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Abstract. We introduce some nonlinear extremal nonlocal operators that
approximate the, so called, truncated Laplacians. For these operators
we construct representation formulas that lead to the construction of
what, with an abuse of notation, could be called “fundamental solutions”.
This, in turn, leads to Liouville type results. The interest is double: on
one hand we wish to “understand” what is the right way to define the
nonlocal version of the truncated Laplacians, on the other, we introduce
nonlocal operators whose nonlocality is on one dimensional lines, and this
dramatically changes the prospective, as is quite clear from the results
obtained that often differ significantly with the local case or with the
case where the nonlocality is diffused. Surprisingly this is true also for
operators that approximate the Laplacian.

Mathematics Subject Classification. 26D10, 35J70, 45M20, 47G10, 491.25.

1. Introduction

In the last decades there has been an increasing interest in the comprehension
of second order degenerate elliptic equations. The general idea being that new
phenomena may occur when the uniform ellipticity condition is replaced by
weaker form of ellipticity, while other fundamental properties like e.g. the
comparison principle may still hold. It would be impossible and far too long
to enumerate all the works and the “kind ”of degeneracies that have been
considered: degeneracy may depend of the point of application of the operator,
on the value of the gradient of the solution, or it may be the case that the
operator is simply “monotone” i.e. for any couple of symmetric matrices X
and Y

X <Y = F(X) < F(Y).

In the realm of nonlocal equations, these very degenerate operators have only
just begun to be considered, but they seem to open very interesting and sur-
prising results as will be evident later on, for example in the strong maximum
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principle of Proposition 2.7 or the Liouville Theorem 4.1. In order to start a
theory on nonlocal degenerate elliptic fully nonlinear operators, one needs to
define general operators that are “extremal "among that class. So that sub or
supersolutions of these extremal operators are sub or supersolutions for any
degenerate operator. We will now define the two classes of nonlocal extremal
operators we will consider in this paper. In both cases, the fractional order of
the operator is given by s € (0,1).

We start with the first model, the description is somehow long for an
introduction, so we ask for some patience from the reader: let N € N, k €
{1,2,...,N}, given £ € S¥~1 2 € RY and u: RN — R, we denote by

“+o0
Teu(x) = Cs /0 [u(z +78) +u(z — 7E) — 2u(x)]7'7(1+25)d7', (1.1)

where Cs = C1; > 0 is a normalizing constant related to the well-known
fractional Laplacian —(—A)®, see (1.5) below. Roughly speaking, Z¢ acts as the
one dimensional fractional 2s-derivative in the direction of £. More precisely,
for each ¢ € SV~ and with an appropriate modification in the choice of the
normalizing constant C, in the definition, Z¢ is identified with the pseudo-
differential operator in the Schwartz space defined through the symbol

v =€ v)*

Throughout the paper, when convenient, we shall use instead the formula

+oo
Teu(x) = C4P.V. / [u(z 4 7€) — u(z)]|7| "2 dr
where P.V. stands for the Cauchy Principal Value.
An important fact related to the choice of the normalizing constant C
and to the understanding of the definition of Zeu(x) is the asymptotic

Teu(z) — (D*u(z)€,€), ass— 17,

under suitable regularity assumptions on u. We can now define the extremal
operators

k
T u(a) = sup {Zz&um {6 e v} (12)

and similarly for 7, taking instead the infimum, where Vi is the family of
k-dimensional orthonormal sets in RY. Notice that Z, u = —Z;" (—u). Let us
emphasize that these operators are nonlocal, but the nonlocality is in some
sense one dimensional. As far as the case k = 1 is concerned, let us mention
that Z; has been recently considered by Del Pezzo—Quaas—Rossi [17] in order
to introduce the notion of fractional convexity.

The second class of operators are instead k-dimensionally nonlocal. For
V € Vg, we denote (V) the k-dimensional subspace generated by V. Then, for
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r€RYN and u: RY - Rand V = {£,...,&} € Vi we denote

Fou(w) = 5 /R k

& & 225
+u <3: — Z Tifi> — 2u(m)1 <Z Tf) dri...dTy,
i=1

i=1

where C} s > 0 is the normalizing constant of the fractional Laplacian in the
k-Euclidean space [c.f. (6.1)]. Using the change of variables formula (see [19]),
we have the equivalent formulation

Fru@) = %= [ fula+2)+ ule - 2) = 2ua)l o),
V)

where HF is the k-dimensional Hausdorff measure in R,
Then, the extremal operator we consider here is

Jifu(z) = sup Jyu(), (1.3)
VeV

and analogously for J, replacing sup by inf in the above definition. Notice
that J, u = —J, (—u). Moreover J;¥ = 7 and Jy = —(—A)*. For this
reason, concerning jki, we only concentrate on the cases 1 < k < N.

Clearly for both classes of operators, in a suitable functional framework,
say for bounded smooth functions u, Zu(r) and j,jtu(w) converge to the so
called truncated Laplacian Pifu(zx) as s — 1, where

N k
Plul) = Y Az-(D?u(x)):max{Z<D2u(x)&,&> : {@}f_levk},

i=N—k+1 =1
(1.4)

\i(D?u) < \ip1(D?u) being the eigenvalues of D?u arranged in nondecreasing
order, and, mutatis mutandis, similarly for P, u(x) which is the sum of the
smallest k-eigenvalues, we replace max by min in the above formula. The
truncated Laplacians have received a certain interest, both in geometry and
PDE. We wish to remember the works of: Harvey—Lawson [21,22], Caffarelli-
Li-Nirenberg [11], Capuzzo Dolcetta—Leoni—Vitolo [14], Blanc—Rossi [9] and of
two of the authors of this note with Ishii and Leoni [5-7]. One of the scopes of
this paper is to shed some light on different ways of defining generalizations
of these extremal degenerate elliptic operators.

The above definitions seem to be natural extensions of the nonlinear
second-order operator to the nonlocal setting, in view of the definition of the
fractional Laplacian (—A)®. Evaluated on a measurable function w satisfying
regularity and growth condition at infinity, its precise definition reads as

(—A)°u(x) = —C% /]RN [u(z + z) + u(z — 2) — 2u(z)]|z| "N 29 dz, (1.5)

where Cy s > 0 is a normalizing constant making —(—A)* — A as s — 1.
See (6.1) in the Appendix for details on this constant.
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The classes of summable functions used in the evaluations of the integral
operators considered in this paper are L}CJ7 which are spaces of measurable
functions whose definition is given in Sect. 2. It will be clear from the definition
that a function v € L'(RY) may not belong to L,le.

The first necessity has been to find representation formulas, at least say
for radial functions with completely monotonic profile, for example, for power
type functions. If we focus on the evaluation of Z;" at a function u(z) = |z|=”
for v > 0, the heuristic makes it reasonable to think that the operator prefer-
ably picks a frame {&;}; which includes the direction & = z/|z| (we assume
x # 0), since along this radial direction the one dimensional profile of u shows
a sharper convexity. Then, the integral associated to the component Zzu(x)
at (1.2) involves the singularity of u at the origin, which immediately restricts
the exponent v < 1. The mentioned representation formulas is depicted in
Theorem 3.4 below. Concerning the maximal operator I,j, the idea discussed
above about the preference of the radial direction is confirmed.

Concerning 7, the representation formula shows that in the case k < IV
the operator picks a frame which is orthogonal to . More intriguing is the
case of Z,. We start noticing that it does not matches —(—A)?, and in fact
Iy # IIJ([, while the equality occurs in the limit s — 1~ with the asymptotics
I]j\t, — A as s — 17. We prove that for radial functions u with convex one
dimensional profile, the operator chooses a frame in which all its elements
form the same angle with respect to &, and therefore we have the beautiful
geometric symmetry result

Iyu(x) = NZg-u(z) for x #0, (1.6)

where £* is a unit vector such that (¢*,&) = 1/v/N.

We would like to mention that our representation formulas are obtained
under rather strong convexity assumptions on the one dimensional profile of
u. Such conditions allow to provide a representation formula for every x # 0,
and therefore we believe they can be relaxed if we look for instance, for the
evaluation on bounded domains.

The representation formulas will be used in order to prove Liouville type
results, i.e. existence or nonexistence of entire solutions (or supersolutions)
bounded from below. First we will consider “superharmonic ”functions i.e.
supersolutions of

Zfu=0 inR"Y.

When k£ =1 and s € [%, 1) there are no nonconstant supersolutions bounded
from below while, in the other cases, such supersolutions do exist. Interestingly
this result is in contrast to the local second order counter-part, and it is really
due to the fractional nature of the operator. This is explained by the existence
of a “fundamental solution” of logarithmic profile in the later case. Roughly
speaking, since s < 1, there is a “gap” between the order of the operator and
the dimensionality, and it is this gap that allows us to construct power-type
fundamental solutions. We refer to the Appendix for a discussion about the
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asymptotic behaviour of the exponent of this fundamental solution when we
approach the local regime (that is, when s — 17), see Lemma 6.2.
We also consider semilinear Liouville theorems for the equations

I,fu—f—up:O, uw>0in RV,

These semilinear Liouville theorems usually determine a critical value of the
exponent p above which there exists supersolutions and below which such
nontrivial supersolutions don’t exist.

In the case I,j, as it can be seen in Theorem 4.2 , and in view of the
above discussion, the critical exponent p leading to existence/nonexistence of
nontrivial supersolutions for this equation is determined by the exponent of
the power-type fundamental solution, which, by the nonlocal nature of the
problem, is restricted to be less than 1. As a consequence, we see that the
Liouville result does not meet its local counterpart (1.9) as s — 17, in the
sense that the critical exponent of the nonlocal equation diverges to infinity
(equivalently the exponent of the fundamental solution vanishes, see the Ap-
pendix). This is a remarkably nonlocal phenomena that is influenced by the
tails of the kernel of the operator more than by its singularity.

Concerning 7, , the representation formula shows that in the case k < IV
the operator picks a frame which is orthogonal to z. This allows us to conclude
the existence of nontrivial supersolutions to

Tyu+u? =0, u>0inRY, (1.7)

for every p > 0, see Theorem 4.7. This phenomena is closely related with its
local counterpart presented in [7].
In the case of the equation

Iyu+uP =0, u>0inRY (1.8)

let us emphasize that the representation formula (1.6) shows that for = # 0 the
evaluation of the integral operator 7, does not observe possible singularities of
u at the origin. Thus, we are able to construct adequate fundamental solutions
for 7, (at the expense of a technical redefinition of a power-type function)
leading to a Liouville result for Eq. (1.8) which is more in the direction of
classical results, and more interesting, with a critical exponent that passes to
the limit as s — 17.

The local counterpart of these Liouville theorems concerns the equations

PEu+uP =0, u>0inRY. (1.9)

This problem was studied by two of the authors and F. Leoni in [7]. The
construction of fundamental solutions for P;‘ follows a careful analysis of the
eigenvalues of the Hessian of radial functions and the use of the formula (1.4).
Once fundamental solutions are at disposal, Liouville-type results associated
to the so-called Serrin exponent in space dimension k, i.e. &, follow the
directions of [16]. Results concerning P, are also provided there.

Concerning the other possible extremal operator Jki , we also obtain
representation formulas for its evaluation on radial, convex functions, leading
to power-type fundamental solutions for these operators. Here we would like
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to mention that jli = Ili, meanwhile J ]f,t = —(—A)*, from which we restrict
ourselves to the case in which k is neither 1 nor N.

