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Abstract

We study the one-dimensional asymmetric simple exclusion process on the lattice
{1, ..., N} with creation/annihilation at the boundaries. The boundary rates are time
dependent and change on a slow time scale N= with a > 0. We prove that at
the time scale N the system evolves quasi-statically with a macroscopic density
profile given by the entropy solution of the stationary Burgers equation with boundary
densities changing in time, determined by the corresponding microscopic boundary
rates. We consider two different types of boundary rates: the “Liggett boundaries” that
correspond to the projection of the infinite dynamics, and the reversible boundaries,
that correspond to the contact with particle reservoirs in equilibrium. The proof is
based on the control of the Lax boundary entropy—entropy flux pairs and a coupling
argument.
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1 Introduction

The one-dimensional open asymmetric simple exclusion process (ASEP) is one of the
most interesting models in non-equilibrium statistical mechanics, in particular because
its stationary state can be explicitly computed (cf. [3, 6, 12, 14]). Particles perform
asymmetric random walks on the finite lattice {1, ..., N} with the exclusion rule (the
jump is suppressed if the site is occupied), and at the boundaries particles are created
and absorbed with given rates. The dynamics is then characterized by 5 parameters
(the asymmetry of the random walks and the 4 boundary rates).

In a seminal article [9], Liggett introduced special boundary rates such that the
corresponding dynamics approximates optimally the dynamics of the infinite system
with different densities at +00. These boundary conditions correspond to the projec-
tion of the infinite dynamics with respect to the Bernoulli measures with different
densities on the left and on the right of the system. Under this choice of bound-
ary conditions Bahadoran [1] proved the hydrodynamic limit for the density profile:
under the hyperbolic space-time scaling the density profile converges to the unique
L entropy solution of the Burgers equation satisfying the Bardos—Leroux—Nédélec
boundary conditions [2] in the sense of Otto [11]. Hydrodynamic limit for general
boundary conditions has been recently proven in [15]. In [1] Bahadoran also proves
the hydrostatic limit, i.e., the macroscopic limit of the stationary profile satisfies the
stationary Burgers equation with same boundary conditions. This is the solution of the
variational problem maximizing the stationary flux in case of a density gradient with
opposite sign to the drift generated by the asymmetry, or minimizing the stationary
flux in the other case. This is consistent with the phase diagram proved in [6, 12].
The proof in [1] relies on an extension of the coupling argument used by Rezakhanlou
in [13] in the infinite dynamics, and on the particular boundary conditions which are
such that at equal density (balanced case) the stationary measure is known explicitly
(given by the Bernoulli measure at the boundary density).

In this article we study the quasi-static hydrodynamic limit for the open ASEP.
This limit is taken in a time scale that is larger than the typical one where the system
converges to equilibrium. Changing the boundary condition at this time scale, the
system is globally close to the corresponding stationary state. Quasi-static evolutions
are usually presented as idealization of real thermodynamic transformations among
equilibrium states. They are necessary concepts in order to construct thermodynamic
potentials, for example, to define the thermodynamic entropy from Carnot cycles. Here
we are interested in the quasi-static evolution among non-equilibrium stationary states.
These quasi-static hydrodynamic limits have been already studied in the symmetric
simple exclusion as well as in other diffusive systems [4]. We are here interested in
the asymmetric case where currents of density do not vanish in the limit. Since in
ASEP the typical time scale of convergence to stationarity is hyperbolic, we look at
larger time scales changing the boundary rates in this time scale. Consequently, at each
instant of time the system is close to the corresponding stationary state determined by
the varying boundary conditions. We prove that the density profile converges to the
entropy solution of the quasi-static Burgers equation with the boundary conditions
given by some time dependent functions p+ (). We derive this quasi-static evolution
for two types of boundary rates:
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Quasi-static limit for the asymmetric simple exclusion

(1) Liggett boundaries: if p > % is the probability of jumping to the right in the bulk
of the system, at a macroscopic time t we choose [po_(t), (1 — p)(1 — p_(t))] as
rates of creation and annihilation on the left side, respectively [(1 — p) o4+ (¢), p(1—
p+(1))] on the right side.

(2) Reversible boundaries: we choose [A_ (1) p—(t), A—(¢)(1 — p—(z))] as rates of cre-
ation and annihilation on the left side, [A4 () 0+ (¢), A (#) (1 — p(¢))] on the right
side, by accelerating this boundary rates and the symmetric part of the exclusion
process in the bulk. These rates correspond to contact with reversible reservoirs of
particles at the corresponding densities p(¢), i.e. they separately satisfy detailed
balance with respect to the Bernoulli measure of the corresponding density for
any choice of the functions A4 (¢), and are independent from the asymmetry bulk
parameter p. Even when p_ = p, and time independent, the stationary probabil-
ity distribution is not a product measure in general.

The proof of the result for both cases will proceed as follows.

We first prove it in the balanced but time dependent cases (o— () = p4(¢)). Sur-
prisingly this is the most difficult part, and it is proven by controlling the time average
of the microscopic boundary entropy flux. The unbalanced situation is then proven by
a coupling argument.

The use of the microscopic entropy production associated to a Lax entropy—entropy
flux pair is already present in the seminal article of Rezakhanlou [13]. J. Fritz and col-
laborators combined this idea with a stochastic version of compensated compactness
in order to deal with non-attractive dynamics [7, 8]. Otto [11] introduced the bound-
ary entropy—entropy flux pairs in order to characterize the boundary conditions in the
scalar hyperbolic equations. The main point of this article is to prove that, in the bal-
anced case when we take the same density on the boundaries, the time average of the
microscopic boundary entropy flux is negligeable in the quasi-static time scale, even
when boundary conditions change in time (see Propositions 8.3 and 8.4).

Notice that these results and the methods are very different from the symmetric case
(p = %) studied in [4], where the quasi-static time scale is larger than the diffusive
one and the quasi-static profile satisfies the Laplace equation with boundary conditions

px(1).

2 ASEP with open boundaries

The asymmetric simple exclusion process (ASEP) with open boundary conditions is
the Markov process on the configuration space

Qn =={n= 1 m.....08). ni €{0,1}}, (2.1)
with the infinitesimal generator

Lnf=hoLexef +L-f +Lif, (2.2
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where Ao > 0, f is any function on Qj, Lex is the generator of the simple exclusion:

N—1
— y i1\ 7
Lexe f ;:1 Ci,i+1 [f (’7 ) f (’7)] (2.3)

ci,ji=pni(l—=n;)+0—=pn;A—mn),

where 1/2 < p < 1, n>**! is the configuration obtained from 7 upon exchanging 7
and n;41. L+ are the generators of creation/annihilation processes at the boundaries

i=1landi = N:

L_f:=[a(l—n)+ym][f0" - rm],

N (2.4)
Lif:=[80—nn)+Banl[f0™) — rm].

where «, y, 8,8 > 0, n' is the configuration obtained from 7 by shifting the status at
site  from n; to 1 — n;.

Remark 1 (Stationary states). In general the stationary probability distribution has a
complicate structure [6, 12, 14]. But for the choice of the boundary rates such that
(see [3,Proposition 2])

_ (@+B+y+38)B—yd)

p:=2p—1 , 2.5)
(@a+&B+y)
the stationary state is given by the Bernoulli product measure with density
a+d
a By, 8) = —m. 2.6
p(ﬁy)a+ﬂ+y+5 (2.6)

In this article, we consider time-dependent parameters (¢, y, B, 8)(¢). As in (2.2),
define the Markov generator

Ln:=doLexc + L+ Ly, >0, 2.7

where L4 ; are the operators defined by (2.4).

We multiply Ly , by N'*¢ for some a > 0 and study the macroscopic limit of
the corresponding dynamics. We now distinguish two cases: the Liggett boundaries
where we only speed up the generator by N to the quasi-static time scale, and
the general reversible boundaries where there is a further speeding of the symmetric
exclusion and of the boundary rates.

2.1 Liggett boundaries

Take Lo = 1,1/2 < p < 1 and two C! functions p+ :[0,00) — (0, 1). Choose the
parameters in (2.7) as
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a(r) = pp-(1), y@®:=A=-p)d—-p_(1)

2.8)
B@) :=p(d—pp@), 8@):=0—=ppy().

Under this choice, if p4+(t) = p_(t) = p(¢), then (2.5) is satisfied and by (2.6) we
have

p(a(), B(), y(1),8(1) = p(0). 2.9

First introduced by Liggett [9] with time-independent p, this choice of boundary
rates corresponds to the projection on the finite interval {1, 2, ..., N} of the infinite
ASEP dynamics with Bernoulli distribution with density p_ on the left of 1, and with
density p4+ on the right of N (see formulas (5) and (6) in [1]). This choice allows
an effective coupling between the dynamics with open boundaries and the infinite
dynamics, which plays a central role in the proof of the corresponding hydrodynamic
limit [1].

2.2 Reversible boundaries

In the Liggett case the boundary rates are chosen in accordance with p. To deal with
more general cases in which the boundary rates are independent of p, and model
the contact with reversible reservoirs of particles, we need to speed up the boundary
operators. We also need to add symmetric exchanges at a higher rate. Let oy and oy
be two sequences satisfying

. ON .~ . ONOpN
lim — =0, lim oy =00, lim
N—oo N N—oo N—oo /N

= 0. (2.10)

The boundary rates are defined by the choice of two C ! functions p+ : [0, 00) — (0, 1)
and two C! functions A4 : [0, o0) = R4, and

@) i=3i-0p-, YO =F-OU =),
B(t) = Gnhe (1 = pr(0),  8(1) = A+ (NP (0). '

In order to speed up the symmetric part of the bulk dynamics we fix p € (0, 1] and

we choose |

p
A0 = ON, = -4+ —, 2.12
0=0N, p=3+ . (2.12)
The resulting generator of the bulk dynamics is
_ ON — P
AoLexe = thasep + TLsseps (2.13)
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where Lggep and Lyasep are respectively given by

Lssep f = Nzil [f (77“+1> - f(’?)] )
i=1
Lo = 3 1001~ i) [7 (") = ran].

i=1

(2.14)

This dynamic should not be confused with the so called weakly asymmetric exclusion,
since with the choice of the parameters we make in Theorem 3.3 below the asymmetry
is always strong.

