On nested affine variational inequalities: the case
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Abstract We deal with nested affine variational inequalities, i.e., hierarchical prob-
lems involving an affine (upper-level) variational inequality whose feasible set is
the solution set of another affine (lower-level) variational inequality. We apply this
modeling tool to the multi-portfolio selection problem, where the lower-level vari-
ational inequality models the Nash equilibrium problem made up by the different
accounts, while the upper-level variational inequality is instrumental to perform a
selection over this equilibrium set. We propose a projected averaging Tikhonov-like
algorithm for the solution of this problem, which only requires the monotonicity
of the variational inequalities for both the upper- and the lower-level in order to
converge. Finally, we provide complexity properties.

1 Introduction: context and motivation for the nested affine
variational inequalities model

Nested affine variational inequalities represent a flexible modeling tool for many
real-world applications like, e.g., the renowned multi-portfolio selection (see, e.g.
[5]). To introduce the general formulation of the model, we first briefly describe the
specific instance of the multi-portfolio optimization problem.

Consider N accounts, with v = 1,..., N. Each account v’s budget b” € R, is
invested in K assets of a market. The decision variables y” € ¥, C RX stand for the
fractions of b” invested in each asset, where Y,, is a nonempty compact polyhedron
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containing the feasible portfolios, e.g., the standard simplex. Let r € RX indicate
random variables, where ry is the return on asset k € {1, ..., K} over a single-period
investment. We define ¥ = E”(r) € RX as expectations of the assets’ returns for v,
as well as the positive semidefinite covariance matrix ¥ = E¥ ((r — pu*)(r — u”)7).
We consider the following measures for portfolio income 7, and risk R,,, where we
use the portfolio variance as the risk measure: I, (y¥) £ b¥(u”)"y”, R, (y¥) =
% (bv)Z(yv)TEvyv.

When trades from multiple accounts are pooled for common execution, individual
accounts can suffer the market impact that stems from a lack of liquidity. To take
account of this transaction cost effect, we introduce a positive semidefinite market
impact matrix Q" € RKXK whose entry at position (i, j) is the impact of the liquidity
of asset i on the liquidity of asset j. For each account v we consider a linear market
impact unitary cost function. The total transaction costs term for v is:

N
TC,(y,,....yM) 2 pOMT QY byt
A=1

Invested capital Unitary transaction costs

The multi-portfolio problem can be formulated as the following Affine Variational
Inequality AVI(M'Y, 4"V, ¥): find y € Y £ ¥} x - -- x Yy such that

T
(Mlowy+dlow) (W _ y) >0 VweY, ey

where d'°% £ —p”y¥ and

(bl)Z[plzl +QI+QIT] bleQl bleQI
| beIQZ (bz)z[p222+92+92T] beNQZ
Mlov 2 )
bNBION bN b2ON (bN)Z[pN2N+QN+QNT]

We assume the matrix M'°¥ to be positive semidefinite and, in turn, AVI(M'V, 4V, v)
to be monotone: these properties can be guaranteed under mild assumptions,
see [5, Theorem 3.3]. We denote by SOL(MlOW,dl"W,Y ) the solution set of
AVI(M™Y,d"",Y), which is a polyhedron (see [5, Theorem 2.4.13]). Note that
AVI(M'¥_ 4% Y) corresponds to an equivalent Nash Equilibrium Problem (NEP),
where the players’ objective functions are convex and quadratic. Since the set
SOL(M'"¥, d°%,Y) is not necessarily a singleton in the framework we con-
sider, one has to discriminate among the solutions of AVI(MI"W,dl"W,Y) ac-
cording to some further upper level criterion. Thus, to model the resulting se-
lection problem, we introduce the monotone nested affine variational inequal-
ity AVI(M"P,d"?,SOL(M'",d'°",Y)), that is the problem of calculating y €
SOL(M low  glow Y) that solves

(M™y+d)T (w=y) 20, VweSOL(M",d",Y), @
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where RVNEXNK 5 prup > (0 and 4" € RMK. Problem (2), which has a hi-
erarchical structure, includes as a special instance the minimization of the con-
vex quadratic objective function %yTM Uy 4+ @7y, where MY is symmetric, over
SOL(M low  jlow 'y ). It is also worth mentioning the special instance where the N ac-
counts form an upper-level (jointly convex) NEP to select over SOL(M'%, d'°%,Y);
in this case, M"P turns out to be nonsymmetric. We refer the reader to [1] for further
information about NEPs.

! Remark

Convergent solution procedures have been devised in the literature (see, e.g., [3, 4])
to address monotone nested AVIs when M"P is positive semidefinte plus, i.e. M"P is
positive semidefinite and y" M"Py = 0 = M"Py = 0 (see, [2, Ex. 2.9.24]). Requiring
M"P to be positive semidefinite plus is restrictive: for example, taking NK = 2, any

matrix
MY = mi 2\/m1m2 + m3
—m3 ma

with m, my nonnegative scalars and m3 # —+/mmy, is positive semidefinite but
not positive semidefinite plus. Actually, the class of semidefinite plus matrices is
“slightly” larger than the ones of symmetric positive semidefinite and positive definite
matrices.