In view of the definition (1.3), the higher dimensionality of the integrand
allows to prove, in the case of j]j , that the fundamental solutions meet the
ones of the k-th dimensional fractional Laplacian —(—Ag#)®. This makes the
analysis simpler and closer to the local context in the sense that the critical
exponent associated to the problem

Jk"’u—l—u”:O, u>0in RY (1.10)

meets the critical exponent of (1.9) as s — 1. In particular, this shows that
operators j}j and Z]j are not equivalent, raising an interesting question related
to which of them is more adequate for applications.

The paper is organized as follows: in Sect. 2 we introduce the notion of
viscosity solution and discuss comparison/maximum principles. In Sects. 3 and
4 we concentrate on I;t: in Sect. 3 we provide the representation formulas for
radial, convex functions, and in Section 4 we present the Liouville-type results
for semilinear problems. In Sect. 5 we discuss the results for jki. Finally, in
the Appendix we discuss the asymptotics as s — 1~

2. Preliminaries and maximum principles

We start with the definition of viscosity solution. We require certain structural
assumptions. We will say that a function u is admissible for I;t, resp. for jki,
if u € L 5, resp. u € Ly 5, where for k > 1 and ¢ € (0,2) we denote the set
[u(y)ldH* (y)
v L+ fylte

VV affine subspace of RY, dim(V) = k}

L,lw :{u ‘ u € L, (V), < +00

where H* is the k-dimensional Hausdorff measure in R,
For viscosity evaluation, we make precise some notation. Given £ €
we denote

SN—I

Tesd(= / 2+ 78) + ol — 7€) — 20(2)|r~ 2V dr

+OO —(1+42s)
T4 c/ oz + 7€) + bz — 7€) — 20(x))r~ 12 dr

and, for each k =1,..., N, £ = {&}F_, € Vi, we denote

C k k

=1 =1
C k k
(w) ks / {d’ (m + Z zz'&) + ¢ (a: — Zm&) — 2¢)(:1:):| |Z|—(k+2s)dz’
o i=1 i—1

where z = (z1,...,2;) € R
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Notice that in the case £ = 1 then Z¢ s = J¢ s and 78 = jg for each
£esShV-L

Definition 2.1. Let f € C(R”Y). An upper (lower) semicontinuous function
u: RN - R (u € USC(RY) (u € LSC(RY)) for short), admissible with
respect to I,j' , is a viscosity subsolution (supersolution) to

Tiu= f(z) (2.1)

at a point z¢g € RY if for every function ¢ € C%(Bs(x¢)), § > 0, such that zg is
a global maximum (minimum) point of u—¢, then there exists £ = {Ei}le € Vi
such that (for any £ = {fz} 1 €EVr)

K
Z Te, cp(w0) + Tg u(x0)) > f(x0) Ve €(0,0)
=t (2.2)

k
(Z Te, e p(w0) + I, u(xo)) < flzo) Ve e (075)> :

Similarly, u € USC(RY) (u € LSC(RY)), admissible with respect to 7', is a
viscosity subsolution (supersolution) to

J,ju = f(x) (2.3)

at a point zg € RY if for every function p € C%(Bs(x)), § > 0, such that zg is
a global maximum (minimum) point of u— ¢, then there exists £ = {&},_x €

Vi, such that (for any & = {fz} L EV)
‘-7&690(1'0) + \75 U(-%'O) > f($0) Ve € (0,5)
(Teeo(o) + Tgu(wo) < f(xg) Ve €(0,6)).

A continuous function is a viscosity solutions of (2.1), or of (2.3), if it is both
sub and supersolution.

Lastly we define viscosity sub/supersolutions for Z,” and J, in the same
fashion.

The Definition 2.1 admits unbounded or singular sub and/or supersolu-
tions as soon the nonlocal operator is well-defined.

Some comments about the consistence of the above definition with the
notion of classical sub and supersolutions are in order. In the following we shall
focus on the operator Z,". Similar comments can be easily adapted for Z, and
T

The first remark we want to make is the following: whenever a viscosity
subsolution u of (2.1) can be touched from above at zy by a test function
¢ € C?(Bs(z0)), then there exists = {@}le € Vj, such that

k +00
ch /O [u(zo + 7&) + u(zo — &) — 2u(z0)]7~ M2 dr > f(xo). (2.4)
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k

That is the operator ZI&u(m) can be evaluated classically at + = x¢ and

i=1

then

k 400
u(zo + 7&) + u(zo — 7€) — 2u(x))
T u(zo) = sup C’S/
k ceVy ; 0 7-1+2s

dr Z f(x()). (25)

Indeed the very definition of viscosity subsolution implies that there exists
&= {&}le € Vj, such that (2.2) holds. On the other hand,

u(xo + 7&) + u(wo — 7&) — 2u(wo) < (0 + 7E) + (w0 — TE) — 20(20)

2.6
<Cr? forallT€<g,g>, (26)

where C' = max ||D?*p(z)||. Then the integrals
zEB s (x0)

[N

/ [u(zo + 7&) + u(zg — 7&) — 2u(x0)]7_7(1+2s) dr

0

are bounded from above for any i = 1, ..., k. Similarly, we have
hr%zﬁi,e@(xo) =0. (2.7)
£—

Denoting by y g is the characteristic function of the set F and using (2.6), it
also holds that for any 7 > 0 and € < %

[w(zo + 7&) + u(zo — 7&) — 2u(20)]T~ 129 x| 4oo) < CTl_QSX(O,g)
Flu(zo + 7&) + u(xo — 7&) — 2u(x0)]7’(1+25)X[§ o)

S+
Since the right hand side of the above inequality is an integrable function in
(0,00), for any i = 1,...,k, by the assumption u € L%,st we are in position
to use Fatou’s lemma in (2.2) to infer that (2.4) holds.
From the above, we immediately obtain the following proposition.

Proposition 2.2. If u € C*(B,(x)) NUSC(RN) N Li,,, p > 0, is viscosity
subsolutions of (2.1) at xg, then u is a subsolutions in the classical sense at
ZXo-

On the other hand, under the assumption (2.4), classical subsolutions are
in turn viscosity subsolutions as showed in the next proposition.

Proposition 2.3. Suppose that u € C?(B,(x0)) NUSC(RN) N Li,,, p > 0,
satisfies pointwise the inequality

I u(zo) > f(xo)

and suppose that there exists an orthonormal frame £ € Vi such that (2.4)
holds. Then u is a viscosity subsolution of (2.1) at xo.
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Proof. Let ¢ € C?(Bs()), § < p, be such that
u(z) — u(zo) < (x) — @(x0) for all x € Bs(zo).

Then for any € € (0,0) we have

Z C / .’II() + 7—51) + U(:I?O — ng) — 2’LL(£L'O)} —(1+2s) dr

(2.8)
k €
= Z Cs / [o(zo 4 T&) + o(xo — 7&) — 20(x0)]7~ 129 dr
i=1 0
and so
k
D (Teoco(wo) + T ulwo)) > flxo) Ve €(0,0).
=1
O

Remark 2.4. A sufficient condition to guarantee the validity of (2.4) from (2.5)
is the following: u € C?(B,(x¢)) N USC(RY) N Li 5, and there exist C' > 0
and 0 < o < 2s such that

u(z) < C(1 4 |x|%) Ve € RY.
Indeed, in this case, and for any unit vector &;

[u(zo + 7&) + u(wo — 7&;) — 2u(wo)]r 1 T29)

< max ||D2u(x)||7'1725)((0’§)

zEEg(a:o)
+ (2lu(zo)| 4 2C (1 + (|zo| + 7)) 7-7(1+2S)X[%7+oo) € L'(0,+00).

Since the above estimate is independent of &;, by Fatou’s lemma we infer that
the maps & — Z¢,u(x) are upper semicontinuous and the supremum in (2.5)
is in fact a maximum.

For supersolutions the situation is similar but easier. If u is a viscosity
supersolution of (2.1) which can be touched from below at zo € RY by ¢ €
C?(Bs(z0)), then one can prove, as above, that for any choice of £ = {fi}le €

k

Vi, the operators ZIgiu(xo) are defined in classical sense and that
i=1

+oo
I,ju(mo) = sup C / u(xo + 7&) + u(zg — 7&)
€€V 5

— 2u(xo)]7~ 29 dr < f(x0). (2.9)

In particular every viscosity supersolution u € C?(B,(z¢)) N LSC(RN) N
L%’QS, p > 0, of (2.1) at a point xy is also a classical supersolution at x.
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Conversely if u € C?(B,(z0)) N LSC(RN) N L1 5, p > 0, satisfies (2.9), then
for any £ = {&;}f:l € Vi it turns out that

k oo
> G /O+ [u(zo + 7&) + u(wo — 7&) — 2u(20)]r~ 1129 dr < f(zo). (2.10)
i=1

Arguing as in (2.8), but with reversed inequalities, we also infer that (2.9) is
fulfilled in viscosity sense.

It is worth to point out that the situation here is a little bit different
from the subsolution case, where we had to assume (2.4) in order to prove the
equivalence between classical and viscosity subsolutions. For supersolutions,
instead, the validity of (2.10) is just a consequence of the definition of I,j
which is a sup-type operator.

The inequalities (2.4) and (2.10) are convenient to prove comparison the-
orems.

Theorem 2.5. (Comparison principle) Let Q C RY be a bounded open subset of
RN and let f € C(Q). Ifu e C*(Q)NUSC(Q)NL; 5, and v € LSC(Q)N L1 ,,
are respectively classical subsolution and viscosity supersolution of

Zhru = f(z) in Q
such that u < v in RN\Q, then u < v in Q.

Remark 2.6. The above result is still true if I,j is replaced by the operators
I, , for k =1,...,N. Moreover the hypothesis u € C?(Q) N USC(Q) N Lj 5,
and v € LSC(Q) N Li 5, can be replaced by u € USC(Q) N L} ,, and v €
C*(Q)NLSC(Q) N L1 4.

We emphasize that the Theorem 2.5 continues to hold if u and v are
merely semicontinuous and bounded functions (see [8]). The boundedness as-
sumption of the solutions seems to be quite natural in the nonlocal viscosity
framework, e.g. [4, Theorem 3]-[13, Theorem 5.2], see also [1, 3, 23]. On the
other hand in this paper we are interested in fundamental solutions which in
fact play a key role for Liouville theorems. Hence we allow sub/supersolutions
to be unbounded. Nevertheless the validity of the comparison principle between
classical subsolutions and lower semicontinuous supersolutions is sufficent for
our purposes. For this reason we require u € C?(Q) N USC(Q) N Li ,, in
Theorem 2.5.

We end this remark by stating that Theorem 2.5 and the above comments
also apply for Jki provided u,v are admissible for these operators, namely
u,v € L}f’ZS.

Proof of Theorem 2.5. We suppose by contradiction that sup(u—v) > 0. Hence
Q
by semicontinuity there exists g € € such that

u(zo) —v(zg) = max u(z) —v(z) > 0. (2.11)
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Since u is a test function for v, then the operator Z, v(zo) can be evaluated
in classical sense and for any £ = {é}}f:l €V, we have

k 400
})LA [w(zo + 7&) + v(zo — 7&) — 20(w0)]7~ 2 dr < f(20). (2.12)
=1

Moreover for any € > 0 there exists £(g) € Vi, such that

k 400

Z CS/O [u(zo + 7&i(2)) + v(wo — 7&i(e)) — 2v(wo)]r~ T2 dr > f(z0) — e
- (2.13)
Using (2.11) and (2.12)—(2.13) we have

<Ya /+°° (w = v)(w0 + 7€(€) + (u = v) (w0 — 7E:(€)) — 2(u = v)(w0) ,_

7—1+2s

‘v [ o) b o v = ) - 2o = o),

diam(£2) 7-1+2s

i=1
; T =2(u = v)(2o0) c
= Co — . dr=—(u— k=5 (di Q)25
=1 ~/diam(Q) Tl42s g4 (u = v)(xo) 5 (diam(£2))

(2.14)

In the last inequality we used that © C Bgjamq)(zo) and that x¢ £ 7€(e) ¢
Bgiam(q) (o) for any 7 > diam(£2), which yields (u—v)(zo £7&(e)) < 0. From
(2.14) we obtain a contradiction for £ small enough. U

We now state the basic statement regarding the failure and the validity
of the strong maximum/minimum principles for the operators cht.

