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2Dipartimento di Fisica, Sapienza Università di Roma, Piazzale Aldo Moro 5, 00185 Roma, Italy

(Received 1 April 2021; revised 2 July 2021; accepted 20 August 2021; published 14 September 2021)

The merger rate of primordial black holes depends on their initial clustering. In the absence of primordial
non-Gaussianity correlating short and large scales, primordial black holes are distributed à la Poisson at the
time of their formation. However, primordial non-Gaussianity of the local type may correlate primordial
black holes on large scales. We show that future experiments looking for cosmic microwave background μ
distortion would test the hypothesis of initial primordial black hole clustering induced by local non-
Gaussianity, while existing limits already show that significant non-Gaussianity is necessary to induce
primordial black hole clustering.
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I. INTRODUCTION

The LIGO/Virgo Collaboration has by now reported
several detections of gravitational waves (GWs) coming
from black hole mergers [1,2]. Several studies have devel-
oped the description of primordial black holes (PBHs)
binary formation and merger rates [3–20]. Interestingly,
current data allow for a fraction of the observed events to be
PBHs [21,22].
In the absence of primordial non-Gaussianity (NG),

PBHs are initially predominantly Poisson distributed
(meaning that the most sizeable contribution to the PBH
correlation function at the relevant scales comes from the
Poisson noise typical of discrete tracers) [23–26] and the
corresponding merger rate allows the fraction fPBH of
PBHs to the dark matter to be below the percent level [19].
Clustering at the time of formation of PBHs can crucially
affect the present and past merger rate of PBH binaries,
both by boosting the formation of binaries and enhancing
the subsequent potential suppression due to interaction of
binaries in PBH clusters. In particular, the latter effect was
advocated in the literature to possibly allow for larger
values of fPBH and therefore a major role of PBHs in the
dark matter budget [27–29].
Primordial NG (of the local type) allows for a cross talk

between small and large scales [30], correlating the
horizon-size regions, where the PBHs are initially formed
upon collapse of the large overdensities generated during
inflation, see Refs. [31,32] for recent reviews. PBHs may

be therefore clustered in the presence of local NG. If
clustering and fPBH are large enough, then the initial typical
distance between two PBHs becomes so small that mergers
occur at epochs earlier than the current age of the Universe,
making the corresponding GWs not detectable by the
LIGO/Virgo Collaboration. This is reflected by the fact
that the upper bound (that is, not accounting for the
dynamical suppression due to the binary disruption in
small structures [14,17,33]) of the merger rate today,
R4 ≡ R=ð104 Gpc−3 yr−1Þ, as a function of the PBH
correlation δdc ¼ 1þ ξPBH (up to the binary scales) goes
like [27]

R4≃

8>><
>>:
1.5×105δ2dcf

3
PBH; for δdcfPBH≲7×10−3;

5.5δ16=37dc f53=37PBH ; for 7×10−3≲δdcfPBH≲103;

0.8δ0.7dc f
1.7
PBHe

−δdcfPBH=104 ; for δdcfPBH≳103;

ð1Þ

and, therefore, the merger rate is exponentially suppressed
for ξPBHfPBH ≳ 104, see Fig. 1. This would already be
sufficient to evade the constraints proposed in Ref. [34] on
clustered PBH scenarios, which are, however, not
accounting for the dynamical suppression of the merger
rate. Figure 1 is useful to understand the generic impact of
PBH clustering on the merger rate and, as such, we have
allowed large values of ξPBH, as predicted, for instance, in
[29]. However, as we will see in the following, we will be
interested in constraining smaller values of the combina-
tion between the PBH abundance and the correlation
function.
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One should not claim victory too soon, though. First
of all, local NG is currently limited by Planck observa-
tions [35]. Secondly, it introduces a mode coupling to the
observed cosmic microwave background (CMB) scales and
a significant dark matter isocurvature mode is introduced as
the number density of PBHs varies in different regions of
the Universe on large scales. For large values of fPBH, such
an isocurvature component is excluded by the recent Planck
data [36–38]. We will come back to this point later on.
The goal of this paper is to stress that there is another

