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We consider equations involving the truncated Laplacians P±
k and having lower-order

terms with singular potentials posed in punctured balls. We study both the principal
eigenvalue problem and the problem of classification of solutions, in dependence on
their asymptotic behaviour near the origin, for equations having also superlinear
absorption lower order terms. In the case of P+

k , owing to the mild degeneracy of the
operator, we obtain results which are analogous to the results for the Laplacian in
dimension k. On the other hand, for operator P−

k , we show that the strong
degeneracy in ellipticity of the operator produces radically different results.
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1. Introduction

This article is concerned with equations related to the truncated Laplacian in
punctured balls and having lower-order terms with singular potentials. More pre-
cisely, we will consider both the existence of radial eigenfunctions for the eigenvalue
problem
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2 I. Birindelli, F. Demengel and F. Leoni P±
k (D2u) + λγ

u

rγ
= 0 in B(0, 1) \ {0}

u = 0 on ∂B(0, 1)

(1.1)

where γ > 0, and the existence and asymptotic behaviour near the origin of radial
positive solutions of

P±
k (D2u) + µ

u

r2
= up in B(0, 1) \ {0} , (1.2)

with p > 1 and 0 < µ < λ2. B(0, 1) will always denote the unit open ball centred
at zero.

We will observe that in the case of P+
k the obtained results are analogous to the

results for the Laplacian in dimension k, and, in particular, for γ > 2, the principal
eigenvalue λγ is 0, while the obtained results for P−

k deeply differ from the previous
cases, and, in particular, the principal eigenvalue λγ is +∞ for any γ ≥ 0.

The operators P±
k , often referred to as truncated Laplacians, are defined in the

following way: for a symmetric matrix X, whose ordered eigenvalues are λ1 ≤
λ2 · · · ≤ λN , and for an integer value 1 ≤ k ≤ N , one has

P−
k (X) :=

k∑
i=1

λi and P+
k (X) :=

N∑
i=N−k+1

λi .

When evaluated on the Hessian matrix of the unknown function, the truncated
Laplacians are second-order, degenerate elliptic operators which reduce to the stan-
dard Laplacian for k = N . Because of their numerous applications, they have
attracted some attention in both the PDE and geometry worlds. In particular, in
differential geometry, they appear naturally when considering manifolds of partially
positive curvature, see [20, 21], or in problems concerning mean curvature flow in
arbitrary codimension, see [1]. In their treatment of PDE from a convex analysis
point of view, Harvey and Lawson have studied the truncated Laplacian in different
articles, see [16, 17]. For other results in PDE, we refer e.g. to [6, 7, 9, 11, 14, 15,
19]. Closer to the present work is [8], where Birindelli, Galise, and Ishii introduced
for P±

k the notion of generalized eigenvalue à la Berestycki, Nirenberg, Varadhan,
see [3], proving in particular the existence of a positive eigenfunction when k = 1
for strictly convex domains. For other k > 1, the question of whether there exists
or not an eigenfunction is still open, even for general strictly convex domains. We
will see that even here, the case k = 1 and the case k > 1 differ in nature.

In the present paper, we consider C2 radial solutions of problems (1.1) and (1.2).
As it is well-known, the eigenvalues of the Hessian matrix of a smooth radial func-

tion u(r) for r > 0 are given by
u′(r)

r
, with multiplicity N−1, and u′′(r). Therefore,

for 1 ≤ k < N , we get

P+
k (D2u) =


u′′ + (k − 1)

u′

r
if u′′ ≥ u′

r

k
u′

r
if u′′ ≤ u′

r
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Radial solutions of truncated Laplacian equations 3

and, analogously,

P−
k (D2u) =


u′′ + (k − 1)

u′

r
if u′′ ≤ u′

r

k
u′

r
if u′′ ≥ u′

r

So, when applied to smooth radial functions, the operators P±
k switch from some-

thing like the Laplacian in dimension k to a first-order operator, depending on the
sign of u′′ − u′

r . In order to focus on the strictly degenerate cases, we will always
suppose that k ≤ N − 1.

When considering problems (1.1), we are interested in proving the existence
of positive solutions. In this case, the constants λγ are referred to as the prin-
cipal eigenvalues associated with the operators P±

k and the potential r−γ in the
punctured ball.

The analogous problem for fully nonlinear uniformly elliptic operators has been
recently studied in [4], where we considered in particular the eigenvalue problem

 M±(D2u) + λγ
u

rγ
= 0 in B(0, 1) \ {0}

u = 0 on ∂B(0, 1)

Here, M± are the Pucci extremal operators (see [10]). When γ < 2, we proved
that the principal eigenvalue is strictly positive and finite, and there exist positive
eigenfunctions which can be extended by continuity to the whole ball. Moreover, the
eigenfunctions are shown to be of class C1 when γ < 1, and Hölder continuous with
exponent 2−γ if γ ≥ 1. In the case γ = 2, we showed the non-existence of bounded
super-solutions, and we provided the explicit expression of both eigenfunctions and
the eigenvalues λ2, thus extending to the fully nonlinear setting the explicit value of
the best constant in Hardy’s inequality. Finally, for γ > 2, we proved that λγ = 0.

For problem (1.1) considered here, we obtain similar results in the case of the
operator P+

k and radically different results for the operator P−
k .

For both operators, as in [7], we consider the Berestycki, Nirenberg, and
Varadhan constants λγ , which coincide with the demi-eigenvalues as defined by
P.-L. Lions in [18] (see definitions (3.1) and (3.3)), as good candidates to be the
principal eigenvalues.

In case of operator P+
k , we attack the problem by first observing that if a positive

C2(B(0, 1)\{0}) radial eigenfunction u related to a positive eigenvalue exists, then

it must satisfy u′′ ≥ u′

r , so that u actually is a radial eigenfunction for Laplace oper-
ator in dimension k. This property suggests applying, in order to prove the existence
of eigenfunctions, the same strategy used in the uniformly elliptic case. For γ < 2
and k ≥ 2, after proving the validity of the maximum principle ‘below’ λγ , the strict
positivity of λγ and the existence of positive eigenfunctions are obtained by a stan-
dard approximation procedure from below. When k ≥ 3, we can let γ → 2 and, by
using the stability properties of the principal eigenvalues as well as their variational
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4 I. Birindelli, F. Demengel and F. Leoni

formulation in the case of linear operators, we obtain the explicit expressions

λ2 =

(
k − 2

2

)2

, u(r) =
− ln r

r
k−2
2

,

which are nothing but the well-known expressions respectively of the first eigenvalue
and of the eigenfunction for the Laplace operator in dimension k.

We further show that λγ = 0 for γ > 2 and, in the separately considered case
k = 1, we prove that λγ > 0 for γ < 1 and λγ = 0 for γ ≥ 1.

On the other hand, when considering problem (1.1) in the case of operator P−
k ,

we see how crucial the degeneracy of ellipticity can be. Indeed, for any γ ≥ 0, when
1 ≤ k ≤ N − 1, we show for all µ > 0 the existence of explicit positive radial
solutions of

P−
k (D2v) + µ

v

rγ
= 0 in B(0, 1) \ {0} , (1.3)

proving that

λγ = +∞ for all γ ≥ 0 .

For equation (1.3) we also provide several sufficient conditions for the validity of
the maximum principle, see Proposition 3.10.

Next, let us consider the existence of radial positive solutions of equation (1.2)
and their asymptotic behaviour near the origin. The analogous problem for uni-
formly elliptic operators has been recently studied in [5], where we considered
solutions related to Pucci’s operators, namely positive radial functions u satisfying

M±
k (D

2u) + µ
u

r2
= up in B(0, 1) \ {0} .