Proposition 2.7. For any 1 < k < N there exist nonconstant smooth solutions
of
I,u<0 inRY (2.15)
which attain their minimum at some point in RY.
If u satisfies
Iyu<0 inRY, (2.16)
in the viscosity sense, and it attains its minimum at some xo € RN, then u is
constant.
Remark 2.8. In a dual fashion, for any 1 < k& < N there exist nonconstant
smooth solutions of
Ziu>0 inRY (2.17)
which attain their maximum at some point in R.
If u satisfies
ThHu>0 inRY, (2.18)
in the viscosity sense, and it attains its maximum at some o € R, then u is
constant.
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Remark 2.9. By the general fact

Tiu<0 = Iyu<o, (2.19)
we immediately obtain, via Proposition 2.7, the validity of the strong minimum
principle for supersolutions of Z, u = 0.

To see (2.19), let o € RY and let ¢ € C?*(Bs(xo)) be a test function
touching u from below at z( (if there are no such ¢ then there is nothing to
check). Then, from the viscosity inequality Z, ,;" u(xg) < 0, we infer that for every
&= {fi}le € Vi, the operators Z¢,u(xo) are well defined for any ¢ = 1,...,k
and

k
ZI&u(aBO) <0. (2.20)

Let {&,....&n} be an orthonormal basis of RY. Without loss of generality
we may further assume that Zg u(zo) < Zg, u(wo) for i = 1,..., N — 1. Using
(2.20) we have

==

N N
ZIgiu(xo) < Z Tg,u(zo) < 0.
i=1 i=N—k+1

From this we deduce that

N
3 (15“5@(950) +zgiu(x0)) <0 Vee(0,0),
i=1
hence u is a viscosity supersolution of Zyu < 0 at xg.
Note that, since {51, 3 N} is arbitrary, then we may conclude in fact
that Zu(zo) < 0.
In a similar way and using Remark 2.8, we infer that the strong maximum
principle for subsolution of Z, u = 0 holds.

Proof of Proposition 2.7. Let ¢ be a nonconstant smooth and bounded func-
tion of one variable which attains the minimum at some point in R. Consider
© as a function of N variables just by setting u(z) := p(zx). It is clear that u
is a nontrivial function attaining its minimum at some point in RV, If {ei}f\;l
denote the canonical basis in RY, then for any x € RY and any 7 € R we

have
u(z+7e;) =u(x) fori=1,...,N—1.
Hence Z,u(z) =0 for any i =1,...,N — 1 and

k
T, u(z) < Zl'eiu(x) =0 inRY.
i=1

This concludes the first part of the proof.

For the second part, we use the argument of propagation of maxima
through the support of the kernel of the nonlocal operator, see [15].

Let y € RY and denote dy = |y — . Since z¢ is a minimum point
for u we can use the constant function p(x) = wu(xzg) in Bs(zp), § > 0, in
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the Definition 2.1 of viscosity supersolution of Zyu < 0 at xg. Then there is
€ ={&}N, € Vn such that

N

> (Ze,cp(o) + I ulxo)) <0 Ve € (0,6).

i=1
Since Zg, p(z0) = 0 and z¢ is a global minimum point of u, the above inequal-
ity yields u(zg 4+ 7&;) = u(xg) for any 7 € R and i = 1,..., N. Now, since £ is
a basis of RY, there exists at least one &; € ¢ such that

=) 2 VN,

IZ—TUI' From this there exists 7 such that x; = z¢ + 7§

simultaneously satisfies u(z1) = u(zg) and dy = |21 — y| < dgv1 — N—L
Using the same argument above but with z; and d; replacing zg and dp, it
is possible to find x5 € RY such that u(zz) = u(zg) and |zg — y| =: da <
dyv/1 — N—1. Then, repeating this argument, we find a sequence (2 )gen such
that u(x) = u(xp) and z; — y. By lower semicontinuity, we conclude that
u(y) < u(zp) and then u(y) = u(zg), o being the global minimum point of w.
Since y is arbitrary we get the result. 0

—

where y — xyp =

3. Representation formula for I,?:

Here and in what follows we use the following notation: for x # 0, denote
& = z/|z| and denote V, = ({#})" the orthogonal subspace to #. Given a
subspace V', we denote 7y the projection onto V. Then

Lemma 3.1. Let { € SN™!, 2 € RN and uw e C*(RN) N Li,,. Then
(a) Zeu(x) = IT_cu(x).
(b) If R is any rotation matriz in RN and if we denote @(x) = u(Rx), then
Igﬂ(l') = Z]:ggu(RIL’)
(¢) If w is radial, that is u(x) = g(|x|) for some real valued function g, then
Teu(r) = Ig, u(x),

where & = vy, (§) — (&, )@ is the unit vector, symmetric to & with respect
to the hyperplane V.

(d) If u is radial and R : RN — RY is a rotation matriz leaving invariant

Vi, then
Teu(z) = Zreu(z).
Proof. The proof of (a) and (b) are immediate, and do not require u to be
radial. For (c), we see that
@+ 7&|* = [l = 7(§, &) + |77y, (€)%,

and using the symmetry of the kernel, we make the change of variables 7 = —7,
and noticing that & = my, (§) + (£, Z)& we conclude the result.
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For (d), we notice that
|+ TRE? = |z + 7(€, 2)2]* + |Rmv, (€)7]%,
and using that a rotation matrix is an isometry, we conclude the result. O

Remark 3.2. By the previous lemma, for every radial function u and every
orthonormal frame {&;}¥_, the definition of the operator Zfu(z) can be taken
in such a way that the angle between x and each &; is in [0, 7/2].

Now we present the main technical result of this section.

Lemma 3.3. Assume u(z) = §(|z|?) is such that u € C*(RN\ {0}) N L] ,,. For
x # 0 and 0 € [0,1] we denote

I(|z],0) = Cula|™*
" /+°° g(lz*(1 + 72 + 270)) + g(|=[*(1 + 72 — 270)) — 2g(J=[*)
0

T1+23

e If g is convex and k=1,....N — 1, then
I, u(x) = kI(|z|,0). (3.1)
e If 3" is convex, then
1

—). 3.2
=) (3.2
e Ifg,g" are convex, for all k=1,..., N we have

Ty w(z) = I(|x|,1) + (k = DI(|2],0). (33)

Tyu(z) = NI(|al,

Proof. For a >b>0,let h:[—1,1] — R be the function
h(t) = gla+ bt) + gla — bt),

and p: [0,1] — R defined as p(t) = h(\/1).

Note that h is even. If § is convex, so is h. From this, 0 is a minimum
point for h and h is nondecreasing in [0, 1]. The same analysis in the case §”
is convex implies " is even, convex and nondecreasing in [0, 1].

We start with (3.1). Using the monotonicity of h, in particular h(0) <
h(1), for each a > b > 0 we get

2g(a) < gla+b) + g(a—0). (3.4)
Take an orthonormal set {&}f:l and 7 > 0. Using the last inequality with
a=|z|* + 7% and b = 27|(x, &)| we have
29(|* + %) < g(|Ja* + 72 + 27|z, &)]) + g(|=* + 7% = 27]{2, &)]).

Substracting 2j(|z|?) in both sides, multiplying by the factor 7~ (1+2%) inte-
grating from 0 to +o00, and summing-up in ¢ = 1,..., k, we conclude that

k
kI(|x],0) < ngu(x)
i=1

Since k < N, we can select an orthonormal set such that (x,&;) = 0 for all 4
and the lower bound is attained, from which we arrive at (3.1).
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Now we continue with (3.2). For this, we use that §” is convex. Observe
that h’(0) = 0. Now, p/(t) = \[h’(\f) and then

p(t) = 47’1”(\/5) - (W' (V1) = h'(0))

4t3/2

lh”(\/i) — I/ﬂ n"(6)d6
4t3/2 0

41t (V) — 1 (/i) 6

Since h” is nondecreasing in [O, 1] we obtain p” > 0, which shows that p is
convex in [0,1].

Consider the simplex A = {A = (A1,.., ) : Ay > 0fori=1,... k,
Zle A; =1} and let P: A — R given by

k
A) =Zp(/\)

Let A = (A1, ..., A\x) € A. Using the convexity of p, we can write

1 1 1
) > — U P
p(Ai) = p <k> +p (k) (Al k)
for each i. Then, we conclude that
P(X) > kp (;) :
In particular, since (%, . %) € A, we get
in PO = kp (2) =k (5 (atbs)+5(a-bo
xeal WEEP ) TRV ) T\ TV ) )

When k = N for each orthonormal set {&}Y., we have ZZ 8,6)% =1,
where # = % Using the last equality with a = |z + 72, b = 2|z|T and

A = \(i‘,fl>| we conclude that

N
Y allef + 7+ 2rfal[(&, &) + §(|2f + 70 — 2712, &))
=1

1 1
2 N (g (|£C2 +T2 +2T|.T\/N) +§ <.’L'|2 +T2 — 2Tx|\/ﬁ>> .

Again, substracting 2N§(|z|?) in both sides, multiplying by 7~(+2%) and in-
tegrating, we see that

w1 (Iol ) < ZI&

The infimum is attained. For this, let consider O : RN — R the orthonormal
map so that Oz = ﬁ Zfil e;, where {e;}V, the standard basis in RY. Set
& =0""e;.
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Then, using the rotation invariance of the operator, together with the
radiality of the function we conclude that

N N N 1
;I&;u(x) = ;Io—leiu(x) - ;Ieiu(O;v) = NI (|x, JN) .

Now we deal with (3.3). Let {e;}¥_; the standard basis of R¥. Since P is convex
in A, then we have

Iileal)\{ P\ = max P(e;).

Observe that P(e;) = p(1) + (k — 1)p(0) for each i, from which we conclude
that

rnaxz (a+bv/N)+gla—byv/A)]=3gla+b)+ gla—0b)+2(k —1)g(a).
(3.5)
Let x # 0 and {&}%_; and orthonormal set in RY. Let p = Zf:1<32,§,»)2 <1

and assume that p > 0. Denote \; = T>. Then, for each 7 > 0, by (3.5)
with a = |z|* + 72 and b = 2,/p|z|7, and using the monotonicity of h, we have

k

D la(el® + 7% + 202l7|(@, &)) + g(|ef® + 77 - 2J|7|(&, &)))]

i=1

k
= Z [G(|z]% + 7% + 2|27/ pAi) + §(|z)* + 72 = 2|z| 7/ pAs)]

§(|€E\2+T +2v/plalr) + g(l2f + 72 = 2y/plafr) + 2(k — 1)g(|af* +77)
< (|2 + 7% + 2la|r) + g(lo* + 72 = 2Jz|r) + 2(k — 1)g(|a]* + 7).

Thus, we arrive at

k
Z[Q(W +7° + 2|2, &))) + g(j2|* + 72 = 2lal (@, &)]) — 2g(|2]*)]

< (9l + 7 +2Jalr) + gl + 7 — 2fer) - 23(2f?))
+ 20k = 1) (3(af + ) - 3(]2f2)).

