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We consider equations involving the truncated Laplacians P;t and having lower-order
terms with singular potentials posed in punctured balls. We study both the principal
eigenvalue problem and the problem of classification of solutions, in dependence on
their asymptotic behaviour near the origin, for equations having also superlinear
absorption lower order terms. In the case of 732' , owing to the mild degeneracy of the
operator, we obtain results which are analogous to the results for the Laplacian in
dimension k. On the other hand, for operator P, , we show that the strong
degeneracy in ellipticity of the operator produces radically different results.
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1. Introduction

This article is concerned with equations related to the truncated Laplacian in
punctured balls and having lower-order terms with singular potentials. More pre-
cisely, we will consider both the existence of radial eigenfunctions for the eigenvalue
problem
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2 1. Birindelli, F. Demengel and F. Leoni

PED2) + Ay— =0 in B(0,1)\ {0}
r (1.1)
u=0 on 0B(0,1)

where v > 0, and the existence and asymptotic behaviour near the origin of radial
positive solutions of

PE(D?u) + M% —u”  in B(0,1)\ {0}, (1.2)

with p > 1 and 0 < pu < Ag. B(0,1) will always denote the unit open ball centred
at zero.

We will observe that in the case of ’Plj‘ the obtained results are analogous to the
results for the Laplacian in dimension k, and, in particular, for v > 2, the principal
eigenvalue \, is 0, while the obtained results for P, deeply differ from the previous
cases, and, in particular, the principal eigenvalue A, is +oo for any v > 0.

The operators P,;t, often referred to as truncated Laplacians, are defined in the
following way: for a symmetric matrix X, whose ordered eigenvalues are A; <
Ao+ - < Ay, and for an integer value 1 < k < N, one has

k N
Pr(X):=> X and PF(X):= > \.
i=1 i=N—k+1

When evaluated on the Hessian matrix of the unknown function, the truncated
Laplacians are second-order, degenerate elliptic operators which reduce to the stan-
dard Laplacian for k = N. Because of their numerous applications, they have
attracted some attention in both the PDE and geometry worlds. In particular, in
differential geometry, they appear naturally when considering manifolds of partially
positive curvature, see [20, 21], or in problems concerning mean curvature flow in
arbitrary codimension, see [1]. In their treatment of PDE from a convex analysis
point of view, Harvey and Lawson have studied the truncated Laplacian in different
articles, see [16, 17]. For other results in PDE, we refer e.g. to [6, 7, 9, 11, 14, 15,
19]. Closer to the present work is [8], where Birindelli, Galise, and Ishii introduced
for P,;t the notion of generalized eigenvalue a la Berestycki, Nirenberg, Varadhan,
see [3], proving in particular the existence of a positive eigenfunction when k = 1
for strictly convex domains. For other k& > 1, the question of whether there exists
or not an eigenfunction is still open, even for general strictly convex domains. We
will see that even here, the case k = 1 and the case k > 1 differ in nature.

In the present paper, we consider C? radial solutions of problems (1.1) and (1.2).
As it is well-known, the eigenvahll(es)of the Hessian matrix of a smooth radial func-
u'(r

r

tion u(r) for r > 0 are given by
for 1 <k < N, we get

, with multiplicity N —1, and u” (). Therefore,

~
~

u"—l—(k—l)u— if o > L

r r

P;(Dzu) = " Y
k— if u” < —

r r
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Radial solutions of truncated Laplacian equations 3

and, analogously,

u' +(k—1)— if o <&

2 T T

P, (D*u) , y
k— if u” > —

T

So, when applied to smooth radial functions, the operators ’Pki switch from some-
thing like the Laplacian in dimension k to a first-order operator, depending on the
sign of u” — “7/ In order to focus on the strictly degenerate cases, we will always
suppose that £k < N — 1.

When considering problems (1.1), we are interested in proving the existence
of positive solutions. In this case, the constants A, are referred to as the prin-
cipal eigenvalues associated with the operators Pk and the potential »~7 in the
punctured ball.

The analogous problem for fully nonlinear uniformly elliptic operators has been
recently studied in [4], where we considered in particular the eigenvalue problem

ME(D?u) + /\7% =0 inB(0,1)\ {0}

u=0 on 9B(0,1)

Here, M* are the Pucci extremal operators (see [10]). When v < 2, we proved
that the principal eigenvalue is strictly positive and finite, and there exist positive
eigenfunctions which can be extended by continuity to the whole ball. Moreover, the
eigenfunctions are shown to be of class C! when v < 1, and Holder continuous with
exponent 2 —-y if v > 1. In the case v = 2, we showed the non-existence of bounded
super-solutions, and we provided the explicit expression of both eigenfunctions and
the eigenvalues )y, thus extending to the fully nonlinear setting the explicit value of
the best constant in Hardy’s inequality. Finally, for v > 2, we proved that A, = 0.

For problem (1.1) considered here, we obtain similar results in the case of the
operator ’P,j and radically different results for the operator P, .

For both operators, as in [7], we consider the Berestycki, Nirenberg, and
Varadhan constants A,, which coincide with the demi-eigenvalues as defined by
P.-L. Lions in [18] (see definitions (3.1) and (3.3)), as good candidates to be the
principal eigenvalues.

In case of operator Pk , we attack the problem by first observing that if a positive
C?(B(0,1)\{0}) radial eigenfunction u related to a positive eigenvalue exists, then
it must satisfy v > “Tl, so that u actually is a radial eigenfunction for Laplace oper-
ator in dimension k. This property suggests applying, in order to prove the existence
of eigenfunctions, the same strategy used in the uniformly elliptic case. For v < 2
and k > 2, after proving the validity of the maximum principle ‘below’ ., the strict
positivity of A, and the existence of positive eigenfunctions are obtained by a stan-
dard approximation procedure from below. When k > 3, we can let v — 2 and, by
using the stability properties of the principal eigenvalues as well as their variational

https://doi.org/10.1017/prm.2026.10152 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2026.10152
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formulation in the case of linear operators, we obtain the explicit expressions

kE—2\° —1
)\2:(2> ) u(r)z k?2T7

which are nothing but the well-known expressions respectively of the first eigenvalue
and of the eigenfunction for the Laplace operator in dimension k.

We further show that A, = 0 for v > 2 and, in the separately considered case
k =1, we prove that Ay > 0 for v <1 and Ay =0 for v > 1.

On the other hand, when considering problem (1.1) in the case of operator P,
we see how crucial the degeneracy of ellipticity can be. Indeed, for any v > 0, when
1 <k <N -1, we show for all ¢ > 0 the existence of explicit positive radial
solutions of

P, (D%v) + u% =0  in B(0,1)\ {0}, (1.3)

proving that
Ay =400 forall v > 0.