The results obtained in [5] extend to the fully nonlinear framework the results
obtained by Cirstea [12] and Cirstea and Du [13] in the case of the Laplacian, that
is, for the equation

∆u+ µ
u

r2
= up in B(0, 1) \ {0} . (1.4)

Let us recall that, when 0 < µ <
(
N−2
2

)2
, there are three natural growth expo-

nents associated with solutions of the above equation. The first one is the scaling
invariance exponent 2

p−1 , and the other two are given by the roots of the equation

x2 − (N − 2)x+ µ = 0 ,

namely

τ± :=
N − 2

2
±

√(
N − 2

2

)2

− µ .

The functions 1

rτ± are solutions of the homogeneous equation

∆u+ µ
u

r2
= 0 in B(0, 1) \ {0} ,
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Radial solutions of truncated Laplacian equations 5

and they appear as asymptotic growth exponents of solutions u of equation (1.4)
when the superlinear term up becomes negligible with respect to the singular term
µ u

r2 , or, in other words, when solutions are asymptotic to the solutions of the
linearized equation at zero.

On the other hand, when either 2
p−1 < τ− or 2

p−1 > τ+, equation (1.4) has the
exact solution

u(r) =
Cp

r
2

p−1

, Cp =

[(
2

p− 1
− τ−

)(
2

p− 1
− τ+

)] 1
p−1

.

The asymptotic analysis of solutions of equation (1.4) reveals the following
classification, see [5, 12, 13]:

- if 2
p−1 > τ+, then solutions u satisfy either u(r)r

2
p−1 → Cp, or u(r)r

τ− → c1,

or u(r)rτ
+ → c2 as r → 0, for some positive constants c1 and c2;

- if τ− < 2
p−1 ≤ τ+, then any solution u satisfies u(r)rτ

− → c1 as r → 0, for
some c1 > 0;

- if 2
p−1 = τ−, then any solution u satisfies u(r)rτ

−
(− ln r)

τ−
2 → c3 as r → 0,

for some c3 > 0;

- if 2
p−1 < τ−, then any solution u satisfies u(r)r

2
p−1 → Cp as r → 0.

When considering solutions of equation (1.2) with the truncated Laplacians, once
again, the pictures of the results for P+

k and P−
k are different.

For operator P+
k , we assume k ≥ 3, and we obtain exactly the same classification

result as above with the exponents τ± now defined withN replaced by k. This is due
to the fact that our analysis in the end shows that solutions of equation (1.2) with
P+
k satisfy u′′ ≥ 0 ≥ u′, so that they are indeed solutions of the semilinear equa-

tion (1.4) in dimension k. Let us emphasize in particular that, for 2
p−1 > τ+,

multiple asymptotic behaviours actually occur for solutions of equation (1.2) with
P+
k .
This nonuniqueness phenomenon never occurs for operator P−

k . Indeed, our
analysis for equation (1.2) with P−

k shows that solutions always satisfy the asso-
ciated ordinary first-order equation, and then we deduce the explicit expression
of solutions, at least for r > 0 sufficiently small. More precisely, assuming that
2 ≤ k ≤ N − 1, we prove that for r > 0 small enough, one has

- if 2
p−1 6= µ

k , then any solution u is of the form

u(r) =
1(

c r
µ(p−1)

k − r2
2k

p−1−µ

) 1
p−1

for some c ∈ R;
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6 I. Birindelli, F. Demengel and F. Leoni

- if 2
p−1 = µ

k , then any solution u is of the form

u(r) =
1

r
2

p−1

(
c+ (p−1)

k (− ln r)
) 1

p−1

for some c ∈ R.

Hence, in this case, we obtain the following classification of the possible asymptotic
behaviour as r → 0 for solutions:

- if 2
p−1 > µ

k , then u(r)r
µ
k → c1 > 0;

- if 2
p−1 = µ

k , then u(r)r
µ
k (− ln r)

µ
2k → c2 > 0;

- if 2
p−1 < µ

k , then u(r)r
2

p−1 → c3 > 0.

In conclusion, we can say that the results of the present paper, in a sense, comple-
ment those contained in [4, 5] with respect to the uniform ellipticity assumption.
Indeed, on the one hand, the results we obtain here for operator P+

k show that the
uniform ellipticity assumption is not necessary, and in some cases, partial analogous
conclusions can still be obtained. On the other hand, the present results for oper-
ator P−

k show that a kind of control on the ellipticity of the operator is in general
necessary, since in the case of strong degeneracy for the operator, the results for
both problems (1.1) and (1.2) can be radically different.

2. Preliminaries

We begin by stating some technical results that will be used many times in the
proofs of this paper. Let us recall that by B(0, 1) we denote the unit ball of RN

centred at zero, and that the index k will always be assumed to satisfy 1 ≤ k ≤
N − 1.

Lemma 2.1. Let u ∈ C2(B(0, 1) \ {0}) be a radial function. Then:

(i) if P+
k (D2u) ≤ 0 in B(0, 1) \ {0}, then u′ ≤ 0 in B(0, 1) \ {0};

(ii) if P−
k (D2u) ≤ 0 in B(0, 1)\{0}, then u′ has constant sign in a neighbourhood

of zero. Moreover, if k ≥ 2 and u is bounded from below, then u′ ≤ 0 in
B(0, 1) \ {0}.

Proof. For the proof of (i), it is enough to observe that, when k ≤ N − 1, one has

P+
k (D2u) ≥ k

u′

r
.

In order to prove (ii), let us first prove that if there exists τ ∈ (0, 1) such that
u′(τ) > 0, then u′(r) > 0 for all r ∈ (0, τ ]. Indeed, assuming by contradiction
that u′(t) ≤ 0 for some t ∈ (0, τ), one can find, by continuity, some s ∈ (t, τ)
such that u′(r) > 0 for r ∈ [s, τ ] and u′(s) < u′(τ). Then, since u′(r) > 0 and
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P−
k (D2u(r)) ≤ 0 for any r ∈ [s, τ ], we deduce u′′(r) ≤ 0 by the definition of P−

k .
Hence, by monotonicity, we get u′(s) ≥ u′(τ), which is a contradiction to the choice
of s.

Next, we observe that only the following three possible cases can occur for the
function u′:

(a) u′(r) ≤ 0 for all r ∈ (0, 1);
(b) u′(r) > 0 for all r ∈ (0, 1);
(c) there is a ρ ∈ (0, 1) such that u′(r) > 0 for all r ∈ (0, ρ) and u′(r) ≤ 0 for all

r ∈ [ρ, 1).
Indeed, if we assume that neither (a) nor (b) is the case, then there are t, s ∈ (0, 1)

such that u′(t) > 0 and u′(s) ≤ 0. It follows from the argument above that u′(r) > 0
for all r ∈ (0, t], u′(r) ≤ 0 for all r ∈ [s, 1) and t < s. Then, it is easily seen that u′

satisfies case (c) with

ρ = inf{r ∈ (0, 1) |u′(r) ≤ 0} .

In the case k ≥ 2 and u bounded from below, let us assume, by contradiction, that
u′(r) > 0 for r small enough. Then, for r in a right neighbourhood of zero, it must
be u′′(r) < 0 and

0 ≥ P−
k (D2u) = u′′ + (k − 1)

u′

r
=

(rk−1u′(r))′

rk−1
.

Hence, the function u′(r)rk−1 is monotone nonincreasing and strictly positive for
r small enough. This implies that, for some positive constant c > 0 and for r
sufficiently small, one has

u(r) ≤

{
− c

rk−2
if k > 2

c ln r if k = 2

Letting r → 0, we obtain a contradiction to the boundedness from below of u.
It then follows that u′ satisfies case (a) above. �

Remark 2.2. By using the relationship

P+
k (D2(−u)) = −P−

k (D2u) ,

we immediately deduce from Lemma 2.1 the symmetric statements for sub
solutions, namely

(i) if P−
k (D2u) ≥ 0 in B(0, 1) \ {0}, then u′ ≥ 0 in B(0, 1) \ {0};

(ii) if P+
k (D2u) ≥ 0 in B(0, 1)\{0}, then u′ has constant sign in a neighbourhood

of zero. Moreover, if k ≥ 2 and u is bounded from above, then u′ ≥ 0 in
B(0, 1) \ {0}.