3 Quasi-static evolution
3.1 Quasi-static Burgers equation

Foranye > 0,let p® € L°°([0, 1]xR) be the entropy solution to the initial-boundary
problem of the scalar conservation law

e, p"(x, 1) + 3 J (p°(x, 1)) =0, J(p) = pp(l - p),

. B . B B 3.1
Plx=0 = p—, P°lx=1 =P+, pli=0 = po,

where p+ € C 1(R+) and pg € L*°([0, 1]). The definition, existence and uniqueness
of the entropy solution follow from the work of Otto [11], by the characterization of
the boundary entropy—entropy flux pairs defined below.

Definition 3.1 A boundary Lax entropy—entropy flux pair for (3.1) is a couple of C?
functions (F, Q) : [0, 1] x R — RZ such that

J W)o,Fu,w) =0,0u,w), Fw,w)=Q0w,w)=0Fw,w)=0 (32)

for all u € [0, 1] and w € R. Moreover, we say that the pair (F, Q) is convex if
F(u, w) is convex in u for all w € R.

Otto’s boundary conditions read in this case as

esslim,_, o+ / h Q(p°(r, 1), p—(1))B(1)dt <0,
0 (3.3)

esslim, g+ / T 0(p* (1 =110, o )01 2 0,
0

for any boundary entropy flux Q for a convex entropy pair, and test function g €
C.(R4) such that 8 > 0. In the case of bounded variation solutions, this coincides
with the Bardos—Leroux—Nédélec boundary conditions [2].
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The entropy solution p € L*°([0, 1] x R) to the quasi-static conservation law

I J(p(x, 1) =0, x €(0,1), plizo=p-, plr=1 =P+, (34

is then defined as the weak-« limit, for ¢ — 0% of p®. The existence and uniqueness
of this limit is proven in [10] as explained below. Define the critical line

O :={(ab)e© Dxa<1/2,a+b=1}. (3.5)

If (p—, p4)(t) ¢ O, then p is constant in x and it is independent of the initial condition
po in (3.1). It is explicitly given by

p—(t), ifp_(t) <1/2, p_(t) + p+(t) < 1 (low density),
p(x,t) =3 p+(t), if p_(t) > 1/2, p_(t) + p4+(¢t) > 1 (high density), (3.6)
1/2, if p_(¢) > 1/2, p4+(t) < 1/2 (max current).

Moreover, p satisfies the variational conditions ([1, 6, 10, 12]):

sup{J(p); p € [p+(2), p— (D]}, if p—() > p4+ (1),

J(p(x, 1) = 1. i
(p(x, 1) inf(J(p): p € [p— (1), pr D1}, if p_(1) < py (D).

3.7

The characterization of the limit p is open when (p_, p4+)(¢f) € ©®. The variational
formula (3.7) remains true, but p may attain two values p_(¢) and p4(¢). For time-
independent boundary data (p—, p+) € ©, (3.4) has infinitely many stationary entropy
solutions: for each x* € [0, 1], py (x) 1= p—1[o,x*)(x) + p41[x+ 17(x) is one of them.
The choice of x* in the limit ¢ — 0+ may rely on the initial data pg in (3.1). Time-
dependent boundary data could further complicate the problem by creating a moving
shock.

3.2 Quasi-static hydrodynamics
For some a > 0, denote by n(¢) = (n1(¢), ..., nn(t)) € Quy the process generated

by NH‘“LN,, and some initial distribution pp o. Fori = 0, ..., N, let x; y be the
indicator function

Xi.N(x) = 1[[ s i)m[o,l]}(x)’ x €[0,1]. (3.8)

i i
NTaN: N TN

For each N, define the empirical density {y = ¢y (x, t) as

N
ev(t) =Y @i, (x,1) €0, 1] x [0, 00). (3.9
i=1
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Our aim is to show that, as N — 00, { converges to the homogeneous density p(¢)
given by (3.6). Observe that for reversible boundaries case, the boundary conditions
of the macroscopic quasi-static equation do not depend on the choice of A (7).

Denote by Py the distribution on the path space of n(-). Let E i be the corresponding
expectation. For p € [0, 1], denote by v, the product Bernoulli measure with density
p. Given a local function f on Q, denote

(f)(p) :=/fdvp, Vo €l0,1]. (3.10)

Theorem 3.2 (Liggett boundaries). Assume that one of the following holds almost
everywhere in a time interval [s, s']:

{p_(r>—p+<t>50 . {p—@—m(’)zo, G.11)

(p—, p)() ¢ O (p—. p4)(1) ¢ ©

where © is given by (3.5). Suppose further that a > 1/2, then for any sequence of
initial distributions {un.0; N > 1}, the following convergence holds in probability

) s’ 1 N—-t i s' pl
Jim_ / ﬁl;(p(ﬁt) f(min@)dr = / /0 (. D) (p(0)dxdr (3.12)

forany €, any local function f supportedon {1, ..., L} and ¢ € C([0, 1] xR.), where
T; is the shift operator and p(t) is given by (3.6).

Remark 2 Condition (3.11) means that p_(z) — p4 (¢) keeps its sign for ¢ € [s, s'] and
prevents (p_(t), p4+(¢)) from staying in ® for an interval of time of positive measure.
This is necessary when applying the variational formula and the coupling argument,
see Sect. 4.

Theorem 3.3 (Reversible boundaries). Assume that one of the conditions in (3.11)
holds almost everywhere in [s, s']. In additional, assume (2.10) and

lim N9 Zoy = oo. (3.13)
N—oo

Then, the convergence in (3.12) holds with p(t) given by (3.6).

Remark 3 In both cases we need a certain amount of symmetric exchanges in the bulk
that contribute to the entropy production estimates (see Sect. 6). In the Liggett case the
condition a > 1/2 provides enough symmetric exchanges. In the general reversible
case, we accelerate the symmetric exchanges with o, and as long as condition (3.13)
is satisfied there is enough entropy production.

Remark 4 For the asymmetric current J; ;+1 = pn; (1 — ni4+1), the quasi-static hydro-
dynamic limit holds also on ®: for any ¢ € C([0, 1] x Ry),
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. s’ 1 i s’ pl
ngnoof N§¢<N,t> Jiip1(Hdt = //0 o(x,NJ(dxdr  (3.14)

holds in probability, where J(¢) is given by (3.7).

4 Proof of the main theorems
In this section we prove Theorem 3.2 and 3.3 by several main steps that will be
proven in the following sections. In the following we fix some 7 > 0 and denote

Yr =[0,1] x [0, T].
For k < N, define the left-sided uniform block average

k—1

_ 1 .

ni,kl=%.§01’]ifj, Vi=k,k+1,...,N. “.1)
j=

We choose some mesoscopic scale K = K(N) such that K — oo and K = o(N) as
N — oo. Modify the empirical process ¢y in (3.9) as

N
PN (e ) = py k) (6 1) 1= D XN @ik (), (6,0 €0, 1T xRy, (4.2)
i=K

4.1 Young measures

By a Young measure v we mean a family {vy ;; (x, ) € X} of probability measures
on [0, 1] such that the mapping

1
(X,t)'-)/(\) f(x7tvy)vx,t(dy)

is measurable for all f € C(X7 x [0, 1]). Denote by ) the set of all Young measures,
endowed with the vague topology: a sequence {v"} converges to some v € ) as
n — oo, ifforall g € C([0, 1]) and ¢ € C(Z7),

1 1
lim // o(x, Hdx dt/ gdvi, = // @(x, )dx dt/ gdvy ;. 4.3)
n—00 zr 0 ’ T 0

Under this topology, ) is metrizable, separable and compact.
As py € [0, 1]is uniformly bounded, the corresponding Dirac type Young measures

vV o= ol =8, s (1) € 27} € . (4.4)
Denote by Q the distribution of v on Y.
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Since Y is compact, the sequence {Qy, N > 1} is tight, thus we can extract a
subsequence {N},, 1 > 1} such that Qy, converges weakly to some measure  on ),
namely for all g € C([0, 1]) and ¢ € C(Z7),

lim Ey, [// o(x, t)g(,oNh (x, t))dx dt]
h—o0 Sr
= lim E2N [/f o(x, H)dx drfgdvx,,} (4.5)
—00  r
S |:[/ o(x, )dx dt/gdvx,ti| .
Xr

Hereafter, we fix such a subsequence and relabel 9y, by Qy.

4.2 Proof of the quasi-static limit

In both Liggett and reversible cases, we replace the function f(z;n) in (3.12) with the
mesoscopic canonical average (f)(#; k) by some local equilibrium argument. Then,
we prove that £, the limit distribution of the random Young measures associated with
1.k, 1s concentrated on the quasi-static profile p = p(¢) given by (3.6). The proof is
divided into several steps.

4.2.1 Local equilibrium

The next lemma allows us to replace »; with its mesoscopic block average defined by
(4.1). It holds for both Liggett and reversible cases.

