if [k < MG (7.50b)

Hence, by expanding Egs. to the first order in A\c/A < 1, we obtain
ch\y\;v(f)|f}_tl,tI =2 dAQFT(f)\H&, which leads to the convergence between the two
localization schemes in the nonrelativistic regime.

In Ref. [96], the Bogoliubov transformation is also expanded up to the
second order in Ac/A < 1. This gives corrective terms that spoil the nonlocality
of anw (Z) with respect to the AQFT scheme at the first nontrivial order.

7.6.4 Convergence of the modal to the Born scheme

In this subsection, we show the convergence between the modal and the Newton-
Wigner scheme in the nonrelativistic limit. Due to the equivalence between the
Newton-Wigner and Born scheme [Sec. , we implicitly show the conver-
gence between the modal and the Born scheme.

We follow the strategy of Ref. [96] that we already used in Sec. for the
case of the AQFT schemes. Firstly, we restrict Eq. to the bandlimited
subspace H4; to obtain

-

lmod () |3 = /ﬂ d*k |:f&¢—>AQFT<f’ k) = £ aqer (@ k‘)} a(k), (7.51)
|k|<1/A

where faaqrr(Z, I;) and deHAQFT(:E’, E) are defined in Eq. 1] Then, we

use Egs. lj and (7-51)) to derive the approximation dNW(")|HA ~

Gmod (& )|HA when /\c / A < 1. This implies that any element of 2%°4 (%) can be

approximated to an element of A3V (F) and that the two localization schemes
converge. Due to the equivalence between the Newton-Wigner and Born scheme,
we also proved the convergence between the modal and the Born scheme.
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We remark that the Born scheme converges to the AQFT scheme as well
[Sec. . Hence, in this subsection, we have also indirectly proven the
convergence between the modal and the AQFT scheme. To have a direct
proof, compare Eq. with Eq. and use Eq. to show that
aAQFT (T)]3n ~ Ezmod(fﬂﬂﬁl. As a consequence of this convergence, we find
that the modal scheme acquires a genuine notion of localization in the nonrela-
tivistic regime.

7.6.5 The strict localization property in the nonrelativis-
tic limit

In Sec. we showed that, as a consequence of the Reeh-Schlieder theorem,

the AQFT scheme does not always satisfy the strict localization property. This

means that the outcome of experiments in any space region Vg may depend on

the preparation of states in on other disjoint region V.

At variance with the AQFT scheme, the Newton-Wigner scheme always sat-
isfies the strict localization property [Sec. . However, real life experiments
can only be faithfully represented by the AQFT scheme, which is the only one
providing a genuine notion of localization. Hence, the strict localization property
satisfied by the Newton-Wigner scheme does not generally occur in genuinely
local experiments.

The incompatibility between the two schemes disappears in the nonrelativis-
tic limit [Sec. . In such a regime, the Newton-Wigner scheme acquires a
genuine notion of localization from the AQFT and local experiments are ex-
pected to satisfy the strict localization property.

In this subsection, we will show that the nonlocal effects predicted by the
AQFT scheme do not occur in the nonrelativistic limit of QFT. Intuitively, the
result can be deduced from noticing that Reeh-Schlieder quantum correlations
of the vacuum are exponentially suppressed in nonrelativistic scales [I05]. How-
ever, a more detailed proof can be given by using the results of Sec. [7.6.3]

The local algebra QIQQFT(JE') is generated by the local fields aaqrr(Z), which
are indistinguishable from the Newton-Wigner fields anw (Z) in the nonrelativis-
tic limit. Explicitly, this means that any operator O € QLQQFT(QZ") generated by
momentum operators d(E) satisfying )\C\E| < 1 can be approximated to the
operator Oxw € ANV (%) obtained by replacing aaqer(¥) with anw (7).

Hence, any nonrelativistic state |¢) = OA|OM> with O € mﬁQFT(fA) and
any nonrelativistic observable Op € Qlf,[QFT(fB) are approximated by some
|¢NW> = OANW’A|OM> and OANW’B S Qlllt]/lw(f]g), with OANW’A S Q[%W(CE'A) The

state |¢nw) and the operator ONW,B satisfy the strict localization property

(onw|Onw Blonw) = (On|Onw B |0M). (7.52)

when Zx # Zg. This means that |¢nw) gives the same outcome as the vacuum
|On) when measuring OANWVB.

In summary, any state |¢) that is localized in Za with respect to the AQFT
scheme is approximately localized in s with respect to the Newton-Wigner
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scheme and hence it appears indistinguishable from the vacuum in &g # @4.
This means that |¢) is approximately strictly localized.

To give a practical example, consider the two Alice-Bob scenarios described
in Sec. [7.5.1] Alice is an experimenter that locally prepares a state in the
region Za, while Bob performs local measurements in Zg. Depending on the
localization scheme, the outcome of Bob’s measurements may or may not be
influenced by the preparation of the state by Alice.

In the nonrelativistic limit, the two localization scheme converge. This leads
to an equivalence between the two Alice-Bob experiments. In this unifying sce-
nario, the preparation and the measurement in disjoint region appear indepen-
dent, in agreement with the Newton-Wigner Alice-Bob experiment. Also, the
fundamental notion of localization inherited from the AQFT Alice-Bob scenario
guarantees the applicability of the results for genuinely local experiments.

7.7 Conclusions

Different localization schemes have been considered for QFT in Minkowski
spacetime. Among them, only the AQFT framework is able to provide a rel-
ativistically consistent notion of localization for states and observables. The
Newton-Wigner scheme, instead, is inspired by the nonrelativistic theory and
it is based on local creators and annihilators resulting from the definition of a
second-quantized position operator. Finally, the modal scheme comes from the
modal representation of particles as positive frequency solutions of the Klein-
Gordon equation.

Even if the Newton-Wigner and the modal schemes are not suited for the
description of relativistic local phenomena, they become indistinguishable from
the AQFT scheme in the nonrelativistic limit. Due to the fundamental nature of
the notion of localization entailed by the AQFT scheme, we say that the Newton-
Wigner and the modal schemes are fundamentalized in the nonrelativistic limit.

The fundamentalization of the Newton-Wigner scheme and its equivalence
to the Born theory imply that the familiar description of local states in NRQM
by means of wave functions and position operator leads to correct laboratory
predictions, but only in the nonrelativistic regime. Also, due to the fundamen-
talization of the modal scheme, we find that nonrelativistic states are approxi-
mately localized in the support of their representative modes. This provides a
justification for the notion of localization that has been considered throughout
Parts [l and [Tl of the thesis.



Chapter 8

Localization in accelerated
frame

This chapter is based on and contains material from Ref. [7].

8.1 Introduction

In Chap. [7] we reviewed the problem of localization in QFT. In particular we
considered the Minkowski spacetime and discussed different notions of localiza-
tion from the point of view of inertial experimenters. In this chapter, instead, we
consider accelerated observes as well. In particular we will assume that at least
one of the two experimenters—between experimenter A preparing the states
and experimenter B performing measurements—is accelerated. Hence, the aim
of this chapter is to extend the results of Chap. [7|to the QFTCS framework.

We immediately find difficulties related to the not unique notion of vacuum
states. In QFT, there is only one vacuum |Op), which is defined as the only
Poincaré invariant state. On the other hand, in QFTCS, there can be more than
one unitarily nonequivalent vacuum states, each of them associated to a notion
of global time via timelike Killing vector fields. For any localization scheme in
QFT, the Minkowski vacuum |0y;) represents the background over which states
are prepared. Conversely, in QFTCS, one can choose between more background
states.

The Rindler vacuum |0, Og) is defined as the state annihilated by the oper-
ators A, (6) [Eq. ] and it is not equivalent to the Minkowski vacuum |Oy)
[Eq. ] Hence, inertial and noninertial experimenters may choose between
two different background states. The natural choice for each observer would be
given by the vacuum of the respective frame, i.e., |Oy) for inertial experimenters
and |0r,,0r) for accelerated experimenters. However, one can also consider the
case in which laboratory phenomena are described as occurring over the Min-
kowski vacuum background |Opp), regardless of the motion of the observers.

221
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Experimenter A Experimenter B Background
(preparation) (observation) vacuum state
ABM inertial (Alice) inertial (Bob) Minkowski |Opp)

RaRbR || accelerated (Rachel) | accelerated (Rob) | Rindler |0, 0R)
RaRbM || accelerated (Rachel) | accelerated (Rob) | Minkowski |Oy)
ARbM inertial (Alice) accelerated (Rob) | Minkowski |Oy)

Table 8.1: Different measurement setups. The experimenter A prepares a local
state over the background state and the experimenter B performs local measure-
ment. Each experimenter may be inertial or accelerated and the background
state can be either the Minkowski (|0y)) or the Rindler (|0, 0gr)) vacuum.

Hereafter, we note by |Q2) any background state; depending on the situation,
|Q) is equal to |0y) or |Or, Or).

Overall, we consider four different scenarios, which are summarized by Table
Each of them is labeled by an acronym. The ABM scenario was already
detailed in Chap. [7] since it is characterized by inertial experimenters (Alice
and Bob) and by the Minkowski vacuum |0y) as the background state. Con-
versely, the RaRbR and the RaRbM scenarios include only accelerated observers
(Rachel and Rob); the difference between RaRbR and RaRbM is given by the
background state |Q) which is equal to the Rindler (|0r,0g)) or the Minkowski
(|0Mm)) vacuum, respectively. The RaRbR scenario, then, appears conceptually
equivalent to the ABM, as the experimenters and the background state are
defined by the same frame in each scenario; the only difference between the
ABM and the RaRbR is given by the respective field equations [Egs. and
]. Finally, in the ARbM scenario, the experimenter A is inertial, whereas
the experimenter B is accelerated; the local preparation of states is performed
over the Minkowski vacuum |On).

In Chap. [7] we explained how the inertial experimenter Alice prepares local
states over the Minkowski vacuum |0y;) and in which sense the inertial experi-
menter Bob performs local measurements. To understand the RaRbR, RaRbM
and ARbM scenarios, we also need a notion of localization from the point of
view of accelerated observers and with respect to different background states.
In this chapter, we show how to describe local measurements by Rob and local
preparation of states over any background state |2) by Rachel.

We are particularly interested in deriving the dependence between outcomes
of measurements by the experimenter B and the local preparation of states by
the experimenter A. In Chap.[7] we found that, in the ABM scenario, the inde-
pendence between the two operations is not always guaranteed. In particular,
we defined the strict localization property [Eq. ] and we showed that it is
not always satisfied by some localization schemes.

Here, we need to extend the definition of the strict Knight-Licht localization
to include the vacuum Rindler |0r,,0r) as a possible background states |€2) in
addition to the Minkowski vacuum |On). We say that a state |¢) is strictly
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localized in Oy over |Q) if it gives the same expectation values as |Q2) for all
measurements in any region Og spacelike separated from O, i.e.,

(|OBl0) = (2|05|0), (8.1)

with Og as any observable localized in Op. We also say that the strict localiza-
tion property is always satisfied if for any |¢) localized in Ox and for any Og
localized in Og, Eq. holds.

As in Chap. [7] we consider the Newton-Wigner, the AQFT and the modal
schemes. We extend their definition for accelerated observers and for any back-
ground state.

We start from the Newton-Wigner scheme for massless scalar real fields in
1+1 Rindler spacetime. The reason why we cannot consider the corresponding
theory in 3+1 dimensions is because the definition of Newton-Wigner position
states and position operators requires the existence of momentum
particle states |E) Rindler scalar fields in 3+1 dimensions lack translation sym-
metry along the direction of the acceleration; hence, positive frequency modes
with defined momentum along Z do not exist. In 141 dimensions, instead,
the Minkowski and the Rindler massless scalar real fields are described by the
same field equations [Egs. (3.24), (3.25) and (3.26)] and, hence, they share the
existence of momentum particle states, i.e., |k) and |K).

The 141 Rindler-Newton-Wigner scheme inherits all the properties from the
Newton-Wigner scheme in Minkowski spacetime, including the factorization of
the global Hilbert space Hy, g into local Fock spaces HI'W (V;) and the factor-
ization of the global vacuum |0r,,0gr) into the local vacua [0,(V;)). However,
these local Hilbert spaces differ from the corresponding local Minkowski-Fock
spaces HAW (V;). This is due to the fact that the Minkowski and the Rindler
Newton-Wigner schemes are incompatible, in the sense that any operator that
is localized with respect to one of the two schemes is not localized with respect
to the other.

In Sec. [7.2] we remarked that the Newton-Wigner position operator is not
relativistically covariant and that the notion of localization is not preserved by
special relativistic transformations. Here, we find that it is not preserved by GR
diffeomorphisms either, due to the incompatibilities between different frames.
This gives a further motivation to disregard the Newton-Wigner scheme as a
faithful description of local phenomena in the QFTCS regime.

In Sec. [7.5.1] we showed that the strict localization property is always satis-
fied in the Newton-Wigner ABM scenario. Here, we show that this is also true
for the Newton-Wigner RaRbR experiment. Conversely, in the Newton-Wigner
RaRbM scenario, only local nonselective preparations lead to strictly localized
states. This is due to the fact that the Minkowski vacuum |Oy) does not fac-
torize into local vacua with respect to the factorization Hr,r = @, HY™ (V;).

In the Newton-Wigner ARbM scenario, instead, the strict localization prop-
erty is not even guaranteed for unitarily prepared local states, due to the incom-
patibility between Alice and Rob’s notion of Newton-Wigner localization. As a
result, we find that the Newton-Wigner scheme is incompatible with causality
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since Alice can send information to Rob by means of such a nonlocal effect.
This violation of causality occurs exactly at the instant of time ¢ = 0 and it is
based on the Bogoliubov transformation relating the two frames; hence,
this acausal effect is different from the one described in Sec. [7.2] by means of the
Hegerfeldt theorem.

After discussing the 1+1 Rindler-Newton-Wigner scheme, we go back to
3+1 dimensions and we study the AQFT scheme. By following the algebraic
approach to QFT and QFTCS [Sec. , we show that the definition given
in Sec. [7:3] for the inertial frame also applies to the accelerated frame. The
argument is that the local algebras 2A(O) and A(E) are defined with respect to
spacetime regions O and events £, which are frame independent objects without
an intrinsic notion of coordinates.

Similarly, we prove that the Minkowski and the Rindler AQFT schemes
are compatible, in the sense that states and observables that are localized in
any event £ with respect to the Minkowski AQFT scheme are also localized
in & with respect to the Rindler AQFT scheme. In this way, we show the
covariant behavior of the AQFT localization under coordinate diffeomorphism in
agreement with the GR theory. As a result, we obtain an additional confirmation
that the AQFT scheme gives a genuine notion of localization.

Due to the equivalence between the Minkowski and the Rindler AQFT
schemes, we find that all the scenarios considered here (i.e., ABM, RaRbR,
RaRbM and ARbM) share the same features. This also includes the strict local-
ization property which only applies to states that are prepared via nonselective
operations [Sec. [7.3.2].

