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1. INTRODUCTION

The structure of g- representation of the exterior algebra Ag, g a simple Lie algebra over C, has been
extensively studied in the last fifty years. Despite its finite dimensionality, an uniform description of
irreducible components of Ag is known only in a conjectural form.

In ’97 Reeder proved that for the irreducible representations V) indexed by certain dominant weights
A called small (i.e., such that A is in the root lattice and 2« is not smaller than A in the dominant
order for all positive roots «), the multiplicity of Vi in Ag equals 2"%¢m, where m$ is the dimension
of the zero weight space in V). Moreover he conjectured that the problem of determining the graded
multiplicities of small representations in the exterior algebra can be reduced to a problem involving
Weyl group representations on the zero weight space VY.

The setup for the conjecture is the following: let g be a simple Lie algebra over C, fix a Cartan
subalgebra b and let ® be the associated root system, with Weyl group W. We denote by (-, -) the
W-invariant positive-definite inner product on h* induced by the Killing form and with o the coroot
associated to . We choose a set of positive roots @1 associated to a simple system A. Let p be the
corresponding Weyl vector and 6 (resp. 6s) the highest root (resp. the highest short root). We will
denote by II* the set of dominant weights, w; will be the i-th fundamental weight. Let H (resp H")
be the space of W-harmonic polynomials (resp. of degree h) on b, i.e. polynomials annihilated by
constant coefficients W-invariant differential operators with positive degree.

Conjecture 1.1 (Reeder). Consider the two polynomials

P(VA,/\g,u) = ZdimHomg(VA,/\g)u",

n>0

k
PW(V,\O,qu) = ZdlmHomW(Vf’,/\[) ® Hh)qhyk.
n>0
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If V\ is a small representation, then the following equality holds:
P(V)\a /\gv Q> = PW(V)?a qQa q)

This conjecture was implicitly proved in type A, comparing the “First Layer Formulae” of Stem-
bridge [23] with the results due to Kirillov, Pak [I3] and Molchanov [I6]. Moreover some general
formulae for graded multiplicities are proved when V), is the adjoint or the little adjoint module in [2],
[9], [7] and [24]. In these cases the description of the zero weight space is quite simple and the proof
of the Reeder’s Conjecture is completely straightforward using the formulae proved in [12]. In our
previous paper [I0] we proved the conjecture for Lie algebras of type B and C using the tools intro-
duced by Stembridge in [24]. The aim of this note is to complete a case by case proof of the Reeder’s
Conjecture for the classical Lie algebras showing that the conjecture holds for even orthogonal Lie
algebras. Furthermore, we checked using SageMath that the conjecture is true in the exceptional cases.

The first sections of the paper are dedicated to explain our tools and to make more explicit the
“Weyl group part” of the conjecture. Section 4 is devoted to prove Conjecture [I.1] for even orthogonal
Lie algebras. We use a mixed strategy with respect to what we have done in our previous paper: we use
the combinatorics of weights and the action of the Weyl group to find nice closed expressions for the
coefficients of Stembridge’s minuscule recurrences and again we conclude using an inductive reasoning.
Section 5 contains some technical results about a suitable reduction of the Stembridge’s recurrences.
Finally, in Section 6 we give an overview about small representations in the exceptional cases and
describe the computational approach that we followed to check the conjecture.

2. STEMBRIDGE’S RECURRENCES

Our work make an extensive use of results exposed in [24] about the the coefficients C},(¢,t) in the
character expansion of Macdonald kernels. The reason for our interest in these functions is that the
evaluation C),(—g, ¢*) gives the polynomial of graded multiplicities of V,, in the exterior algebra.

Let A(g,t) denote the Macdonald kernel and define Cy,(q,t) € Clg*!,¢*!], u € IIT by the relation
A(g,t) = > en+ Culg, t)x(p). It is possible to extend the definition of Cy,(g,t) to any weight  setting

/0 if u + p is not regular,
(2.1) Cule,t) = { (D N (q,t) fo(utp)=Ar+p,Aellt,ocW.

We will say that, if there exists o such that o(u + p) = A + p, the weight p is conjugated to A and we
will write p14p ~ A+ p. This rational functions C),(q, t) satisfy some recurrences. The problem of their
explicit computation reduces to solving a linear system of equations with coefficients in C[g*!, t*1].

We recall that a weight (resp. coweight) w is said to be minuscule if (w, a¥) € {0, £1} (resp. (w,))
for all positive roots. Fix a dominant weight A. If w is a minuscule coweight, then the following relation
holds (see [24], formula (5.14)):

k
(2.2) Z Cux(q,t) Z (tf(Pv’U’id’) — q(A,w)t(p,wiw)) =0.
i=1

$€O0,

Here wi,...,w, are minimal coset representatives of W/Wy, where W) is the stabilizer of X, and
O,, is the orbit W)y - w. We are going to call this recursive relation the minuscule recurrence. The
C,, appearing in (Z2) are not necessary in their reduced form (i.e. the weight p is not necessary
dominant), but the reduced form can be always achieved according to the Definition 21l Considering
only the reduced forms, Stembridge proves that the C),(q,t) appearing in (Z2) are indexed only by
weights p smaller or equal to A in the dominant order. We recall that if A is small, a weight © < A
is again small. Consequently our strategy becomes very clear: we determine closed formulae for the
polynomials Py (VY, g, y)(explicitly computed in [12]), and then we prove by induction that these
closed formulae satisfy Stembridge’s recursive relations, specialized in —q and ¢?. In [I0] we used the
minuscule recurrence to prove Reeder’s Conjecture in type B. A different approach is needed to obtain
a proof in type C', where Stembridge’s quasi minuscule recurrence is more efficient. Our choice of using
minuscule recurrence in type D comes from a computational reason: in D,, the fundamental weight w;
is minuscule and it is consequently easier to reduce the polynomial coefficients to a simpler form.
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3. SMALL REPRESENTATIONS AND THEIR ZERO WEIGHT SPACES

We recall that an irreducible representation V) is small if its weight is small. We refer to [I] and [19]
for a complete classification of small representations and their zero weights spaces as W representations.

