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Abstract
In the paper we complete a case by case proof of Reeder’s Conjecture started in our previous
work, proving the conjecture for simple Lie algebras of type D and for the exceptional cases.
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1 Introduction

The structure of g- representation of the exterior algebra Ag, g a simple Lie algebra over C,
has been extensively studied in the last fifty years (see [14, 17] and [18] for many relevant
results on this topic). Despite its finite dimensionality, an uniform description of irreducible
components of Ag is known only in a conjectural form.

In ’97 Reeder proved that for the irreducible representations V) indexed by certain dom-
inant weights A called small (i.e., such that X is in the root lattice and 2« is not smaller than
A in the dominant order for all positive roots «), the multiplicity of V, in Ag equals 2rk9mg,
where mg is the dimension of the zero weight space in V. Moreover, inspired by the work
of Broer about small representations in the symmetric algebra (see [5]), he conjectured that
the problem of determining the graded multiplicities of small representations in the exte-
rior algebra can be reduced to a problem involving Weyl group representations on the zero
weight space Vf .

The setup for the conjecture is the following: let g be a simple Lie algebra over C, fix a
Cartan subalgebra b and let ® be the associated root system, with Weyl group W. We denote
by (-, ) the W-invariant positive-definite inner product on h* induced by the Killing form
and by oV the coroot associated to a. We choose a set of positive roots @ associated to a
simple system A. Let p be the corresponding Weyl vector and 6 (resp. 6;) the highest root
(resp. the highest short root). We will denote by I the set of dominant weights, w; will
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be the i-th fundamental weight. Let H (resp H”) be the space of W-harmonic polynomials
(resp. of degree h) on b, i.e. polynomials annihilated by constant coefficients W-invariant
differential operators with positive degree.

Conjecture 1.1 (Reeder) Consider the two polynomials

P (V,\, /\g, u) = X:dimHomg (VA, /n\g> u”,

n>0

k
Py (Vf q, y) = Zdim Homwy (Vf, /\b® Hh) a"y*.
n>0

If V. is a small representation, then the following equality holds:
P (V,\, /\g,q> = Pw (V{’,qz,q)

This conjecture was implicitly proved in type A, comparing the “First Layer Formulae”
of Stembridge [21] with the results due to Kirillov, Pak [13] and Molchanov [16]. Moreover
some general formulae for graded multiplicities are proved when V) is the adjoint or the
little adjoint module in [2, 7-9] and [22]. In these cases the description of the zero weight
space is quite simple and the proof of the Reeder’s Conjecture is completely straightforward
using the formulae proved in [12]. In our previous paper [10] we proved the conjecture for
Lie algebras of type B and C using the tools introduced by Stembridge in [22]. The aim of
this note is to complete a case by case proof of the Reeder’s Conjecture for the classical Lie
algebras showing that the conjecture holds for even orthogonal Lie algebras. Furthermore,
we checked using SageMath that the conjecture is true in the exceptional cases.

The first sections of the paper are dedicated to explain our tools and to make more explicit
the “Weyl group part” of the conjecture. Section 4 is devoted to prove Conjecture 1.1 for
even orthogonal Lie algebras. We use a mixed strategy with respect to what we have done in
our previous paper: we use the combinatorics of weights and the action of the Weyl group
to find nice closed expressions for the coefficients of Stembridge’s minuscule recurrences
and again we conclude using an inductive reasoning. Section 5 contains some technical
results about a suitable reduction of the Stembridge’s recurrences. Finally, in Section 6
we give an overview about small representations in the exceptional cases and describe the
computational approach that we followed to check the conjecture.

2 Stembridge’s Recurrences

Our work make an extensive use of results exposed in [22] about the the coefficients
C.(g,t) in the character expansion of Macdonald kernels. The reason for our inter-
est in these functions is that the evaluation Cj (—gq, g?) gives the polynomial of graded
multiplicities of V,, in the exterior algebra.

Let A(q, t) denote the Macdonald kernel and define C, (g, t) € Clg*!", r*1, p e I+
by the relation A(g,t) =Y perl+ C.(gq, 1) x (), where x () denotes the irreducible char-
acter associated to the dominant weight p. It is possible to extend the Definition of C, (g, t)
to any weight u setting

if u + p is not regular,

0
Cula, 1) = { (=D)'@C(q, 1) ifo(u+p)=r+p,.rellt,oceW. 2D
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Reeder’s Conjecture for Even Orthogonal Lie Algebras

We will say that, if there exists o such that o (1 + p) = A + p, the weight p is conjugated
to A and we will write u + p ~ A + p. These rational functions C, (g, t) satisfy some
recurrences. The problem of their explicit computation reduces to solving a linear system
of equations with coefficients in C[g*!, r*!].

We recall that a weight (resp. coweight) w is said to be minuscule if (w, «") € {0, £1}
(resp. (w, «)) for all positive roots. Fix a dominant weight . If @ is a minuscule coweight,
then the following relation holds (see [22], formula (5.14)):

k
Y Cuntan| Y (t—(p,w,-t/f) _ qu,w)t(p,w,-w) —0. 2.2)
i=1 Ve0,
Here wy, ..., wi are minimal coset representatives of W/ W, , where W, is the stabilizer of

X, and O, is the orbit W, - w. We call this recursive relation the minuscule recurrence. The
C,, appearing in Eq. 2.2 are not necessary in their reduced form (i.e. the weight p is not nec-
essary dominant), but the reduced form can be always achieved according to the Definition
2.1. Considering only the reduced forms, Stembridge proves that the C,,(q, t) appearing
in Eq. 2.2 are indexed only by weights v smaller or equal to A in the dominant order. We
recall that if A is small, a weight © < X is again small. Consequently our strategy becomes
clear: we determine closed formulae for the polynomials Py (Vl\o, q, y)(explicitly computed
in [12]), and then we prove by induction that these closed formulae satisfy Stembridge’s
recursive relations, specialized in —g and ¢2.