1+42s)

from which, after multiplying by the kernel 7 and integration, we get

Zz& ) < I(Jz), 1) + (k — 1)I(|z],0). (3.6)
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When p = 0, we use again the monotonicity of h (with a = |z|? + 72 and
b = 27]|z|) to conclude

k
>[92 + 72 + 20zi7|(2, &) + gl + 72

2afrl(e. ) - 23 ) — 23 (1)
= 2k{g(Jal? +7) — 3(|f*)
< (9l + 7 +2Jelr) + 3|l + 72 - 2lalr)
= 25(af®)) + 20k = 1) ({12l + ) - 3(12f),

which leads us to (3.6) as well. Noting that if we pick an orthonormal set
{&}F_| such that & = &, we see that

ZI& ) = I(|2], 1) + (k — 1)I(|],0)

and this concludes (3.3). O

As a consequence of the above result we have the following representation
formulas.

Theorem 3.4. Assume u(z) = g(|z|*) € C*(RV\{0}) N L} 5,. Let © # 0 and
denote & = x/|z|.

(i) For all N,k € N with 1 <k <N, if g and §" are convex
Thu(z) = Tiu(z) + (k — 1) T u(x),

where z+ € V,, with |zt| = 1.
(i) If 1 <k < N and g is convezx, we have

I, u(x) = kT, 1 u(x),

where x+ is as in the previous point.
(#i1) If " is convex

Tyu(x) = NZg-u(x),

where £* € RY is a unit vector such that (2,£*) = \/%
Remark 3.5. It is easy to see that if u(x) := g(| |) = §(|z|?) then the condition

g convex implies, for smooth g, that ¢”(r)

g Satlsfymg the above assumptions include g(¢ ) =/t " withvy e (0,1), g(t) =

(a—&—\f) , gt) = (a+1t)"7, g(t) = e % for @ > 0 and v > 0. Another
example is the function §(t) = —v/ for v € (0,2s).
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3.1. Computation on power-type functions

We start with the following lemma that can be found in [2], but that we present
here for the readers convenience.

Lemma 3.6. For v > 0, denote v, (z) = |z|*. Then for s € (0,1) and v €
(0,2s), there exists a constant ¢(y) € R such that

Tivy(z) = é(y)|z[7*%  for allx #0
and
o 6(y) <0 7 € (0,25~ 1)y)
e é(y)=04dfy=(2s—1)4
o ¢(y)>0o0fye ((2s— 1)+,25).
Similarly, for~ € (0,1), denote w,(x) = |z|~7. Then for s € (0,1) there exists
a constant ¢(y) € R such that
Ziwy (x) = é(y)|z| 7725 for all x # 0
and
o) <0 if € (0,(1 - 25))
éy) =0df y=(1-2s)4
e(v) >0 of y € (1 —2s)4,1).

Proof. We only consider the case Z;v,(x), since the proof concerning Zzw- ()
follows the same ideas. We notice that Zz v, (x) is well-defined since v, € L1 ,,.
We have
“+o0
v (z) = CSP.V./ |z 4 7|7 — |z|)|7|~F2)dr = C,|z| %1,

where
+oo
I:= P.V./ |1+ 7" = 1)|7|~F29)qr.
We split the last integral as
—1 —+oo
I= / |1+ 7" = 1)|7|~ T2 dr + P.V./ |1+ 7" = 1)|7[~ T2 qr,
oo -1

and using the change of variables 147 = —e®, 2z € R, for the first integral, and
1+ 7 =¢% 2z €R, for the second, we obtain

—+oo
I= / [e*7 —1](1 + %)~ +29) ez

— 00

+oo
+ P.V./ [€7* —1]e* — 1|7 (1+29) 7,

— 00

—+oo
= 2*25/ e#(OF1/275) ginh(y2/2) (cosh(z/2)) =129 dz

+oo
+27%P.V. / e#(OFD/275) ginh(v2z/2)| sinh(z/2)| 128 dz .
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Notice that in both integrals, the term e*((7t1)/2=9) ig integrated against an
odd kernel. Thus, if s > 1/2 and ﬂ%l — s =0 (that is v = 25 — 1), we have
I = 0. Similarly, if v < 2s — 1, then I < 0, and if v > 2s — 1 then [ > 0. This
concludes the lemma. O

Using Theorem 3.4 we have the following identity
Proposition 3.7. Let v € (0,1) and denote w,(z) = |z|~" for x # 0. Then
T wy () = cp(y)|z|~0F>), (3.7)

where ¢ () = é(y) + (k — 1)t (v) with

400
e(y) = CSP.V./ 11+ 777 = 1]|r|~*29)dr

+oo
ct(y) = 205/ [(1+72)77/2 — 1)r=(+2) g
0

For k > 1, the function ¢y, : (0,1) — R satisfies cx(07) = 0, cx(17) = 400, it
is strictly convex in (0,1) and there exists a unique ¥ = ¥(k,s) € (0,1) such
that ¢ (5) = 0 in the following cases:

(i) k=1 and s € (0,3)

(ii) k>2 and s € (0,1).
Proof. Formula (3.7) follows directly by the characterization provided in The-
orem 3.4 and the fact that for each x # 0 we have

Tiw, (x) = é(y)|a| =02
Tivwy(x) = ¢t ()] 7O+,

where we have used the homogeneity of the nonlocal operator and the function

w.
Using Dominated Convergence Theorem, for each k we have

cx(y) =0 asy— 0%,

Hence, defining ¢x(0) = 0, we have ¢ : [0,1) — R is a continuous function.
On the other hand, noticing that ¢+ (v) is uniformly bounded for v € (0, 1)
and that ¢(y) — +oo as v — 17, we have ¢ (y) — +oo as vy — 17.
In addition, ¢, € C?(0,1) and for v € (0,1) we see that

“+oo
ck(7) =—Cs (/0 {|1 +7 "Il +7[+1—7]"In1 - 7.|}7_—(1+2s)d7_
+oo
+(k — 1)/ (1 + 7_2)—’7/2 ln(l + 7_2)7_—(1+25)d7_>
0
+oo
ch(v) = Cs (/O [Il +7 7?1+ 7|+ 1= 7] In? (1 - T|}77<1+2s>dT
k—1 [t

+72 (1+ 7'2)77/2 ln2(1 + 7'2)7'(1+25)d7')
0
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and from here we clearly have ¢} > 0. Hence ¢, is a strictly convex function
in [0,1).
Now we prove the existence of a unique 4 € (0, 1) such that ¢x(v) < 0 for

v E (Oaﬁ)v ck(ﬁ) =0 and Ck(’y) > 0 for e (:Ya 1)
The case k =1 and s € (0, 3) trivially follows from Lemma 3.6, since

c1(1—2s) =¢(1—2s)=0.

In this case 7 = 1—2s, ¢1(y) < 0if v € (0,1—2s) and ¢1(y) > 0ify € (1—-2s,1).
In what follows we assume k > 2. If s € (0, 3) we have

cr(1—2s) = ¢(1 —28) + (k — 1)ct (1 — 25) = ¢+ (1 — 25) < 0.

Then, by the convexity of ¢, there exists a unique 7 € (1 — 2s,1) such that
¢k (%) = 0. Moreover ¢i(y) < 0 for v € (0,%) and cx(y) > 0 for v € (7,1).

Now we consider s € [5,1). It is easy to see that ¢} (0T) exists and we
have the expression

+o0
A (07) = =C; (/ In|1 — 747~ (1+29) g7
0

+ (k- 2)/ In(1+ 72)7_(1+2S)d7) for k > 2.
0
We claim that

c,(07) <0 for all k > 2. (3.8)

From (3.8) we easily obtain the result, again by means of the convexity of c.
To complete the proof it remains to show (3.8). Since ¢, (07) < ¢}, (07)
for any k > 2, it is then sufficient to prove the claim for k = 2.
Note that

C
60%) =~ F(s),
where
+oo
F(s) = / In|l— 7'2|7'7(1+s)d7'. (3.9)
0

The function F : [1/2,1] — R is well defined, and we shall prove that F(s) > 0
for any s € [1/2,1).
A straightforward computation leads to

F(1)=0. (3.10)
Moreover for any s € [$,1] and for a.e. 7 € (0, +00)
In|1— 72 1 1
. R < |1 - 77| max{TQ, 7_3/2} € L' ((0,+00))
0 In|l— 72| In|1—72/In7 311
% T1+s - T1+s ( : )

1 1
< ’1n|1 —7—2|1n7-‘max{T2, 73/2} € L' (0, +00))
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By (3.11), F € C* ([%, 1]) and via integrations by parts we obtain

+001 1— 21
F’(s):—/ ft=rfnr
0

7—H»:?
400 _1—s
= g/ rAT lr127'd7_ — }F(s) (3.12)
s Jo 1-7 s
2 1
S p— 7
<-21-2F (),
where
+oo _1—s 1 +oo
=% Inrt VTinT InT
——dr < -1 := -—d d 0.
/0 1—72 T= /0 1—72 T+/1 1— 72 T

From (3.12) we have
1
(sF(s)) < —2I forse [2,1} .

Integrating the above inequality between s and 1, and recalling (3.10), we
obtain
1—s5

F(s)>21
S

which in particular implies that F(s) > 0 for any s € [1/2,1). O

Remark 3.8. If k =1 and s € [£,1) the function ¢;(7) is still strictly convex,
as in the above proposition, but now it is positive in (0, 1). To show this note
that ¢1(0) = 0 and that

¢ (0%) = —CyH(s), (3.13)

+o0o
where H(s) = / [In |1 — 72(]7~ (429 dr. Integrating by parts yields
0

1 2) +o0 1—251
H'(s) = ——H(s) + 7/ T
0

s s 1—172
1 2

< TH(s)-ZI

- s (8) S

1—172
Hence (sH(s))' < —2I for any s € [4,1). Integrating between 3 and s
and using the fact that H (%) = F(1) = 0 (see (3.10)),

1
1
WhereI::—/ Lah'>().
0

S

H(s) < —2I (1 - 21> <0 Vse [; 1) . (3.14)

By (3.13)—(3.14) we conclude, in view of the strict convexity of ¢q(7y), that
c1(y) > 0 for any v € (0,1) and s € [1/2,1).
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Remark 3.9. In order to give an estimate of 74, we mention that a tedious, but
straightforward computation shows that if we compute ¢ and ¢t at v = 2(1—s)
for s € (%, 1), we get

1

{201 - s)) = cm ct(2(1-5) = ~Cu=.

Thus, when k£ = 2 we have ¢ (2(1 — s)) = C; 32((21;51)) > 0, and therefore ¥ <
2(1—s).

4. Liouville-type results for I,it

In this section we will prove a certain number of theorems of Liouville type i.e.
of classifications of entire solutions or supersolutions that are bounded from
below.

4.1. Liouville results for superharmonic functions

We state the results for I,j. A dual result concerning Z,© can be also given,
but we omit the details. The computations in Proposition 3.7 play a crucial
role.

Theorem 4.1. Consider the equation
Ziu=0 inRY. (4.1)

(i) If s € [1/2,1) and k = 1, every viscosity supersolution u to problem (4.1)
which is bounded from below, is a constant.

(ii) If s € (0,1/2) and k =1, or s € (0,1) and 2 < k < N, then there exist
bounded from below nontrivial viscosity supersolutions of Eq. (4.1).