As in the case of hyperoctahedral group B,, examined in [I0], the irreducible representations of the
Weyl group D,, = S, X (Z/QZ)"_1 are encoded by pairs of partitions (v, pu),v -k, p = hyh+k = n.
In the B, case, the irreducible representations can be realized as m, , = IndgzX Bhﬂ'/u X 7TZ, where, if
7, is the irreducible S,-module attached to 7 F p, and ¢, is the sign representation of (Z2)?, we have
()15 = 7w (M) 12k = iy (T))15,, = Ty (7)) (25)n = €n- All the irreducible representations of the
Weyl group of type D,, can be then obtained restricting to S, x (Z/ 22)”71 a representation of the
form 7, ,. If v # p, the representation 7, , := RengmW remains irreducible, otherwise Resgfﬂ'u,y
splits in two non isomorphic irreducible components that we are going to denote with 7 = and 771{7[”. A

v,
complete description of zero weight spaces for small representations in type D is displayed in Table 1.

TABLE 1. Zero weights space of small representations: Type D

Small Representation Zero Weight Space
Highest weight (c, B) description
; n—1 - A
Wi, 1 < T5— ((nfl)v(l))
Zn1, 2n (0 even) (), (3rr, (5, (8D
wp-1+wn (n odd) (("3), (%54)
2w ((n—1,1),0)
w1+w2i+17i<nT_1 ((TL*Z*l,l), Z))@((nizil)v(lvl))
w1 +wp—1+ wnp (n even) (%71)5(717_2))@((% a(nT_Qal))
w1+ 2wp—1, w1 +2wp—1  (n odd) (("T_l,l),("T_l))

Let us denote by Py the polynomial Py (VY, q,y) divided by [T}, (1 — ¢™), where my,...,m,
are the exponents of Weyl group W. We will determine explicit expressions for the polynomial Py .

We will encode partitions A = (A1, > Ag,..., >, \,) by Young diagrams, displayed in the English
way. Here h(ij), c(ij) are the hook length and the content of the box (i) respectively; || and n(\)

will denote the quantities > - ; A; and > 1, (i — 1)A;. We recall the following results about the Py
polynomials for the hyperoctahedral group:

Theorem 3.1 ([12], Proposition 3.3). Let mq g be the irreducible representation of the Weyl group By,
indezxed by the pair of partitions («, ).

~ 1 4 yg2e(i+1 1 4 yg2eli =1
. — 2n(a)+2n(8)+(8] | | | |
(31) PBn (7To¢,,6’7 q, y) =q 1— 2h(ij) 1— 2h(ij)
= q = q
(i,5)Ecx (i,5)€B

We remark that the reflection representation of the hyperoctahedral group restrict to the reflection
representation of the group S, x (Z/ QZ)"_l. Moreover, denoting by sg(n) the sign representation of
B,,, the representation 7, 5 and 7g,, = Ta,g @ sg(n) restrict to the same irreducible representation
T,3- As an immediate consequence, it is possible to obtain the following relations between the Py
polynomials in type B and in type D:

Pp(Ta,5:0:Y) = Pp(Ta,8:¢,Y) + P(75,0:¢,Y)
Po(Floia.y) = Po(Flli4,y) = Po(Taai 4, 9)
Now we want to rearrange the above formulae in a more useful way. Let A be a partition, we define
Sx@) = (¢"+1) [ @ +y®>*™)  Ra@)=(a"+1) [] (a+yg*™)
(i7)EX (ig)eX
In the case of A = (k,1) or A = (k), some nice relations hold:

q+y ¢ +y _
Sk, = S(k)( . ), Ry = R(k)(qu)v Ry = ¢" " Sg—1y (g + ).
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Now it is possible to express the Pp polynomials for zero weight space representations in Table 1 in a
more compact way. Set H(\) = H(ij)e)\ (1- q4h(”)), where (ij) ranges between the boxes of A.

2
= q° [ Rin—1,1) + Stn-1,1
PD(W(nle),@;qay) = [ (H(TL)* 1 1() )] ;

_ S(k)R(n—k) + R(k)S("_k)
P —k)} =
D(T (k) (n—k)} 4 ) H(k)H(n —k)(1+q")
_ qk—lg(kfl)s(nfk,l)(q + ?J)(f1"_2’C +1)(1 +yq™t)
H(R) H(n— k) (1+ q") ’

Pp (T (1), (n—k—1) DT (n—k—1,1),(k); & ¥) =
_ ¢ [StyRin—k-1,1) + Rty Stn—k-1,1)] n ¢ [Stm-k-1) Rk 1) + Rin—k-1)Sx.1)]
Hk) H(n—k—1,1) (1 +q") H(n—k—1)H(k 1) (1 +q")
QQS(kﬂ)S(nfk—z) (¢+y)

Here we set
Pnk,q,y) =d"2(q+ )1+ y@" 2 + 4@ 4+ y) (1 4 yg? DT
and

Q(n,k,q,y) = P(n, k, q,y)(***) — 1)(¢*™ Y — 1) + P(n,n — k — 1,q,9)(¢** — 1)(¢*™ ¥ —1).