In [10] we used the minuscule recurrence to prove Reeder’s Conjecture in type B. A
different approach is needed to obtain a proof in type C, where Stembridge’s quasi minus-
cule recurrence is more efficient. Our choice of using minuscule recurrence in type D
comes from a computational reason: in D,, the fundamental weight w is minuscule and it
is consequently easier to reduce the polynomial coefficients to a simpler form.

3 Small Representations and their Zero Weight Spaces

We say that an irreducible representation V, is small if its weight is small. We refer to [1]
and [19] for a complete classification of small representations and their zero weights spaces
as W representations.

As in the case of hyperoctahedral group B, examined in [10], the irreducible repre-
sentations of the Weyl group D, = S, x (Z/27)"~" are encoded by pairs of partitions
(v, ), vk, ut h,h+k = n.Inthe B, case, the irreducible representations can be real-
ized as my ;, = IndgzX B, 7} X nl’[, where, if 7, is the irreducible S,-module associated to
7 b p, and g, is the sign representation of (Z/27Z)7, we have (})s, = 7, , (T[‘/))‘(Z/zz)k =
Li, ()15, = 4, (”;Z)\(Z s2zyn = €n. All the irreducible representations of the Weyl group
of type D, can be then obtained restricting to S, x (Z/27)"~! a representation of the
form i, .. If v # u, the representation 7, , = Resg’; 7y, Temains irreducible, otherwise
Resg’}’1 7y, splits in two non isomorphic irreducible components that we denote by 7?]{ , and

7"1']{1,) A complete description of zero weight spaces for small representations in type D is
displayed in Table 1.!

'In Table 1 the irreducible representations are described by the associated pair of partitions (v, ;) when

v # . If v = u we denote by (v, v); and (v, v);; the irreducible representations 77{ P and 77{1,,, respectively.

@ Springer



S.DiTrani

Table 1 Zero weights space of small representations: Type D

Small representation Zero weight space

Highest weight (v, n) description

wivi < 251 ((n =), @)

20n-1, 205 (n even) ((2)- () ((3)-(3)),

Op1 + o, (1 odd) ((=#4). (%))

2w (n—1,1),0)

o1 + i1 .0 < 25 ((n—i—1,1),6)® ((n—i—1),3G1)
] + w1 +w, (neven) (%,1),(%))@((%),(%,1))

®1 4 2001, 01 + 20,1 (n odd) (5541).(24))

Let us denote by Py the polynomial Py (VY, ¢, y) divided by []/_, (1 — ¢"*1), where
miy, ..., my are the exponents of Weyl group W. We will determine explicit expressions for
the polynomial Py .

We will encode partitions A = (A1, > Xa,...,>,A,) by Young diagrams, displayed
in the English way. Here h(ij), c(ij) are the hook length and the content of the box (ij)
respectively; |A| and n (1) will denote the quantities ) /_; A; and Y 7, (i — 1)A;. We recall
the following results about the Py polynomials for the hyperoctahedral group:

Theorem 3.1 ([12], Proposition 3.3) Let 7y, g be the irreducible representation of the Weyl
group By, indexed by the pair of partitions (a, B).

el 2e(ij)—1
2n(@)+2n(B)+B] 1_[ L+ yg* 1_[ Lt yg> ) 3.1

PBn(ﬂa,,B; q, )’) =q 1_— qZh(ij) 1 _qzh(ij)

(i.))ea (i,j)ep

We remark that the reflection representation of the hyperoctahedral group restrict to the
reflection representation of the group S, x (Z/2Z)"~!. Moreover, denoting by Sgn(n) the
sign representation of B, the representation 7y g and g ¢ = 7y, g ® Sgn(n) restrict to the
same irreducible representation 7, g. As an immediate consequence, it is possible to obtain
the following relations between the Py polynomials in type B and in type D:

Pp(Tap: q,y) = Pp(a,g;q,¥) + Pp(maas q,y)

Pp(Elyiq.y) = Pp(Filiq.y) = Pp(maaiq. y)

Now we want to rearrange the above formulae in a more useful way. Let A be a partition,
we define

S@ ="+ [[ 0+yg*P™ R =@"+1 [] @+yg*)
(ij)er (ij)er

In the case of A = (k, 1) or A = (k), some nice relations hold:

(q+) @+ ) _
Sk, = Sa P Rk 1) = R 7 Riy = q" 'Su-1y(q + y).
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Reeder’s Conjecture for Even Orthogonal Lie Algebras

Now it is possible to express the Pp polynomials for zero weight space representations in
Table 1 in a more compact way. Set H (L) = H(ij)e/\(l —q4h(”)), where (i j) ranges between
the boxes of A.

@ [Ru-1.1) + Stu—1.1)]
Hn-1,1)

)

Pp(Fp—-1.1)4: 4, Y) =

Pp (7 Sty Rin—rty + Rity Stn—i
Pp(F .-ty 4, y) = 00 T 0200

H (k) H(n —k) (1 +q")
¢ Sa— ) Siu—i—1)(q + (@ + DA + yg"th

- )

H(k) H(n — k) (1+4")

%St Rn—k—1.1) + Ry St—tk—1.1)]
HkyHn —k—1,1)(1+4+q"
*[St—k—1)Rek.1) + Rin—k—1)Ske. 1]

Hn—-—k—-1)H((k,1)(1+qg")

_ 4*Sk—1)Sti—k—2)(q + )

Hk+1)H®n —k)(1+4¢" (1 —q?)