In addition to the AQFT scheme, we study the modal scheme in the Rindler
frame. In particular, we use the representation of Rindler-Fock states as positive
frequency solutions of the Rindler-Klein-Gordon equation [Sec. . We follow
the same approach of Sec. to define localized states and observables in the
Rindler frame. We also extend this definition to include any background state

We find that the Minkowski and the Rindler modal schemes are incompatible
to each other, in the sense that there is no state or observable that is simul-
taneously localized with respect to both schemes. This leads to the conclusion
that the modal scheme does not satisfy the GR notion of physical equivalence
between frames and, hence, cannot be adopted for a genuine description of local
phenomena in the QFTCS regime.

An additional incompatibility with relativity is given by the violation of
causality. This is due to the instantaneous spreading of wave functions. Also,
the strict localization property is not guaranteed for nonselective preparations
of states. Such an issue occurs in both the Minkowski and the Rindler frame.
Hence, in all the scenarios considered here (i.e., ABM, RaRbR, RaRbM and
ARbM), the preparation of the state by experimenter A may influence the out-
come of measurements by B and violate relativistic causality.

The noncovariant and acausal features make the modal scheme unsuitable
for the description of local phenomena in the relativistic regime. In the nonrel-
ativistic limit, instead, the modal scheme acquires a genuine notion of locality
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due to the convergence to the AQFT scheme. Such a convergence give rise to a
unified localization scheme in NRQFTCS, which will be detailed at the end of
this chapter.

We firstly find that the NRQFTCS scheme over the Rindler vacuum |0r,, Or)
is equivalent to the Born scheme. In particular, we show that the global Hilbert
space factorizes into local Fock spaces and |0y, Or) factorizes into the local vacua.
As a consequence, we find that the strict localization property is always satisfied
in the nonrelativistic RaRbR scenario.

Conversely, in the nonrelativistic RaRbM and ARbM scenarios, the strict
localization property is only guaranteed for nonselective preparations of the
state. In the RaRbM scenario, this is due to the fact that the background
Minkowski vacuum |0y;) is entangled between the local Rindler-Fock spaces. In
ARDBM case, instead, the cause is the incompatibility between the Minkowski and
the Rindler nonrelativistic schemes, which, in turn, is due to the incompatibility
between the nonrelativistic limits in the respective frames [Sec. .

The chapter is organized as follows. In Sec.[8:2] we study the Newton-Wigner
scheme for Rindler massless scalar real fields in 141 dimensions. In Secs.
and we consider Rindler scalar fields in 3+1 dimensions and we detail the
AQFT and the modal scheme, respectively. A comparison between the two
localization schemes is given in Sec. [8.5] Their nonrelativistic limit, instead, is
detailed in Sec. Conclusions are drawn in Sec.

8.2 Newton-Wigner scheme in 141 spacetime

In Sec. we introduced the Newton-Wigner scheme in the Minkowski frame.
Here, instead, we want to discuss such a localization scheme in the Rindler
frame.

In the attempt to generalize definition of the Minkowski-Newton-Wigner
scheme in curved spacetime, we immediately find a problem. By following New-
ton and Wigner [93], we need single particle states with defined momentum |)
to derive states with defined position [Eq. ] and the corresponding Newton-
Wigner position operator [Eq. ] However, the existence of states like |k)
are not guaranteed in curved spacetimes, due to a possible lack of translational
symmetry in the Lagrangian theory.

Remarkably, massless scalar real fields in 141 spacetime are described by
the same field equation in both the Minkowski [Eq. ] and the Rindler
[Egs. and (3.26)] frames. Hence, the Rindler field @, (7, X) is symmet-
ric with respect to spatial translations and admits the free modes f(K,T, X)
[Eq. (3:28)] as solutions of the Rindler-Klein-Gordon equation. The momentum
states |K,v) = Al(K)|0L,0r) can be defined as the v-Rindler single particles
associated to the positive frequency modes f(K,T,X). From |K,v), one can
formulate the Rindler-Newton-Wigner localization scheme.

By following Sec. we define the Newton-Wigner annihilation operators
as the anti-Fourier transform of the annihilators of particles with defined mo-
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mentum, i.e.,
R KX
Anwo(X) = | dK—A,(K). 8.2
wwlX) = [ ar S A (52)

These operators generate the local algebras 21V (X) in wedges v = {L, R} and
space points X € R. Similarly, one can define the local algebras 213V (V) in space
regions V C R. The operator O is said to be Rindler-Newton-Wigner localized in
the wedge v and the region V if O € AYW (V). The state |¢) = O|Q) is Rindler-
Newton-Wigner localized in v and V over the background |Q) if O € ANV (V).

In the following subsections we study the RaRbR, the RaRbM and the
ARDM scenarios introduced in Sec.[8:I} The ABM scenario, instead, was already
discussed in Sec.

8.2.1 Newton-Wigner RaRbR scenario

By definition, the operator Axw , (X) annihilates the vacuum |0y, 0r) and has
the same algebraic properties as anw (%) from the Minkowski spacetime. Hence,
all the features of the Newton-Wigner scheme detailed in Secs. [7.2] and [7.5] also
apply here when |0r,,0g) is chosen as the background, i.e., |2) = |0y, OR).

In particular, we find that the Rindler-Newton-Wigner operators satisfy the
canonical commutation relation

[Axw. (X), Al (X)) = 00 8(X = X7), [Anww(X), Avw,w (X7)] = 0.
(8.3)

As a consequence of Eq. , operators localized in disjoint regions with respect
to the Rindler-Newton-Wigner scheme commute. Explicitly, this means the
for any Oa € QlIV\IIV(VA) and Op € QLIV\I;V(VB), we have that [OA,OB] = 0 if
va # vp or if Vo and Vg are disjoint. Also, due to the canonical commutation
rule , the global Rindler-Fock space #p, g factorizes into local Rindler-Fock
spaces HYW(V;) upon which elements of AW (V;) act. We note by [0,(V)) the
vacuum of HYW (V). The factorization of the global Rindler vacuum |0r,, 0r) in
Hir =@, ®;H)W (Vi) is [0, 0r) = ®, ®; [0,(Vi))-

As a consequence of the factorization of the Rindler-Fock space Hrr =
®, ®, HYW(V;) and the Rindler vacuum [0r,,0r) = @, &, [0,(V;:)), we find
that for any couple of operators O € ANV (Va) and Op € ANW(Vg), the local
state |¢) = O|0r,,0r) satisfies Eq. with |Q) = |0r,0r) if va # vp or if
Va and Vp are disjoint. Hence, any state localized with respect to the Rindler-
Newton-Wigner scheme is also strictly localized over the Rindler vacuum.

This result can be understood in terms of the Newton-Wigner RaRbR sce-
nario introduced in Sec. An accelerated experimenter (Rachel) prepares the
state |¢) over the Rindler vacuum |0r,Ogr) by means of Newton-Wigner local
operators in QlEIV(VA). The accelerated observer Rob performs measurements
by using elements of ANV (Vg). We find that the local preparation of |¢) in va
and Va do not influence measurements in vg and Vg. This result is equivalent
to the one obtained for the Newton-Wigner ABM scenario in Sec. [7.5.1}
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8.2.2 Newton-Wigner RaRbM scenario

The factorization [0r,0r) = @, &), [0,(Vi)) only holds for the Rindler vac-
uum. For instance, in the case of the Minkowski vacuum, we have that |Oy
X, X, 10,(V;)), as a consequence of Eq. , with Sg defined by Eq.
The Minkowski vacuum factorizes with respect to the Minkowski local Fock
spaces HYW (V;) [Sec. ; however, it does not factorize with respect to
Hor = Q, R, HYW(V;). Consequently, Eq. does not necessarily hold
when |Q) = |0y), even if |¢) = Oa|0y) and if the operators Oa and Op are
Rindler-Newton-Wigner localized in two disjoint regions.

However, one can use Eq. (7.12) to show that the unitarity preparation of |¢)
is a sufficient condition for Eq. In particular, if O, is a unitary element of
ANV (V) and if Og is an element of ANV (Vg), with vg # va or with Vg disjoint
from Vj, then Eq. holds, since [OA, OB] =0 and OLOA = 1. As a result,
we find that when the Minkowski vacuum |Opp) is chosen as a background state,
the strict localization property in the Rindler-Newton-Wigner scheme is only
guaranteed for unitary preparations of states.

We can interpret this results in the context of the RaRbM scenario, which
is equivalent to the RaRbR scenario, except for the Minkowski vacuum |Oyp)
replacing the Rindler vacuum |0, Or) as the background state. We find that, in
the Newton-Wigner RaRbM experiment, selective preparations by Rachel may
be detected by Rob; whereas nonselective operations on the vacuum |Oy) suffice
to not influence measurements in the other disjoint region.

The effect looks very similar to the Reeh-Schlieder nonlocality discussed
in Sec. for two reasons: (i) The local preparation of states affects local
measurements in a separated region, except when only nonselective preparations
are considered; (ii) The origin of the effect is ascribed to a background state
that does not factorize into local vacua. However, here, we did not consider the
AQFT scheme, but the Newton-Wigner localization.

8.2.3 Newton-Wigner ARbM scenario

The last scenario that we want to detail is the ARbM. In this case, states are
prepared by an inertial observer (Alice) via Minkowski-Newton-Wigner opera-
tors anw (z), which are defined as in Eq. (7.9 but in one spatial dimension,
ie.,

eikr
i () = /R ak T=i(h). (8.4)

The identity relating anw(z) to Axw,,(X) can be computed by means of

Egs. (3.50)), (8.2)) and (8.4]), which give
(@) = [ X [ (o, X) Aww (X) = B o, X) Al 1 ()
R

(@ X) Anw(X) = Brle, )ALy o ()] (85)
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with
e—s,,ikac+sl,iKX
Gy (2, X) :/dk/dK—a(k:,K), (8.6a)
R R 271'
- es,,ik:chsyiKX
By(z, X) = / dk / ak T e k), (8.6b)
R R 27T

By using Egs. and in Eq. , we find that the support of the
kernel functions &, (z, X) and B, (x, X) with respect to the variable X is the
entire real axis R. Hence, the Minkowski-Newton-Wigner operator anw(z) is
not localized with respect to the Rindler-Newton-Wigner scheme. Due to the
nontrivial Bogoliubov transformation relating the two sets of creators and anni-
hilators, we find that the Minkowski and the Rindler Newton-Wigner schemes
are incompatibles. Hence, the notion of Newton-Wigner localization is nonco-
variant with respect to GR diffeomorphisms.

In Sec. [7.5.1] we discussed the Newton-Wigner ABM scenario, where both
preparation of states and measurements are preformed by means of operators
localized with respect to the Minkowski-Newton-Wigner scheme and over the
Minkowski vacuum |0y). The independence between preparation and measure-
ment is a consequence of the factorization of the global Minkowski-Fock space
H into local Fock spaces HiW (V;) with local vacua |0y(V;)) and the global
vacuum |Opr) into the local vacua [0y (V).

In the ARbM scenario, the inertial observer Bob is replaced by the accel-
erated observer Rob, who has access to the algebra QUJQN (VB). Due to the in-
compatibility between the Minkowski and the Rindler Newton-Wigner schemes,
any operator Og € Qll,igw (VB) measured by Rob is actually global with respect
to the Minkowski-Newton-Wigner scheme, i.e., OB S Q(BN/IW(R). For this reason,
the preparation of the state |¢) = Oa|Op) by Alice, with Ox € ANW (Va), may
influence the measurement of Og by Rob.

In Sec. we will show an explicit example in which such a nonlocal effect
occurs. In particular, we will consider a Minkowski single particle localized in the
left wedge with respect to the Newton-Wigner scheme and we will demonstrate
that its preparation affects measurements of Rindler observables in the right
wedge.

At variance with the AQFT ABM scenario [Sec. and the Newton-
Wigner RaRbM scenario [Sec. [8.2.2], here, the independence between local
preparations of states and local measurements of observables by the two ex-
perimenters is not guaranteed by the unitarity of Oa. Hence, we find that
nonselective local preparations of states can be detected in other disjoint re-
gions.

In Sec.[7.3:2] we argued that selective operations cannot be used to instantly
send information to other disjoint regions, whereas nonselective operations are
guaranteed to satisfy the strict localization property in the AQFT ABM sce-
nario. Here, we find that the strict localization property is not guaranteed by
nonselective operations in the Newton-Wigner ARbM experiment. Hence, the
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nonlocal effect predicted in this case is in contradiction with causality. In prin-
ciple, Alice can unitarily prepare a local state to instantly send information to
Rob if they are localized with respect to the Newton-Wigner scheme of their
respective frame.

We highlight the novelty of this subsection by recalling the features of the
Newton-Wigner localization in QFT. In Sec. we pointed out that nonco-
variance under Lorentz transformation and superluminal spreading of the wave
function are unavoidable features of the Newton-Wigner scheme. However, the
theory is not problematic at all if one fixes the Lorentz frame and only con-
siders the spacelike hypersurface t = 0. We remark that the acausal effect of
the Hegerfeldt theorem [Sec. can only be detected at times different from
t = 0, though arbitrary close from it.

Here, instead, we only consider the initial hypersurface ¢ = 0 and no Lorentz
boost, since at that time the accelerated observer has zero velocity in the inertial
frame. Instead, we consider noninertial coordinate transformations. We show
the noncovariance under diffeomorphism and we derive the violation of causality
occurring at the instant ¢ = 0. Hence, we conclude that the Newton-Wigner
scheme lack GR covariance in addition to special relativistic covariance and that
acausal effects already occur at ¢ = 0 for an inertial and a noninertial observer.

8.3 AQFT scheme

In Sec. we discussed the algebraic approach to QFT. A natural general-
ization to QFTCS—with particular focus on accelerated frames—was obtained
by associating local algebras to spacetime events, without using any particular
choice of coordinate systems. Local field operators in each frame—i.e., gf)(:z:“)
and i),,(X 1), respectively—emerge as a coordinatization to the local algebraic
structure and, hence, they provide different representations of the same the-
ory. Such a unifying property of AQFT is explicitly expressed by Eq. ,
which tells how field operators transform between different frames via global
coordinate transformation.

The same line of argument can be used to naturally extend the AQFT lo-
calization scheme [Sec. [7.3] to curved spacetimes and, in particular, to the ac-
celerated frames. By following Sec. we say that the observable O and the
state |®) = O|Q) are localized in O over the background |Q2) if O belongs to the
local algebra 2((QO). Notice that the only difference with the QFT case is given
by the freedom of choosing any background state |2), which, in principle, may
differ from the Minkowski vacuum |Opy).