Our next result is more specific: we focus on solutions with a monotone right-hand
side.

Lemma 2.3. Let g ∈ C1(B(0, 1)\{0}) be a radial function, satisfying g(r) < 0 and
g′(r) ≥ 0 for 0 < r < 1. Then:
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8 I. Birindelli, F. Demengel and F. Leoni

(i) if u ∈ C2(B(0, 1) \ {0}) is a radial bounded from below solution of

P+
k (D2u) = g(r) in B(0, 1) \ {0} ,

then u′ ≤ 0 and u′′ − u′

r ≥ 0 in B(0, 1);
(ii) if u ∈ C2(B(0, 1) \ {0}) is a radial bounded from below solution of

P−
k (D2u) = g(r) in B(0, 1) \ {0} ,

with k ≥ 2, then u′ ≤ 0 and u′′ − u′

r has constant sign in a neighbourhood
of zero.

Proof. (i) The inequality u′ ≤ 0 follows from Lemma 2.1 (i). Next, let us assume

by contradiction that u′′ − u′

r < 0 in some interval contained in (0, 1). Then, from

the equation, we get that in such an interval u satisfies k u′(r)
r = g(r) and, by

differentiating, we obtain the contradiction

0 >
k

r

(
u′′ − u′

r

)
= g′(r) ≥ 0 .

(ii) The inequality u′ ≤ 0 follows from Lemma 2.1 (ii). Next, assuming by con-

tradiction that u′′ − u′

r changes sign infinitely many times as r → 0, there

exists an interval (s, t) ⊂ (0, 1) such that u′′(r) − u′(r)
r < 0 for r ∈ (s, t) and

u′′(s)− u′(s)
s = u′′(t)− u′(t)

t = 0. Then, in the interval (s, t), u satisfies

u′′ − u′

r
= g − k

u′

r
,

and then, by differentiation,(
u′′ − u′

r

)′

= g′(r)− k

r

(
u′′ − u′

r

)
> 0 ,

in contradiction with the boundary conditions u′′(s)− u′(s)
s = u′′(t)− u′(t)

t = 0. �

As an immediate consequence of Lemmas 2.1 and 2.3, we deduce the following
result for solutions of the eigenvalue problem for operator P+

k .

Corollary 2.4. For γ ≥ 0 and µ > 0, let u ∈ C2(B(0, 1)\{0}) be a radial positive
solution of

P+
k (D2u) + µ

u

rγ
= 0 in B(0, 1) \ {0} .

Then, u′ ≤ 0 and u′′ − u′

r ≥ 0 in B(0, 1) \ {0}.

Our last preliminary result is a comparison principle for radial solutions in the
punctured ball satisfying a suitable growth condition around the singularity. The
proof, based merely on the ellipticity property of the principal part and on the
superlinear character of the absorption zero-order term, is given in [5] for Pucci’s
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Radial solutions of truncated Laplacian equations 9

extremal operator M+, but it applies exactly in the same way to both operators
P±
k .

Theorem 2.5. Let µ > 0, p > 1, r0 > 0 and let u and v be two positive radial
functions in C2 (Br0 \ {0}) satisfying

P±
k (D2u) + µ

u

r2
− up ≥ 0 ≥ P±

k (D2v) + µ
v

r2
− vp in Br0 \ {0} .

Assume that u , v ∈ C
(
Br0 \ {0}

)
and that there exist positive constants c1, c2 such

that

c1r
−2
p−1 ≤ v(r) and u(r) , v(r) ≤ c2r

−2
p−1 for 0 < r ≤ r0 .

If u(r0) ≤ v(r0), then u ≤ v in Br0 \ {0}.

3. Principal eigenvalues and eigenfunctions

3.1. The P+
k case, with k ≥ 2

Let γ > 0. Following the approach of [3], we introduce

λ̄γ := sup
{
µ ∈ R : ∃ v ∈ C2(B(0, 1) \ {0})s.t. v > 0 , vis radial,

P+
k (D2v) + µvr−γ ≤ 0in B(0, 1) \ {0}

}
,

(3.1)

which will be referred to as the radial principal eigenvalue for P+
k and the potential

r−γ in B(0, 1) \ {0}.
We immediately observe that λ̄γ ≥ 0, as it follows by using constant functions as

super-solutions v. More than that, in the case γ < 2, an easy computation shows
that the function v(r) = 1− rβ satisfies, for 0 < β ≤ 2− γ,

P+
k (D2v) ≤ −c

v

rγ

for some c > 0 depending on β and k. Hence, we deduce that λ̄γ > 0 at least for
γ < 2.

The aim of the following results is to provide sufficient conditions ensuring that
λ̄γ actually is a positive eigenvalue associated with P+

k and the potential r−γ ,
meaning that there exist positive solutions of the Dirichlet problem

 P+
k (D2u) + λ̄γ

u

rγ
= 0 in B(0, 1) \ {0}

u = 0 on ∂B(0, 1)

(3.2)

Let us start by proving a maximum principle ‘below’ λ̄γ .
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10 I. Birindelli, F. Demengel and F. Leoni

Theorem 3.1. Let u ∈ C2(B(0, 1)\{0})∩C(B(0, 1)) be a radial function satisfying

P+
k (D2u) + µur−γ ≥ 0 in B(0, 1) \ {0}

for some µ < λ̄γ . If u(1) ≤ 0, then

u(r) ≤ 0 for 0 ≤ r ≤ 1 .

Proof. The proof proceeds as the proof of Theorem 2.7 in [4]. We sketch the steps
for the reader’s convenience.

Since µ < λ̄γ , by definition of λ̄γ we can select µ′, with µ < µ′ ≤ λ̄γ , for which
there exists a positive radial function v ∈ C2(B(0, 1) \ {0}) satisfying

P+
k (D2v) + µ′vr−γ ≤ 0in B(0, 1) \ {0} .

Without loss of generality, we can assume that µ′ ≥ 0, v(r) is continuous up to r = 1
and v(r) > 0 for 0 < r ≤ 1. Moreover, by Lemma 2.1, v is monotone nonincreasing
for r close to zero, so that there exists the limit limr→0 v(r) =: v(0) ∈ (0,+∞].

Let us consider the quotient function u
v and its supremum value on B(0, 1)\{0}.

Arguing by contradiction, let us assume that the supremum is positive. Up to a
normalization, we can assume that

sup
B(0,1)\{0}

u

v
= 1

Let r̄ ∈ [0, 1) be any limit point of a maximizing sequence. If r̄ > 0, then u(r̄) = v(r̄)
and testing the differential inequalities satisfied by u and v at r̄ yields, by ellipticity,

µ′v(r̄)r̄−γ ≤ −P+
k (D2v(r̄)) ≤ −P+

k (D2u(r̄)) ≤ µu(r̄)r̄−γ ,

which is a contradiction to the inequality µ < µ′.
On the other hand, if r̄ = 0 for all maximizing sequences, then 0 is a strict

maximum point of u − v, with v(0) < +∞, u(0) = v(0) and µ′v(0) − µu(0) > 0.
Hence, by the sub-additivity of operator P+

k and by continuity, in a neighbourhood
of zero, one has

P+
k (D2(u− v)(r)) ≥ P+

k (D2u)− P+
k (D2v) ≥ (µ′v(r)− µu(r)) r−γ

≥ 1

2
(µ′v(0)− µu(0)) r−γ > 0 .