Pp(Fk,1),(1—k—1) ® Tn—k—1,1),(k)} 4> ¥) =

Q(n, k).
Here we set

Pk, q,y) =" (@ + A +yg® ") 4 ¢" G + )+ yg?t DT
and

O, k,q,y) = P(n, k,q, »)(@**™ — 1>+ —1)
+P(n,n—k—1,q, (g% — (@0 —1).

4 Even Orthogonal Algebras

We recall now the realization of root system D, as exposed in [4]. In an euclidean vector
space with basis {ey, ..., e,}, consider the set ®p, of vectors {e; & e;}i; i j<n. We
fix a positive system of roots choosing the vectors {e; & €;};+; i j<n; according to such
a description, the fundamental weights are w; = e; + --- + ¢ ifi < n—1, wy,—1 =
%(el +---—e¢y) and w, = %(el + - - -+ e,). Moreover the coweight e; is quasi minuscule
and the Weyl vector is p = ) "(n — j + 1)e;. We have three different families of formulae
for Py (V?, g2, q), depending on the reducibility of representation VAO . We will denote the
polynomials Pp (F(k).(n—k); 4% ¢) by Ci ., the polynomial Pp (F(u—1.1).4; 4%, ¢) by Cajo.n
and the polynomials Pp (7T, 1),(n—k—1) D Tn—k—1,1), k) qz, q) by Cjk,,,. Similarly we will
denote by C , and Cox, (or simply by Ci and Cox when the context is clear) the rational
functions appearing in the Stembridge’s recurrences, associated respectively to weight of
the form wy; and w1 4wy +1, and specialized in —g and qz. The following relations between
the polynomials Cy ,, and Cy,,, hold:

q2(1 +q2(n72k72))(1 + q4k71)(1 _ q4n74k)
(1+ q2"_4k)(1 + q4n—4k—5)(1 _ q4k+4)

Cor —C Q(n, k. g%, q)
Ao = M =6 (1 = gy (1 — g+ (1 4 g2 =) (1 + g2 =) (1 4 ¢¥—9=5)

, 4.1)

Crt1,n = Crn

4.2)
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Remark 4.1 Observe that if we set n = 2k in Eq. 4.1, the ratio 7} between Cy , and Cy_1
becomes equal to
2. qZ(l +q4k—5)(1 _ q4k+4)
(14 g% (1 4 g*=H (1 — g*)
This is coherent with the fact that, if n is even, the specialization of Pp (ﬁ(k),(”,k); q2, q) in
k = 7 is equal to ZPD(E(Iﬂ) (1} g%, q).
27032

4.1 Weights of the Form wyy, 2w, -1, 2w, if n is Even and w,_1 + w,, if n is Odd

We consider the recurrence (2.2) and make the evaluations ¢ — —¢g and t — ¢2, obtaining

1 k

D Cup Y (g 200D g1 200 — g, (43)
i=1 =1

Writing all the Cy, in their reduced form the recurrence can be rewritten as

> AL (@)Culq) =0, (4.4
K=A

for some coefficients Aﬁ'" (g). Our purpose is to make more explicit these coefficients.

Remark 4.2 Set Qi‘L " ={wk lw e W/W,, wir+ p ~ u+ p}. The sign change on the

. . o 2wy—1, ,
n-th coordinate ¢, induces a bijection between Qﬂw' " and fo')” " Observe now that the

general coefficient A;'\i” (g) does not depend on the last coordinate of the weights in Ql’l n

because the last coordinate of p is equal to 0. As a consequence Aiw”"’" (q) = Aiw"’" (9)
for all © < X and then Ca,,_,(q) = C24,(q). Coherently with the above notation, if # is
even we will denote the polynomial C»,, (g) by C%.

Let us observe that, if A = woy (resp. A = 2wy, and A = w,—| + wy) then the non zero
integral dominant weights smaller than A are of the form wy; with i < k (resp.i < [n/2)]).
[N Wk, N 2wy,

For brevity we will denote the coefficient Ag2¥" (q) and the set Qg2" (resp. Ay " (q)
and 25", Al T (g) and Qo' T ) by A" and Q5" (resp. by A7 and 7",

n—1

n—1 n—1
A; 7" and Q 2 ’n). It is immediate to show that the only contributions to the coefficient
Allz‘” come from the case w; = id and consequently Allz’" is equal to

2k i AN
AbT =S (140t (g% —1)(g* P+ 1)
k .

- q2(n—i) - q2(n—1)(q2 -1

4.5)
i=1

k,n

»» however some nice

It is more difficult to obtain closed formulae for the generic A
recurrences hold.

Remark 4.3 A direct inspection shows that the weights giving non zero contribution to
A];l‘”, k > h > 0 are of the form e + - - - + ez, + , where u has the first 2k coordinates
equal to 0. Considering the immersion of D,_», — D, induced by the Dynkin diagrams,
this means that p can be contracted to a weight in ngh"lfzh. By abuse of notation, we

denote this contraction process writing u € ngh’"fzh.
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Reeder’s Conjecture for Even Orthogonal Lie Algebras

As a consequence of the above Remark, the following relation holds:2
AP = (=DF AR QT 4 AT (4.6)

We reduced to computing the coefficients A](;’". For the weights conjugated to 0 some
results similar to the ones proved in [10] for B,, and C, hold:

Lemma 4.4 Let n be even. Set . = 2w,, and let w € W be such that wh is conjugated to 0.