To see an example, consider the Rindler spacetime coordinate (7, X ) and the
real scalar field O = ®,(T, X) evaluated at the point (7, X) and at the wedge
v. The observable ®,(T, X) is an element of (), where & is the spacetime

event represented by (7, X ) and v in the Rindler coordinate system. Hence, we
say that the observable O is localized in £ with respect to the AQFT scheme.
Also, the state |®) = O|Q) is localized in € over the background |2).
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Notice that, as a consequence of Eq. , the operator 0= @V(T,X) can
be written in terms of the Minkowski scalar field as ¢(t, (T, X ), &, (T, X)). The
Minkowski coordinate point (¢,7) = (t,(T, X),Z,(T, X)) represents the same
event £ identified by the Rindler coordinate (7T X ) and the wedge v. We find
that if an observable is localized in an event £ with respect to an accelerated
observer, it is also localized in £ with respect to an inertial observer. Hence, the
notion of localization in AQFT appears to be frame independent, in the sense
that inertial and accelerated observers agree on the region in which states and
observables are localized. As we remarked above, this is due to the fact that
local algebras are defined with respect to frame independent spacetime events.

The frame independent notion of the AQFT scheme can be described in
terms of local preparation of states over the background |Q2) and local measure-
ments of observables. We consider an inertial and an accelerated experimenter,
Alice and Rachel, that prepare states in each of their frames. If they are both
localized in the same spacetime region, they share the same algebra of operators
and may, in principle, prepare the same state. The only difference is given by
the respective coordinate systems by means of which they describe the space-
time. Analogously, an inertial and an accelerated experimenter, Bob and Rob,
can perform the same measurement if they are localized in the same region of
spacetime.

We now study the dependence between outcomes of measurements by Rob
and the local preparation of states by Alice or Rachel. In analogy to what we saw
in Sec. the strict localization property is only guaranteed for nonselective
operations. In particular, Eq. with [¢) = Oa|Q) is satisfied when Oa
is unitary and the operators Ox € 2A(O,) and Op € A(Op) are localized in
spacelike separated regions. Selective preparation of states over |(2), instead,
lead to nonlocal effects such that

(8|Os8) # (Q05|Q), (8.7)

even if Oy € A(O4) and Op € A(Op) are localized in spacelike separated
regions. As argued in Sec. this nonlocality cannot be used for superluminal
signaling.

Such a result is independent of the nature of the experimenters in Oa and
Ogp. They can be both inertial, both accelerated or one inertial and the other
one accelerated; in all of these cases, nonlocal effects occur if states are prepared
via selective operations. This is a consequence of the compatibility between the
AQFT schemes in the two frames, i.e., the fact that inertial and accelerated
observers agree on the localization of states and observables. By using the
notation of Table we say that, in the AQFT scheme, all the proposed
scenarios (i.e., ABM, RaRbR, RaRbM and ARbM) are guaranteed to satisfy
the strict localization property only for nonselective preparations of states.

An example of selectively prepared state that does not satisfy the strict
localization property is given by the Minkowski single particle state. In Sec.
we will explicitly prove that the preparation of such a state in the left wedge
over the Minkowski vacuum |Oy) affects measurements of Rindler observables
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in the right wedge.

In Sec. we found that such a nonlocal effect is suppressed in the non-
relativistic limit of the ABM scenario. We may wonder if this also occurs in the
other scenarios. In Secs. [8.6] we will show that a similar suppression only occurs
when the nonrelativistic limit of the two experimenters is with respect to the
frame associated to the vacuum background; hence, only in the nonrelativistic
ABM and RaRbR scenarios the strict localization property is always satisfied.

8.4 Modal scheme

In Sec. [74] we defined the modal localization scheme in QFT. The approach
was based on the representation of Minkowski single particle states as positive
frequency modes of the field equation [Sec.|[l.1.1]. A similar representation was
provided for Rindler-Fock states as well [Se. Here, we use such a modal
representation of Rindler particles and the prescription of Sec. [7.4] to define the
modal scheme in the Rindler frame.

The modes F,(Q, K, , T, X) [Eqs. (1.113) and (1.118)] are representatives of
the v-Rindler single particles with frequency €2 and transverse momentum K.
They are solutions of the Rindler-Klein-Gordon equation and are orthonormal
with respect to the Klein-Gordon product , according to Egs. and
(L116). Any general Rindler-Fock state |®) € Hp g is represented by the wave
functions in momentum space ®,(v,,6,) [Eq. (1.120)] and in position space
., (T,v,, X,) [Eq. ]

The representation of Rindler particle states in terms of positive frequency
modes provides the definition of the modal localization scheme over the Rindler
vacuum |0, 0r) as the background state. In particular, we say that the state
|®) € Hrr is localized in the wedge v and in the volume V at T = 0 over
the Rindler vacuum |0r,,0r) and with respect to the Rindler modal scheme if
®,,(0,v,,X,,) is supported in ™ @ V™| in the sense that ®,,(0, v, X,,) = 0 when
there is an ! € {1,...,n} such that v; # v or X} ¢V.

The localization of Rindler-Fock states over the Rindler vacuum |Or,0Og)
provides a natural definition of local operators. By following the algebraic ap-
proach [Sec. [3.2], we know that any state |®) of the Rindler-Fock space Hr r
can be—at least approximately—written as |®) = O|OL, Or). Naturally, we say
that O is localized in the wedge v and in the volume V with respect to the
Rindler modal scheme if |®) is localized in v and V. This provides the definition
of local algebras A°4()) generated by operators localized in v and V.

The algebra of operators localized in v and in the space point X can be

obtained by inverting Eq. (1.119)) as

~ 2mc? n/2 i - >
®, (v, 0,) = ( 5 ) / d?’”Xntbn(O,un,Xn) I |-7::l (0:,0,X;), (8.8)
h R3" =1

with 1)
F (LK, T,X)=—F,(Q,K,,T,X). (8.9)

mc2



232 CHAPTER 8. LOCALIZATION IN ACCELERATED FRAME

Equation (8.8) is a result of

2mc —»

D¢ F,(0,0,X)F:(0,0,X) =66 — 0", (8.10)

R3
which can be derived from Eqs. ((1.113a}), (1.118]), and

/OOO dz%F(Q K1, Zg(2)F(Y, K|, Zp(z)) = #5(9 -, (8.11)

The proof for Eq. (8.11)) is shown in Appendix
By using Eq. (8.8) in Eq. (1.120) we obtain

o0
1
= Zﬁz "X, ®,(0,v,,X HAmod " (X)|0L,0r), (8.12)
n=0 C Un

R3n

with

. . oM o e
Amod,y(X):/ d3owfy(9,o,X)Ay( ). (8.13)
61>0

By definition, |¥) is localized in the wedge v and in the region V over |0r,, Og)
with respect to the Rindler modal scheme if ®,,(0, v,,, X,,) is supported in v ®
V™. This gives a natural definition for local operators. We say that the operator
O is localized in the wedge v at the space coordinate X ifit belongs to the algebra
Amed(X) generated by Amed. (X). We also define the local algebra 2Amod(V)
generated by the operators Amod’,,()z) with X € V.

By means of the local algebras 2m°4(X) and 2m°4(V), it is possible to extend
the definition of localized states to include any background |(2) that differs from
the Rindler vacuum |0y, Og). In particular, we say that the state |®) = O|€) is
localized in v and X over the background |€2) with respect to the Rindler modal
scheme if O is an element of Am°4(X).

It can be noticed that the Rindler modal scheme is not compatible with the
Minkowski modal scheme, in the sense that no state or operator is localized
in the same spacetime event with respect to both schemes. Mathematically,
this means that the algebras 21°4(%) and Amed(X X) do not coincide, even if ¥
and X represent the same point in the v wedge, ie., ¥ = xV(O,X). This is
a consequence of the nontrivial Bogoliubov transformation relating the Rindler
modal operators /lmod’,,()? ) [Eq. ] to their Minkowski counterpart dmod (¥)

[Eq. T2D)], ic.

amOd Z / d3 mod w—nnod( ) X)AAIHOCLV (X)
R3
v={L,R}
+fr;0d,m—>mod(f7X)A‘rrnod,y()?)} ) (814)

with

+ 01 l E :? ﬂ 7\ % n .
Inod,m—nnod / dS / dd 4 ) ig)Fu (:I:ov Oa X)
R3 01>0 ™

(8.15)
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Equation (8.14) can be derived from Eq. (3.80) and from the inverse of (8.13)),

ie.,

1211,(9) = F:(Q_; OaX)Anlod,u(X)v (8~16)

- / 3 V2mc?
X
R3 h

which, in turn, can be proven by using Eq. (8.10). As a result, we find that the
modal localization scheme does not satisfy GR covariance under diffeomorphism
and cannot be used to describe local physical phenomena in the QFTCS regime.

In addition to the violation of the GR covariance under diffeomorphism,
one can prove the incompatibility between the Rindler modal scheme and the
relativistic causality by noticing that operators localized in different regions of
the space do not generally commute. To see this, use Eq. to obtain

. o . Ime? o L .
[Amod, (X), Al g (X)] = 810 / 30 ’;;c F, (0,0, X)F:(6,0,X"),
0:>0
(8.17a)
[Amod,u()?)a Amod,u/(fl)] = 07 (817b)

which implies that the operators Amod,y()? ) and AT (X’) do not commute

mod,v
with each other, even if X is different from X'. Consequently, operators lo-
calized in different regions with respect to the Rindler modal scheme are not
guaranteed to commute. Also, by means of Eqs. (8.14]) and it can be
proven that dmeq (%) does not commute with flmod’u(X ) nor Amod,y()f ), even
if the Minkowski coordinate & represents the same event of the v-Rindler co-
ordinate X. Hence, we find that [OA,OB] # 0 for some couples of operators
Oa € 2Amed(1,) and Op € 2Amed(Vg), with Vs and Vg representing disjoint
regions of the spacetime.

We already saw this feature in the case of the Minkowski modal scheme
[Sec. . As consequence, we found that the strict localization property is
not guaranteed. The result can be interpreted in therms of the modal ABM
scenario, where an inertial experimenter (Alice) prepares a state localized in
Oa with respect to the Minkowski modal scheme over the Minkowski vacuum
|Onm) and another inertial observer (Bob) performs local measurements in Og.
When the state is not strictly localized in Oy, its preparation may affect the
results of Bob’s measurements.

The same result can be extended to the case in which experimenter A (or
B) uses the Rindler modal scheme, or when both experimenters use the Rindler
modal scheme over any background state. Consequently, in all the scenarios de-
fined by Table (i.e., ABM, RaRbR, RaRbM and ARbM) the strict localiza-
tion property is not guaranteed and preparations of states by the experimenter
A can influence measurements performed by the experimenter B.

Crucially, the strict localization property is not guaranteed for nonselective
preparations either. To see this, assume that the state |¢) = Oa|Q) is localized
in O over |Q), with Op satisfying the unitary condition OLOA =1, and
consider any operator Op measured by the experimenter B in Op. By using the
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modal
AQFT scheme scheme
GR covariance and causality hold Yes No
Operators in disjoint spatial regions Yes No
commute
The strict localization property Only for local nonse- No
[Eq. (8.1)] at t = T = 0 is guaranteed lective preparations

Table 8.2: Summary table of the differences between the AQFT and the modal
localization schemes in the Minkowski and the Rindler frame.

noncommutative identity for operators localized in different regions [Eq. (8.17)],
we find that

(¢On¢) = (0L 0B0AIQ) # (/0L 0A05[Q) = (2050, (8.18)

which means that the unitary preparation of |¢) by experimenter A is able to
influence measurements by experimenter B in Og. This leads to a violation of
causality [Sec.[7.3.2].

An additional acausal effect is given by the instantaneous spreading of wave
functions, which was already noticed for the modal scheme in QFT [Sec. .
This issue is also present in the Rindler frame and is due to the fact that
the modes F, (1, K.,T, )?) have positive frequency [Egs. (]1.11334) and (]1.118[)],
which means that 9y®,, (T, vy, X,)|r=o0 and ®,(0,v,,X,) cannot be simulta-
neously compactly supported [102]. For this reason, the modal scheme is not
consistent with the notion of relativistic causality.

The modal scheme does not entail any genuine notion of localization in
QFTCS since it violates relativistic causality and covariance under diffeomor-
phism. Only the AQFT framework is able to provide a valid description for
special relativistic and GR local phenomena. In Sec. we will show that
the modal scheme converges to the AQFT scheme in the nonrelativistic limit.
Hence, we find that the nonrelativistic limit is able to fundamentalize the modal
scheme.

8.5 Comparison between localization schemes

In this section, we compare the AQFT and the modal localization schemes
presented in Secs. and respectively. The results are summarized in
Table

In Sec. B3] by showing the compatibility between the Minkowski and the
Rindler AQFT schemes, we proved that the GR covariance holds. The modal
scheme, instead, lacks this property as the local algebras 20i3°4(%) and Ql,rj“’d()z )
are not equivalent, even if £ and X represent the same event in the v wedge, i.e.,
¥ =7,(0, X ). Also, the relativistic causality in the AQFT schemes is ensured



8.5. COMPARISON BETWEEN LOCALIZATION SCHEMES 235

by the microcausality axiom and by the fact that nonselectively prepared local
states are always strictly localized. In the modal scheme, instead, wave functions
instantly propagate and the strict localization property is not guaranteed even
for unitarily prepared states, due to the noncommutativity relation between
operators localized in disjoint regions. For these reasons we conclude that,
between the two schemes, only the AQFT scheme gives a genuine description of
local phenomena.

A direct comparison between the AQFT and the modal scheme in the Rindler
frame can be obtained by defining the local algebras in spatial regions with re-
spect to the AQFT scheme, in analogy to the algebras %ﬁQFT(f) introduced
in Sec. for the Minkowski frame. In particular, we define AAQFT(X)
as the algebra generated by the field <i>,,(0,)?) and its conjugate ﬁ,,(O,)?) =
—99®, (T, X)|7—=o. The algebra AXFT (V) instead, is for the space region V.

Notice that the local algebra in the Rindler frame QlﬁQFT(X: ) is equiva-
lent to the algebra Qlf\\/[QFT(f) in the Minkowski frame if Z = #,(0, X). This
can be proven by deriving the one-to-one map between the couple of fields
q{)(O,)?),ﬁ'(O,f) and the couple @V(O,)?),ﬂu(O,f) which can be obtained by
means of Eq. and the chain rule (3.73)) as follows

$,(0,X) = ¢(0,7,(0, X)), 11,(0,X) = s,az,(2)7(0,%,(0,X)).  (8.19)

The incompatibility between the modal and the AQFT scheme can be proved
by showing that operators that are localized with respect to the one of the two
schemes are not localized with respect to the other. To see this, consider a
Rindler single particle creator, defined as

Ao ltl = [ SO0, (5.20)
6,>0

By means of Eq. (8.16)), one can also consider

Alganl® = | @XB(X)ALq,(X), (8.21)
R3 ’
with ®(X) = ®(0, X) and
— 2 ~ = — —
o(T, %) = Y2 §(6)F, (4.7, X) (8.22)

as the wave function in position space. The operator ALO 4.,[®] is localized in

the wedge v and in the region V with respect to the Rindler modal scheme (i.e.,
Al 4, [®] € Amed(V)) if &(X) is supported in V.