4. EVEN ORTHOGONAL ALGEBRAS

We recall now the realization of root system D,, as exposed in [4]. In an euclidean vector space

with basis {e1, ..., e}, consider the set ®p, of vectors {te; £e;}iz;ij<n. We fix a positive system of
roots choosing the vectors {e; £ e;}i; j<n; according to such a description, the fundamental weights
arew; =e;+---+e ifi<n—1,wy_ 1 = %(el+~~~fen) and w, = %(el+~~~+en). Moreover the

coweight e; is quasi minuscule and the Weyl vector is p = > (n — j + 1)e;. We have three different
families of formulae for Py (VY,¢%, q), depending on the reducibility of representation VY. We will
denote the polynomials PD(%(k)ﬁ(n,k);qQ,q) by Ck n, the polynomial PD(%(H,M)’@;qQ,q) by Csjo,n
and the polynomials PD(%(kyl)ﬁ(n,k,l) P %(n,k,lyl)ﬁ(k);qQ,q) by Cyjk,n. Similarly we will denote by
Ch,n and Cyp,,, (or simply by Cy and Cjy);, when the context is clear) the rational functions appearing
in the Stembridge’s recurrences, associated respectively to weight of the form wsy and wi + war+1, and
specialized in —q and ¢?. The following relations between the polynomials Cy_,, and Cs)k,n hold:

q2(1 + q2(n—2k—2))(1 + q4k—1)(1 _ q4n—4k)

(4.1) k+1, k, (1+ 2n—k)(1 + ¢in—2k=5)(1 — gik+4)
Q(na ka q25 q)
4.2 C = Cpn
(4.2) 2|k, P61 — gH(1 — ¢ (1 + @2 1)(1 + g2 2F)(1 + gin—4h-5)

Remark 4.1. Observe that if we set n = 2k in (£I)), the ratio T}* between Cy , and Cy_1 , becomes
equal to

9. q2(1 4 q4k75)(1 _ q4k+4)

(1+¢H) (1 + g 1)(1 = ¢*)
This is coherent with the fact that, if n is even, the specialization of Pp (%(k),(n_k);qQ, q)ink=7%is
equal to 2PD(%{%),(%);q2,q).
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4.1. Weights of the form wsy, 2w, _1, 2w, if n is even and w,_1 + w, if n is odd. We consider
the recurrence ([2.2)) and make the evaluations ¢ — —¢q and t — ¢, obtaining

l k
(43) > Cuin Y (g 2000 4 ghe2emiv)) — g,
i=1 j=1

Writing all the C,, in their reduced form the recurrence can be rewritten as

(4.4) S A (9)Cu(a) =0,

B

for some coefficients szn(q). Our purpose is to make more explicit these coefficients.

Remark 4.2. Set Qz " ={wA |lw e W/Wy, wA+p ~ pu+p}. The sign change on the n-th coordinate ¢,
induces a bijection between in"’l’n and in"*". Observe now that the general coeflicient A;\L’"(q) does
not depend on the last coordinate of the weights in QZ‘ ™ because the last coordinate of p is equal to
0. As a consequence A,Qf"’l’"(q) = A2 (q) for all < X and then C,,_,(¢) = Caw, (). Coherently

with the above notation, if n is even we will denote the polynomial Cs,, (¢) by Cz.

Let us observe that, if A = way (resp. A = 2w, and A = w,_1 + wy,) then the non zero integral
dominant weights smaller than A are of the form wsy; with ¢ < k (resp. i < [n/2]). For brevity we will
denote the coefficient A%25™(g) and the set Q@2+ (resp. A2n"(q) and Q2emm AZ2~ 7" (g) and
Qe By Af’" and Qf” (resp. by A?n and Qi%’n, A;%l’n and Q:%ln) It is immediate to show
that the only contributions to the coefficient Aﬁ’" come from the case w; = id and consequently Aﬁ’"
must be equal to

2k n—i n—k)—
(4.5) AP =30 (L+g" %) (" - (" P +1)
k P q2(n71) q2(n71)(q2 _ 1)

It is more difficult to obtain closed formulae for the generic AZ’", however some nice recurrences hold.

Remark 4.3. A direct inspection shows that the weights giving non zero contribution to AZ’", k>h>0
are of the form e; + -+ + eap, + u, where p has the first 2h coordinates equal to 0. Considering the
immersion of D, _9p, — D,, induced by Dynkin diagrams, this means that p can be contracted to a

k—h,n—2h k—h,n—2h
Qk—hn Qk—hn=2h,

weight in . By abuse of notation, we denote this contraction process writing p €

As a consequence of the above Remark, the following relation holds [1:
(46) Ai,n _ (71>k7hAZ,n|Q§fh,nf2h| + Algfh,n72h.

We reduced to computing of the coefficients Ag’ . For the weights conjugated to 0 some results similar
to the ones proved in [I0] for B,, and C,, hold:

Lemma 4.4. Let n be even. Set A = 2w,, and let w € W be such that wA is conjugated to 0.
(1) wA is equal to (—1,1,...,—1,1) if n/2 is even and to (—1,1,...,—1,—1) if n/2 is odd.
(2) There exists an element o € W of sign sg(o) = n/2 such that o(wA + p) = p.

Lemma 4.5. Set A\ = wop, 2k <n or A =wp_1+wn, n=2k+1 and let w € W be such that w\ is
conjugated to 0. Then w is of one of the following form:

(1) The 2k non zero coordinates of wA are pair of consecutive coordinates ((wA)(;y, (WA)¢j)41) of
the form (—1,1).