Lemma4.1 If 1 <K K < ~/N, then for any £ and local function f = f(n1, ..., ne),
|
lim Ey / — dt | =0.
N—o0 o N

4.6)
Recall the empirical process py g associated with 77; x and the distribution Q
satisfying (4.5). With Lemma 4.1, it suffices to prove that

N—¢ ; N i _
; ¢ (ﬁ, t) f(Tin) — ;;w <ﬁ, t) ()7 k)

Qfver =68p0). Er—ae} =1, 4.7
for some K such that 1 < K < /N,

4.2.2 Balanced dynamics

Recall that the dynamics is called balanced when p_(t) = p4(t) fort € [0, T].
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Proposition 4.2 Suppose p_(t) = p4(t) = p(¢t) fort € [0, T]. Then (4.7) holds if

for Liggett case 1 < K < min{N“, N}; (4.3)
for reversible case 1 <« K < min{N%oy,cnoy, N}. 4.9)

Hereafter, we fix some K such that 1 < K < +/N, then conditions in both Lemma
4.1 and Proposition 4.2 are fulfilled.

4.2.3 Macroscopic current

The macroscopic current is defined by

J(T) = EQ [// dx dt/ Jdvx,,] , J(p) = pp(l —p). (4.10)
Xr

Lemma 4.1 with f = pn1(1 — n2), ¢ = 1 and formula (4.5) yield that

T
J<T>=1imEN[/l J (i x)d }
N—o0 0

Mz

=K 4.11)
T
= Jim Ey [/0 Z i 1+l(t)dt:| Jiiv1 = pni(1 = nig1).
In view of Proposition 4.2, the current for balanced dynamics reads
T
J(T) = / J(,o(t))dt, when o4 (1) = p(2). (4.12)
0

4.2.4 Coupling

The next two lemmas are proved by coupling the unbalanced dynamics with the
balanced one with boundary rate between p_(¢) and p4 (7).

Lemmad4.3 If p_(t) < p4(t) forallt € [0, T], then Q-almost surely

velp € lp—(0), p+ D1} =1, (x,1) —ae. in Sr. (4.13)
If p_(t) = p4(t) on [0, T, the above holds with [p4(t), p—(t)].

Lemma4.4 If p_(t) > p4(¢t) forallt € [0, T],
T
J(T) = /0 sup {J(p): p4 (1) < p < p_(1)}dr. (4.14)
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If p—(t) < p4+(t) forallt € [0, T},

T
g < [ it (103 -0 = p < pr0)ar (4.15)

By using (4.10) and Lemma 4.3 and 4.4 we prove the following proposition:

Proposition 4.5 Suppose that p— > p4, a.e. in[0, T]or p— < p4, a.e. in [0, T], then
the equalities hold in (4.14) and (4.15).

From Proposition 4.5 it follows (3.14).
4.2.5 Quasi-static hydrodynamics

We now conclude the proof of the quasi-static limits from Lemma 4.1, 4.3 and Propo-
sition 4.5.

Proofs of Theorem 3.2 and 3.3 Recall that £ is the limit distribution, as N — oo, of
the Young measures associated with py in (4.2). We first prove that if p_ — p keeps
its sign in [0, T],

D{Ux,l = (Sp(z), (.X, f) —a.e.in ET} =1. (4]6)

with p (¢) the entropy solution of (3.4) characterized by (3.6). Indeed, if p_ (¢) > p4(¢),
then is a unique p(¢) solution of

I(p®) =sup {J(p), pr(t) < p < p-(O}. .17)

By Proposition 4.5, J(T) = fOT J(p(t))dt. Together with (4.10) and (4.13),

a p— (1)
E //E dx dt/ [J(p) = J(p(t)]vxi(dp) | = 0. (4.18)
T .

+(1)

Since J(p) — J(p(t)) < 0 for p € [p4(), p—(¢)], the Young measure can only
be concentrated in its zero set, so (4.16) holds. The argument is similar for the case
p—(1) < p4(t) and (p—, p4)(1) ¢ ©.

For f = f(n1,...,n¢) and ¢ € C(X7), using Lemma 4.1 and (4.16),

. T 1 N—¢ .
Jim By [ | X (ZN r) f(fm)dt} - /[ o U o) dxdr

i=0
(4.19)

along the chosen subsequence. The uniqueness of the entropy solution implies the
uniqueness of the limit point Q and thus the convergence in probability.

For general [, s'] where p_ — p does not change sign, denote by . ; the distribu-
tion of n(¢) on Q2. Consider the process generated by N1+“LNJ, 0<t<s' —sand
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initial distribution px 5. As the arguments above are valid for any fixed time interval
and initial distribution, the result holds almost surely in [s, s']. O

The remaining part of this article is organized as follows. We first present in Sects. 5
and 6 some estimates on the microscopic currents and the Dirichlet forms. These
bounds are used repeatedly throughout the article. Then in Section 7 we prove Lemma
4.1 as a consequence of a general one-block estimate.

In Sect. 8, we treat the balanced dynamics and prove Proposition 4.2. The proof
exploits the boundary entropy—entropy flux pair defined in Definition 3.1. In fact in the
balanced case, we expect equality in (3.3), and we see in Sect. 8.2 that the time average
of the boundary entropy flux on the microscopic scale is negligible, see Proposition
8.3 and 8.4. This is the hard part of the proof. Finally in Sect. 9 we deal with the
unbalanced dynamics. We prove there Lemma 4.3 and 4.4 by constructing a coupling
between the unbalanced and balanced dynamics.

5 Microscopic currents

The microscopic currents j; j+1 associated to the generator Ly ; are defined by the
conservation law Ly ;[1;] = ji—1,i — Jji.i+1 and they are equal to

po-() = [pp—() + (1 = p)(1 — p— () ], i =0,
Jii+t = { Jiiv1 + l_Tp(m = ni+1), Jii+1=pni(l —=mi41), 1<i <N —1,
[P(1 = ps(@) + (A = p)ps(®)]ny — (1 = p)p4(1), i =N.
(5.1)
in the case of Liggett boundary rates and
oNA— (1) (p— () = m), i =0,
Jiivt = Vvt + 2L —nig), 1<i<N -1, (5.2)
UN)Ur(t)(TlN — p+(1)), =N.

in the case of reversible boundary rates.
Follow the argument as in [5,Section 2], fori = 1, ... N — 1 define the counting
processes associated to the process {1(¢)},>0 generated by N!T¢Ly , by

h4 (i, t) := number of jumps i — i + 1 in [0, 7].
h_(i, t) ;== number of jumps i + 1 — i in [0, 7]. (5.3)
h(i,t) :==hy(,t) —h_(i,t).

These definitions extend to the boundaries i = 0 and i = N as

h4(0, t) := number of particles created at 1 in [0, 7],
h_(0, t) := number of particles annihilated at 1 in [0, 7], 5.4)
h4+ (N, t) := number of particles annihilated at N in [0, 7], '

h_(N, t) := number of particles created at N in [0, ¢].
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The conservation law is microscopically given by

ni(t)—n;0)=h(G@—1,t) —h(i,t), Vi=1,...,N. (5.5)
Furthermore, fori =0, ..., N there is a martingale M; (¢) such that
t
hi 1) = N'* / Jiis1()ds + M; (). (5.6)
0

As n; ()] < 1, (5.5) yields that |h(i, t) — h(i’, t)| < |i —i’|. Therefore,

t
En |:/ (Jii+1(s) — ji’,i’+1(5))ds] =O0ON", Vi,i'=0,1,...,N. (5.7
0

Now fix T > 0 and recall the macroscopic current defined in (4.10). By (4.11),
(5.1) and (5.2),

T 1 N-—1 .
Ey [ fo N 2 it | =TT o 0 (5.8)
Hence, one concludes from (5.7) and (5.8) that
T
J(T)= lim Ey [/ ji,i+l(f)dfi| , Vi=0,1,...,N. 5.9
N—o0 0

In particular for reversible case, since i = 0, N are included in (5.7) and (5.9),

T
onEy [/0 A () (m () — p(t))dt} =-J(T)+ O(N™),

- (5.10)
GVEy [ /0 I O (v () — p+(r>)dr} = J(T) + O(N~%).
Since infjp, 7] A+ > 0, we obtain the boundary estimates
T C T
En [/ (m@) — p_(r))dt} <=—. [En [/ (nv (1) — p+(t))dt} < =
0 ON 0

Since T is arbitrary, this means the acceleration of the boundary rates (oy — 00)
forces the boundary conditions o4 (¢) in this microscopic sense.
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6 Microscopic entropy production: bounds on the Dirichlet forms

For any p € [0, 1], let v, be the product Bernoulli measure on Qy = {0, 1}V with
rate p. In particular, for the time dependent parameters p+ = p+(¢) denote

N
v () = Vo) = [| =@ [1 = px0]' ™", ¥YneQy. (6.1)

i=1

Recall that n(¢) is the process generated by N Itay, ~.: and denote by .y ; the distri-
bution of 7(¢) in Qy. For N > 2, define the Dirichlet form

1 N—-1 — 2
Deen ) :=75 3, ) (w/u«/v,r(n”’“ —\/uNm)) : (6.2)

neQy i=1

Let f If,[l be the density of y ; with respect to vy ; and define the boundary Dirichlet
forms as

1 . - —\?
D)= 5 Yl = poy (\/fN,,(nl) - \/fN,,m)) v (),
n
(6.3)

1 l—ny + + ?
DN =53 oy (U= p)™ (/ fib oM =/ fN,tw)) V().
n

In this section we establish some useful bounds for these Dirichlet forms. We start
from the Liggett case and prove the next result.

Proposition 6.1 (Liggett boundary). For all t < t', there exists C such that

t/
/ [D- 3 (5) + Dexen () + Dy ()]ds < C 64)
t

for all N. Moreover if p—(s) = p4(s) forall s € [t,1'], then

’

! C
[ 1m0+ D6 + D)) = ©.5)
t

Proof 1In this proof, any function f on Qy is viewed as a local function on {0, 1}Z in
the standard way.

Given any probability measure @ on Q, fora given¢ > 0 we extend it as a measure
with i{n; = 1} = p_(t) fori < 0 and fi{n; = 1} = p,(¢) fori > N.