Consider an operator A [®] such that ®(f) is real. By using the or-

mod,v

thonormality condition (1.116)) in Eq. (1.117)), we can write ALOd ,[®] in terms
of the Rindler fields &, (0, X), II, (0, Z) as

At ] =— / 5(0)(,, F2 (0))xc
01>0
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QFTCS NRQFTCS

AQFT Scheme nonrelativistic limit NRQFTCS

modal scheme nonrelativistic limit scheme

Figure 8.1: Localization schemes in the relativistic (QFTCS) and the nonrel-
ativistic (NRQFTCS) theory in curved spacetime. The AQFT and the modal
scheme converge to a unified localization scheme in NRQFTCS.

+62q>*()2)ﬁy(o,)?)} . (8.23)

If <I>()?) is supported in V, the operator ALOd [®] is localized with respect to the
modal scheme. However, it is not localized with respect to the AQFT scheme
due to 9®(T, X)|r—o acting as a smearing function for &, (0, X) in Eq. .
The function @(T,X ) is a positive frequency solution of the field equation;
therefore, if it is supported in V), its time derivative 0y ® (T, X ) is not.

In Sec. [8.6.1] we will show how the two localization schemes converge in the

nonrelativistic limit. This will imply that the modal operators A’ [®] €

mod,v
Amd(Y) can be approximated by some local field operators ALQFT)V@] €
AAQFT (1) The intuition is that if ®(X) is supported in V, then its time deriva-
tive 9o®(T, X)|r=0 is approximately vanishing outside V. Consequently, the
right hand side of Eq. (8.23)) is made of field operators approximately smeared

over V and, hence, the single particle modal operator Ajno 4|®] is approximately
local in V with respect to the AQFT scheme.

8.6 Localization in the nonrelativistic regime

In the previous sections, we considered different localization schemes in the
Rindler frames over a general background state |2). In Sec. we showed that
the AQFT and the modal schemes are incompatible.

In this section, we consider the nonrelativistic limit of these theories and we
show that the two schemes converge [Fig. . Then we detail the features of
this unified localization scheme in NRQFTCS.

In Sec. [B:4] we introduced the modal scheme in Rindler spacetime based on
the modal representation of states [Sec. . In Sec. we showed that
the space of modal wave functions is approximated by the L?(R?) Hilbert space
when the nonrelativistic condition is satisfied. However, we did not discussed
the probabilistic content of the modal wave functions. Here, we show that if
|Q) = |01, 0r), the modal wave functions acquire the Born probabilistic notion
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of finding particles in each point. This is a consequence of the convergence
to the AQFT scheme—which entails a genuine notion of locality—and the fac-
torization of the Rindler nonrelativistic global Hilbert space Hf  into Rindler
nonrelativistic local Fock spaces HE(V;).

Due to the emergence of the Born localization scheme in the Rindler frame,
we find that the nonrelativistic RaRbR scenario is formally equivalent to the
nonrelativistic ABM scenario discussed in Sec. [7.6] In particular, in analogy
to Sec. [7.6.5] here, the preparation of nonrelativistic states by an accelerated
experimenter over the Rindler vacuum |0r,0r) does not affect nonrelativistic
measurements performed by another accelerated observer in a separated region.

Conversely, if the background |Q) is not the vacuum |0r,, Or), the indepen-
dence between preparation and measurement in disjoint regions does not gen-
erally hold. In particular, in the RaRbM scenario, the background Minkowski
vacuum |Oy;) is entangled between the Rindler nonrelativistic local Fock spaces
and, hence, it produces nonlocal effects that are similar to the Reeh-Schlieder
nonlocality discussed in Sec. [7.3.2]

Finally, in the ARbM scenario, the two experimenters (Alice and Rob) do not
share the same notion of nonrelativistic limit and, hence, their nonrelativistic
localization schemes are incompatible. This leads to a persistence of the Reeh-
Schlieder nonlocal effect in nonrelativistic ARbM experiments.

The section is organized as follows. In Sec we prove the convergence be-
tween the modal and the AQFT scheme in the nonrelativistic limit. In Sec.[8.6.2]
we show that the Rindler nonrelativistic limit has the same features of the Born
scheme already discussed in the context of NRQM. In Secs. B.6.3 [:6.4] and
3.6.5] we respectively study the RaRbR, RaRbM and ARbM scenarios, with
particular focus on the strict localization property.

8.6.1 Convergence between the modal scheme and the
AQFT scheme

In this subsection, we show the convergence between the Rindler modal and the
AQFT scheme in the nonrelativistic limit. Specifically, we prove that operators
that are localized with respect to the Rindler modal scheme are also localized
with respect to the AQFT scheme.

We firstly adopt a method similar to the one used in Secs. [7.6.3] and [7.6.4]
In particular we define the space of Rindler nonrelativistic particles Hf  as the
subspace of the Rindler-Fock space y, r that contains particles with frequencies
satisfying the nonrelativistic condition . Also, we define the operator

- = mc? . - i - =
AAQFT,U(X) = W(I)V((LX) - omc2 HV(07X)7 (824)

which generates the local field algebra AAQFT(X),
The right hand side of Eq. (8.24) can be written in terms of Rindler-Fock
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operators as

Angrrn (X) = / a0 [ PR [ aqer, (X0 K DAQ K
0 R2
i1 aqrr (X, 2 RDALQ K L) (8.25)
with

o o, mc? Q o, "
fA»—)AQFT,u(ngvKL) = Th2+ W FV(QvKJ_von)a (8263‘)

S - mc2 Q
faroaqer (X, QK1) = < 22

) Fr(Q,K,,0,X).  (8.26h)
2mc?

Notice that when €2 satisfies the nonrelativistic condition , Eq can
be approximated by fAHAQFTV(X 0K~ (\/702/71) (Q KL,O X) and
fATHAQFT,u(Xv Q, KJ_) 0. Hence, by restricting the operators AAQFT’V(X)
and Amod,» (X) to Hf g, we find that

AAQFT7V()?) u ~ Amod,u()_(')

¢ e
L,R Hir

(8.27)

which means that any element of the modal algebra Ql‘de(X ) can be approxi-
mated to an element of AAFT(X) when restricted to Hs,

The Hilbert space Hf i describes nonrelativistic Rlndler particles that are
prepared over the Rindler vacuum |0r,0r). Hence, the results of Eq. (8-27)
can be used in the nonrelativistic RaRbR scenario, where all the experimenters
are accelerated and the background state |Q2) is precisely the Rindler vacuum
|0r,0r). However, we also want to consider scenarios in which |Q) is different
from |0r,,0r) (e.g., RaRbM scenario) or where one of the two observers uses
nonrelativistic Minkowski operators to prepare states (e.g., ARbM scenario).
To include all of these cases we now adopt an algebraic approach to the nonrel-
ativistic limit.

Starting from the AQFT scheme, we introduce the local algebra A4QFT:¢(})
as the subset of A2QFT (V) that contains combinations of products of Rindler op-
erators A, (€, K ) satisfying the nonrelativistic condition . By definition,
the algebra ALQFT€(V) is generated by operators of the form of

g [0 = [ aX0(D) A\ qer, (). (8.29)

where ®.(X) is a function supported in V that satisfies the following nonrela-
tivistic condition

3 *
d XfA»—)AQFT,u(

Lo . hQ
X, 0, K)o (X)~0if ‘2 - 1’ > e (8.29a)
R3 mc
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L . hQ
3 * ~ 3
/RS PX i aqer, (X QKD (X) ~ 0 if ‘CZ - 1‘ > e (8.29b)

Equation can be obtained by plugging Eq. (| in Eq. (8.28) and by as-
suming that fl AQrT . [Pe] is a linear comblnatlon of Rlndler operators AQ,K))
satisfying the nonrelativistic condition .

Analogously, we define the local algebra Qll‘}‘Od’E(V) as the subset of Am°d())
that contains combinations of products of Rindler operators A, (€, K | ) satisfy-
ing the nonrelativistic condition (2.47)). Explicitly, this means that Amd€(V) is
generated by the operators Amod L@ [Eq. ] with ®.(X) supported in V
and satisfying

PXFQ,K,,0,X)0.(X) ~ 0 if ‘7192 - 1‘ > e (8.30)
R3 me

Equation (8 is a consequence of Eq. and the nonrelativistic condition
for Ajnod u[ ]

The convergence between the two algebras A2QFT: E(V) and 2(mod€ (V) can
be proved by noticing that the nonrelativistic conditions and - are
equivalent, in the sense that any function <I>€()Z' ) satlsfylng Eq. satisfies
Eq. as well and the other way round. When both equations hold we have
that

Ager, 0 = [ X0 (DA ger, (B)

—

’“/Rs X P, (X) AAQFTV(X)’

Hir
%/ d?’X(I) (X) A:rnod V(X)
R3 HE,R
~ dSX(I) ()?)Amod 1/()_(')
R3
=Aloq, [P (8.31)

Hence, any operator in A4@FT:¢(V) approximates to an element of 2A2°%¢(V).

Due to the convergence between A2QFT¢(V) and Am°d¢(V), we define a uni-
fied algebra A$ (V). Any element of S (V) is localized in v and V with respect
to both schemes and is nonrelativistic from the point of view of accelerated
observers. We say that the localized state |®) = O[Q) is nonrelativistic with
respect to the Rindler frame and over the background state |Q) if O € A (V),
which means that the state has been prepared over |2) by the accelerated ob-
server Rachel via the nonrelativistic local operator O € A (V).

8.6.2 Born scheme in NRQFTCS

In this subsection, we show that the notion of Born localization naturally
emerges in the nonrelativistic limit of Rindler spacetime. In particular we
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demonstrate that, in such a regime, the Hilbert space Hf factorizes into local
Fock spaces H¢(V;) and the Rindler vacuum |0y, Ogr) factorizes into the local
vacua |0, (V;)). Also, the orthogonality condition for states that are localized in
disjoint regions holds and the modal wave function acquires the Born notion of
probability to find particles in space points.

The factorization of Hf gy into local Fock spaces H; (V;) can be obtained
by using the definition of AC °(V) as the algebra generated by the operators

Ao [®], with @ (X X) supported in V and satisfying the nonrelativistic con-
dition I
0.(0) ~ 0 ’1 - 1‘ > e, (8.32)
with
. \/2 L
b, () = Y2me d3XcI> X)F:(0,0,X). (8.33)

The commutation relation between two nonrelativistic local operators is

o0 Ay 0] =6 [ P05:@80) (3300
' 01>0
[Amod,u[q)e]; Amod,u’ [(I)/g]] =0. (834]3)
By means of Eqgs. (8.9), (8:32)) and (8.33), one can approximate Eq. (8.34a) with
(Ao 8. Al 0] ~000r | a0 (6),(6)
|h61/mc2—1|<e

2 2
=80 / #x | #x / PR
R3 R3 |hO1/mc?—1|<e h

x @ (X)®L(X)F, (0,0, X)F; (0,0, X)

. . 5 2mc?
S / #x | d#x / 0=
R3 R3 |01 /mc?—1|<e h

x & (X)®' (X')F, (0,0, X)F:(8,0,X")

2
S / #x [ #x / d*0 m;
R3 R3 6:>0 I

x & (X)®L(X')F, (6,0, X)F:(0,0,X), (8.35)

which leads to

{Amod,y[@],/ﬁ @’]} ~ 6,y / PXPH(X)D(X), (8.36)
]RS

mod,z/’[ €

owing to
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Equation can be proven from Eqs. (T.113a)), (T.118)), (5.63) and .
Due to the localization of the wave functions ®.(X) and ®,(X) in, respec-
tively, ¥V and V', we find that the right hand side of Eq. is vanishing if V
and V' are disjoint. Hence, nonrelativistic operators localized in disjoint regions
commute. Consequently, the Hilbert space Hj p factorizes into local Hilbert
spaces HE(V;) upon which elements of A (V;) act. Also, if ®.(X) and @ (X)
are orthonormal with respect to the L?(R3) scalar product, then Amodw[@e] and
/Al:rnodﬁy, [®] approximately satisfy the canonical commutation relations. This
means that the local Hilbert spaces HE (V) and HE (V') are also Fock spaces.
We note by ]0,(V)) the local vacuum of HE(V). Notice that the global
vacuum |0, 0g) is annihilated by any Amea.,[®] € AS(V). Hence, |0L,0R)
factorizes into &, @, [0, (V;)) in Hf g = &), &, H;, (V). This means that the
Rindler vacuum |0, 0g) is equal to [@), @), |0,(Vs))] ® ... as an element of
Hir = Hi,R ®.... Here, the dots are associated to the relativistic subspace of
‘Hi,r containing states that do not satisfy the nonrelativistic condition .
As a consequence of the factorizations Hf r = &, &, Hy, (Vi) and |01, 0r) =
(®, &, 10,(V4))]®..., we find that any couple of nonrelativistic states localized
over the Rindler vacuum |0y, Og) in different regions are orthogonal. Explicitly,
this means that for any couple of operators O € 25, (Va) and Op € 25 (VB),
the states |®p) = OA|0L,0R> and |®p) = OB|OL, Or) are orthogonal if va # vp
orif VANV =9
In Sec. we provided the description of any Rindler single particle
state |®) € Hp g in terms of the modal wave function ®;(T,v, X) such that
|®) = > cqrr) Ao,y [®1(0,2)]|0r,0r). As a consequence of the convergence

between the AQFT and the modal scheme, the modal wave function ®, (7', v, X )
acquires a genuine notion of localization. Also, due to the emergence to the Born
scheme, we find that |®(T, v, X )|? gives the probability for the particle to be
found in X at time 7. The same result can be obtained for general Fock states.

8.6.3 Nonrelativistic RaRbR scenario

In this subsection, we consider the RaRbR scenario in which a state |®) =
O Al0L, Or) is locally prepared by an accelerated experimenter (Rachel) over the
Rindler vacuum background |0r,,0r) and a second accelerated observer (Rob)
performs local measurements of the observable OB The operators OA and OB
are, respectively, localized in the wedges va and vg and in the space regions
Va and Vg. We assume that the state prepared by Rachel and the observable
measured by Rob are nonrelativistic with respect to the Rindler frame, which
means that Oy € 25, (Va) and Op € A5 (VB).

As a consequence of the factorizations Hf g = @, &, H; (Vi) and [0r, Or) =
(X, &, 10,(V;))] ®-..., the strict localization property is always satisfied in the
nonrelativistic RaRbR. scenario. In particular, we find that

(®|0p|®) = (0, 0r|OB|0L, Or) (8.38)
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when v, is different from vg or when Vo and Vg are disjoint. This means that
Rob’s measurements are never influenced by Rachel’s preparations of states.

Such a result is in analogy to what we found for the ABM scenario in
Sec. [7-:6.5} We conclude that nonlocal effects are always suppressed if the non-
relativistic limit and the background vacuum state are associated to the same
frame.