(1) wiisequalto (—1,1,...,—1,1)ifn/2isevenandto (—1,1,...,—1,—=1)ifn/2 is
odd.
(2) There exists an element 6 € W of sign sgn(c) = n/2 such that o (W + p) = p.

Lemma 4.5 Set A = wop, 2k <nork = wy_1 +wy, n =2k + 1 and let w € W be such
that w is conjugated to 0. Then wA is of one of the following form:

(1) The 2k non zero coordinates of wA are pair of consecutive coordinates
((wA)(jy, (WA) j+1) of the form (—1, 1).

(2) There are 2(k — 1) non zero coordinates that are pair of consecutive coordinates
((wA)(jy, (wA)j11) of the form (—1, 1) and the latter two are equal to —1.

In both cases there exists an element o € W of sign sgn(o) = k such that o (wA + p) = p.

This produce an explicit formula for the number of weights in Qé’”:

Q) = 1 if A = 2w, and n isevenor A =0
o %(n;ffl) if A =wy and 2k <nor A = wy_1 + w, and n = 2k + 1.

Furthermore, the coefficient Ag " can be easily computed. Set
r(n7q) — q2(n—1) _ q—2(n—1)+1 +q—2(Il—2) +q2(n—2)+1 — (q + 1)(q2n—3 +q—2n+3)
then

n % n—2
o.n n . n 2 n—2
A" =(=D2) r@ig) = (=DIr(n.q) — Ay’ ) 4.7
i=1
In the general case, producing explicit formulae for AS‘” is more complicated. As a conse-
quence of Lemma 4.5 we obtain a case by case analysis of the weights in Qé " that leads us

to some recursive expressions for AI(;’". Let 1« be a weight in QI(;’ "

Case 1: Ifn =2k + 1 then u must be of the form —e; 4+ e + v with v € Q'(;_Mk_l or
w= (0, u, ..., uy) where ' = (2, ..., n) € QS’Zk ore,u’ € QS’Zk,
Case 2: Ifn # 2k,2k + 1 then pu must be of the form —e; + ex + v with v € Qg_l’"_z
or = (0, 2, ..., ) Where i’ = (2, ..., jua) € "
We obtain the recursive relations:
AP = (DR @k + 1, @b T = AT oAl (4.8)
AF" = (Db QTR = AFTT R AR (4.9)

2Here we set by convention Q> = {(—=1, =)}, 4> = {(=1,1,0), (0, =1, —1), (0, =1, 1} and coherently
Ay* =72, q) Ay =r(3,q) +2r(2,q) (c.fr. Eq. 4.7)
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The above recurrences between the coefficients allow us to reduce the triangular system
given by Stembridge’s relations as described in the following Proposition, that we prove in
Section 5. Set

ah_q .
% ifn :2k,

bk,n =
(q2n _ l)(qZ(n—Zk)+1)

otherwise.
q2(n—k)—l (q_ 1)

Proposition 4.6 Let R; be the recurrence for C; written in reduced form. Then there exist
a family of integers {Af’"}iik such that

k k
Z Af’"Ri = Ai‘”Ck - Zbi,n—2(k—i)ck7i (4.10)

i=1 i=1

Now, we apply an inductive reasoning. We recall that the base case of weight @, can
be obtained comparing PD(Vu?z, g%, q) with the formulae proved by Stembridge in [22].
Observe now that the following relations between the by , hold:

(q 4 1)(q2(n—2k+1) _ 1) (qZ(n—2(k—i)) _ 1)

bin—20k—iy — bi—1.n—20k—i) = —

G220+ 4% ’
@+ =D " -1
2bioi — bi—12i = — : -
q q

Ifk < %, considering the difference between the recurrences of the form (4.10) for C and
Cj_1 we obtain:

k
k k-
A" Cr — (b p—20—1) + Ak_i’")Ck—1 = Z[bi,n—Z(k—i) —bi 1, n—20-i)]Cr—i
i=2
(q+D)(g2 2 1) 3 2%, 2(n—2i)
=~ PEICRISES z(;q (g —DGi
=

Set
k k-1
Clk,n,q) = A"T — bin—sg—1) — A",

(q + 1)(q2(11—2k+l) _ 1)

Dk, n.q) = PEICREY
The conjecture in this case is then reduced to prove that
C(k,n,q) k=) ) 2n—2(k— Ctk—1,n,q)
T Crey = | PRIk oy — . T ey s 4.11
Dk.n.g) 1= |4 (q ) Dk —T.nq) | 2 (4.11)

and then to check a polynomial identity. This can be easily computed by a symbolic algebra
software. We checked the above equality using SageMath [20]. In the case of 2w, with
n = 2k, we have to consider 2 times (4.10) for C 2 minus the recurrence for Cy_1, obtaining

k
AQ"2C, — @bio+ A" Crot = Y [2bigi — bi—12i1Ck—i
—

k—2
(g+D@*-1 C anai
== anrl qu (qZ(n 0 — 1)Ci’
i=0

@ Springer



Reeder’s Conjecture for Even Orthogonal Lie Algebras

and the computation is exactly the same as in the previous case. Observe that our choice
of taking 2 times recurrence (4.10) for C 2 in the above computation is coherent with the
Remark 4.1.