Recall that Ly ; is the generator with Liggett boundary rates in (2.8). Also define
for all local function f on {0, 1}%
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Lacf =Y et [£ (1) = r]. ciy=pmil = np+(1 = py (= ).

i€z

exc generates the asymmetric simple exclusion process on {0, 1}%. As obtained in
[9,p. 244] in the proof of Theorem 2.4, for a function g = g(n1, ..., 1n),

Ly,g(n) — L% g(n)
= [plo- — o)A = 1) + (1 = pYo — p-)m |[gm") — g()]

+ [ =)o+ = v+ = 0w) + pGin+1 = o) [s ™) — g ()]
(6.6)
Observe that the integral of the right-hand side is 0 with respect to a measure it on
{0, 1}Z obtained by extending any measure 1 on Qy as above.
Recall the Bernoulli measure vy ; defined in (6.1) and the corresponding density
function fit: UN = fitvi,t. Consider the relative entropy H4 y(¢) given by

Hen() =Y fy,mlog fy v (m) =Y log fy (mun.i(n).

T]EQN UEQN

Using Kolmogorov equation and (6.6), we obtain for the entropy production that

d ' _ _d
SH NO =N Ly llog fiy June = 3 fyoov-

neQn neQn
d
1 z - - -
=Nt Z Ly log fN,t]/LN,t - Z fNJEV—,t 6.7)
nef0,1}2 neQN
1
=Nt Z th exc[longtV—f Z thdtv—f’
ne{0,1}2 neQn

where V_; = [[;-y vo_) ) [1;= N Vos)(mi). Observe that the last term in (6.7) is
bounded by CN.

Exploiting the inequality x(log y — 10g x) <2x(/y — +/x) forallx, y > 0, and
denoting that p =2p — 1, gy . = (fy. t)

Z th exc[long t]v—’<2 Z gNt exc[g;/,t]l_)—vf

nef0,1)Z nef0,1}%

= X Sl -] e, 0 — gy g e O

ne{0,1}2 i€Z
=11 +1r + 15 + 14,
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where the right-hand side reads

I = _% Z Z [g;/,t("i’iH) - g;/»’(n)]z D= (),

ne{0,1}2 i€Z

1 -
L=—5 ) 2 Gy ) — o *h]

ne(0,1}2 i€Z

1
=35 2 I[N =5 )],

nef0,1)%

L=p Y, Y i—nirDgy, 0" ey v
ne(0,1}2 ieZ

P _ — - i}
=5 D O =gy, "N ey [oo M =5,
nel0.1)2

Ta=p Y Y —men) [~y 20| oi ) = Blos ) = p- ()]

nef0.1}% i€Z

Notice that Z,, 73, Z4 are uniformly bounded in N and they vanish when p_ = p.
On the other hand, since fy , depends only on {n1, ..., nn},

Iy = —Dexen®) =Ty — 1y,

where 7 ; and 7; , are computed respectively as

1 2
Tu=3 > [g;,,,(nl) - g;,,t] v () Y (o = ) + mi (1 = n0))vp_ ) (n0)

neQN 10
1 2
=3 2 (=) +m = p-0) [gx, 0" = gy, | v-s =D,
neQN

Iy, = % > [g;,,(nN) - g;;,t]2 v_s ()

neQLy

Z (v = nneD) + v (= nm)vp, ) (vg1) = 0.

NIN+1

Hence, from (6.8) we obtain a constant C > 0 such that

> fu L [log £y Jv-i £ =D N() = Dexen (8) + C.
nef0,1}%
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Plugging this into (6.7) and integrating in time,
t
/ [Q—,N(S) + gexc,N(S)]dS <C.
0

The proof of (6.4) is completed by repeating the argument with H;
Now suppose that p_(t) = p4(t), then v_; = vy ; and we have Il F =91 N().
Therefore, (6.8) yields that

Z fN,tLerc[IOg Ine]ve £ =D N({#) — Dexen (1) — Dy N (D).
nez

Since Hy (0) = O(N), (6.5) follows similarly. O
For reversible boundaries, the following estimate holds instead.

Proposition 6.2 (Reversible boundary) For all t < t', there exists C such that

t/
/ (G- (DN (5) + N Dexe () + BnAs ()Dyn(O]ds <C (69
t

forall N. Moreover if p—(s) = p+(s) forall s € [t, 1], then

!

t
f [Gn - (5D (5) + oNDexeon (5) + Fn A (5)D 4 ()| ds
t

5 0o 7 c ) | (6.10)
5,#/ NNION PR =)
on Jo LA=(s)  Ayg(s) N¢ N¢
Proof Similarly to (6.7), we obtain for the entropy production that
d
—H_n() <N > fy Lyllog fy Jv_; + CN. (6.11)

di neQN

Applying the argument used in (6.8),

D fya(Lng = Gnhp (L )llog fiy v,
neQy

< =GN (D N () = ONDexeN ) + P Y (v — M) fyy V-
neQy

In view of (5.10), the last term can be bounded as

J (1) J® } c
Na’

ﬁ;(mv =) fy V- = [p+(t) -0tz NA—(1) * N4 (1)
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For L, 4, since fy ,v—; = f;,r’tv+,,,
_ _ _ v
Y fuiLaellog fy ooy < =N+ ) fy Lo [log (%)] Vo
n 0 !

Noting that p+ € (0, 1), standard manipulation shows that

o O R N TR e

Let F(p) = plog p+ (1 —p)log(l — p), so that F'(p) = log(p/(1 — p)). By (5.10),

J®)+ 0N

iy 0

_ Vg,
D Fula [log (vl)} v = =[F'(p+ () = F'(p-(1))]
]
Putting all these estimates together, we obtain from (6.11) that

d . ~
THN®) = = N8N (0D v (1) + oNDexe, v (1) + 25N A4 (D4 v (1)]

+ N™[C(ps, 1) + Gy COs,0)] + CN,
where C(p+, t) and C (14, t) are constants given by

Clp+, 1) = plps(t) — p— ()] = TO[F'(p4 @) — F'(p-(1))],
COx,0) = pT ORI @) + 221 0)].

We can then conclude (6.9) by integrating in time. For (6.10), it suffices to observe
that C(p+, ) = 0 when p_(t) = p4+(1). O

Remark 5 The condition p_(s) = p4+(s) is necessary for C(p+,s) = 0. Indeed, in

view of Proposition 4.5, if p4(s) < p—(s), T (s) = sup{J(p); p+(s) < p < p_(s)},
SO

p—(s) p—(s) _
C(pi’S)Z/ (ﬂ_ﬁ)dp:/ Mdp>0.
p+(5) p(l - IO) p+(5) 10(1 - IO)

Meanwhile if py(s) = p—(s), T (s) = inf{J (p); p—(s) = p = p+(5)}, 50

ﬂ+<5><_ J(s) )d :/W) 1P =T@
P

C(ps.s) = _
(P2 5) /pm o —p) o p0-p

Hence, better bounds are available only when p_ = p4.
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7 Local equilibrium

Recall that uy ; is the distribution of the dynamics at time ¢.
We prove in this section Lemma 4.1, as a direct consequence of the following
one-block estimate.

Proposition 7.1 There exists some constant C, such that for any £ > 1, function f
supported on {ny,...,ne}, N>k >Landt > 0,

N 3
_ 2 CLlKk’Dexe,n(t) + N
. - . d 2
/;M tk—e = (N[ dpn, < ]

) (1.1)

where fix := (k + D)7 f(micim) + f@igrin) + ...+ f(@n)]

Remark 6 From the proof below, it is easy to see that the uniform average f; x in can be
replaced with weighted average f*, = ZOgjfk ay,j f(ti—;jn) for any weight {ay, ;}
such that ) ; ax j = land }; a,%’j =0k

Proof For p, € Iy :=={i/k;i =0,1,...,k}, define

1 k
Qp, 1= 111= (01, ) € Q| 2D 0= paf - (72)

i=1

Let vk(- | ox) be the uniform measure on Q .. Fori =k, k+1,..., N, let
—ik .
B (Px) 7= [N .1 {Micks1, o omi) € Qup )
ik BN ikt 15 -5 M) (7.3)
MN,[(nl.fk‘F]"*-’nilp*) = —ik N
/"L]\’l’[(p*)

Write F; x := fi—e.k—e — (f) (i k). By the relative entropy inequality,

[ 17l dins = 3 o0 [ 1FaPand 1o

px€lx

1 ik ik k
== 2 A0 H (B Cloi v o) (7.4)
€l

+ log/exp {a|ﬁ,k|2}dv"<-|p*>}, Ya >0,

where H is the relative entropy: for two measures p, v on € ,.,
H(u;v) = /(log,u —logv)du. (7.5)
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The logarithmic Sobolev inequality (A.2) yields that there is a universal constant Cpg,
such that for each i, k and p,

H (1l o vEC o) = 27 sk, o), (7.6)

where the Dirichlet form in the right-hand side is defined as

: 2
D Z Z <\/MN (""" +1] o) —\/u’]’v'ft(nlp*)) .an

i’)EQk px 1

Plugging (7.6) into (7.4) and using Schwarz inequality, we obtain

N 5 c
Z/ |-7:i,k| d,uN,t =< cxc,N(t)
=k y (7.8)
1 _i 2
+2 30 3 A potog [Tt pp).
i=k py€ly
The desired estimate then follows if we can find constants ¢, C such that
) K ck
exp {alFixl}dvi (- 1p) = €, Va < . (7.9)

We are left with the proof of (7.9). Without loss of generality, we assume that the
local function f € [0, 1]. By Hoeffding’s lemma, for all p € [0, 1],

2
1og/e“[~f—<f><P>]du,, < % VaeR. (7.10)

By splitting the family {f(z;n),i’ =i —k, ..., i — £} into independent groups and
applying the generalized Holder’s inequality,

i—f

o /ex TS f@m = ()] | dv, < ta” (7.11)
g k—t+1 i P PE8k—etr )
Standard manipulation then shows that if a < Nk -+ 1),
1 i—t 2
log/exp ey Z [f@m) = (/) )]| {dvp <3. (7.12)

i'=i—k
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In order to obtain (7.9) it suffices to replace v, with its conditional measure VEC | pw).
It follows from an elementary estimate that

v(nlr =17 | ) < Cvp.(nlr = 1) (7.13)
forall' C {i —k+1,...,i}suchthat |'| <2k/3. m]

With Proposition 7.1 and the estimates on the Dirichlet forms proved in Sect. 6,
one easily concludes Lemma 4.1.

