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Abstract
We obtain a measure representation for a functional arising in the context of optimal design
problems under linear growth conditions. The functional in question corresponds to the relaxation
with respect to a pair (x,u), where x is the characteristic function of a set of finite perimeter and u
is a function of bounded deformation, of an energy with a bulk term depending on the symmetrised
gradient as well as a perimeter term.

MSC (2020): 49J45, 49Q10
Keywords: (special) fields of bounded deformation, optimal design, sets of finite perimeter, sym-
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1 Introduction

In optimal design one aims to find an optimal shape which minimises a cost functional. The optimal
shape is a subset F of a bounded, open set Q C R which is described by its characteristic function
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X : Q2 — {0,1}, E = {x = 1}, and, in the linear elasticity framework, the cost functional is usually a
quadratic energy, so we are lead to the problem

(IQLH)/QX(Z‘)WN&(JT)) + (1 = x(2))Wo(Eu(x)) dz, (1.1)

where Wy and W are two elastic densities, with Wy > Wy, and £u denotes the symmetrised gradient
of the displacement u. We refer to the seminal papers [Tl [36], 37, B8] 43], among a wide literature (see,
for instance, the recent contributions [7] and [g]).

However, as soon as plasticity comes into play, the observed stress-strain relation is no longer linear
and, due to the linear growth of the stored elastic energy and to the lack of reflexivity of the space L!,
a suitable functional space is necessary to account for fields u whose strains are measures. The space of
special fields with bounded deformation, BD(2), was first proposed in [47]-[50] and starting from these
pioneering papers a vast literature developed.

Indeed, already in the case where x = xgq, the search for equilibria in the context of perfect plasticity
leads naturally to the study of lower semicontinuity properties, and eventually relaxation, for energies
of the type

/ f(&u(x)) dx (1.2)
Q

where f is the volume energy density. As mentioned above, u belongs to the space BD(2) of func-
tions of bounded deformation composed of integrable vector-valued functions for which all components
Eij, i,5 =1,...,N, of the deformation tensor Eu := D“%D“T are bounded Radon measures and u
stands for the absolutely continuous part, with respect to the Lebesgue measure, of the symmetrised
distributional derivative Eu.

Lower semicontinuity for was established in [I6] under convexity assumptions on f and in
[27] for symmetric quasiconvex integrands, under linear growth conditions and for v € LD(), the
subspace of BD(2) comprised of functions for which the singular part E®u of the measure Fu vanishes.
For a symmetric quasiconvex density f with an explicit dependence on the position in the body and
satisfying superlinear growth assumptions, lower semicontinuity properties were established in [2§] for
u € SBD(Q).

In the case where the energy density takes the form ||Eul|? or [|EPu||? + (div u)? (where AP stands
for the deviator of the N x N matrix A given by AP := A— %tr(A)I), and the total energy also includes
a surface term, a first relaxation result was proved in [I8]. We also refer to [39] for the relaxation in the
case where there is no surface energy and to [42], [33], and [40] for related models concerning evolutions
and homogenisation, among a wider list of contributions.

For general energy densities f, Barroso, Fonseca & Toader [12] studied the relaxation of (1.2
for w € SBD(Q) under linear growth conditions but placing no convexity assumptions on f. They
showed that the relaxed functional admits an integral representation where a surface energy term arises
naturally. The global method for relaxation due to Bouchitté, Fonseca & Mascarenhas [I7] was used to
characterise the density of this term, whereas the identification of the relaxed bulk energy term relied
on the blow-up method [31] together with a Poincaré-type inequality.

Ebobisse & Toader [29] obtained an integral representation result for general local functionals defined
in SBD(Q2) which are lower semicontinous with respect to the L' topology and satisfy linear growth
and coercivity conditions. The functionals under consideration are restrictions of Radon measures and
are assumed to be invariant with respect to rigid motions. Their work was extended to the space
SBDP(Q), p > 1, which arises in connection with the study of fracture and damage models, by Conti,
Focardi & Turlano [24] in the 2-dimensional setting. A crucial and novel ingredient of their proof is the
construction of a WP approximation of an SBDP function v using finite-elements on a countable mesh
which is chosen according to u (recall that SBDP denotes the space of fields with bounded deformation
such that the symmetrised gradient is the sum of an L? field and a measure supported on a set of finite
HN =1 measure).

The analysis of an integral representation for a variational functional satisfying lower semicontinuity,
linear growth conditions and the usual measure theoretical properties, was extended to the full space
BD(Q) by Caroccia, Focardi & Van Goethem [23]. In this work, the invariance of the studied functional



with respect to rigid motions, required in [29], is replaced by a weaker condition stating continuity with
respect to infinitesimal rigid motions. Their result relies, as in papers mentioned above, on the global
method for relaxation, as well as on the characterisation of the Cantor part of the measure Fu, due to
De Philippis & Rindler [25], which extends to the BD case the result of Alberti’s rank-one theorem in
BV.

In the study of the minimisation problem (1.1]) one usually prescribes the volume fraction of the

1
optimal shape, leading to a constraint of the form m x(x)dz =60, 0 € (0,1). It is sometimes
Q

convenient to replace this constraint by inserting, instead, a Lagrange multiplier in the modelling
functional which, in the optimal design context, becomes

Flx,u: ) = /Q @)W (Eu@)) + (1 — x(2))Wo(Eula)) + /Q x(e)de (1.3)

Despite the fact that we have compactness for u in BD(f2) for functionals of the form (L.3)), it is
well known that the problem of minimising with respect to (x,u), adding suitable forces and/or
boundary conditions, is ill-posed, in the sense that minimising sequences x, € L*(£;{0,1}) tend to
highly oscillate and develop microstructure, so that in the limit we may no longer obtain a characteristic
function. To avoid this phenomenon, as in [2] and [35], we add a perimeter penalisation along the
interface between the two zones {x = 0} and {x = 1} (see [21] for the analogous analysis performed in
BV, and [20, T4} [15] for the Sobolev settings, also in the presence of a gap in the growth exponents).

Thus, with an abuse of notation (i.e. denoting W; + k, in , still by Wy), our aim in this paper
is to study the energy functional given by

Fx,u;Q) = /QX(:U)Wl(EU(w)) + (1= x(2))Wo(Eu(x)) dx + [Dx|(2), (1.4)

where u € BD(Q), x € BV(;{0,1}) and the densities W;, i = 0, 1, are continuous functions satisfying
the following linear growth conditions from above and below,

Ja, B > 0 such that af¢| < W;(€) < B(1 4+ [€]), VE € RVXN, (1.5)

We point out that no convexity assumptions are placed on W;, i = 0, 1.
To simplify the notation, in the sequel, we let f : {0,1} x RY*N — [0, +00) be defined as

f(q,8) := gWi(&) + (1 — g)Wo (), (1.6)
and for a fixed ¢ € {0, 1}, we recall that the recession function of f, in its second argument, is given by
oo . q,t
(g, €) :=limsup @ (1.7)
t—+o00

Since we place no convexity assumptions on W;, we consider the relaxed localised functionals arising
from the energy (1.4)), defined, for an open subset A C Q, by

F(x,u; A) := inf { EH%F(XW%;A) Sun € WHHARN), x, € BV(4A;{0,1}), (1.8)
up — u in L' (A;RY), x,, — x in L'(A4; {0, 1})}»
and
Frp (x,u; A) := inf { Er_r,lng(X”’u";A) tun € LD(A), xn € BV(A4;{0,1}), (1.9)

U, — U in Ll(A;RNLXn — x in Ll(A; {0,1})}7



where LD(Q) := {u € BD(Q) : E*u = 0}.

Due to the expression of , and to the fact that x,, — x in BV if and only if {Xn} is uniformly
bounded in BV and y, — x in L', it is equivalent to take x, — x in BV or x, — x in L' in the
definitions of the functionals and , obtaining for each of them the same infimum regardless of
the considered convergence.

As a simple consequence of the density of smooth functions in LD(2) we show in Remark that,
under the above growth conditions on Wy, W7,

F(x,u; A) = Frp (x,u; A), for every x € BV (A;{0,1}),u € BD(2), A € O(Q).

We prove in Proposition that F (x,u;-) is the restriction to the open subsets of 2 of a Radon
measure, the main result of our paper concerns the characterisation of this measure.

Theorem 1.1. Let f: {0,1} x R¥Y*N — [0, +00) be a continuous function as in (1.6)), where Wy and
W1 satisfy (1.5), and consider F : BV (Q;{0,1}) x BD(Q) x O(2) defined in (1.4). Then

]W%wAﬁjASQﬂM@£M@NM+%;UUJﬂ@dﬁ@%xT@WWMwahmmMHN*@)
+ [ (5@ (@), T @) Al @) (1.10)

where SQf is the symmetric quasiconvex envelope of f and (SQf)™ is its recession function (cf. Sub-
section and (L.7), respectively). The relazed surface energy density is given by

m(Xa,b,y(' - -TO)a uc,d,u(' - xO); QV(:E()a 5))
EN_I

9(xo,a,b,c,d,v) := limsup
e—0t

where Q,(xg,€) stands for an open cube with centre xq, sidelength € and two of its faces parallel to the
unit vector v,

m(x,w; V) :==inf {F(0,v;V):0 € BV(Q;{0,1}),v € BD(R),0 = x on dV,v =u on 0V},
for any V' open subset of Q with Lipschitz boundary, and, for (a,b,c,d,v) € {0,1} x {0, 1} x RN x RN x
SN=1 the functions Xa,by 0nd Ueq, are defined as
a, ify-v>0
b, ify-v<0

¢, ify-v>0

Xa,b,u(y) = { d, ify-v<0.

and g, (y) == {

For the notation regarding the jump sets J,, J,, and the corresponding vectors x (), x ™ (z), vy (),

ut(x), u=(z) and v, (z) we refer to Subsections and

The above expression for the relaxed surface energy density arises as an application of the global
method for relaxation [I7]. However, as we will see in Subsection in the case where f satisfies
the additional hypothesis 7 this density can be described more explicitly, leading to an integral
representation for , in the BD setting, entirely similar to the one in BV, obtained in [21], when
Wy and Wy depend on the whole gradient Vu. Indeed, under this assumption, we show that

g(xo,a,b,c,d,l/) :K(&,b,c,d,y)

where

K(a,b,c,d,v) ;= inf {/ (SQN)>(x(x), Eu(x)) dx + | Dx|(QL) : (x,u) € Ala,b,c,d, V)} . (1.11)

v

and, for (a,b,c,d,v) € {0,1} x {0,1} x RY x RY x S¥=1 the set of admissible functions is

~—

Ala,b, ¢, d,v) := { (X, 1) € BVioe (S,;{0,1}) x W1 (S,; RY) :

() ulw)) = (b iy v = —,

DN | =

(x(),u(y) = (a,c) ify v =

(x,u) are 1-periodic in the directions of vy, ..., vN_1 },



{v1,v9,...,uN_1,Vv} is an orthonormal basis of RY and S, is the strip given by

1
SU:{LIL‘GRN:J}-V|<2}.

As an application of the result of Caroccia, Focardi & Van Goethem, obtained in the abstract
variational functional setting in [23], the authors proved an integral representation for the relaxed
functional, defined in BD(Q) x O(Q),

Fo(u; A) = inf { lim inf Fo(un; A) : up, € WHHARY) uy, — win Ll(A;IRN)}7

n—-+oo

where
’ 75 d s if w e Wil Q,RN
Fo(u; A) == /Afo(fv u(x),Eu(x))de, if u ( )
oo otherwise

and the density fy satisfies linear growth conditions from above and below
1
5|A| < fo(w,u, A) < C (14 |A]), V(x,u, A) € Q x RN x RV*N

as well as a continuity condition with respect to (z,u). This generalises to the full space BD(2), and
to the case of densities f; depending explicitly on (x,u), the results obtained in [I2]. We will make use
of their work in Subsection to prove both lower and upper bounds for the density of the Cantor part
of the measure F(x,u;-), by means of an argument based on Chacon’s Biting Lemma which allows us
to fix x at an appropriately chosen point z, as in [41].