Proof. (i). By adding a constant, we can assume that « > 0. Consider first
the case s > % and fix v € (0,25 — 1]. Let w,(z) = wy(|z|) = —|z|". By
Lemma 3.6, Zzw~(z) > 0 for any  # 0. In particular, we have that

ZHw,(x) >0 for |z| > 1.
Thus, for every R > 1 and denoting m(1) = min wu(z), the function ¢
rEB
defined as

gyl = ()
(@) = m(1) P,

is a classical subsolution to (4.1) for 1 < |z| < R and moreover ¢ < u
for || < 1 and for || > R . Then, by the comparison principle, see
Theorem 2.5,we have ¢ < u in R. Thus, for each |z| > 1 fixed, we let
R — 400 and then

u(x) = m(1),
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(ii).

from which we infer that u > m(1) in RY. By the strong minimum
principle, see Proposition 2.7 and Remark 2.9, we conclude that u is
constant. Now we consider the case s = 3. Fix v € (0,1) and let

eV —Ine if |[x] <e
wo(|z]) =4 :
|z]=Y — In|z| if || > €.
We claim that, for ¢ sufficiently small, one has
ZHw,(z) >0 for |z| > 1. (4.2)

Once this is proved we conclude as above by using the comparison func-
tion

wy (|z]) = wy(R)

Y =m0, ) = ()

and letting R — +oc.
It is convenient to write, for x # 0, the function w, as
wy(|z]) = |z|77 = Infz| + v(2),
where

o(z) = eV —Ine—(|z|77 —In|z|) ?f x| < e
0 if |z| > e.

In this way, for = # 0,

I wy(2) > Zs(|2]77) — Za(In |2]) + Zsv(2). (4.3)
Using Lemma 3.6 and (3.9)—(3.10) it turns out that
Ti(||™7) = Za(nfa]) = Za(l2|77) = e(y)l=[ 77, (4.4)

where é(y) > 0. Moreover it is not difficult to see that for |z > 1
Tiv(z) = —|z| 77" g(z, e), (4.5)
where g(x,¢) is a positive function such that
limJr g(z,e) =0 uniformly for |z| > 1. (4.6)
e—0
Then (4.2) follows by (4.3)—(4.6) and the positivity of the quantity é(vy).
Let 4 be the constant given in Proposition 3.7 and consider for 0 <
v < 7 the function u(z) = min{1,|z|~7}. By the basic principle saying
that minima of supersolutions are supersolutions, then u is a nontrivial

viscosity supersolution to (4.1) which is bounded from below.
O

Recall that ¥ — 0 and that Z,” — P5 as s — 17. So even if Liouville type

Theorems are valid for P; see Theorem 2.2 in [7], the result of Theorem 4.1
are not in contradiction, since in a certain sense the solution construct here
converges to the trivial solution.
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4.2. Liouville-type result for the maximal operator I,j

In this subsection we assume k =1 and s € (0,1/2), or k > 2 and s € (0,1).
The aim is to prove the following

Theorem 4.2. Let 7 € (0,1) be as in Proposition 3.7. The equation
Tiu() +uP(z) =0, u>0inRY (4.7)

has nontrivial viscosity supersolutions if, and only if

2s
p>1—|—f
0

We divide the proof in several partial results. We start with the sufficient
condition in the previous theorem:.

Proposition 4.3. For any p > 1—|—%S there exist positive viscosity supersolutions

of (4.7).
Proof. For any q € [ -, 25), let

1

=

As a consequence of Theorem 3.4, we have for any z € R\ {0} (note that
there are no test functions touching u from below at 2 = 0)

“+o0
Tt u(a) = CPVQ/ (Lt el )72 = (Lt a7 7] 029

+o0
k—1)Cq / [ 1+\/W) —(1+]z))” 25(1} 7|~ 0F2) a7

1 +oo —2sq
S CSP.V./ )
(1 + J]) —oo

—1] |T|_(1+28) dr

—2sq
_ e 1 /2 72
+(k W*[m @+u+¢u+mv+u+MV>

1] ||~ 042 dr ).

< 1 || T
1+|x\ 1+ |z 1+|x|

By the triangular inequality, for any 2 € RV and 7 € R,
1 |z
1+ |z 1+ |z] 1+ ||

and a straightforward computation yields

+ T
1+ |z

2

L T si1e T
L+ || Al - A4l )~ A4
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Hence, using the change of variable ¢t = #II\’ we obtain
Thu(z) < .t (C P.V. /+oo [|1 +t|—2sq _ 1} |t|—(1+zs) dt
k - (1+ ‘x|)2s(q+l) oo

+oo
+(k — 1)05/ [(1 +%) 7~ 1] |t~ (1+29) dt)

1

= oator D) cx(2sq),
(1 + [a)?@Y)

where ¢i(+) is the function defined in Proposition 3.7. Since 2sq < 7, then
cx(2sq) < 0. For € € (0, (—cr(2s¢))Y®=1) and v(z) = eu(z) we conclude

—1
+ P &£ e
Ik 'U(x) +v ( ) < (1 + |x|)25 q+1) (Ck(qu) + (1 + |x|)25(lﬂ7¢11)>
9
< ————— (cr(2sq) + ep_l) <0.
(1—|—|l‘| 2s(q+1) (

O

For the necessary condition, we shall follow the ideas in [16] and we
require some preliminary lemmas.

Lemma 4.4. Let 5 be as in Proposition 3.7. Given r > 0 and u € LSC(RY),
we denote m(r) = min u.

T

(#) If u is a nonnegative viscosity supersolution of (4.1), for any v > 7 there
exists a positive constant ¢ = c(y) such that

m(r) >em()r=" Vr>1. (4.8)

(i) If u is a positive supersolution of (4.7) for some p < %, then there
exists a positive constant ¢ = ¢(7,p, s,m(1)) such that

m(r) >er~7 Vr>1. (4.9)

Proof. (i) The statement (4.8) is trivial if « = 0. By the strong minimum

principle, see Proposition 2.7, we can then assume v > 0 in RY.
We claim that for & small enough (depending on ) the function

w(ja]) = e if |[x] <e
|x|= if |z] > ¢

is a classical subsolution of Z; u(z) = 0 for |z| > 1. Then (4.8) follows from
the claim, since the function

(|$D w(R)

o(r) =m(l)——+~—2~
is, for any R > 1, classical subsolution of Z; u(z) = 0 for 1 < |z| < R.
Moreover u(x) > m(1) > ¢(z) for |x| < 1 and u(z) >0 ( ) if || > R. The



26 Page 26 of 49 I. Birindelli, G. Galise, and E. Topp NoDEA

comparison principle, see Theorem 2.5, yields u(z) > ¢(z) for 1 < |z| < R and
letting R — 400 we infer that

m(r) > m(1)e"r™7,

leading to (4.8) with ¢ = £7.
We proceed with the proof of the claim. For |z| > 1, we use that

Ziw(z) > Tiw(z) + (k — 1) T, w,(x)
where w, (x) = |z|~7. Now we concentrate on Zzw(x). For |z| > 1 we see that

I | e
7|12 ™

Tow(o) = Touws (z) — [

—|z|—¢
from which, by Proposition 3.7 we conclude that

e R
| T¥2s

dr

Thw(w) > ex(y)|a| =02 —/

—|z|—¢

-y
—(v+2s) ~rr L4 - (ﬁ)
= |z] Ck('Y)_/_l_i 7|1 +2s dr

[]

Let us denote I the integral term in the right-hand side of the last inequality.
Using that |z| > 1 and € < 1/2 we have

—14e 2(1+s)
2 16
I< 21+25/ 1+ 7] 7dr = el < —¢l
1-e I—v 1—x~
Using this, we conclude that

Tirw(z) > |x|~ 02 (cp(y) — Ce' ), (4.10)

with C = 16(1 — v)~!. Since v > 4 we have cx(y) > 0 and therefore it is
sufficient to take ¢ < min {é, (C"T('Y)> 117} to conclude the proof of the claim.
(#4) Let us consider
= {7 EES
Similarly to (4.10), using the fact that c;(y) = 0, we have for |z| > 1

HM@E—/

—|z|—e

Tlele |z 4| — e
|7—|1+23

dr.

Assuming ¢ < %, we infer that

N 21+25 —|z|+e B B " ,—y - 1
T w(x)z—if lle|+ 7|77 —e Vdr =—4"7° —c 7 .
g e 1—5" faft+?
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-
For any R > 2%, the function

w(|z|) — w(R)
= 1
o) = m() 2 =
satisfies, for |z| > 1, the inequality
1

Iig(x) > —ée' ™7 (4.12)

|x|1+2s’

with & = m(1)25+2 77 125
Now we apply (4.8) with v =
p < % From (4.7) we then obtain

%. Note that v > 4 by the assumption

1

p
|x|1+2s’

THu(z) < —uP(z) < —(em(1)) (4.13)

where ¢ is the constant appearing in (4.8). Now, from (4.12)—(4.13), taking
e =¢(%,p,s,m(1)) small enough, we have
Thu(z) < I ¢(z) Vx| > 1.

Since u > ¢ for x| < 1 and |z| > R, by comparison principle u > ¢ for
|z| € [1, R]. Sending R — 400, we obtain

m(r) = m(1)e’r™7,
which is exactly (4.9) with ¢ = m(1)e7. O

Lemma 4.5. Let 4 be as in Proposition 3.7. Let u be a monnegative viscosity
supersolution of (4.1). Then, for any v > 7 there exists a positive constant
¢ = c(y) such that

m(R) > em (g) VR > 0. (4.14)

Proof. Let v > 7%, R > 0 and Ry = R for some ¢ € (0,1/4) to be fixed.
Consider the function

wn(le]) = R;"  if || < Ro
BV 2 iRy < o

We claim that the function ¢(z) = (wgr(|z]) — (2R)™7)+ is a classical
solution of

Zr¢ >0 in Bag\ Brys.

Assuming the claim is true, the function

o= (2) e

solves Z;7¢(x) > 0 for |z| € (£,2R) . Since u(z) > m (£) > ¢(z) for |z < &
and u(z) > 0 = ¢(xz) if |z| > 2R, by comparison principle we get u(z) > ¢(x)
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for |z| € (£,2R). In particular, we have m(R) > mingRg?) from which we

obtain

where ¢ = ¢(g,7) := =2 Then (4.14) holds with this constant c.

e~ =277
Now we prove the claim. By definition, for each |z| € (%, 2R) we have
I o(@) = Tad(x) + (k — 1)Z,2 ¢(x). (4.15)

As in Proposition 3.7 we denote w,(x) = |z|~7. Denoting A = {r € R :

|z|? + 72 < (2R)?} we have ¢(z + T2t) = w,(z + T2t) — (2R)™Y for 7 € A,

while for 7 € A° it holds that ¢(x + 72+) = 0 and w, (z + 72t) < (2R) ™Y
Then we have

IwL(b(l“) = C, /A[wv(x + TmL) _ wﬂ/($)]|7"_(1+25)d7'

+C [ @R —wy@)r "y (4.16)
R\ A

> T,rwy(z)

We employ a similar argument for Z;¢(x). This time we denote the (disjoint)
sets

A=[-Ry—|z|,Ro — |z|], B={reR:|lz|+71|>2R}.
Thus, by definition we have

Zid(z) = Tywy (z +C/ _w'y (x 4+ 72)]|7|” (1425) 41

+Cu [ (@R = (o4 ra)) s
B
=: Tywy(x)+ I + I>.
For I, notice that |7| > R/4 for each 7 € A. Then, we have

4 142s Ro
Bz =G [ lel4r a2 e (3) [ i
A

—Ro

from which, by the choice of Ry we conclude
I} > —ciR7772, (4.17)

where ¢; = C 23'*‘45’51 . Observe that this constant tends to zero as ¢ — 0.