Proofof Lemma 4.1 Let g = (f). As K > ¢, Proposition 7.1 yields that

T 1 N ) T K2 1
En /0 N;:ZK | fice.k—¢ — g(ix)| dr | < C/fo [Wgexc,zv(t)-i- E] drt.

(7.14)

In view of (6.4) and (6.9), for K such that 1 < K < VN, the expression above
vanishes as N — oo. Using Schwarz inequality,

N—o0

lim Ey [/T 1 i < ) Fioex l_g(mK)]dt} =0. (7.15)

Meanwhile, since K <« N and ¢ is continuous, we can replace f(t;n) by its block
average with a uniformly vanishing error for each ¢ € [0, T']:

N

. 1 i
Jim 21; v (ﬁ’ r) [f@iem) = fioek—] =0. (7.16)
1=
Lemma 4.1 follows from (7.15) and (7.16). O

8 Balanced dynamics

In this section, we focus on the balanced dynamics: p_(t) = p4(t) = p(t) for
t € [0, T']. Our aim is to prove Proposition 4.2 for both Liggett case and reversible
case.

Recall the uniform block averages 7; x defined by (4.1) and the mesoscopic scale
K = o(N). Define the smoother weighted averages

ﬁi,K5—_Z7’h+]K—FZ —lini-j, i=K,...,N—K+1.
lil<K

8.1)
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The empirical process py = pn .k (n) associated with 7); x reads
N-K
Ayt = D XNk (@), (1) €[0,1] x Ry, (8.2)
i=K+1
with x; y in (3.8). Observe that (11, ny) does not appear in (8.2), so the boundary
generators do not contribute to the time evolution of py .
We prove Proposition 4.2 via two lemmas. First, we observe that p and p are
essentially equivalent across different mesoscopic scales.
Lemma 8.1 If the dynamics is balanced and K, K' satisfy that
for Liggett case 1 < K, K' <« min {\/ Nl+a, N}; (8.3)
for reversible case 1 < K, K' < min { N(N® +Gy)on, N}, (8.4)

then for any ¢ € C([0, 1] x Ry) and g € C([0, 1]),

lim ]EK,N‘O [//X o(x, t)[g(,oN,K(x, t)) - g([)N,K/(x, t))]dx dti| =0. (8.5
T

N—oo
Then we show that py g converges to p(¢) with some specific K = K(N).

Lemma 8.2 [fthe dynamics is balanced and K satisfies that

for Liggett case v'N < K < min{N“, N}; (8.6)
for reversible case max {\/N, oN} <« K < min {N”UN, ONON, N}, 8.7)

then for any ¢ € C([0, 1] x Ry) and g € C([0, 1]),

lim //2 <p(x,t)g(ﬁN,K(x,t))dxdr=ff)S o(x, Dg(p(t))dt (8.8)

N—o0

holds in probability for any sequence of initial distributions [y 0.
The assumption a > 1/2 for Liggett case and (2.10), (3.13) for reversible case

assure the existence of a common sequence K = K (N) satisfying the conditions in
Lemma 8.1 and 8.2. Proposition 4.2 then follows straightforwardly.

8.1 Proof of Lemma 8.1

For the balanced dynamics we can prove a stronger version of Lemma 4.1.
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Proof of Lemma 8.1 Observe that with @; (1) := Nfol Xi.N (@@ (x, t)dx,

(2K —1)Tg(0)
//zr g, 8oy (x, 1) dxdt = ————— / Z(p,(t)g UIN

(8.9)

As g € C([0, 1]) can be uniformly approximated by polynomials, it is enough to
consider g(p) = ,0’Z for all fixed £. For a choice of f = 111> ...ne wehave (f) (p) =

g(p).
Fix some K satisfying the conditions of Lemma 8.1. Combining Proposition 7.1

with (6.5) for Liggett case, or (6.10) for reversible case, we obtain

Tl N
Jim Ey [/ Z\g k) — fi—e.k—e| dz}—o (8.10)

Schwarz inequality then yields that

hmENU Zgoz(t) ik) = fi—e.k—e]d ]=0. 8.11)

Similarly to (7.16), fi—¢ xk —¢ can be replaced by f (t;—¢n) with a uniformly vanishing
error. Therefore, from (8.9) we see that py g are identical for different K:

T 1 N
lim Ey // wg(pn,k)dx dt —/ — > @i f(Ti—en)dt | =0. (8.12)
N—o00 |: Sr o N ;

To extend the argument to Py g, observe that |g'(x)| = ext <y,

T | N-K'+1 2
Ey /0 5 g (i) — 8 (v kr—1260-1)|dt
i=K’ (813)
N—K'+1
< Ey / S ik = fisk—1.2x0-1 | dt

i=K’

Using Proposition 7.1 and Remark 6 with f = 5y, k = 2K’ — 1 and g ; be the
weights in 7); g, the right-hand side above vanishes as N — oo. Therefore,

T 1 N
lim Ey [f/z @8 (PN k)dx dt _./o N Z(ﬁif(fi—w)dti| =0. (.14
T i=0

N—o0
Lemma 8.1 then follows from (8.12) and (8.14). O
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8.2 The boundary entropy production

We are left with the proof of Lemma 8.2. Recall the boundary entropy—entropy flux
pair (F, Q) in Definition 3.1. For ¥ € C'(2£7) and w € C'(R..), define the boundary
entropy production

xfwow) =N [ [ [FGye i + 0, F Gy, wyu'v]dx ds

= (8.15)

+[[ otw wayaxa,
Xr

where py = pn. k is the empirical process defined in (8.2).
From now on we fix an arbitrary p € c! ([0, T']) such that p(¢) € [0, 1]. We see in
below that balanced dynamics has zero boundary entropy production.

Proposition 8.3 (Liggett boundary). If p_(¢) = p+(t) = p(t) and (8.6) holds, then
m 25 [ =0

Sfor any initial distribution py o, boundary entropy—entropy flux pair (F, Q) and €
C2(7) such that (-, 0) = (-, T) = 0.

Proposition 8.4 (Reversible boundary). If p_(t) = p4+(t) = p(t) and (8.7) holds,
then the result in Proposition 8.3 still holds.

The proofs of Proposition 8.3 and 8.4 are similar and are postponed to Sections 8.3
and 8.4. From (8.16) we can conclude the proof of Lemma 8.2 as follows.

Proof of Lemma 8.2 Given any boundary entropy—entropy flux pair (F, Q), define the
boundary entropy flux of a Young measure v € ) with respect to boundary data
w € C([0, T]) as the functional

1
QW v, w) := // Y(x, Ddx df/ Oy, w(t)vy((dy), V¢ €C(Z7).
)] 0
! (8.17)
Let D" be the Young measure associated to py, i.e., DY, = 85y (.0 Since F and 9y, F

are bounded and a > 0, for all ¥ € C'(Z7),

N
X,t

Jim BN (| 0@ v, ) = X )] =0, (8.18)

where p(t) = p+(t). Since the map v +— Q(axw; v, p) 1~s a bounded linear functional
on ), it is continuous and consequently the set {v; |Q(d,¥; v, p)| < &} is open.
Thanks to Lemma 8.1, the distribution of D" converges to . By (8.16) we have

(/0@ v, p)| > €) < liminf Py (‘Xﬁ(w, ,0)‘ > 8) —0 (8.19)
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forany e > Oand ¢ € C%(Z7) such that ¥ (-, 0) = ¥ (-, T) = 0. Hence, the following
holds with Q-probability 1:

1
O(x,1) :=/0 O(y, p()) vy (dy) =0, (x,1)-ae. inXr. (8.20)

To prove Lemma 8.2, it suffices to show that v, ; = 8, if (8.20) holds for all
boundary entropy flux Q. We make use of the boundary entropy

1 1
N5 —U, Ov N 5),
Fu,w = w2 ucldw 1 2) (8.21)
0, ue [w A 29 1]’
The corresponding boundary entropy flux is
TJw ALy =T, 0. wA 3,
Qu.wy = |/ W2~ T el wag) (8.22)
0, ucelwns, 1].

As Q(u, w) > 0 for all (u, w) but Q(x, 1) = 0, we conclude that Vyx,; concentrates on
the zero set of Q, whichis [p(¢) A 1/2, 1]. Similarly, choose

uel0,wv il

3, ue@vi 1,

F(u,w):{o’
U—wv sy,

0, uel0,wv il
Jw)—Jwv ), ue vyl

Qu, w) = {

As Q(u, w) < 0. the condition Q(x, ) = 0 then implies that vy ; concentrates on
[0, pt) Vv 1/2]. Hence, vy ;(A;) = 1 almost surely on X7, where

1 1
W= |:,0(t) A > p(t)V E} . (8.23)

Finally, to close the proof we choose
Fu,w)=lu—w|, Qu,w)=sign(u—w)(Jw)—J(w)). (8.24)

If p(r) < 1/2, Q(u, p(t)) > 0 on A, = [p(7), 1/2] and the only zero point is p(7),
so that Q = 0 implies v ;) = 8(r). If p(¢) > 1/2 the argument is similar. O

Now we prepare some notations for the proofs of Proposition 8.3 and 8.4. Let

2K +1 2K — 1
BN:=|:O, +>U|:1—

,1], N> 1. (8.25)
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Forvy : ¥r — Randeachi =1,..., N,

1 .
_ . i 1
Yi(t) = N/O Y(x,Dxin@)dx, i) =y (ﬁ N t) : (8.26)
Recall the non-gradient current J; ;1 = pn;(1 — n;+1) and let
. 1 '
Jik =25 D0 (K= 1idiji-ji- (8.27)

ljl<K

We shall fix some boundary Lax entropy—entropy flux pair (F, Q) and write Xy
instead of X f/ for short. We also omit the arbitrary initial measure @y o and denote
the expectation with respect to {n(¢); r € [0, T]} by Ey.