The contents of this paper are organised as follows. In Section [2] we fix our notation and provide
some results pertaining to BV and BD functions and notions of quasiconvexity which will be used in
the sequel. Section [3| contains some auxiliary results which are needed to prove our main theorem. In
particular, in Proposition we show that F(x,u;-) is the restriction to the open subsets of Q of a
Radon measure p. Section [4] is dedicated to the proof of our main theorem, which characterises this
measure. In each of Subsections and we prove lower and upper bounds of the densities of p
with respect to the bulk and Cantor parts of Fu, as well as with respect to a surface measure which is
concentrated on the union of the jump sets of x and u.

The fact that our functionals have an explicit dependence on the x field prevented us from applying
existing results (such as [5] and [I9]) directly and required us to obtain direct proofs.

2 Preliminaries

In this section we fix notations and quote some definitions and results that will be used in the sequel.
Throughout the text Q € RY will denote an open, bounded set with Lipschitz boundary.
We will use the following notations:

e B(Q2), O(Q) and O () represent the families of all Borel, open and open subsets of Q with
Lipschitz boundary, respectively;

e M(Q) is the set of finite Radon measures on €2;
e || stands for the total variation of a measure p € M(Q);

o LN and HVN~1 stand for the N-dimensional Lebesgue measure and the (N — 1)-dimensional Haus-
dorff measure in R, respectively;

e the symbol dz will also be used to denote integration with respect to £V;

e the set of symmetric N x N matrices is denoted by RV *V:



b+b
e given two vectors a, b € RY, a®bis the symmetric N x N matrix defined by a®b := M7

where ® indicates tensor product;

e B(xz,¢) is the open ball in RY with centre z and radius &, Q(z,¢) is the open cube in RY with
two of its faces parallel to the unit vector ey, centre x and sidelength e, whereas Q, (z, ¢) stands
for a cube with two of its faces parallel to the unit vector v; when x = 0 and e = 1, v = ey we
simply write B and Q;

e SN=1.= 9B is the unit sphere in RY;

o C°(RY) and C52,(Q; RY) are the spaces of RV-valued smooth functions with compact support

in Q and smooth and Q-periodic functions from Q to R, respectively;

e by lim we mean lim lim , lim means lim lim ;
o,n §—0+t n—+o0” kn k—s+oo n—-+oco

e ( represents a generic positive constant that may change from line to line.

2.1 BV Functions and Sets of Finite Perimeter

In the following we give some preliminary notions regarding functions of bounded variation and sets of
finite perimeter. For a detailed treatment we refer to [3].

Given u € L'(;R%) we let Q, be the set of Lebesgue points of u, i.e., z € §, if there exists
u(r) € R? such that
1
lim — —u(x)| dy =0,
Jm o [ ) i@y
u(x) is called the approximate limit of u at . The Lebesgue discontinuity set S, of u is defined as
Sy = Q\ Q. It is known that £V(S,) = 0 and the function € © + %(x), which coincides with u
LN- ae. in Q,, is called the Lebesgue representative of u.
The jump set of the function u, denoted by J,, is the set of points x € 2\ Q,, for which there exist
a, b € R? and a unit vector v € S¥~1, normal to .J, at z, such that a # b and

1 1
m — |u(y) —aldy =0, lim —

i lu(y) — bl dy = 0.
e=0t €N JiyeB(ae)(y—a)v>0} eot el /{yGB(rvf)t(yl’)'KO}

The triple (a,b,v) is uniquely determined by the conditions above, up to a permutation of (a,b) and
a change of sign of v, and is denoted by (u™(x),u™(z),vy(z)). The jump of u at z is defined by
[u](2) = u™(x) —u” (2).

We recall that a function u € L'(€;R?) is said to be of bounded variation, and we write u €
BV (Q;RY), if all its first order distributional derivatives Dju; belong to M(Q) for 1 < i < d and
1<j<N.

The matrix-valued measure whose entries are D;u; is denoted by Du and |Du| stands for its total
variation. The space BV (Q;R?) is a Banach space when endowed with the norm

lull v (ray = [[ullL1(ire) + [Dul(£2)

and we observe that if u € BV (;RY) then u ~ |Du|(f2) is lower semicontinuous in BV (Q;R?) with
respect to the Ll (£;R?) topology.

By the Lebesgue Decomposition Theorem, Du can be split into the sum of two mutually singular
measures D%u and D%u, the absolutely continuous part and the singular part, respectively, of Du with
respect to the Lebesgue measure £V. By Vu we denote the Radon-Nikodym derivative of D%u with

respect to LV, so that we can write

Du = VulN |Q + D*u.



If w € BV(Q) it is well known that S, is countably (N — 1)-rectifiable, see [3], and the following
decomposition holds
Du = VulMN|Q+ [u] @ v, HN S, + Du,

where D¢y is the Cantor part of the measure Du.
If © is an open and bounded set with Lipschitz boundary then the outer unit normal to 9 (denoted
by v) exists HN~1-a.e. and the trace for functions in BV (Q;R?) is defined.

Theorem 2.1. (Approzimate Differentiability) If u € BV (Q;R?), then for LN -a.e. x € Q

i /Q ) e = V).~ )l dy =0 (2.1)

Definition 2.2. Let E be an LN - measurable subset of RYN. For any open set Q@ C RN the perimeter
of E in Q, denoted by P(E;), is given by

P(E;Q)) :=sup {/Edivgp(x) dz o € CHOGRY), |lollre < 1} . (2.2)

We say that E is a set of finite perimeter in Q if P(E;Q) < 4o00.

Recalling that if £V (E N Q) is finite, then xg € LY(Q), by [3, Proposition 3.6], it follows that F
has finite perimeter in Q if and only if xg € BV () and P(E;<) coincides with |Dxg|(2), the total
variation in 2 of the distributional derivative of xgp. Moreover, a generalised Gauss-Green formula
holds:

/ dive(z) de = / (v5(z), (@) diDxgl, Ve € CLORN),
E Q

where Dy g = vg|Dxg| is the polar decomposition of Dxg.
The following approximation result can be found in [9].

Lemma 2.3. Let E be a set of finite perimeter in 2. Then, there exists a sequence of polyhedra E,,
with characteristic functions Xy, such that x, — x in L*(Q;{0,1}) and P(E,;Q) — P(E;Q).

2.2 BD and LD Functions

We now recall some facts about functions of bounded deformation. More details can be found in
[, 12, 16}, 511, 52).
A function v € LY(Q;RY) is said to be of bounded deformation, and we write u € BD(Q), if the

. e o Du+ Du” .
symmetric part of its distributional derivative Du, Eu := — 5 is a matrix-valued bounded

Radon measure. The space BD(f?) is a Banach space when endowed with the norm
lullzp@) = llullLr@zy) + [Eul(9).

We denote by LD() the subspace of BD() comprised of functions u such that Eu € L*(Q; RY*N)
a counterexample due to Ornstein [44] shows that W1 1(Q;RY) C LD(Q).
The intermediate topology in the space BD(f) is the one determined by the distance

d(u,v) = lu = ol| s o) + || Eul(©) — | Bel ()], u,v € BD(Q).

Hence, a sequence {u,} C BD(Q) converges to a function u € BD() with respect to this topology,

written u, — wu, if and only if, u, — u in LY(Q;RYN), Eu, X PEu in the sense of measures and
Recall that if u,, — u in L'(Q;RY) and there exists C' > 0 such that |Eu,|(Q) < C,Vn € N, then
u € BD(Q) and
| Bul () < lim inf | Buy |(€2). (2.3)
n—-+oo



By the Lebesgue Decomposition Theorem, Fu can be split into the sum of two mutually singular
measures Fu and E°u, the absolutely continuous part and the singular part, respectively, of EFu with
respect to the Lebesgue measure £V. The Radon-Nikodym derivative of E%u with respect to £V, is
denoted by £u so we have

Fu=EulN|Q+ FEu.

With these notations we may write
LD(Q) :={u e BD(Q) : E°u = 0}
and (cf. [51]) LD(Q) is a Banach space when endowed with the norm
[ullLp) = llullLr@ryy + [[Eull L1 @rn)-

If  is a bounded, open subset of RY with Lipschitz boundary I, then there exists a linear, surjective
and continuous, both with respect to the norm and to the intermediate topologies, trace operator

tr : BD(Q) — L'(Q;RY)
such that tr u = u if u € BD(2) N C(Q;RY). Furthermore, the following Gauss-Green formula holds
JwoDp@ s+ [ pw)dBuw) = [ st o) i a), (2.4
Q Q r
for every ¢ € C*(Q) (cf. [4,51]).
The following lemma is proved in [12].
Lemma 2.4. Let u € BD(Q) and let p € CP(RY) be a non-negative function such that supp(p) CC
B(0,1), p(—z) = p(z) for every x € RN and / p(z)dz = 1. For any n € N set p,(z) == n™ p(nz)
RN
and

1
un(z) = (ux pn)(z) = / u(y)pn(x —y)dy, forxe {y € 0 : dist(y, 0Q2) > n} :

Q

Then u, € C* ({y € Q : dist(y, Q) > L} ;RY) and

i) for any non-negative Borel function h: Q — R

[ h@len@lde< [ (i p@)d Bula),
B(wo,¢) B(zo,e++)

whenever € + L < dist(zo, 0Q);

it) for any positively homogeneous of degree one, convex function 6 : Rg,élN — [0,+00] and any
e €10, dist(xg, IQ)[ such that |Eu|(0B(xg,€)) =0,

lim 0(Eun(z)) do = / 0 (dE“> d|Eul,
n—=+00 [ (ag.0) B(zoe) \d|Eul

i) lm u,(z) =u(z) and liIJIrl (Jun—ulxpn)(z) = 0 for every x € Q\S,,, whenever u € L= (;RY).
n—r-+0o0o

n—-+oo

The following result, proved in [51], see also [I2, Theorem 2.6], shows that it is possible to approxi-
mate any BD() function u by a sequence of smooth functions which preserve the trace of w.