As far as I is concerned notice that the integrand is nonnegative. Thus,
if we denote B’ = {r e R : Hx| + 7| > 3R} C B we have

L > Co(27 — 3R / 7~ (29 g7 > (277 — 3TV R
B/

—+o0
/ 7 (1+42s) dr,
5R
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from which we get
Iy > cgR™0F29) (4.18)

with ¢g = C5(277 — 3_7)5;—?. Observe that this constant is independent of .
Putting together (4.17)—(4.18) into the expression of Z;¢(z) above, we
conclude that for € small enough we get

Zip(z) > Zywy (),

and from here, replacing this and (4.16) into (4.15), we conclude the claim
using Proposition 3.7. The proof is now complete. O

Lemma 4.6. There exists a positive constant ¢ = ¢(k, s) such that the function

In |z|
I'(z) = FRl x#0
satisfies
+ C

Proof. Let ws(x) = |z|~7. For = # 0 we have

TIT(z) > ToT(x) + (k — 1)Z,.T(x)

1 o |1+ 7|
_ +
= Info Bws (@) + o [CSP-V-/_OO Tr s &

+Cs(k_1)/0+°°( In(1+ 72) dT:|.

1+ 72)7/2 71425

Since, by Proposition 3.7, w(x) solves Z; w5 (z) = 0 for o # 0, then (4.19)
follows. O

Now we are in position to provide the

Proof of Theorem 4.2. The existence of nontrivial supersolutions of (4.7) when
p>1+ % is a consequence of Proposition 4.3.

Letp <1+ 2;{—5 We shall prove that © = 0 is the only nonnegative superso-
lution of (4.7). By contradiction we suppose the contrary. Let u be a nontrivial
supersolution of (4.7). By the strong minimum principle, see Remark 2.9, v > 0
in RV,

Let n(]z]) be a cut-off function such that n(|jz|) = 0 for 2| > 1 and

n(|z) =1 for |z| < i. Define £(z) =m (£)n (m> Since Z; n(z) > —C,, for

2 R )
some positive constant Cy, by scaling it turns out that
Cym (E)

Moreover u(z) > &(z) for |z| € [0, %] U [R, +00] and u(z) = &(z) for some

|z| = &. Then there exists x € RY such that |zg| € [£, R) and u(z) —¢(z) >
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u(zr) — &(xR) for any z € RN. Then I, ¢(xr) + uP(zr) < 0 and by (4.20) we

infer that
Cym (%) .

m?(R) < u’(wr) < ~T¢(rr) < — 4,

Then, using (4.14), we have

_ C
mP1(R) < 75 (4.21)
for a positive constant C'.
If p <1 then
_ C
mP~1(1) < 75 (4.22)

for any R > 1. Letting R — +o0 in (4.22), we obtain a contradiction. In what
follows, the case p > 1 is considered.

1. Case p < 1+ % Let v > 4 be such that

2s
— 0. 4.23
10> (4.23)
From (4.8) and (4.21) we have
C
m(1) < ——,
Rv»=177

for a positive constant C. Sending R — +00, and using (4.23), we again reach
the contradiction that m(1) = 0.

2. Casep=1+ 2775 By contradiction let u be a positive supersolution of (4.7).
From (4.21) we have the bound

m(R)RY < C, (4.24)

for some C' > 0. For z # 0, let I'(|z]) = llr;l‘ﬁ‘. We have I' (e!/7) = max|,|~0
I'(|z]) and, by Lemma 4.6,

iT >

c

Consider now, for ro > 71 > el/ 7, the comparison function
I'(|lx|) — T'(rs
M@:"W”rﬁJ%_&gy
which, by construction, satisfies ¢(z) < u(z) for |z| < ry and |x| > ro. More-
over, by (4.25),
em(ry) 1
(€!/7) = D(ra) w72

For r5 sufficiently large we may further assume that T'(e!/7)—T'(r5) > $T'(e!/7),
so that

for  # 0.

Tio(@) > -5

2em(ry) 1

+
Tt o(e) > ~Frar o

(4.26)
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By Lemmas 4.4 and (4.9), we also have

20 2s 142
Thu(e) < —(u(@)™5 < —(m(je])5 < —(@"5 e (4.27)
Since m(ry) — 0 as r1 — 400, in view of (4.24), we can fix r; large enough
and use (4.26)—(4.27) to obtain that Z; u(x) < I, ¢(z) for any |z| € (r1,72).
Hence, by comparison, u(z) > ¢(x) and passing to the limit as ro — +oo we
deduce that

5 m(r)
m(r)r 2 T(el/)

which is in contradiction to (4.24). O

Inr Vr>nry,

4.3. Liouville-type result for the minimal operator Z, with £ < IN

When k < N, we infer from Theorem 3.4-(ii) (see also Remark 3.5) that for
any smooth bounded radial function u(x) = g(|x|?) such that g(r) is convex
for » > 0, one has

I, uw(x) = kL, u(z), (4.28)

2+ being any unit vector orthogonal to x.
This is the key fact to conclude the following theorem

Theorem 4.7. Let s € (0,1), 1 <k < N and consider the equation
Tou(z) +uP(z) =0 inRY, (4.29)
Then

(i) for any p > 1 there exist positive classical solutions of (4.29);
(ii) for any p € [1 — s,1) there exist nonnegative viscosity solutions u Z 0 of

(4.29);
(iil) for anyp € (0,1—s) there exist nonnegative viscosity supersolutions u % 0
of (4.29).
Proof. (i). We first consider the case p > 1. For r > 0, let
. @
r)= —.
5(r) (I47r)et

We claim that for a suitable choice of @ = «(k,s,p) > 0 the function
u(x) = g(|z|?) is solution of (4.29). Since

+oo
Zpru(x) :QCSa/ [(1+ |$|2+T2) 72T —(1+ |(E| )7 } —(1425) g
0

=2Csa(1 4+ |z|?) "1

X/O+Oo ( (Wf) -1

+oo
=200a(1 + |z]?) / (14727571 — 1] 70429 gr
0

] 7= (428) g



26 Page 32 of 49 I. Birindelli, G. Galise, and E. Topp NoDEA

we obtain from (4.28) that
Ty u(e) = Ko u(x) = —ac(l + [of?) "5

+oo
where ¢ = 2Csk/ [1 —(1+ T2)_ﬁ} 7= (429) g7 > 0. Hence, we get
0
that

sp
p—

Tou(@) + (@) = (L4 1)~ #% (— ac 4 a?),

from which, taking a = &/®=1) we conclude the result. Moreover, by
scaling, it turns out that for any a # 0, the function

@
wz) = ———————
(a2 + Jol2)7
is again solution to (4.28) for the same choice of v as before.
In the case p = 1 we follow a similar argument with a different radial
profile. More specifically, for 5 > 0 to be fixed, we consider the function

glry=e"".
As above, for u(z) = g(|z|*), we have that Z, u(z) = kZ, u(z) . It is
easy to see that
Tru(a) = —e "I R(p),
where
+oo 5
F(B) = 203/ (1 P ) 71429 gr 5 0,
0
Thus, we see that
Ty u(z) + u(z) = —e P (kF(3) — 1).
By Fatou’s lemma, one has
+oo +oo 2
400 = / 70429 gr < lim inf/ (1 —e P ) 7~ (+29) g7
0 0

B—+o00
from which we conclude that

SJlim P(B) = +oo. (4.30)

Moreover, for 3 € (0, 1],
1 1
(1 — e*'@T{Z) 7= 0429) < min { } € L*((0, +00))

7-23—1 ) 7-2s+1
and by Lebesgue’s Theorem we infer that
lim F =0. 4.31
i F(3) (1.31)
Since F'(8) is continuous (again by Lebesgue’s Theorem) we infer, by
(4.30)—(4.31), that there exists 3 > 0 such that F(8) = +. Then u(z) =
e=Alel* is solution of (4.29) with p = 1. We conclude observing that, by

homogeneity, for any b > 0 the function u(z) = be=B12I” is still a positive
entire solution of (4.29).
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(ii). We shall prove that the bounded and radial function
u(z) = o(R? — [«)T7 (4.32)

is, for a suitable choice of @ > 0 and for any R > 0, a nonnegative
viscosity solution of the equation

Ty u(z) +uP(z) =0 in RV, (4.33)
Note that u(x) = §(|z|?) with § convex by the assumption p € [1 — s, 1).

Moreover u is a smooth function for |z| # R. Then using the arguments of
Lemma 3.3-(ii) and Theorem 3.4-(ii) we can still conclude that if |z¢| # R

then
T, u(xo) = kT, u(xo) . (4.34)
In particular we have
Tpru(zg) =0=uP(xg) if |xg| > R, (4.35)
while if |zo| < R
T u(zg) = —ac(R? — |zof?) 177 | (4.36)

+oo .
where ¢ = 205/ (1 —(1—71H17") 729 dr > 0. Choosing o =
0

(ck)_ﬁ, we infer from (4.34)—(4.35)—(4.36) that u satisfies, in the clas-
sical sense, the equation Z, u(x) + uP(z) = 0 for any |z| # R.

It remains to consider the case |z9| = R. To show that u is a viscosity
subsolution we have to prove that if ¢ € C?(Bs(x)), § > 0, is such that
(u—y)(z) < (u—@)(rg) =0 Vz € Bs(xo), (4.37)

then for any {fi}le eV
k

Z (Ze, cp(xo) + T, u(z0)) >0 Ve €(0,6). (4.38)
i=1
If 1fp < 2, then there are no test functions touching w from above at
7o, so there is nothing to prove. If instead = > 2 and ¢ € C?(Bs(x0))

T 2
satisfies (4.37), then both u and ¢ attains thgir global minimum at o,
hence it is readily seen that (4.38) holds.

In order to prove that u is a supersolution of Z, u(x) + uP(z) = 0 at
T = x0, let ¢ € C?(Bs(z0)), § > 0, be such that

(u—p)(z) > (u—p)(x9) =0 Va € Bs(xp). (4.39)
Consider {&}f:l € V. such that (&, z9) =0 for any i = 1,..., k. Since
u(xg £7&) = u(zg) =0 VT >0
and
o(ro £7&) <wulzo £7&) = p(x0) V7 €10,0),
then for any ¢ = 1,...,k we have
Z¢, ep(0) <0, Z¢u(zo) =0 Ve € (0,0).
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Thus we conclude
k
Z (Zg,i,‘g(p(lfo) —|—I§iu(:z:0)) < 0 Ve € (0,5) .
i=1
(iii). Consider the function u defined by (4.32), with « > (ck‘)fﬁ, see case

(ii) for the definition of ¢. Differently from (4.34), we do not have a
representation formula for Z, u(x), since u does not satisfy the convexity
assumption of Theorem 3.4-(ii). Nevertheless using the inequality

I, u(x) < kT 1u(x),

which holds for any admissible function wu, just using the minimality of
the operator Z, v among the family of k-dimensional orthonormal subsets
of R, we can still conclude that u is a viscosity supersolution of (4.29),
using the same computations of case (ii).

O

4.4. Liouville-type theorem for the minimal operator Z;

We start with the critical exponent associated to this operator. Let us remem-
ber that, by Theorem 3.4-(ii), the minimal operator Zyu coincides, within a
suitable class of radial function including as the main example the function
u(x) = |z|77, with NZ¢~u. Then a fundamental solution for the integral oper-
ator Z¢« is in turn a fundamental solution for Z ;.

Lemma 4.8. For s € (0,1) and v > 0, let

/2 —7/2
+ (1 +7% - \/LNT) -2

“iies dr.

00 24+ Z7
c(’Y)::/O+ (1+ +\/ﬁ)
(4.40)

Then, there exists a unique ¥ = Y(N,s) > 0 such that c(vy) < 0 for v < 7,
c¢(¥) =0 and ¢(v) > 0 for v > 7.

