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We calculate the formation probability of primordial black holes generated during the collapse at horizon 
re-entry of large fluctuations produced during inflation, such as those ascribed to a period of ultra-slow-
roll. We show that it interpolates between a Gaussian at small values of the average density contrast and 
a Cauchy probability distribution at large values. The corresponding abundance of primordial black holes 
may be larger than the Gaussian one by several orders of magnitude. The mass function is also shifted 
towards larger masses.

© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

The recent release of the compact binary coalescences observed 
by LIGO and Virgo during the first half of the third observing run 
[1] has increased the interest in the physics of Primordial Black 
Holes (PBHs) [2]. Indeed, there is a favourable evidence not only 
for multiple formation channels in the BH mergers detected so far 
through the gravitational waves, but also for a possible population 
of PBHs of about 30% [3].

One of the basic parameters determining the merger rate of 
PBH binaries is fPBH(M), the fraction of PBHs with a given mass 
M in the whole dark matter budget. It is roughly given by the ex-
pression [2]

fPBH(M) �
(

β(M)

6 · 10−9

)(
M�
M

)1/2

. (1)

Here, the parameter β(M) indicates the probability of formation 
of a PBH with a given mass M . It is clear therefore that a key 
question when dealing with the physics of PBHs is what is the for-
mation probability of a PBH during the evolution of the universe. 
The answer depends, of course, on the details of the formation 
mechanism.
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A standard way to generate PBHs is to enhance the curvature 
perturbation ζ at small scales [4–7]. Such boost can occur either 
within single-field models of inflation during an ultra-slow-roll 
phase [8,9] or through some spectator field [10]. The enhancement 
needed for the power spectrum of the curvature perturbation is 
from its ∼ 10−9 value at large scales to ∼ 10−2 on small scales. 
Such sizeable fluctuations are subsequently communicated to ra-
diation during the reheating process after inflation and they give 
rise to PBHs upon horizon re-entry if they are larger than a given 
threshold.

From the brief discussion above it is clear that one main prob-
lem in determining the PBH abundance today is to deal with rare 
large fluctuations. The PBH formation probability is extremely sen-
sitive to changes in the tail of the fluctuation distribution and 
therefore to possible non-Gaussianities, primordial or intrinsic to 
the problem [11–15]. The goal of this paper is to show that it is 
possible to deal with the non-linearities of the problem and obtain 
the formation probability of PBHs.

2. Setting the stage

Before launching ourselves in the midst of the discussions, let 
us set the stage and define the quantity we have to compute the 
probability of. The key parameter is the smoothed density contrast 
at the horizon crossing during radiation [16]
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δm = 3(
rmeζ(rm)

)3

rm∫
0

dr δ(r)
(

reζ(r)
)2 (

reζ(r)
)′

, (2)

where rm is the location of the maximum of the compaction func-
tion, which measures the mass excess compared to the background 
value in a given radius, and [17]

δ(r) = −8

9

(
1

aH

)2

e−5ζ(r)/2∇2eζ(r)/2 (3)

is the non-linear density contrast, a is the scale factor and H the 
Hubble rate. We have adopted the top-hat window function in or-
der to correctly account for the treatment of the threshold [18]. 
This results in the non-linear expression [14,16]

δm = δl − 3

8
δ2

l , δl = −4

3
rmζ ′(rm). (4)

It highlights two key points. First of all, the probability of form-
ing PBHs does not depend on the comoving curvature perturbation 
itself ζ , but on its derivative ζ ′ . This is expected, given that on su-
perhorizon scales one can always add or subtract to the comoving 
curvature perturbation a constant by a coordinate transformation 
and this may not influence any physical result. Secondly, thanks to 
the conservation of the probability

P (δl) = P [δm(δl)]
∣∣∣∣dδm

dδl

∣∣∣∣ , (5)

we ultimately need to compute the probability of δl . Integrating it 
from the critical amplitude for δl

δl,c = 4

3

(
1 −

√
1 − 3

2
δc

)
, (6)

in terms of the critical amplitude δc � 0.59 of δm (for a monochro-
matic curvature perturbation power spectrum) [16,19], one finds 
the probability of PBH formation. The rest of the paper is ded-
icated to the calculation of the probability of δl in the standard 
ultra-slow-roll scenario.