8.6.4 Nonrelativistic RaRbM scenario

In this subsection, we study the RaRbM scenario in the nonrelativistic limit. At
variance with Sec. [B:6.3] here, the background state is the Minkowski vacuum
|On). Hence, the state prepared by Rachel is |®) = OA\OM> with Op € A5, (Va).

The observable measured by Rob, instead, is still O € 25 (V).

In Sec. we showed that the Minkowski vacuum |Op) factorizes into
&, |0m(Vi)) with respect to the Minkowski-Newton-Wigner local Fock spaces
HYW (V;). However, here, we are interested in the factorization with respect to
Hig = &, &Q,; Hi(Vi). Due to Egs. and l ) and due to the factor-
ization of the Rindler vacuum |0, OR ViN] @ ..., we find that
the Minkowski vacuum |Oyg) is entangled between the nonrelativistic local Fock
spaces HE (V).

As a consequence of this entanglement, we find that, in general,

(@|05|®) # (03:|Op0:) (8.39)
even if Vo and Vg are disjoint. However, the identity
(®|0g|®) = (0n|OB|0m) (8.40)

is guaranteed when Oy is unitary and either the two wedges vp and vp are
different or the two regions Vs and Vg are disjoint. This is due the fact that
Oa and Op commute and, hence, Eq. @b holds.

As a result, we find that the strict localization property in the nonrelativis-
tic RaRbM scenario is guaranteed for unitary preparations of the state. By
only performing nonselective operations on the vacuum |0y), Rachel does not
influence Rob’s measurements in the other disjoint region. Conversely, selective
preparations of the state lead to nonlocal effects.

The nonlocality shown here is similar to the Reeh-Schlieder effect discussed
in Sec. [7:3:2] Indeed, the origin of this effect is ascribed to the entanglement
between local spaces induced by the background vacuum state. These correla-
tions are suppressed in the nonrelativistic limit with respect to the Minkowski
frame [Sec. . However, here, we are considering the nonrelativistic regime
of accelerated observers and we find that no suppression occurs in the RaRbM
scenario.

8.6.5 Nonrelativistic ARbM scenario

In Sec. we detailed the nonrelativistic ABM scenario, in which all experi-
menters are inertial and the background state is the Minkowski vacuum |On).
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In that case, physical phenomena are described by means of the Hilbert space
HY,.

In the Minkowski frame, the nonrelativistic local algebras are defined with
respect to the nonrelativistic condition (2.1). In particular, 25,(V) is defined as
the subalgebra of 23V (V) generated by operators of the form of

ihwlod = [ a0 @il (@) (s.41)

where ¢ () is supported in V and its Fourier transform nge( ) is supported in the
nonrelativistic region . Due to the convergence between the different local-
ization schemes in the nonrelativistic limit, one can use Qlf‘/IQFT(V) or 20ued (V)
and aAQFT( Z) or ajnod(f) instead of AW (V) and d;r\]w(f) to define A5, (V).

Any state |¢) of the nonrelativistic Hilbert space H4;, with A ~ e71/2)\¢,
localized in Vs can be identified by an operator O € 25, (Va) such that |¢) =
OalOn). In Sec. we found that |¢) is also strictly localized in Va, in the
sense that, for any Op € 5;(Vg), with Vg disjoint from Vu, Eq. (7.13) holds.

At variance with Sec. [7.6] here, we consider the nonrelativistic ARbM sce-
nario, in which the observer performing the measurement (i.e., experimenter
B) is accelerated (Rob). Hence, the operator Op is an element of s, (VB) in-
stead of A5;(Vg), which means that Og is a linear combination of products of
Amod,yB [®] operators, with @, ()? ) supported in Vg and satisfying the nonrela-
tivistic condition in the Rindler frame .

In Sec[5.2] we showed that the nonrelativistic condition in the two frames are
not compatible. This means that if ®(X ) satisfies the nonrelativistic condition
in the Rindler frame , then, for any Vj; C R3, the operator Apod.,[®] is
not an element of the Minkowski nonrelativistic local algebra 2A§;(Vf;). Hence,
the Minkowski and the Rindler nonrelativistic schemes are incompatible.

Due to the incompatibility between the two schemes, Eq. (| does not
generally hold. This means that the preparation of the state |q§> OA|OM> by
Alice, with Ox € A<, (Va), may influence the measurement of Og by Rob, even
if Vo and Vp represent different regions of the spacetime.

However, unitary preparations of |¢) guarantee the independence between
the local preparation of the state and the local measurements of the observ-
able Og. This is a consequence of the microcausality axiom that ensures that
operators localized in different region of spacetimes with respect to the AQFT
scheme commute. Since the algebras A5;(Va) and AS (VB) are subalgebras of,
respectively, QIAQFT(VA) and AXFT(Vg), we find that O and Op commute
if VA _and Vg represent different regions of the spacetime. Then, one can use
Eq. to prove that, if O is unitary, Eq. holds.

In conclusion, we find that, at variance with the ABM and the RaRbR
scenarios, in the ARbM scenario the Reeh-Schlieder nonlocal effects are not
suppressed. This is a consequence of the incompatibility between the nonrela-

tivistic limit in the two frames and the consequent incompatibility between the
respective nonrelativistic localization schemes.
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8.7 Conclusions

The algebraic approach to QFTCS provides an exact description of local physi-
cal phenomena in a regime in which relativistic energies and noninertial effects
cannot be ignored. At variance with the modal representation of particle states,
the AQFT localization scheme is frame independent and does not violate rel-
ativistic causality. Only in the nonrelativistic regime the two schemes appear
indistinguishable from each other.

Notwithstanding the relativistic causal nature of the AQFT scheme, nonlocal
Bell-like instantaneous effects occur when states are selectively prepared over
any background |2) in confined regions Va. In particular, local observations
in regions Vp disjoint from V, are influenced by the nonunitary preparations
of states in Va. In Sec. [7.6.5] we already showed that such a nonlocal effect is
suppressed in NRQM. In the present chapter, we reach the conclusion that the
suppression generally occurs in the nonrelativistic regime of the frame associated
to the vacuum background [Q2).

As already pointed out in Sec. [5.1] different frames are characterized by dif-
ferent time coordinates, which lead to different notions of vacuum state and
nonrelativistic limit. Hence, it is not surprising that for any (inertial or accel-
erated) observer there is a preferred background state (|0p) or |0r,0r)) and a
preferred nonrelativistic condition (Eq. or Eq. (2.47))). Nonlocal effects are
completely suppressed when all of these frame dependent elements match up,
i.e., when the vacuum background state and the nonrelativistic condition are
associated to the same frame. The nonrelativistic ABM and the nonrelativistic
RaRDbR scenarios fall into this category and are associated to, respectively, the
Minkowski and the Rindler frame.

In the RaRbM and the ARbM scenarios, instead, the nonlocal effects are not
suppressed, due to the aforementioned elements not matching up. Specifically,
in the RaRbM scenario, the background state is the Minkowski vacuum |Oyp),
whereas the nonrelativistic condition is associated to the Rindler frame. The
origin of the nonlocal effect needs to be ascribed to the entanglement of |Onr)
between the Rindler nonrelativistic local Fock spaces. Conversely, in the ARbM
scenario, states are prepared by the inertial observer Alice via nonrelativistic
Minkowski operators over the Minkowski vacuum |0y); whereas, local measure-
ments are performed by the accelerated observer Rob via nonrelativistic Rindler
operators. From Alice’s point of view, Rob uses relativistic observables, since her
notion of nonrelativistic limit is different than Rob’s. Hence, the Reeh-Schlieder
nonlocality is not suppressed.

These theoretical results may find practical applications in the context of,
e.g., nonrelativistic emitters and detectors. If both instruments are inertial
and operate over the Minkowski vacuum |0p), no nonlocal effect is expected
to be detected. The same occurs if they are both accelerated over the Rindler
vacuum background |0r,,Or). Conversely, if at least one of them is accelerated
and the background state is the Minkowski vacuum |0y), then nonlocal effects
may appear and can be eventually measured.

By means of this nonlocality, it is possible to probe the nature of the back-
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ground state in the presence of gravitational fields (e.g., Earth gravity). Due
to the Einstein’s equivalence principle, any standing experimenter affected by
a gravitational field can be locally represented by the Rindler frame, whereas
a free falling observer is described by the Minkowski frame. In this scenario,
we still do not have experimental evidence about the nature of the background
state: is it a Minkowski or a Rindler vacuum? To answer this question, one may
use nonrelativistic emitters and detectors that follow different trajectories and
measure eventual nonlocal effects.
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Chapter 9

Single particle beyond
Rindler horizon

This chapter is based on and contains material from Ref. [§].

In classical physics, accelerated observers cannot detect signals emitted be-
yond the Rindler horizon. One can argue if this is also true in quantum physics.
Here, we ask if inertial Minkowski particle states localized beyond the horizon
can be revealed by monitoring variations in the Rindler particle distribution
from the thermal background .

In Chap. 8] we found that nonunitary preparations of states over the Min-
kowski vacuum |0y;) by an inertial experimenter (Alice) may influence the out-
come of measurements carried out by an accelerated observer (Rob), even if the
two experimenters are localized in different wedges. We obtained such a result
for both the Newton-Wigner [Sec. and the AQFT [Sec. localization
schemes. In the former case, the nonlocal effect is due to the noncovariant
behavior of the scheme under coordinate transformations. In the letter case,
instead, Rob’s measurements are only affected by the selective nature of the
preparation of the state by Alice; no violation of causality occurs because a
classical communication between Alice and Rob is required [Sec. [7.3.2].

In this chapter, we consider a Minkowski single particle state |¢) prepared by
Alice in the left wedge. By definition, the preparation of |¢) over the Minkowski
vacuum |Oy) is selective. To see this, consider Eq. and notice that the
operator acting on |Op) is not unitary. Hence, the accelerated observer Rob,
localized in the right wedge, is expected to detect the presence of the particle
beyond the horizon.

In Secs.[9.1]and we use, respectively, the Newton-Wigner and the AQFT
schemes to see these results. This chapter can, then, be intended as a practical
application of the ARbM scenarios originally described in Secs. and
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9.1 Newton-Wigner scheme in 141 spacetime

In this section, we consider the Newton-Wigner ARbM scenario, which was
presented in Sec. We give some quantitative results by studying the case
in which a single particle state |¢) is prepared by Alice in the inertial frame and
local measurements of particle distributions are carried out in the right Rindler
frame by Rob.

We explicitly demonstrate that the strict localization property is not satis-
fied. In particular, we show that the preparation of the Minkowski single particle
|¢) by Alice influences the outcome of Rob’s measurements. Such a nonlocal
effect occurs even if |¢) is localized beyond the Rindler horizon. In other words,
we show that Minkowski single particle states localized beyond the horizon with
respect to the Newton-Wigner scheme modify the Unruh thermal distribution
in the accelerated frame. ~

The state |¢) is defined by Eq. EI) with ¢1(k) as its wave function in
the momentum space. Alternatively, |¢) can be defined in terms of its Newton-
Wigner wave function ¢nw(z) by

o) = / A (2)alv () 00), (9.1)

with

onw (@

(9.2)

By taking the partial trace of |q$ ¢| over the left wedge, we obtain the
statistical operator p representing the state in the right Rindler frame [Sec.
An equivalent representation can be obtained by considering its riht—Rindler—
Wigner characteristic function () [€,&*], explicitly shown in Eq.

The function xP)[¢, £*] can be used to compute the right Rindler particle dis-
tribution, defined as the mean value of nig(X) = ALw,R(X)ANW,R(X) Owing
to Eq. , we obtain

UK —K)X 5 5
N — ! (+1) *

as the mean value of fig(X) with respect to p. Similarly, one can derive the
mean value of nig (X) with respect to the Minkowski vacuum py as

A B K —EX s S (4110 o
(X, = [ar [k et e e Y

We define the difference in the right Rindler density function between the
Minkowski single particle p and the Minkowski vacuum state pg as

Ang(X) = (in(X)); — (r(X)),, (9.5)

If Rob measures a value of Ang(X) different from zero, then he can infer that
the preparation of the Minkowski particle has influenced the outcome of the
measurement.

(9.3)

£=0
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The explicit expressmn for the right hand side of Eq. 1- can be derived

by plugging Eq. ( in Eq. ( and by using Eqgs. (4.35)), (4.38) and (| .,

which lead to

(X)), = ne (X) +n_(X), (96)
with
KX 2
ne () = | [ a / A1) =l K)| (9.7a)
—zKX
[ar [ ki ——=s"(n )| (9.7b)

By using Egs. and ( -, we obtain
eFiKX K iK
dK¢1 (@272 0(kK)\/ L <:Fa>

o <ﬂm<| l) wn 2 ey

By inverting Eq. (9.2), we can relate the distributions n4 (X) to the Newton-
Wigner wave function ¢nw(z) as

7zk1::i:zKX .
dK¢NW (@77 Q(kK)\/fF <:sz)

2
X exp (:I:zln <| |) + sign (k) 664K>

The right hand side of Eq. can be computed by considering the variable
transformation k — X’ = In(sign(K)k/a)/a, which leads to

, e:tiKX:tiKX’ iK
X' [ dK & KN (2
ix [ axonsote) o ValRTe (717

dk

dx dk

(9.9)

ne(X)=|/ dx

X! , K\ |?

X exp (a2 — sign(K)iaze®® + Cﬁll) (9.10)
Due to Eq. (3.41), Eq. (9.10) is equivalent to
+iKX iK
dr [ dK onw () a[ KT <¢)
R
K 2

X exp (:tcﬂlll) F (—sign(K)an, FK + z%) (9.11)

By using Eq. (3.46)), we obtain

+iKX .
dx/ dK paw ()2 1Kl (:HK> r (; + ZK)

(2m)2a \| || a a

nt (X
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@ oyf —a© ® 01 —fai(®)
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Figure 9.1: Profile of f,+(£) defined by Eq. (9.14c)) which have been numerically
derived.

cB|K]| ?
— (9.12)

X exp (:Filj In(a|z|) £ 6(x) = sign(Kx)iZ)

Finally, by considering the variable transformations z — { = —aXy,(x) if
<0,z &=aXg(x)ifx >0and K — x=FK/a in Eq. (9.12)), we obtain

n(X) = [0(E1)6r(X) + dre(X) + dra (X)), (9.13)
with
u(X) =V ala, (X)|gnw (2, (X)), (9.14a)
6,00 = [ o, (5,2 fae - ax), (9.14b)
Fos(©) = [ xS [-006.1060) + VDGR (3 - i)
X exp (ie(sy)ﬂfq + sysign(&)i%)} . (9.14c)

The function ¢, (X) can be interpreted as the transformed version of the
wave function ¢nw(x) from the Minkowski to the v-Rindler frame, such that
the infinitesimal distribution |¢nw(z)|?dx is conserved under the coordinate
transformation z — X = X, (z), i.e., |¢nw(@)]* dz = |¢,(X)|* dX.