argument one should consider when dealing with a large
PBH clustering induced by NG. For the interesting case of
PBHs with masses around ∼30 M⊙, the range of initial
comoving distances relevant for the calculation of the
present merger rate is ð4 × 10−5 ÷ 10−3Þ Mpc [31].
Indeed, only PBHs separated by a distance smaller than
∼10−3 Mpc can form a binary system, while there is also a
minimum separation ∼4 × 10−5 Mpc above which PBH
binaries undergo mergers within a timescale allowing for
the GW signal emitted to be observable at LIGO/Virgo
detectors.
This range of scales strongly overlaps with the interval

where CMB μ distortion may take place, that is in the range
ð10−4 ÷ 2 × 10−2Þ Mpc, not accessible from CMB anisot-
ropies observations (notice that y distortions involve larger
comoving scales [39] and are therefore not relevant for the
scales involved in our arguments).
We will show that the possibility of enhancing PBH

clustering through primordial NG, so that the PBH merger
rate is significantly altered, may be tested by future
measurements of the CMB μ distortion.
CMB distortion is caused by the energy injection origi-

nated by the dissipation of acoustic waves through the Silk
damping as they reenter the horizon and start oscillating
[40,41]. Furthermore, as PBH clustering is induced by a

sizeable curvature power spectrum on the scales relevant for
the merger rate, and those scales overlap with those
where the CMB is most sensitive to a large curvature
perturbation through μ distortion, the connection is evident.
Forecasted constraints from the Primordial Inflation
Explorer (PIXIE) (μ < 3 × 10−8) [42], from SuperPIXIE
(μ < 7 × 10−9) [43], Voyage2050 (μ < 1.9 × 10−9) and
10× Voyage2050 (μ < 1.9 × 10−10) [44] would, in case
these future experiments will be realized, allow to test the
hypothesis of large PBH clustering induced by primor-
dial NG.

II. PBH CLUSTERING IN THE PRESENCE OF
PRIMORDIAL NG

PBHs may form if the energy density perturbation
generated during inflation is sizeable enough. When after
inflation the corresponding wavelengths are reentering the
horizon, the large density contrast collapses to form PBHs,
almost immediately after horizon reentry [31,45–49], and
the resulting PBH mass is of the order of the mass
contained in the corresponding horizon volume. Since
PBHs are discrete tracers, the overdensity of PBHs reads

δPBHðx⃗Þ ¼
1

nPBH

X
i

δDðx⃗ − x⃗iÞ − 1; ð2Þ

where δDðx⃗Þ is the three-dimensional Dirac distribution,
nPBH ≃ fPBHð30 M⊙=MPBHÞ kpc−3 is the average number
density of the PBH per comoving volume, and i runs over
the initial positions of PBHs. The corresponding two-point
correlation function is [24]

hδPBHðx⃗ÞδPBHð0Þi ¼
1

nPBH
δDðx⃗Þ þ ξPBHðxÞ; ð3Þ

in terms of the Poisson piece and the reduced PBH
correlation function ξPBHðxÞ. Notice that ξPBHðxÞ ∼ 1 is
the benchmark value to have PBHs spatially correlated at
initial distances relevant for the calculation of the present
merger rate. To characterize the latter and to introduce a
sizeable PBH clustering on large scales, we start from the
curvature perturbation ζðx⃗Þ and adopt the following generic
NG parametrization [29,50]:

ζðx⃗Þ ¼ ð1þ αχðx⃗ÞÞζgðx⃗Þ; ð4Þ

where ζgðx⃗Þ is the Gaussian part of the curvature perturba-
tion. There are two options at this point, either the χðx⃗Þ
coincides with the curvature field itself, ζgðx⃗Þ, or it
does not.
In the first case, we recover the familiar local-type

