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1 Introduction

The recent flow of measurements detected by the LIGO/Virgo collaboration [1] from gravi-
tational wave (GW) signals produced by Black Hole (BH) mergers has revived the possibility
that Primordial BHs (PBHs) may comprise a significant fraction of the dark matter in the
universe [2–25].

In particular, current data allow for the possible presence of a considerable fraction
of merger events ascribable to PBHs [26] as long as their abundance fPBH = ΩPBH/ΩDM in
units of the dark matter one is below 10−3 in the LIGO/Virgo mass range. Whether or not
Third Generation (3G) ground-based detectors, such as the Einstein Telescope (ET) [27], the
Cosmic Explorer (CE) [28], and the future Laser Interferometer Space Antenna (LISA) [29],
will confirm this hypothesis, even a smaller value of fPBH may still have an impact on the
cosmological evolution as far as large scale structure is concerned (see, for example, refs. [30–
34]). It is therefore timely and interesting to ask what is the minimum testable value of fPBH

by future GW experiments, a question we address in this paper.
For clarity’s sake, we state our starting assumptions in the following. We first consider

the standard PBH scenario where the PBH binaries form in the early universe [35, 36] from
an initially Poisson distributed population [31, 34, 37–40]. As the merger rate might be
enhanced if there is significant spatial clustering at PBH formation (e.g. if a large-small
scale correlation is present thanks to a primordial non-Gaussianity [41–44]), we also consider
the impact of such clustering on the determination of the mimimum value of fPBH, without
however including the clustering evolution and the potential suppression effects from binary
interactions in local clusters (see e.g. [45]), which are currently poorly understood. Therefore,
the clustered scenario should be regarded as corresponding to the maximum possible value
of the merger rate. Secondly, our results refer to the case of a monochromatic PBH mass
function and we leave the study of the effects of accretion on the merger rate [46] and the
comparison with constraints on fPBH [47] to further investigation due to the uncertainties of
the treatment at large PBH masses.

We will present results for both the space-based detector LISA and ground-based de-
tectors like ET (we note that similar conclusions apply to the CE experiment).

– 1 –
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Finally, assuming the actual value of fPBH is above the minimum detectability threshold,
i.e. the corresponding PBH population is able to produce enough merger events to be seen by
future GW detectors, the next natural question concerns the possibility to confidently identify
the primordial nature of some GW events. This can be achieved at least in two cases: i)
if at least one of the binary components have a subsolar mass, since no other astrophysical
compact object is expected in that range; and ii) if the mergers occur at sufficiently high
redshift, where astrophysical sources do not contribute. We will then provide forecast for the
minimal fPBH required for these cases, thus allowing to confidently assign a fraction of the
observed merger signals to PBHs.

The paper is structured as follows. In section II we characterise the PBH merger rate,
in section III we provide a forecast for the minimum value of fPBH necessary to be testable by
future detectors. In section IV we discuss the minimum PBH abundance sufficient to obtain
evidence of PBHs and, finally, in section V we draw our conclusions.

2 The PBH merger rate

Before matter-radiation equality, PBH binaries may be assembled through random gravi-
tational decoupling from the Hubble flow if their distance x is smaller than the comoving
distance [35, 36]

x̃ =
(

3
4π

m1 +m2
a3

eqρeq

)1/3

, (2.1)

in terms of the scale factor aeq and energy density ρeq at matter-radiation equality. Assuming
PBHs come from Gaussian curvature perturbations, they are expected to follow a Poisson
spatial distribution at formation [31, 37–40]. In this standard scenario, the differential merger
rate of BH binaries of primordial origin is given by [10]

d2RPBH

dm1dm2
= 1.6×106

Gpc3 yr f
53
37

PBH

(
t

t0

)− 34
37
(
Mtot

M�

)− 32
37
[

m1m2
(m1+m2)2

]− 34
37
S (Mtot,fPBH,ψ)ψ(m1)ψ(m2),

(2.2)

which is defined in terms of the current age of the universe t0, the total mass of the binary
Mtot = m1 + m2 and the PBH mass function ψ(m) at formation. The suppression factor
S (Mtot, fPBH, ψ) ≡ S1 × S2 takes into account the reduction of the PBH merger rate arising
from interactions with surrounding inhomogeneities in the dark matter fluid and neighbouring
PBHs [7, 10, 48] around the binary formation epoch, while the second term S2 tracks the
successive disruption of binaries in clusters or sub-structure environments [14, 21, 34, 45, 49–
51],1 given that PBH binaries are expected to form before the matter-radiation equality. The
two pieces read [21]