Notice that the functions ¢r,(X) and ¢4 (X) are constructed from ¢nw ()
with negative values of z; conversely, ¢r(X) and ¢r+(X) depend of ¢nw(z)
with = > 0. Hence, within the decomposition (fir (X)), = |[pr(X) + ¢r4+(X) +
dr+ (X)|? + |pr—(X) + ¢r—_(X)|?, the functions ¢r,+(X) derive from the left-
wedge part of ¢pnw(x), whereas ¢r(X) and ¢r4 (X) come from the right-wedge
part of onw ().

The functions f,+ (&) are shown in Fig. Notice that they are localized
around ¢ = 0. This means that Ang(X) receives most contributions from
¢r,(X') and ¢r(X’) such that, respectively, | X'+ X| <a ! and | X' — X| Sa™?
or, equivalently, from ¢nw () such that |z 4+ zr(X)| < a™! and |z — 2r(X)| <

a
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The state |¢) is said to be localized in the left wedge with respect to the
Newton-Wigner scheme if ¢nw(z) is such that

onw(z) = 0if 2 > 0. (9.15)

When Eq. (9.15)) holds, the functions ¢r(X) and ¢r+(X) are vanishing. Hence,
Ang(X) receives contributions only from ¢ (X), in the sense that

Ang(X) = ¢4 (X)) + |oo— (X)) (9.16)

Also, most of the contributions come from ¢nw(z), with & = —xg(X) as the
specular point of the right Rindler coordinate X with respect to the horizon.

The right hand side of Eq. is generally nonvanishing. Hence, notwith-
standing the localization of the particle in the left wedge with respect to the
Newton-Wigner scheme, the mean value of fig(X) can be different from the
Rindler particle distribution of the Minkowski vacuum. In other words, the
presence of the Minkowski particle influences the outcomes of the measurements
carried out by Rob.

At variance with Eq. , we say that the particle is localized in the right
wedge with respect to the Newton-Wigner scheme when

onw(z) = 0if z < 0. (9.17)

Notice from Fig. that |fre(€)] < 1. Therefore, if ¢nw(z) is localized
in a region R = [rg — Az, xo + Ax] that belongs to the right wedge and is
way narrower than a=! (ie., g = a=! and Az < a~1!), then the functions
or+(X) are expected to be negligible with respect to ¢r(X). The same occurs
if the distance between R and the Minkowski origin is way larger than o~ (i.e.,
To > a~ '), since the transformed region Xg(R) becomes way narrower than
a~!. In summary, |¢r+(X)| < |¢pr(X)| when 9 > a~! and Az < a™! or
when zg > a~!. Also, when these conditions hold, the functions ¢+ (X) are
negligible and, hence,

Ang(X) ~ |pr(X)|?. (9.18)

In other words, ¢r(X) appears as the dominant term in Eq. , with ¢, 4+ (X)
as small corrective terms.

We now detail these arguments by considering the specific example of a
normalized Gaussian wave function, i.e.,

dnw () W) . (9.19)

1
= Vrge P (‘ 507

In Fig. we show the distribution Ang(X) in comparison with the Minkowski-
Newton-Wigner density function, defined as

n(z) = (Plaky (@)anw (@)]0). (9.20)

It is possible to prove that the functions ¢r(X), ¢4 (X) and Ang(X) are
invariant under the transformation xg — /v, 0 — o/7v, aX — aX — In~ for
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Figure 9.2: Representation of the coordinate transformation (¢,z) — (T,X) =
(T, (t,z), X, (t,z)) [Eq. (3:23)] and the Newton-Wigner density function trans-
formation n(x) — Ang(X) from the inertial to the accelerated frame. The
yellow and the green lines are associated to single particle states with Gaussian
wave function ¢nw(z) [Eq. (9.19)] and with parameters ac = 1 and azg = +1.
The left and right Rindler wedges are shown in panel (a) by means of constant T’
and X lines. The two wedges are delimited by the Rindler horizons (gray). The
profile of the Minkowski-Newton-Wigner density n(z) [Eq. (9.20)] for the two
wave packets is drawn. In panels (b) and (c), we show the constant T and X
lines in the accelerated frame and the profile of Ang(X), defined by Eq. .
The value of Ang(X) gives the variation of Rindler particle density distribution
from the thermal Minkowski vacuum background. In panel (b), Ang(X) is not
negligible, even if ¢nw(z) is localized in the left wedge. On the other hand, in
panel (c¢), Ang(X) is larger and narrower, as we expect from wave functions
localized within the right wedge.



9.1. NEWTON-WIGNER SCHEME IN 1+1 SPACETIME 253

(a)
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0.02
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aX — aXg(|wo|) 10 0.1
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Anr(X)/a

..... lpr+(X)|* Ja + [pL—(X)|? /a
Fri(X)/a+ Fr-(X)/a

aX — aXr(|zol)

Ang(X)/a === R (X)[* /a

Figure 9.3: Profile of Ang(X) [Eq. (9.5)] for different Gaussian single particle
states [Eq. ] In panel (a), we consider zp < 0 and different values of
o/|zo|. |¢re(X)|° + |¢r—(X)|* is the dominant contribution to Ang(X) when
o/|zo] = 0 and zg < 0. We also plot the function Fy,4(X) + FL_(X) defined
by Eq. . In panel (b), we show the profile of Ang(X) and |¢>R(X)|2 for
configurations with xo > 0. In this case, the dominant contribution to Ang(X)

is |pr(X)|?, which converges to a delta function [Eq. (9.23al)].
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any 7 > 0. Hence, they can be put in a form that only depends of sign(z),
o/|zo| and X — Xgr(|xo|) instead of o, 29 and X. This feature is used in Fig.[9.3
where we show the profile of Ang(X) for different o /x.

The limit of well-localized wave functions is identified by o/|zg] — 0. In
Fig. (9.3 we show how Egs. and hold, respectively, for o < 0 and
g > 0. More detailed limits can be obtained by computing

lim X)|?
o’/|$o\—)0|¢R( )|
(alol) |0l ol \? 12ol) 2
— 400X —In(alzo . _ aX—In(alzo|) _
e a/|111’?|1~>0 Vo eXp( ( o ) [e Slgn(xo)} )
eaX
— 5 aX—In(alzo|) _
ool (e 51gn(x0)>
=0(20)d(X — Xr(20)), (9.21)
and

2
: ol E\ _ o Vol £ w (svet
lim ou | S = lim exp 1
o/lzo]—0 V o a o/|0|—0 /To 2 20% \ axg

=1/ 2|;U/7?exp (E) 5 <s”e£ - 1)
0| 2 axo

=0(s,z0)\/2v/7Tad(§ — aXr(s,0)), (9.22)

which lead to

|or (X)|? = 0(20)6(X — Xr(z0)), (9.23a)
v+ (X)? = 0(s,20) Fri (X), (9.23b)

with o
R (X) = - 2vaf2, (e Xu(oo]) — aX). (9.24)

From Eq. we obtain the explicit limit o/|zg] — 0 of Ang(X) for
Gaussian wave functions. If g < 0, Ang(X) — 0 with leading term Fp (X) +
F1,_(X) which is proportional to o/|zg|. When the degree of localization of the
particle increases, the probability of detection in the right wedge decreases. If
xo > 0, instead, the distributional limit of Ang(X) is §(X — Xr(zo)). The
single particle appears perfectly localized in both inertial and accelerated frame
at the same position, up to the coordinate transformation.

In conclusion, we find that Minkowski single particle states localized beyond
the horizon with respect to the Newton-Wigner scheme modify the Unruh ther-
mal distribution in the accelerated frame. As a result, it seems that, contrary
to classical predictions, accelerated observers are able to detect particles that
are emitted beyond the horizon. However, we remark that the Newton-Wigner
scheme is not fundamental and, hence, it does not give a genuine description
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of relativistic local phenomena. In Sec. we will consider again the example
of a single particle state detected beyond the horizon but in the framework of
AQFT. This will give physical predictions about the non-strict localization of
single particles.

9.2 AQFT scheme

In Sec. we found that if a Minkowski single particle is localized in the left
wedge with respect to the Newton-Wigner scheme, its presence can be revealed
by an accelerated observer that measures the distribution of Rindler particles
in the right wedge. In Sec. we argued that the origin of this effect is to
be found in the noncovariant behavior of the Newton-Wigner localization.

At variance with the Newton-Wigner scheme, the AQFT localization is com-
patible with the GR postulate of physical equivalence between different frames
[Sec. . Hence, the framework in which local experiments in the QFTCS
regime should be described is precisely AQFT. In this section, we show that the
nonlocal effect that we saw in Sec. for the Newton-Wigner scheme appears
in the AQFT scheme as well.

We consider localized single particle states defined as |¢) = Oa|0y) with

Ox Z/vd333¢AQFT(f)¢E(0>f), (9.25)

where ¢aqrr(Z) is supported in V. The connection between Eq. (3.9) and
|p) = OA|OM> can be obtained from

[ aorarr@d0.2)0m) = [ ERaBal@ow),  920)
v R
with
¢1 (k) = / BPrpaqer(Z)f*(k,0,F) (9.27)
%
as the single particle wave function in the momentum space.

We assume that the particle is prepared by an inertial experiment (Alice) in

the left wedge and an accelerated observer (Rob) carries out measurements of

an observable O € QIQQFT in the right wedge. As an example, we may consider

Op = Op(X,X') = dr(0,X)Pr(0, X') as the 2-point correlation operator for
the right Rindler field.
The mean value of Op with respect to |¢) is
@I010) = [ s [ @ dqer @ narn (@)
X (On (0, 7) @ (0, X) @ (0, X')$(0, 77) 0n)- (9:28)
By using Eq. (3.1)), we obtain
0(08lo) = [ ds [ &5'0qrr(@)narr(d)Ga(@, 700, %), 5 (0, ). 2)
v v
(9.29)
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with
Go(T1, o, T3, T4) = (On|(0, 31) (0, Z2) (0, #3)H(0, Z4)|Onr) (9.30)

as the 4-point correlation function in the Minkowski frame. Equation (9.30) can
be computed by using the Wick theorem [65], which leads to

G4(flv£27f3>f4) :GQ(f17f2)G2(f3,f4) + Gz(fl,fg)Gg(fQ,f4)
+ Go(Z1, 74) G2(T2, T3), (9.31)
where A A
G2(Z1,72) = (Om[¢(0, 71)9(0, £2)[0m) (9.32)

is the 2-point correlation function.

By plugging Eq. (9.31]) in Eq. (9.29) and by using the normalization condition
of |¢p), we obtain

(8|OB(X, X")|¢) — (0m|Op(X, X')|0n) = AOg(X, X7), (9.33)

AOg(X, ') = / P / 2 $hqer(D)oaorr(@)
\Z \Z

x [GQ(:;;, Zr(0, X)) Ga(Zr (0, X7), 7)) + Go(&, Zr (0, X)) G2 (Zr (0, X), f’)] .
(9.34)

By showing that AOg (X, X') is different from zero, we demonstrate that the
preparation of |¢) in the left wedge influences the measurements in the right
wedge.

Notice that the 2-point function G5 (&1, Z2) is given by the Wightman prop-

agator (3.17) as

h &k e s
— — _ 3 '(11_:E2)
Go(Z1,72) = ) /RS 5 (E)e . (9.35)

By plugging Eq. (9.35)) in Eq. (9.34)), we obtain

2 X S .
AOp(X,X') = h e/dgm/d%// B dsk/¢AQFT(xj¢A%FT(x)
(2m)s Jy, v R3 RS dw(k)w(k')

y |:6iE~(fffR(0,)?))+iE’-(fR(O,X')*f') + eiE-(fffn(OJ?’))Jril?’-(fn(OJ?)*f')} . (9.36)

which is generally different from zero, even when V belongs to the region of
space with negative values of z.

To see that AOp (X , X’ ) can be nonvanishing when V is in the left wedge,
consider the example of a rectangle wave function ¢paqrr(%) = NO(o — |2+ 20]),
where IV is the normalization factor, zg is a positive real number and o is positive
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and smaller than zo. The support of dpaqrr(Z) is V =R?® [—20 — 0, —2¢ + 0.
In this case, Eq. (9.36]) reads as

- K2 N2
AOR(X, X" :—/ dz/ dz’/dk/dkz’ﬁ
(27)2 Jizg201<o J)2r420]<0 R Jr  2w(kez)w(k'es)

% eik(z—zR(Z))-Hk/(ZR(Z,)—Z/)7 (9.37)

with € = (0,0,1) as the versor along z.
The integrals with respect to k and &’ can be computed by using the modified
Bessel function of the second kind K¢ (€), which leads to

2772
AOg(X,X") :LQVZ/ dz/ dz'
2rec |z4z0|<0o |z +2z0|<o

e (B2 g (1Y g

with A\c = Ai/mc as the Compton wavelength. The integrands appearing in
Eq. are always positive; hence we find that AOB()a)_(") # 0 for any
couple X and X'

As a result, we showed that the preparation of the particle beyond the
Rindler horizon can be revealed by the accelerated observer. However, as we re-
marked in Secs. and such a nonlocal effect does not violate relativistic
causality. The reason is that the preparation of the state |¢) is selective, which
means that it is partly affected by the experimenter choice to disregard other
unsuccessful state preparations. The selective nature of |¢) can be noticed from
the operator Oa [Eq. ], which is clearly not unitary. As already explained
in Sec. the experiment requires a classical communication between the
inertial experimenter preparing the state and the accelerated observer carrying
out the measurement. Such a classical communication restores causality.
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Conclusions

Results

Here, we summarize the main results of the thesis.

e We defined NRQFTCS as the regime suited to describe nonrelativistic
quantum systems in gravitational fields or in noninertial motion. We
started from the formulation of QFTCS in terms of fields and particles
affected by a non-Minkowskian metric. By restricting to states with energy
very close to their mass, we found that all the fundamental features of the
nonrelativistic quantum physics emerge in such a regime. Specifically, we
obtained the following results.

— In Chap. 2] we demonstrated that states can be described by means
of wave functions as elements of the C" ® L?(R3) Hilbert space—up
to a metric dependent measure—and their time evolution is given by
some Schrodinger equations.

— In Chap. 8] we found that the wave functions acquire the Born prob-
abilistic interpretation to find the particles in space points.

e NRQFTCS inherits some of the features from QFTCS that makes it con-
ceptually and physically different from the nonrelativistic limit of QFT in
Minkowski spacetime.

— In Chap. [2] we derived the GR corrections to the quantum theory of
particles affected by Newtonian gravity. We showed that an accel-
erated observer (equivalently, an observer in the presence of a grav-
itational field) can distinguish a scalar field from a Dirac field by
particle-gravity interaction.

— In Chap. [f] we studied how the frame dependent content of parti-
cles in QFTCS affects the NRQFTCS regime. We found that an
inertial and an accelerated observer agree about the first-quantized
description of nonrelativistic quantum systems only when the relative
acceleration is sufficiently constrained.