Theorem 2.5. Let Q be a bounded, connected, open set with Lipschitz boundary. For everyu € BD(Q),

there exists a sequence of smooth functions {u,} C C®(QRN) N WEL(QRY) such that u, = u and
tr u, = tru. If, in addition, u € LD(Q), then Eu, — Eu in LY(Q;RV*N),



It is also shown in [51] that if  is an open, bounded subset of RY, with Lipschitz boundary, then
BD(RQ) is compactly embedded in L(2;RY), for every 1 < q < % In particular, the following result
holds.

Theorem 2.6. Let Q) be an open, bounded subset of RN, with Lipschitz boundary and let 1 < q < %
If {uyn} is bounded in BD(RQ), then there exist w € BD(Q) and a subsequence {un, } of {u,} such that
Up,, — w in LI(Q;RY).

If w € BD(9) then J, is countably (N —1)-rectifiable, see [4], and the following decomposition holds

Eu = Eul™|Q+ [u] © v, HN 7Y J, + ECu,

where [u] = uT —u~, uT are the traces of u on the sides of J,, determined by the unit normal v, to J,

and E°u is the Cantor part of the measure Eu which vanishes on Borel sets B with H¥~1(B) < +oo.

We end this subsection by pointing out that the equivalent of (2.1)), with Eu(x) replacing Vu(z), is
false (see [4]). However the following result holds (cf. [4, Theorem 4.3] and [28, Theorem 2.5]).

Theorem 2.7. (Approzimate Symmetric Differentiability) If u € BD(SY), then, for LN -a.e. € Q ,
there exists an N x N matriz Vu(z) such that

Jimn vy [ ) ) = a0l dy =0, 25)
o L[ ) )~ Eu@) -0y -l
El—l>r(r)1+ eN /Bs(r) |y — .’[|2 dy N 0, (26)

for LN - a.e. x € Q. Furthermore

C(N, Q)

LYN{zeQ: |Vu(z)| >t}) < ;

lull Do), Vt>0,

with C(N,Q) > 0 depending only on N and .

Vu + VuT
From ([2.5) and ({2.6]) it follows that Eu = %

We denote by R the kernel of the linear operator E consisting of the class of rigid motions in RY, i.e.,
affine maps of the form Mz 4 b where M is a skew-symmetric N x N matrix and b € RY. R is therefore
closed and finite-dimensional so it is possible to define the orthogonal projection P : BD(2) — R. This
operator belongs to the class considered in the following Poincaré-Friedrichs type inequality for BD
functions (see [], [34] and [51]).

Theorem 2.8. Let Q be a bounded, connected, open subset of RN, with Lipschitz boundary, and let
R : BD(Q) — R be a continuous linear map which leaves the elements of R fixed. Then there exists a
constant C(2, R) such that

/Q |u(z) — R(u)(x)| dx < C(Q, R) |Eu|(Q), for every u € BD(Q).

2.3 Notions of Quasiconvexity

Definition 2.9 ([12], Definition 3.1). A Borel measurable function f : RN*N — R is said to be
symmetric quasiconvex if

£(6) < /Q F(€ + Ep()) da, (27)

for every € € RNXN and for every ¢ € Crer(Q; RM).



Remark 2.10. The above property (2.7)) is independent of the size, orientation and centre of the cube
over which the integration is performed. Also, if f is upper semicontinuous and locally bounded from
above, using Fatou’s Lemma and the density of smooth functions in LD(Q), it follows that in (2.7])
C22.(Q;RY) may be replaced by LDpe:(Q).

Given f : R¥XN 5 R, the symmetric quasiconvex envelope of f, SQf, is defined by

SQI(E) = inf { /Q F(E+ ) dr: g e CSEr(Q;RN)} (2.8)

It is possible to show that SQ f is the greatest symmetric quasiconvex function that is less than or equal
to f. Moreover, definition ([2.8)) is independent of the domain, i.e.

. 1 o
5QI(€) = int § ey [ F(E+ Epla)) do s p € CR(DIRY) (29)
LN(D) Jp
whenever D C RY is an open, bounded set with £V (0D) = 0.
In [27], a Borel measurable function f : RV *N — R is said to be symmetric quasiconvex if and only
if
1 oo
f(§ < D) /D F(E+ Ep(x))dx for all ¢ € Wol’ (D;RM), (2.10)

and it is stated that f is symmetric quasiconvex if and only if fom is quasiconvex in the sense of Morrey,
where 7 is the projection of RV XN onto RV*V,
Let us show that these two notions coincide. Observe first that, for any ¢ € C§°(D;RY),

1 1
SQIE) < Zwipy [ SQUE+Eolads = vy [ (SQromE+ Vehn @)

If f is upper semicontinuous and satisfies a growth condition from above as in , then SQf in (2.9) is
symmetric quasiconvex also in the sense of [27]. Indeed, SQf satisfies the same growth conditio
and a density argument as in [10] shows that SQf o 7 is Wl l-quasiconvex, hence W *°-quasiconvex,
i.e., ¢ can be chosen in Wy >°(D;RY). Thus,

1 1
SQIE) < Zipy [ SQUE+Eola))de < s | f(e+Ela)) o (212)
for every ¢ € VVO1 °°(D;RYN). Therefore, denoting by SQfr the symmetric quasiconvexification
5Q15(©) = int { gy [ 16+ Eptw) dns o e WE(DiRY) . (2.13)

and by SQf the symmetric quasiconvexification defined through (2.9)), trivially SQfr < SQf and by
(2.12) we have equality.

Actually, under linear growth conditions and upper semicontinuity of f, we may also conclude that

5Q1e(6) = nt { g [ ft6+ ot dr: o e W DY) .

3 Auxiliary Results

We recall that for v € BD(Q) and x € BV(€;{0,1}) the energy under consideration is

Fx,u;Q) = /Qx(ﬂf)Wl(EU(w)) + (1= x(2))Wo(Eu(x)) dz + | Dx|(), (3.1)
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and our aim is to obtain an integral representation for the localised relaxed functionals, defined for
A e 0(Q), by

F (x,u; A) := inf { lim inf F(xp, un; A) : up € W (A RY), x, € BV(4;{0,1}), (3.2)

n—-+oo

u, — uin LY (A;RY), x, — x in L(A4; {0,1})},

n——+o0o

Frp (x,u; A) := inf { liminf F(xp, un; A) : un, € LD(A), xn € BV (A4;{0,1}), (3.3)
U — win LY (A;RY), x, — x in L'(4; {0, 1})},
where the densities W;, ¢ = 0,1, are continuous functions such that
Ja, 3 > 0 such that al¢] < W;(€) < B(1+ [€]), VE € RV*N, (3.4)
and where, for purposes of notation, we let f : {0,1} x RY*Y¥ — [0, +00) be defined as

f(g,8) = qWi(€) + (1 — g)Wo(§). (3.5)

It follows from the definition of the recession function (|1.7) and from the growth conditions (3.4))
that for every ¢ € {0,1} and every ¢ € RV*¥V

alg] < f=(q, ) < B¢l (3.6)
It is an immediate consequence of that
£(91,€) = F(a2, )] < Blar — @2/ (1 + [€]), Var, g2 € {0,1}, € € RY*Y, (3.7)
from which it follows that
1£2(q1,6) = F> (g2, ) < Blar — 2| €], Vau, g2 € {0,1}, V€ e RFZV. (3.8)

The following additional hypothesis will be used to write the density of the jump term in the form

given in (1.11]

J0<y<1,3CL>0: tle>L= f“(q,g)—f(qt’tg) gc'f‘;ﬂ, (3.9)

for every ¢ € {0,1} and every & € RV*N | As pointed out in [32], this can be stated equivalently as
30 <y <1,3C > 0 such that |f>(q,&) — f(g. | < C (1+[¢'77), (3.10)

for every ¢ € {0,1} and every ¢ € RN*V,

Under our assumed growth conditions , we observe that if f satisfies , or equivalently
, then the same holds for its symmetric quasiconvex envelope SQf. To this end, we recall that,
under the hypothesis , the recession function of a symmetric quasiconvex function is still symmetric
quasiconvex (see [46, Remarks 8 and 9]) and we begin by stating the following results (cf. [21 (iv) and
(v) in Remark 3.2] and [45, Propositions 2.6, 2.7] for the quasiconvex counterpart).

Proposition 3.1. Let f : {0,1} x RV*N — [0, +00) be a continuous function as in (3.5) and satisfying
(13.4) and (3.9). Let f° and SQf be its recession function and its symmetric quasiconvex envelope,
defined by (1.7) and (2.8]), respectively. Then

SQUf>)(q,€) = (SQf)>(q, &)  for every (q,€) € {0,1} x RY*N. (3.11)
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Proposition 3.2. Let f : {0,1} x RY*N — [0, +00) be a continuous function as in (3.5), satisfying
(13.4) and (3.9). Then, there exist v € [0,1) and C > 0 such that

(SQ)>(¢,8) — SQf(¢, ) < C(L+1€'77), V (¢,€) € {0,1} x RY*V.

The growth conditions (3.4), as well as standard diagonalisation arguments, allow us to prove the
following properties of the functional F(x,u; A) defined in (3.2)).

Proposition 3.3. Let A € O(Q), u € BD(A), x € BV(A4;{0,1}) and F(x,u; A) be given by (3.1)). If
Wi, i =0,1, satisfy (3.4), then

i) there exists C' > 0 such that
C (|Bul(A) + |Dx|(A)) < Fx,u; A) < C (LY (A) + | Eu|(A) + [Dx|(4)) ;
ii) F(x,u; A) is always attained, that is, there exist sequences {u,} C WYL (A;RN) and {x,} C
BV (A;{0,1}) such that u, — u in L*(A;RY), x,, — x in L' (A;{0,1}) and

]:(X,'LL;A) = lim F(Xnaun;A);

n— oo
i) if {un} C WHYA;RY) and {xn} C BV(A;{0,1}) are such that u, — u in L'(A;RY) and
Xn — X in LY(A;{0,1}), then

Flx,u; A) < légl_il_gf(Xna Up; A).

Proof. i) The upper bound follows from the growth condition from above of W;, i = 0,1 and by fixing
Xn = X as a test sequence for F(x,u; A), whereas the lower bound is a consequence of the inequality
from below in , and the lower semicontinuity of the total variation of Radon measures.

The conclusions in i4) and 4i7) follow by standard diagonalisation arguments. O

Remark 3.4. Analogous conclusions also hold for the functional F7,p(x, u; A).

Remark 3.5. Assuming that the continuous functions Wy and W satisfy the growth hypothesis ((3.4)),
it follows from the density of smooth functions in LD(Q2) and a diagonalisation argument that

F(x,u; A) = Frp (x,u; A), for every x € BV (A;{0,1}),u € BD(2), A € O(Q).