S1(Mtot,fPBH,ψ)≈ 1.42
[
〈m2〉/〈m〉2

N̄(y)+C
+ σ2

M

f2
PBH

]−21/74

exp
[
−N̄(y)

]
with N̄(y)≡Mtot

〈m〉
fPBH

fPBH+σM
,

(2.3)

S2(x)≈min
[
1,9.6 ·10−3x−0.65 exp

(
0.03ln2x

)]
with x≡ (t(z)/t0)0.44fPBH,

(2.4)
1As far as we are aware, recent numerical results on PBH clustering confirm the suppression factors we use

in the paper if the fraction of PBH binaries not included in clusters is accounted for [52].
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in terms of the rescaled variance of the matter density perturbations σ2
M ' 3.6 · 10−5. For a

monochromatic mass function peaked at the mass scalemPBH, the expectation values simplify
to become 〈m〉 = 〈m2〉1/2 = mPBH, and S1 is independent on the PBH mass. The suppression
due to disruption in PBH sub-structures S2 is negligible for small enough values of PBH
abundance, i.e. fPBH . 0.003, compatible with the results obtained with cosmological N-
body simulations [31]. In this case, the merger rate evolution with redshift is dictated by the
relation RPBH ≈ (t/t0)−34/37.

We remark that for initially Poisson distributed PBHs the merger rate of binaries pro-
duced via gravitational capture in the late-time universe is subdominant with respect to the
early-universe one [7, 14, 34, 42, 53].

2.1 Maximum merger rate of clustered PBHs
In order to find the minimum PBH abundance testable by future detectors, in this subsec-
tion we consider the largest possible PBH merger rate coming from primordial binaries. The
formation of binaries in the early universe can be enhanced if PBHs are clustered at forma-
tion. By maximizing the impact of initial clustering and neglecting the potential successive
dynamical suppression of the merger rate due to binary disruption in sub-structures, one can
estimate the maximum Rmax

PBH.
If PBHs are generated from non-Gaussian curvature perturbations, which correlate short

and long scales, their spatial distribution at formation differs from the Poisson one, and PBHs
can be clustered at formation. This will enhance the formation of binaries in the very early
universe. However, for a large enough PBH abundance and strong clustering, the typical
semi-major axis of a PBH binary becomes so small that the coalescence of the binaries may
happen much before the present epoch, eventually suppressing the corresponding present
merger rate.

Following ref. [42], one can assume a PBH correlation function ξPBH which is constant
up to the binary scale x̃ at the decoupling epoch as

1 + ξPBH(x) ≈ δdc , if x < x̃, (2.5)

as obtained in simple non-Gaussian models of PBH formation [41, 54–56]. The upper bound
on the PBH merger rate, i.e not accounting for the dynamical suppression due to the binary
disruption in sub-structures, for a monochromatic population of PBHs with mass mPBH is
then found to be [42]

Rmax
PBH = 6.2 ·104

Gpc3yr
δ

16/37
dc f

53/37
PBH

(
t

t0

)−34/37(mPBH

30M�

)−32/37

×
{

Γ
[

58
37 ,9.5 ·10−5δdcfPBH

(
mPBH

30M�

)5/16( t

t0

)3/16
]
−

Γ
[

58
37 ,850δdcfPBH

(
mPBH

30M�

)−5/21( t

t0

)−1/7
]}

. (2.6)

In figure 1 we show the contour plot of the maximum PBH merger rate of clustered PBHs
in terms of their local abundance and mass. As one can appreciate, the merger rate is found
to increase for small masses and large values of the PBH correlation function up to the solid
green line, determined by the critical value where the exponential suppression takes over and
drastically reduce the merger rate.
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Figure 1. Contour plot of the maximum present merger rate of primordial binaries in terms of the
PBH mass and the local abundance fPBHδdc. Above the green line the exponential suppression takes
over, limiting the merger rate. In practice, the maximum merger rate scales overall as (t(z)/t0)−1 in
the interesting redshift range z . 50.