Proof. By Lebesgue’s theorem we easily infer that ¢(vy) — 0 as v — 07 and
that

75 7-1+2s

Moreover, for any v > 0, we have

oo (i —T
sy [T

7-1+23

4(0) = —2 /m m+2(-x)=+m) (4.41)
0

—v/2
where f(1) = (1 +72 4 \/LNT) T2 (1 +72 4 %7‘) Since f(r) > 0 for
any 7, then ¢(7) is convex in [0, +00). We claim that
lim ¢(y) = +oo. (4.42)
y—+oo

Then, using (4.41)—(4.42), we deduce that there exists 4 = (N, s) > 0 such
that ¢(3) =0, ¢(y) < 0 for v < 5 and ¢() > 0 for v > 7.
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To show (4.42) let

9 —v/2 9 -7/2
g(T)Z(l-i-TQ—‘rT + (1472 - =7 -2,
VN VN

1 1
wy g(7) v g(7) oo g(1) (4.43)
_/0 1+2s d +/# 7142 dr + . rltas dr
VN 2V N

= Il +IQ+13

We shall prove that I; and I3 are bounded from below, while I, — +o0o as
vy — +o0.
Since g(7) > —2 for any 7 > 0, we have

+oo 2s
a7
S

1 7-1+25
2V N

Moreover
—v/2-2 2
g"(T)=7(1+72+%T> ((7+2)(T+\/1ﬁ> _1_72_\/2NT>

, 9 —v/2-2 1 \2 , 9
1 -2 Nlr——) —1- = 7).
+’7< +7 TVT) (v + )(7’ ﬁN) T4 ~T
Then, for v sufficiently large, g(7) is convex in [0 ,4\ﬁ] Since ¢'(0) = 0 we

infer that g( ) >0 for any 7 € [0 Hence I; > 0.
For 7 € [ 1=

]
4/N’ 2f]

—v/2 —v/2
g(t) = 1+72—i7 -2> 1—L -2
VN 16N

7\ /2 w1
IQZ 17167]\[ 72 /1 de"‘i’OO aS’Y*)+OO.

4vVN

and

O

Remark 4.9. If N > 3 the value 4 in Lemma 4.8 is in fact strictly larger than
1. This is a consequence of the fact that the function

f(r) = (1 + 72 4 27’) o - (1 + 72— 27> o -2
VN VN

is negative for any 7 > 0, i.e. ¢(1) < 0, which, together with the convexity of
c(7), leads to ¢(y) < 0 for any v € (0, 1].

The main result of this subsection is the following
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Theorem 4.10. (Liouville) The equation
Tyu(r) +uP(z) =0, u>0inRY (4.44)
has nontrivial viscosity supersolutions if, and only if, p > 1+ %
As before, we divide the proof of the previous theorem in several partial
results. We start with the

Proposition 4.11. For any p > 1 + % there exist positive viscosity supersolu-
tions of the equation

Iyu(z) +uP(z) =0 inRY.

13 ‘- ;
Proof. For q € {pfl, %) we consider the function

1
= T e

Using Theorem 3.4, see also Remark 3.5, for any fixed 2 € RV, 2 # 0, it holds
Iyu(z) = NZeu(x),
¢ € RN being a unit vector such that (z,&) = \/% Thus we have

1+\x+r£|)_2sq n (1+|w—r£\)_25q _9
d

Tou(z) = NC; /+°° ( 1]z] 11z] T
N T (14 |x])2se F1+2s :
(4.45)
By the triangular inequality we have
1 +
M > |74 T ¢ vr > 0.
1+ |z 1+ |z
Then, by (4.45), we infer that
. f —2sq . é‘ —2sq
Iyu(z) < ¢ ] ] dr
VS Tl o

dr

B NC, TG 47T |7 — TP — 2
— (1 + “r|)23(q+1) 0 7—1+25

NC,
1+ ‘x|)28(q+1)c(2sq)

where ¢(-) is the function defined by (4.40). Using Lemma 4.8 and the assump-
tion 2sq < 4, we see that ¢(2sq) < 0. Let wv(zx) = eu(x) for
e € (0,(NCyle(2sq)|)/P=1). Using q > p%l we finally obtain

gp~1
Eme)
(NCye(2sq) +e71) <0,

Tyv(x) +oP(z) < (NOsC(QSQ) +

€
(T + Ja) 5D
<&
= (1 + |z])2slat)
completing the proof. O
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Lemma 4.12. Let u be a nonnegative viscosity supersolution of
Iyu(z) =0 inRY.
Then the following statements hold:
e there exists a positive constant a = a(¥) such that
m(r) >am(l)r™7  Vr>1; (4.46)

e for any v > 7 there exists a positive constant b = b(7y) such that
R
m(R) > bm <2> VR > 0. (4.47)

Proof. Let g(|z|) be the radial function

i) = {(;‘"f'; el =

4.48
if |z| > (4.48)

N[ N

where f is defined, for » > 0, by the formula

3
3 1., - 1 1_ .
f(r) =23 l—ﬁv(v +2)(7+4) (7” - 2) + 57 +2)r?
1., 1_,.
57+ 4)r+ 142507 + 6)} :
With the choice of such f , the function g is convex in [0, +00), since the graph
14132

of f(r) is in fact the tangent line of the function (r*%>

1
at r = 5.

Set w(x) = g(|x|?). By Theorem 3.4-(iii), for any z € RY we have
Iyw(z) = NZew(z),

where £ € RY is an unit vector such that (Z,¢) = ﬁ Hence

T=w(s) = NC, /0+°° wile + 7€) +wllr =€) =) o

7-1+2$

If || > 1 and 7 > 0 it holds that

7'| | > a1 1 1

piy N ﬁ .
Then, using (4.48)—(4.49) and the definition of 4 given in Lemma 4.8, we infer
that

|l + 7€ > \/|x|2+72

T+ T T A | — 77T 2027
x):NCs/ —i72s dr =0.

In this way the function

w(0) —w(R)
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is for any R > 1 a classical solution of Zyw(x) = 0 for |z| € [1, R]. Moreover
u(@) 2 m(1) 2 6(z) Vo] <1
and
u(@) 20> o(x) Vel > R.
Then by comparison principle, see Theorem 2.5 and Remark 2.6, we infer that
u(z) > ¢(z) for any |z| € [1, R]. Letting R — +o0o we obtain
u(z) > m(l)w(m)

w(0)
which easily imply (4.46) with

Vx| > 1,

a= (23 [418&(&+2)@+4) +1+ ;&(&+6)D_1.

The proof of (4.47) follows the same idea used before. Fix v > 4. For R > 0,
consider the function

flla) it lol < (525)

g(lz]) = o3 i la] > (%)2,
where
- 2\ 3
f(r) = (%) l—?7(7+26(7+4) (r - ]Z) + %7(7—1—2)7“2

2 gl
— 1+ (v +6)

Set w(x) = g(|x|?). Since §” is convex, we are in position to use the represen-
tation formula (4.49). Taking into account that for |z| > &

T|z| 1 R
zExTE > [P+ T -2—=>|z|\/1 - = > —,
| 5'\/' Vi R W
then
- B o I o ] el
INw(a:):NCS/O i dr >0

the last inequality being a consequence of the fact that v > 4. Consider now
the function
B R\ w(|z]) — w(2R)
o) =m (3) 55 =

which is in turn a solution of Zy¢(z) > 0 for |z| € [£,2R] and satisfies

u(@) > m(1) > 9x) Ve < 5
and
u(z) > 0> ¢(x) V|z| > 2R.
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By comparison principle we conclude

R\ w(R) — w(2R)
m(R) 2 m (2) w(0) — w(2R)
R 1-277

- (2> 2v2) [1+ H (v +2) (v +4) +6(y+6))]

O

Proof of Theorem 4.10. We shall detail the proof in the critical case p = 1 +
%, since if p > 1+ % the conclusion follows by Proposition 4.11, while the
subcritical case p < 1+ % can be treat in the same way as we did in the proof
of Theorem 4.2, using now Lemma 4.12. When p = 1+ £ we need some extra
work. In particular we are not in a position to use the analogous of Lemma 4.6

for the operator Zy, due to the lack of validity of the representation formula
for I'(|z|) = 12l Note that I' doesn’t even belong to L} 5, when N > 3, since

R
4 > 1 (see Remark 4.9). Moreover moreover I' is concave near the origin. On
the other hand, for x far away the origin, we shall still obtain some useful

information that are sufficient to conclude.

Let T(|z|) = %Il;lll”% The function I'(r) is convex for r > ry
= exp (% + % + ﬁ + ’in)' Let f(r) = I"(ro) + I (ro)(r — 1) be the

tangent line of I at r = ro. By construction the function

3(1sl) = {f (o) i lal <o

f(|w|) if || > 7o,
where

Fllal) = gE (o) = r0)* + 31 (o) + (o) = T (ro)ro) 7

+T(rg) — %f‘”(ro)r% — (f’(ro) — f”(ro)ro) 0,

is such that §” is convex in [0, +00). Hence, setting w(z) = §(|z|?) and using
Theorem 3.4 we have

Iyw(z) = NZew(z),
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¢ € RN being an unit vector such that (Z,¢) = \/% Moreover for |z| > /21

it holds that |z 4 7&| > |/ro for any 7 > 0. Then for any |z| > /21

Tyu(e) = e, [ T+ 78D $ T ) 20,

0 71+2s

+oo A 4 |z — €T — |z~
= NC, (111 \z\/ |2+ €177 + |m1+2:£‘ i dr
0 T

In |2+TE&]| + In |2—7&|

L1 T Tavrel T Ta-rel 4
lz]7+25 J, Slt2s

_ 1 /+oo (ln <1+72+%> +1n (1+T2_5Tﬁ>) s (42s) g0
0

S5 1ALoe = =
2Aal7F2: JHre T e
C

= el

where C' = C(N, s) is a positive constant.
Now for r9 > r1 > 1/2rg we consider the function

¢(33) _ m(rl)w(|x|) - ’LU(’/’Q)

w(0) —w(ra) V|z| € [r1,re].

Without loss of generality we may further assume that w(0) — w(rz) > 2w(0),
so that
1

Ino(x) = —C’m(rl)m (4.50)

where C is a positive constant depending only on N and s. In addition u(x) >
¢(x) for any |z| € [0,r1] U [re, +00).
Using the Eq. (4.44) and (4.46) we also have

1

Tyula) < ~(on(le))' % - < (am()*F L

V|z| > 1. (4.51)

Since m(r1) — 0 as r;1 — 400, in view of the inequality
m(R)RY <C VR >0, (4.52)

for some positive constant C, by (4.50)—(4.51) we can then pick r; sufficiently
large such that

Iyu(z) <Iyo(x) Y|z| € [r1,ra].

By comparison principle we have u(x) > ¢(z) for any |z| € [r1,r2]. Letting
ro — +00 we deduce that

> m(rl)w(r) _ m(ry) Inr

m(r) 2 <6 w(0)

VT>T1,

leading to a contradiction to (4.52) in the limit as r — +o0. O
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5. On the operator Jki

In this section we concentrate on the operators jki defined in (1.3). We leave
off the analysis the cases k = 1, where 7= meets Z;° studied in the previous
sections, and k = N, case in which j,f = —(—Agn)?, already studied in [20].
For simplicity, we write Aj, = —(—Agx)?, to denote the fractional Laplacian
in R¥.

The key technical result of this section is the following

Proposition 5.1. Assume 1 < k < N. Let u(x) = g(|z|?) be such that u €
C*(RN)N Ly, o, If § is convez, then:

(i) Ty uw(z) = Jvu(z), where V is any k dimensional subspace which is
orthogonal to x;

(i) Jtu(z) = Jyu(x), where V is any k-dimensional subspace containing x.
Moreover, defining i : R¥ — R as @(y) := §(|y|?), we have

TiFu(z) = Ajei(y), (5.1)
where y € R¥ is such that |y| = |z|.