NG model, and α is the standard fNL parameter. We
assume that the Gaussian curvature perturbation has three
components, one at short scales ∼k−1s , responsible for the
generation of the PBHs, one at long scales ∼k−1l , at which

FIG. 1. The upper bound of the PBH binary merger rate today
as a function of a constant PBH correlation ξPBH for different
values of the PBH abundance and for a PBH mass of 30 M⊙. The
shaded region indicates the LIGO/Virgo current detection band,
which cannot be reached for fPBH ≲ 10−5 even when PBHs are
clustered at formation.
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the PBH clustering is sourced, and the standard almost
scale-invariant contribution responsible for the CMB
anisotropies

PgðkÞ¼ ksAsδDðk−ksÞþklAlδDðk−klÞþPCMBðkÞ; ð5Þ

where we have assumed a Dirac delta shape for the power
spectrum of the curvature perturbation on small (large)
scales with amplitude AsðAlÞ. In such a case the PBH power
spectrum on large scales ∼k−1l reads [36]

PδPBHðkÞ ≃ 4ν4f2NLAlklδðk − klÞ; ð6Þ

where ν ¼ ðδc=σÞ is the bias factor due to the fact that
PBHs are born from peaks of the underlying radiation
energy density perturbation, and δc ≃ 0.59 is the threshold
for PBH formation, see Refs. [51–53]. The variance σ2 of
the density field is given by

σ2 ¼ 16

81

Z
∞

0

d ln kT2ðk; rmÞW2ðk; rmÞðkrmÞ4PgðkÞ; ð7Þ

as a function of the real space top hat window function W,
the transfer function T in a radiation dominated universe,
and the PBH relevant scale for collapse rm ¼ 2.74=ks [53].
For a PBH population with mass MPBH ≃ 30 M⊙ and
abundance fPBH ≃ 10−3 related to the LIGO/Virgo obser-
vations, the relevant short scale spectrum parameters are
ks ≃ 2.4 × 105 Mpc−1 and As ≃ 0.0063. Notice that this
parameter space is not yet constrained by pulsar timing
array experiments [54]. The corresponding initial PBH
correlation function is [55]

ξPBHðxÞ ¼
Z

∞

0

dk
k
PδPBHðkÞj0ðkxÞ ≃ 4ν4f2NLAlj0ðklxÞ; ð8Þ

where j0 identifies the zeroth spherical Bessel function. In
the alternative case in which χðx⃗Þ is not the curvature
perturbation ζgðx⃗Þ, we assume for simplicity that it is not
correlated with it and that it possesses a power spectrum

PχðkÞ ¼ klAlδDðk − klÞ; ð9Þ

while the power spectrum of ζgðx⃗Þ has only the short-scale
piece responsible for PBH formation and the CMB con-
tribution

PgðkÞ ¼ ksAsδDðk − ksÞ þ PCMBðkÞ: ð10Þ

The resulting initial PBH correlation function is [50]

ξPBHðxÞ ≈
225

64
ν4α2Alj0ðklxÞ: ð11Þ

Notice that the expressions we have presented are valid for
ξPBH ≲ 1, which will be consistent with the results found

in the coming sections. Since no physical process can
affect the relative separation x between two PBHs so long
as x is larger than the horizon scale, the PBH correlation
function does not change when k−1l is outside the horizon.
Upon horizon reentry, the PBH density contrast is essen-
tially frozen until matter-radiation equivalence, and sub-
sequently, grows linearly according to [17,56]

ξPBHðx; zÞ ≃
�
1þ 3

2
fPBH

1þ zeq
1þ z

�
2

ξPBHðxÞ; ð12Þ

in which we adopt the matter-dominated epoch behavior
ð1þ zÞ−1 for simplicity, and where zeq indicates the red-
shift at matter-radiation equality.
Since the characteristic time for PBH binary formation is

before matter-radiation equality, around redshifts z ∼ 104,
the correlation function is not expected to change signifi-
cantly between PBH formation epoch and the binary
formation epoch. On the other hand, the corresponding
radiation correlation function, the peaks of which may end
up in PBHs, grows as ð1þ zÞ−4 till the mode k−1l enters the
horizon, and afterwards it remains roughly constant in time.
A too large radiation correlation function will correspond to
a large energy injection in the system and to a large μ
distortion.