Proof. As WHH(A;RN) € LD(A), one inequality is trivial. In order to show the reverse one, let
{un} € LD(A), {xn} C BV(4;{0,1}) be such that u,, — u in L'(A4;RY), x,, — x in L*(A;{0,1}) and
Frp (x,u; A) = lim {/ Xn(2)W1(Eun () + (1 = xn(2))Wo(Eun(z)) dz + |Dxn|(A) | -

nolJa

By Theorem for each n € N, let v, € WHL(A;RY) be such that v, — u, in LY(A;RY), as

k — 400, and Evy p — Euy in LH(A;RY*N) as k — +o00. By passing to a subsequence, if necessary,

assume also that i lim Evy,i(x) = Eun(x), for a.e. € A. By (3.4) and Fatou’s Lemma we obtain
—+o0

k—+oo

/Axn(x) [C(1+ [Eup(x)]) — W1(Eup(z))] dx < liminf/Axn(x) [C(1+ |Evni(2)]) — Wi(Evpp(x))] da

so that
/ Xn ()W (Euy(x)) de > lim sup/ Xn (X)W1 (Evy i (2)) de,
A A

k—4o0

and likewise for the term involving (1 — x,,)Wy. From the previous inequalities we conclude that

F(xn,un; A) > limsup F'(xn, Uni; A).

k—+oco
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Since vy, — up, in LY(A;RY), as k — +oo, and u,, — u in L1(A4;RY), by a diagonalisation argument
there exists a sequence k,, — -+oo such that vy, — w in L'(4; RY) and

1
As {xn}, {vnk,} are admissible for F (x,u; A) it follows that

1
F (x,w; A) < liminf F(xp, Unk,;A) < limsup (F(Xmun;A) + k) =Frp (x,u; A).

n—+o00 n—-+oco n
O]

A straightforward adaptation of the proof of [12], Proposition 3.7] yields the following result which
enables us to prove the nested subadditivity property of the functional F (x,u;-).

Proposition 3.6. Let A € O(Q) and assume that Wy, W1 satisfy the growth condition , Let
{xn} € BV (A;{0,1}) and {u,}, {vn,} C BD(A;RYN) be sequences satisfying w, — v, — 0 in L'(4;RY),
sup,, | Eun|(A) < +oo, |Ev,| = p and |Ev,| — p(A). Then there exist subsequences {v,,} of {vn},
{xn,} of {xn} and there exists a sequence {wy} C BD(A) such that wy = vy, near 0A, wi — vy, — 0
in L'(A;RYN) and

limsup F(xn,, wr; A) < liminf F(x,, un; A).

k——+oco n—-+00

It is clear from the proof that if the original sequences {u,}, {v,} belong to W11(A4;RY) then the

sequence {wy, } will also be in this space.

Proposition 3.7. Assume that Wy and W1 are continuous functions satisfying (3.4). Let u € BD(Q),
x € BV(2;{0,1}) and S, U,V € O(Q) be such that S CC V C U. Then

FlewU) SFxwV)+F(x,wU\S).
Proof. By Proposition i), let {v,} € WHH(ViRY), {w,} € WHH(U\S;RY), {xn} € BV(V;{0,1})

and {0,} € BV (U \ S;{0,1}) be such that v, — u in L*(V;RY), w, — uwin L*({U \ S;RY), x» — x
in LY(V;{0,1}) 6,, — x in LY (U \ S;{0,1}) and

FowV)= lir_~r_1 F(xn,vn; V) (3.12)
n—-+0o0
Fx,wU\S) = ll)rf F(0p,wn; U\ S). (3.13)

Let Vo € 0o (Q) satisfy S CC Vo CC V and |Eul(8Vy) = 0, |Dx|(0Vy) = 0. Applying Proposition [3.6]
to {v,} and u in Vj, we obtain a subsequence {X,,} of {x»} and a sequence {v,,} C W11 (Vy; RY) such
that ,, = u near dVy, v, — u in L' (V; RY) and

lim sup F(X,,, Un; Vo) < liminf F(x,, vn; Vo). (3.14)

n—-+oo n—+00

A further application of Proposition his time to {w,} and u in U\ V, yields a subsequence ;{9"} of
{6,} and a sequence {w, } C WH1(U \ V; RY) such that w,, = u near 9V, w,, — u in L1 (U \ Vo; RY)
and

limsup F(0,,,W,; U \ Vo) < liminf F(0,,,w,; U \ V). (3.15)
n—-+oo n—+00
Define
— Upn, inVy
"\ w,, inU\Vp,

notice that, by the properties of {v,,} and {w,}, {z,} € W (U;RY) and 2, — uw in L' (U;RY).
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We must now build a transition sequence {1, } between {X,,} and {f,,}, in such a way that an upper
bound for the total variation of 7,, is obtained. In order to connect these functions without adding more
interfaces, we argue as in [I3] (see also [I4]). For 6 > 0 consider

Vs :={x € V : dist(z, Vy) < 8},

where 4 is small enough so that w,, = u in Vs \ V and
/ C(1+ |u(x)])dz = O(9). (3.16)
Vs\Vo

Given z € V, let d(z) := dist(z; Vp). Since the distance function to a fixed set is Lipschitz continuous,
applying the change of variables formula (see Theorem 2, Section 3.4.3, in [30]) yields

_ é
/\/5 X (x) = On(x)||detVd(z)| do = /0

\Vo

/ % () — ()| dHY ()| dy
d=1(y)

and, as |detVd(z)| is bounded and ¥,, — 8, — 0 in LY (V. N (U \ S);{0,1}), it follows that, for almost
every p € [0; 9], we have

lim X, (@) = O ()| dHY "1 (z) = lim X, (%) = O ()| dHYN " () = 0. (3.17)

n——4oo d=1(p) n—4oo av,

Fix po € [0;6] such that |[Dx|(0V,,) = 0 and (3.17) holds. We observe that V), is a set with locally
Lipschitz boundary since it is a level set of a Lipschitz function (see, for example, [30]). Hence, for

every n, we can consider X, 0, on 0V, in the sense of traces and define

X, inVp,
N0, mU\V,,.

Then {n,} C BV(U;{0,1}), n, — x in L*(U;{0,1}) and so {n, } and {z, } are admissible for F (x,u;U).
Therefore, by B-17), (3.4), B.14), (B-15), (3.16), (3.12) and (3.13),

F (x,u; U) < liminf F(ny, 2n;U)

n—-+00

= lim inf
n——+o0o

F(Ymﬁn;Vo)ﬂL/v - X (@)W1 (Eu(z)) + (1 = X, (2))Wo(Eu(x)) dx

DR Vi \Vo) + PO 005U\ V) + [ (o) = Bulo) a1 )

PO

< limsup F(X,,,Un; Vo) + limsup F(0,,,w,; U \ Vo) —|—/ _ C(1+ |Eu(x)|) dx
Vr)o\VU

n—-+00 n—-+00

+ limsup [Dx,|(Vy, \ Vo)

n—-+oo

< liminf F(xn,vn; Vo) + liglJirnf F(0n,w,; U\ Vi) + O(8) + limsup | Dxn|(Vy \ Vo)
n o n—+o00

n—-+o0o
< limsup F(xn, vn; V) + limsup F (0, w,; U \ S) + O(J)
n—-+o0o n—-+oo
=F(xwV)+F (x,w;U\S)+0(5)
so the result follows by letting § — 0F. O

Proposition 3.8. Let Wy and Wi be continuous functions satisfying (3.4). For every u € BD(Q),
x € BV(Q;{0,1}), F (x,u; ) is the restriction to O(Q) of a Radon measure.
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Proof. By Proposition ii), let {u,} C WHLQRY), {x.} € BV(©Q;{0,1}), be such that u,, — u in
LY RY), x,, — x in LY(Q;{0,1}) and

FOouw Q)= lm F(xn, un; ).
Let ptn, = f(xn ("), Eun(:)) LY [+ |Dx,| and extend this sequence of measures outside of 2 by setting,
for any Borel set E C RV,
An(E) = pn(ENQ).

Passing, if necessary, to a subsequence, we can assume that there exists a non-negative Radon measure
u (depending on y and u) on Q such that A, 2 1 in the sense of measures in Q. Let o5, € Cy () be
an increasing sequence of functions such that 0 < ¢, < 1 and ¢x(z) — 1 a.e. in Q. Then, by Fatou’s
Lemma and by the choice of {u,}, {xn}, we have

oY — . . < . .
1(§2) /ﬁ lim inf o () d < lim inf /ﬁ Pr(x) dp

—mint 1 ([ oo Eunte) o [ o dDx)

k—+o00 n—+o0

< i ([ (o). Eunle)) do + Dxal(@) ) = Fou ),

n—-+oo

so that B
1(§2) < F(x; u; 2). (3.18)

On the other hand, by the upper semicontinuity of weak % convergence of measures on compact sets,
for every open set V' C €, it follows that

F(x,u; V) < liminf F(xp, Un; V) = liminf p,, (V) < limsup p,, (V) < (V). (3.19)

n—+00 n—-+00 n—+00 -
Now let V € O(Q) and € > 0 be fixed and consider an open set S CC V such that u(V'\ S) < e. Then

p(V) < u(S) +e=p(Q) — u(Q\ S) +e, (3.20)

and so, by (3.20), (3.18]), (3.19) and Proposition [3.7| we have

w(V) < (@) —p(Q\S) +e < Flx,u; Q) — Flx, w; @\ S) + e < F(x,w; V) +e.

Letting ¢ — 0, we obtain
n(V) < Flx, w; V),

whenever V' is an open set such that V CC 2. For a general open subset V' C 2 we have
w(V) =sup{u(0): O cC V} <sup{F(x,u;0): 0 cC V} < F(x,u; V).

It remains to show that F(x,u;U) < u(U), VU € O(2). Fix e > 0 and choose V, S € O(Q2) such
that S CC V cC U and LY (U \ S) + |Eu|(U\ S) +|Dx|(U\ S) < e. By Propositioni), (3.19) and
the nested subadditivity result, it follows that

Fx,w;U) < F(x,w; V) + Flx, w; U\ S)
< u(V)+C (LN(UN\S) + [Eu|(U\S) + [Dx|(U\ §)) < u(U) + Ce,
so it suffices to let € — 0T to conclude the proof. O

Combining the arguments given in the proofs of Propositions [3.6] and [3.7] it is possible to obtain the
following refined version of Proposition [3.6
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Proposition 3.9. Let A € O(Q) and assume that Wy, W1 satisfy the growth condition . Let
{un},{vn} € BD(A;RY) and {xn},{0n} C BV(A;{0,1}) be sequences satisfying u, — v, — 0 in
LYA;RN), X — 0, — 0 in L'(A;{0,1}), sup,, |E%un|(A) < +oo, |Ev,| = p, |Ev,] — u(A),
sup,, | Dxn|(4) < +oo and sup,, |DO,|(A) < +oo. Then there exist subsequences {vn,} of {vn}, {0n.}
of {0} and there exist sequences {wy} C BD(A), {nk} C BV(A;{0,1}) such that wy = v,, near OA,
Nk = On, near OA, wy — vy, — 0 in LY(A;RN), np — 0, — 0 in L*(4;{0,1}) and

lim sup F'(ng, wi; A) < liminf F'(x,, un; A).

k—+o00 n—+oo
As in Proposition the new sequence {wy} has the same regularity as the original sequences
{un}, {vn} as it is obtained through a convex combination of these ones using smooth cut-off functions.
The following proposition, whose proof is standard (cf. for instance [45, Lemma 3.1] or [22, Propo-

sition 2.14]), allows us to assume without loss of generality that f is symmetric quasiconvex.