8.3 Proof of Proposition 8.3

We begin with a decomposition lemma. Recall that for a sequence {a;, i € Z}, Va; =
ai+1 — a; and V*ai =da;j—1 —da;.

Lemma 8.5 Xy satisfies the following decomposition:

4

Xn (W, w) = My, w) = Y AR (¥, w), (8.28)

i=1

where My is a square integrable martingale and Ag\i,) are given by

7 N-K
A= [% G F e )V G - sG] ar
0 i—k+1
1 ]3 7 N—-K
2 — - . .
A = = > iduF (i k. w)AR; k di,
0o -
i=K+1 (829)
o _ LT oo !
AQ ::N/ 3 i(si,K—l—si,K)dt—/ 00, w)d, v dx dt,
0 i=Kk+1 0 JBy
7 N-K
4 - . . A
Ay 1=/ > [K/fiauQ(ni,K,w)V*m,K - VlﬁiQ(m,K,w)] dr.
0o -
i=K+1
Here ¢ and ¢®). are res jvely given b
ik K pectively given by
y HE ( o N 5
(1) P P\ o2 = Aj Ll s
& k=5 pni + —) 0, F(nijk,w) (77~ kK~ ni,K) ,
2 j:iZ—K 2 ) - (8.30)

2 A N N
ey == N[V*J (hi.x) — J (i) Vi k |-
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~ . . . . njjtl
where 1; j k is some intermediate value between 1; k and 77{ ,]<+ .

Proof We omit in this proof the dependence on w in (F, Q). Observe that

N—-K

1 1 _
/ F(bn x, 0)¥ (x, Ddx = — > GiOF (k@) + FO) | ¥(x. t)dx.
0

i=K+1 By

Noting that ¢ (x, 0) = ¥ (x, T) = 0, Dynkin’s formula yields that

M) = N7 [ [P )t 0, F G wyu'v]ax
T

_ 31
—a 1 =~ 7. A7 1+a ~ ®31
N D UiN" Ly [F (i x)ldt
i=K+1

is a square integrable martingale. For the second integral in (8.15), straightforward
computation shows that it equals to

7 N-K

T
ON (Y, w) :=/0 > Q(ﬁi,mw?idwrfo 00 | axydxdr. (832
N

i=K+1
Therefore, (8.15) can be rewritten as

7 N—-K

XN, w) = —/0 D Ly [F (i x)ldt + Qn (W, w) + My (¥, w).

i=K+1
Since #; g is independent of (9, ny) for K +1 <i <N — K,

i+K—1

Ly FGi0l= Y (ﬁni+%> [F (i) = Fain |

j=i—K

~ A — 1
= 0y F(Mi k) Lexc[ni k1 + N 181»(’1)(-

(8.33)

Recall that Lexe[ni]l = Ani + V*Jjiv1, Ani = Vi — V'nipq and V¥ 41 =
Ji—1.i — Ji.i+1. Therefore, Lexc[7;, k] reads

R l-p . A R
Lexelni x]1= TATH,K +V* [Ji,K - J(ﬂi,K)]

~ A~ — 2
+J (i, )V ik + N ey

(8.34)
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Quasi-static limit for the asymmetric simple exclusion

We then obtain that
7 N—-K
Xy, w) = f ijJmmem+Qmme]t
et (8.35)
1 2 3
—AY —AY =AY + My p, w).
Since J'9, F = 9, 0, the conclusion then follows. |
We have to evaluate each term in the right-hand side of (8.28).
Lemma 8.6 limy_. oo Ex[|Mn (¥, p)|] = 0.
Proof The quadratic variation of M satisfies that
TNZl L [NK 2
L+ - N 1 N
(My) = / > i [ Y w(FGIET - F(m,K))] dt
0 = i=K+1
TN 1 2
—NH_a/ |: Z WIa F(nth)( _ﬁi,K):| dt,
= i=K+1
where 7); ;  is some intermediate value between 7; x and n] I+ Direct computation

shows that

o 1\ Vn;
NNES ~ . . n . . .
’7l'],1j<+ =fik sgn(t—]—§> _2/, j—K+1<i<j+K (8.36)

and otherwise ﬁl] ’[];r] — 7li.k = 0. Hence, define the block
={K+1<i<N-KIn{j—K+1=<i=<j+K} (8.37)

Since |A j| < 2K, we obtain from (8.36) the estimate

0F2 [TX 5 72 NN PSR
(My) = =z | 3 30 Y (k™ — i) dr
O j=lien; ien,

N (8.38)

ClauFI5, (" 2 Fl

< G [0 S = SR
j=lieA;
The conclusion then follows from Doob’s inequality. O

For the remaining terms in (8.28), we make use of the following block estimates.
They are corollaries of the one-block estimate in Proposition 7.1.
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Corollary 8.7 (One-block estimate for current). For balanced dynamics,

7 N-K K2 N
EN[/ > [k 1600 d ]_C(N“+ ) (8.39)

with some constant C independent of K or N.

Corollary 8.8 (H; estimate). For balanced dynamics,

7 N—K 1 N
En |: > (Vﬁi,K)zdti| =C (N“ T ) : (8.40)
0 i—x

with some constant C independent of K or N.

Proof of Corollary 8.7 Similarly to Lemma 8.1,take £ =2, f = pn(1 — ),k =2K
and observe that the weighted average J;_x x = f;‘iz 2k —n» Where

2K

fiv= aw i fTijn). ax =

j=0

K+1—1]j—K|

TEu (8.41)

Since (f)(p) = pp(1 — p) = J(p), by Remark 6 and Proposition 7.1,

N
/Z Jikx = I (in2x) | duN,<C[K ©ech(z>+K] (8.42)

i=2K
Similarly, take £ = 1, f = n1, k =2K — 2 and
2K-2

K — K+1
fiw = Z %f(z in, (8.43)
j=0

then f* Lk—1= = Ni—k+1,k and the same argument gives that

N
/ Z Ni—K+1,K — 1Mi 2K — 1) dun; < C’ [K Dexe, N (1) + Ki| (8.44)
i=2K—1

As |02k — Ni2k—1] < K~! and J’ is bounded, the corollary follows from (8.42),
(8.44) and Proposition 6.1. O

Proof of Corollary 8.8 Observe that fori = K, K +1,...,N — K,

Ni+K,K — Ni,K _ 2 <7h+1 LMK
K K

—n; . 8.45
X X 771+K,2K) (8.45)

Viix =
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Quasi-static limit for the asymmetric simple exclusion

Proposition 7.1 and Remark 6 then yield that
7 N—K
EN[ Z(Vﬁi,m%h}
0 =k
4 (T & ik ni 2
= En|— —t .= =0 )dt
N|:K2/0 i;{ % +...+ Ni2K

K
¢ 2 ! NT 1 N
= F[K/o i)exc,zv(t)dtJr?]gc et )

where the last line follows from Proposition 6.1.

The following result helps us treat the blocks located at the boundaries.

Proposition 8.9 For balanced dynamics with p_(t) = p4+(t) = p(1),

T
A 2 K 1
E —pM|dt| <C
N[/O 1Hk.x — ()] }_ <N“+ )
Ey / ’an(](’dt <C ! +1
N“K K3

(8.46)

(8.47)

with some constant C independent of K or N. The same upper bounds hold with

NIN—K+1,N and ViN_k.

Proof of Proposition 8.9 The proof goes similarly to Proposition 7.1. Denote by ;Lﬁ .

the distribution of {n, ..., nx} attime? andlet fX = uX /v, be the density with

respect to the Bernoulli measure. By the relative entropy inequality,

N 2 1 PN
/ |nK+1,K — p(t)| dun < ? |:H(,u]1\<,,,; vp(,)) +log/el<|m<,k o) dvp(;)} .

Applying Proposition A.1 proved in Appendix A,

H(1h i vow) < L > Z <\/ OTE ’“)—\/ ,(n)) Vo ()

neQg j=1

CK 2
+5 e = p)™ (\/fﬁ,,(n‘) —\/f,\’,ﬁt(n)) Vo (M),

neQg

with some universal constant C. Therefore,

H(uk ;i vp0) < CK*Dexe v (1) + CKD_ y(0).

(8.48)
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As the exponential moment with respect to v, is uniformly bounded,

A 2 1
f k416 — p®)|"duns < C |:K©exc,N(t) +D_ N+ f} . (8.49)
We only need to integrate in time and apply (6.5). The other estimates can be proved
in the same way. |

Remark 7 From Proposition 6.1 and the proofs below, the factor N~ in the previous
estimates is available only for balanced dynamics. For unbalanced dynamics, these
estimates hold with N ~¢ replaced by 1.

Now we bound each term in (8.29) for balanced dynamics.