To gain further indications on the theoretical maximum merger rate, let us investigate
eq. (2.6) in the highly clustered scenario. One can expand the merger rate for large values
of the local abundance δdcfPBH � 1 as

Rmax
PBH '

1.9× 106

Gpc3yr
fPBH

(
t

t0

)−1 (mPBH

30M�

)−1 (
1 + 1.7 · 10−4∆dc

)
exp

[
−9.5 · 10−5∆dc

]
, (2.7)

where we defined
∆dc = δdcfPBH

(
t

t0

)3/16 (mPBH

30M�

)5/16
. (2.8)

Let us focus on the enhancement given by the local abundance δdcfPBH, i.e. the last two
terms in eq. (2.7). This expansion shows that large values of δdc lead to an enhancement of
the rate, up until the exponential suppression becomes dominant. For fixed values of mass
mPBH and overall abundance fPBH, the exponential suppression is preferentially active at low
redshift (i.e. ∆dc ∝ (t/t0)3/16), as most of the binaries are produced with small separation and
merger times. This means that the theoretical maximum merger rate before the exponential
suppression takes over can be estimated requiring the combination of parameters to approach
the value ∆dc ≈ 4.6 · 103, obtained by maximising eq. (2.7).

In the following we will search for the optimal value of δdc leading to the maximum
number of events at GW detectors, in order to asses the minimum testable PBH abundance.
This can be found by determining the critical local abundance for which the merger rate for
clustered PBHs is maximum at redshift z = 0. Due to the weak dependence on redshift of the
exponential suppression in the interesting parameter space (z . 50), a similar result can be
obtained by requiring the maximum number of events integrated in the observable redshift
window. It is also interesting to notice that in the case of strongly clustered PBHs, the overall
merger rate evolution with redshift is modified and follows the behaviour Rmax

PBH ≈ (t/t0)−1.
These considerations, however, do not account for the further potential suppression of

the merger rate due to interactions in dense environments. As such, the forecast for the
minimum value of fPBH in the case of clustered distribution has to be considered as the most
optimistic case, i.e. accounting for a potential suppression would increase the minimum value

– 4 –



J
C
A
P
1
1
(
2
0
2
1
)
0
3
9

10-5 10-4 10-3 10-2 10-1 100 101 102 103
10-25
10-24
10-23
10-22
10-21
10-20
10-19
10-18
10-17
10-16
10-15
10-14

Figure 2. Noise curves for the LIGO Hanford (H) and Livingston (L) detector during the O3 run [1],
both the 3G detectors Einstein Telescope (ET) at design sensitivity from [27] and Cosmic Explorer
(CE) during phase 1 from [57], and the LISA experiment [58].

of fPBH. We also remark that in this extreme scenario, we do not expect our results to be
changed including the late time merger rate, that is the one due to PBH binaries formed
at very low redshifts through GW captures. This is because, for the relevant small values
of fPBH, the development of large scale structures dominated by a different dark matter
component is not supposed to be affected by PBHs and to enhance the probability of PBH
encounters in the late-time universe.

3 Forecast for future gravitational-wave detectors

In this section we provide the forecast on the PBH abundance, both considering the event
rate and the SGWB at 3G detectors like the ET and LISA.

3.1 Event rate of resolvable mergers

From the PBH merger rate, one can compute the expected rate of merger events as

Ndet =
∫

dzdm1dm2
1

1 + z

dVc(z)
dz

d2RPBH

dm1dm2
pdet(m1,m2, z), (3.1)

for a given GW experiment, where the additional factor of redshift 1/(1 + z) has been intro-
duced to account for the difference in the clock rates at the time of merger and detection,
while the comoving volume per unit redshift is provided in ref. [59]. The factor pdet(m1,m2, z)
accounts for the probability of detection of a binary, averaged over the source orientation, as
a function of the signal-to-noise ratio (SNR). Many details on its computation are provided
in appendix A of ref. [23].