— In Chap. [§] we studied the effects of the frame dependent notions of
vacuum state and nonrelativistic limit in the context of localized ex-
periments in NRQFTCS. We showed possible violations of the Born
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postulate of independence between preparations of states and mea-
surements of observables in disjoint regions of space. Such a nonlocal
effect occurs in “hybrid” scenarios, in which either the background
state is different from the vacuum associated to the experimenter’s
frame, or one of the two observers is inertial, while the other is ac-
celerated.

e The frame dependence of the nonrelativistic limit and numbers of particles

was considered in Chap. [6]for the particular example of accelerated atomic
detectors. We gave a comprehensive description of accelerated atoms by
means of the nonrelativistic limit of quantum Dirac fields in Rindler space-
time. We found the conditions under which the frame dependent effect is
suppressed, allowing for a first-quantized characterization of the system
in the accelerated frame. Also, by constraining the ionization of the atom
and the accelerating electric field, we identified the configurations that can
be experimentally implemented to detect the Unruh effect via hyperfine
coupling.

The dependence between preparations of states and measurements of ob-
servables in disjoint regions of space was explicitly detailed in Chap. [0
There, we considered the example of a single particle prepared by an iner-
tial observer beyond the Rindler horizon and detected by an accelerated
observer in the Rindler frame.

In Chap. [} we provided an algorithmic procedure to represent Minkow-
ski states as elements of the right Rindler frame. As a result, we found
how accelerated observers perceive particles that are prepared by inertial
experimenters. Also, we derived their representation in terms of Wigner
characteristic functions.

Future directions

The results of the thesis may have both experimental and theoretical future
applications.

e Throughout the thesis, we focused on inertial and uniformly accelerated

frames. However, the theory may be extended to more general stationary
spacetimes, that are provided with a well-defined notion of particle ener-
gies [9]. This includes, e.g., rotating frames, which can be implemented
in circular accelerators of quantum systems. Also, due to the Einstein
equivalence principle that locally relates gravitational fields to accelerated
frames, the results of the thesis may be extended to GR and astrophysical
scenarios (e.g., in the presence of Earth’s gravity or close to a Black Hole).

As already pointed out in Chap. [2] the regime of quantum systems affected
by weak Newtonian gravity has already been probed by a series of experi-
ments on ultracold neutrons [I7, 18], 19, 20, 2T], 22} 23]. GR corrections are
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expected to be revealed by the growing instrumental precision and require
the implementation of NRQFTCS. Hence, the theoretical framework de-
veloped here may find practical applications in the measurements of (arbi-
trary strong) gravitational effects in nonrelativistic quantum systems. For
sufficiently high precision in the experiments, this can potentially become
an innovative resource for gravitation wave detection.

e In Chap. ] we reported a general procedure to characterize Minkowski
particle states as seen by accelerated observers. We believe that this
method can find applications in different scenarios, where many particles
are prepared by inertial experimenters and are detected by accelerated
devices.

e In Chap. [6] we used the nonrelativistic limit of quantum Dirac field in
Rindler spacetime to describe accelerated atoms from first principles. We
found specific configurations, in terms of the ionization of the atom and
the magnitude of the accelerating electric field, suited for the detection of
the Unruh effect by hyperfine splitting. The experiment can be extended
by including the Zeeman effect, which, in absence of hyperfine structure,
induces an arbitrarily small energy splitting at the ground states. Also,
the same theoretical framework can be applied to other experimentally rel-
evant scenarios. As an example, rotating and oscillating charged particles
in electromagnetic fields may be described in the context of NRQFTCS.
Their relevance to the experimental physics is due to the high power nowa-
days achievable by ultraintense lasers.

e Notably, QFTCS is characterized by the inequivalence between vacuum
states in different frames. Inertial and accelerated observers do not agree
about the nature of the respective vacuum. The same applies to free-falling
and standing experimenters affected by a gravitational field. Then, a nat-
ural question arises: in everyday laboratory experiments on the Earth,
which kind of vacuum do we experience? Unfortunately, we still do not
have a definite answer to this question. To solve the problem, one may
consider to experimentally implement the RaRbR and the RaRbM sce-
narios discussed in Chap. This requires the use of two nonrelativistic
devices, one preparing some states and the other one measuring observ-
ables; they are both standing in the laboratory frame while affected by
the Earth’s gravity. Depending on the nature of the background state,
different outcomes of the measurements are expected.

e The ARbM scenario discussed in Chaps. 8] and [J] gives predictions about
noninertial nonrelativistic detectors that can be used to reveal Reeh-
Schlieder nonlocal effects. Equivalently, the theory may be applied to
nonrelativistic detectors affected by gravitational fields.
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Appendix A

Bessel functions

This chapter is dedicated to the modified Bessel function of the second kind
K (&) considered throughout the thesis. We study the functions F(Q, K, Z)

and 8(0, K1, Z) [Egs. (1.113b) and (1.147)] as well.
A.1 Integral representation

Here, we use the following integral representation for K(¢) with positive argu-
ment [115]

Ke(€) = /0 " dre-cosh(n) cosh(¢T), £€>0. (A1)

From Eq. (A.1)) it is straightforward to prove Eq. (1.162). In this section, we

will also prove Eqs. (1.166[) and (3.90).
q. (A1)

Alternately to E one may use the following integrals [56]

FE©) = %/RdT exp (if sinh(7) £ ¢ (—zg + 7)) . (A.2)

When £ > 0, both functions fci(f) are a representation of K¢ (),

Ke(§) = f5(€) = [ (), £>0. (A.3)

Equation can be proven by using Eq. and by performing a contour
integral of exp(—&cosh(7) + ¢7) with respect to 7 along the rectangle with
vertexes —oo, +00, 400 F im/2 and —oo F im/2, respectively for fci(f)
Notice that, for any £ > 0,
N R A
¢ 2i sin(C)

=S e) sin1(7r() /}RdﬂeiE sinh(7) gin (C (g — z7’>> (A.4)
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and that, for any £ > 0,
N AGRIAG,

2i sin(m()
et J, i (¢ (5 7))
_2Si111(7TC)/RdTei£Sinh(T) sin (C (g _ 27)) . (A5)

By considering both Egs. (A.4) and (A.5) one obtains the following identity that
holds for any £ € R

(K (&) = m /RdTeifsmh(T) sin (C (g - m-)) . (A.6)

Equation can be used to prove both Eq. (1.166)) and Eq. (3.90) as we will

show in the following subsections.

A.1.1 Proof of Eq. (1.166))

Regarding Eq. (1.166), the proof is given by

/o dé [K_jc—12()Kier—1/2(6) + Kic—1/2(8) K_jer—1/2()]

= o o {fon(me - )]

! /
X sin (—/;C (- Z + z;> sin <z”2§ +Or - % + z;)

+ {sin (i7r§ - g) sin <7i7rC’ - g)} o sin (27;4 + (T — % + z;>

! !
X sin (—ﬂg . % i 2T2> } /Rdfeig[sinh(r)—‘rsinh(f ))

_ ™ , C_CI . o o
= gty oo o [ (g it - em -3

7—"_7-/ C_C/ . 11 LT T+TI <+</
5 >+exp< T +1i(¢r T)+Z§+ 5 exp | T

—i(gr+¢'r) - T2 QT/> ~ exp (”C i+ >

2
+ exp <—7TC_2<, +i(¢r = (') - zg — T_;T/> + exp <7r<_2</
—i(¢T =7 + zg 4+ I —; T/) — exp (—WC —; ¢ +i(¢T + ')

-5 T/) —exp (WC i o+ T TH O(sinh(r) + sinh(r'))
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T 1
B cosh(m(¢) cosh(w¢’) /R dr cosh(r)
X [exp (WC—;C/ —i(¢ =) - 7') + exp (—WC—;C +i(¢ =)+ 7')

+exp (—WC—;CI —H’(C—(')T—T> + exp (TFC+CI —i(C—CI)T+T>:|

2
T

! cosh(m¢) cosh(w(¢’)

X / dr {exp <7T<_;</ —i((—(')r) + exp (—ﬂ'c—gc +1i(¢ — C/)T>]

2 eWC + e—WC !
2 cosh?(m¢) 26=¢)
m26(¢ —¢')

R (A7)

A.1.2 Proof of Eq. (3.90)
Equation (3.90), instead, can be proved by using Eq. (A.6) to compute the

following Fourier transform

/Rdf@(f)e_iﬁ sinh(7) g~ /d’]’ /d§ 'l hl;};i;)ﬁz;h(ﬂ] sin (C (g — iH))
/Rd ,ﬂé(SlnhélnzW—osmh( 7)) sin (C (g i )
:m sin (g (g - 27')) . (A.8)

A.2 Approximations for F(, K. Z )

We consider the function f’(Q, l?:;_, z) defined by Eq. l} In the limit |Q] >
as/?, F(Q, k1 ,Z) can be approximated as [116] [117]

F:‘(Qj:mi) ~ L 24\] MAi (—; Y %C(z(@, 1_,2))) )

1 _22(07 Elaz)
(A.9)
with .
2(Q kL, z) = @ 1+ 2alky|2(1 + az), (A.10a)
2032(z) = In (MVIEE) - VT=22, 01, 10
2[—((2)]3? = V22 =1 —arccos (1), if2>1 '

and where Ai(£) is the Airy function.
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When Q- 1] < 1, d|/§| < 1 and @|z| < 1 the variables z(Q,lZ_,E) and ¢(z)
can be approximated by [117]

Ak, 2 ~1+a(lk 2 +2) — (19— 1), (A.11a)
C(2(, kL, 7)) ~ —V2fa(kLf? + 2) — (19 - 1)] (A.11b)

and, hence, Eq. (A.9) can be approximated by
= = 1 = Q-1
F(Q,I@,E)%Ai(kﬁﬂ—i—"). (A.12)
27 a

When the argument of the Airy function diverges at £ — oo, one finds the
following asymptotic behavior

Ai(€) ~ % exp <—§g3/2> . (A.13)

When the argument of the Airy function diverges at & — —o0, instead, modulus
and phase of Ai(£) have the following asymptotic leading terms

Ai9) T4 2o (A14)

1 .
e (i
A.2.1 Proof of compatibility between nonrelativistic and
quasi-inertial conditions

In this subsection, we show the existence of states that simultaneously sat-
isfy Egs. , and for n = 1, while the acceleration « satis-
fies Eq. (2.83al). The generalization to the case n > 1 is straightforward. In
this way, we demonstrate the compatibility between the nonrelativistic and the
quasi-inertial conditions.

In particular, here, we prove that if a satisfies Eq. (2.83a]), then there are
some wave functions ®; (£, K ) such that: (i) the support of

(T, X) = / iy / PK D (0K )F(Q,K,,T,X) (A.15)
0 R2

lies approximately in (2.83bj); (ii) the support of P, (Q, I?L) lies approximately in
M and (2.83c). We start by considering a class of wave functions @ (2, f(l)
satisfying condition (ii) and we demonstrate that some of them satisfy condition
(i) as well, i.e., ®1(T, X) ~ 0 when X lies outside of Eq. .

Firstly, notice that the spatial points X = (X,Y, Z) satisfying |z| > a1,
with z defined by Z = Zg((az + 1)/a), lead to trivial results. Indeed, in the
limits z > a~!, |lj| <1, 2-1] £ aand a < 1 the function F(Q,I?L,Z) is
exponentially vanishing [Eq. ] Conversely, for negative values of Z, the
limit |z| > @~ is not associated to any right wedge coordinate X.
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We now consider a point X such that 1 < |z| < @~'. This is the condition

for X to lie outside of Eq. (2.83Db)), but close from it. In this case, one can use
the approximations (A.13) and (A.14)) depending on the sign of z. If Z > 0,

Eq. |i holds and implies that @1(T,X) ~ 0; conversely, if Z < 0, one can
A.14

use Eq. (A.14]) to show the rapidly oscillating behavior of the Airy function that
may lead to ®1(T, X) ~ 0. To see this, plug Eq. (A.14) in Eq. (A.12) and let

Z — —00 to obtain

F(szj_vz)

2 _ — = |Q| -1
21— VR (1 - L2

I

N* sin <
ACTEERYE
1
O . A.16
*(wﬁ) A0

One can notice that the integration of Z*E'(Q, l:cl, z) with a function of (Q, l?:l)

that is slowly varying in \Z 1| £1and |Q —1 £ a leads to vanishing results.

Condition (i) implies that ®;(Q, K ) is allowed to be slowly varying in |I?J_\ <1
and |Q|—1 < a. Consequently, there are some ®;(Q, K | ) such that ®; (T, X) ~ 0

when X lies outside of Eq. (2.83b)).

A.2.2 Proof of compatibility between nonrelativistic and
high acceleration conditions

Here we use the same arguments of Sec. [A.2.1]to prove that the high acceleration
condition (2.94)) is compatible with the nonrelativistic limit (2.47]). B
Conditions (2.47) and (2.94)) can be written in terms of the variables ), a,

k and Z as follows

Q-1 _ - _
Ko c1mars o< dfen Bl alfo/s, =< 2?3, (A1m)
a

e consider a poin X suc at €€ <K |Z| < a”". One can use the same
We consid int X such that ¢/ e=2/3 Lo th

arguments of Sec. to prove that ®;(T,X) ~ 0 when a < e}fi€?/3 and

when @, (€, K, ) is supported and slowly varying in |Q — 1| < el/geﬁi/?’

B S e/Segy/.

a and

A.2.3 Proof of Eq. (2.87))

The nonrelativistic and quasi-inertial conditions (2.47) and (2.83) can be ex-
pressed in terms of variables Q, @, k and Z by means of Eqs. (5.41) and (5.42).
When Egs. (5.41)) and (5.42)) are satisfied, one can use the approximation (A.12)),
which proves Eq. (2.87).

Equation (2.87)) can also be proven in the high acceleration regime .
The use of the approximation is justified by Eqgs. (A.17), which is the
nonrelativistic and the high acceleration conditions and (2.94]) written in

terms of the variables , @, k and Zz.
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A.3 Approximations for K(2, A )

Here we prove Eq. (| in the quasi-inertial limit (2.83) and Eq. (2.113)) in
the high acceleratlon hImt -

By using Eq. , ®R(K ) defined by Eq. lj can be approximated
BR(K 1) = —icY" + O(e)y° + O(e/? %9 + O(e'/)7 7 (A.18)
and, hence, Eq. (1.176) by

by

Wia(Q K1, Zr(2)) = [R(Q. K1, 2) — ieR(~Q, K1, 207" + O(e)en
FO(E/?)er%A + 0(61/2)c7072} Wro(Q, K1), (A.19)

Equation (A.19) can be decomposed with respect to the spinorial basis us and
v, as follows

Wl Wi (0 K1 Ze(2)) = [R(Q K1, 2) = iR(-0, K 1, 2) + O
< ulWry (Q, K1) + O(e/?) oW (2,
ol Wie (2 K 1 Zn(2)) = [R(2, K1, Z) +iR(-2, K1, Z) + O(e)|

X 0l Wry (Q, K1) + O/ ulWry (2, K ),
(A.20b)

K1), (A.20a)

where § is defined as the opposite of s, in the sense that s =2if s=1and s =1
if s =2.