Recently, a projected averaging Tikhonov-like algorithm has been proposed in [6]
to cope with monotone nested VIs allowing for matrices M"P that are not required
to be positive semidefinite plus.

We present a solution method for problem (2). We apply the results presented in [6]
to the specific instance of monotone nested affine variational inequalities, taking full
advantage of some strong properties AVIs enjoy, such as error bound results. This
allows us to put forward an algorithm to address problems like the multi-portfolio
selection in a more general framework with respect to the literature, where the upper
level operator is invariably assumed to be monotone plus (see, e.g., [S]).

2 The Tikhonov approach

We require the following mild conditions to hold:

(A1) M is positive semidefinite;
(A2) M"Y is positive semidefinite;
(A3) Y is nonempty and compact.

The set SOL(M low  glow 'y ) is nonempty, convex, compact and not necessarily single-
valued, due to (A2) and (A3), see e.g. [2, Section 2.3]. It follows that the feasible set
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of the nested affine variational inequality (2) is not a singleton. Moreover, thanks to
(A1), the solution set of (2) can include multiple points.
Let us introduce the Tikhonov operator:

i
r(y) £ (M +d™) +— (M +d).
T

For any 7 > 0, by assumptions (A1) and (A2), ® is monotone and affine.
The following finite quantities will be useful in the forthcoming analysis:

H 2 max [[M™y +d"™|j,, R 2 max|[M'%y+d"V|,, D2 max ||v-yl-.
yey yeYy v,yeY

We propose a Linear version of the Projected Averaging Tikhonov Algorithm (L-
PATA) to compute solutions of (2).

Algorithm 1:
Linear version of the Projected Averaging Tikhonov Algorithm (L-PATA)

Data:w! =z' =yl e ¥, i 1,1 « 0;

fork=1,2,...do

sy | =i k=4

s | 3 =Py (- @ 09));

Z/f+l 1 y]
_ J=l+1 z(j_l)OAS .

3 ! skl 1
J=1+1 36103
(S4) if minyey @« (X)) 7 (y - 25*!) > —&* then
| witl =k i =i 1,1 = k;
end

end

Index i refers to the outer iterations occurring as the condition in step (S.4) is verified,
which correspond to the (approximate) solutions wi*! of the AVI subproblems

O (y)'(w—y) > —eup, YWEY, (3)

with egqp = i2 and 7 = i. The sequence {yk} includes all the points obtained
by making classical projection steps with the given diminishing stepsize rule, see
step (S.2). The sequence {z*} consists of the inner iterations needed to compute
(approximate) solutions of the AVI subproblem (3), and it is obtained by performing
a weighted average on the points y/, see step (S.3). Index [ lets the sequence of
the stepsizes restart at every outer iteration, while considering solely the points y/
belonging to the current subproblem for the computation of z**'. We remark that
the condition in step (S.4) only requires the solution of a linear problem.

We now deal with the convergence properties of L-PATA. With the following
result we relate (approximate) solutions of the AVI subproblem (3) where gy, > 0
to approximate solutions of problem (2).



On nested affine variational inequalities: the case of multi-portfolio selection 5

Proposition 1 Assume conditions (Al)-(A3) to hold, and let y € Y satisfy (3) with
7> 0and gy > 0. It holds that

(My +d"")" (w—y) > —&4p, Vw € SOL(M"™,d"".,Y), 4)

with &, = g7, and
.
(Ml"wy + dZOW) W=y) 2 —Epw, YWEY, )

Wwith g5 = Equp + %HD.
Proof We have for all w € SOL(M™Y, d'°% Y):
—EqubT < [T (Mlowy + dlow) + (M"Py + a’uP)]T (w=-1y)
< [‘r (Mloww + dlow) + (M"y + d“p)]T (w=—1y)
< (M®Py+d™®)" (w-y),

where the first inequality is due to (3), the second one comes from (A2), and the last
one is true because y € Y and then (Mk’ww + leW)T (y —w) > 0. Hence, (4) is true.
Moreover, we have for all w € Y:

T 1 .
(Mg +d™) " (w = 3) = @r() T (w=y) = — (MPy+d™)T (w=y)

1
> —E&gub — ;HD,

where the inequality is due to (3). Therefore, we get (5). O
Here follows the convergence result for L-PATA.

Theorem 1 Assume conditions (Al)-(A3) to hold. Every limit point of the sequence
{w'} generated by L-PATA is a solution of problem (2).