Proposition 3.10. Let Wy and Wy be continuous functions satisfying (3.4]) and consider the functional
F:BV(9Q;{0,1}) x BD(Q2) x O(Q) defined in (3.1). Consider furthermore the relazed functionals given

in (3.2) and

Fsor(x,u; A) :=inf { liminf/ASQf(Xn(x),c‘:un(x)) dx + |Dxn|(A) : (3.21)

n—-+oo

(x> tn) € BV (4;{0,1}) x LD(A),up = u in L'(A;RY),x = x in L} (43 0,1}) }.

Then, F(-,+;-) coincides with Fsgs(-, ;) in BV(2;{0,1}) x BD(Q2) x O(9).

In the sequel we rely on the result of Proposition and assume that f is symmetric quasiconvex.
Together with , this entails the Lipschitz continuity of f with respect to the second variable (see
[26]). Under this quasiconvexity hypothesis, assuming in addition that holds and taking also into
account Proposition we recall (cf. ) that our relaxed surface energy density is given by

K(a,b,c,d,v) = inf{ < (x(z), Eulz)) dz + |Dx|(Q.) : (x,u) € A(a,b,c,d, V)} , (3.22)

Qv
where, for (a,b,c,d,v) € {0,1} x {0,1} x RV x RY x §N~1 the set of admissible functions is

x WL (S, RY) - (3.23)

~—

Al(a,b,c,d,v) := { (x,u) € BVioc (Sy;{0,1}

. 1 . 1
(X(y)au(y)) = (a,c) if y-v= 57 (X(y)vu(y)) = (b7 d) if y-v= _ia
(x,u) are 1-periodic in the directions of vq,...,vN_1 },
{v1,va,...,uN_1,V} is an orthonormal basis of RY and S, is the strip given by

1
SUZ{JZERNIJJ'V|<2}.

The following result provides an alternative characterisation of K (a, b, ¢, d, v) which will be useful to
obtain the surface term of the relaxed energy, under hypothesis (3.9). To this end, given (a,b,c,d,v) €
{0,1} x {0,1} x RY x RN x SN¥~1 we consider the functions

a, ify-v>0
b, ify-v<0

¢, ify-v>0

. (3.24)
d, ify-v<O0.

Xa,b,l/(y) = { and uc7d7y(y) = {

Proposition 3.11. For every (a,b,c,d,v) € {0,1} x {0,1} x RN x RN x SN=1 we have

K(a,b,c,d,v) = K(a,b,c,d,v)
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where

I?(a,b, c,d,v) := inf { lim inf [/Q I (xn(x), Eun(z)) dz + |Dxnl(Qu) | : xn € BV (Q.;{0,1}),

n——+oo

Up € WLl (QV7RN) y Xn — Xa,b,v in Ll(Ql/; {07 1})7”71 — Ue,d,v in Ll(QV;RN>}-
(3.25)

Proof. The conclusion follows as in [I1l Proposition 3.5], by proving a double inequality.

To show that K(a,b,c,d,v) < K(a,b,c,d,v) we take sequences {xn}, {tn} as in the definition
of K(a,b,c,d,v) and use Proposition applied to {xn}, {Xabr}, {un} and {v,}, where v, is a
regularization of u. 4, which preserves its boundary values (cf. Theorem .

The reverse inequality is based on the periodicity of the admissible functions for K(a,b,c,d,v),

together with the Riemann-Lebesgue Lemma. O

4 Proof of the Main Theorem

Given x € BV (€;{0,1}) and u € BD(R), by Proposition [3.§ we know that F(x,u, ;) is the restriction
to O(Q) of a Radon measure u. By Proposition i) we may decompose p as

p=p LN + 4+ pf, with p? < |E7ul + |Dx|.

Our aim in this section is to characterise the density yu® and the measures i/ and u°.

We point out that the measure p/ is given by a/HN 1| (J, U J,), for a certain density o7. Indeed,
due to the fact that, for BV functions, HY~1(S,\ J,) = 0, the measure | Dy is concentrated on .J, apart
from an HN~!-negligible set, whereas, by [4, Remark 4.2 and Proposition 4.4], |E7u| is concentrated
on J, and it is the only part of the measure Eu that is concentrated on (n — 1)-dimensional sets.

4.1 The Bulk Term

Proposition 4.1. Let u € BD(Q), x € BV(Q;{0,1}) and let Wy and W1 be continuous functions
satisfying (3.4). Assume that f given by (3.5) is symmetric quasiconvex. Then, for LN a.e. xq € Q,

p(w0) = LU () > Flx (o). £uro)).

Proof. Let xy € (1 be a point satisfying

d . Z0, . . .
(o) T (z9) = el—l>%l+ H(Qij\;) ) exists and is finite (4.1)
and d|E* dDx|
Su X

Furthermore, we choose zy to be a point of approximate continuity for u, for Eu and for y, namely
we assume that

1
— - dr=20 4.3
B Jogag ) 70 =0 )

. 1
Elir& o~ /Q(IU’E) |Eu(z) — Eulxo)|dz =0 (4.4)

and )
lim —/ Ix(z) — x(zo)| dz = 0. (4.5)

emo+ eN Q(xz0,e) 0

We observe that the above properties hold for LV a.e. x¢ € Q (applying, for instance, [4, eq. (2.5)]
to u, Eu and x).
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Assuming that the sequence g — 07 is chosen in such a way that u(9Q(xg,cr)) = 0, we have

o (xo) = lim AQE0E) H / £ Otn (), Euun () dz + | Dxn|(Q (01 21))
er—0t €k €k | € Q(z0,ek)

> lim TFOxn (o + ry), Eun(zo + €ry)) dy,
cen Jg

where x, € BV(Q(x0,e1);{0,1}), xn — x in LY(Q(z0,er);{0,1}) and u, € WH(Q(zo,er); RY),
Up — u in LY (Q(zo,er); RY).
Defining
Xner (¥) = Xn (20 + €ry) — x(20),

it follows by (4.5) that

lim [|xo.e0 |21 (@) = lim / n (20 + £xy) — x(x0)| dy
kM Ek,N Q

1
i L / X () = X(0)| dz (4.6)
ek E JQ(xo,ek)
1
— lim —/ Ix(z) = x(z0)| dz = 0.
g —0t €k_N Q(zo,e1)

Analogously, letting
Un(To + ELY) — ul(xg
o (1) 1= n( y) — u( ),
€k
then Eup, ¢, (y) = Eun(wo + 1y) and, since uy, o, € WHHQRY), Buy, o, = Ettg e LY
Moreover, arguing as in the proof of [12], Proposition 4.1], exploiting the coercivity of f in the second
variable and Theorems and we conclude that there exists a function v € BD(2), such that

im [t e, — P(une,) — vl @ry) =0,
Ek,N

where P is the projection of BD(f2) onto the kernel of the operator E. Furthermore, given that the
point xg was chosen to satisfy (4.2) and (4.4), it was shown in [I2], Proposition 4.1, (4.8)] that

Bv = Eu(xo) LY. (4.7

Therefore, a diagonalisation argument allows us to extract subsequences ug := Un, o, — P(Uny.e))
and Xk = Xng,er, Such that

i vl =0,
(4.8)
kEI-iI-l ||uk—UHL1(QRN)—O
and
“(20) = - (29) > lim /f 4 (), Eun(y)) dy. (4.9)
w(ZTo = LN Ml (o) + xk(y), Eup .

Our next step is to fix x(zg) in the first argument of f in the previous integral. To this end we make
use of Chacon’s Biting Lemma (see [3, Lemma 5.32]). Indeed, by the coercivity hypothesis and
[1.9), the sequence {€ux} is bounded in L'(Q;RN*N) so the Biting Lemma guarantees the existence
of a (not relabelled) subsequence of {uy} and of a decreasing sequence of Borel sets D,., such that

lim £N(D,) =0 and the sequence {Euy} is equiintegrable in @ \ D,., for any 7 € N.

r—4o0
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Since f > 0, by (3.7) and (4.9)), we have

p*(wo) >  Jim Fx(wo) + xk(y), Eur(y)) dy
—+00 Q\Dr

> kllffoo {/Q\DT F(x(o), Eur(y)) dy — /Q\D

r

Clxr(y)l - (1 + [Eur(y)]) dy}

> tim [ (o) Eunl) dy ~limswp [ Cha)-[€u)ldy, (4.10)
k=40 Jo\ p, k—+oo JQ\D,
where we used (4.6]).
We claim that for each j € N, there exist k = k(j) and r; € N, such that
C
fx(@o), Eupy(y) dy = | f(x(@o), Euryy (y)) dy — — (4.11)
Q\D., Q J

In light of (3.4)), in order to guarantee that (4.11]) holds, it suffices to show that for each j € N, there
exist k = k(j) and r; € N, such that

1
/ L+ [Eurgy ()| dy < 7 (4.12)

Ti

Suppose not. Then, there exists jo € N such that, for all r k € N,
1
/ L+ |Eur(y)| dy > — (4.13)
D, Jo
which contradicts the equiintegrability of the constant sequence {1 + |Eugl|}, for k fixed, and the fact

. N _
that lim £Y(D,) = 0.

For this choice of k(j) and r;, we now estimate the last term in (4.10). Since |xx(;)| — 0, as j — +o0,
in L'(Q), this sequence also converges to zero in measure. Thus, denoting by

Apy ={z € Q\ Dy, : xp(jy(z)| =1},

it follows that for every & > 0, there exists jo € N such that £V (Ag;)) < 6, for all j > jo.
On the other hand, because the sequence {Euy(;)} is equiintegrable in @ \ D,,, we know that
for every € > 0, there exists § = d(¢) > 0 such that for any measurable set A C Q \ D,; with

LN(A) < §(¢) we have / |Eug;)(y)| dy < e. Choosing j large enough so that £V (Ay;)) < d(e) we
A

obtain / |Eug(jy(y)| dy < € and hence
Arl)

/ IXk() (W) - [Eun() ()] dy <e, (4.14)
Q\D

i

for every sufficiently large j.
Therefore, up to the extraction of a further subsequence, and denoting in what follows x; := X,
vj = up(j) and Dj := D, , (4.10), (4.11)) and (4.14) yield

“ _ im i j _¢ —limsu j | Ev;
) = o) i ([ fx(ou) 0,0y = 5 ) timawp [ p, il 12wy

J—+oo ] j—4oo

> liminf /Q F (o), Evy(y)) dy — <.

Jj—+oo
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Since v; — v in L'(Q;RY), Proposition allows us to assume, without loss of generality, that
v; = v on 0Q). Hence, using the symmetric quasiconvexity of f in the second variable, which also holds
for test functions in LDpe,(Q) (cf. Remark , and (4.7)), we obtain

u(xo >hm1nf/f (20),Ev;(y))dy — ¢

Jj—+oo

j——+oo
> f(x(@o), Eulwo)) — &,

so to conclude it suffices to let ¢ — 0F. O

> hmmf/ f(x(zo), Eulzo) + E(v; —v)(y)) dy — e

Proposition 4.2. Let u € BD(Q), x € BV(Q;{0,1}) and let Wy and W1 be continuous functions
satisfying (3.4). Let f be given by (3.5) and assume that f is symmetric quasiconvex. Then, for LN

a.e. g € €,
p(a0) = LU () < flx (o). £uao)).