In figure 2 we show the strain noise Sn for the current O3 LIGO/Virgo observation runs,
future 3G detectors like Einstein Telescope and Cosmic Explorer, and the one for the LISA
experiment. In particular, the binary detectability has been computed using the noise power
spectral densities of the ET and LISA experiments which are found in refs. [27] and [58]
respectively. Also, we adopt the non-precessing waveform model IMRPhenomD [60, 61].

– 5 –
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Figure 3. Left: horizon redshift for several GW experiments in terms of the total mass of a symmetric
binary. In the plot we refer to the “Horizon” as the maximum distance at which a binary can
in principle be observed if optimally oriented with respect to the detectors, while 10%, 50% as the
redshift at which those fraction of binaries are observable. Those values correspond to values of SNR =
{8, 10, 19}, respectively. Right: minimum PBH abundance required to have at least one event per year
at the ET (green) and LISA (yellow) experiments, for both cases of Poisson distributed (solid) and
strongly clustered (dashed) PBHs. Superimposed on these curves we show the present observational
constraints (gray) coming from microlensing searches by Subaru HSC [62, 63], MACHO/EROS (E) [64,
65], Ogle (O) [66] and Icarus (I) [67], X-rays (Xr) [68] and X-Ray binaries (XRayB) [69], CMB
anisotropies [70], Dwarf Galaxy heating (DGH) [71, 72], dynamical friction (DF) [73], the neutron-
to-proton ratio (n/p) [74] and CMB µ-distortions [75].

In the left panel of figure 3 we show the horizon redshift in terms of the total mass
of a symmetric binary for several present and future GW experiments like ET and LISA.
Requiring the detection of at least one event per year at those experiments, Ndet > 1/yr, one
can determine a minimum value for the PBH abundance for both cases of Poisson distributed
(eq. (2.2)) and clustered (eq. (2.7)) PBHs, where for the second case we have assumed the
theoretical maximum merger rate before the exponential suppression takes over.

The result is shown in the right panel of figure 3 for a monochromatic population of
PBHs, where the minimum testable PBH abundance has been superimposed with present
observational constraints coming from several independent searches. One can notice that
the effect of clustering in enhancing the merger rate results in a much smaller value of the
testable PBH abundance with respect to the Poisson case, although we remind that the case
of clustering is optimistic, since it neglects a possible suppression of the merger rates. Notice
also that the constraints are strictly valid for a monochromatic PBH mass function and for
an initial Poisson spatial distribution. For such a case, a portion of the ET region is not
ruled out by the current constraints, while the LISA region is almost completely excluded.

For the case of clustered PBHs, the comparison between the forecast and the current
constraints is more delicate, given that some of them might be altered by PBH clustering.
However, we point out that the most stringent constraints, such as the ones from CMB
and X-ray observations, are not weakened if PBHs are clustered [13, 34, 68]. Finally, we
remark that constraints applying on early universe quantities, like CMB anisotropies mostly
sensitive to the epoch 300 . z . 600, may be potentially evaded if accretion is strong enough
to shift them to larger final masses [47]. This effect can impact on constraints at masses
mPBH & O(10)M� and may be of particular interest for LISA.

The forecast for the most conservative minimum value of fPBH described in figure 3 is
obtained supposing that PBHs will provide a signal seen by future detectors (i.e.Ndet & 1/yr).

– 6 –
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While a PBH population above the minimum fPBH would contribute to the observed events,
one would not necessarily be able to differentiate it from other astrophysical contributions,
unless one focuses on subsolar mergers (see refs. [76–81] for constraints with current data).
In this sense, the bound discussed in this section can be regarded as a necessary, but not
sufficient, condition allowing for a test of the existence of PBHs due to the difficulty of
distinguishing the signal from the background of astrophysical mergers. In section 4, we will
require a tighter condition defining the parameter space where a detection operated by future
detectors can be confidently ascribed to PBHs, i.e. restricting to high enough redshifts where
there is no astrophysical contamination.