3. The ultra-slow-roll scenario

The ultra-slow-roll scenario (sometimes dubbed also non-
attractor scenario) of single-field models of inflation is a simple 
mechanism to enhance the curvature perturbation during inflation. 
It relies on the assumption that during its evolution the inflaton 
field φ traverses for a long enough period a plateau of its potential 
V (φ). If so, its equation of motion is approximately (primes here 
denote differentiation with respect to the number of e-folds N)

φ′′(N) + 3φ′(N) = 0,
dV

dφ
� 0. (7)

The solution is simply

φ(N) = φe + πe

3

(
1 − e−3N

)
, π(N) ≡ φ′(N) = πee−3N , (8)

where φe is the value of the field at the end of the ultra-slow-roll 
phase. We have retained the dependence on π since slow-roll is 
badly violated and also defined N = 0 to be the end of the ultra-
slow-roll phase, so that N < 0.

As we mentioned already, PBHs are born from large, and there-
fore rare, curvature perturbations. As such, their abundance is 
extremely sensitive to the non-linearities of the curvature pertur-
bation. A particularly useful formalism when dealing with non-
linearities is the so-called δN formalism [20], where the scalar field 
2

fluctuations are quantised on the flat slices and ζ = −δN , being N
the number of e-folds. The formalism is based on the assumption 
that, on superhorizon scales, each spatial point of the universe has 
an independent evolution and the latter is well approximated by 
the evolution of an unperturbed universe.

Using the δN formalism we immediately find (see, for example, 
[8,21])

ζ = −δN = −1

3
ln

(
1 + δπe

π e

)
, (9)

where the overlines indicate the corresponding background values. 
By using the relation

πe = 3 [φ(N) − φe] + π(N), (10)

we see that, up to irrelevant constants,

ζ = −1

3
ln

(
1 + 3

δφ

π e

)
. (11)

This non-linear expression highlights the enhancement of the cur-
vature perturbation due to the fact that the velocity of the inflaton 
field becomes exponentially small during the ultra-slow-roll phase.

Since the dynamics of δφ is the one of a massless perturba-
tion in de Sitter, and to a very good approximation its behaviour 
is Gaussian, the curvature perturbation is non-Gaussian due to the 
non-linear mapping between δφ and ζ . Probability conservation 
dictates that

P (ζ ) = P [δφ(ζ )]
∣∣∣∣dδφ

dζ

∣∣∣∣ . (12)

Since P (δφ) is Gaussian

P (δφ) = 1√
2π σδφ

e−(δφ)2/2σ 2
δφ , (13)

where σ 2
δφ is the variance of the inflaton fluctuations

σ 2
δφ =

∫
d ln kPδφ(k) (14)

in terms of the inflaton perturbation power spectrum Pδφ(k), in 
the limit of small fluctuations ζ 
 1 one recovers a Gaussian dis-
tribution for the curvature perturbation. However, for large values 
of the curvature perturbation one gets

P (ζ ) � π e√
2π σδφ

e−3ζ , (15)

showing that the probability of the curvature perturbation is of 
the exponential type and has a non-Gaussian exponential tail. This 
result confirms what found in Refs. [22–24] using a stochastic ap-
proach, in the realistic limit of large field displacement during the 
ultra-slow roll phase in units of the Hubble rate. It is also valid 
in the limit in which the subsequent transition into the slow-roll 
phase is rapid [8] and for a constant potential (for a slightly tilted 
potential see the results of Refs. [8,25,26]). However, as mentioned 
in the introduction, this is not the end of the story, one needs 
to in fact calculate the probability of the density contrast δl and 
not of the curvature perturbation ζ to compute the abundance of 
PBHs.

We close this section by noticing that the same non-linear re-
lation between the curvature perturbation and the inflaton fluctu-
ation in Eq. (11) is also obtained if the ultra-slow-roll phase is an-
ticipated by a short period during which the inflaton accelerates by 
falling down a rapid step in the potential [27]. This is because the 
contribution to the curvature perturbation from this phase using 
the δN formalism is suppressed. Similarly, the expression (11) is 
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also obtained in the case in which the PBHs are formed thanks to 
the large fluctuations in a curvaton-like field [10], where the fluc-
tuation of the inflaton field is replaced by the one in the curvaton-
like field [28]. In this respect, our considerations are rather general 
and go beyond the single-field ultra-slow-roll mechanism.