By Remark 2.2, this implies that (u− v)′ ≥ 0 in a neighbourhood of zero, so that
u− v cannot achieve a strict maximum at zero. �

Remark 3.2. Let us explicitly observe that the assumption k ≥ 2 is crucial for
the validity of the maximum principle stated by Theorem 3.1. Indeed, it fails for
k = 1, as shown by the function u(r) = 1−r ∈ C(B(0, 1))∩C2(B(0, 1)\{0}),which
satisfies

P+
1 (D2u) = 0 in B(0, 1) \ {0}

and u(1) = 0, u > 0 in B(0, 1).
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Radial solutions of truncated Laplacian equations 11

Thanks to the above maximum principle, we can prove the following existence
result.

Proposition 3.3. Let b ≥ 0, γ < 2 and 0 < µ < λ̄γ . Then, for any radial
nondecreasing function f ∈ C1(B(0, 1)), such that f < 0 and f ′ ≥ 0 in B(0, 1),

there exists u ∈ C(B(0, 1)) ∩ C2(B(0, 1) \ {0}) solution of P+
k (D2u) + µ

u

rγ
=

f

rγ
in B(0, 1) \ {0}

u = b on ∂B(0, 1)

Furthermore, u satisfies u′ ≤ 0 and u′′ ≥ u′

r in B(0, 1) \ {0}.

Proof. Let us inductively define the following sequence of functions: we set u0(r) ≡ b
and, for n ≥ 1,

un(r) := b−
∫ 1

r

1

sk−1

∫ s

0

(f(t)− µun−1(t)) t
k−1−γdt ds .

The assumptions on γ, b and f make {un} a well-defined sequence of non-negative
continuous functions in [0, 1], of class C2 in (0, 1) and satisfying

u′
n(r) ≤ 0 , u′′

n(r)−
u′
n(r)

r
= − k

rk

∫ r

0

(f(t)− µun−1(t)) t
k−1−γdt

+ (f(r)− µun−1(r)) r
−γ ≥ 0 .

Hence, for every n ≥ 1, un ∈ C(B(0, 1)) ∩ C2(B(0, 1) \ {0}) is a radial positive
solution of  P+

k (D2un) = (f − µun−1) r
−γ in B(0, 1) \ {0}

un = b on ∂B(0, 1)

Furthermore, a simple induction argument shows that un ≥ un−1 in [0, 1] for all
n ≥ 1. Since f < 0, this implies also that un is not identically zero.

We claim that {un} is bounded in C(B(0, 1)). Indeed, if not, dividing by ‖un‖∞ =
un(0) → +∞ and defining vn = un

‖un‖∞
, one gets that vn is a C2(B(0, 1)\{0}) radial

function satisfying v′n ≤ 0, v′′n ≥ v′
n

r and
P+
k (D2vn) =

(
f

‖un‖∞
− µ vn−1

‖un−1‖∞
‖un‖∞

)
r−γ in B(0, 1) \ {0}

vn =
b

‖un‖∞
on ∂B(0, 1)

Furthermore,

v′n ≥ − 1

k − γ

‖f − µun−1‖∞
‖un‖∞

r1−γ ≥ −Cr1−γ ,

which implies that {v′n} is locally uniformly bounded in (0, 1), and by the equation,
so is {v′′n}. We can let n → ∞ in B(0, 1)\{0} and we get that vn → v, v′n → v′ locally
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12 I. Birindelli, F. Demengel and F. Leoni

uniformly and, by the equation, v′′n → v′′ as well. Furthermore, v is C2(B(0, 1)\{0}),
v′ ≤ 0, v′′ ≥ v′

r , and, possibly considering a subsequence such that there exists the

limit limn→∞
‖un−1‖∞
‖un‖∞

= c ≤ 1, v satisfies

P+
k (D2v) + cµvr−γ = 0 , v(1) = 0 .

By Theorem 3.1, we obtain v ≡ 0, which contradicts ‖v‖∞ = 1.
Now, with {un} bounded, we can repeat what was done with {vn} and we obtain

that un → u, where u is a solution. Moreover, u satisfies u′ ≤ 0 and u′′ ≥ u′

r in
B(0, 1) \ {0} by Lemma 2.3. �

We are now ready to prove our first existence result for eigenfunctions in the
case γ < 2.

Theorem 3.4. Suppose that γ < 2. Then, there exists u > 0, u ∈ C(B(0, 1)) ∩
C2(B(0, 1) \ {0}) solution of (3.2). Furthermore, u satisfies u′ ≤ 0 and u′′ ≥ u′

r in
B(0, 1) \ {0}.

Proof. Let us select a positive increasing sequence λn → λ̄γ . By Proposition 3.3,

for every n ≥ 1, we can further consider a positive radial solution un ∈ C(B(0, 1))∩
C2(B(0, 1) \ {0}) of P+

k (D2un) + λn
un

rγ
= − 1

rγ
in B(0, 1) \ {0}

un = 0 on ∂B(0, 1)

More explicitly, the functions un satisfy u′′
n + (k − 1)

u′
n

r
+ λn

un

rγ
= − 1

rγ
for 0 < r < 1 ,

un(1) = 0

We claim that the sequence {‖un‖∞} is unbounded. Indeed, assuming, on the con-
trary, that {un} is uniformly bounded, we could extract from {un}n a subsequence
uniformly converging to a function u satisfying

u′′ + (k − 1)
u′

r
+ λ̄γ

u

rγ
=

−1

rγ
.

Moreover, u would belong C(B(0, 1)) ∩ C2(B(0, 1) \ {0}) and satisfy u′′ ≥ u′r−1.
Hence, u would be a positive bounded solution of

P+
k (D2u) + λ̄γ

u

rγ
= −r−γ in B(0, 1) \ {0} .

As a consequence, for ε > 0 sufficiently small, u ∈ C2(B(0, 1) \ {0}) would be a
positive radial function satisfying

P+
k (D2u) + (λ̄γ + ε)

u

rγ
≤ 0
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Radial solutions of truncated Laplacian equations 13

in contradiction with the definition of λ̄γ .
This proves that the sequence {un}n is not uniformly bounded. Then, by arguing

on the normalized sequence {vn := un

‖un‖∞
}, we can let n → ∞ in order to obtain

a limit function u as in the statement. �

Let us now make an observation relying on Corollary 2.4. Since any eigenfunction
u solving (3.2) actually satisfies u′′ ≥ u′

r , then u is a solution of the ordinary
differential equation

u′′ + (k − 1)
u′

r
+ λ̄γ

u

rγ
= 0 in (0, 1) .

Therefore, the existence of u can also be proved by following a variational approach
for the above linear eigenvalue problem. The two approaches lead to the same result,
as stated in the following proposition. Let us introduce the space H1,k

0 defined as
the closure of the set

{u ∈ C1([0, 1]) : u(1) = 0 ,

∫ 1

0

(u′)2rk−1dr < +∞}

with respect to the norm

‖u‖H1,k
0

:=

(∫ 1

0

(
u(r)2 + u′(r)2

)
rk−1 dr

)1/2

.

H1,k
0 is nothing but the space consisting of radial functions belonging to the

standard Sobolev space H1
0 (B

k
1 ), where Bk

1 is the unit ball in Rk.

Proposition 3.5. For any γ < 2, one has

λ̄γ = λγ,var := inf
{u∈H1,k

0 :
∫ 1
0
u2rk−1−γdr=1}

∫ 1

0

(u′)2rk−1dr .

Proof. The existence of a minimum realizing the infimum defining λ̄γ,var is classical.

Therefore, there exists u ∈ H1,k
0 , with u > 0, satisfying in the distributional sense

(u′rk−1)′ = −λγ,varu r
k−1−γ .

Hence, (u′rk−1)′ is continuous in (0, 1) and this implies that u is in C2((0, 1)). Thus,
u is a classical solution of

u′′ + (k − 1)
u′

r
= −λγ,var

u

rγ
in (0, 1) , u(1) = 0 .