(2) There are2(k—1) non zero coordinates that are pair of consecutive coordinates ((w)(jy, (WA)(jy+1)
of the form (—1,1) and the latter two are equal to —1.

In both cases there exists an element o € W of sign sg(o) = k such that o(wh + p) = p.

Here we set by convention 95’2 ={(-1,-1)}, Qé’g ={(-1,1,0),(0,—1,-1), (0,—1, 1} and coherently A(l)’2 =r(2,q9),
Aé’g =1r(3,q) + 2r(2, g)(c.f.r. Equation (@1))
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This produce an explicit formula for the number of weights QS‘ s
|Q’\7"|— 1 if A =2w, andn is even or A =0
- %(";ﬁ;l) if A =wor and 2k <m or A =w,-1 +w, and n = 2k + 1.
Furthermore, the coefficient A(? ™ can be easily computed. Set
T(?’L,q) — q2(n—1) . q—2(n—1)+1 + q—2(n—2) + q2(n—2)+1 _ (q + 1) (q2n—3 + q—2n+3)

then

r(2i,q) = (~1)3r(n,q) — AyZ "7

'Mw\:

(4.7) A" =(-1)%

=1

In the general case, producing explicit formulae for Ag’" is more complicated. As a consequence of
Lemma we obtain a case by case analysis of the weights in ng’" that leads us to some recursive
expressions for Ag’". Let p be a weight in Q]g’ ™

Case 1:If n = 2k + 1 then p must be of the form —e; +es+v with v €
ng,Qk

ng_l,%—l or p = (O, Ho, ... 7Mn)

where p' = (p2, ..., pn) € ng’% or e i’ €
Case 2: If n # 2k,2k + 1 then p must be of the form —e; + ex + v with v € Qg_l’"_Q or u =
(0, pi2y - ., fin) where p/ = (p2, ..., pin) € Q]g’"_l.
We obtain the recursive relations:

(48) AG T = (= 1)Mr(2h + 1, ) 047 = AGTHT 288,

(49) A" = (-DPr(m |06 - AFT R AR

The above recurrences between the coefficients allow us to reduce the triangular system given by
Stembridge’s relations as described in the following proposition, that we prove in Section 5. Set

ak .
(1255717((11,)1) if n = 2k,
bk,n =
2n 2(n—2k
(¢*"—1)(g* '+1) otherwise.

PFT=D=T(g-1)

Proposition 4.6. Let R; be the recurrence for C; written in reduced form. Then there exist a family
. k,n
of integers {A;" }i<k such that

k k
(4.10) Z Af’nRi = AZ,an — Z biﬁn,g(k,i)ck_i

Now, we apply an inductive reasoning. We recall that the base case of weight wo can be obtained
comparing Pp(V2,¢% ¢q) with the formulae proved by Stembridge in [24]. Observe now that the

following relations between the by, ,, hold:

(q + 1>(q2(n72k+1) _ 1) (qz(nfz(kfi)) _ 1)

bi1n72(k7i) . bi711n72(k71) - q2("—2k)+1 . q2i )
1 2 — 1 41 _ 1
bini — bi1.2; = g+ 1D)(@*-1) (g - )
q q*

If k < %, considering the difference between the recurrences of the form (.I0) for C} and Cy_; we
obtain:

k

AZ’”C}C - (bl,n—2(k—1) + Al]z:i") Ck*l - Z i,m— 2(k 1) bi—l,n—Q(k—i)} Ck*i
=2

G2(n=2k+1) _ 1) ko
_ ( )(2(n o Z 2(n 2i) )Cz

=0
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Set
C(kv n, q) = AQHTI? - bl,n—Q(k—l) - AZ:?",

(q + 1)(q2(n72k+1) _ 1)

D(ka n, Q) == qQ("_k)‘H
The conjecture in this case is then reduced to prove that
C(k,n,q) 2(k— ok Ck—1,n,q)
411 S ) b | 2(k-2) ( 2(n—2(k-2)) _ 1) CWZ L4
@i D(k.ng) ¢ ! Dk Lng|

and then to check a polynomial identity. This can be easily computed by a symbolic algebra software.
We checked the above equality using SageMath [22]. In the case of 2w, with n = 2k, we have to
consider 2 times (AI0) for Cz minus the recurrence for Cy_1, obtaining

k

Ap20, — (251,2 + AZ:%’") Cr_1 = Z [2bi,2i — bi—1,2i] C—i
i—2
(q+1q_1 21 2n 21
n+1 Z q ( = )C

and the computation is exactly the same as in the previous case. Observe that our choice of take 2
times recurrence (.I0) for C'» in the above computation is coherent with the Remark .1l

4.2. Weights of the form A\ = w; + wopt1, A = w1 + w1 +wy, if n is even and A = wy +
2wp—1,w1 + 2w, if n is odd. We remark that in this case Wy - e; = {e1} and then the minuscule
recurrence becomes more explicit. We consider the recurrence (Z2) and make again the evaluations
g — —q and t — ¢?, obtaining

1+4(p wlel))
(4.12) Z C’wl ey =0

The recurrence (£I2) can be written in reduced form as:

k k+1/k
Yo+ S otk g
i=0 =0
2|k,n

for some coefficients Aj 2 and A2|k " that we are going now to analyze more closely. We underline
that the index of the second sum goes from 0 to k if n = 2k + 1 and to k+ 1 if n > 2k + 1. In the
special case n = 2k + 2 the recurrence can be displayed as follows:

k
Yl s G G [ 2] =0
=0

2\k n A2\k n

Using an argument similar to Remark [1.2] we have A5 . and then the recurrence becomes:

k k
2|k, 2|k, 2|k,
e Y Oyt + 3 AT 20, AL =0,

i i=0
Moreover, by the same reasoning of Remark[.2] if n = 2k+1 we obtain that Cy,, +24.,_, (¢) = Cu, 12w, (q)
and then we reduce to compute only C,, 2., (¢) (that for brevity we will denote with Cyj, op41 ). As
in the previous case we want to determine closed formulae and recursive relations for the coefficients
that allow us to reduce the system.