For equation (1.3) we also provide several sufficient conditions for the validity of
the maximum principle, see Proposition 3.10.

Next, let us consider the existence of radial positive solutions of equation (1.2)
and their asymptotic behaviour near the origin. The analogous problem for uni-
formly elliptic operators has been recently studied in [5], where we considered
solutions related to Pucci’s operators, namely positive radial functions u satisfying

ME (D) + u% =uP  in B(0,1)\ {0}.

The results obtained in [5] extend to the fully nonlinear framework the results
obtained by Cirstea [12] and Cirstea and Du [13] in the case of the Laplacian, that
is, for the equation

Au+ u% —uP  in B(0,1)\ {0}. (1.4)

Let us recall that, when 0 < p < (%)2, there are three natural growth expo-

nents associated with solutions of the above equation. The first one is the scaling
invariance exponent p%l, and the other two are given by the roots of the equation

22— (N =224+ p=0,

namely

N -2 N —2\?
+ . _
T = + ( 5 ) .

The functions T% are solutions of the homogeneous equation
T

Au—l—p%zo in B(0,1)\ {0},
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and they appear as asymptotic growth exponents of solutions u of equation (1.4)
when the superlinear term u? becomes negligible with respect to the singular term
p7z, or, in other words, when solutions are asymptotic to the solutions of the
linearized equation at zero.

On the other hand, when either % <77 or ]% > 7% equation (1.4) has the
exact solution

= e[ ) G )

The asymptotic analysis of solutions of equation (1.4) reveals the following
classification, see [5, 12, 13]:

2 —
- if 1% > 77, then solutions u satisfy either u(r)r?=1 — Cp, or u(r)r™ — ¢,

+ "
T — co as  — 0, for some positive constants ¢; and cs;

or u(r)r

-ifrT < 1% < 77, then any solution u satisfies u(r)r”™ — ¢y as r — 0, for
some c; > 0;

- if % — 7=, then any solution u satisfies u(r)r™ (—Inr)= — ¢ as r — 0,
for some c3 > 0;

- if % < 77, then any solution u satisfies u(r)r% —Cpasr—0.

When considering solutions of equation (1.2) with the truncated Laplacians, once
again, the pictures of the results for 73’2' and P, are different.

For operator P,j , we assume k > 3, and we obtain exactly the same classification
result as above with the exponents 7+ now defined with N replaced by k. This is due
to the fact that our analysis in the end shows that solutions of equation (1.2) with
P satisfy u” > 0 >/, so that they are indeed solutions of the semilinear equa-
tion (1.4) in dimension k. Let us emphasize in particular that, for 1% > 7,
multiple asymptotic behaviours actually occur for solutions of equation (1.2) with
Py

This nonuniqueness phenomenon never occurs for operator P, . Indeed, our
analysis for equation (1.2) with P,~ shows that solutions always satisfy the asso-
ciated ordinary first-order equation, and then we deduce the explicit expression
of solutions, at least for » > 0 sufficiently small. More precisely, assuming that
2 <k < N —1, we prove that for > 0 small enough, one has

- if % # %, then any solution u is of the form

for some ¢ € R;
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- if %1 = £, then any solution u is of the form
P

u(r) = !
2 ( (p—1) P
re=1 (c+ T(—lnr))

for some c € R.

Hence, in this case, we obtain the following classification of the possible asymptotic
behaviour as r — 0 for solutions:

- if 2 > 2 then u(r)rk — ¢ > 0;
23
rk

, then u(r)r% (—In7r)% — ¢y > 0;
2

- if 2o < & then u(r)ra—T — c3 > 0.

1
—
=
‘M
Il
e FE T

In conclusion, we can say that the results of the present paper, in a sense, comple-
ment those contained in [4, 5] with respect to the uniform ellipticity assumption.
Indeed, on the one hand, the results we obtain here for operator 772' show that the
uniform ellipticity assumption is not necessary, and in some cases, partial analogous
conclusions can still be obtained. On the other hand, the present results for oper-
ator P, show that a kind of control on the ellipticity of the operator is in general
necessary, since in the case of strong degeneracy for the operator, the results for
both problems (1.1) and (1.2) can be radically different.

2. Preliminaries

We begin by stating some technical results that will be used many times in the
proofs of this paper. Let us recall that by B(0,1) we denote the unit ball of RY
centred at zero, and that the index k will always be assumed to satisfy 1 < k <
N —1.

LEMMA 2.1. Let u € C*(B(0,1) \ {0}) be a radial function. Then:

(i) if Py (D?*u) <0 in B(0,1) \ {0}, then v’ <0 in B(0,1) \ {0};

(ii) if P, (D?*u) < 0 in B(0,1)\{0}, then v’ has constant sign in a neighbourhood
of zero. Moreover, if k > 2 and u is bounded from below, then v’ < 0 in
B(0,1)\ {0}.

Proof. For the proof of (i), it is enough to observe that, when k < N — 1, one has
!/

Pl (D) > k—

In order to prove (ii), let us first prove that if there exists 7 € (0,1) such that
uw'(r) > 0, then «/(r) > 0 for all » € (0,7]. Indeed, assuming by contradiction
that /() < 0 for some t € (0,7), one can find, by continuity, some s € (¢,7)
such that u/(r) > 0 for r € [s,7] and v/(s) < «/(7). Then, since u/(r) > 0 and
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Pr (D*u(r)) < 0 for any r € [s, 7], we deduce u”(r) < 0 by the definition of P;, .
Hence, by monotonicity, we get u/(s) > «'(7), which is a contradiction to the choice
of s.

Next, we observe that only the following three possible cases can occur for the
function '

(a) v/(r) <0 for all r € (0,1);

(b) ¥/ (r) > 0 for all r € (0,1);

(c) there is a p € (0,1) such that w'(r) > 0 for all r € (0, p) and «'(r) < 0 for all
rep1).

Indeed, if we assume that neither (a) nor (b) is the case, then there are t, s € (0,1)
such that v/(¢) > 0 and v'(s) < 0. It follows from the argument above that u/(r) > 0
for all r € (0,¢t], v/(r) <0 for all r € [s,1) and ¢ < s. Then, it is easily seen that v’
satisfies case (c) with

p=inf{r € (0,1)|u'(r) <0}.

In the case k > 2 and uw bounded from below, let us assume, by contradiction, that
u’(r) > 0 for r small enough. Then, for r in a right neighbourhood of zero, it must
be v (r) < 0 and

OZP;(DQu):u”-F(k;_Du?/:M.