3.2 Stochastic gravitational wave background
PBH mergers which are not individually resolved may give rise to a Stochastic Gravitational
Wave Background (SGWB), whose spectrum at frequency ν is given by

ΩGW(ν) = ν

ρ0

∫ ν3
ν

−1

0
dzdm1dm2

1
(1 + z)H(z)

dRPBH

dm1dm2

dEGW(νs)
dνs

, (3.2)

in terms of the redshifted source frequency νs = ν(1 + z), the present energy density ρ0 =
3H2

0/8π in terms of the Hubble constant H0, and the energy spectrum of GWs.2 The latter
is given by the phenomenological expression in the non-spinning limit [85]

dEGW(ν)
dν = π2/3

3 M5/3
tot η×


ν−1/3

[
1+α2(πMtotν)2/3

]2
for ν <ν1,

w1ν
2/3
[
1+ε1(πMtotν)1/3 +ε2(πMtotν)2/3

]2
for ν1≤ ν <ν2,

w2ν
2 σ4

(4(ν−ν2)2+σ2)2 for ν2≤ ν <ν3,

(3.3)
where η = m1m2/M

2
tot, α2 = −323/224 + η 451/168, ε1 = −1.8897, ε2 = 1.6557,

w1 = ν−1
1

[1 + α2(πMtotν1)2/3]2

[1 + ε1(πMtotν1)1/3 + ε2(πMtotν1)2/3]2
,

w2 = w1ν
−4/3
2 [1 + ε1(πMtotν2)1/3 + ε2(πMtotν2)2/3]2, (3.4)

and

πMtotν1 = (1− 4.455 + 3.521) + 0.6437η − 0.05822η2 − 7.092η3,

πMtotν2 = (1− 0.63)/2 + 0.1469η − 0.0249η2 + 2.325η3,

πMtotσ = (1− 0.63)/4− 0.4098η + 1.829η2 − 2.87η3,

πMtotν3 = 0.3236− 0.1331η − 0.2714η2 + 4.922η3. (3.5)

The comparison of the strength of the SGWB with the sensitivity curves of various GW
experiments (see the left panel of figure 4 for a plot of those curves) can be used to make a
forecast for the minimum PBH abundance in the universe, see for example refs. [6, 10, 42, 46,
82, 86]. The result is shown in the right panel of figure 4 for the ET and LISA experiments,
for both cases of Poisson distributed and clustered PBHs.

2It is interesting to notice that the SGWB depends on the merger rate evolution at high redshift. As
the PBH model predicts a monotonic increase with z, contrarily to the astrophysical rates peaking around
z ' 2, the two scenarios give different SGWB strengths which could be used to distinguish distinct formation
channels when cross-correlated with the rate of resolved events [82–84].

– 7 –
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Figure 4. Left: sensitivity curves for the SGWB for several present and future GW experiments.
Right: forecast on the PBH abundance coming from the SGWB at the ET (green) and LISA (yellow)
experiments, for both cases of Poisson distributed (solid) and clustered (dashed) PBHs. As done in
figure 3, we superimpose the constraints coming from independent observations.

One can notice first that, given the enhancement of the merger rate for strong clustering,
the forecast becomes much more stringent in this case with respect to the Poisson case.
Furthermore, by comparing this result with the one obtained in figure 3, one can appreciate
that the forecast coming from the SGWB seems to be less stringent that the one obtained
from the number of events for the ET experiment, even though the former applies to a broader
range of PBH masses reaching smaller values. For LISA the constraint reaches similar values
for the PBH abundance, even though it extends to much smaller masses. The reason is that
lighter PBH populations may still cross the LISA detectability band due to the low frequency
tail scaling as ∼ f2/3 characterizing the SGWB.