A.3.1 Proof of Eq. (2.108))

Now, notice that in the nonrelativistic limit (2.47) and quasi-inertial regime
(2.83), Eq. (1.150) can be approximated by

(nfcag - z> RO, K, Z)=—-R(-0 K., Z)+ Oe). (A.21)

By using Egs. (1.113b)), (2.87) and (2.105)), one can also prove that

- 2/3 -
3R( K1, Z) ~ (%) ak(O, K., 7), (A.22)
which means that L
— 03R(%, Ki,Z)=0(?). (A.23)

By combining Egs. (A.21)) and (A.23]), one obtains

RO, K, Z) +if(-Q,K 1, Z) = O(/?). (A.24)
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By plugging Eq. (A.24) in Eq. (A.20]), one obtains
ul Wi (2, K1, Zr(2) = [28(2, K1, 2) + O(e/?) | ul 20 (2, K 1)

+ O(/?)0iWgR (0, K, ), (A.25a)
U};VNVRS' (Qa I?L’ ZR(Z)) 20(61/2)'32%1:{5’ (Qa Kl) + 0(61/2)u};sz’ (Q, I?L)
(A.25D)
Notice that = ~
WWre (Q, K1) ~ 0l Wgr,(Q,K,). (A.26)

Equations (A.25)) and (A.26) prove Eq. (2.108]).

A.3.2 Proof of Eq. (2.113))

In the high acceleration regime (2.94)), Eq. (L.150|) can be approximated by

B , .
(mag, - Z) R(Q, K, Z) = —ﬁ(—Q, K, Z) + O(GHA) (A27>
and 95R(, K , Z) can be approximated by Eq. (A.22). This means that
h "
— R KL, Z) = OetfSe'/?) (A.28)
and, hence,
R KL, Z) +iR(-Q, K1, Z) = O(efee'/?). (A.29)

By plugging Eq. (A.29) in Eq. (A.20]), one obtains
W (Q, K, Zr(2)) = [M(Q,}h, Z) + O(ef Se/3) | ulWr. (, K ))

+ O(eV?)olR, (Q, K L), (A.30a)
ol Who (Q, K1, Zr(2)) =0(e1] L €/3) 010k (2, K )
+ O(?)ulR. (0, KL). (A.30D)

which, together with Eq. (A.26]) proves Eq. (2.113]).

A.4 Kontorovich—Lebedev transform

The Bessel functions K;¢(§) can be used to define the Kontorovich-Lebedev

transform as 2 ~ g
Klel(©) = — 0 ic(§)p(§) (A.31)

for any function ¢(&) in £ > 0. The inverse of Eq. (A.31) is

sinh(m() ;

KA = [ deKie(€0(0) (A.32)

The Kontorovich-Lebedev transform can be used to prove Eqgs. (5.63) and (8.11)).
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A.4.1 Proof of Eq. (5.63)

The proof of Eq. (5.63]) follows from considering any function ¢(£) in £ > 0 and
the following integral

/ dw/ A0 2L P, 2 (2)) P, 2) (5(0.)2)

0.2
271_4 / d:z:/ dﬂl—smh <B2) ,gl/ca( (91)2)

x Kip, jea < @)< )(p (n(é;)z). (A.33)

a

By using the coordinate transformation
01 >
¢=—, E=kr(01)z, (A.34)
ca
Eq. (A.33) reads as

/ dm/ delﬁF 0. Za(:) PO 2)¢ (w(7,)z)

(e [ acSsin(ro K@i (0D ) o0 (A)

2774
Equation |i can also be written in the following way

/ dm/ A0 2L P, 2 (2)) P, 2) ((71)2)

Kl (w00 ) (4.36)

472 a

Since K1 is the inverse of K, Eq. (A.36) reads as

/ dx/ d(al%F G, Zn(:))E(0, Z) (H(el)z) - #@ (K@)eax> .

! (A.37)

Since Eq. (A.37)) holds for any ¢, we have proven Eq. (5.63).

A.4.2 Proof of Eq. (8.11]

The method of Sec. can also be used to prove Eq. (8.11). We consider any
function ¢(¢) and we compute

00 oo /
/ dQ/ dz2€)
0 0 haz

1 o
=~ [ a0 de—si
27‘(’4(6(1)2/0 /0 gc Pl
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- Q
K, K — . A .38
X K/ /ca (K< J_)Z) ¥ (ca) ( )
The coordinate transformation
Q -
¢=—, §=r(K1)z (A.39)

leads to

o[ da2QY 2o 2 SO R &
[Can [T PRy, 2o . R Z@)e ()
1 0o Q
g [t [T e )Kl<<s>Km//ca<s>sa<c>
1
— el
1 Q
Lo <w> 7 (A.40)

which proves Eq. (8.11)).
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Appendix B

Two mode squeezed states

B.1 Massless scalar real field in 1+1 spacetime

We consider the regularized theory with discrete quantum numbers K as ele-
ments of the grid with width AK, i.e., K = nAK for some n € Z. The annihi-
lator of a v-wedge particle with discrete momentum K is A, i and satisfies the
discrete commutation relation

[Ayre, AT, 1)) = 60 Orc i, [Ax, Aygi] = 0. (B.1)

This is the familiar scenario of a particle in a box. The continuum theory is
recovered by considering the limit AK — 0.
To discretize the continuum theory of Sec. consider the substitution

n AZIK
dK — AK ), A (K) — . (B.2)
/R KeZAK AK

By performing the substitution (B.2)) in Egs. (3.57) and (3.62)), we obtain the

discrete versions of the operators g and Ss, i.e.,

. cBIK]N 2+ 4
§g = Z exp (—2) A{KAI{K. (B.3a)
KEZAK
A e . A
Sg = exp (2 Z C(c|KT) [AIT_,KA]IL{K} ) ) (B.3b)
KEeZAK
which lead to
. K - «
exp(8s) = H exp <exp <C’;|> A}:KA;K> . (B.4a)
KEZAK
. r e 1A
So= T ew (200 [ALcak] ). (B.4b)

KeZAK
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Now, we want to use the operator ordering theorem [63], which states that
for any set of operators K3 and K satisfying the commutation relations

(K3, Ki] = £Kx, (K, K ] =—2K; (B.5)
and for any ¢ € R and ¢ € [0, 27), the following identity holds

exp(C(e¥ Ky — e K _)) = exp(e tanh(¢) K, ) exp(—2In(cosh(¢)) K3)
exp(—e " tanh(¢)K_). (B.6)
In our case, by choosing K5 = (A}:KALK + ARKA};K)/Q, K, = A{KAI{K,

K_= ALKARK, it is possible to check Eq. || by means of the commutation
relations (B.1). Hence, by choosing ¢ = {(¢|K]) and ¢ = 0, Eq. gives

it At 1* AR
exp (200l [ e Al] ) = exp (tanh(C(cl 1) AL Al
x exp (= In(cosh(C(cl K1) (Af e Avi + Arc Al ) )
X exp (_ tanh(g(c|K|))ALKARK) . (B.7)
By using Eq. (3.63) in Eq. , we obtain
R o A cBlK o R
exp (26061 [ALcAR] ) = exp (enp (L) ALl
1 o o o ~
X exp <2 In (1 - e*CB‘K‘) (A}:KALK + ARKALK)>

X exp < exp <C’;K|> ALKARK> . (B.8)

Notice that the Rindler vacuum |0r,, Og) is eigenstate of A{KALK +ARKALK
with eigenvalue 1, as a consequence of the commutation relation (B.1]) and that
A:L,K annihilates |0r,,0r). Hence, by acting with Eq. 1) on |0y, 0Rr), we prove
that

acelil) [ A At 1 01,0
exp C(C| |) LKRK \La R>

1 cBIKN 2+ 4
=exp <2 In (1 - efcﬁlK‘) + exp <5|2> AEKALK) |0, OR). (B.9)

By multiplying with respect to K € ZAK, we obtain

IT e (26D [ALfc] ) 0000

KeZAK

= H exp <; In (1 - efch‘) + exp <C’;K|> A}:KAEK> |0, Or )

KeZAK
(B.10)
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and, hence,

exp <z S el [A;KA;K]A) 00 0n)

KeZAK
1 e cBIKTN 2+ 4
=exp <2 Z In (1 —e /3|K|) + Z exp <—B|2|> ATLKALK> |0, Or)-
KELAK KE€LAK
(B.11)

Now, notice that the left hand side of Eq. 1} is exactly gs\OL, Ogr) in the
discrete theory, whereas the right hand side is proportional to exp(ss)|OL,0r).

In other words, we proved that exp(8s)|0r,0r) is proportional to Ss|0r,0r) in
the discrete theory, i.e.,

S5]0r,,0r) = N exp(8s)|0r, Or), (B.12)

with

N =exp (; Z In (1 — e_cB|K>> (B.13)

KeZAK

as normalization factor for exp(8s)|0r,ORr).
Notice that in the continuum limit, N — 0. Indeed, by inverting the substi-
tution (B.2) and by considering the IR cutoff AK in Eq. (B.13]), we obtain

1
Nr~exp| —— dK1In (1 — e PIEl) | B.14

The negative divergence of exponential argument in Eq. is due to the limit
of the factor 1/AK — oo and the negative IR divergence of the integral, which
is of the order of —1/AK. Hence, N goes to zero as fast as N ~ exp(—1/AK?).
Consequently, the vector exp(5s)|0r,0r) is not normalizable in the continuum
limit, unless one considers Eq. (B.12)) before taking the limit AK — 0 and use
the fact that SS|OL, Ogr) is already normalized in the continuum theory.

B.2 Scalar field

Similar results can be provided for massive scalar complex fields in 3+1 dimen-
sions.

At variance with massless scalar real fields in 1+1 dimensions, here we
consider the quantum numbers g = (Q,}?L) labeling Rindler modes in 3+1
dimensions. Hence, we define the grid of discrete g variables separated by
Af = (AQ,AK;,AK,). Elements of the grid § are such that § = 7o A =
(n1AQ, nAKy,n1AK>) for some i € Z2 and where o is the Hadamard product.
The continuum limit consists of AQ — 0,AK; — 0,AK5 — 0.
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We also consider the discrete annihilation operators Ayé and Byg satisfying

the commutation rule

= 6vu’5§§/, (B15)

BT _1=0. (B.16)

[Aué" Ai/§/] = [BU57 Bi/é‘/]

[Aug’ Au’g’] = [Bu_‘ B /§/] = [Ayg’Bu’g’} = [A BT

y§’ V'@'

The discretization of the scalar theory is implemented by the substitution

. . L B -
d30 — A30 . A0 = B,(0)— —L . (B.17
/91>0 Z (©) VA30 (6) VA30 ( )

GeZ30 A0

with A30 = AQAK;AK,, in analogy to Eq. .

In this framework, it is possible to prove that the state ,§’S|OL, Or) with Sg
given by Eq. is the normalized version of exp(ss)|0r,, Or) with g given by
Eq. . The discretization of the space of the variables g = (Q, K 1) serves
as a regularization procedure to define exp(Ss)|0r,0r) as a normalizable state.

The proof for the equivalent of Eq. in the 3+1 massive complex case
can be obtained in the same fashion as in Sec. The only difference is given
by the presence of more degrees of freedoms including transverse momentum K|
and charge number encoded in the separation between particle and antiparticle
operators, whereas the massless energy c|K| is replaced by €. In summary, one
uses K5 = (AAL gAL§+zilR§A; o+ Bl B s+ BBl /2, Ky = AT Al 4+ B! B!
K_ = A jAz;+ B gBrs, ¢ = ((R2) and ¢ = 0; all sums and products are with
respect to the quantum numbers g = (Q, I?L)

B.3 Dirac field

Here, we consider Dirac fields and we_prove that by normalizing the vector
exp(ép)|0L, Or) with ép given by Eq. , one obtains Sp|0r,0r) with Sp
given by Eq. (3.131). The proof requires a discretization of the theory as a
regulator for the normalization of exp(5p)|0r, Or).

At variance with the scalar theory, here we need spinorial degrees of freedom
as well. Luckily, the spin variable s is already discrete, hence the discretization
of the variables © and K 1 is carried out in the same way as in Sec.

We consider the annihilator operators defined by Eq. . Their discrete
counterparts are indicated by E,p, where 6 = (s, K 1) is a collection of discrete
variables. The anticommutation relations are

{Euea EI/QI} = 51/1/’500’; {EV07 EV’G/} =0. (B18)

This is a clear difference with the scalar case and must be taken into account
in the proof.

The decomposition of the exponential operators exp($p) and Sp into a
product of exponents is guaranteed by the fact that couples of anticommut-
ing fermionic operators commute. Hence, in the discrete case, Egs. and
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(3.143) give
exp(ép) = [[ exp (f(e)Fg) , (B.19a)
4

Sp = [ exp (2[9(9)FG]A) , (B.19b)
0

with Fy = EA‘EHEA‘E{G and where the product is evaluated along the entire grid for

0. This is a consequence of the commutation relation [Fy, Fpr] = 0 which is the
discrete version of Eq. (3.149a)) and can be proved from the anticommutation
relations (B.18§).

We define K{; = (EEHELQ — ER@EF{G)/2, KJF = EITJGEA'IT{(,, K, = ELQER@.
Also, we choose ¢ = ((2) and ¢ = 7. One can prove that the commutation
relations (B.5) are satisfied by means of the anticommutation relations (B.18])
and by knowing that E,gF,9 = [Eve, Eve]/2 + {ELg, ELg}/2 = 0. The proof is
detailed by

2KsK, =El ErgEl ElL, — EpgElL Bl EL
38+ LoPLOZLoERe ROLEROZLOTRO
=Bl Ely — Bl Bl BLoEly + Bro Bl ELy By

:K+7 (B20&>
2R, Ky =B, By By Bro — Bl Bl B B}
+A03 LoERoPLeHLO L6~ROROZRA
== EEGEEGEE{GEL9 + E;erIie + EEeERHElTaeE;w

- K., (B.20b)
2K3K ZEEQELGELGERQ - ERGE;{@EMERG

=Ero By EroBro

=EroEvo — EroEro Bl ErLo

= — ErgEre

- —K_, (B.20c)
2K_K3 :ELHEROEA{@ELO - EAILQERGERQEEQ

=Er9Ero — BroEroEro By,

=EroEre + ELOELOERQEEQ

=Er9Ero

=K_, (B.20d)
K K_=E] Bl FroEre

Bl EuaBh B
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= - E}T{@ERG + ELGEAEQEAI];QERG

=~ ElyEro + ELoEly — ELo Bl g ErgEfy

=EroELy — Bl yEBro + EroEroEL  EL,

= 2K;+ K_K,. (B.20e)
Now, by following the same arguments of the scalar case, one can prove

that Sp|Op,0r) with Sp given by Eq. (3.143) is the normalized version of
exp($p)|0, Or) with §p given by Eq. (3.140).
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