Hence, the function «/(r)r*~! is monotone nonincreasing and strictly positive for

r small enough. This implies that, for some positive constant ¢ > 0 and for r
sufficiently small, one has

c
- ifk>2
u(r) < rk—2 '
clnr ifk=2

Letting » — 0, we obtain a contradiction to the boundedness from below of wu.
It then follows that u’ satisfies case (a) above. O

REMARK 2.2. By using the relationship
Py (D*(—u)) = =Py (D*u),

we immediately deduce from Lemma 2.1 the symmetric statements for sub
solutions, namely

(i) if P, (D?u) >0 in B(0,1) \ {0}, then v’ > 0 in B(0,1) \ {0};
(ii) if P, (D?*u) > 01in B(0,1)\{0}, then «’ has constant sign in a neighbourhood
of zero. Moreover, if k¥ > 2 and u is bounded from above, then v’ > 0 in

B(0,1)\ {0}.

Our next result is more specific: we focus on solutions with a monotone right-hand
side.

LEMMA 2.3. Let g € CY(B(0,1)\{0}) be a radial function, satisfying g(r) < 0 and
g (r) >0 for0<r <1. Then:
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8 1. Birindelli, F. Demengel and F. Leoni
(i) if u € C*(B(0,1)\ {0}) is a radial bounded from below solution of

P (D*u) =g(r)  in B(0,1)\ {0},

then «' <0 and " —“ >0 in B(0,1);

r

(i) if u € C?(B(0,1)\ {0}) is a radial bounded from below solution of
Py (D*u) = g(r) in B(0,1)\ {0},

with k > 2, then v’ <0 and v” — “7/ has constant sign in a neighbourhood
of zero.

Proof. (i) The inequality v’ < 0 follows from Lemma 2.1 (i). Next, let us assume
by contradiction that u” — “7/ < 0 in some interval contained in (0,1). Then, from
the equation, we get that in such an interval u satisfies k@ = g(r) and, by
differentiating, we obtain the contradiction

!
0>k<u”—u> =4'(r) >0.

r r

(ii) The inequality «' < 0 follows from Lemma 2.1 (ii). Next, assuming by con-
tradiction that u” — “7' changes sign infinitely many times as r — 0, there
u’(

exists an interval (s,t) C (0,1) such that u”(r) — T,T) < 0 for r € (s,t) and

u’(s) — @ =u'(t) — # = 0. Then, in the interval (s,t), u satisfies

/ !
u u
1
u - —=g—k—,
r

and then, by differentiation,

AN /
k
(u” — u) =g'(r)— = <u" — u) >0,
r r r

in contradiction with the boundary conditions u”(s) — @ =u"(t) — @ =0.0

As an immediate consequence of Lemmas 2.1 and 2.3, we deduce the following
result for solutions of the eigenvalue problem for operator P,j' .

COROLLARY 2.4. For~y >0 and > 0, letu € C*(B(0,1)\{0}) be a radial positive
solution of

Pl (D) +p— =0 inB(0,1)\{0}.
Then, v’ <0 and u” — % >0 in B(0,1) \ {0}.

Our last preliminary result is a comparison principle for radial solutions in the
punctured ball satisfying a suitable growth condition around the singularity. The
proof, based merely on the ellipticity property of the principal part and on the
superlinear character of the absorption zero-order term, is given in [5] for Pucci’s
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Radial solutions of truncated Laplacian equations 9

extremal operator M™, but it applies exactly in the same way to both operators
PiE.

THEOREM 2.5. Let p > 0, p > 1, 79 > 0 and let u and v be two positive radial
functions in C? (B,, \ {0}) satisfying

PED) + pg — o 2 0 2 PE(D) + py =" in By, \ {0}

Assume that w, v € C (B, \ {0}) and that there exist positive constants c1,cy such
that
—2

aret <wo(r) and  u(r),v(r) < Cg?"p;j for 0<r<rg.

If u(ro) < wv(rg), then u < v in By, \ {0}.

3. Principal eigenvalues and eigenfunctions

3.1. The P,j case, with k£ > 2
Let v > 0. Following the approach of [3], we introduce

Ay =sup{p €R : Jv € C*(B(0,1)\ {0})s.t. v > 0, vis radial,

'P/:_(DQ'U) + por~7 < 0in B(0,1) \ {0}} 7 (3.1)

which will be referred to as the radial principal eigenvalue for 732' and the potential
r~7in B(0,1) \ {0}.

We immediately observe that 5\7 > 0, as it follows by using constant functions as
super-solutions v. More than that, in the case v < 2, an easy computation shows
that the function v(r) = 1 — 7P satisfies, for 0 < 3 < 2 —,

+/ 12 v
Pl (Dv) < Cr'Y

for some ¢ > 0 depending on 8 and k. Hence, we deduce that 5\7 > 0 at least for
v <2

The aim of the following results is to provide sufficient conditions ensuring that
5\7 actually is a positive eigenvalue associated with 73,: and the potential 77,
meaning that there exist positive solutions of the Dirichlet problem

PH(D*u) + Ay— =0 in B(0,1)\ {0}
7 (3.2)
u=20 on 0B(0,1)

Let us start by proving a maximum principle ‘below’ j‘w
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THEOREM 3.1. Letu € C3(B(0,1)\{0})NC(B(0,1)) be a radial function satisfying

PH(D*u) + pur™" >0 in B(0,1)\ {0}
for some p < A\. If u(1) <0, then
u(r) <0 for0<r<1.

Proof. The proof proceeds as the proof of Theorem 2.7 in [4]. We sketch the steps
for the reader’s convenience.

Since p < A, by definition of A, we can select p/, with p < p/ < A, for which
there exists a positive radial function v € C?(B(0,1) \ {0}) satisfying

PH(D?v) + p/vr~" < 0in B(0,1) \ {0}.

Without loss of generality, we can assume that p/ > 0, v(r) is continuous up to r = 1
and v(r) > 0 for 0 < r < 1. Moreover, by Lemma 2.1, v is monotone nonincreasing
for r close to zero, so that there exists the limit lim,_,o v(r) =: v(0) € (0, +o0].

Let us consider the quotient function ¥ and its supremum value on B(0,1)\ {0}.
Arguing by contradiction, let us assume that the supremum is positive. Up to a
normalization, we can assume that

sup —=1
B(0,1)\{0} V

Let 7 € [0,1) be any limit point of a maximizing sequence. If 7 > 0, then u(7) = v(7)
and testing the differential inequalities satisfied by v and v at 7 yields, by ellipticity,

() < =P (D*(F) < =Py (D*u(F)) < pu(F)i”

which is a contradiction to the inequality p < u'.

