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Abstract

We address the questions of identifying pairs of interacting neurons from the observation of their
spiking activity. The neuronal network is modeled by a system of interacting point processes with
memory of variable length. The influence of a neuron on another can be either excitatory or inhibitory.
To identify the existence and the nature of an interaction we propose an algorithm based only on the
observation of joint activity of the two neurons in successive time slots. This reduces the amount
of computation and storage required to run the algorithm, thereby making the algorithm suitable for
the analysis of real neuronal data sets. We obtain computable upper bounds for the probabilities of
false positive and false negative detection. As a corollary we prove the consistency of the identification
algorithm.
© 2022 Elsevier B.V. Allrights reserved.
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1. Introduction

We address the question of inferring the interactions in a system of spiking neurons modeled
as follows. The spiking activity of each neuron is modeled as a point process whose intensity
depends on the previous activity of a set of neighbors, henceforth called its presynaptic neurons.
Each neuron i is affected by the spiking activity of its presynaptic neurons taking place after
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the last spiking time of i. This means that a neuron resets its memory after each of its spikes.
This biologically motivated feature implies that this system of interacting point processes has
a memory of variable length. This observation is at the origin of the article by Galves and
Locherbach (2013) [17], in a discrete time framework. The variable length memory feature
was subsequently modeled in a continuous time framework by De Masi et al. (2015) [12], and
many other articles including [1-3,14,16,24,26], and [28]. For a self-contained presentation of
this class of variable length memory models for system of spiking neurons, both in discrete
and continuous time, we refer the reader to Galves et al. (2021) [18].

The idea of considering discrete time chains on variable length was introduced in the
pioneering article by Rissanen (1983) [27], and then popularized in the statistical community
by Biihlmann and Wyner (1999) [10].

In the present article we introduce a new statistical procedure to infer for each pair of
neurons, whether one is presynaptic to the other.

As far as we know, the problem of inferring the graph of interactions for such a kind
of models has been addressed only in Duarte et al. (2019). Given a sample of the spiking
activity of a large set of neurons, they propose a pruning procedure to retrieve the set of
presynaptic neurons of a fixed neuron i. First the algorithm assumes that all the remaining
neurons are presynaptic to i. Then the nonparametric maximum likelihood estimates of the
spiking probabilities of i are computed, as a function of the spiking activities of the other
neurons after the last spiking time of i. The same procedure is repeated by excluding the
candidate presynaptic neuron j. The criterion to prune or not j from the estimated set of
presynaptic neurons of i is the following. For any fixed observed history of the activities
of the other neurons, the difference between the estimated probabilities, with or without the
information concerning j, is computed. If the maximum of these differences is below a given
threshold, then j is pruned. Otherwise, j is kept in the estimated set of presynaptic neurons
of i. Under suitable assumptions, in [13] the consistency of the procedure has been obtained:
upper bounds are provided for the probabilities of false positive and false negative detection,
that converge to O as the length of the sample increases.

Despite the clear mathematical interest of the result obtained in Duarte et al. [13], the
proposed procedure presents drawbacks when used to analyze real neuronal data. First of all,
it requires extremely lengthy data sets in order to observe the possible histories of a big set of
neurons for a sufficiently large number of times. Moreover, the required computations cannot be
localized in the observed set of neurons. In fact, to obtain the required estimates, the histories
of all the neurons have to be taken into account at the same time. Even more questionable is
the assumption that all the neurons of the system can be observed. Actually, the activity of
many inhibitory neurons can hardly be observed directly, by means of the actual spike sorting
procedures.

The algorithm introduced in the present article aims to overcome these drawbacks. To guess
the influence of neuron j on neuron i, only the spiking activities of these two neurons are
considered. The observation time of the system is divided into short time slots. Then the
following two probabilities are compared: (a) the probability of a spike of neuron i, following
another spike of i, observed in the previous time slot; (b) the probability of a spike of i,
following a spike of j and one of i, observed in the two previous time slots (first i and then j).
For sufficiently small time slots, the difference between the latter and the former probabilities
reveals the eventual presence of j in the set of presynaptic neurons of i. Under suitable
assumptions, in the limit as the length of the time slots decreases to 0, if j has an excitatory,
respectively inhibitory, effect on i, then this difference becomes positive, respectively negative.
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If j is not in the set of presynaptic neurons of i, then the limit of this difference is 0. These
asymptotic results provide the basis for the statistical algorithm considered in the present article.

To recover the limiting behavior described above from the observation of a large but finite
sample, the length of the time slot must be sufficiently small. On the other hand, we need to
observe a sufficiently large number of times the event that two spikes of i, with a spike of j in
between, occur in three consecutive time slots. Therefore the length of the time slot cannot be
too small. This fact is reminiscent of the familiar bias—variance tradeoff. As a matter of fact,
in our proof we estimate the maximal length of the time slots for which our consistency proof
works.

The rationale behind the algorithm considered here is simple to explain. The algorithm
considers the spiking activity of neurons i and j, in three successive time slots, starting with
a spike of i, in order to take advantage of the reset feature of the neuronal activity. Indeed,
after each spike, a neuron resets its memory by forgetting the previous history of the system.
Therefore, if we know that there was a spike of i in the first time slot, the reset property helps
detecting if a spike of neuron j, occurring in the second time slot, influences or not the activity
of i in the third time slot.

The idea of modeling system of spiking neurons as interacting point processes was pioneered
by Brillinger and coauthors. See, for instance, [6,9], and [7]. As a matter of fact our procedure
is reminiscent of the first and second order conditional rate functions introduced in [8].

In neuroscience the problem of inference of the graph of interactions has a specific feature
which makes the statistical problem particularly hard. This feature is the impossibility of
observing the totality of the system. As a matter of fact experimental procedure can only record
an extremely tiny portion of the global neural activity. The treatment of multi unitary neural
data sets thus requires algorithms which are suited for partially observed systems.