Proof. Choose a point xy € 2 such that (4.3),(4.4), (4.5) hold,

lim —|E5u|( (z0,€)) =0, (4.15)
e—o+ eN
l_1>r(r)1+ N lDXI( (1‘0,6)) =0, (4.16)

and, furthermore, such that

‘F(Xa U3 Q(an 5))

~ exists and is finite, (4.17)
€

u*(zo) = lim

e—0t

where the sequence of ¢ — 0% is chosen so that |Eu|(0Q(x¢,€)) = 0. Notice that £V almost every
point zg € (2 satisfies the above properties.

For the purposes of this proof we assume that y(zg) = 1, the case x(z¢) = 0 is treated in a similar
fashion. Thus, it follows from that

1
lim — LY (Q(z0,e) N {x =0}) =0. (4.18)
Using the symmetric quasiconvexity of f, fix § > 0 and let ¢ € C35,(Q; RY) be such that

/Q F(x(o), Eulzo) + Ed(x)) dx < f(x(xo), Eulzo)) + 6. (4.19)

1
We extend ¢ to RY by periodicity, define ¢, (z) := E(ﬁ(nx‘) and consider the sequence of functions in
WH(Q(zo,¢); RY) given by

tn o (2) = (pn # 0)(2) + €60 (‘”" x) |

The periodicity of ¢ ensures that, as n — +00, Uy — u in L'(Q(z0,€); RY) and so, letting x, = ¥,
Vn € N, the sequences {unc}n and {xn}n are admissible for F(x,u; Q(zo,€)). Hence, by (4.16]), we
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have

W < nminfnminfiN( /Q T, ) DXI(Q(0.2)))

e—0+t n—+oco £

u* (o) = lim

e—0t

1
= lim inf lim inf — / f(x(z), Eupe(x)) de
Q(zo0,¢)

e—=0+ n—+oo £

. _
< lim sup lim sup — f (X(wo)vc‘fu(xo) + Edn <$E$O)> dx
Q(z0,¢)

e—0+ n—+oo €

+limsuplimsup%\7/Q( )f(X(w),gun,e(l")) - f(x(xo),é'un,s(x))) dx

e—0t n—+4oo €

tmsuptisnp S [ f (o), Eunefe) = 1 (o) Eua) + 0, (T2 )

e—0T n—+oo €
= Il + IQ + 13.
By changing variables, using the periodicity of ¢ and (4.19)), it follows that
I = limsup / F (o), Eulzo) + Ebn(y)) dy = Tim sup / F (o), Eulwo) + E¢(ny)) dy
Q Q

n—-+o00 n—-+o0o

—timsup [ f(x(w0), Eulan) + £6(0)) do < f(x(zo). Eulwo) +5
n—-+0oo Q

Consequently, to complete the proof it remains to show that I, = Is = 0 and finally to let § — 07. To

conclude that Is = 0 we reason exactly as in [I2], Proposition 4.2] since x(zg) is fixed in both terms of

the integrand. As for I, since x(zo) = 1, we have by (3.7),

1
Iy = limsup lim sup —N/ £Q0,8upc(x)) — f(1,Eunc(x))) da
(w0,e)N{x=0}

e—0+ n—+oo €

§limsuplimsup£N 1+’5(u*pn)(x)+5¢>n <x—xo>‘ dx,
e=0+t n—too €7 JQ(zg,e)N{x=0} €
where, by periodicity and the Riemann-Lebesgue Lemma,
lim sup lim sup QN / Edn <x — x0> ‘ dz = lim sup lim sup C |EP(ny)| dy
=0+t n—doo €7 JQ(z0,e)N{x=0} € e—0+t n—+too Qn{y:x(zo+ey)=0}

= limsupC (/ |Ep(x)] da:) dy
=0+ QN{y:x(zo+ey)=0} \JQ

= timsup L (Qro,2) 1y = 0)) /Q E6(a)|dx = 0

e—0t

by (#.18). On the other hand, since |Eu| does not charge the boundary of Q(z, ), using Lemma
(4.15), (4.4) and (4.18)), it follows that

lim sup lim sup QN |€ (u* pp) ()] dx
e—=0+t n—too € Q(z0,e)N{x=0}

C
< lim sup lim sup —+ d|Eul(x)
e=0t n—o+oo €7 JQ(wo,e+2)N{x=0}

C
= limsup — / |Eu(z)| dx
e—0+ € Q(zo,e)N{x=0}

&
< lim sup o~ / |Eu(x) — Eulxg)| dz + lim sup MLZN (Q(zo,e) N{x =0}) =0.
e—0t Q(z0,8) e—0+ el
Therefore, a final application of (#.18)) allows us to conclude that I = 0. O

Remark 4.3. We stress that the symmetric quasiconvexity hypothesis on f in Proposition is not
a restriction for the proof of Theorem in view of Proposition [3.10
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4.2 The Cantor Term

This section is devoted to the identification of the density of F in with respect to |E°u|. To this
end, we start by observing that, by virtue of Proposition there is no loss of generality in assuming
that f is symmetric quasiconvex. If this symmetric quasiconvexity hypothesis on f is omitted, the
result of the next proposition holds provided we replace f*° by (SQf)°°, whereas, due to the inequality

(SQf)>™ < f°°, (4.30) holds as stated.

Proposition 4.4. Let u € BD(Q), x € BV(Q;{0,1}) and let Wy and Wy be continuous functions
satisfying (3.4). Assume that f given by (3.5)) is symmetric quasiconvez. Then, for |Eu| a.e. xg € £,

pan) = 0 ) 2 2 (o). e a0).

Proof. Let xg € Q be a point satisfying (4.3]), (4.5) and

c(ag) = L) v Ay MQE0E)
1% (1'0) - d|ECU| ( 0) d|ECU‘( 0) 51~>O+ ‘ECUKQ(ane))

these properties hold for |E¢u| a.e. xy € . Indeed, by [4, Theorem 6.1], |Eu|(S, \ J,) = 0, thus
|Eu|(Sy \ Ju) = 0. Hence, by [4, Propositions 3.5 and 4.4], we have

exists and is finite, (4.20)

[Eul(Su) = |E“u|(Ju) + [Eu|(Su \ Ju) = 0,

which justifies the validity of (4.3]). As for (4.5)), this is a well known property of BV functions (cf. [3]).
We define

fo(€) = £(0,€) and f1(€) = f(1,€),¥¢ € RAN

and we consider the auxiliary functionals

Fi(u; A) := inf { liminf/ fi(Eup(2)) dx : up € WHH(A;RY) 4y — win L (A; ]RN)}7 i=0,1. (4.21)
A

n—-4oo

Referring to Theorem 6.1, Remark 6.4 and Corollary 6.8 in [23], F;(u;-), ¢ = 0, 1, are the restriction to
0O(92) of Radon measures whose densities with respect to |E°u| are given by

dFi(u;-) oo [ AEu  eof. AE‘u
W(IO):fi (m(mo))*f (%m(mo)) (4.22)

for |E“u| a.e. z¢ € Q. Choose xg so that it also satisfies (£.22), i =0, 1.

In what follows we assume, without loss of generality, that x(z9) = 1, the case x(z¢) = 0 can be
treated similarly. Bearing this choice in mind we work with the functional and we will make
use of (4.22)), with i = 1. Selecting the sequence e — 0% in such a way that u(0Q(zo,ex)) = 0 and
Q(zo,er) C Q, we have

lim _1(Q(x0, k)
k—+o00 |ECU| (Q(xOv Ek?))
1
[Beul(Q(z0, ex))

pe(xo) =

= lim
k,n

/ £ Ot (&), Euun (1)) daz + | Dxn|(Q (0, 21))
Q(zo,ek)

where x, € BV (Q(xo,e1);{0,1}), xn — x in LY (Q(x0,e1);{0,1}), un € WHHQ(wo,ex); RY), up — u
in L' (Q(wg,x); RY). Taking into account that we are searching for a lower bound for 1¢(x), we neglect
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the perimeter term |Dx,|(Q(zo,cx)) and obtain

u(zg) > hmmf ! ) /Q( )f(xn(x),gun(x)) dx (4.23)

|ECul(Q(xo, €
1

> hmmf —|Ecu|(Q(Jc0,5k)) /Q(zo,ek) f1(Eup(x)) dx
1

+ hmlnf —_— / f(xn (), Eun(z)) — f(1, Eup(z)) da
Q(xo,ek)

| E<ul(Q(z0, £r))
Fi (U'Q(ﬂfo,sk))
—Jrhrnlnff n
|Eeu(Q(zo,er)) | kn
> d]:l( U3 )
— d|Ecu]

> hm inf
(zo) + lirlr€1 inf Iy, ,,

dE*
> (1, “| (v0) ) + liminf I, (4.24)

d|Ecu

where
1

|Ecul(Q(x0, k)

It remains to estimate this term. Changing variables we get

Ik,n =

[ 1) @) - 0 e de
Q(zo,ex)

EN
in| = m /Q Fxn(zo + €ry), Eunlzo + exy)) — f(L, Eun(zo +€xy)) dy
— |5, /Q FOn (@) + 1, Etmn () — F(1, Eunn(y)) dy (4.25)
where
._ ek ._ _ up(zo + ery) — ulzo)
o ErulQUag ey VW) T o) () = :, '

By (4.5) it follows that lgm IXn,kllz1(@) = 0 (see (4.6)) and liin 0, = 0. Thus, using also (3.7)), we have
n :
from (L25)

i nf [T | < linsup i |1 (0na6) + L ) = S (1, Euns )] dy
s n Q

< limsup €3, / k@1 + €t i (y)]) dy
,n Q

— s sup C6 / i (0)] [t ()] dy. (4.26)
n Q

From the growth condition from below on f, (4.23)) and (4.20) we conclude that

C

( Q(xo,ex)
#/
|ECU|( ($0,5k)) Q(z0,ek)

< Cu (x0) < 400.