On the other hand, if # = 0 for all maximizing sequences, then 0 is a strict
maximum point of u — v, with v(0) < 400, ©(0) = v(0) and p'v(0) — pu(0) > 0.
Hence, by the sub-additivity of operator 772' and by continuity, in a neighbourhood
of zero, one has

Py (D*(u—v)(r)) = Py (D*u) = Py (D*0) = (p'v(r) — pu(r)) r=?

> 5 (W'v(0) = pu(0))r=7 > 0.

DN | =

By Remark 2.2, this implies that (v — v)’ > 0 in a neighbourhood of zero, so that
u — v cannot achieve a strict maximum at zero. O

REMARK 3.2. Let us explicitly observe that the assumption k > 2 is crucial for
the validity of the maximum principle stated by Theorem 3.1. Indeed, it fails for
k = 1, as shown by the function u(r) = 1—r € C(B(0,1))NC?(B(0,1)\ {0}),which
satisfies

P(D*u) =0  in B(0,1)\ {0}
and u(1) =0, v > 0in B(0,1).
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Thanks to the above maximum principle, we can prove the following existence
result.

PROPOSITION 3.3. Let b > 0, v < 2 and 0 < p < 5\7 . Then, for any radial
nondecreasing function f € C1(B(0,1)), such that f < 0 and f' > 0 in B(0,1),
there exists u € C(B(0,1)) NC%(B(0,1) \ {0}) solution of

+(2 v_f o
P (D u)—&—uﬂ =5 B(0,1)\ {0}
u="b on 0B(0,1)
Furthermore, u satisfies v’ <0 and u" > “7/ in B(0,1)\ {0}.

Proof. Let us inductively define the following sequence of functions: we set ug(r) = b
and, for n > 1,

wir) =0 [ [0 - @) aras.

The assumptions on v, b and f make {u,} a well-defined sequence of non-negative
continuous functions in [0, 1], of class C2 in (0, 1) and satisfying

Up(r) <0, up(r) - tn(r) _ fk/o (f(t) = pup—1(t)) "1t

+ (f(r) = pup—_1(r))r=7 > 0.

Hence, for every n > 1, u, € C(B(0,1)) N C?(B(0,1) \ {0}) is a radial positive
solution of

Py (D*up) = (f = pun—1) v~ in B(0,1)\ {0}
Up =b on 0B(0,1)

Furthermore, a simple induction argument shows that u, > u,—1 in [0,1] for all
n > 1. Since f < 0, this implies also that w,, is not identically zero.

We claim that {u, } is bounded in C(B(0,1)). Indeed, if not, dividing by ||t ||cc =
U, (0) = +o00 and defining v,, = Mol one gets that v, is a C?(B(0,1)\{0}) radial

function satisfying v, <0, v, > = and

Py (D?v,) = ( / —uunl”“’”””) =7 in B(0,1)\ {0}

b

||Un||oo

on 0B(0,1)

Un

Furthermore,

;L > — 1 ||f — Nun—1||oor1fy > 707,1777

k—~ [[tn o
which implies that {v/,} is locally uniformly bounded in (0, 1), and by the equation,
so is {vl'}. We can let n — oo in B(0,1)\{0} and we get that v, — v, v, = v’ locally
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12 1. Birindelli, F. Demengel and F. Leoni

uniformly and, by the equation, v}/ — v" as well. Furthermore, v is C2(B(0,1)\{0}),
v <0,0" > %, and, possibly considering a subsequence such that there exists the

Hun,1 Hoo
lunlloo

limit lim,,— o0 = ¢ < 1, v satisfies

PH(D*0) 4+ cuvr™ =0, v(1)=0.

By Theorem 3.1, we obtain v = 0, which contradicts ||v]|e = 1.
Now, with {u,} bounded, we can repeat what was done with {v,} and we obtain

that u, — u, where u is a solution. Moreover, u satisfies v’ < 0 and u” > “7/ in
B(0,1) \ {0} by Lemma 2.3. O

We are now ready to prove our first existence result for eigenfunctions in the
case v < 2.

THEOREM 3.4. Suppose that v < 2. Then, there exists w > 0, u € C(B(0,1)) N
C?(B(0,1)\ {0}) solution of (5.2). Furthermore, u satisfies v’ <0 and u” > “7/ in
B(0,1)\ {0}.

Proof. Let us select a positive increasing sequence \,, — j‘w By Proposition 3.3,

for every m > 1, we can further consider a positive radial solution w,, € C(B(0,1))N
C2(B(0,1) \ {0}) of

+( D2 un _ 1,
Pk (D un) + )\nﬁ - r m B(07 1) \ {0}
Up =0 on 0B(0,1)

More explicitly, the functions u,, satisfy

’
1
U;{—F(k_l)l"')‘"i:_?y forO<r<1,

We claim that the sequence {||un||oo } is unbounded. Indeed, assuming, on the con-
trary, that {u,} is uniformly bounded, we could extract from {uy, }, a subsequence
uniformly converging to a function w satisfying

T

" u
u'+(k—1) +)‘”r7_ e

<=

Moreover, u would belong C(B(0,1)) N C2(B(0,1) \ {0}) and satisfy v’ > u/r—1.
Hence, u would be a positive bounded solution of

Pi(D*w)+ A, — ==~ in B(0,1)\ {0}.

As a consequence, for ¢ > 0 sufficiently small, v € C?(B(0,1) \ {0}) would be a
positive radial function satisfying

P (D) + (A, —I—e)% <0
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in contradiction with the definition of \..
This proves that the sequence {uy, },, is not uniformly bounded. Then, by arguing
on the normalized sequence {v, := ﬁ}, we can let n — oo in order to obtain

a limit function u as in the statement. O

Let us now make an observation relying on Corollary 2.4. Since any eigenfunction
u solving (3.2) actually satisfies " > %, then u is a solution of the ordinary
differential equation

v - u

" . .
) +(k_1)7+)\77¥_0 in (0,1).

Therefore, the existence of u can also be proved by following a variational approach
for the above linear eigenvalue problem. The two approaches lead to the same result,
as stated in the following proposition. Let us introduce the space Hé’k defined as
the closure of the set

1
{ue C'([0,1]) : u(1)=0, /0 (u')*rF~tdr < 400}

with respect to the norm
1/2

lullye = ( / () () dr)

'Hé’k is nothing but the space consisting of radial functions belonging to the
standard Sobolev space H}(BF), where BY is the unit ball in R¥.

PROPOSITION 3.5. For any v < 2, one has

1
Ay = Ay var = inf / (u')*rk=1dr .
{uEHé’k : fol u2rk—1=vdr=1} Jo

Proof. The existence of a minimum realizing the infimum defining S\%VM is classical.
Therefore, there exists u € ”Hé’k, with u > 0, satisfying in the distributional sense

(k=1 = -\, parurt T

Hence, (u/r*~1)" is continuous in (0, 1) and this implies that u is in C2((0,1)). Thus,
u is a classical solution of

!