This implies in particular that (u′(r)rk−1)′ < 0, and therefore there exists the limit
limr→0 u

′(r)rk−1, which must be less than or equal to zero. Indeed, if not, there
exists some δ ∈ (0, 1) such that u′(r)rk−1 ≥ δ for all r ∈ (0, δ). This implies that,
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14 I. Birindelli, F. Demengel and F. Leoni

for r ∈ (0, δ),

u(δ)− u(r) =

∫ δ

r

u′(t) dt ≥ δ

∫ δ

r

1

tk−1
dt ≥ δ

∫ δ

r

1

t
dt = δ ln

(
δ

r

)
,

and, by sending r → 0, one gets u(r) → −∞, a contradiction to u(r) > 0.
Thus, one has u′(r) ≤ 0 for r ∈ (0, 1) and then −λγ,varu(r)r

−γ is increasing.
Integrating the above equation yields

u′(r)rk−1 ≤ −λγ,varu(r)r
−γ

∫ r

0

sk−1ds = −λγ,var

k
u(r)rk−γ ,

and then
u′

r
≤ 1

k

(
u′′ + (k − 1)

u′

r

)
,

that is
u′

r
≤ u′′ .

Hence, u ∈ C2(B(0, 1)\{0}) is a positive radial solution of P+
k (D2u)+λγ,varur

−γ =
0 and this implies, by definition, that λγ,var ≤ λ̄γ . On the other hand, if λγ,var < λ̄γ ,
then Theorem 3.1 gives u ≤ 0, which is impossible. �

Thanks to the characterization given by Proposition 3.5, we can give the explicit
expression of the eigenvalue and of an eigenfunction in the case γ = 2.

Theorem 3.6. Let γ = 2 and k ≥ 3. Then

λ̄2 =
(k − 2)2

4

and the function

u(r) =
− ln r

r
k−2
2

is an explicit solution of problem (3.2) with γ = 2.

Proof. As it is well-known (see e.g. [2]), the value (k−2)2

4 is nothing but the inverse
of the best constant in Hardy’s inequality in dimension k. In other words, one has

(k − 2)2

4
= λ2,var

and the function u(r) = − ln r

r
k−2
2

is the explicit infinite energy solution of the eigenvalue

problem  −∆u = λ2,var
u

r2
in B(0, 1) ⊂ Rk

u = 0 on ∂B(0, 1)
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Radial solutions of truncated Laplacian equations 15

As a function of one variable, u belongs to C2((0, 1]) and satisfies u′′ ≥ u′

r , so that
u is a classical solution in dimension N of

P+
k (D2u) + λ2,varur

−2 = 0 in B(0, 1) \ {0} .

Hence, by definition, we deduce

λ̄2 ≥ λ2,var =
(k − 2)2

4
.

On the other hand, again by the definition of λ̄γ , one easily sees that the value λ̄γ

is monotone nonincreasing with respect to γ, hence

λ̄2 ≤ lim
γ→2−

λ̄γ .

By applying Proposition 3.5 and by using the stability with respect to γ of the
variational eigenvalue, we then obtain

λ̄2 ≤ lim
γ→2−

λ̄γ = lim
γ→2−

λγ,var = λ2,var =
(k − 2)2

4
,

which concludes the proof. �

We conclude this section by considering the case γ > 2.

Theorem 3.7. If γ > 2, then λ̄γ = 0.

Proof. By contradiction, let us assume that for some µ > 0 there exists a positive
radial function v ∈ C2(B(0, 1) \ {0}) satisfying

P+
k (D2v) + µ

v

rγ
≤ 0 in B(0, 1) \ {0} .

Then, by Lemma 2.1, we have v′ ≤ 0. Moreover, by definition of P+
k , we have also

that v satisfies

v′′ + (k − 1)
v′

r
+ µ

v

rγ
≤ 0 for 0 < r < 1 .

Hence, we can apply e.g. the same proof of Theorem 1.3 in [4] in order to reach a
contradiction. �

3.2. The P+
1 case

We consider here the eigenvalue problem for operator P+
1 , which has to be stud-

ied separately because of the lack of validity of the maximum principle given by
Theorem 3.1, as observed in Remark 3.2.
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16 I. Birindelli, F. Demengel and F. Leoni

Nonetheless, for γ < 1, we still have a variational characterization of λ̄γ analogous
to Proposition 3.5. In this case, we set

λγ,var := inf
{v∈H1((0,1)) :v(1)=0 ,

∫ 1
0
v2(r)r−γdr=1}

∫ 1

0

(v′(r))2dr .

Let us observe that, for γ < 1, one has λγ,var > 0, as it is easily follows by Hölder
inequality.

Indeed, for any v ∈ C1([0, 1]) satisfying v(1) = 0, one has

|v(r)| =
∣∣∣∣∫ 1

r

v′(s) ds

∣∣∣∣ ≤ (∫ 1

r

(v′(s))2 ds

)1/2

(1− r)1/2 ,

which yields∫ 1

0

v2(r)r−γdr ≤
(∫ 1

0

(v′(r))2dr

) ∫ 1

0

(1−r)r−γdr =
1

(1− γ)(2− γ)

∫ 1

0

(v′(r))2dr .

Hence, we have

λγ,var ≥ (1− γ)(2− γ) .

Theorem 3.8.

(i) If γ < 1, then λ̄γ = λγ,var > 0 and problem (3.2) with k = 1 has a positive

radial solution belonging to C2(B(0, 1) \ {0}) ∩ C1(B(0, 1)).
(ii) If γ ≥ 1, then λ̄γ = 0.

Proof. (i) By classical methods in the calculus of variations, the infimum defin-
ing λγ,var is a minimum. Thus, there exists u ∈ H1((0, 1)), with u > 0 in (0, 1),
satisfying in the distributional sense

u′′ = −λγ,varu r
−γ in (0, 1) ,

and the boundary conditions

u′(0) = 0 , u(1) = 0 .

As a consequence, u ∈ C2([0, 1]) satisfies u′′ , u′ ≤ 0 in [0, 1]. Moreover, by
monotonicity, one has

u′(r) =

∫ r

0

u′′(s) ds = −λγ,var

∫ r

0

u(s)s−γds ≤ −λγ,varu(r)r
1−γ = u′′(r)r .

Therefore, u ∈ C2(B(0, 1) \ {0}) ∩ C1(B(0, 1)) is a positive radial solution of P+
1 (D2u) + λγ,varur

−γ = 0 in B(0, 1) \ {0}

u = 0 on ∂B(0, 1)

and this implies, by definition, that λ̄γ ≥ λγ,var.
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Radial solutions of truncated Laplacian equations 17

Arguing by contradiction, let us suppose that λ̄γ > λγ,var. Then, there exist
µ > λγ,var and v ∈ C2(B(0, 1) \ {0}) positive and radial such that

P+
1 (D2v) + µvr−γ ≤ 0 in B(0, 1) \ {0} .

Without loss of generality, we can assume that v(r) > 0 for r ∈ (0, 1]. Moreover,

since P+
1 (D2v) = max

{
v′′ , v′

r

}
, we have that v satisfy both the inequalities

v′′ + µvr−γ ≤ 0 , v′ + µvr1−γ ≤ 0 for 0 < r < 1 .

In particular, we have that v′ , v′′ ≤ 0 and there exists the limit limr→0 v(r) =:
v(0) ∈ (0,+∞]. We can now argue as in the proof of Theorem 3.1 in order to reach
a contradiction. For up to a normalization, we can assume that

sup
B(0,1)\{0}

u

v
= 1 .

Let r̄ ∈ [0, 1) be any limit point of a maximizing sequence. If r̄ > 0, then u(r̄) = v(r̄)
and u′′(r̄) ≤ v′′(r̄), so that

µv(r̄)r̄−γ ≤ −v′′(r̄)) ≤ −u′′(r̄)) = λγ,varu(r̄)r̄
−γ ,

which gives the contradiction µ ≤ λγ,var. If r̄ = 0, then v(0) < +∞, u(0) = v(0),
and µv(0) − λγvaru(0) > 0. Hence, by continuity, in a neighbourhood of zero, one
has

(u− v)′′(r) ≥ (µv(r)− λγ,varu(r)) r
−γ ≥ 1

2
(µv(0)− λγ,varu(0)) r

−γ > 0 .