< hm sup

fxn (), Eun(z)) d

Using a diagonalisation argument, let xr := Xp(k),k» Uk = Un(k),x be such that x; — 0 in L'(Q) and

i sup Ci | ()] [Eun )l dy =lm oy [ )l [Eunly)ldy < 400 (427
;T Q Q
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Therefore, the sequence {8k Eus} is bounded in L' (Q; RY*Y) so, by the Biting Lemma, there exists
a subsequence (not relabeled) and there exist sets D, C @ such that liIE LN(D,) = 0 and the
r—+00

sequence {0 xx Eug} is equiintegrable in @ \ D, for any r € N. Following the reasoning in the proof of
Proposition [.1] (see ([.12))), for any j € N there exist k(j),(j) € N such that

, 1
5:.7) /D w0 ) ()] o < . (4.28)
()

The fact that xy;) — 0, as j — +oo, in L'(Q) and the equiintegrability of {d;)Xk(j) Eur(;)} in
Q\ D, ;) ensures that, for any € > 0,

5:j) / et )] Euncry (9)] dy < e, (4.29)
Q\D.(j)

provided j is large enough (see the argument used to obtain (4.14)). Hence, from (4.24)), (4.26)), (4.27),
(4.28) and (4.29) we conclude that
dE‘u )

pe(zo) > £ (1, m(fo) )

which completes the proof. O

Proposition 4.5. Let w € BD(Q), x € BV(Q;{0,1}) and let Wy and Wy be continuous functions
satisfying (3.4). Assume that f given by (3.5)) is symmetric quasiconvez. Then, for |Eu| a.e. xg € £,

D) ) < 1 (x(o0). ) ) (4:30

Proof. Let zg € Q be a point satisfying (4.20)), (4.3]), (4.5) (which hold for |E¢u| a.e. x € Q, as observed
in the proof of Proposition and, in addition,

e—0+ |ECU|(Q(an 5))

pe(wo) =

=0. (4.31)

Assuming, once again, that x(zg) = 1, we also require that ¢ satisfies (4.22] - Choosing the sequence
er — 07 in such a way that u(9Q(z 0 )) = 0 and Q(wg,ex) C Q, let u, € WHH(Q(xo,ex); RY) be
such that u,, — u in L'(Q(zo,ex); RY) an

4% (u;) Fi(1 Qe er) _

TET 0 = I Qe I B ) o M e (4

Then, as the constant sequence x, = x is admissible for F(x, u; Q(zo,ex)), from (4.31)), (4.32) and
(4.22) with ¢ = 1, it follows that

ey~ FOeuQo,er))
pé(zo) = dim |Ecul(Q(z0,er))
v
|Eeul(Q (20, ex))

1
<hm—/ f(1, Eup(x)) dx
(z0,€k)

< hm mf

/ f(x (@), Eun(2)) do + IDXI(Q(wo,sk))]
Q(zo,ek)

kn |Eou|(Q(zo,ex))

1
|Ecul(Q(xo, €x))
_ oo (X(mo),m( )) —|—hmsupW/Q Fx(@), Eun(@)) = F(1, Eun()) da.

(zo.eK)

+limsp [ @) Eune) - £, Eun(e) de
Q(zo,er)
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The same argument used in the proof of Proposition -4} now applied to the sequences

Up (Lo + € —ulx
k() = x(xo +exy) — 1, uni(y) == (@0 + ery) — ul 0),

Ek
yields
1
fimsup o [ (o), Eun) ~ F(1 Eu(0)) do = 0
k,n |Ecu|(Q(xOv€k)) Q(xo,ek)
from which the conclusion follows. O

4.3 The Surface Term

Given zg € J, U J, we denote by v(zg) the vector v, (zo), if zg € Jy \ Jy, whereas v(xg) := vy (o) if
zo € Jy \ Ju, these vectors are well defined as Borel measurable functions for HN-T ae xo € Jy U Jy.
Due to the rectifiability of both J, and J,, (cf. [3, Theorems 3.77 and 3.78] and [4, Proposition 3.5 and
Remark 3.6]), for HV =1 a.e. zg € J,,NJ,, we may select v(zg) := vy (x0) = vy(z¢) where the orientation
of vy () is chosen so that x ™ (2¢) =1, x (x¢) = 0 and then u™ (z¢) and u™ (z() are selected according
to this orientation.

Thus, in the sequel for HN ! a.e. 2o € J,, U J,, the vector v(z¢) is defined according to the above
considerations.

Given that HY (S, \ Jy) = 0 and that all points in 2\ S, are Lebesgue points of y, in what
follows we take xT(z9) = X~ (z0) = X(wo) for HN~1- a.e. x¢ € J, \ Jy, where © denotes the precise
representative of a field v in BV, cf. Section[2.1] On the other hand, for a BD function u it is not known
whether HV=1(S, \ J,) = 0. However, given that all points in Q \ S, are Lebesgue points of u and
that, by [4, Remark 6.3] and the HV~! rectifiability of J,, HY~1(S, \ J.) N Jy) = 0, we may consider
ut(z0) = u™ (z0) = U(zo) for KN~ ae. 9 € J, \ Ju, where 9 denotes the Lebesgue representative of
a field v in BD (cf. [4, page 206]), see also [6].

In order to describe p/ we will follow the ideas of the global method for relaxation introduced in
[I7] (see also [12] and [23]), the sequential characterisation of K(a,b,c,d,v), obtained in Proposition
will also be used.

Given u € BD(Q2), x € BV (;{0,1}) and V € O (2) we define

m(x,u; V) :==inf {F(0,v;V) :0 € BV(Q;{0,1}),v € BD(Q),0 = x on OV,u =won dV}. (4.33)
Our goal is to show the following result.

Proposition 4.6. Let f be given by (3.5), where Wy and W1 are continuous functions satisfying (3.4]).
Given u € SBD(Q) and x € BV (Q;{0,1}), we have

Foow VN (JUldy)) = /VW B )g(r,x*(w),x’(@m*(w),f(w)ﬂ/(x))dHN’l(x),

where
m(Xa,b,V(' - Z’()), uc,d,l/(' - xO); QV(mO) 5))
€N71

g(x0,a,b,¢,d,v) := limsup
e—0t

and Xabv; Uec,d,y were defined in (3.24).

The proof of the above proposition relies on a series of auxiliary results, based on Lemmas 3.1,
3.3 and 3.5 in [1I7] and which were adapted to the BD case in [12][Lemmas 3.10, 3.11 and 3.12]. The
properties of F(x, u; A) established in Proposition and the fact that F(x,u;-) is a Radon measure,
ensure that we can apply the reasoning given in their respective proofs.

Lemma 4.7. Let f be given by (3.5)), where Wy and Wi are continuous functions satisfying (3.4)).
Then there exists a positive constant C' such that

(4.34)

|m(x1,u1; V) —m(xa,u; V)| < C {/BV tr x1(z) — tr xo(x)] + [truy(z) — trug(z)| dHY ~(z) ],

for every x1,x2 € BV (£;{0,1}), u1,us € BD(Q) and any V € O ().
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Proof. The proof follows that of Lemma 3.10 in [I2]. Given ¢ > 0 let V5 := {x € V : dist(z,dV) > ¢}
and select # € BV (Q;{0,1}) and v € BD(Q) such that § = x2 and v = ug on dV. Now define
05 € BV(Q;{0,1}) and vs € BD(Q) by

9, in ‘/:S v, in ‘/;5
05 := _ and vs = _
X1, nQ\Vs uy, inQ\V;.

The definition of m(-, ;) and the additivity and locality of F(-,-;-), as well as the inequality from above
in Proposition i , lead to the conclusion. O

)
Fixing y € BV (Q;{0,1}), u € BD(Q) and v € SN~ we define A := LN + |E%u| + |Dx| and,
following [I7], we let

0" :={Q,(z,e):x €Q, e >0}

and, for 6 > 0 and V € O(Q), set

+oo
m (s V) = inf { S mlu Q) Qi € 0°,QiNQ; = Bif i # j,

i=1

+oo
Q; C V,diam Q; < 8, \ (V\ U Qi> :o}.

i=1
Clearly, § — m?(x,u; V) is a decreasing function, so we define

m*(x,uw; V) := sup {m‘s(x,u; V):6> 0} = 51_i)%l+ m®(x,u; V).

Lemma 4.8. Let f be given by (3.5), where Wy and Wi are continuous functions satisfying (3.4]).
Given x € BV (;{0,1}), w € BD(Q), we have

Flx,u; V) =m™(x,u; V), for every Ve O(Q).

Proof. The inequality
m*(x,w; V) < F(x,w; V)

is an immediate consequence of the fact that m(x,u; Q;) < F(x,u; Q;) and that F(x,u;-) is a Radon
measure.

The proof of the reverse inequality relies on the lower semicontinuity of F(-,-; V') obtained in Propo-
sition iv) and on the definitions of m?(y,u; V), m(x,u; V) and m*(x,u; V). Indeed, fixing § > 0,
we consider (Q?) an admissible family for m?(x,u; V') such that, letting N =1\ Uty f,

+oo
> mleu;Q)) <m’(x,u; V) + 6 and A(N°) =0,
i=1
and we now let 09 € BV (Q;{0,1}) and v{ € BD(Q) be such that 2 = x on 9Q?, v = u on dQ¢ and

F(02,025Q0) < m(x,u; Q) +5LN(QY).

Setting Ng = Q\ ULy ¢ we define

+oo I
07 =) 00 xqs+xxwg and =) el xgp +uXng
i=1 1=1

Following the computations in the proof of [I2, Lemma 3.11], we may show that 8% € BV (£2;{0,1}),
v? € BD(Q), 8 — x in L}(V;{0,1}) and v° — w in L*(V;RY), as § — 0%, and also

F(0°,v°; N°) < CA(N°) = 0.
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Using the additivity of F(6°,v%;-) we have

Z}— ) QO ( U(S;N&)

+oo
<Y ml6uw Q) + LN (V) <m’(x,u; V) + 6 + 6LN (V),

i=1
so that the lower semicontinuity of F(-,-; V) yields
F(x,u; V) < liminf F(6°,0°;V)
o—0t
< 1%m(i)r+1f (m° (x, w; V) + 6 + LN (V) = m* (x,u; V)
—

and this completes the proof. O
Finally, a straightforward adaptation of [I7, Lemma 3.5] leads to the following result.

Lemma 4.9. Let f be given by (3.5), where Wy and Wi are continuous functions satisfying (3.4)).
Given x € BV (;{0,1}), w € BD(Q2), we have

lim f(Xy'W Qu(fﬂo,é‘)) _ m(X,U; Qu(xmg))
et AMQu(x0,€)) =0t AQu(x0,¢))

for X a.e. xo € Q and for every v € SN

We now proceed with the proof of Proposition [4.6]

Proof of Proposition[{.6f In the sequel, for simplicity of notation, we will write v = v(x).
Let o € QN (J, U J,) be a point satisfying

1

lim — -X dr =0, if Q 4.
Jm ) Rl =0, e 0\ (135)

1 1
lim —/ Ix(x) = x (z0)| dz = lim —/ Ix(z) —x (zo)|dx =0, if 2o € QN Jy, (4.36)
Q Qu(

,jr(wo,a) e—=01 EN

v (zo,€)
. 1 ~ .
Elgg{r EN/Q - lu(x) — u(zo)| dx =0, if g € X\ Jy, (4.37)
1 1
lim —/ u(z) —ut(zo dgc—h —/ u(x) —u (xg)|dr =0, if zg € QN J,, (4.38
Jm oy [ ) ol = dim o [ ) - (o) (1.35)
where
Qf(xo,a) ={z € Q,(zg,e) : (x —xp) - (£v) > 0},
and
j ]:(X,U;Qu(ﬂfoﬁ)) . 1 / . . .
J =l =1 d ts and is finite. (4.39
W (@o) a—l>r(r)l+ HN= (T U Ju)(Qu (o, €)) E_1>r(r)1+ eN-1 (z0,¢) p(x) exists and is finite. )

In view of the considerations made at the beginning of this subsection, these properties hold for HN !
a.e. £o € QN (J,, U Ju). Furthermore, we require that x( also satisfies

i 1 Bul(Qu (o, ) = (1] © ) o) = [Buol(Q) (4.40)

and

(Qu(l‘Ov‘g)) =1= ‘DXOKQu)a (441)