" v . _
u —|—(/€—1)7— /\V’Varr"/ in (0,1), wu(l)=0.

This implies in particular that (u/(r)r*~1)" < 0, and therefore there exists the limit
lim, o u'(r)r*~!, which must be less than or equal to zero. Indeed, if not, there
exists some & € (0,1) such that u/(r)r¥= > § for all r € (0,6). This implies that,
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14 1. Birindelli, F. Demengel and F. Leoni
for r € (0,9),

5 5 1 61 5
u(5)—u(7‘):/ u'(t)dt25/ thzé/ tdtzéln(r),

and, by sending r — 0, one gets u(r) — —oo, a contradiction to u(r) > 0.
Thus, one has u/(r) < 0 for € (0,1) and then —A, yau(r)r~" is increasing.
Integrating the above equation yields

T

A var —
o (r)rFt < —)\%\,aru(r)r_'y/ sFlds = —77]’€a u(r)r=7,

0
and then
“7/ < % (u”+(/~f—1)f) ;
that is
v <.
r

Hence, u € C*(B(0,1)\ {0}) is a positive radial solution of P} (D) + Ay vartur ™" =
0 and this implies, by definition, that Ay var < A,. On the other hand, if Ay var < A4,
then Theorem 3.1 gives u < 0, which is impossible. 0

Thanks to the characterization given by Proposition 3.5, we can give the explicit
expression of the eigenvalue and of an eigenfunction in the case v = 2.

THEOREM 3.6. Let v =2 and k > 3. Then

< k—2)?
o= (22
and the function
-1
u(r) = kI—12T
rz

is an explicit solution of problem (3.2) with v = 2.

Proof. As it is well-known (see e.g. [2]), the value (k_42)2 is nothing but the inverse

of the best constant in Hardy’s inequality in dimension k. In other words, one has

(k —2)?
4

= )\2,var

and the function u(r) = =2F is the explicit infinite energy solution of the eigenvalue

r 2
problem

—Au= sy~ in B(0,1) C R¥
T

u=0 on 0B(0,1)
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As a function of one variable, u belongs to C2((0,1]) and satisfies u” > “7/, so that
u is a classical solution in dimension N of

PH(D*u) + Agyarur 2 =0 in B(0,1)\ {0}.
Hence, by definition, we deduce

< k—2)2
)\2 Z A2,va1r - u .
4
On the other hand, again by the definition of 5\7, one easily sees that the value 5\7
is monotone nonincreasing with respect to v, hence

Ao < lim A, .

Y2~

By applying Proposition 3.5 and by using the stability with respect to v of the
variational eigenvalue, we then obtain

< < . (k —2)2
AQ < W}l}gf A'y = ’yll}%li A'y,va,r = >\2,Var = T )
which concludes the proof. O

We conclude this section by considering the case v > 2.
THEOREM 3.7. If v > 2, then A, = 0.

Proof. By contradiction, let us assume that for some p > 0 there exists a positive
radial function v € C?(B(0,1) \ {0}) satisfying

PHD?)+p—= <0 inB(0,1)\{0}.

Then, by Lemma 2.1, we have v < 0. Moreover, by definition of 73,:' , we have also
that v satisfies

v’ v

V' +(k—1)—+p— <0 for0<r<1.
T Y

Hence, we can apply e.g. the same proof of Theorem 1.3 in [4] in order to reach a
contradiction. O

3.2. The P case

We consider here the eigenvalue problem for operator Pf , which has to be stud-
ied separately because of the lack of validity of the maximum principle given by
Theorem 3.1, as observed in Remark 3.2.
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Nonetheless, for v < 1, we still have a variational characterization of 5\7 analogous
to Proposition 3.5. In this case, we set

1
Ay var = inf / (v (r))%dr .
{veH'((0,1)):v(1)=0, fol v2(r)r—Ydr=1} Jo

Let us observe that, for v < 1, one has A, var > 0, as it is easily follows by Holder
inequality.
Indeed, for any v € C'*([0,1]) satisfying v(1) = 0, one has
1/2

/T1 v'(s)ds| < </TI(U/(S))2 ds) 1,
which yields

/01 v (r)rVdr < </01(v'(r))2dr> /01(1—7")7‘_%17“ = ﬂ—y)lm /Ol(v’(r))2dr.

Hence, we have

o(r)] =

Ay var = 1=-m2-7).

THEOREM 3.8.

(i) If y < 1, then 5\7 = Ayvar > 0 and problem (3.2) with k =1 has a positive
radial solution belonging to C*(B(0,1) \ {0}) NC'(B(0,1)).
(ii) Ify>1, then A, =0.

Proof. (i) By classical methods in the calculus of variations, the infimum defin-
ing Ay var is @ minimum. Thus, there exists u € H'((0,1)), with « > 0 in (0, 1),
satisfying in the distributional sense

U ==Xy yarur ™ in (0,1),
and the boundary conditions

W' (0)=0, u(l)=0.

As a consequence, u € C%([0,1]) satisfies u”, v < 0 in [0,1]. Moreover, by
monotonicity, one has

u'(r) = / u'(s)ds = —)\%var/ u(s)s Vds < =y yaru(r)r' ™7 =" (r)r.
0 0
Therefore, u € C*(B(0,1) \ {0}) NC'(B(0,1)) is a positive radial solution of
PH(D?*u) + Ay varur™? =0 in B(0,1)\ {0}

u=0 on 0B(0,1)

and this implies, by definition, that 5\7 > Ay,var-
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Arguing by contradiction, let us suppose that 5\7 > Ayvar- Then, there exist
f > Ay var and v € C?(B(0,1) \ {0}) positive and radial such that

Py (D*v) +por~" <0 in B(0,1) \ {0}.

Without loss of generality, we can assume that v(r) > 0 for r € (0, 1]. Moreover,
since P;"(D?v) = max {v” Y }7 we have that v satisfy both the inequalities

v+ por™ <0, v 4portT7 <0 for0<r<1.

In particular, we have that v', v” < 0 and there exists the limit lim,_,qv(r) =:
v(0) € (0, +00]. We can now argue as in the proof of Theorem 3.1 in order to reach
a contradiction. For up to a normalization, we can assume that

sup —=1.
B(O,)\{0} ¥
Let 7 € [0,1) be any limit point of a maximizing sequence. If 7 > 0, then u(7) = v(¥)
and u”(7) < v"(F), so that

po(PF < (7)) <~ (7)) = Ay waru(F)F 7

which gives the contradiction g < Ay yar. If 7 = 0, then v(0) < 400, u(0) = v(0),
and pv(0) — Ayvar(0) > 0. Hence, by continuity, in a neighbourhood of zero, one
has

(=) () 2 (0(r) ~ Ayarts(r)) 7" > 2 (0(0) — Ay art(0)) 777 > 0.
Since (u—wv)'(0) > 0, this implies that (u—v)’(r) > 0 in a neighbourhood of zero, so
that w —wv cannot achieve its maximum at zero. The contradictions reached in both
cases prove that 5\7 = Ay var and the variational solution u actually is a smooth
solution of problem (3.2) with k = 1.