Lemma 8.10 Assume a > 1/2 and (8.6), then
lim Ey [|A5\})(1//, p)|2] —0. (8.50)
N—o0
Proof By summation by parts and the intermediate value theorem,
1 1,1 1,2 1,— 1,
AP W p) = AYY +AGY + AL — AR,
7 N—-K
1 - N - R
A0 = [0 3 ik p0) [k — G .
0

i=K+1
7 N-K

Ay =/0 > WO (s, pO)Vilk [k — I G0 | dr,

i=K+1

T
1.— - . A .
AS7 = [t Ficsr o) [Jex = S| dr
0
an_ [T ;
Ay = [ UN-K+10u F(IN-k+1.k. P(1)) [JN—K,K - J(ﬁN—K,K)] dt,
0

where &; g is some intermediate value between 7; g and 7y . By Corollary 8.7,

2
1,1)2 K 1
Ey [[AY"7] = Clacw lonFi (W*})' (8.51)

For A%’Z), using Schwarz inequality, Corollary 8.7 and 8.8,

2 2
2 K N
By [[AV7] = clv ot iz (Nzu 4 ﬁ> . (8.52)

For the boundary terms, recall that 9, F (i, w)|,=y = 0, then

0uF (k1K 0(0) = 0ZF (1, p(0) (A 11,5 — p(1), (8.53)
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Quasi-static limit for the asymmetric simple exclusion

for some intermediate value n_ between fx 41 x and p(¢). Hence,

) K 1
Ey [|44 7] = cluiklo?rik (W+?>, (8.54)

thanks to Proposition 8.9 and the boundedness of J. The right boundary term A%’H
can be estimated similarly. When N — oo, all the upper bounds vanish since K is
chosen to satisfy (8.6). O

Lemma 8.11 Assume a > 0 and K > N'/3, then

lim E [ AD (y, ] —0. 8.55
Aim By | N W ,0)| (8.55)
Proof Similarly to A(l), with some &; g between 7; x and ;41 k,
2 2,1 2,2 2,— 2,
AP W p) = AGY + AGY + 4G + AGT,
@1 1—p (T R
Ay = _T/o > Vi F (1. p(0) Vil k dt.,
i=K

0 1_[3 7 N-K - . 2
Ay = —T/o ,;; Vidy F (& k. p()(Vii k) dt,

_ T
- 1-— P - N A
Ay = _T/o Yk F (k.. p(0))Vilk 41,k di,
en 1—p (T- . .
Ay = 5 UN-K+10F (AN—k 41,k (1)) ViiN_k Kk dI.
0

Due to the H estimate in Corollary 8.8,

I 1N
Ey [[4GV] +1457 (] = cw. P <N + 1) (W + F) . (8.56)

For the boundary terms, similarly to (8.53),
@) ! 2
x 148 7F) < cwiigri < sy | [ (Tikorn)ar]
r 2
x En |:/ (ﬁK,K — ,O(t)) dti| (8.57)
0
< 'yl P (i " i)
- ootTu™ 100\ N2a K4’

where the last line follows from Proposition 8.9. The last term is bounded similarly.
Observe that all bounds vanish under our conditions. O
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Lemma 8.12 Assume a > 1/2 and (8.6), then AS)(w, p) — 0 uniformly.
Proof Observe from (8.30) and (8.36) that for any i,

lim
N—o0

2
“)(5 fim SV Flos _ (8.58)

N—o00 K3

Meanwhile, noting that J = pp(1 — p) and J” = —2p, we obtain that

= N|J (chi—1.x + (1 = Ofix) — I (i) || Vi |
cN (8.59)

= 2N —o)| Vi k|” < ok

with some & € [0, 1]. Therefore, they vanish uniformly as N — oo.
We are left with the integral with respect to By. Recall the definition of By in
(8.25) and note that it has Lebesgue measure 2K /N, so that

T
Clo K
/ 0(0. oy du di| < S0V 1 ClK (8.60)
0 JBy N

Thus, this term also vanishes uniformly as N — oo. |

Lemma 8.13 Assume a > 1/2 and (8.6), then

: 4)

Jim By (|0 p)] = 0. (8.61)

Proof Similarly to A%), with some &; g between 7; x and ;41 k,

AP, p) = ALY 4 44D | 0D,
4,1
AGY / T (= )0 Qi p0) Vi i,
i=K+1
N—K
4,2
AGY = / > Wil QGik. PV ik — VFQi k. p)]dt.
i=K+1

T T
AP = /0 V410 Ak & p(0)dt — /0 Un-k110(An—k k> p(1))d1

For AE\‘,“), direct calculation shows that |; — 1/~/,~ | < Clay Yoo N, so that |A§3’1)| <
C(¥, Q)K" Meanwhile, |A?| < C(y, Q)NK 2 because

R R R .2
0. Q (i, i, LYV Ttk — VF QWi k5 P)| < 105 Qloo| V¥ k| (8.62)
Therefore, these two terms vanish uniformly if K2 > N.
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Quasi-static limit for the asymmetric simple exclusion

We are left with the boundary term. Recalling that Q(w, w) = 0 for all w € R,
we have |Q(Nk k., p(1))| < 18, QloolNk .k — p(2)]. Since similar estimate holds for
Q(N-k.k, p(t)), in view of Proposition 8.9,

2 K 1
IEN[IAEQ""‘”I ]§C|1/f|§o|8uQ|§o <—a+—>. (8.63)
N K
The desired estimate then follows from (8.6). O

8.4 Proof of Proposition 8.4

As the proof for reversible case goes parallel to that of Liggett case, we only emphasize
the difference here.
By the same computation as in Lemma 8.5, Xy satisfies the decomposition formula

(8.28), where A}, i = 1,3, 4 and £y, are given in (8.29), (8.30),

_ 7 N—-K
2 ON — P T A N
AE\,) = T/() Z Yi0u F (i, k, w)An; k dt,

i=K+1

N i+K—1 oN 13 2

1 _ - ~ N TR

8,(1)< =7 Z (P’Ii + 2 ) OZF(7ii j .k, w) (77,]1]( - Ui,K) ,
j=i—K

with proper intermediate value 7j; ; x between f; x and nj AR

To continue, we make use of the following block estimates. Observe that they differ
from those obtained for Liggett boundaries, since the Dirichlet forms possess different
upper bounds here (Proposition 6.2):

C 1 C 1 1
/Dech(I)d1<—(W+~> /@:I:N(l)dt<~—<m+ﬁ>.

Their proofs are same as the Liggett case, so we omit them.

Corollary 8.14 (One-block estimate for current) For balanced dynamics,

K2 /1 1 N
EN|:/ IK_‘I(an)] i|§c|: <Na+~_)+?i|» (864)

with some constant C independent of K or N.

TNK

Corollary 8.15 (H estimate) For balanced dynamics,
7T N—K
1 1 1 N
EN[O Z(Vn, )dr}c[ (Na+ )*F] (8.65)
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with some constant C independent of K or N.

Proposition 8.16 For balanced dynamics with p_(t) = p4(t) = p(t),

E / k. — (t)|dt <C £+i L+L +£
N nK.K — P o T v ) \ 3 X’

c /1 1 c
E v dt — =)+ =
N[/ [Vik.x| ] Koy (N“+UN>+K3

with some constant C independent of K or N. The same upper bounds hold with
AN-k+1,n and VilN_k.

(8.66)

To show Proposition 8.4, it suffices to evaluate each term in the decomposition
(8.28). We sketch the proof in two lemmas.

Lemma 8.17 Assume (2.10), (3.13) and (8.7), then
, D2 | 1 4P2 L 4@ P2
Jim Ey (Ml + AP + 40 + 40 ] = 0. (8.67)

Proof For the martingale My, its quadratic variance (My) reads

1 7 N—1
W/o <P7h

Using (8.36) and the same argument as in proving Lemma 8.6,

2

-\ [ N-K
P) [ Z 1pi(F(ﬁz] IJ(H) - F(ﬁi,K)):| dt. (8.68)

i=K+1

Cloy + ) Clox + )
(My) < ot D f szdr O D gy, 669

For Ag\}), applying Corollary 8.14, 8.15 and the argument used in proving Lemma

8.10,
2 K? /1 1 1
Ey |:|A§\})| ]<C1(W F)|: (Na+~—>+E:|

K? K?  N?
+ G2y, F) W"‘%"‘ﬁ

K 1 11 1
+C3(w’F)[(E+?f_) (Na+ )JFE]‘

For AS), it vanishes uniformly as

(1) CNO'N

) CN
l K K3 ’ =

yIER=S (8.70)
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Quasi-static limit for the asymmetric simple exclusion

For A%), we can argue similarly to Lemma 8.13 to obtain that

K K2
K 1 1 1 1
rewo|(5 g ) (v a) tx)

Thanks to (2.10) and (8.7), we have as N — o0,

Bx [l 7] =con 0 (% + 33)

K K 1 1 N Noy
N o(l), — (N“ + = ) =o(1), K= o(1), ? =o(1), (8.71)

which assures the vanishing of all the bounds above. O

Lemma 8.18 Assume (2.10), (3.13) and (8.7), then
lim Ey [|A(2)(1//, p)|] —0. (8.72)
N—o0 N
Proof With some &; g between 7); g and 7,11 x we have

2 2,1 2,2 2,— 2,4+
AD (g, p) = AGD L AGD 4 4@ 4 4@,
7 N-K

U f—
AGh =L 3 VIF (i, 00) Vi .