In general, this kind of statistical difficulty appears in the analysis of many big systems
with interactions in time and space. The problem of identifying interactions in a multivariate
process has a long history, starting at least with Granger (1969) [20]. An account of the
general theory of graphical models can be found in Lauritzen (1996) [25]. Problems of graph
identification have been the main source of motivation for the design of the so called reversible
Jjump algorithms (see Green (1995) [21]).

Since then, the problem of statistical selection of graphical models has been discussed in
several articles. Some of them consider the case in which the samples are i.i.d. @realizations
of the same law, see for instance Csiszar and Talata (2006) [11], Bresler at al. (2013) [5],
Galves et al. (2015) [19], Hamilton et al. (2017) [23]. Others address such a problem when
the sample is constituted by a single observation of the time evolution of a stochastic system
like in Brillinger and coauthors seminal articles. For instance, the problem of identifying pairs
of interacting components in a different class of multivariate point processes, namely Hawkes
processes, was addressed by Eichler, Dahlhaus, Dueck (2017) [15].

In this framework, we thank an anonymous referee for attracting our attention to the article
by Bresler et al. (2018) [4] which is devoted to the estimation of the interacting pairs of the
Ising Glauber dynamics. As a matter of fact the algorithm considered in the above article is also
reminiscent of Brillinger et al. (1976) approach. Nevertheless there are substantial differences
between their and our article. The dynamics they consider is reversible, which is not our case.
Moreover Bresler et al. (2018) observation model is statistically artificial since they consider
that all the events of the underlying Poisson point process are observed even when they do not
lead to a modification of the system.
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The structure of the paper is the following. In Section 2 the model is introduced and the
two main results, Theorems 1 and 2 are stated, whose proofs are given in Sections 3 and 4,
respectively.

2. Definitions and main result

We start by introducing the multivariate point process modeling the system of spiking
neurons considered here. The main ingredients used to define the process are the following:

e a finite set I, henceforth called the set of neurons;

e amatrix (wj—; e R:(j,i)el 2), henceforth called the matrix of synaptic weights;

e a family of simple point processes {(7;/) _, :i € I}, with 0 < T{ < T} < ---, denoting
the successive spiking times of neuron i;

e a family of non-decreasing functions ¢; : R — [0, +oo[, henceforth called spiking rate
functions.

If wj,; > 0 (respectively w;_,; < 0), we say that the neuron j has an excitatory
(respectively inhibitory) effect on neuron i. In case w;_,; = 0, we say that neuron j does
not affect neuron i. We assume that there is no self-interaction and therefore w;_,; = 0, for
all j. The reason for this terminology will be readily clarified (see (1) and (2)).

The set V' = {j : w,_; # 0}, is called the set of presynaptic neurons of i. Obviously

Vi=ViuV,
where Vj_ and V! are the sets of excitatory and inhibitory ones,
Vi={j:wj.; >0}, Vi ={j:wj. <0},
respectively.

We suppose that a bound d for the maximal cardinality of the sets of presynaptic neurons
is known

max{|V'|:iel}<d.

For any neuron i, we define the spike counting measure N’ as follows. For any subset
A C RY,
N'(4) = Zlm"em-
n>1

For any positive real number ¢, when the event {Tli < t} is realized, we define Li(¢) as the last
spiking time of neuron i occurring before time ¢

Li@t) = sup{T,f tn>1, T,f <t}.
This definition allows to introduce the membrane potential U'(¢) of neuron i at time ¢ as follows
. U'0)+ Yoy wjmiN/(0,1],  if0<t<Tj,
Ul(t) _ ]GV' ]' ' 1 (1)
D jevi WimiNI (LI (1), 1], it Ty =1,
where U’(0) denotes the initial value of the membrane potential.
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We will denote by U(¢) the vector of the membrane potentials of all the neurons at time ¢
U= U'(1):iel).

In what follows, the initial value U(0) of the vector of membrane potentials is chosen in an
arbitrary way. We are not assuming the stationarity of the processes.

Finally, for any positive real number 7, we define F; as the o —algebra generated by the
family of spike counting measures (N (A):iel,AcClo, t]), together with the initial vector
of membrane potentials U(0) = (U'(0) : i € I).

With this notation, we can now formally relate the elements of the model in the following
way. For any neuron i and any pair of positive real number ¢ < t’, we require the spike counting
measures N'(¢,1'], i € I, to satisfy the equation

E(N'(t, 11| F) =E (/ ¢i(Ui(r—))drI]'"z) . @

Informally this condition can be stated as

P(N'(t,t +dt] = 1| F;) = (U (t—))dt + o(dt).

Assumption 1. The spiking rate functions ¢; : R — (0, +00) are

1. nondecreasing,
2. bounded away from 0, with

min inf ¢;(u) > o > 0,
iel ueR

3. bounded from above, with

max sup ¢;(u) < g < 400,
iel yeRr

4. and satisfy
min|¢;(wj.i) — $i(0)| : j €V} =6 >0,
for some known positive constants «, 8, 6.
Observe that o, B and § are such that « + § < 8. In the sequel we shall use the shorthand

notation

s=% andr:%e(o, 1), 3)

with the constraint s + 7 < 1.

Before defining the estimation algorithm, we need to introduce the following events,
depending on a parameter A > 0 to be chosen in a suitable way. Given two neurons i € I and
j €1, withi # j, we denote

A'(A) = {N'(0, A] > 0}, 4
Bi(A) = A/(A)N{N(A,24] > 0}, 3)
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CI7I(4) = AI(A) N {N(A, 24] > 0}, ©
D/7I(A) = C77I(A)N{N(24,3A] > 0}. 7

In the following, we are going to use the notation P,(-) instead of P(- | U(0) = u).