(ii) By contradiction, let us assume that there exist u > 0 and v € C2(B(0,1) \
{0}) positive and radial such that

PH(D*v) + por™ <0 in B(0,1) \ {0}.
Then, as before, we have that v in particular satisfies v’,v” < 0 and
v < —por™? forO<r<1.

Hence, there exist rg € (0,1) and ¢ > 0 such that v"” < —cr=7 for r € (0,79]. As a
consequence, for all € € (0,7g), we get

"o dt "o dt
v’(ro)gv’(e)—c/ gg—c/e e

€

so that .

o dt

v'(rg) < —c lim — = —00.
e—0t J tY
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18 1. Birindelli, F. Demengel and F. Leoni
3.3. The P, case

As before, we introduce

A, =sup{peR: Jve C?(B(0,1)\ {0})s.t. v > 0, vis radial, (3.3)
Py (D?v) 4+ por= < 0in B(0,1) \ {0}} .
but now the results deeply differ from the 77,;" case.

THEOREM 3.9. For any vy >0 and any k < N, one has A, = +oc.

Proof. Let us first consider the case v # 2.
o
For > 0, let v(r) =e~ 725" . Then v satisfies

dv  po
ar kO
Since k < N, we have
/2 dv _ .
P, (D*v) < kﬁz—uvr " in B(0,1)\ {0}.

which implies that A, > p. By the arbitrariness of u > 0, one gets the desired

result.
For v = 2, let us consider the function v(r) = 7%, which satisfies v/ < 0 < v”
and
v Ko —2
— = ——r .
r k

Hence, v is a positive solution in B(0,1)\ {0} and, as before, we obtain A, > p for
any p > 0.

The explicit solutions exhibited in the above proof can be used as barrier
functions in order to prove the following maximum principle.

PROPOSITION 3.10. For pu > 0, let u € C?(B(0,1) \ {0}) N C(B(0,1) \ {0}) be a
radial solution of

P (D*u(r)) + pu(r)r=7 >0 in B(0,1)\ {0},
satisfying u(1) < 0. In any of the following cases

(1) v < 2 and u is bounded
(2) v =2 and there exists some T > 0 such that u(r)r

T 4s bounded

3 > 2 and there exists some constant ¢ > 0 such that u(r)e="" " is bounded
(3) v

one has u <0 in B(0,1) \ {0}.
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./ 2—
Proof. Case 1. For ' > p, let us consider the function v(r) = e~ ek 7, which
is a positive radial solution of

Py (D*) + p/vr~" =0  in B(0,1)\ {0}.

Arguing by contradiction, let us suppose that the quotient function i has a positive
supremum in B(0,1) \ {0}, that is

sup l =n>0,
B(0,)\{o} Y

and let 7 € [0,1) be any limit point of a maximizing sequence. If ¥ > 0, then
u(7) = nu(7) and one has

—pu(F)FY = —pu(r)rY < P (D2u(r)) < Py (D () (7)) < —pnu(r)r 7,

which gives the contradiction p > .

On the other hand, if 7 = 0, a contradiction can be reached by observing that,
for r € (0,1), the function v satisfies fv’ = —p'vr~7, whereas u satisfies fu’ >
—pur~". Thus, for r € (0, 1), one has

k
~(u— ) > =77 (pu = pne) > =7 (= @) > 0.

Hence, the strictly increasing monotonicity of u—mnv contradicts the fact that 7 = 0.

Case 2. For p/ > max{u, 7k}, let us consider the function v(r) = r~'%, which
satisfies

Py (D*v) +por~2 =0 in B(0,1)\ {0}.

By the assumption on u and the choice of y/, one has lim, . % = 0. Reasoning
as above, we suppose by contradiction that

n = sup L >0.
B(0,1)\{0} V

Then, the supremum of u — nv is zero, and it is achieved at some point 7 > 0. This
yields a contradiction as in the previous case.

’ 2—~

Case 3. For p/ > max{u, ck(y—2)}, we consider the function v(r) = e~ ZeEnls
and we argue as in the previous cases. O

4. The superlinear problem in the critical case v = 2.

4.1. The superlinear problem for P,j', with £ > 3

In this section, we are concerned with the existence and the asymptotic behaviour
near zero of positive radial solutions u € C%(B(0,1) \ {0}) of the equation

PlH(D) + p—s =, (4.1)

with g > 0 and p > 1. We will always assume that k& > 3 and that u < Ay = (]“2;2)2
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For this problem, we can use the known results obtained for the semilinear equa-
tion having the Laplace operator as principal part in dimension &, see [12] and [5].
In particular, looking at the results in [5] for A = A = 1 and in dimension k > 3,

k=2

under the assumption p < (—)2 we showed that radial solutions of the equation

2

Au+u% =’ in B(0,1)\ {0} C R*

(4.2)

exist and can have only specific asymptotic behaviours at zero depending on the

mutual values of p, u, and k. More precisely, using the notation

E—2 E—2\2
+
= + —
T 5 ( 5 ) 1,

(4.3)

we proved that there exist solutions u of the semilinear equation (4.2) satisfying

- either lim, o U(T)Tp%l = 0, and in this case we proved that v’ < 0 < u”, see

Proposition 4.2 in [5],

- or lim,_,q u(r)?“fﬂ%1 > 0, which can occur if and only if either p < 14+ -2 or

p>1+ Tl_, and in this case an explicit solution is given by

= k=[G ) )

In any case, the constructed solutions are convex and nonincreasing functions of 7.
Hence, they satisfy in particular v” > “-, so that they are solutions of (4.1). By

applying Theorem 1.1 in [5], we then deduce the following existence result.

THEOREM 4.1 Let us assume 0 < p < (%)2 andp > 1, and let p* =1+ T% and

P =1+ %, with 7% defined as in (4.3). Then:
(1) if p < p*, then equation (4.1) has at least a solution u satisfying
2
re—tu(r) > K asr — 0,
at least a solution v satisfying
o+
rToo(r) = a asr —0,

and at least a solution w satisfying

rTow(r) = e asr — 0,

(4.6)

1
where K := [(%1 —T+) (p%l —T*)}p_l and c¢1, co > 0 are suitable

constants;

(2) if p* < p < p**, then equation (4.1) has at least a solution u satisfying (4.6);
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(3) if p=p**, then equation (4.1) has at least a solution u satisfying

T (=Inr)" Pu(r) = K asr — 0, (4.7)
T /2

where K = |7~ (%)Z—M

)

(4) if p > p**, then equation (4.1) has at least a solution u satisfying (4.4).