4.2 Weights of the Form A = w1 + wak+1, A = @1 + wp—1 + @y, if nis Even
and A = w1 + 2wp_1, w1 + 2w, if nis 0dd

We remark that in this case W) - e; = {e;} and then the minuscule recurrence becomes
more explicit. We consider the recurrence (2.2) and make again the evaluations ¢ — —¢q
and r — g2, obtaining

— g t4p.wier))

(1
ch, — -0 (4.12)

2(0 wier)

The recurrence (4.12) can be written in reduced form as:

k k+1/k
. 2|k,n 2lk,n __
k - E C2|iA2|i + } CiAl' =0,
i=0 i=0

for some coefficients A%If’" and A;"" that we are going now to analyze more closely. We

underline that the index of the second sum goes from O to k if n = 2k + 1 and to k + 1 if
n > 2k 4 1. In the special case n = 2k + 2 the recurrence can be displayed as follows:

2|k,n

k k
Ry : Z C2|iA§:f’" + Z C,-Al.z‘k’” 4 Cons [Azlk ny A2|k n ] _o.
i i=0

2|k n 2\1< n

Using an argument similar to Remark 4.2 we have A, = A, and then the recurrence

becomes:

k k
20k, 2lk, 20k,
ko ZCZUAzL' "+ ZCiAil "+ 20, A" =0.

i i=0
Moreover, by the same reasoning of Remark 4.2, if n = 2k 4+ 1 we obtain that
Coy+20,_1(q) = Co 420, (q) and then we reduce to computing only Cy,, 424, (g) (that for
brevity we will denote by Cax, 24+1 ). As in the previous case we want to determine closed
formulae and recursive relations for the coefficients that allow us to reduce the system.

Remark 4.7 Similarly to what we observed in the case wyy, the only contributions to A2} h o

come from weights of the form 2e; + e + - - - + eap41 + 0 with . € Qg_h”’_%_l.
Set
_ (1 _ q4l‘t+2)
s(n,q) = T,
by previous Remark we obtain:
2Ik, - k—h,n—2h—1

AT = (D s — 1 g1 . (4.13)
Coherently with the notation of the previous section, we will denote by 92:2 " (resp. Qzlk ")
the set QZiigiﬁﬂn (resp. Qeb* ™). Tt is immediate to show that the weights in ;%" +1
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are all of the form ey +---+ej_2+2e; +---+exx41) for j < 2(k+1). As a consequence,
we obtain the following formula:

2k+2 d(n—k-1)-2 _ 1)(q4(k+l)72 -1

2kn . (g
A ==Y st j.a) = -
k+1 ; q2(n—2)(q2 -1

(4.14)

Remark 4.8 (Reeder’s Conjecture for 2w;) Formulae (4.13) and (4.14) describe explicitly

210,n 210,n

the coefficients A2|0 and A" By direct inspection it is possible to prove that 57" =

{—2e,—1} and consequently AU‘On = s(—1,q9) = —s(0, g). Now Ry is explicit and the

Reeder’s Conjecture in this case can be proved comparing the obtained expression for C2,,
with the formula for Pp (F(u—1.1).0; ¢, 9.3

To find a recursive expansion of the coefficients Ailk’" for k > 1 we have to consider the
cases n = 2k + 1, 2k 4+ 2 and n generic in three different ways. Firstly suppose k>h>1.

If n = 2k + 1 a weight 4 € Qzlk " must be of the form wy + u’ with u’ € Qz‘k Ln=2
obtaining

Ai\k,n A2|k 1L2(k=1+1

The case n = 2k + 2 needs a closer analysis. A weight u € Qilk’" can be of one of the

following forms:

Case 1 M_el+62+ﬂ WlthpLEQzlkln 2’

Case2 u = 2er 4+ p with i/ € Qifl 6,192’111_2 or equivalently uy = 0 and i =

2|k,n—1 2|k,n—1
(25 ooy Un) € QZIhfl UG"QZIhfl ,
Case3 u = (1,0,2,1,us, ..., up) Where @ = (5,...,n) € Qk 12k2U
k—1,2k—2
Q2 .

This analysis can be translated in the following relation:

20k, 2k+2 21k, 2k+1

A2 _ A2\k 1.2k 2T 2= 52k — 1, ).

The case of n generic is completely analogous to the previous one, except for the fact that
QU@ = Q" and 25" U e, 28 "t = @570 leading to the
recurrence:
2lk,n 2lk—1,n—2 2lk,n—1 k—h+1 k—h+1,n—2h
A=A — Ayt = (D (=3, 9)192 .
The case 7 = 1 must be considered differently. If n = 2k + 1, the elements in Qﬁ"zk+1
of the form:

are

Casel pu=wp+ u with i/ eQzlk Ln— 2

Case2 p=(1,—1,2 ta, ... ) With i = (ug. ..., ptn) € Q"7

30bserve that, to prove inductively the Conjecture, it is also needed to check explicitly the cases w; + w3 in
D4 and w1 + ws in Ds. In these cases to list directly the weights involved in the computation of coefficients
is quite simple. It is possible to achieve a description coherent with the general analysis in the paper setting

by convention Qg = {( 2 0)) for every n > 1and "7 = {(=1,-1,2), (=2, 1, =D}, Q7" =
{(1,—1,2)}. Coherently ;" = 5(0, ¢) + s (-2, q)andAi‘f L26=D+ _ (0, ¢).
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obtaining the recurrence:
20k, 2k+1 20k—1,2k—1 _
AT = A7 — (=5 @k =2, 9).

In the other cases we must consider a third family of weights, i.e. of the form
O, wa, ..., uy) where it = (2, ..., i4n) is contained in Q%IS’ZHI U enﬁglé’zk"_l ifn =

2k + 2 and in Q%IS’”_] for n generic. Consequently we obtain:

2|k, 2k+2 2lk—1,2k 2k, 2k+1 — k—1,2k—
A2 _ A2 — AP Rk — 1, g1k TR,

210

2|k, 2|k—1,n—-2 2|k,n—1 - k—1,n—-3
AP = AT AT — (D s — 3, 1927 ).