Theorem 1.2 Suppose that the family of spiking rate functions {¢; : i € 1} satisfy Assumption 1.
Let Ay = ;Tﬁ. For any A < Aq any fixed pair of neurons i and j with i # j, and any pair of

vectors of membrane potentials u and u’', the following inequalities hold.
If j ¢ V', then

P.(D/71(4A))  Pu(B'(4)

—a(4) < A P ) o(A). )
If j € V', then
P,(D/~i(A) P (B(A) _
PO ) Puaid) = ¢ .
If j € Vi, then
. P,(DI~i(4)) Py (B'(4))
D=5 T A)  Pua D) (10
where
9 5 + 3s2
G(d) = 3dBA?, o) = ; L dpay, (11)
5dB A
<(A>=—;1(A)+(1+ s’i )rﬂA, (12)
5dB A
c*(A>=—;2<A)+(1— ﬁ >rﬂA. (13)

Since the quantities
P,(D/71(4) Py (B'(4A)
P, (CI=i(4))  Pu(A(4))

will be estimated from data, convenient error terms are added to ¢;(A) and ¢;(A), whereas
they are subtracted to £*(A) and ¢~ (A), defining

dpA
§1(4) = 6(4) + 1-pA (2— ik ) (14)
S
T 5 — 3s?
£2(4) = ((4) + 1A (z+ S dﬂA>, (15)
5(1 — 1) — 3s2
£ () = ¢ () - 5pA (z —T+ (z%dm) , (16)
EHA) =¢t(A) - IT_O'BA (2 +17— ! —;STdﬂA> . (17)

It is easily seen that all the quantities in brackets are positive for A € (0, Ay]; indeed the reader
can easily verify that they are bounded from below by 1.
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Proposition 1. Let A* = 2T For any A € (0, A*]

34dB"

§1(4) =& (4Q), £(4) < E7(Q). (18)
Since A* < Ay, Proposition 1 and (14)—(17) imply the following inequalities

0<8(d) <&(Q) =£7(A) <7 (Q), 19)

0 < £(4) < £(4) < E7(A) < {7 (A). (20)

The usefulness of the above inequalities will became clear in Theorem 2.

The above results suggest the following estimation algorithm, which is based on a partition
of the observation time in slots of fixed length A*.

Given two neurons i € [ and j € I, with i # j, we set

Al =AY, B =B(4Y, T =c7i @AY, DT =DI7An,
and likewise, for any positive integer k > 1, we define the events

Al = {N'(2k — 2)A*, (2k — 1)A*] > 0},

Bl = Al N{N((2k — 1) A%, 2k A*] > 0},

CI7" = (N{((3k — 3)A*, 3k — 2)A*] > 0, N/((3k — 2)A*, (3k — 1)A*] > 0},

D{7" =7 N {N{((Bk — 1)A*, 3kA*] > 0.

For any integer n > 1, we define
Al - , Bl o\ _ - .
S (n)_;%, S (n)_;lgi,

Cj~>i _ " o Dj~>i _ " o
ST =) A ST =) 1
k=1 k=1
and, for any integer m > 1, we define

K —infln > 1:S%(n) = m),

m

HI7 =inf(n > 1: 5 (n) = m).

Next define
19
= [aA*n]. m, = | = XA — —ad | | Q1)
20 10
Once these parameters are set, we can define the empirical ratios
SEKEL Y
B Sl Kl <1,
‘ SBUKE Aty) my "
R'(n)= —/——7-"——= . (22)
STKy, At | §5(1,) .
—— itK, >t,,
SA (1) "
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and

J=i j—i

P (Hin, ") i
n . Jj—i

S T ifH)T <n

L SO HLTT A my
000 = s = e 23)
U (Hp AR Di~i L
S ()

For any pair of neurons i # j, the statistics R'(n) and G/~(n) will be used to identify
whether j is presynaptic to i or not. They are ratio estimators that are stopped once their
denominator reaches the level m,,, but differently from G/~/(n), which is allowed to reach
this level up to the time 3A*n, the estimator R'(n) is stopped at most after the time 2A*t,
is expired. The latter time is much smaller than the former, since a rough upper bound for
aA*is ﬁ. Therefore a much smaller interval of time is sufficient for R!(n) to reach the same
accuracy as G/7'(n). . . )

Finally we define the estimated sets V', (n), V'.(n), and V'(n), as follows

Vi) ={j e I\{i}: G/~ '(n) — R'(n) < —&,(A")} (24)
Vi) ={j e I\{i}: G/~ (n) — Ri(n) = &(4A)}, (25)
Vi) =Vim)uV ). (26)

We can now state our main theorem, in which P stands for a probability measure on the
spiking processes with an arbitrary law of the initial vector of the membrane potentials.

Theorem 2. For any observation time T > 0,define n(T) = L%J, where A* = 3543;,3-

Let Ri(n), G'~i(n), Vi_(n), Vi, (n), and Vi(n) be defined as in (22)~(26). Then the following
inequalities hold:

if j ¢V, then IP’(j 2% (n(T))) > 1—2Ce™"T,

if j €V, then P(j e f/i(n(T))) >1—Ce T,

if j €V, then P(j €Vi,(n(1)) = 1= Ce™T,
where

458

3
ST T
- C = 4¢“ 1008

a)=l90

Vo being a computable universal constant.

3. Proofs of Theorem 1 and Proposition 1

The proof of Theorem 1 is based on a particular construction of the counting measures N',
and the membrane potential processes U i iel, insucha way that (1) and (2) hold.
We consider a Poisson measure on [0, co) x [0, 8] x I,

Ndt,dx,dz) =Y 87 x,.z0(dt, dx, d2),
k>1
231
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with intensity measure
pun(dt x dx x {i}) =dt xdx, iel.

Without loss of generality we assume that 0 < 7; < 7, < ---. Observe that the marks Xy,
k > 1, are independent and uniform in [0, 8]. The 7;’s are candidates to be spiking times for
neurons: 7 is accepted as a spike for neuron j if and only if

Zi=j, Xi<¢;U 0.

If this is the case then le = 71, and the potential vector is updated in the interval [71, 7T3)
according to

Uty=0, U®O=U0)+wj—i;, i#];

otherwise U(t) = U(0), and the construction proceeds with the next candidate time.
Recursively in k the candidate time 7 is accepted as a spike for neuron Z; if and only if

Xi < ¢z, (U (Ti—)),
If this is the case the potential vector is updated in the interval [T, Tx41) according to
U@t) =0, U'()=U(Ti—)+wz—i. i#Z

otherwise U(t) = U(T;—), and the construction proceeds with the next candidate time.