4 Minimum abundance for PBH evidence

The characteristic evolution with redshift of the PBH merger rate, for both cases of Poisson
and clustered spatial distribution, is very different with respect to the merger rate evolution of
astrophysical BHs. In particular, the PBH behaviour is found to be monotonically increasing
in redshift following the power laws RPBH ∼ (t/t0)−34/37 for the Poisson case and RPBH ∼
(t/t0)−1 for the clustered one. By contrast, the merger rate of astrophysical populations is
expected to have a peak around redshift of a few, with a possible second peak due to the
merger of BHs from Pop III stars [87–90] at redshift z ∼ 10 [91–94]. Those BHs are expected
to form at z ∼ 25 [95] and their time of merger mainly depends on the binary formation
mechanisms, and could vary from O(Gyr) (resulting in merger at z . 6) to O(10 Myr) if they
form in Pop III clusters with dynamical mechanisms, in which case they would merge almost
at the redshift of BH formation [95].

Assuming the conservative scenario in which astrophysical BH coalescences are formed
from Pop III clusters up to redshift z = 30, the detection of a binary system at larger redshifts
at future experiments with larger horizons like the ET or LISA would be a smoking-gun in
favour of PBHs, given that no astrophysical BHs are expected to form in standard cosmologies
at those or higher redshifts [96]. Similarly a smoking gun for PBH evidence would be a
detection of subsolar PBH masses, where the results of figure 3 are sufficient. We note that
a population of O(1)M� BHs coming from transmuted neutron stars could form [97, 98]
potentially contaminating a portion of the mass range below the Chandrasekhar’s limit with
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Figure 5. Minimum abundance for PBH evidence: above the Chandrasekhar’s limit around M� we
require at least an observable event per year at redshift larger than 30; in the mass range below the
Chandrasekhar’s limit we apply the same requirement of section III, see figure 3, i.e. the integrated
(in redshifts) number of events per year to be larger than unity. We notice that the gaps between
(1÷ 10)M� and (102 ÷ 103)M� are due to the inefficiency of the ET to detect high redshift mergers
with z & 30 as shown in the left panel of figure 3 reporting the horizon redshift of ET (notice the lack
of such gaps in figure 3 because of the absence of the redshift requirement).

non-primordial objects. However, this population may be distinguished from PBHs as it may
posses a mass distribution correlated with the neutron star one [97, 98].

Following the same logic of the previous section, one can therefore estimate the minimum
PBH abundance required to give at least one event per year at ET and LISA considering
redshifts larger than 30, in order to get an evidence of PBH mergers.3 The result is shown
in figure 5 for both cases of Poisson and clustered spatial distributions. One can notice that,
even though the minimum value of fPBH does not strongly differ with respect to the case
of integrating over all redshifts as in figure 3, the constraint applies to a smaller range of
masses for both the experiments. The reason lies on the characteristic shapes of the horizon
redshift for the two experiments shown in figure 3, which become narrower at larger redshifts,
limiting therefore the range of masses which could be possibly detected. This effect is much
stronger for ET than LISA, however, the contribution coming from large masses is strongly
suppressed in both cases.

5 Conclusions

PBHs may represent a good candidate for the dark matter in the universe. In this paper we
have addressed the question of what is the minimum testable contribution of PBHs to the
dark matter of the universe by future detectors. Our findings indicate that an abundance as
small as 10−10 can be probed, in different mass ranges, by both 3G detectors and LISA in the
case in which PBHs are clustered. Similar figures are obtained by restricting to sufficiently
large redshifts, even though in a smaller PBH mass range. We stress again that going to large
redshifts is not necessary when dealing with subsolar masses, for which figure 3 provides the
relevant forecast.

3A more refined approach may be performing a population analysis of the merger rate evolution at high
redshift to distinguish PopIII and PBH populations [99].
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As a final remark, we notice that the current constraints already eliminate portions
of the 3G forecast regions. We stress that such constraints are valid within a given set of
hypotheses, such as monochromatic PBH mass functions, no PBH clustering and no accretion
effects. It would be interesting to investigate the impact of relaxing these assumptions on
our results.
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