—o+ eN-1
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where we are denoting by xo and ug the functions given by (3.24) with v = v(xp) and a = x™(z9),
b=x"(%0), c =u"(z0) and d = u™ (). Letting o := HN~1[(J, U J,), by Lemmait follows that,
for o a.e. xg € Q,

e — lim ]:(X7U§Qu(m0,5)) — lim m(Xau;Qu(xms))
do (o) 75L0+ (Q,(z0,¢)) 5L0+ o(Q,(z0,€)) (4.42)

Let x. : Q, — {0,1} and u. : Q, — RY be defined by x.(y) := x(x0 + €y), uc(y) := u(xo + €y).
Properties (4.35]) or (4.36)), and (4.37)) or (4.38), respectively, guarantee that x. — xo in L (Q,;{0,1})
and u. — up in LY(Q,;RY). On the other hand, by (4.40) and (4.41)) we have

T 1Bucl(Qu) = T, o Bul(@ (w0, 9)) = [(fe] @ v)(z0)| = [Buol(Q.)

and
Jim | Dx|(Qy) = lim —g— 1\DX\(Qu(xo7 £)) = [Dxol(Qv)-

Due to the continuity of the trace operator with respect to the intermediate topology we conclude that

1
el_i>%l+ Nl /ac;) - tr x(z) — tr xo(x — x0)| + [tru(z) — trug(z — zo)| dHY " (z)
= lim [tr xe (y) — trxo(y)] + [true(y) — truo(y)| dHV " (y) = 0. (4.43)
e—0+ 2Q,
Hence, from , , Lemmam 7l and -, we obtain
&I -1
2 (@) = Jim = 0—<Qy(a:0, ))
i 2008 @u(0,) = mlxo(: = ) w0l = 0): @ (z0,) + mlxa(: = ) w0 (: = 50 @u(z0,2))
e—0+ gN-1

m(Xo(- — o), uo(- — 20); Qu (o, €))

eN-1

Foowvneon= [ R )i

=/ gla, X" (@), x" (2),u" (2),u” (2),v(2)) dHN " (2).
V(I UJy)

O

In the final two propositions we will show that, under assumption , the surface energy density
g(x0,a,b,c,d,v) may be more explicitly characterised. For this purpose we need an additional lemma
which states that more regular functions can be considered in the definition of the Dirichlet functional
m(x,u; V) in (£33). In what follows, for u € BD(Q), x € BV(2;{0,1}) and V € O () we define

mo(x,w; V) := inf {F(0,v; V) : 0 € BV(2;{0,1}),v € WHH(Q;RY),0 = y on 0V,v =u on 9V } .

Lemma 4.10. Let f be given by (3.5)), where Wy and W1 are continuous functions satisfying (3.4]).
Given x € BV(9Q;{0,1}), u € BD(Q), we have

m(x,w; V) =mo(x,u; V), for every V e Ox(Q).

Proof. The inequality m(x,u; V) < mo(x,u; V) is clear since, given any 6§ € BV (£2;{0,1}) such that
6 = x on OV and any v € WH(Q;RY) such that v = u on OV, we have

m(x,u; V) < F(0,v;V) < F(0,v; V).
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To show the reverse inequality, we fix ¢ > 0 and let § € BV (Q;{0,1}),v € BD(f) be such that
0 =x on QV,v =wu on JV and
m(x,u; V) +e> F(0,v; V).
By Proposition ii), let x, € BV(Q;{0,1}),u, € WHI(Q;RYN) satisfy x,, — 0 in L'(£2;{0,1}),
un — v in LY(Q;RY) and
FO,v; V)= lim F(xn,un;V).

n—-+oo

Theorem ensures the existence of a sequence v, € WH1(Q;RY) such that v, — v in L*(Q;RY),
v, = v =won dV and |Ev,|(V) — |Ev|(V). We now apply Proposition to conclude that there
exists a subsequence {v,, } of {v,} and there exist sequences w;, € WH(Q;RN), . € BV (Q;{0,1})
verifying wy, = v, = u on OV, n, = 6 = x on 9V and

limsup F(n, wy; V) < liminf F(xn, up; V).

k—+o00

Therefore,

mo(x, u; V) < limsup F(ng, wg; V) < liminf F(xp, un; V) = F(0,0; V) <m(x,u; V) +¢,

k—+oo n—+o0
so the desired inequality follows by letting ¢ — 0. O

Proposition 4.11. Let f be given by (3.5)), where Wy and W1 are continuous functions satisfying (3.4]).
Assume that f is symmetric quasiconvex and that (3.9) holds. Givenw € BD(Q) and x € BV (9;{0,1}),
for HN=1 a.e. 29 € QN (J, U Jy,), we have

g<x0? X+(CI}0), X_(Z‘())7 U+ (xO)v w (l‘o), V(.’Eo)) > K(X+ (.%‘0), X (xo)v u+(x0), u- (LI?()), I/(Io)),

where x*(x0) = x ™ (x0) = X(20) if To € Ju \ Jy and ut(z¢) = u™ (xo) = (o) if xo € Jy \ Ju, and K
is given by (3.22)).

Proof. As before, for simplicity of notation, we write v = v(x).
By Lemma [4.10] we have

g(zo, x " (z0), x ™ (20), u™ (z0),u™ (20), v(20))
= lim sup % inf {F(G,U;Qu(ajo,e)) 10 € BV(Q;{0,1}),v € WHH(Q;RY),

e—0t €

0 = xo(- — o) on 9Q, (xg,€),v = up(- — xo) on aQu(xo,e)},

where o and wg are given by (3.24) with v = v(zg) and a = xT(z9), b = X (0), ¢ = vt (z0) and
d = u~ (), respectively. Thus, for every n € N, there exist 6,, . € BV (Q;{0,1}), v, € WHI(Q;RY)
such that 0,, . = xo(- — z0) on 9Q,(x¢,€), Vne = uo(- — Zo) on IQ,(zo,¢) and

90, X" (o), X (w0), ' (z0), ™ (o), v(0)) +

1
> lim sup N1 [/Q . f(lne(z),Evpe(x))dr + D9n75|(Qu(xo,s))]

e—0+

= lim sup [/ ef(On.e(xo +€y), Evpe(zo +ey)) dy + /

e—0+ v Qyﬁ%(fenvsfmo)

dHN ! (y)]

e—0t

= lim sup l:/ ef(Xn.e(y), égun,a(y)) dy + |DXn,€|(QV):|

> Jim inf { /Q P (e (0)s Eune (y)) dy + |Dxn,s|<c2u>}

e—0+

et [ [ef (000, 2E00e0) = ). £ (5 (4.49

e—0t
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where X c(y) = On.c (2o + €y) and uy o (y) = vn (w0 +€y). We claim that

lim inf |:Ef Xn,e( Sun W) = [ (Xne(¥), Suns(y))] dy = 0. (4.45)

e—0t

If so, noticing that (an7un e) € AXT (w0), X~ (w0), u™ (o), u (20), v(x0)), we have from (4.44), (4.45)
and the definition of K (a,b,c,d,v),

(0, X (o), X (o), u* (), u™ (wo), ¥(0)) +

e—0+
> K (x"(20), X~ (w0), u™ (w0), u™ (w0), v(x0)),

hence the result follows by letting n — +o0.
It remains to prove (4.45)). We write

| et00new), 28 c0) = £ (e 0). )

v

> liminf [ /Q I Come (), Evtme () dy + |Dxn,e<c2y>}

1

- / &L Ome )y ~Etn e (9)) — £ (tme (4), Etim o (1)) dy
Qun{L|Eun,c(y)I<L} €

1
* / ef(Xne (V) =Enc(¥)) = [ (Xne V), Etne(y)) dy =: I + L.
Qun{L|Eun,c(y)|>L} ¢

By the growth hypotheses (3.4) and (3.6 we have

1
ni< [ 20 (14 LI c)l) + C ey
Qun{|€un < (y)|<eL} ¢

§/ eCdy =0(e)

v

and, by hypothesis (3.9) with ¢ = é, Holder’s inequality and (3.4)),

Iz < /
Quﬂ{élgun,s(y)‘>l‘}

< / C & |Eun o (y)' " dy
Quﬂ{%l“"un,s(y)‘>l‘}

<o ( [ 1€unet) dy)u

v

oo ([ =ttt ewnm)  =oe),

v

F (e (0), 2 Eune (1)) — (e (), Eunc ()| dy

since the integral in the last expression is uniformly bounded by (4.44). The above estimates yield
(4.45) and complete the proof. O

Proposition 4.12. Let f be given by (3.5)), where Wy and W1 are continuous functions satisfying
(3.4), and assume that f is symmetric quasiconver and that (3.9) holds. Given uw € BD(Q) and
X € BV(Q;{0,1}), for HN=1 a.e. 29 € QN (J U J,) we have

9(wo, X" (x0), X~ (o), u™ (o), u™ (20), v(20)) < K(xF(20), x™ (20),u" (0),u™ (z0),v(0))-

Proof. Using the sequential characterisation of K given in Proposition let x, € BV(Q,;{0,1}),
€ WhHY(@Q,;RY) be such that x,, — xo in L'(Q,;{0,1}), u,, — ug in L*(Q,;RY) and

n—-+oo

K (X" (wo0), X~ (w0),u" (z0),u” (z0),v(w0)) = lim UQ 7 0n (), Eunly)) dy + | Dxn|(Qu) |,
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where Xo, ug are as in the proof of Proposition [4.6]

T :c()) and v, (z) = uy, (

and using the positive homogeneity of f°°(q, ), we have

r — X

For z € Q. (xo,€), set O, (x) := xpn

). Then, changing variables
€

K(¢* o). x~ (o), u (z0),u (o), v(o)) = lim [/Q f°°<xn<y>,eun<y>>dy+|Dxn|<c2y>]

n—-+oo

~ V £ (0n(2), Evp () dz + | DOL|(Qu (20, €))
Q. (zo,¢)

5N*1 n—-4o0o

Y

5N*1 n——+o0o

L lim inf [/ f(0n(x), Evy () dw + |D9n(Qy(Jc0,5))]
Qu (o)

+

lim inf / F2(0n(2), Evn(z)) — f(@n(x),é’vn(x))) dr = I, + I,. (4.46)
Qu (zo0,¢)

g n—-+o0o

Given that x,, — xo in L(Q,;{0,1}) and u,, — ug in L*(Q,;RY), it follows that 6,, — xo(- — 7o) in
Ll(Qu(ang); {Oa 1}) and v, — UO(' - 1’0) in Ll(Qu(%ﬁﬁ RN) Thusa

I > 81\,1_1]-'(XO(~ — 9), uo(- — 20); Qu(wo,€)) = gNl_l m(xo(- — @o), uo(- — x0); Qu(wo,€)).  (4.47)

On the other hand, the same calculations that were used to prove (4.45) by means of hypothesis (3.9)
allow us to conclude that
limsup Iy = 0. (4.48)

e—0t

Hence, from (4.46)), (4.47) and (4.48]) we obtain

K(x*(20), X~ (0), u™ (o), u™ (x0), ¥(x0)) = g(zo, x (20), X~ (w0), u™ (x0), u™ (x0), v(x0)).

O
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