Next, for each neuron i € I, and x € (0, 8], define the Poisson measures N**(¢, '] :=
N((t, '] x [0, x] x {i}), with intensity measure x dt, on (0, 00).

From now on we set

N = NiB, N = i@
so that for any i € 1

Ni(t,f'] < Ni(t,1'] < N@ i, 0<t<t.
It is also convenient to use the notation

NV, 1] = ZNf(t,t’], 0<t<t, WclI,
JjeW

and the same notation for the measures N/, and N
For each pair of neurons i # j, and for each positive real number A we now define the
events

Al(A) = A(AYN {NV"(O, 2A] = 0} ,
Bi(A) = Bi(A)N {Nvi(O, 2A] = o} ,
Cimia) = ¢l n [NV 0, 41 = NV W4, 241 = NV 24,341 = 0],

DI~ (A = DI~ (AN [NV"((), Al = NY\WUNA 24] = NV (24, 3A] = 0} ,

where A'(A), B/(A), C/~(A), and D/~ (A) have been defined in (4)—(7).
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Lemma 1. [rrespectively of the vector u of membrane potentials, for any A > 0, the following
inequalities hold.

pi _ —2dBA i 2dBA pi
Pu(é(ﬂ)) (1 _l—e ) < Pu(B'(A)) < (1 n e 1) Pu(lj(A)) 27
P, (Ai(A)) s P, (Ai(A)) 52 P,(Ai(A))
P,(D/~(4)) <1 1= eW’A) _ Bu(D/(A))
P, (Ci~i(A)) 52 — Pu(CiTi(AQ)
< e3dBA _ 1) ]P’M(Djﬁi(ﬂ))
< |1+—= = (28)
s P, (CI=i(A))

Proof. First observe that for any triple of events E, F' and G such that E C F the following
inequalities hold

P(ENG) (1 - IP’(F\G)) _BE) _ <1 N ]P’(E\G)) P(ENG)
P(F N G) P(F) )~ P(F)~ P(ENG)) P(FNG)

Choosing

E=Bi(A), F=A(4), G={NY024]=0)
first, and then

E =D/"I(4), F=C/7'(4),

G = (NV'(0, A] = NY\Ul(A, 241 = NV (24, 3A] = 0},
the inequalities (27) and (28) are consequences of the bounds

PuA(M)\ A'(A) _ (1 —ePHA —eP2)
Pu(Ai(4) 7 1—em=a -

(1 — e 284y,

and

i Ri -pAN2 2
IPM(B (A~)\ B (A)) < eZdﬂA (1 —e ﬂA) (l _ e—ZdﬂA) < <E) (eZdﬂA _ 1)
P.(Bi(A)) I—e o

The former is due to

AN\ A(4) € (N0, A1 > 0,N” (0,241 > 0}, {N'(0, A] > 0} C A'(A),
and the majorization

_ o Bx

1—e - B 1

l—e 7 « s
which holds since 8 > «, in view of the fact that the function x +— g1
The latter is due to

is increasing in R.

BI(AV\ B(A) C (N (0. A] > 0. N'(A.2A] > 0.N” (0, 2A] > 0}
and

(N (0,241 =0, N(0, A] >0, N'(A,2A] > 0} C Bi(A).
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With similar arguments one proves that

j—i ~ i —BA — A 2
P, (C’ (A')\'Cj (4)) < (1 — e P21 — ¢392 < (ﬂ) (1 — e384y
P, (CI=1(A)) (1 —eaa)y

o

IP“(Djai(?? \ Bj%i(A)) - e3d54 (1 — eﬁA>3 0 6731154)
P,(Di~i(A)) I —eaa

3
< <§> (@44 _ 1),

Lemma 2. Irrespectively of the vector u of membrane potentials, for any A > 0, one has

(1- e—dy,-(O)A)efd(ﬂfa)A < Pu(lfl:(A)) <(1- e*tm(om)ed(ﬂfam_ (29)
P, (AI(4))
Moreover, provided j ¢ V'
P,(DI~1(4)) _

| — e~ 0i0AY pmd(p-a o Tu\” < (1 — e~ $iOAY pdB-) A (30)
whereas if j € Vﬂr
Py ([N){”f(A)) > (1 — ¢ @iO+DA) —d(F-0) A 31)
P, (C/=i(4))
and if j € V©
P.(D771(4) _ (1 — e~ B4y dp-w)A, (32)

P, (CI=i(4)) ~

Proof. It is convenient to split the events Ai(A) and C/~i(A) in the following way: A’(A) =
A" N A" and C/7(A) = C!' N C., where

AL = (N'(0, A > 0, N¥'(0, A] = 0}, &', = (NV'(4,24] =0},
€7 = (N'(0, A > 0, N¥(4,24] > 0, NV (0, A] = NV \U)(4,24] = 0},

C ={NY'(24,3A] =0}.
Since for any triple of events E, F, F_, suchthat EC F = F, N F_

P(E) P(E N F.|F.)
— " —P(E|F)=P(E|F_.NF)=———"""2
P (F) P(F,|F.)
we get
P.(B'(4)) _ Pu(B'(A)NALIAT)
P, (Ai(4)) P, (ALlAL)
P,(DI~i(A) P (DI(A) N C|CT)
P, (Ci=i(4)) P, (CiICT) '

Next we proceed to bound the right hand side in the previous formulas.
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By writing Pﬁﬂ(-) = P(-|U(kA) = v) for k = 1, 2, then by the Markov property we have

: A i i ~. . .
L INIA2A1 - 0.4 By 0 anan)

- < - -
sup P (47) T R(AbA)

vivt =0

sup P2 (N(A,24] > 0, A])
vivi =0
33
R ) @

vt =0

since A’ implies U'(A) = 0. Likewise

inf P?4(N'(24,34] > 0, C! L R
viel; (N ] ‘) _ BT nciict)

sup F13(C) =T R(CUcT)

viviel;;

sup P24(N'(24,3A] > 0,C})
u:viell-j
- inf P24(C%)

viv' €l

(34)

where I,'j = {O} lf] ¢ V,’, [ij = [u)j%,-,—i-oo) lf] (S V;r and I,'j = (—OO, w]gi] if
j € V7. Indeed CZ' implies: U'(A) = 0 in first case, U'(A) > w;_,; in the second case,
and U'(A) < w;_,; in the third case.