III. CMB μ DISTORTION

Silk damping causes the dissipation of acoustic waves in
the photon-baryon plasma, thus injecting energy into the
CMB and causing the CMB spectral distortions. Following
Refs. [57,58], the μ distortion is

μ ¼ 1.4
Z

z2

z1

dz
dQ=dz
ρ̄r

e−ðz=zDCÞ5=2 ; ð13Þ

where zDC ≃ 2.6 × 106 is the redshift scale for double
Compton scattering. The energy release per unit redshift
is given by

dQ=dz
ρ̄r

¼ −
Z

dk
k
Prðk; zÞ

dΔ2
Q

dz
; ð14Þ

with

Δ2
QðkÞ ¼

9c2s
2

e−2k
2=k2D ; ð15Þ

in terms of the sound speed cs and the diffusion scale

kD ¼ A−1=2
D ð1þ zÞ3=2; AD ≃ 6 × 1010 Mpc2: ð16Þ

The radiation power spectrum is related to the curvature
perturbation power spectrum by the standard relation
Prðk; aÞ ≃ ð4=9Þ2ðk=aHÞ4T2ðk; aÞPζðkÞ, where a is the
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scale factor and H the Hubble rate. For the relevant large
scales, in the scenario in which χ coincides with ζg, the
adopted curvature perturbation power spectrum directly
corresponds to the peaked piece proportional to the
large-scale amplitude Al in Eq. (5). In the alternative
scenario when χ and ζg are different, the characteristic
curvature power spectrum would be given by PζðkÞ≃
25Alα

2A2
sδDðk − klÞ. The higher power in the short-scale

amplitude As comes from the higher order correlations of
Eq. (4), needed to connect two distant points, and the
numerical factor 25 arises from the corresponding combi-
natorial counting.
We evaluate the μ distortion for the injection interval

determined by the double Compton scattering decoupling
z1 ¼ 2 × 106 and the thermalization decoupling by
Compton scattering z2 ¼ 5 × 104. Indeed, at z≳ z1 the
content of the Universe can be described by a photon-
baryon fluid in thermal equilibrium, which has a black-body
spectrum. This equilibrium is achieved mainly through
elastic and double Compton scattering. However, at later
times z≲ z2 double Compton scattering is no longer
efficient, whereas the single Compton scattering still pro-
vides equilibrium.
In the case in which the large-scale field χðx⃗Þ coincides

with the curvature perturbation, the μ distortion is found
to be

μ ≃
16

81
AlIðklÞ ≃

4

81

ξPBH
ν4f2NL

IðklÞ; ð17Þ

where

IðklÞ¼
189

5
ADk2l c

2
s

Z
z1

z2

dz
ð1þ zÞ4 e

−ðz=zDCÞ5=2e−2k
2
l =k

2
D : ð18Þ

In the opposite case, where the χðx⃗Þ does not coincide with
the curvature perturbation, we find

μ ≃
2025

16
Alα

2
δ4c
ν4

IðklÞ ≃ 36
ξPBHδ

4
c

ν8
IðklÞ: ð19Þ

In both cases we have assumed the PBH clustering
correlation function to be constant for x≲ k−1l .