Remark 4.7. Similarly to what we observed in the case wag, the only contributions to Ag}:" come from

weights of the form 2e; +ea + -+ + eapq + p with g € Qgih’”dh*l.
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Set
(1—g¢"*)
s(n,q) = o
by previous remark we obtain:
2|k, k—h k—h,n—2h—1
(4.13) A" = (=) s(n—1,9) |0 .
Coherently with the notation of the previous section, we will denote by Q;}Z” (resp. Qi'k’") the set
ﬁiizz’;in (resp. QOLF<2 1™ Tt is immediate to show that the weights in Qi‘f:lﬁ are all of the form

e1+4---+ej_o+2e+---+egpqr) for j <2(k+1). As a consequence, we obtain the following formula:

2k+2 4(n—k—1)—2 _ A(k+1)—2 _
2k (g 1)(q 1)
(4.14) A =~ ; s(n—j.q) = — (g2 =)
Remark 4.8. Reeder’s Conjecture for 2w;. Formulae (£I3) and ([@I4) describe explicitly the

2|0,n
2|0

consequently A(QJ‘O’" = s(—1,q) = —s(0,q). Now Ry is explicit and the Reeder’s Conjecture in this case
can be proved comparing the obtained expression for Cyq,, with the formula for Pp (7 ,—1,1),0; 7, q)E

coefficients A and A?lo’n. By direct inspection it is possible to prove that Qg‘o’" ={—2e,-1} and

To find a recursive expansion of the coefficients Ai‘k’n for ¥ > 1 we have to consider the cases

n = 2k + 1,2k + 2 and n generic in three different ways. Firstly suppose k > h > 1. If n =2k+1 a

weight p € Qi‘k’n must be of the form ws + p’ with p' € Qi‘f;l’"ﬁ, obtaining

2k, 2lk—1,2(k—1)+1
A=A .
The case n = 2k + 2 needs a closer analysis. A weight u € Qi‘k’n can be of one of the following forms:

Case 1 n=-e + e+ /'[// with M/ c Qilfl_l’n_Q’

Case 2 u = 2es + p/ with p/ € QZZ_2 U enQZ’fl_Q or equivalently p; = 0 and i = (ua,...,pn) €

2lk,n—1 2lk,n—1
Q2\h71 UE"QQ|h71 )

Case 3 = (1,0,2,1, 5, ..., ) where i = (5, ..., 1n) € Qf;;’zkd U enQZ:é’%*Q.
This analysis can be translated in the following relation:

AR L I (1) 1)

. . k,n—2
The case of n generic is completely analogous to the previous one, except for the fact that "~ U

kyn—2 kyn—2 k—1,n—4 k—1,n—4 k—1,n—4 .
e T =" T and Q) " T T UeQy 5" =Q, 5" " leading to the recurrence:

2|k, 2|k—1,n—2 2[k,n—1 _ k—ht1, n—2h
Ahl = Ah‘—l - A2}hf1 - (*1)k h+15(” -3,9) | thn=2h)

The case h = 1 must be considered differently. If n = 2k + 1, the elements in Q]f’%ﬂ are of the form:

Case 1 p = wy 4 p/ with p/ € Qg\k—17n—2,

Case 2 p1= (1, =12, pa, ., ) With i = (s, pn) € Q57"

obtaining the recurrence:

A§|k,2k+1 _ Ag|k71,2k71 _ (_1)k—15(2k -2,q).

20bserve that, to prove inductively the Conjecture, it is also needed to check explicitly the cases wi + w3 in D4 and
w1 +ws in Ds. In these cases to list directly the weights involved in the computation of coefficients is quite simple. It is

possible to achieve a description coherent with the general analysis in the paper setting by convention ng’" ={(-2,0)}

for every n > 1 and 93‘1’3 ={(-1,-1,2),(—2,1,-1)}, Q?‘lﬁ = {(1,-1,2)}. Coherently A3‘1’3 = 5(0,q) + s(—2,¢) and
2|k—1,2(k—1)+1

Ah‘—l ( = —5(0,9).
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In the other cases we must consider a third family of weights, i.e. of the form (0, ua,. .., u,) where
- . . . 2|k,2k+1 2|k,2k+1 . . 2|k,n—1 .
i = (u2,...,H,) is contained in (22‘0 U €n92|0 if n =2k + 2 and in Qz|0 for n generic.

Consequently we obtain:

A%\k,2k+2 _ Ag\k—l,% B 2A§I§,2k+1 — (~1)*1s(2k — 1,q) ‘Qg—l,2k—1

2|k,n 2|k—1,n—2 2|k,n—1 — —1,n—
AR 2 A S DL 1S(n73,q)}Q§ ! 3].