Since, when j ¢ V', conditionally to U'(A) =0

[N"O(A 2A] > 0. N (A, 2A]} € (N'(A,24] > 0, A’} (35)
we have, for any v with v; =0,

PA(N'(A,24] > 0, AL) = P(N"4©(A,24] > 0,N" (A, 24] = 0)

= (1= e #OYp(N” (A, 24] = 0) (36)
On the other hand IP’UA (A’Jr) < ]P’(ﬂ Vi(A, 2A] = O), from which, by taking (33) into account,
together with the obvious inequality
Vi

P(ﬁ (A7 ZA] = O) _ e—(ﬁ—a)lVilﬂ - e_(ﬂ_a)dA’ (37)

P(NY'(A,24]=0) -

the leftmost inequality in (29) is obtained. The same argument can be used to prove that, when

jeV
P23 (N'(24,34] > 0,C1) = (1 — e 4 ONP(N 24, 34] = 0)

and together with P24(C) < P(ﬂvi(ZAjA] = 0), the leftmost inequality in (30) is
established.
On the other side, always conditionally to U'(A) = 0, from the inclusions

[N'(4,24] > 0, AL} C {N*9O(A,24] > 0, NV (4,24] =0},
(N (4,241 > 0} c A, (38)
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and the rightmost inequality in (33), one obtains

Ri Vi _
P, (Bi(A)) < P(Ni’¢i(0)(A9 24) > 0) P(ﬂvi(A7 241=0)
P, (Ai(A)) P(N" (A,24] = 0)

which, thanks to (37), implies the rightmost inequality in (29).
Again, the same argument can be used to prove that

P, (D/~i(A . P(NY' (24,34) =

M < P(Nl’¢i(0)(2A, 3A) > 0) (:V,-( 34)=0)

P, (CI~1(4)) P(N” 24,3A] = 0)
which immediately implies the rightmost inequality in (30).

For the proof of (31) observe that by the Markov property C # implies U'(24) > wj_; > 0,
hence for any v with v; > w;_,;

P24 (N'(24,3A1>0,CL) > (1 — e—<¢i<°>+5>A)JP(NVi (2A,3A] = 0).
Indeed, conditionally to U(2A) = v,

$i(U'(24)) = ¢i(wji) = ¢i(0) + 3,
and therefore

[N'(2A,3A] > 0, NV (2A,3A] = 0}

S (NSO 0A 3A] = 0. N 24, 3A] = 0).

With the upper bound

PA(C) < PV (24,341 = 0)

the proof of (31) is finished. -
For proving (32), observe that by the Markov property this time C”' implies U’(2A) <
w;_; < 0, hence by using the rightmost inequality of (34)

BlD(2) (?f*f(A)) <P(N" O 2A,3A] > 0) PINY 24,34) = 0)

P, (Ci~i(A)) PN (24,34] = 0)
Indeed, conditionally to U(2A) = v, with vi < w i»i <0

$i(U'(24)) < pi(w;i) < ¢:1(0) =3,
and therefore

{N'(24,3A] > 0,C.} C (N"9©O72A,3A] > 0, NY' (24,341 = 0},
With the lower bound

P2A(C1) = PV (24,341 = 0)
the proof of (32) is finished.

Collecting together the results of the previous two lemmas we arrive to the following

Lemma 3. [Irrespectively of the vector u of membrane potentials, for 0 < A < Ay = % it
holds
3dpA P,(Bi(A)) 4dp A
l—— ) () A< —— < (1 (0)A. 39
< B )¢() = BAD) = +t—0 #i(0) (39)
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Furthermore, for j ¢ V', it holds

5dB A u(Dj_)i(A)) SdﬂA
O_ )¢® —memnfo

) $:1(0)4,

whereas, for j € V', it holds

5dpA P,(D/1(4))
<1 i ) (¢:i(0) +8)A < P, (CI(A)’

and finally, for j € V', it holds

P,(D7~1(A)) 5dpA
m < <1+ 3 ) (¢:i(0) —8)A.

Proof. As far as the lower bounds are concerned, observe that

_2dBA
<1 - 16_) emdB—0A 5 (1 - @A> (1 —dp(1 — 5)4)

N

2
zl—dﬂ(——{-l— >A>1—9;£A
S

and

_—3dgA
<1 _ 1‘2—2> -0 5 (1 B dﬂ )(1 A — ) )

3 85d
>1—d,3< +1-— )A31—27sz>o,

2752

where these inequalities are guaranteed since Ay < a5

Next observe that
l—e*>x(1—-x/2)>0, x€(0,2),

so that, for € € {0, 1}

1—ﬂwmmzw®+mAl—m®+m§>

A
> (¢i(0) +€8)A (1 - ﬂg) >0

which are guaranteed since Ay < % and ¢;(0) + § < B. As a consequence, given that
3dp - 9dpg B 5dp - 85dp B
s 4ds 27 s2 T 2752 020
from the 1.h.s.’s of (27) and (29) we have

P,(B'(A)) - <1 B 1-— eZdﬁA) o—d(B-m)A (1 _ e—¢,-(0)A)
P,(AI(4)) ~ s

2( —Z£A>( ﬂA)dh(O)A ( 3dsﬂA>¢z(0)A>0
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and, from the 1.h.s.’s of (28) and (30), and from (31) we have

P (D='(A) 1= PN ipwa —$1(O)+ed)A
B,(CI71(A) ~ (1 e >e (1= )
854 B

> (1 - A) (1 _ EA) (:(0) + €8)A
§ (1 SdﬂA
S

) (¢i(0)+€8) A >0,
where e =0if j ¢ Vi, ande =1if j e V., for A < Ay = 5[12,3
From the r.h.s.’s of (27) and (29), using the bound 1 — e™™ < x one gets
P,(B(4) _ si-9a XA
— < P21+ ————)¢i(0)A
Ry = U)o
edﬂ(st)A _ (1 _ SZ)edﬂ(lfs)A
= 5 $:(0)A, (44)
s
and from the r.h.s.’s of (28) and (30), and from (32) one gets