Finally, we will find recurrences for coefficient Aélk’". Again, let us start from n = 2k + 1.
The only relevant cases are:

o~ 2lk—1,n—2
Case 1 M=(—1,l,m,-.-,un)wnhu=(Ms,...,un)690‘ "l

Case2 = (=1, =12 ftg ... ) With i = (ua. ... pn) € 25",
Case3 = (=2,1,1, 1. ... pn) With i = (sa. ... pa) €y "7,

and consequently we obtain:

AP = AT L LR 52k — 2, 9) + s(—2K, @)1
Asinthecase h = 1,if n # 2k-+1 we have to add to the previous list the weights of the form
O, o, ..., up) with ft = (u2, ..., u,) contained respectively in Qélk’zHl Ue, Qélk’ZkH
ifn =2k +2andin lek’"_l for n generic. This yields to the recurrences:

2k, 2k+2 20k, 2k+1 20k—1,2k — —1,2k—
AJRAFZ g pZIRZHL_ A3 + (=D sk — 1, q) +s(—=2k — 1, @k 271,
AT = AR AT L (R s = 3, @) + s(—n + 1L lIQE T
Set now

q2k(1 _ an)(l 4 q2(n—2k—1))

din = stk.q)+s—k—1.q) = ey :

imposing that the coefficients A;}i‘” must cancel, we are again able to find a nice reduction

of the triangular system, proved in Section 5.

Proposition 4.9 Let R; be the reduced recurrence for Cy);. Then there exist a family of
integers {Ef’n}ifk, with E,];’" =1and Zf:h (—l)i("_f._l)E{‘” = 0, such that

k k—1
k.2k+1 20k, 2k+1 20k, 2k+1 .
> E; Ri = Ay Copowy1 +T7 Crans1— ) stk—j.q)Cjaur1. (4.15)
i=0 j=0
and
k k—1
k, 2|k,n 2lk,n 2lk,n
D ESRi = A3y Copon + Tyt Chptn + T3 " Chn = Y _dk—jn—2jCjn.  (4.16)
i=0 j=0
. - 20k, 2k+1 -2 2
for some suitable coefficients Fk‘k’ ke , I‘kg_{’l" and Fklk’".
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We remark that it is possible to find a recursive expression similar to Eq. 4.14 for the

coefficient lek " (c.fx. Section 5, Proposition 5.4, computations for I‘zlk "y:

MY = —5(0.9) —s(n —2.9) = s(n = 3.9)
refr = p2Eh =2 s —2,9) + 500 — 3, 9)]

F|25

A direct inspection shows that - Z =0 s(J, g) and, starting from the formula for

F%‘ 1’", it is possible to obtain the following expressions:
2k—1 (q4k ])2
20k,2k+1 _ . - 20k, 2lk,
M = =N 5o = s T ==5(0, @)+ (n1—2k2, )+ T
= AUl
4.3 Reeder’s Conjecture for A = w1 + @41, A = @1 + @p—1 + @p if nis Even
and A = w1 4+ 2wn_1, @1 + 2w, if nis 0dd
We recall that in Section 4.1 we shown the identity:
k=2
C(k, n,q) 2, 2n—2i
— g = Hg? =2 — )¢ 4.17
D n g) S ;q (q )Ci 4.17)
Substituting Eq. 4.17 in Eq. 4.15 we obtain
k—1
20k, 2k+1 20k, 2k .
AZIkY ot = —Fk‘ P Clopt + ZS(k — ), Cjok+1
j=0
k=1 o; 2
2k 2k+1 g% (q*H1=2D — 1)
= —T} Cr2k+1 — T Cjok+1
j=0 1
0k 2k+ Cr—12k+1 [ 20—1y, 6 C(k,n,q)
=-T Ck,2kl—7|:q @ -+ ——
¢ " g* Dk, n. q)
Cr—12k+1 | 2k 20k, 2k+172k4+1 | 2(k—1) ;.6 Ck,n,q)
= —fA | gk L2k -4 ——2
q2k q 1y k q (q ) Dk, 1, q)
and analogously, substituting Eq. 4.17 in Eq. 4.16
k—1
A2l 2k, k,
zlknc2|kn = kL_Ian+1n Fkl ann+de j.n— ZJC]VL
j=0

2(n—2k—1) k—

2k (q +1)

= T Chern = T Ol + = — § ¢ (@ = 1)C
=0

2k,
—Ckn |:Fk|+1"Tk+1 + Ty

2l (@*"=*=D 4 1) C(k, n, q)
q2(n—k—1) D(k,n,(]) .

Again proving Reeder’s Conjecture is equivalent to a polynomial identity that we checked
with SageMath [20].
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5 Proof of Propositions 4.5 and 4.7

In this Section we denote by ® (n.k, 1) the quantity IQI;I’"I = IQg_h’"_Zhl.
Remark 5.1
O,k h) =0, k. h+1)+ 00 —1,k h),
Ok + 1,k h) = Ok + 1, k, h + 1) + 202k, k, h).
Set now
0 ifh >korh <0,
Arr=11 if h =k, (5.1

= (DO, i, AL otherwise.