Conversely, let us show that the asymptotic behaviours identified in Theorem
4.1 are the only possible ones for any solution u of equation (4.1). We are going to
apply some of the arguments used in the proof of Theorem 1.2 in [5], which will be
recalled for the reader’s convenience in the following preliminary result.

LEMMA 4.2. Let u € C%(B(0,1)\ {0}) be a positive radial solution of (4.1). Then

(i) limsup,_,, u(r)rp%l < 400
(i) o limsup,_, u(r)r% > 0, then either p < p* or p > p™* and u satisfies
(14); 2
(iii) iflim o u(r)rr=1 =0, then u is a radial solution of the semilinear equation
(4.2) in B(0,79) \ {0} C R* for some rq > 0 sufficiently small.

Proof. (i) A direct computation shows that, for C' > 0 sufficiently large (actually,
—2

for any C > 0 if p* < p < p**), the function Cr?»=T is a super-solution of equation

(4.1) . Hence, if u(r)rﬁ is bounded along a decreasing sequence {r,} converging

to zero, then, by applying the standard comparison principle in every annulus
B, \B we deduce

Trn41
—2
u(r) <Cret for0<r<r.

Thus, arguing by contradiction, if statement (i) is false, then we have
lim u(r)r% =+00. (4.8)

This implies that, for » small enough, one has

u _uP
PH(D*u) =uP — p— > — > 0.
k ( U’) w M'I"2 =9
By Remark 2.2, it then follows that «’ has constant sign in a right neighbourhood
of zero and, therefore, by (4.8), v/(r) < 0 for r small enough. We then have

"
u

%

uP
? )
and also

/
",.1 uPu
u u
2

IA
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Integrating, one gets
(W)?(r) = cuH(r) = (u)*(ro) — cul™*' (ro)

for r < ro and for some ¢ > 0. Using u?*1(r) — +o00 as r — 0, for 7 small enough

we get
(U/)2 > Euerl
-2
or, equivalently,
—
sy Z c1 > 0.
u 2

This yields
u(r)liTp > cor,

for some ¢y > 0: a contradiction to (4.8).

(ii) By applying the comparison principle Theorem 2.5 and by using exactly
the same supersolutions constructed in Proposition 4.3 and Proposition 4.4 of [5],

2

we can prove that if p* < p < p** then lim, o u(r)r>=7 = 0. Hence, under the
assumption of statement (ii), we deduce that either p < p* or p > p**. Moreover,
by using again Theorem 2.5 and the barrier functions exhibited in the proof of
statement 2 of Proposition 4.2 of [5], we obtain the asymptotic formula (4.4).

(iii) We need to prove that v’ > “7/ for r sufficiently small, under the assump-
tion lim, o u(r)rp%l = 0. We observe that, in this case, by equation (4.1), for r
sufficiently small one has

u _
P (D*u) = r—2('r2up '—w<o.
Hence, by Lemma 2.1, we have that u’ < 0 for » small enough. This in turn implies
that the negative function g(r) = u(r)? — p% satisfies

/ o -1 1Y U
g(r)—u(pup —§)+2MT—3>O,
and the conclusion follows by Lemma 2.3. g

By using the above lemma and by applying Theorem 1.2 in [5], we immediately
deduce the following classification result.

THEOREM 4.3. Let u € C%(B(0,1)\ {0}) be a positive radial solution of (4.1) with
p>1land 0 < p < (%)2 Then, using the same notations as in Theorem 4.1,

one has

(1) if 1 < p < p*, then u satisfies either (4.4) or (4.5) or (4.6);
(2) if p* < p < p**, then u satisfies (4.6);

(3) if p=p**, then u satisfies (4.7);

(4) if p> p**, then u satisfies (4.4).
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4.2. The superlinear problem for P, , with 2 <k < N —1

In this section, we focus on the equation
Py (D*w) 4+ p—5 = in B(0,1)\ {0}, (4.9)

with N —1>k>2, u>0and p> 1. Our goal is to prove the existence of radial

positive solutions u € C%(B(0,1) \ {0}) and to classify their asymptotic behaviour

around zero in dependence of the mutual values of the parameters k, p and p.
Let us start with a preliminary result which collects some properties of solutions.

LEMMA 4.4. Let u € C?(B(0,1)\ {0}) be a positive solution of (4.9) with N —1 >
k>2,14>0andp>1. Then:

(i) limsup,_,qu(r) = 4o0;

(ii) limsup,_,, u(r)rp%l < +o0;

(iii) of £ < pfl, then the function u(r)r% is monotone nondecreasing for 0 <
r<l1;

(iv) if & = p_%, then the function u(r)rp%l(fln r)ﬁ is bounded for 0 < r < 1;

(v) if limsup,_,q u(r)r% >0, then & > p%l and liminf, u(r)rp%l > 0;

(vi) 4f lim,_q u(r)rp%1 =0, then u satisfies v’ < 0 and v’ — “7/ >0 forr >0
sufficiently small.

Proof. (i) By contradiction, let us assume that u is bounded. Then, for r small
enough, one has
Py (D*u) =u (up_l — %) <0,
r
which yields, by Lemma 2.1, v’ < 0 in a neighbourhood of zero. This in turn implies
that the function g(r) = uP(r) — p*Z) satisfies

r2

u
g'(r)=u (pup‘l - 7%) +2u5 >0,

so that, by Lemma 2.3, u is such that v’ — “7/ has constant sign in a neighbourhood

of zero. If u” — “7/ < 0, we get that, in a neighbourhood of zero, u is a bounded

solution of
ul
W+ (k—1)—=uP —p
T

u
)
7"2

in contradiction with Proposition 4.1 of [5]. On the other hand, if v” — “7’ >0,
then, for > 0 small enough, u satisfies
ku/ . (up_l /,L) < C
ro r2) = 2’

for some ¢ > 0, again contradicting the boundedness of u.
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(ii) We observe that, whatever y is, the function Cr 7 isa super-solution of
equation (4.9) for C' > 0 sufficiently large. Hence, arguing by contradiction as in
the proof of Lemma 4.2 (i), we get that, if statement (ii) fails, then

lim u(r)rp%l =+4o00.
r—0

This implies that, for » small enough, u satisfies
-2 u 1,2
Pk(Du):T—Q(up r?—p) >0.