PuDIZHA) _ gpaga,,  OPA-1
P (CoA) = ¢ I+ —3)@O) —eh)A

eBé—)A _ (1 _ s3)edﬂ(l—s)A
= ( (¢:i(0) — €A, (45)

s3

where e =0if j ¢ V', and e = 1 if j € V.
Notice that all the exponential rates appearing in (44) and (45) are bounded from above,
uniformly in 0 < s < 1, by

BB — 5)Ag =~ =) % dB— )= G %

The function x — e~“;1 being increasing, it holds that, for any fixed ¢ > 0,

¢ _

e 1
e <1+ x, O0<x<c¢.

Therefore, by taking into account that both %(62/ >—1)and %(e3/ 3 —1) do not exceed 3/2, the
fraction appearing in the expression (44) is bounded from above by

1+ 2dB3 —s5)A ~(L=sH(I +dB(1 = 5)4)
2

52 s
=1+—{ Gos)—(1—s5)1—s )}51+4d’:—zA,

and the expression (45) is bounded from above by
1+ 2dBd—HA (1 -5 +dB(1 —s)A)
53 B 53

dﬂA{ 4— )—(1—s)(1—s3)} <145——

A
=1+ dﬂ

for any s € (0, 1).
At this point the proof of Theorem 1 is readily completed.
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Proof of Theorem 1. Thanks to Lemma 3 the thresholds ¢;(A) and {,(A) defined in (11) are
obtained by taking the difference between the upper bound in (39) and the lower bound in (40),
and the difference between the upper bound in (40) and the lower bound in (39), respectively,
and finally replacing ¢;(0) with its upper bound B. The thresholds ¢~ (A) and ¢+ (A) defined
in (12) and (13) are similarly obtained by using the bounds in (39), (41), and (42).

Remark 1. Since the differences

P,(D/7(4))  Pu(B'(A)

P,(CI=i(4))  Pu(A(Q)
have to be estimated from data, the upper bounds and the lower bounds established in Lemma 3
have to be multiplied, say by 1 + {5 and by 1 — 5, respectively. The resulting “statistical”
thresholds £;(A), &(A), £7(A), and €T (A) defined in (14)—(17) are then obtained with the
same procedure used to derive the “probabilistic” thresholds ¢1(A), £2(A), ¢~ (A), and T (A).

Proof of Proposition 1. To begin with, observe that

ET(A) = —&(A) + A (Q), E7(4) = —&5(A) + tA(4) (46)
where
5dB A 5dB A
rM(A)=BA(1 - ﬂ ——)1 - _O)’ Mo(A)=BA0 + %)(1 + 1T_O)' 47)

With these positions the 1nequa11tles in (18) become

§1(4) = =6(A) + 122(4),  &(4) = =&1(A) + A (A),
or equivalently

£1(4) + &(4) < T min (A1(4), 22(4Q)) = T 41 (A).

The last inequality can be explicitly rewritten as

(10 4+ 7)(2 + (s + S)df—f) =0-ol@-

;3 SdﬁA)}’

which is satisfied for
$37(6 — 1)
~ dB{(4s +5)10 + 1) +5s(10 — 7)(3s + 51 + 1))}
In order to prove that the right hand side is bounded from below by A*, notice that the
numerator is bounded from below by 5537, whereas 170 is the maximum value of the

expression within brackets at the denominator for s, v € [0, 1], with s + 7 < 1, attained at
s=1,7=0.

0<A<

4. Proof of Theorem 2

In the proof of Theorem 2, we will use the following two inequalities.

Proposition 2. Let X be a random variable with binomial distribution, with parameters n
and p, and let 0 <y < 1. Then

P(X < np(l —y)) < e’/

P(X > np(l + y)) < e"77*/3
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For the proof of Proposition 2 we refer the reader to [22].

Corollary 1. Let Yy, ..., Y, be Bernoulli random variables with the property
PYrr =11, ... 0)>¢c, k=0,...,n—1, (48)
for some constant ¢ > 0. Then for any 0 <y < 1
PO+ + Yy < ne(l —y)) < 772, (49)
When Yy, ..., Y, have the property
PYrr1 =11, ..., Y0 <C, k=0,...,n—1, (50)

for some constant C < 1, then for any 0 <y < 1

P(Y) 4+ Y, > nC( + y)) < e "CV°/3, (51)

Proof. Let us denote

P11, - ) =P =1 =y,.... %k =w), k=0,....n—1,
where y; € {0, 1}, i =1,...,k.
With Uy, ..., U, independent and uniformly distributed in (0, 1), the random variables Y/,

k=1,...,n, are constructed recursively as

Yo = Yo p vy 1 W) k=1,...,n—1,

Y{ = 1p,,1(U),
so that (Y], ..., Y,) and (Yy,...,Y,) share the same distribution. Moreover (48) implies Y, >
1i0,c1(Ux), whereas (50) implies ¥, < 1j9.¢j(Us), for k = 1,...,n. The proof is completed
by observing the random variables 1y ,j(Ux), Kk = 1, ..., n are Bernoulli i.i.d., for any fixed

v € (0, 1), and the application of Proposition 2: in the former case the law of ¥; + --- + ¥,
stochastically dominates the binomial distribution with parameters n and c, and in the latter is
stochastically dominated by the binomial distribution with parameters n and C.

We can now prove Theorem 2 through a series of lemmas. For the first one we recall the
definitions (21)

_ * _ 19 2 Ax2 T *
t, = [otA n—l, m, = ’720}105 A (1 IOVaA )—‘.

