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(dedicated to Djairo for his 40th birthday, twice)

1. INTRODUCTION AND STATEMENT OF THE RESULT

In [2] we considered some properties of the minimizing sequences for integral func-
tionals J. Thanks to the Ekeland Lemma, the subject of the lectures given by Djairo
in Bangalore (see [3]), we proved the existence of a minimizing sequence compact in
L) or in C%* for functionals which do not need to have a minimum, without using
the integral representation of the relaxed functional J*.

In this paper, we improve the study done in the paper [2], under the assumption that
the functional J has a minimum belonging to L>°(€2). Using again Ekeland’s e-variational
principle, we to prove that there exists a minimizing sequence u,, for J which uniformly
converges to a minimum u.

Let us now make the precise assumptions on the functional J. Let {2 be an open,
bounded subset of RY, N > 2, and let p be a real number, with 2 < p < N. We will

denote by p* the Sobolev exponent of p, i.e., p* = NN—SD.

Let j : 2 x RY — R be a Carathéodory function (i.e., measurable with respect to

for every € € RY | and continuous with respect to & for almost every z € ) convex with
respect to &, and such that

(1) algl <j(x,§) < B,
for almost every = € Q, for every ¢ € RY, where a, 3 are positive real numbers.
Let f in L™ (), with m > (p*)', and let .J : Wy(Q) — R be defined by

J(v):/Qj(x,Vv)dx—/ﬂf(a:)vdx, v e WyP(Q).

Under the assumptions on f and p, J is well defined on VVO1 Q).

We will further assume that there exists a(x, &) = je(x, &) which satisfies the classical
Leray-Lions assumptions (see [8]) and the standard strong monotonicity assumption

(2) [a(z,€) —a(z,n)]l§ —n] = al¢ =P Ve neRY.
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Examples of functions j such that (2) holds true are j(z, &) = a(z) |£|P, with a a mea-
surable function such that o < a(x) < . Since the strong monotonicity condition is
simpler to handle if p > 2 (the above assumption (2)), and is a little bit more involved
if 1 < p < 2, we confine ourselves to the former case.

Since J is both weakly lower semicontinuous and coercive on VVO1 P(Q), there exists a
minimum u of J; we have the following results on the summability of such minima.

THEOREM 1.1. Let u be a minimum of J on Wy*(Q). Then
(i) if l <m < %, then u belongs to L°()), o = (%L,)* (see [1]);

(ii) If m > %, then u belongs to L>(Q2) (see [9], [7]).

Let us now recall Ekeland’s e-variational principle (see [4], [5]).

LEMMA 1.2. Let (V,d) be a complete metric space, and let F : V — (—o0,+00| be a
lower semicontinuous function such that infy F is finite. Let ¢ > 0 and uw € V be such
that

F(u) < inf F(v)+e.

veV
Then there exists v € V such that

(i) d(u,v) < Ve
(i) F(v) < F(u);
(iii) v minimizes the functional G(w) = F(w) + v/ d(v, w).

Our main result is the following.

THEOREM 1.3. Let J be defined as above, with j satistying (1). Let

N
(3) fel™Q) m>—,

p
and let ¢ be such that ¢* = m/’; we also suppose that J' satisfies (2). Let u be a minimum
of J on Wy ?(Q), and let {@,} be any minimizing sequence for .J. Then the minimizing

sequence {u,} built after {u,} using the e-variational principle satisfies

(4) nl_lgfoo Hun - ﬂ"HWOl’q(Q) = 07
5 [
and

(6) Jim jun —ull . = 0.

The plan of the paper is as follows: we will prove Theorem 1.3 in Section 2, and in
Section 3 we will show that adding a lower order term to J will allow us to prove the
same result under the assumption that f belongs to L*(€2), and not to the possibly larger
space L™(2), m > %.
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2. PROOF OF THE MAIN RESULT

For £ > 0 let us define
Ty(s) = max(—k, min(k, s)), Gr(s) = s — Ti(s).

Before proving Theorem 1.3, let us note that since we know (see Theorem 1.1) that any
minimum v belongs to L>(£2), there exists M such that |u| < M. Since the sequence
{u,}, with u,, = Ty (u,), satisfies

/Q (2, VT (@) da — /Q F@) Tu(@) de < inf J(v) + e, + /Q F(@) Gar () d

veW,P(Q)
and since

lim /Qf(a:) GM(ﬂn)dx:/Qf(x) Gar(u)dz = 0.

n—-4o0o
we have that

/j(x,Vun)dx—/f(:c)und:cg inf J(v)+&,.
Q Q

veEW, P ()
That is, the sequence {u,} is a minimizing sequence for J, and it is bounded in L*>°(12).

Theorem 1.3 says more than that: thanks to the e-variational principle, it is possible
to build a minimizing sequence not only bounded in L*(£2) but also strongly convergent
to w in the same space.

PrOOF OF THEOREM 1.3. Note that if ¢ is as in the statement, the assumption m > %
implies that

7 l<g< —— <p.

(7) LA g ¢

Let ¢, be a sequence of positive real numbers, converging to zero, and let @, be such
that, for every n € N,

J(u,) < inf  J(w)+e,.

veEW, P ()

Let us now consider the complete metric space Wy (Q), endowed with the distance

1

do(w,0) = —— | [ 1V - voprdz|”.
Al |

Thanks to Fatou Lemma, to the fact that j(z,£) > 0, and to the fact that f belongs to
W=14(Q) being ¢* = m’, we have that .J is strongly lower semicontinuous on W,?(£2).