Proof First of all, we show that i — co. Assume by contradiction that this is false,
hence an index k exists such that either £ = 0 or the condition in step (S.4) is satis_ﬁed
at the iteration k — 1, and the condition in step (S.4) is violated for every k > k. In
this case, it is true Ehat i > 7,and then 78 = 7 2 7 for every k > k.
For every j € [k, k], and for any v € Y, we have
Iy = vIB = 1Py (37 = 5ems @ (07)) — VIR
<y - W‘I’%(W) -3

= Iy = VI3 + 5 19 )13 = s @2 () T = v),

and, in turn,
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Iy =vllz = Iy = vIl3 1
(j—k+1)705 4(j =k +1)05

()T (v-y)) = @2 ()15

Summing, we get
k k . ) ) ) 1
; +1)05‘D HCONCES! ;(Hy’ —v||2—||yf—vuz_m

Pz (y7) |I§)

>

-k

K 3

Z (J—k+1)05 Z E+])05
K

: : 1 .
(Ilyk+l —vIB - IyF - w3 - Z m (L2365 %)

k

Z (J k+1)05

J

R k
(ysz 24(] S llor (y'>||2)

=k

2;2(]—1{“)05
(©)
which implies
k
(VT (v = v/
Z,;ZU kH)OS@T(v) (v-y)
O R
]:ZEZ(J—]C+1)OS
~ k
Iy = vii3 + Z S10: ()15
z - k
2;2(]—“1)05
’ a )
- —®- (v (v — v/
,_ZkZ(J T (e = 20T =)
i 1
20 -k+ 1)0-5
— k 1
k 2 i\ 12
Iy =il + Zﬁn@(w)nz
>

M»

(J—k+1)05
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where the last inequality holds thanks to the monotonicity of ®@ ;. Indicating by z € Y
any limit point of the sequence {z*}, taking the limit k — oo in the latter relation
and subsequencing, the following inequality holds true:

_ (o) ] .

k 2 2
-5+ — || Dz (y!

Iy* = vll3 ;:k T —k)” =)l

(I)-;(V)T(V—Z) > - =0,

8

1

2 - =~ =
2 -3

J

I
=

because 2;0:12 W = +oo and (2;112 ﬁ) /(Z;’f’zl2 W) = 0, due to [6,

Proposition 4], and then z is a solution of the dual problem
®:(v)T(v-z)>0, VvevY.
Hence, the sequence {z¥} converges to a solution of problem (3) with £, = 0 and

T = 7, see e.g. [2, Theorem 2.3.5], in contradiction to miny ey @z ()T (y—z**) <

—gk = —172 for every k > k. Therefore we can say that i — co.

Consequently, the algorithm produces an infinite sequence {w'} such that w'*! €
Y and ' '
o;(w*HT(y-wth) = ~i% Vyey,

that s (3) holds at wi*! with &g, = i~> and T = i. By Proposition 1, specifically from
(4) and (5), we obtain

. T .
(Mupwl+l +dup) (y _ Wl+|) > _l-—l’ Vy c SOL(MIOW,dIOW,Y),

and
. T .
(M")le*‘ + d“’W) (y—wi*) > —i"'(1+ HD), VyeY.

Taking the limiti — oo we get the desired convergence property for every limit point
of {w'}. ]

We consider the natural residual map for the lower-level AVI(M!Y, 4V, y)
V(y) £ Py (y — (My +d"")) - y|l,. ()

Function V is continuous and nonnegative, as reminded in [4]. Also, V(y) = 0 if and
only if y € SOL(M'¥, d'¥,Y). Condition

V(y) < Elows 9

with gjw > 0, is alternative to (5) to take care of the feasibility of problem (2).

! Remark
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Since both the variational inequalities (1) and (2) are affine, then &, and
either gy Or Elw give actual upper-bounds to the distances between y and

SOL(M“P, d", SOL(M'¥, glov, Y)) and SOL(M'¥, 4oV Y), respectively.

Theorem 2 If y € SOL(M"Y d'"|Y) satisfies (4), then there exists Cup > 0 such
that
dist

(y) S Cupgup.
SOL| M ,d» ,SOL(M'v d!ovY)

If y € Y satisfies (5), then there exists cjo,, > 0 such that

diStSOL(Mla»v’dlnw~’y) (y) < ClowElow-

If y € Y satisfies (9), then there exists Cjyy, > 0 such that

diStSOL(Ml”w,dIOW,Y) (y) < E]owg:;]ow.
Proof The claim follows from [2, Proposition 6.3.3] and [6, Proposition 3]. O

In view of Theorem 2, conditions (4) and either (5) or (9) define points that are
approximate solutions for problem (2), also under a geometrical perspective. In
particular, the lower the values of &, and either g4y or Elow, the closer the point
gets to the solution set of the nested affine variational inequality (2).

We give an upper bound to the number of iterations needed to drive both the upper-
level error gy, given in (4), and the lower-level error Elow, given in (9), under some
prescribed tolerance J.

Theorem 3 Assume conditions (Al)-(A3) to hold and, without loss of generality,
Lo 2 ||M" + M|, < 1. Consider L-PATA. Given a precision § € (0,1), let us

define the quantity
H+1

0

A

Imax -

Then, the upper-level approximate problem (4) is solved for y = z5*! with Eyp =90
and the lower-level approximate problem (9) is solved for y = z¥*! with g, = 6 and
the condition in step (S.4) is satisfied in at most

4
D+ R)* == (D +R)T
max {18 ( ) Clalri;azx’] ( ) I CZ,;;}}’

o=l
max maX(l_Lq))2 (1—L¢.)'%2’7

iterations k, where n > 0 is a small number, and

2\ T
M) ) (10

(4n)

Proof See the proof of [6, Theorem 2]. O

2
5
C, 2 (02 + Z(R + H)Z) , Cop2 (
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