Lemma 4. For i, j € I, and any integer n > 1 the following inequalities hold

P (S%(t,) < my,) < p(n), (52)
P (Scjﬁi(n) < mn) < p(n), (53)
where
__19 3 %3.2,
o(n) =e 4x103 . (54)

Proof. Since for any interval I, N'(I) > N(I), we have the following lower bounds
In
S4(t) = D Vwiar-na.a-naj=o = S (@),
k=1
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14

cli—i cJj—i
S ( ) z Z 1 N’((3k 3)A,(3k— 2)A]>()}1{N/((3k 2)A,(3k—1)A]=>0} S (l’l),
k=1

where the two variables at the r.h.s. are binomial with 7, trials and #n trials, respectively, and
probabilities of success bounded from below as follows

. A* 4 7 1

ez (10 e = (12 e = e > S 2
i 67\2 19

(1-— e A )2 > (&) a?A? > %(XZA*Z, (56)

respectively, by using (43). The bounds (52) and (53) are then obtained by applying Proposi-
tion 2. Indeed

19
P (S% () < my) <P (S"f(tn) < S5 A% = VA" n)
19 T
A; _ * o EA
<P (S (ty) < 20aA (1 IOVaA ) t,,)
<P (5%, < DaA (1 — L ad 1
—\= "7 20 10 !

_ 193012A*2‘[21n _ 193013A*312n
<e 4x 10 < e 4x10

’

and

—i j—i 19
P (SCJ () < mn) <P (SC’ () = 5t A% = IT—OW) : n)

=i 19 __19 3 A2,
<P <§C1 (n) < %azﬂ*z(l — IT—Ox/aA*) : n) <e AT

Lemma 5. For any positive integer n define

192 34532,

on)=e T Tiex103 % . (57)
Then
P (SB’<K,’;,,,) < mui(0)A" (1 3 m) (1- i)) <o), (58)
s 10
. L[y, Adpar v .
P (SB (K},,) 2 mai(0)A (1 + =5 ) (1+ E>) = o(n); (59)
moreover, if j ¢ V'
P (SD’”’(H;,’;;’") < m () A" (1 - Sdff*) (1- 110)) <o), (60)
IS NOELS r .
]P’(SD (HI™) > m,;(0) A <1 +75 ) (1+ E)> < o(n); 61)
whereas if j € V;
(SD’ H = ma9i(0) - §)A" (1 L ) (1+ f—o)) < o(n); (62)
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. . +
and if j € V;

Di=i i . 5dB A* T
IP(S (Hj") < m,(9i(0) +6)A (1— - )(1‘E)>5"(”)' (63)

Proof. The estimates are obtained by means of Corollary 1 with the choices

Yy=15 ,h=12,...,m,, VW=1,- , k=12...,my,
K;’ Hj~>i
k
respectively. Indeed, observe that

mp mp

SEKL) = Y and SPTNHITH =Dy
h=1 k=1
For any non negative integer & and for any value of ji, ..., j, € {0, 1}

P(Y), = 1Y = ji,.... Y, = ju)

oo
= > P(Kjy, =LY = ji.....Y, = j)PBY = ji..... Y, = ju. Ki, = 0).
t=h+1
Notice that
(Kip, =0 =(K, <t—1,K,, >t—1 A}
and that the event

F={Y=ji,....Y, = jas, K, <t—1,K} . >€—1}

is F—1)a+-measurable, so that we get
PBIY| = ji,.... Y, = ju, Kj,, =€) = P(BI|F N A})
. E[P(B}| Fae—1)2+)1F]
E[P(A}| Faoe—1ya)1r]
Using again the notation IP’ﬁA*(J = P(-|U(kA*) = v), for k > 1, we have

. 2 871 A* . .
P(By| Fo—1yax) = Pu((z(g),l)m)(Bé) = Pyee—1ya%(BY),

P(A)| Fa-1ya®) = Prin D an (A = Pugu—1yan(AD).

As a consequence the bounds in Lemma 3 can be applied, from which, for 0 < h <m, —1,

3dp A*
<1 a ’i ) $i(O)A* <P(Y,, = 1Y] = ji,..., Yy = ju)
4dpA*
< (142 o, o

and when j ¢ V'
(1 5dp A*

N

) ¢ (A" <P, = 1Y = ji,.... Y/ = jn)

< (1 4 24P A*) 6,047, 65)

52
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whereas when j € Vi

5dp A*
(1 - i ) (@:(0)+ A" < Py, = 1Y = ji, ... Yy = ju) (66)
and finally, when j € V'
. 5dpA* "
Py, =11y/ —Jl,-..,Y;;/=Jh)S(1+ 2 ) (¢i(0) — 8)A™. (67)

Now one applies Corollary 1 to all these bounds, with m,, in place of n, and y = .

Beginning with the leftmost inequality in (64), with ¢ = (1 —3dBA*/s)¢;(0)A* in (49), we
obtain

B i . 3dBA* .
IF’(S (Ki ) < mugi(0)A (1_ i )(1_E>)

dpA* dpA*
< o 2t OA 1= EE G S ma A (1= 2EE ()2
2
3 A%3 T 7 12 19x31 nad A¥3¢2 _3x19°x31 3
S e*f’wt A* (lfmvdﬂ*)(m) 40%x34 S e Ax34x58x 103 — O'(n)34

In the first inequality at the last line, after replacing m, with the argument of the integer part,
we have taken into account that

dpA* st 1 3dﬁA* 31
=—=<= = 1- >
s 34 ~ 34 s 34
and in the second inequality that
stt 1 T 57 3x19
A= — < — 1— VoA >l —— > — = ———.
T3 cn T Y T oy 58 8
For the rightmost inequality in (64) choose C = (1 4+ 4dBA*/s?)¢;(0)A* in (51) obtaining
4dp A*
$7 (K5, =m0 (14 902) (14.5) (68)
10
4dﬁA 4d/3A

Tmadi () A*(1+ ) <e —imaa A1+ N5)?

<e
2
3 A%3 21 —nad3A¥3¢2 19

<e —na” A* (177V0¢A*)(10) ()0 < e ne T 116x103 — 0(}1)

Taking into account that 31 Exi 4 X % > 1, the estimates (58) and (59) are obtained.