Finally, we will find recurrences for coefficient Aglk’". Again, let us start from n = 2k + 1. The only

relevant cases are:
Case 1l p=(-1,1,p3,...,tn) with &= (us,...,ln) € Q%lk_l’n_Q,
Case 2 p=(-1,—-1,2,pa, ..., ) With 1 = (pta, ..., n) € ng_l’"_3,
Case 3 1= (—2,1,1, 4, .., i) With i = (tta, ..., ptn) € Qe 173,
and consequently we obtain:
AR = AR ()R 52k — 2, q) + s(—2K, q)] -
As in the case h = 1, if n # 2k + 1 we have to add to the previous list the weights of the form
(0, 2, . .-y i) With ft = (pa, ..., p,) contained respectively in Qg‘k’%“ Ueanlk’2chr1 if n =2k+2 and
in Qg‘k’nfl for n generic. This yields to the recurrences:

AGREE = oA AR L (1 2k = 1,q) + (2K — L)) [T

AZS 2 AR g2 (1 (a3, 4 o L]0
Set now
q2k(1 _ an)(l + q2(n72k71))

dk,n = S(kv Q> + S(TL — k- 1’ q) - q2(n—1) ’

imposing that the coefficients A;IZ" must cancel, we are again able to find a nice reduction to the

triangular system, proved in Section 5.

Proposition 4.9. Let R; be the reduced recurrence for Co);. Then there exist a family of integers
{EF™ ek, with EF™ =1 and Zf:h(—l)i("fii*l)Ef" =0, such that

k k—1
k,2k k,2k X
(4.15) Y EPPHIR, = Aﬁ}k HH Cypooirr + T g — > sk =4, 0)Chanta,
i=0 =0
and
k k—1
K, K, K,
(4.16) S TEPT R = A5y Coppn + TR Chtn + TR " Chon = Y dijin—2;Cin.
i=0 j=0

, , 2|k,2k+1 2|k,n 2|k,n
for some suitable coefficients ' , Dl and I

We remark that it is possible to find a recursive expression similar to ([@.I4]) for the coefficient Filk’"

(c.f.r. Section 5, Proposition 5.4, computations for Filk’"):

2|1,n
03" = —5(0,q) — s(n — 2,9) — s(n — 3,9)

20k, 2lk—1,n—2
Fk‘ " :FkL1 " - [S(R*Q,Q)ﬁLS(”*&Q)]
A direct inspection shows that F§|2’5 = - Z?:o s(j,q) and, starting from the formula for F?H’", it is
possible to obtain the following expressions:
2|k, 2k+1 = (g*F — 1) 20k 2|k
ry™ =— Z s(j,n) = ——————"— 05" = —s(0,q) +s(n—2k—2,¢) + T

T Ak—2(,2 _ 1)’
= q*2(q* = 1)
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4.3. Reeder’s Conjecture for A\ = w; + wog41, A = w1 + Wp—1 + w, if n is even and A\ =
w1 + 2wn—1,w1 + 2wy, if n is odd. We recall that in Section 4.1 we shown the identity:

k—2
k ) .
(4.17) Clkna) o S (P - 1)C

D(k,n,q) =
Substituting ([@.IT) in (£I5) we obtain

k-1
2|k, 2k+1 2|k, 2k+1 .
A5k Cop,2k+1 = — T, Cr2k+1 + E s(k —7,90)Cj 2k+1
7=0

2j q2(2k+1—2j) ~1)

k=1 o
k,2k
= TG g - S S ( % Cj2k+1
§=0 1
2[k,2k+1 Cr—12k+1 | 20k-1), 6 C(k,n,q)
-T} C2k+1 — g {q D" —1) + Dl nrq)
Cr1,2k41 | opm2lk,2k+1m2k41 _ C(k,n,q)
At bk Nl T T2k+ 2(k—1)(,6 1 ~\h I 4q)
P koot (@ =D D(k,n,q)
and analogously, substituting (L.I7) in (£I0)
k-1
k,n n
;}k CV2|k n = _FilJrl Ck—i—l n F 2k Ck kn T de —j,n— 2]0_],
7=0

2(n—2k—1) k-1
2|kn 2|k,n (q + 1) j n—2j

=T Crpin — T Crn + = E ¢ (")~ 1)Cn
=0

:_Ck,n 1—\2|k nTk+1+F2\kn+

(@D +1) Clk,m, q)]
k+1

@k D(k,n,q)
Again proving Reeder’s Conjecture is equivalent to a polynomial identity that we checked with SageMath[22].

5. PROOF OF PROPOSITIONS 4.5 AND 4.7

In this Section we are going to denote with ©(n.k, h) the quantity ’QZ" = ’Qg_h’"_%’.
Remark 5.1.
O(n,k,h) =0O0(n,k,h+ 1)+ O0(n—1,k,h),
O2k+1,k,h) =002k +1,k,h+1)+20(2k,k, h).
Set now
0 if h>korh<D0,
(5.1) Apr =1 if h =k,

— Zf:hﬂ(—l)i_h@(n, i, h)AP™  otherwise.

Proposition 5.2. Let R; be the recurrence for C; written in reduced form. Then

k k—1
(5.2) Z Af’nRi = AZ’an — Zbk—i,n—%ci-
=1 =0

Proof. We will use FIZ’” to denote the coefficient of C}, in Zle AP™R;. Using remark[5dland definition
(B it is possible to prove that the integers of the form AZ’" satisfy some nice iterative properties:

Lemma 5.3. (1) AP™ = AF7V" 7% for ho> 1,
(2) A = ARt AR Il gy oL ok 9K 41,
(3) Ak2k Ak 12k 1
(4) Ak2k+1 —2Ak2k+Ak 12k
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Using (1) it is easy to prove that T)™ = T """ if k > h > 0:

k
kn _ knopjm
Pk = § Ak A

_ Z ]h®nj, )Akn Ahn+ Z AknA] h,n—2h
j=h j=h+1
k—h
k—h,n—2h  t,n—2h __ pk—h,n—2h
D D FEE
t=1
To recover the coefficients of (5.2)) we have to compute Flg’”. In particular we want to prove by inductive
reasoning that
E+1
B = - SGa), TERH ook keag, TR =TE kot 1g)
j=2
The formula for 1"(2)’4 can be easily checked by direct computations. We have to distinguish three
different cases. If n = 2k and using (1) and (3) of Lemma [5.3] we have:

k
i =% [AJ” L Nje 2] Ak”+2[ 1Y70(n, j, )Af’”} r(2k, q)
Jj=1 Jj=1
k—1 ) k—1
— Z All;fl,nflA(]),nfl _ Z Aicfl,n72A(t),n72
j=1 t=1

_ 1_\1571,2(1%1)“ B 1_\1571,2(1%1) _Ind 1_\1571,2(1%1) “r(k+1,q).

The computation in the case n = 2k + 1 needs the additional use of (4).

k-1
FIg,Qk-‘,—l _ Z |:A_],n 1 AJ 1,n— 2} Akn n Z [ ]G(n j, )A?7n:| r(2k +1,q) + 2A10c,2k _ Ag—1,2k—1
j=1
k-1 _ k—1
_ Z A?,HA%,QIC + 2A§,2k . ZAinl,’Il*QAtO,’an
j=1 t=1

k—1
_ Z {A?—mk + QA;?’%} A(J)‘,% + 2Alg,2k _ F§—1,n—2
i=1

_ F§71,2k " 2F§,2k B Flgfl,an
=Ind 2F§’2k> —rk+2,q).

The case of n generic is completely analogous and uses (2) in lemma [53 instead of (3).

i[A]nl AJ 1,n— 2i|Akn+i|: @( ,j, )Ak’:|r(n7q>
Jj=1 Jj=1

_ k |:A§;_1,n—1+A?,n—1i| A%,n—l _Flg—l,n_g
j=1

_ F§717n71 + F§7n71 _ F§711n72
=Imd g™ —r(n— k+ 1,q).

Now it is straightforward to show that Flg’” = by, and then FIZ’” = Flg*h’"ﬁk = bk—h,n—2h- O
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Set now ®(n, k,h) = O(n — 1,k, h) and define

0 if h>korh <0,
(5.3) Efr={1 if h =k,
- Zi’c:thl (=1)i="®(n,i,h)EF™  otherwise.

Proposition 5.4. Let R; be the reduced recurrence for Cy;. Then

k—1
k,2k+1 9|k, 2k+1 2k, 2k+1 .
(54) ZEi + R, = AQ{k Cg|k72k+1 + Fk‘ Ck,2k+1 — Z S(k} -7, q)Cj12k+1,
=0
k—1
i, 2|k, 20k, k,
(5.5) Z E"R; = AgIk "Copen + Fktrlnck-i-l,n + 1" Colpn — Z di—jn—2iCjn-
=0
2|k,n 2|k,n

Proof. Coherently with notation of Section 4, we will denote by I' (resp I','™") the coeflicient of

2|h
Cop, (resp. Cp)in ) EF?*TUR,. Observing that E}"™ = Ay™ ™" we obtain an analogous of Lemma [5.3t

Lemma 5.5. (1) EF™ =Ey— 1" for h > 1,
(2) Ef" =Ep" T 4 By A #£ 2k 41,2k + 2,
(3) Ek,2k+1 _ Ek—1,2k
h - h )
k2k+2 _ ok 2k+1 k—1,2k+1
(4) E, =2F, + By .

An immediate consequence of definition is that Fg}:" =0if h<k. If k> h >0, we have:

k
2|k, 2k+1 _ k,2k+1 j 2|7,n
I, = E E; A
1

J

—h—
k ) k—1 ) k—1
= Y EPHIAREL N g AT sk —2,q) | Y (1) EPTIG(2k, 5,h - 1)
j=h—1 j=h—1 |i=h—1
k k—1 [ k-1
. E,2k-+1 p 2]5—1,2k—1 k—1,2k » 2|,2k j—h41 pk—1,2k .
= Y EPTHIANY — > ETRAL — s(2k - 2,9) (1) B R 02k, j,h - 1)
j=h—1 j=h—1 j=h—1

_ 2lk—1,2k—1
=T

)

k k—1
2|k,2k+2 2|7—1,2k 2|k, 2k+1 217,2k+1
Fhl 2k+2 § E]1§72k+2Ah|il 2k _9A |k, 2k+1 § Ef,2k+2A 5,2+ +

2|h—1 2|h—1
j=h—1 j=h—1
k—1
_ i k,2k .
—5(2k—1,q) |2(=1)* " 1B 2k +1,k,h —1) + (-1 HENE 2k +1,5,h - 1)
j=h—1
| - |
2|k—1,2k k,2k+1 k—1,2k+1 2|7,2k+1
=05 = ) [QEJ +E] } Agip=y
j=h—1

k
—s(2k—1q) | S (—1) (2Ef’2k+1 + Ef*“’““) B2k +1,5,h—1)

k k—1
_ R2|k—1,2k k,2k+1 5 2]5,2k+1 k—1,n—1, 2|j,n—1
=10 -2 E : Ej A2\h—1 o § : Ej A2\h—1

j=h—1 j=h—1
_ p2lk—1,2k
- Fh—l ’