Proposition 5.2 Let R; be the recurrence for C; written in reduced form. Then

k k—1
Y AR = A" Ci =) bicin-2iCi. (5.2)
i=l1 i=0

Proof We will use Fz’" to denote the coefficient of Cj, in YF_, Af’” R;. Using Remark 5.1

and Definition (5.1) it is possible to prove that the integers of the form AIZ’” satisfy some
nice iterative properties:

Lemma5.3 (1) Ay" = AN 1" forh > 1,

@ A=Ay AT T i £ 2k, 2k 4 1,
k,2k k—1,2k—1

3) Ap* =4y ,

) AZ,2k+l — 2A2,2k + AI;;_I’Zk'

Using (1) it is easy to prove that F];’" = I‘gih’”fzh ifk>h>0:
k
k.an k, j.n
ry =Y ALA
j=h

k k

_1\J—hg . k.n h,n k.n  j—h,n—=2h
E (-1 O(n, j, h) Aj Ay + E Aj A
j=h j=h+1

k=h
k=h.n=2h , t.n—2h _ ~k—h.n—2h
Al AL =T :

t=1

To recover the coefficients of Eq. 5.2 we have to compute Fg’". In particular we want to
prove by inductive reasoning that

k+1
re™ ==Y"rG.0), T =2rp*—rk42,9), TE" =T§""' —r(1—k+1,9).
j=2
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The formula for F(2)’4 can be easily checked by direct computations. We have to distinguish
three different cases. If n = 2k and using (1) and (3) of Lemma 5.3 we have:

k k
rp? = D oIAg" T = AgT AN + Y= D O, j DAY 12k )

j=1 j=1
k—1 k—1
_ k—1,n—1 , j,n—1 k—1,n—=2 , t,n—=2
= DAY = DA TAG
j=1 =1
k=1,2(k—1)+1 k=1,2(k—=1) _Ind ~k—1,2(k—1)
=T, — T, =T, —rkk+1,9).

The computation in the case n = 2k + 1 needs the additional use of (4).

k—1 k
Fp 2 = DI = AFTTRIAY 4 Y =10, j DA 12k 4 1.g)
1 j=1

~.
Il

k,2k k—1,2k—1
+2057% — Ap

k—1 k—1
_ k.n oy J.2k k,2k k—1,n—2 , t,n—2
=Y AVATT 42T = A AL
j=1 =1
k—1
_ k—1,2k k,2k J.2k k,2k k—1,n—2
= Yo[Al T 2al Af 28 -1y
=1
_ prk—12k k,2k k—1,n-2
= k2% ork 2 _rk

= dorg® —r(k+2.9).

The case of n generic is completely analogous and uses (2) of Lemma 5.3 instead of (3).

k k
rp" = DoA™ = Ay AL 4 =D O, j DAL IR, )
j=1 j=1

k
2 : k—1,n—1 k,n—1 j.n—1 k—1,n—-2
j=1

k—1,n—1 k,n—1 k—1,n—-2
Ty +T - Ty

= Mg — -k + 1. 9).

Now it is straightforward to show that I‘g’" = by, and then I‘ﬁ’" = ngh’"fzk = bk—h.n—2h-
O
Set now ®(n, k, h) = ©(n — 1, k, h) and define
0 ifh >korh <0,
Ef"=1{1 ifh =k, (5.3)

- Zf=h+l(—l)i’h¢(n, i, h)Ef’" otherwise.
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Proposition 5.4 Let R; be the reduced recurrence for Cy;. Then

k. 2k+1 20k,2k+1 20k, 2k+1
Z E; Ri = Ay Coie2k+1 + T Crookt1
k-1

=Y stk—j,9)Cj a1, (54)
j=0

k.n 2lk,n 2lk,n k.n
ZEi R; = A2\k C2|k,n + Fk—H Ckt1n + Fk CZ\k,n

= dijn-2iCjn. (5.5)

Proof Coherently with notation of Section 4, we will denote by F2‘ , (tesp [ 2[k, ") the

coefficient of Coy (resp. Cp)in )y Ek 2kt1
analogous of Lemma 5.3:

R;. Observing that E,li’" = A],; "~1 Wwe obtain an

Lemma5.5 (1) E," = E, " *forh > 1,

Q E"=E" T BT i £ 2k 1,2k 42,
(3) Ek 2k+1 E}]; 1, 2k,

) Ek 2k+2 2Ek 2k+1 + E£_1’2k+].

An immediate consequence of Definition 5.3 is that 1"5::’" =0ifh <k.Ifk>h>0,
we have:
k
20k 2k+1 k.2k+1 p 2lj.n
r; = Y EYFTIA,
j=h—1
k—
_ Z Ek2k+lA2|j 12%k—1 Z EkaHA%IiLZII—S(Zk—ZvQ)
j=h—1 j=h—1
k-1
Nj—ht gk 2k -
x| Y (=D Ey* ok, j,h—1)
j=h—1
— Z Ek2k+1A2|j 1.2k—1 Z Ek IZkAgli,ZII S(Zk—z,q)
j=h—1 j=h—1
k—1
Nj—h+1 pk—1,2k -
| Y (=D E; @2k, jh—1)
j=h—1
_ F2|1< 1,2k—1

)
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222 _ K2kH2 ) 20j=12k _ o p 2A2KH] _ k2k+2 217, 26+1
Z E; Ay Ay Z E; Aypsy +
j=h—1 j=h—-1

—sQk—=1,¢) | 2Dk +1,k,h — 1)
+ (—l)j_h“Ef’zk*zd)(Zk +1,j,h—1)

k
_ 2|k 12k Z [2Ek 2k+1 E§_1’2k+1]1\§};"_2]{+1 +
=h—1

j=

k
—sQk—1.q)| Y (—1)f—h+1(2E§’2"“+E§*1*2"“)q>(2k+1,j,h—l)
j=h-1
a 2|j.2k = 2
_ 2|k 1,2k k,2k+1 1], +l k—1,n—1 |j,n—1
=T, -2 E; Ay Z E; ASiny
j=h—1 j=h—1