Since (u−v)′(0) ≥ 0, this implies that (u−v)′(r) ≥ 0 in a neighbourhood of zero, so
that u−v cannot achieve its maximum at zero. The contradictions reached in both
cases prove that λ̄γ = λγ,var and the variational solution u actually is a smooth
solution of problem (3.2) with k = 1.

(ii) By contradiction, let us assume that there exist µ > 0 and v ∈ C2(B(0, 1) \
{0}) positive and radial such that

P+
1 (D2v) + µvr−γ ≤ 0 in B(0, 1) \ {0} .

Then, as before, we have that v in particular satisfies v′, v′′ ≤ 0 and

v′′ ≤ −µvr−γ for 0 < r < 1 .

Hence, there exist r0 ∈ (0, 1) and c > 0 such that v′′ ≤ −cr−γ for r ∈ (0, r0]. As a
consequence, for all ε ∈ (0, r0), we get

v′(r0) ≤ v′(ε)− c

∫ r0

ε

dt

tγ
≤ −c

∫ r0

ε

dt

tγ
,

so that

v′(r0) ≤ −c lim
ε→0+

∫ r0

ε

dt

tγ
= −∞ .

�
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18 I. Birindelli, F. Demengel and F. Leoni

3.3. The P−
k case

As before, we introduce

λγ := sup
{
µ ∈ R : ∃ v ∈ C2(B(0, 1) \ {0})s.t. v > 0 , vis radial,

P−
k (D2v) + µvr−γ ≤ 0in B(0, 1) \ {0}

} (3.3)

but now the results deeply differ from the P+
k case.

Theorem 3.9. For any γ ≥ 0 and any k < N , one has λγ = +∞.

Proof. Let us first consider the case γ 6= 2.

For µ > 0, let v(r) = e−
µ

k(2−γ)
r2−γ

. Then v satisfies

dv

dr
= −µ

k
v r−γ .

Since k < N , we have

P−
k

(
D2v

)
≤ k

dv

dr
= −µ v r−γ in B(0, 1) \ {0}.

which implies that λγ ≥ µ. By the arbitrariness of µ > 0, one gets the desired
result.

For γ = 2, let us consider the function v(r) = r
−µ
k , which satisfies v′ ≤ 0 ≤ v′′

and

v′

r
= −µ

k
vr−2.

Hence, v is a positive solution in B(0, 1) \ {0} and, as before, we obtain λγ ≥ µ for
any µ > 0. �

The explicit solutions exhibited in the above proof can be used as barrier
functions in order to prove the following maximum principle.

Proposition 3.10. For µ > 0, let u ∈ C2(B(0, 1) \ {0}) ∩ C(B(0, 1) \ {0}) be a
radial solution of

P−
k (D2u(r)) + µu(r)r−γ ≥ 0 in B(0, 1) \ {0} ,

satisfying u(1) ≤ 0. In any of the following cases

(1) γ < 2 and u is bounded
(2) γ = 2 and there exists some τ > 0 such that u(r)rτ is bounded

(3) γ > 2 and there exists some constant c > 0 such that u(r)e−cr2−γ

is bounded

one has u ≤ 0 in B(0, 1) \ {0}.
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Proof. Case 1. For µ′ > µ, let us consider the function v(r) = e−
µ′

k(2−γ)
r2−γ

, which
is a positive radial solution of

P−
k (D2v) + µ′vr−γ = 0 in B(0, 1) \ {0} .

Arguing by contradiction, let us suppose that the quotient function u
v has a positive

supremum in B(0, 1) \ {0}, that is

sup
B(0,1)\{0}

u

v
=: η > 0 ,

and let r̄ ∈ [0, 1) be any limit point of a maximizing sequence. If r̄ > 0, then
u(r̄) = ηv(r̄) and one has

−µηv(r̄)r̄−γ = −µu(r̄)r̄−γ ≤ P−
k (D2u(r̄)) ≤ P−

k (D2(ηv)(r̄)) ≤ −µ′ηv(r̄)r̄−γ ,

which gives the contradiction µ ≥ µ′.
On the other hand, if r̄ = 0, a contradiction can be reached by observing that,

for r ∈ (0, 1), the function v satisfies k
r v

′ = −µ′vr−γ , whereas u satisfies k
ru

′ ≥
−µur−γ . Thus, for r ∈ (0, 1), one has

k

r
(u− ηv)

′ ≥ −r−γ (µu− µ′ηv) ≥ −r−γ(µ− µ′)ηv > 0 .

Hence, the strictly increasing monotonicity of u−ηv contradicts the fact that r̄ = 0.

Case 2. For µ′ > max{µ, τk}, let us consider the function v(r) = r−
µ′
k , which

satisfies

P−
k (D2v) + µ′vr−2 = 0 in B(0, 1) \ {0} .

By the assumption on u and the choice of µ′, one has limr→0
u(r)
v(r) = 0. Reasoning

as above, we suppose by contradiction that

η := sup
B(0,1)\{0}

u

v
> 0 .

Then, the supremum of u− ηv is zero, and it is achieved at some point r̄ > 0. This
yields a contradiction as in the previous case.

Case 3. For µ′ > max{µ, ck(γ−2)}, we consider the function v(r) = e−
µ′

k(2−γ)
r2−γ

and we argue as in the previous cases. �

4. The superlinear problem in the critical case γ = 2.

4.1. The superlinear problem for P+
k , with k ≥ 3

In this section, we are concerned with the existence and the asymptotic behaviour
near zero of positive radial solutions u ∈ C2(B(0, 1) \ {0}) of the equation

P+
k (D2u) + µ

u

r2
= up , (4.1)

with µ > 0 and p > 1. We will always assume that k ≥ 3 and that µ < λ̄2 =
(
k−2
2

)2
.
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For this problem, we can use the known results obtained for the semilinear equa-
tion having the Laplace operator as principal part in dimension k, see [12] and [5].
In particular, looking at the results in [5] for Λ = λ = 1 and in dimension k ≥ 3,

under the assumption µ <
(
k−2
2

)2
we showed that radial solutions of the equation

∆u+ µ
u

r2
= up in B(0, 1) \ {0} ⊂ Rk (4.2)

exist and can have only specific asymptotic behaviours at zero depending on the
mutual values of p, µ, and k. More precisely, using the notation

τ± :=
k − 2

2
±

√(
k − 2

2

)2

− µ , (4.3)

we proved that there exist solutions u of the semilinear equation (4.2) satisfying

- either limr→0 u(r)r
2

p−1 = 0, and in this case we proved that u′ ≤ 0 ≤ u′′, see
Proposition 4.2 in [5],

- or limr→0 u(r)r
2

p−1 > 0, which can occur if and only if either p < 1 + 2
τ+ or

p > 1 + 2
τ− , and in this case an explicit solution is given by

u(r) =
K

r
2

p−1

, K =

[(
2

p− 1
− τ−

)(
2

p− 1
− τ+

)] 1
p−1

.

In any case, the constructed solutions are convex and nonincreasing functions of r.
Hence, they satisfy in particular u′′ ≥ u′

r , so that they are solutions of (4.1). By
applying Theorem 1.1 in [5], we then deduce the following existence result.