REEDER’S CONJECTURE FOR EVEN ORTHOGONAL LIE ALGEBRAS. 13

k k k
2lk,n k,n o 2[j—1,n—2 k,n 4 2lj,n—1 ] h+1 mk,n .
" = E BTN — E W s(n—3,q) E ES"®(n—1,5,h — 1)
j=h—1 j=h—1 j=h—1
k
_ 2lk—1,n—2 k,n—1 k—1,n—1 2|j,n—1
! - Z [Ej + Ej }A2\h71
j=h—1
k
2|k 1n-2 kn—142[jn—1 k—1,n—1 4 2|j,n—1
=Ty E: By AQ\h 1 E: Ej A2|h 1
Jj=h—1 j=h—1
7F2|k Ln-2

We reduced again to the computation of explicit formulae for the zero coefficient in the recurrences.

k
Fg|k,2k+1 _ ZEJ;,%HA?],TL
7=0
k—
Z k 2k+1A2|j,2k ZEk 2k+1A2\] 1,2k— 1+
7=0 Jj=1
k
i—1 ok, 2k+1 .
+(s(2k — 2,9) + s(=2k,q)) | Y (1) EP*TO(2k +1,4,1)
j=1
k—1
k—1,2k 4 2|7,2k 2|k—1,2k—1
=Y E AP T
j=0

2|k—1,2k 2|k—1,2k—1
Iy -1

?

k—1 k
Fg\k,2k+2 _ 2A3\k,2k+1 I Z E]I_c,2k+2Ag\],2k+1 _ ZEf,2k+2A§|J—1,2k+
J=0 Jj=1
k
i—1 ok, 2k+2 .
+ (526 = 1,9) + 5(=2k — 1,9)) | D (1)) ' EP*F0(2k 4 2,4,1)

j=1

k=1
2|k, 2k+1 - 205,2k+1 _ 12|k—1,2k
:2/\0‘ 2k+ +Z {2Ef,2k+1+EJI§ 1,2k+1:| AO\L + 7F0| :
=0

2|k,2k+1 2|k— 12k1 2|k—1,2k
:21'\0‘1 + _’_1—\\ + 0| )

)

k k
Fg‘kan _ ZEJI_VK’IA?],”—l _ Z EJ’?7"A§|J—1,”—2+
=0 =1
k
F(sn—3.) + s(cn+ 1) |31 ER D, 4, 1)

j=1
k—1
o k,n—1 k—1,n—1 2|j,n—1 2|k—1,n—2
=Y (Bt B A

7=0

2|k,n—1 2|k—1,n—1 2\k71,n72
=17 + I Iy .
A direct computation shows that 1"2‘2 ’ = = —5(2,q). Using the above relations between the 1"2“6 " the
proposition now follows proving by mduction the identities

P = g, T = —s(ha) —stn— k- L)
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6. THE EXCEPTIONAL CASES

The most efficient way to verify the Reeder’s Conjecture in the Exceptional cases is to compute
explicitly the coefficients appearing in Stembridge’s recurrences (evaluated in —q and ¢?) using a
computer algebra software (in our case, SageMath 9.3 [22]) and prove that the polynomials computed
by Gyoja, Nishiyama and Shimura for [I2] satisfies such recurrences. We underline that a crucial
ingredient for these computations is the strong efficiency of the Stembridge’s algorithms.

As pointed out in [24], for cases Fy and Es it is not possible to use minuscule recurrences (these
algebrae do not have a minuscule coweight) and then we were forced to use Stembridge’s quasi-minuscule
recurrence([24], Formula 5.13), already used to prove Reeder’s Conjecture in type C(see [10]).

We list in the tables below the small weights different from 0, 85 and 6 in the exceptional cases. We
used the numbering of Dynkin diagrams as in [4]. The description of their zero weight spaces is exposed
in [1],[19] using the notation of [6]. Moreover, for the Fy case we used the computations contained in
[3] and the results of Section 4.10 in [I5].

TABLE 2. Type Eg. Minuscule coweights: wq, wg

Small Representation
Highest weight

Zero Weight Space
®a,s description

w1 + Wwe
w4
w1 + w3, Ws + We
3&)1, 3w6

$20,2
$30,3 + @155
64,4

h24.6

TABLE 3. Type E7. Minuscule coweights: wy

Small Representation
Highest weight

Zero Weight Space
®a,s description

We

w3

2w7
w2 + wy

$27,2
¢56,3 + 21,6
21,3
1204 + $105,5

TABLE 4. Type Eg. Quasi-minuscule coweight: ws

Small Representation
Highest weight

Zero Weight Space
®a,p description

w1
w7
w2

TABLE 5.

Small Representation
Highest weight

35,2
D112,3 + P2s8,8
$210,4 + P160,7

Type Fy. Quasi-minuscule coweight: wy

Zero Weight Space
(b/a 5 description

w3

¢8,3 + ¢1,12

We point out that, for type Fg, some nice symmetries can be used to reduce the number of cases
that need to be examined. We remark that in Table 2 there are two pairs of weights that have the
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same zero weight space representation. Set X7 = {3w1,w; + ws} and Xg = {3ws, ws + we}. We recall
that the automorphism of the Fg Dynkin diagram that send labelled vertices 1 to 6 and 3 to 5 induces
an involution J on the weight lattice that pairwise exchange the weights in X; with weights in X5. Let
us denote by Ry" (resp. R3°) the minuscule recurrence for the weight A, obtained choosing w; (resp.
we) as a minuscule coweight. Fix A € X;. We observed empirically that the involution J sends R} to
R‘j‘(jA), preserving the coefficients appearing in the recurrences. This proves that Cx(q) and Cj(x)(q)
satisfy the same recursive relations and then we reduced to prove Reeder’s Conjecture only for weights
in X;. Our computations are available at the link in Bibliography [I1].
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