Then, by Remark 2.2, we obtain ' > 0 and then u bounded, in contradiction with
statement (i).
(iii) Let 0 < ro < 1 be fixed. For any € > 0, the function

is convex and decreasing, and, as a radial function, it satisfies

, 2k

v v v 1% —
P;(D2v)+ﬂﬁ:k7+ﬂﬁ:€%<o<vp

rp—1

Moreover, by statement (ii), u satisfies u < oo Hence, v and v satisfy the
assumptions of Theorem 2.5 and, since u(rg) < v(rg), we get u(r) < v(r) for all
0 < r <rg. Letting € — 0 yields the conclusion.

(iv) Let us consider, in this case, for any €, C' > 0, the function

€ C

rp—1 7“10%1(—1117’)11%1 .

For rg sufficiently small and for 0 < r < rg, v satisfies v/ < 0 < v” and

_ v v v uwC
Pk (DZU)+ﬂﬁ:k?+H§: 3p_ SUp

2951 (—Inp) 7T

if C' is large enough, independently of ¢ > 0. If, moreover, C' is chosen in such a
way that v(rg) > u(rg), we can apply Theorem 2.5 as before in order to conclude
u(r) < wv(r) for 0 < r < ry. Letting € — 0, we get the conclusion.

(v) By statements (iii) and (iv), we deduce that if £ < %, then
2 2
lim, o u(r)r#=T = 0. Hence, if limsup,. o u(r)r?=7 > 0, then, necessarily, % > %

and there exist a decreasing sequence {r,} converging to zero and some positive
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constant [ such that
2

u(rn)rﬁf1 >] foralln>1.

1
Let us consider the function w(r) = —%—, with ¢ = min < [, ( - %) """ L. Then,
rpr—1

w is a convex and decreasing function of r > 0 satisfying, as a radial function,

w w’ w c 2k
—(D? = = k= = - 2 ) > P
P ( w)+ur2 r +'u7’2 r% (,u p1>_w

Since w(r,) < u(ry,) for all n > 1, by applying the standard comparison principle
in each annular domain B(0,7,) \ B(0,7,+1), we finally deduce u(r) > w(r) for
0 < 7 < 71, which implies lim inf,_,q u(r)rp%l >c¢>0.

(vi) Let us argue as in the proof of statement (i). Under the assumption
lim,_, u(r)rp%l = 0, we have that u satisfies P, (D?u) = g(r) with the func-
tion g(r) = uP — p-% such that g(r) < 0 < ¢'(r) for r sufficiently small. Then, by
Lemma 2.3, we deduce that v’ < 0 and v — “7/ has constant sign in a neighbour-
hood of zero. We observe that if u” < “7/, then u is concave, hence bounded, in
contradiction with statement (i). Thus, one has u” > “7/ for r small enough. O

We are now ready to prove the main result of this section.

THEOREM 4.5. Let N—1>k>2, p>0 and p > 1 be given.

(1) Ifp<1+ % (i.e. £ < I%), then a radial function u € C?(B(0,1) \ {0} is
a solution of equation (4.9) if and only if for r > 0 sufficiently small u(r) is
of the form

wl(r) = ! - (4.10)

p(p—1) 2 p=1
cTr k — 5%
T H

for some ¢ > 0. In particular, any solution u satisfies

B _1_
k

lim u(r)rx =cr-1 > 0.

r—0
(2) Ifp=1+ % (ie. & = z%)’ then a radial function u € C?(B(0,1) \ {0} s
a solution of equation (4.9) if and only if for r > 0 sufficiently small u(r) is
of the form

u(r) = ! ) (4.11)

rie1 (c—i— O’%”(—lnr))ﬁ

for some ¢ € R. In particular, any solution u satisfies

limu(r)rpzl(—lnr)pll:( K >p_ .

r—0 pfl
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3) Ifp>1+ Q—f (i.e. &> I%), then a radial function u € C*(B(0,1) \ {0} is
a solution of equation (4.9) if and only if for r > 0 sufficiently small u(r) is
of the form

u(r) = ! —, (4.12)

p(p—1) 2 p=1
cr R+
= p—1

for some ¢ € R. In particular, any solution u satisfies

1
2k \ 1
lim u(r)r% = <u - ) .

r—0 p—].

Proof. Case 1. A direct computation shows that each function u defined in (4.10)
is a solution of
!/

u u
k—+p
r

— =
r2

P (4.13)

defined in some right neighbourhood of zero. Moreover, it is not difficult to check
that »” > %, hence any such u is a radial solution of equation (4.9) defined in
B(0,1) \ {0} if ¢ > 0 is chosen large enough.

Conversely, let u be a radial solution of (4.9). Under the current assumption

B~ _2
k p—17
4.4 (vi), we deduce that u satisfies the first-order equation (4.13) in an interval
(0,70) with 7o < 1 small enough. By uniqueness of solution for equation (4.13) we

then conclude that u has the expression given by (4.10) with

by Lemma 4.4 (iii), we have that lim, ¢ u(r)rp%l = 0. Hence, by Lemma

_pp-1)
7'2 k 1
! + . (4.14)

2k _ wy\p—1
p—1 M (’Z,L(’f'o)’l"(;]:>

C =

Case 2. We argue as in the previous case, first by observing that functions given
by (4.11) are solutions of the first-order equation (4.13) and they satisfy v > “7,
Hence, formula (4.11) with ¢ € R provides solutions of equation (4.9). Conversely,
given any solution u of (4.9), we apply Lemma (4.4) (iv) and (vi) in order to deduce
that there exists 79 > 0 sufficiently small such that, for 0 < r < rq, u is of the form
(4.11) with

p—1 1
€= Inrg + W .

Case 3. As in the previous cases, a direct computation shows that any function
u given by (4.12) is a radial solution of (4.9).

Conversely, let u be any solution of (4.9). We claim that wu satisfies
limsup,_,, u(r)r% > 0. Indeed, if not, then, again by Lemma 4.4 (vi), we deduce
that w is a solution of equation (4.13) for 0 < r < rp, with 79 > 0 small enough.
Then, u has an expression given by (4.12), but none of these functions satisfies

lim, 0 u(r)rpzf1 =0.
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Hence, Lemma 4.4 (v) applies, yielding that, for any fixed 0 < rg < 1 there exist

c1, co > 0 depending on 7o such that u satisfies

2 2
cr 71 <u(r) <cor P 1 for0<r<rg.

Thus, the functions u and

both radial solutions of equation (4.9) in B(0, 7o) \ {0}, can be compared by means
of Theorem 2.5. By choosing ¢ € R as in (4.14), we conclude that u = v in B(0,79)\

{0} 0
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