Theorem 4.1 Let us assume 0 < µ <
(
k−2
2

)2
and p > 1, and let p? = 1+ 2

τ+ and
p?? = 1 + 2

τ− , with τ± defined as in (4.3). Then:

(1) if p < p?, then equation (4.1) has at least a solution u satisfying

r
2

p−1u(r) → K as r → 0 , (4.4)

at least a solution v satisfying

rτ
+

v(r) → c1 as r → 0 , (4.5)

and at least a solution w satisfying

rτ
−
w(r) → c2 as r → 0 , (4.6)

where K :=
[(

2
p−1 − τ+

)(
2

p−1 − τ−
)] 1

p−1

and c1, c2 > 0 are suitable

constants;
(2) if p? ≤ p < p??, then equation (4.1) has at least a solution u satisfying (4.6);
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(3) if p = p??, then equation (4.1) has at least a solution u satisfying

rτ
−
(− ln r)τ

−/2u(r) → K̄ as r → 0 , (4.7)

where K̄ =

[
τ−

√(
k−2
2

)2 − µ

]τ−/2

;

(4) if p > p??, then equation (4.1) has at least a solution u satisfying (4.4).

Conversely, let us show that the asymptotic behaviours identified in Theorem
4.1 are the only possible ones for any solution u of equation (4.1). We are going to
apply some of the arguments used in the proof of Theorem 1.2 in [5], which will be
recalled for the reader’s convenience in the following preliminary result.

Lemma 4.2. Let u ∈ C2(B(0, 1) \ {0}) be a positive radial solution of (4.1). Then

(i) lim supr→0 u(r)r
2

p−1 < +∞;

(ii) if lim supr→0 u(r)r
2

p−1 > 0, then either p < p∗ or p > p∗∗ and u satisfies
(4.4);

(iii) if limr→0 u(r)r
2

p−1 = 0, then u is a radial solution of the semilinear equation
(4.2) in B(0, r0) \ {0} ⊂ Rk for some r0 > 0 sufficiently small.

Proof. (i) A direct computation shows that, for C > 0 sufficiently large (actually,

for any C > 0 if p∗ ≤ p ≤ p∗∗), the function Cr
−2
p−1 is a super-solution of equation

(4.1) . Hence, if u(r)r
2

p−1 is bounded along a decreasing sequence {rn} converging
to zero, then, by applying the standard comparison principle in every annulus
Brn \Brn+1

, we deduce

u(r) ≤ Cr
−2
p−1 for 0 < r ≤ r1 .

Thus, arguing by contradiction, if statement (i) is false, then we have

lim
r→0

u(r)r
2

p−1 = +∞ . (4.8)

This implies that, for r small enough, one has

P+
k (D2u) = up − µ

u

r2
≥ up

2
> 0 .

By Remark 2.2, it then follows that u′ has constant sign in a right neighbourhood
of zero and, therefore, by (4.8), u′(r) ≤ 0 for r small enough. We then have

u′′ ≥ up

2
,

and also

u′′u′ ≤ upu′

2
.
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Integrating, one gets

(u′)2(r)− cup+1(r) ≥ (u′)2(r0)− cup+1(r0)

for r < r0 and for some c > 0. Using up+1(r) → +∞ as r → 0, for r small enough
we get

(u′)2 ≥ c

2
up+1

or, equivalently,

−u′

u
p+1
2

≥ c1 > 0 .

This yields

u(r)
1−p
2 ≥ c2r ,

for some c2 > 0: a contradiction to (4.8).
(ii) By applying the comparison principle Theorem 2.5 and by using exactly

the same supersolutions constructed in Proposition 4.3 and Proposition 4.4 of [5],

we can prove that if p∗ ≤ p ≤ p∗∗ then limr→0 u(r)r
2

p−1 = 0. Hence, under the
assumption of statement (ii), we deduce that either p < p∗ or p > p∗∗. Moreover,
by using again Theorem 2.5 and the barrier functions exhibited in the proof of
statement 2 of Proposition 4.2 of [5], we obtain the asymptotic formula (4.4).

(iii) We need to prove that u′′ ≥ u′

r for r sufficiently small, under the assump-

tion limr→0 u(r)r
2

p−1 = 0. We observe that, in this case, by equation (4.1), for r
sufficiently small one has

P+
k (D2u) =

u

r2
(r2up−1 − µ) < 0 .

Hence, by Lemma 2.1, we have that u′ ≤ 0 for r small enough. This in turn implies
that the negative function g(r) = u(r)p − µ u

r2 satisfies

g′(r) = u′
(
pup−1 − µ

r2

)
+ 2µ

u

r3
> 0 ,

and the conclusion follows by Lemma 2.3. �

By using the above lemma and by applying Theorem 1.2 in [5], we immediately
deduce the following classification result.

Theorem 4.3. Let u ∈ C2(B(0, 1) \ {0}) be a positive radial solution of (4.1) with

p > 1 and 0 < µ <
(
k−2
2

)2
. Then, using the same notations as in Theorem 4.1,

one has

(1) if 1 < p < p?, then u satisfies either (4.4) or (4.5) or (4.6);
(2) if p? ≤ p < p??, then u satisfies (4.6);
(3) if p = p??, then u satisfies (4.7);
(4) if p > p??, then u satisfies (4.4).
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4.2. The superlinear problem for P−
k , with 2 ≤ k ≤ N − 1

In this section, we focus on the equation

P−
k (D2u) + µ

u

r2
= up in B(0, 1) \ {0} , (4.9)

with N − 1 ≥ k ≥ 2, µ > 0 and p > 1. Our goal is to prove the existence of radial
positive solutions u ∈ C2(B(0, 1) \ {0}) and to classify their asymptotic behaviour
around zero in dependence of the mutual values of the parameters k , µ and p.

Let us start with a preliminary result which collects some properties of solutions.

Lemma 4.4. Let u ∈ C2(B(0, 1) \ {0}) be a positive solution of (4.9) with N − 1 ≥
k ≥ 2, µ > 0 and p > 1. Then:

(i) lim supr→0 u(r) = +∞;

(ii) lim supr→0 u(r)r
2

p−1 < +∞;
(iii) if µ

k < 2
p−1 , then the function u(r)r

µ
k is monotone nondecreasing for 0 <

r < 1;

(iv) if µ
k = 2

p−1 , then the function u(r)r
2

p−1 (− ln r)
1

p−1 is bounded for 0 < r < 1;

(v) if lim supr→0 u(r)r
2

p−1 > 0, then µ
k > 2

p−1 and lim infr→0 u(r)r
2

p−1 > 0;

(vi) if limr→0 u(r)r
2

p−1 = 0, then u satisfies u′ ≤ 0 and u′′ − u′

r ≥ 0 for r > 0
sufficiently small.

Proof. (i) By contradiction, let us assume that u is bounded. Then, for r small
enough, one has

P−
k (D2u) = u

(
up−1 − µ

r2

)
< 0 ,

which yields, by Lemma 2.1, u′ ≤ 0 in a neighbourhood of zero. This in turn implies

that the function g(r) = up(r)− µu(r)
r2 satisfies

g′(r) = u′
(
pup−1 − µ

r2

)
+ 2µ

u

r3
> 0 ,

so that, by Lemma 2.3, u is such that u′′− u′

r has constant sign in a neighbourhood

of zero. If u′′ − u′

r ≤ 0, we get that, in a neighbourhood of zero, u is a bounded
solution of

u′′ + (k − 1)
u′

r
= up − µ

u

r2
,

in contradiction with Proposition 4.1 of [5]. On the other hand, if u′′ − u′

r ≥ 0,
then, for r > 0 small enough, u satisfies

k
u′

r
= u

(
up−1 − µ

r2

)
≤ − c

r2
,

for some c > 0, again contradicting the boundedness of u.
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(ii) We observe that, whatever µ is, the function Cr−
2

p−1 is a super-solution of
equation (4.9) for C > 0 sufficiently large. Hence, arguing by contradiction as in
the proof of Lemma 4.2 (i), we get that, if statement (ii) fails, then

lim
r→0

u(r)r
2

p−1 = +∞ .