4. The formation probability of PBHs

As already remarked, the next step is to compute the probabil-
ity distribution for the field

δl = −4

3
rmζ ′(rm) = 4

3
rm

δφ′(rm)/π e

1 + 3 δφ(rm)/π e
. (16)

One can do it exactly as δl is the ratio of two normally distributed 
and uncorrelated random variables

X = 4

3
rm

δφ′(rm)

π e
,

Y = 1 + 3
δφ(rm)

π e
, (17)

and therefore its probability is the ratio distribution

P (Z) ≡ P (X/Y ) =
∫

dY ′ |Y ′|P (Z Y ′, Y ′),

P (X, Y ) = 1

2π
√

det C
exp

(
−�V T C−1 �V /2

)
,

�V T = (X, Y − 1), C = diag
(
σ 2

X ,σ 2
Y

)
,

(18)

where

σ 2
X = 16r2

m

9π2
e

∫
d ln k k2 Pδφ(k), σ 2

Y = 9

π2
e

σ 2
δφ, (19)

and the cross correlation between X and Y is zero because of 
isotropy. We then obtain

P (δl) = e−1/2σ 2
Y

2π(σ 2
X + σ 2

Y δ2
l )3/2

σX ·
[

2σY

√
σ 2

X + σ 2
Y δ2

l

+ √
2πσX eσ 2

X /(2σ 2
Xσ 2

Y +2σ 4
Y δ2

l )Erf

⎛
⎜⎝ σX√

2σY

√
σ 2

X + σ 2
Y δ2

l

⎞
⎟⎠

⎤
⎥⎦ .

(20)

In the limit of small inflaton perturbations, namely σY δl 
 1, this 
expression reduces, as it should, to a simple Gaussian distribution,

P (δl) � e−δ2
l /2σ 2

X√
2πσX

. (21)

In the limit of large density contrast fluctuations σY δl � 1, we get

P (δl) � e−1/2σ 2
Y

σX

πσY δ2
l

, (22)

which is the Cauchy probability distribution for large values of the 
field.

The full probability is neither a Gaussian nor an exponential 
distribution. This conclusion, as well as the expression (20), is the 
main results of this paper.

The last step to compute the probability of forming a PBH is 
to calculate the mass fraction (taking into account that δm < 2/3
[16])
3

Fig. 1. The probability of the density contrast for fixed variance σ 2
X and a monochro-

matic power spectrum of inflaton fluctuations. The blue line denotes the result of 
Eq. (20), while the red and green lines indicate the limit for small and large linear 
density perturbations δl , respectively. The vertical band indicates the relevant range 
of values of the linear density contrast for the PBH formation probability.

Fig. 2. The PBH mass fraction, as defined in Eq. (23), for a narrow spectrum of the 
inflaton perturbations.

β(MH ) =
4/3∫

δl,c

dδl
M

MH
P (δl), (23)

where we keep into account the relation between the horizon 
mass MH at formation and the PBH mass for overdensities close 
to the critical threshold as [14,29–31]

M = κMH

[(
δl − 3

8
δ2

l

)
− δc

]γ

, (24)

where κ = 3.3 and γ = 0.36 for the collapse in a radiation-
dominated universe. From Eq. (1) we see that fPBH(M) � 1 cor-
responds to tiny fractions, β(M) � 6 · 10−9(M/M�)1/2. For such 
values, the PBH abundance is sensitive to the non-Gaussian tail of 
the distribution. In Fig. 1 we plot the probability (20) for a repre-
sentative monochromatic power spectrum of the inflaton fluctua-
tions Pδφ(k) = Ak
δ(k − k
) peaked at a momentum scale k
 such 
that rmk
 � 3 [16], for which σ 2

Y � (9/16)σ 2
X . This figure highlights 

that, in the relevant range of values of δl , the probability is neither 
a Gaussian nor a Cauchy distribution.

In Fig. 2 we plot the PBH fraction as a function of σ 2
X , showing 

that the final abundance is enhanced compared to the Gaussian 
case by various orders of magnitude.

In Fig. 3 we plot the PBH mass function, showing that it has 
more power at high masses than the Gaussian prediction. This 
difference is due to a weaker suppression of δm entering in the 
critical collapse relation (24) when the probability distribution (20)
is adopted.
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Fig. 3. The PBH mass function for the same assumptions of Fig. 2.

5. Conclusions

PBHs might play a significant role in the BH mergers seen 
through the gravitational waves by the LIGO-Virgo collaboration. 
They might also contribute significantly to the dark matter of the 
universe if their mass is in the asteroid range [32]. In this paper 
we have provided the probability of formation in the scenarios in 
which PBHs are formed thanks to the collapse, upon horizon re-
entry, of large perturbations generated during inflation. Our find-
ings indicate that such a probability is non-Gaussian at large values 
of the average density contrast, which is the correct variable to 
use when computing the PBH abundance [33]. Furthermore, our 
results show that not only the corresponding PBH abundance is 
larger than the Gaussian result by orders of magnitude, but also 
the mass function has a more pronounced tail at larger masses.
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