Analogously, from Corollary 1 with ¢ = (1 — 5dBA*/s)p;(0)A* in (49), for the leftmost
inequality in (65) one obtains

Di~i gy josi (. sdpA* .
IP(S (HI™T) < m,y(0) A (1_ d ><1_E)>

w

ned A3 2 _3x192x29
< e 4x34x58x103 = g(n)7 2

and for the rightmost one, with C = (1 + 5dBA*/s)¢;(0)A* in (51), one obtains

DI~ —i * ,BA* T
(S (H) ") > mu;(0)A <1+ ><1+E)>

2
3A¥3.2_ 19

e 116x103 = o (n).

Since % X % > 1 the estimates (60) and (61) are obtained. The bounds (62) and (63) are

obtained in a completely analogous way, taking into account that ¢;(0) £ 6§ > «.
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With the help of the previous results we are in a position to control the behavior of the
estimators R'(n) and G/~(n) defined in (22) and (23), respectively.

Lemma 6. For any positive integer n, the following inequalities hold, with o (n) defined in
(57),

i (. 3dBA* r
P (R (n) < $:(0)A (1 - = ) (1 - E>> < 20(n), (69)
; . 4dp A* T _
P (R 1) = $:(0)A (1 L ) (1+ E>> <20 (n); (70)
moreover: )
ifj¢V
. (. SdpA* v
P(GI (n) < $:(0)A <1 -5 ) (1 - E)) < 20(n), (71)
L (. 5dpA* r '
IP’(GJ (1) = $(0)A <1 -5 ) (1+ F))> <20 (n); (72)
if j eVt
P (Gﬁ"(n) > ($:(0) = 9)A" (1 + 202 ) (1+ f—0)> < 20(n); 73)
if j eV,
P (cﬁ'{n) < ($:(0) +8) A" (1 - P ) (1- %)) < 20(n). (4)

Proof. We are going to prove only (69) in detail, since the other inequalities (70)—(74) need
completely similar arguments. So, observe that

,. o 3dp A* T
{R(n)§¢l(0)ﬂ (1— - )(1—10)}

i B; i . % 3dﬂA* T
C{Kmn>fn}U{S (Kl ) < mugi(0)A (1— - )(1_5)}

A; Bi i . * 3dpA* T
cls (t,,)<mn}U{S (K! ) < mui(0)A (1— : )(1—5)}.

Since the probabilies of the two events have been bounded from above by p(n) and o(n) in
(52) and (58), respectively, then

. 3dB A*
P (R,(n) =04 (1- 110) (1 - ’i )) < pn) + o (n).

Since p(n) = o(n)'? < o(n), see (54) and (57), the proof of (69) is concluded.

"To conclude the proof of Theorem 2 we need to deduce suitable bounds for the difference
G/~ (n) — R'(n).

Lemma 7. For any positive integer n the following inequalities hold:
ifjeV
P(G/~'(n) = R'(n) = —£1(4AY)) < 4o (n), (75)
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P(G/~'(n) — R'(n) = £(A")) < 4o (n), (76)
from which
P (—£(A%) < G/7'(n) — R'(n) < £(A%)) = 1 — 8o (n); (77)
ifj eVl
P(G/'(n) — R'(n) < =~ (4%) = 1 — 4o (n); (78)
if j eV,
P (G~ (n) — R'(n) > £(A%) > 1 — 4o (n). (79)

Proof. First of all recall that £(A*), &(A*%), €7 (A*), and €T (A*) are defined in (14)—(17),
and that (see (46) and (47))

—E7(AY) = £(AT) = TA(AY) and  ET(AY) = —£1(AT) + 1A (AY).

Furthermore observe that

dp A*
£1(A") = pA” [§+(9—%) ﬁs—z]
* * T T —;52 dﬂA*
£(AY) = BA {§+[5+3s2+%] = }

The following argument is based on the inequality
PX—-Y>a-b) <P{X =alU{Y =b}) <P(X >=a)+P(Y < D),

which holds for any pair of random variables X and Y, and for any a, b € R.
Now let x =0if j ¢ V' and x = 1if j € Vi, then

P (G~ (n) = Ri(n) < —51(A%) + xThi(A")

. . (0
<p(G7 10 — Ry = =226 (4 + (A7)
< (67 =002 (1= 255 (1= ) 4 onacan)

. 4dB A*
+P (R’(n) > $i(0)A* <1 + Sﬁz ) (1+ f—0)> ,
since —‘/’iT@E](A*) coincides with

5dp A* 4dp A*
$i(0)A* <1 - fz ) (1-5) - g)A" (1 + ’i ) (1+35).
As a consequence (75) and (79) are established by using the bounds (71), (70) and (74).
Analogously let x =0if j ¢ V' and x = 1 if j € V', then
P (G~ (n) — R'(n) = &(A%) — xtAa(A%))

o 4 (0
<P(G7 0 — R = P26 — xria(a”)

245



E. De Santis, A. Galves, G. Nappo et al. Stochastic Processes and their Applications 149 (2022) 224-247

SdpA*
3

<P (Gj%i(n) > ¢i(0) A (1 + ) (1 + f—o) - Xff\z(A*)>
) 3dp A*
+P (R'(n) < ¢i(0)A* (1 - Ii > (1 - %)) J
since %&(A*) coincides with

5dp A* 3dBA*
¢i(0>A*<1+ b )(1+%)—¢,~(O)A*<1— ’ )(1_%),

As a consequence (76) and (78) are established by using the bounds (72), (69) and (73).
Moreover (77) is trivially obtained by (75) and (76).

At this point the proof of Theorem 2 is readily completed.

Proof of Theorem 2. The proof follows directly from Proposition 1 and (77), (78), and (79),
of Lemma 7. Then, setting n = n(T) in the expression of o(n), and substituting « A* = 37,
we obtain

3
_| T 125 ot
U(n(T)) = e Laals T < o®ioap p—oT

where
N 192 5 T8
= . w = —_—
"7 3% 116 x 342 x 10° 0T

A’3T
To conclude the proof of Theorem 2 is enough to recall that C = 4e” 1045 ,
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