Proof. Let x € RY. For k-dimensional subspace V, we choose an orthonormal
basis {&1,. .., &} such that (z,&) =0 for ¢ > 2. Then

Fyute) = S [ el + 17 + 2n (2,60)

2
(|22 + |7 = 211 (z, €1)) — 25(|=)2)] 7|~ *+29) dr .
Assuming the convexity of § and setting

h(t) = gla + bt) + g(a — bt) fora>b>0andte€[0,1],

we recall, see the proof of (3.1), that h is nondecreasing. Then h(0) < h(1)
yields 2g(a) < g(a +b) + g(a — b) for a > b > 0. Choosing

a=lzP+|r1*, b=2|n(z,&)
we infer that

29(J«* + |7*) < g(l2? + |7* + 21 (@, &) + §(ja* + |7 = 271 (,€1)).

(5.2)
Consider now
a= |$|2 + |7'|2, b=2|n]|x|.
For 2 # 0 and = 7, the inequality h(] {(2,&)|) < h(1) yields
gz + |71 + 271 (2, 1)) + g(|2* + |71> — 271 (2, &) (5:3)

< g(jal* + |7 + 2mifa]) + g(J2* + |77 — 271 ]a) .
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Note that the above inequality is also true for z = 0. From (5.2)—(5.3) we
obtain

2/}1@ 60122 + [7[2) = §(|2[2)]|7|~*+29) dr
< /Rk [G(|2|? + |72 + 271 (@, €)) + §(|z[2 + |72 — 21 (=, &1))
;2§(|x|2)]|7—|—(k+2s) dr
- /R'“ [z + |7* + 27]]) + §(|Jz|* + |7|* — 27 |a]) — 2g(|2|*)]|7|~ <22 dr .

Therefore if # € V*, then (z,£;) = 0, while if # € V then | (2,&) | = |z].
Thus,

amin, Jou@) = Cu [ [l +17P)
—g(|z[*)]|r| ="+ dr
which is realized when z € V1, and
Ch,s
2

max Jvu(z) =

L [ ol + 172 + 2nafal) + g(Jaf* + |72 = 2n )
imV= Rk

=24 (|2 )] ||~ "2 dr

which is achieved when z € V.

In order to prove (5.1), let V = ({¢}F_ ) a k-dimensional subspace con-
taining 2. In this way J, u(z) = Jyu(x) and without loss of generality we can
further assume that (z,&;) =0 for all i = 2, ..., k.

Let {e;}%_, the canonical basis in R*. Using the rotation invariance of
the fractional Laplacian, for y € R¥ such that |y| = |x| we have

Agri(y) = Agra(|yler)

k k
Ch,s . _
~Gerw [ o (1o s el ) 4 e - 3
i=1 i=1

=25 (ly*)] 21 7* 2 d2

Ck s ~ ~
= 222V [ [allaP + 2lalra + |rP) + (1 — 2l + 7P
~25((a )] I~ *+29 dr
= Jvu(x)
as we wanted to show. g

Using known results for the fractional Laplacian (see [10,12]) and the
previous proposition we get the following

Corollary 5.2. The function u(z) = |z|~¥=2%) satisfies

Tifu(x) =0 for x € RV\{0}.
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Using the representation formula and Theorem 1.3 in Felmer and Quaas
[20], we can get the Liouville Theorem for J,

Theorem 5.3. Let 1 < k < N. Then, the equation

TFu(z) +uP(z) =0 inRY (5.4)
has nontrivial viscosity supersolutions if, and only if,
o k
b=y oy

Proof. For the existence of nontrivial supersolution, we consider p%l <q<

k;fs and v(y) = (1 + |y|)~2%9, where y € R¥ and c is a positive constant.
According to [20], if ¢ is small enough we have

Tiv(z) + 0P = Ajiu(y) + P <0.

On the other hand, if p < k/(k—2s) and there exists a nontrivial supersolution
u for (5.4), the function

v(x) = min{u(Ox) : O is a rotation matrix in R}

is a positive, radial supersolution for (5.4). Let h : [0,4+00) — R such that
v(x) = h(|z|) and denote w(y) = h(|y|),y € R¥. Then, we have

Ch,s
Agpw(y) = —2 / l ( > yiei+ EjzzeZ >
+h ( e; — ZzZel ) — 2h( |y|)] | 2]~ +29) 4
< Jfv <Z yﬂz‘) )
i=1

where {e;}¥, is the canonical basis (we have identified e; € R¥ for i < k).
Then, w is a nontrivial supersolution to

Agrw+w? <0 in R¥,

which contradicts the nonexistence result in [20]. O
For J, , in analogy to Theorem 4.7 we have the following

Theorem 5.4. Assume 1 < k < N and consider the equation
T u(z) +uP(r) =0 inRY. (5.5)
Then

(i) for any p > 1 there exist positive classical solutions of (5.5);
(ii) for any p € [1 — s,1) there exist nonnegative viscosity solutions u Z 0 of
(5.5);
(i) for anyp € (0,1—s) there exist nonnegative viscosity supersolutions u Z 0

of (5.5).
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6. Appendix

In this section we provide a sketch of the proof of some results related to the
convergence of the nonlocal operators presented here towards the local regime,
that is, when s — 17. It is worth to mention that the normalizing constant
in (1.5) is given (see [18]) by

Cn . — / L‘js(zl)dz - (6.1)
T e oM ' '

We start with the following convergence result that is at the core of the stability
of viscosity solutions. Recall that we denote Cs = (' 5.

Lemma 6.1. Let u € C*(RY) be such that
1
L)

||u||L%,27‘D = dixf;%/?:l{ v 1+ |y‘1+27’0

Vaffine

for some rg € (0,1).
Then, for each x € RN we have

TEu(x) — Pu(z) ass—1".
Analogously, if u € C*(RY) and
u(y)|dH* (y
lullsy,, = s { [ BOEEDE <o

dim (V)=Fk 1+ |y|k+2r0

Vaffine
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for some 1o € (0,1), then for each x € RN we have
JEu(z) — Pru(z) ass—1".

Proof. We write the proof for I,j and J, ,j , those for Z,” and J,~ being similar.
Let us first show that for ro <s<land k>1

COLAOYP

u = Su
H ”Li'% dim(vl))=k{ v 1+ ‘y|k+25

Vaffine

for C'= C(k,[lul[z: , ) independent of s. Indeed
/ [u(y)|dH" (y)

> P D
”u”Lk,zro = sup v (L+ [y))k+2ro

dim(V)=k
affine

sup lu(y)|dH" (y)
aim()—k Jv (1+ [y])k+2s

affine
Ll [t 1
a 2k+1 dim(V)=k JV 1+ |y|k+2g 2k+1 Lk 2
V affine
Let ¢ > 0. For s € [rg, 1), there exists a frame {{; = fj(s,s)}le € Vi such
that

Y

k
THu(z) — Plu(z) < ngju(x) —Plu(z) +e

ij (Ze,u(2) - (D*u(2)g;. &) + <

For ¢ € (0,1) to be fixed, we can write for each j
EC /5 %((DQ’U‘(:E(gj (57 S), T)) + D2u(j/(§j (57 5)7 T))) 5]" §j>

-2
T dr + C,0(57%%),

Te,u(z) =

where #(¢(e,s),7), ¥ (&(g,s),7) € Bs(x) for all €,4,s,7, and O(6~2) just
depend on the [lul|yy < C for some C independent of s and e. Using the
continuity of D?u, we can fix § = §(¢) small enough in order to have

1 s -
\2 (D2u(@(&5(e, 5), 7)) + D2ul@ (€52, 5), 7)) — Du(a)| < e,
for all s € [rg,1),7 =1,...,k and |7| < d. Then, we can write
Thu(z) — Piu(z) < %62_23

_2—23

+Z (D*u(x)&5,&5) ( _32562_25 - 1) + 0000 *) ¢

(6.2)
Since
C
2(1—s)

—1 ass— 17,
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(see [18]), then passing to the limit in (6.2), we have
limsup Z; u(z) — Py u(z) < (k + 1)e.
s—1—
A reverse inequality can be found in the same way, and the result follows.
For jki the proof is similar, so we will be sketchy. Given any V =
{&}F., € Vi and 6 > 0 we can write

2 T
jVU Cks Z/ +D ( )) gz,€]>7—z JdT+Ck’SO(572s)’

|7-|k+23

i,j=1
where & = Z(V, 1), ¥ = '(V,7) are such that |z — x| < §. Then, using the
continuity of u, for each € > 0 we can get () > 0 and {{; = ¢ (e, S)}é’?:l € Vi
such that

k

Jvu(z

@616)) [ minfr s + G 067),
Bs

and using the symmetry of the integral term, we have

/B oryl7| T H2dr = 5 . Tl " dr = 5k B s
S5 5 S5
N 2725
=0;:k" S
ik |2 —2s

where §;; is the Kronecker delta and [S¥~!| denotes the (k — 1)-dimensional
measure of the unit sphere in R¥. For k& > 1, since we have the estimate (see
Corollary 4.2 in [18])

Crs ST | S*] —1 ass— 1"
4k(1 — s) ’
we obtain
limsup J, u(z) — Piu(z) < O(e).
s—1—
From this the result follows. O

Lemma 6.2. Let ¥ = J(k, s) defined in Proposition 3.7. Then, ¥ — 0 as s —
1-.
Let ¥ = (N, s) defined in Lemma 4.8. Then, ¥ — N —2 as s — 1~

Proof. We already know that 5 € (0,1) and 4 > 0. Moreover from the proof of

Lemma 4.8 we can also infer that, for any s € (%, 1), 4 < ¢ where ¢ is a positive

constant depending only on N. Hence both 4 and 7 are uniformly bounded.
For 4, let us first observe that, by Proposition 3.7, one has

F(k,s) <k +1,s).

Then it is sufficient to prove that ¥ — 0, as s — 17, for k large, say k > 4. If
not, let y1 € (0, 1] be an accumulation point of 5 as s — 17. Then, by stability
of viscosity solutions, the function w.,, (z) = |z|~" would be a solution of
P,j (D?w) = 0 for z # 0. But this contradicts the fact that the only positive
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exponent 7 such that w,(z) = |z|=7 is solution for P is v = k — 2, see [7],
while 73 < k—2 for kK > 4. Thus, ¥ — 0 as s — 1.

On the other hand, let 43 > 0 be an accumulation point of ¥ as s — 1.
Using the definition of ¢(v) in (4.40), for each s we have

572 52
oo (1+T2+ir) v (1472- 21 ~9

0= CS/ Yl ( N ) dr,
0

7-1+2$

and from here we have

—7/2 —7/2
1 (14724 27 + (1472 27 —
ozcs/m ( 7o) ( ) dr + C,0(1),
0

7—1+25

where O(1) is independent of s close to 1. By a Taylor expansion, we have

9 2 _’3’/2 9 2 _'?/2
1+7°+ —7 + | 1+7" = —=7 -2
(e de) (- 0)
v+ 2
= ’772( -1+ %) +0(7%),
where O(73) is independent of s. Thus, replacing this into the integral term

we get
0= (4]\7)1—8 ( —r %) 2 5*328 + 030(3—712.9) +C,0(),

from which, taking limit as s — 1~ we arrive at

Y1+ 2
0=m(-1+ > ).
for some C > 0, from which the result follows. If N > 3 we know that v; > 1
(see Remark 4.9), from which the result follows. In the case N = 2, we see
that v, = 0. O
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