IV. RESULTS AND CONCLUSIONS

In Fig. 2 we plot the forecasted limits on the PBH
correlation function at the scales relevant for the merger
rate coming from the CMB μ distortion.
In the standard fNL local-type NG, the distortion is directly

proportional to the amplitude Al of the large-scale part of the
curvature perturbation and, therefore, only a large value of
fNL may provide a PBH correlation ξPBH ≳ 1. For instance, if
PIXIE does not find any CMB μ distortion, and therefore at
most ξPBH=f2NL ≲ 10−2 within the interesting range of scales,
then generating any relevant clustering at formation ξPBH ≳ 1
would require jfNLj ≳ 10. Currently, the Cosmic
Background Explorer (COBE)/Far-Infrared Absolute
Spectrophotometer (FIRAS) limit ðμ < 9 × 10−5) [60] con-
strain Al ≲ 10−4, corresponding to a necessary value of
jfNLj≳ 1. It is also interesting to notice that this estimate
is consistent with the result reported in Ref. [28]. Looking at
their Fig. 6, we see that the merger rate is impacted by the NG
corrections if fNLζl ≳ 10−2, where ζl is the typical amplitude
of the large-scale part of the curvature perturbation. Using the
maximum allowed value ζl ∼ A1=2

l ∼ 10−2, one finds that
clustering becomes more sizeable than the Poisson distribu-
tion precisely for fNL ≳ 1. Notice also that, as long as
ξPBH ≲ 1, the overall PBH abundance is not altered by the
NG since the short-scale variance is significantly shifted only
for fNL ≳ A−1=2

l . This justifies the use of the Gaussian
formula to compute the abundance and, consequently, we
have chosen the corresponding Gaussian value of the
parameter ν to have fPBH ¼ 10−3. Notice that changing
the abundance requires only a tiny change in the parameter ν,

FIG. 2. Limits on the PBH correlation function from the CMB μ distortion. To fix the value of ν ≃ 6.8 we have chosen the
representative valueMPBH ¼ 30 M⊙ for the PBH mass, for which fPBH ¼ 10−3 in agreement with the current constraints [59]. The blue
band indicates the range of scales relevant for the binary formation.
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since fPBH is exponentially sensitive to ν as fPBH∼
expð−ν2=2Þ, and therefore to As [31], implying our con-
clusions are robust with respect to changes in the overall
PBH abundance. Notice though that another source of non-
Gaussianity is introduced by the unavoidable nonlinear
relation between the density contrast and the curvature
perturbation [61,62]. This independent effect would modify
the amplitude As of a factor of order unity to maintain the
same PBH abundance, without affecting our results.
Furthermore, this ineludible NG is a small scale effect and
is not affected by the large-scale NG discussed in this paper.
Large PBH clustering will require large values of jfNLj.

However, one may not consider such large values at will. As
mentioned in the Introduction, the coupling between small
and large scales introduces an isocurvature dark matter
anisotropy from the PBHs in the CMB anisotropies, which
is severely constrained by Planck data. For the current lower
bound jfNLj≳ 1 from the COBE/FIRAS to have large PBH
clustering, the isocurvature bound imposes fPBH ≲ 5 × 10−4

[36–38], making PBHs irrelevant as far as dark matter is
concerned.Conversely, for largePBHabundancesfPBH ¼ 1,
the isocurvature bound imposes jfNLj≲ 4 × 10−4. Of
course, one can always envisage the situation in which the
nonlinear parameter fNL is scale dependent and switches on
only at the scales relevant for the PBH binary formation and
merger rates and dies off at the CMB scales, but we regard
this possibility as rather artificial.

In the case in which the field χðx⃗Þ introducing the large-
scale PBH correlation is not the curvature perturbation, the
forecasted limits on the CMB μ distortion, in case of no
detection, will tell us that the PBHs may not be correlated at
the time of formation.
Our results, even though restricted to the standard and

most studied formation mechanism of PBHs, interestingly
indicate that future experiments looking for CMB μ
distortion would constrain the hypothesis of PBH cluster-
ing at formation induced by local non-Gaussianity and
would have a noticeable impact on the interpretation of the
merger events seen so far and on the possibility that PBHs
in the LIGO/Virgo mass range may comprise the totality of
the dark matter. The results discussed in this work may also
extend the science case supporting future experiments
aiming to constrain CMB μ distortions. Alternative scenar-
ios for the formation of PBHs, such as through bubble
collisions, involve subhorizon dynamics and, therefore,
large-scale superhorizon clustering is not expected
to arise.
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