Thus, in view of Lemma 1.2, there exists a sequence {u,} in W, %(Q) such that

|:/ yvun_vun|qu:|q S \/5,
Q
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which proves (4), and

(8) J(un) < J(tn) < Mi}%,ﬁ o J(v) +éen,
(9) J(up) < J(w) 4+ /en [/Q |V, — waqd:c] ’ . Yw e W),

Using the growth properties of J we have that u,, is bounded in W, (€); indeed, by (1),
we have

a/]VunV’de/j(x,Vun)de/f($)undx—|— inf  J(v)+e,,
Q Q Q

veEW,P(Q)

which implies that the sequence {u,} is bounded in W, *(Q2) since f belongs to W1 (£2).
Thus, up to subsequences, still denoted by {u,}, there exists a function u in Wy ()
such that

(10) u, —u  weakly in W, ?(Q) and almost everywhere in Q.

By the weak lower semicontinuity of .J on Wy (Q), and by (8), u is a minimum of .J on
this space.

Moreover, choosing w = wu,, — t1 in (9), where ¢ is a positive real number and v is a
function in W, ?(Q), we obtain

Tt — t00) — J(un) + /o t [/ﬂwwczxr > 0.

Dividing by ¢, and letting ¢ tend to zero, we get, since J is differentiable,

—(J (un), V) + VeEn Uﬂyqudxr >0,

so that

() (w)w) < VE | [ 1vupas]”

Recalling that J'(u) = 0 since v is a minimum, we have

q

W) =T < v | [ ouirad] "
Q
for every v in W, ?(Q). Observe that

(12) (7 () ) = /

Q

a(x,Vun)Vz/Jda:—/Qf(:ch:c.
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Choosing ¢ = u,, — u, it is easy to prove (5) using (2). In order to prove (6), let k& > 0,
define Ay, = {|u, —u| > k}, and choose ¢ = Gj(u, — u); we obtain, by (2), and by
Holder inequality,

o /Q|VGk(un—u)|”dq; < Ja [/Q|VGk(un—u)|qu]q

q

< /e K/Q|vc;k(un—u)|pdx>gmeas (Ak,nﬂ‘pr
= \/en [L\VGk(un—u)\de}pmeas (Agn)a 7,

which in turn yields

-
B =

S

Qe
SEE

a (/ VG (u, —u)? dm) < /e, meas (Ag.n)
Q

Using Sobolev inequality, and choosing h > k we arrive after straightforward passages,
to

(h — k)P meas (Ah,n)p% < Oy &? meas (Ag) a2l ,
which implies

b _p_
p 2
meas (Ap,) < Cy (hgi A —meas (Akjn)p?(%*%)p.
Note that (7) implies that
1 1
£ty
p\qg P
so that, by Lemme 4.1 of [9],
A

for some positive constant A depending only on p and N. Recalling that €, converges
to zero, we have the result. O

REMARK 2.1. Assumption (3) was used only to ensure that the functional J is lower
semicontinuos on W, (). Since the terms with f “cancel out” when calculating J'(u,,)—
J'(u), the summability of f is not necessary to prove that u, — u belongs to L>(2).

REMARK 2.2. We remark that from (11), choosing ¢ and —1) it follows that w,, satisfies

1
q

(13) & [ wqd:c]é < (o) < VE | [ [9olta]
Thus,

=t 0 = [ 9orae] v o]



6 L. BOCCARDO, L. ORSINA
The choice of ¥ = Gi(u, — uy,), and the same steps in the proof of Theorem 1.3, yield
(14) ||, —umHLm(Q) <clen +em)t.

Note that we cannot say that {u,} is a Cauchy sequence in L>°(2), since the functions
u, may not belong to L>°(£2), even if the difference of two of them is bounded. However,
passing to the limit in (14) as m tends to infinity, the almost everywhere convergence
(10) implies that

A
(15) s — ] < 50

which implies that the functions w, belong to L>(f2), since u € L*(2), and that the
sequence {u, } uniformly converges to u. In other words, Theorem 1.3 can also be proved
starting from (14).

3. THE IMPACT OF A LOWER ORDER TERM

Let the integral functional J be defined now by

(16) ﬂw:iéﬂ%Vde+llﬂﬂ@—wﬁda v e WH(Q) N L),

2
where
(17) fer* Q).
Note that Wy (Q) N L3(Q) = WP (Q) if p > ]3—12 Since both j(z, Vv) and [f(z) — v]?

" . . . 1
are positive, J is lower semicontinuous on Wy?(Q), for every ¢ > 1.

Note that any minimum u of J does not belong to L>(€2), if 2 < ¥ i.e., if p < %
p

Then the minimizing sequence {u,} built after {u,} using the e-variational principle
satisfies (11) with ¢ = 1:

(T () ) < v/Em / Velde,  Vwe W),

Observe that now

(18) (J (un), ) = /

Q

a(x,Vun)VQAdx—l-/Qun(w)wda:—/Qf(:v)wdx.

We can follow the same steps as in Remark 2.2 in order to prove inequalities (14) and
(15), but now the assumption on f does not imply that u € L*(2). Therefore, in (15)
the function u,, and its limit « may not belong to L*°(£2); nevertheless their difference
belongs to L>°(Q2) and tends to zero in that space.
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