This implies that, for r small enough, u satisfies

P−
k (D2u) =

u

r2
(
up−1r2 − µ

)
> 0 .

Then, by Remark 2.2, we obtain u′ ≥ 0 and then u bounded, in contradiction with
statement (i).

(iii) Let 0 < r0 < 1 be fixed. For any ε > 0, the function

v(r) =
ε

r
2

p−1

+
u(r0)r

µ
k
0

r
µ
k

is convex and decreasing, and, as a radial function, it satisfies

P−
k (D2v) + µ

v

r2
= k

v′

r
+ µ

v

r2
= ε

µ− 2k
p−1

r
2p

p−1

< 0 < vp .

Moreover, by statement (ii), u satisfies u ≤ cr−
2

p−1 . Hence, u and v satisfy the
assumptions of Theorem 2.5 and, since u(r0) ≤ v(r0), we get u(r) ≤ v(r) for all
0 < r ≤ r0. Letting ε → 0 yields the conclusion.

(iv) Let us consider, in this case, for any ε , C > 0, the function

v(r) =
ε

r
2

p−1

+
C

r
2

p−1 (− ln r)
1

p−1

.

For r0 sufficiently small and for 0 < r < r0, v satisfies v′ ≤ 0 ≤ v′′ and

P−
k (D2v) + µ

v

r2
= k

v′

r
+ µ

v

r2
=

µC

2r
2p

p−1 (− ln r)
p

p−1

≤ vp

if C is large enough, independently of ε > 0. If, moreover, C is chosen in such a
way that v(r0) ≥ u(r0), we can apply Theorem 2.5 as before in order to conclude
u(r) ≤ v(r) for 0 < r ≤ r0. Letting ε → 0, we get the conclusion.

(v) By statements (iii) and (iv), we deduce that if µ
k ≤ 2

p−1 , then

limr→0 u(r)r
2

p−1 = 0. Hence, if lim supr→0 u(r)r
2

p−1 > 0, then, necessarily, µ
k > 2

p−1

and there exist a decreasing sequence {rn} converging to zero and some positive
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constant l such that

u(rn)r
2

p−1
n ≥ l for all n ≥ 1 .

Let us consider the function w(r) = c

r
2

p−1
, with c = min

{
l,
(
µ− 2k

p−1

) 1
p−1

}
. Then,

w is a convex and decreasing function of r > 0 satisfying, as a radial function,

P−
k (D2w) + µ

w

r2
= k

w′

r
+ µ

w

r2
=

c

r
2p

p−1

(
µ− 2k

p− 1

)
≥ wp .

Since w(rn) ≤ u(rn) for all n ≥ 1, by applying the standard comparison principle
in each annular domain B(0, rn) \ B(0, rn+1), we finally deduce u(r) ≥ w(r) for

0 < r < r1, which implies lim infr→0 u(r)r
2

p−1 ≥ c > 0.
(vi) Let us argue as in the proof of statement (i). Under the assumption

limr→0 u(r)r
2

p−1 = 0, we have that u satisfies P−
k (D2u) = g(r) with the func-

tion g(r) = up − µ u
r2 such that g(r) < 0 < g′(r) for r sufficiently small. Then, by

Lemma 2.3, we deduce that u′ ≤ 0 and u′′ − u′

r has constant sign in a neighbour-

hood of zero. We observe that if u′′ ≤ u′

r , then u is concave, hence bounded, in

contradiction with statement (i). Thus, one has u′′ ≥ u′

r for r small enough. �

We are now ready to prove the main result of this section.

Theorem 4.5. Let N − 1 ≥ k ≥ 2, µ > 0 and p > 1 be given.

(1) If p < 1 + 2k
µ (i.e. µ

k < 2
p−1), then a radial function u ∈ C2(B(0, 1) \ {0} is

a solution of equation (4.9) if and only if for r > 0 sufficiently small u(r) is
of the form

u(r) =
1(

c r
µ(p−1)

k − r2
2k

p−1−µ

) 1
p−1

, (4.10)

for some c > 0. In particular, any solution u satisfies

lim
r→0

u(r)r
µ
k = c

1
p−1 > 0 .

(2) If p = 1 + 2k
µ (i.e. µ

k = 2
p−1), then a radial function u ∈ C2(B(0, 1) \ {0} is

a solution of equation (4.9) if and only if for r > 0 sufficiently small u(r) is
of the form

u(r) =
1

r
2

p−1

(
c+ (p−1)

k (− ln r)
) 1

p−1

, (4.11)

for some c ∈ R. In particular, any solution u satisfies

lim
r→0

u(r)r
2

p−1 (− ln r)
1

p−1 =

(
k

p− 1

) 1
p−1

.
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(3) If p > 1 + 2k
µ (i.e. µ

k > 2
p−1), then a radial function u ∈ C2(B(0, 1) \ {0} is

a solution of equation (4.9) if and only if for r > 0 sufficiently small u(r) is
of the form

u(r) =
1(

c r
µ(p−1)

k + r2

µ− 2k
p−1

) 1
p−1

, (4.12)

for some c ∈ R. In particular, any solution u satisfies

lim
r→0

u(r)r
2

p−1 =

(
µ− 2k

p− 1

) 1
p−1

.

Proof. Case 1. A direct computation shows that each function u defined in (4.10)
is a solution of

k
u′

r
+ µ

u

r2
= up (4.13)

defined in some right neighbourhood of zero. Moreover, it is not difficult to check
that u′′ ≥ u′

r , hence any such u is a radial solution of equation (4.9) defined in
B(0, 1) \ {0} if c > 0 is chosen large enough.

Conversely, let u be a radial solution of (4.9). Under the current assumption
µ
k < 2

p−1 , by Lemma 4.4 (iii), we have that limr→0 u(r)r
2

p−1 = 0. Hence, by Lemma

4.4 (vi), we deduce that u satisfies the first-order equation (4.13) in an interval
(0, r0) with r0 < 1 small enough. By uniqueness of solution for equation (4.13) we
then conclude that u has the expression given by (4.10) with

c =
r
2−µ(p−1)

k
0
2k
p−1 − µ

+
1(

u(r0)r
µ
k
0

)p−1 . (4.14)

Case 2. We argue as in the previous case, first by observing that functions given
by (4.11) are solutions of the first-order equation (4.13) and they satisfy u′′ ≥ u′

r .
Hence, formula (4.11) with c ∈ R provides solutions of equation (4.9). Conversely,
given any solution u of (4.9), we apply Lemma (4.4) (iv) and (vi) in order to deduce
that there exists r0 > 0 sufficiently small such that, for 0 < r ≤ r0, u is of the form
(4.11) with

c =
p− 1

k
ln r0 +

1

u(r0)p−1r20
.

Case 3. As in the previous cases, a direct computation shows that any function
u given by (4.12) is a radial solution of (4.9).

Conversely, let u be any solution of (4.9). We claim that u satisfies

lim supr→0 u(r)r
2

p−1 > 0. Indeed, if not, then, again by Lemma 4.4 (vi), we deduce
that u is a solution of equation (4.13) for 0 < r < r0, with r0 > 0 small enough.
Then, u has an expression given by (4.12), but none of these functions satisfies

limr→0 u(r)r
2

p−1 = 0.
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Hence, Lemma 4.4 (v) applies, yielding that, for any fixed 0 < r0 < 1 there exist
c1, c2 > 0 depending on r0 such that u satisfies

c1r
− 2

p−1 ≤ u(r) ≤ c2r
− 2

p−1 for 0 < r ≤ r0 .

Thus, the functions u and

v(r) =
1(

c r
µ(p−1)

k + r2

µ− 2k
p−1

) 1
p−1

,

both radial solutions of equation (4.9) in B(0, r0)\{0}, can be compared by means
of Theorem 2.5. By choosing c ∈ R as in (4.14), we conclude that u ≡ v in B(0, r0)\
{0}. �
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