4G _ _UNT_/ Z Va2 F (& k. o)) (Vi k) dt,

— O'N -
AQD = / Yk F (k. p()) Vil 11,k di,

2 oN — - . .
AEV’JF) = T/ UN—Kk+10uF (AN—k+1,k, (1)) ViiN_k K dI.
0

By the H; estimate in Corollary 8.15, as oy < N,

Ex [ag " +|a5?] < cw. ;) N, S .
9 - O— ~ e
N N N - N N Néoy  ononN K3

, L, 1, Noy
<C'W,F) W +F .
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We are left with the boundary terms. Similarly to (8.53),

T

Ey [|A§5’7)|2] < C(]//, F) x O']%/ x En [/(.) (Vﬁ](,[()zdt]

T
x Ey UO (hk.x — p—(t))zdt} (8.73)

oN 1 1 01%,
<14+ —=—|— + =] +-2X,
- <+K'&'N)(N2“+&']%,)+K4

where the last line follows from Proposition 8.16. The right boundary term is estimated
similarly. Finally, the proof is completed by noting that all the bounds above vanish
as N — oo under our conditions. O

Remark 8 From the proof above we see that the expectation of Aﬁ) does not vanish if
p— # p4. Hence, it is responsible for the non-zero entropy production associated to
the solution of (3.4) in this case.

9 Unbalanced dynamics: coupling

In this section we prove Lemma 4.3 and 4.4 by a coupling argument. Recall that in
Liggett case, the time-dependent boundary rates are given by

1+p 1+p 1—p 1—p
By, )= ——p, —— (1 — ,—— (1 —p_), , 1
(aﬁy)<2p 2(p+)2(p)2p+ 0.
while in reversible case, they are
(@, B.v.8) =GN (hep—s A (1 = p), Al = ), Ay 4 ). 92)

Recall the limit distribution 9 on Y satisfying (4.5) and the current 7 (7') satisfying
(5.9), both associated with the boundary rates («, 8, y, 8).

Lemma9.1 Ifa < oy, y = v« on [0, T, then for each y € [0, 1],
ERves([y, 1D] < E® sy, 1D].  (x,1) —ace. in B, 9.3)

where Q. is the Young measure corresponding to (¢, B, Yx, 8). The same result holds
for (a, B, v, 84) such that B > By and § < §, on [0, T].

Lemma 9.2 Suppose that @ < ay, y > v on [0, T]. By J.(T) we denote the current
associated with the boundary rates (o, B, V«, 8), then J(T) < J«(T). The inverse
inequality holds for the current associated with (o, By, ¥, 6x) if B = By, 6 < 84 on
[0, T].

The proofs of Lemma 9.1 and 9.2 are postponed to the end of this section. We here
first show Lemma 4.3 and 4.4 based on them.
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Proof of Lemma 4.3 In Liggett case, let p'(r) = max{p_(t), p+ (1)} for t € [0, T].
Define (ay, B, Vx, 84) through (9.1) with p_ = p. = p/, thena < ay, ¥ > ys,
B > Bs, 8§ < 8. Denote by 9, the limit point associated to (o, Bx, Y, 0+). Lemma
4.2 yields that £, concentrates on the Young measure vy ; = &, (). Applying Lemma
9.1,

E9 e ([y, 1D] < ED eIy, 1D] = 1{y < p'(0)}. (9.4)

Similarly, EQ[vx,,([y, 1D] = 1{y < min(p_, p4)}. The proof is then completed for
Liggett boundaries. The reversible case can be proved in exactly the same way. O

Proof of Lemma 4.4 As before we prove only the Liggett case. Suppose that p_ (1) <
p+(t) fort € [0, T] and let p4(¢) € [p—(2), p+ ()] such that

J(p+(0)) = inf {J(0): p € [p—(1). p (1)1} ©.5)

Observe that p, may not be unique when p_ + p = 1. Define (o, B, Vs, 84) through
(9.1) with p_ = p4 = ps. Since o < oy, ¥ = Vi, B < Bx, § > &4, thanks to Lemma
9.2 and Proposition 4.2,

T
J(T) < Ju(T) = / J(pu(D)dt. 9.6)
0

The criteria (4.15) then follows. The other one is proved similarly. O

Both Lemma 9.1 and Lemma 9.2 are consequences of the so-called standard cou-
pling for simple exclusion process. To construct the coupling, define Qy = {§ =
n@nin <n.,¥i=1,...,NLFor& € Qy, let

gt =pttoo)tt, =g mem),
Nt =Nt ™t V=" e )V, ©.7)
%.N,* — nN,— D (n/)N,+’ Ex,x—&-l — nl,l—l—l o (7,]/)1,1—&-1’
where for n € Qu, n"* are n™V-* are obtained through
L+ .

=, ), T =0, N,

N+ ._

- (9.8)
n =, v—1, Dy N T =, -, 0).

Note & 1%, gNoE gN* and £51+1 all belong to Q.

Fix some N > 2 and without loss of generality take Ao = 1. Let («, B, y, 8) and
(e, B, v, 84) be two groups of boundary rates, such that §(s) < 8,(s) for0 < s < t.
Define the Markov generator L N.s On Qy as

T r(1 r(2 @3 4
Lys =Ly + LY + L, + LY., 9.9)
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where for any f defined on Qy,

N—1
LG =3 (pnj(1 = nig) + (= pynf (1= 1) (FET = ()

i=1
LY f =a®U =) (fEH) = f&) +y©m(fE") - f©)
Ly, f =86) 1 =) (fEVH) = &) + By (FEVT) = f©)
Ly f = (3+5) = 8) (1 +ny =) (fE™™) = F(©)).
Denote by & = £(s) the Markov process generated by Ly ;. Observe that & couples
the processes associated respectively to («, B, y, §) and (@, B, v, 85). Indeed, if f is a

function on Q such tl_latf(nean’) = g(n),itisnothard to verify that Ly ; f (n®n') =
Ly, g(n). Similarly, Ly, f(n ®n') = L}y g if f(h®n') = g(n).

Proof of Lemma 9.1 We prove here for («, B, ¥) = (@, Bx, ¥x), 8 < 8x. The other
cases are similar. In the coupled process & = n®n', n;(t) < nl’. (), so that pointwisely,

f [ Fengton (o dr < / /E Fe.Ngloly (. 0)dxdt (9.10)
T T

for positive function f € C(Xr) and increasing function g € C([0, 1]). From (4.5),

1 1
ER [f f(x,t)dx dt/ ngx,zj| < E9 |:/ f(x, t)dx dt/ gdvx,,] .
r 0 r 0

As f is an arbitrary continuous positive function,

1 1
EQ [/ gdvx,ti| < E9 [/ gdux,t} , (x,7) —ae.in X7. 9.11)

0 0
The conclusion follows since we can approximate the indicator function 1;, 17 by a
sequence of continuous increasing functions. O

Proof of Lemma 9.2 We prove here (4.15) with («, 8, v) = (o, Bx, ¥x), 8 < 84. For
the coupled process & = n @7/, let niA = 1n; —n; be the second class particle process.
Recall the counting process i = h4 —h_ defined for n(-) in (5.3), (5.4). Define similar
counting processes h’, ', and h®, h% for ' (-) and n” (-), respectively. The definition
of & assures that

WG, T)—h@,T)=h"G,T), YO<i<N. 9.12)

Observe that in this case, the particle in n” can enter only from N, so that

N
YA Ty =F(n* ) - F(n* @), Fm:= Y (N+1—-j). (.13
i=0

Jinj=1
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For any 1 € Qy, let £(0) = n @ 1, then F(n*(0)) = 0, hence,

N N N
SOHG.T) =) h(i.T)=) h™G.T)<0. 9.14)

i=0

From (5.8) and (5.6),

J(T) = lim N2+” ZEN[h(z T)]
(9.15)
> lim N2+a ZOEN[h (i,0] = Tu(T).
l
The other cases follow from similar arguments. O

Appendix A. Logarithmic Sobolev inequalities
In this appendix we fix a box of length k. For p € (0, 1), let v, be the product Bernoulli

measure on ; = {0, 1}X with density p. Forh = 0, 1, ...k, let v, (nlh) = v(nlh)
be the uniform distribution on

Qp.p = {7] e Q

k
D= h} (A1)
i=1

and v, (h) be the Binomial distribution B(k, p).
The log-Sobolev inequality for the simple exclusion ([16]) yields that there exists
a universal constant Cps such that

k—1
Y Fontog faiain < S S SN (VF@ )~ VFa) s,

VIS neQy p i=1
(A2)
for any f > 0 on €2 such that Znegkl fo(nlh) = 1.
In the following we extend (A.2) to a log-Sobolev inequality associated to the
product measure v, with boundaries. The result is necessary for the boundary block
estimates in Sects. 8.3 and 8.4.

Proposition A.1 There exists a constant C, such that

k—1
> Fantog famv,n <C Y3 (VEGH — VT v

ney ney i=1

2
+Cok Y2 o' A=) (VF @Y = V) (.

ney
(A.3)
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forany f > 0on Q suchthat y, o fv, =1

Proof As the reference measures v, are equivalent for 0 < p < 1, without loss of
generality we can fix p = 1/2 and thus v, = 2% Consider the log-Sobolev inequality
for the dynamics where particles are created and destroyed at each site with intensity
1/2. Since this is a product dynamics, the log-Sobolev constant is uniform in &:

k
;—k > flog f() < % >3 [Vrah - ﬁ(n)]z. (A4)

ne i=1 ney
We apply a telescopic argument on (A.4). Forn € Qi and 1 <i <k, let
() 1< j<i—1

=7 T:=1(j-n, j=i (A5)
(gjo)d 7T i< <2i - L

Observing that ;1 = n', therefore

2i—-2

VI =VFm =3 [V = Vi), (A.6)

Jj=0
and elementary computation then gives

[Vioh—viw] <ai-n Y [Via—VTa]

0=j=2(-1),j#i—1
2
+2 [\/?(Ti) - \/?(Ti—l)] .

Noting that as p = 1/2, v, is invariant with respect to the exchange, creation as well
as elimination of particles, we obtain by summing up in 7 that

i—1
> [Viah—vTm] v <86 - n 3 Y [VFaH -yFam] v

ney ney j=I

+23° [\/?(nl) - \/7(17)]2 Vo ().

ne

Summing up in i we get the required inequality.
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