2)k—1,2k
=1

k

2keon K, 2|, -2 ko 2ljn—1

e = E E”A E E].nAz'h_1 —s(n—3,q)
j=h—1

Jj=h—1
k
_1\j—h+1 pkn _ sy
x| Y (=D E;"®o(n—1,j,h—1)
j=h—1
2|k 1,n— 2 k,n— 1 k 1,n—1 2|j,n—1
= Z [E ]A2|;,71
Jj=h—1
k k—1
. 2|k Ln-2 kin=1 5 2lj.n=1 k—ln—1 ,2|jn—1
= doOETIANN - ) E A
j=h—1 j=h—1
— p2k-ln-2
- l_‘h 1

We reduced again to the computation of explicit formulae for the zero coefficient in the
recurrences.

k
20k, 2k+1 k.2k+1 5 2lj.n
T, = Y EVFHIAD

Jj=0
k-1 k
27,2 2|j—1,2k—1
= 3 R N2 3 gkl 2012k
J 0 J 0
Jj=0 j=1
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k
+H(s(2k = 2.9) +5(=2k, ) | Y (=1 T ESF T ok 41, ). 1)
j=1

_ k—1,2k 4 21j,2k 2lk—1,2k—1
= DB AT Ty

20k—1,2k

_ 2lk—1,2k—1
= FO

_1—‘0 ’ R

k—1 k
2|k 2k+2 2|k, 2k+1 k,2k+2 , 21j,2k+1 k,2k+2 5 2]j—1,2k
r = 24, + Y ESFTAG — Y ERHTAG

0
Jj=0 j=1
k
@k —1,q) +s(=2k—1,9) | Y (=T EFF ok +2, ), 1)
j=1
k—1
_ 2|k,2k+1 k,2k+1 k—1,2k+1 2|j,2k+1 21k—1,2k
= 24, +Y) REF* 4 E 1A, -T;
j=0
2F2\k 2k+1 i F2\k 1,2k+1 r§|k71,2k,

2|kn ZEknAZIJn 1 ZEknAZU 1,n—2

k
s =3,9) +s(-n+1,9) | Y (=D EN 0@, j. 1)
j=1

Z[Ekn 1 k 1,n— l]A2|J’1 1 I~2|k—1,n—2
0

2k,n—1

_ 20k—1,n—1
_FO

2lk—1,n—2
+T, o ¥ :

22,5

A direct computation shows that I';™" = —s(2, ¢). Using the above relations between the

lek ", the Proposition now follows proving by induction the identities
ref2 = sk, q), TR = —stk,q) —stn —k —1,¢9).

6 The Exceptional Cases

The most efficient way to verify the Reeder’s Conjecture in the Exceptional cases is to
compute explicitly the coefficients appearing in Stembridge’s recurrences (evaluated in —g
and ¢?) using a computer algebra software (in our case, SageMath 9.3 [20]) and prove
that the polynomials computed by Gyoja, Nishiyama and Shimura for [12] satisfies such
recurrences. We underline that a crucial ingredient for these computations is the strong
efficiency of the Stembridge’s algorithms.
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Table2 Type Eq

Minuscule coweights: w1, wg

Table3 Type E7

Minuscule coweight: w7

Table4 Type Eg

Quasi-minuscule coweight: wg

Table5 Type F4

Quasi-minuscule coweight: w4

@ Springer

Small representation

Zero weight space

Highest weight ¢, description
w1 + we $20,2

w4 $30,3 + 9155

w1 + w3, ws + we Po4,4

3w1, 3we 24,6

Small representation

Zero weight space

Highest weight ¢, p description
w6 27,2

w3 $s56.3 + 21,6
2w7 $21,3

) + w7 $120.4 + H105.5

Small representation

Zero weight space

Highest weight ¢, p description
) 35,2

w7 1123 + P28 8
w2 $210,4 + P160,7

Small representation

Highest weight

Zero weight space

¢, 5 description

w3

¢é,3 +¢i.12
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As pointed out in [22], for cases F4 and Ej it is not possible to use minuscule recurrences
(these algebrae do not have a minuscule coweight) and then we were forced to use Stem-
bridge’s quasi-minuscule recurrence ([22], Formula (5.13)), already used to prove Reeder’s
Conjecture in type C (see [10]).

We list in Tables 2, 3, 4 and 5 the small weights different from 0, 6; and 6 in the excep-
tional cases. We used the labeling of Dynkin diagrams as in [4]. The description of their
zero weight spaces is exposed in [1, 19] using the notation of [6]. Moreover, for the F4 case
we used the computations contained in [3] and the results of Section 4.10 in [15].

We point out that, for type Eg, some nice symmetries can be used to reduce the num-
ber of cases that need to be examined. We remark that in Table 2 there are two pairs of
weights that have the same zero weight space representation. Set X1 = {3w1, w1 + w3} and
X6 = {Bwe, ws + we}. We recall that the automorphism of the E¢ Dynkin diagram that send
labelled vertices 1 to 6 and 3 to 5 induces an involution J on the weight lattice that pairwise
exchange the weights in X with weights in X¢. Let us denote by Rf{)' (resp. R}®) the minus-
cule recurrence for the weight A, obtained choosing w1 (resp. we) as a minuscule coweight.
Fix A € X|. We observed empirically that the involution J sends R} to R‘J"&), preserving
the coefficients appearing in the recurrences. This proves that C; (q) and Cj)(q) satisfy
the same recursive relations and then we reduced to prove Reeder’s Conjecture only for
weights in X{. Our computations are available at the link in Bibliography [11].
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