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Introduction

The language of Lie pseudoalgebras [BDKI], closely related to that of Lie* alge-
bras as in [BD], is useful in giving finite description of infinite-dimensional Lie algebras,
and has proved to be a valuable tool in algebra and representation theory. One of the
main applications of the theory of Lie pseudoalgebras is in the study of representations of
infinite-dimensional linearly compact Lie algebras, to which they are intimately connected
[BDK2, BDK3, BDK4!, DI
Shortly after being introduced in [BI], vertex algebras were realized as the axiomatization
of the algebraic properties of local families of quantum fields in the chiral sector of a Con-
formal Field Theory in dimension two. These algebraic properties are encoded by the
Operator Product Expansion (OPE), whose singular part can be translated into the notion
of a conformal algebra [K1]].

Lie pseudoalgebras are a generalization of conformal algebras in higher dimensions. They
are defined as a Lie algebra in a certain pseudotensor category attached to a cocommutative
Hopf algebra H, whence their name. One of the main features of this theory is the fact that
one can associate to a Lie H-pseudoalgebra L a (usually infinite-dimensional) Lie algebra
A(L) called the annihilation algebra, which, when L is finite (i.e. finitely generated as
an H-module), can be endowed with a linearly compact topology. This connection can be
used in both ways: while the structure theory of infinite-dimensional linearly compact Lie
algebras led to the classification of simple finite Lie H-pseudoalgebras, the representation
theory of the latter can be used to simplify and obtain new insights in the study of repre-
sentations of the former.

The idea behind the research work for this thesis was to investigate the possibility of ex-
ploiting this deep connection in the Lie superalgebras setting. Basically speaking, the prob-
lem of classifying irreducible representations of a linearly compact Lie superalgebra can be
reduced (in many cases) to the description of the so-called generalized Verma modules and
in particular to the classification of singular vectors. In this thesis we apply pseudoalge-
braic techniques to the representation theory of the exceptional Lie superalgebra F(5, 10).
In Chapter [3| we manage to construct a Lie superpseudoalgebra associated to E(5,10)
which allows us to obtain an estimate on the degree of singular vectors. Having proved to
be worthy of interest, we also classify in Chapter 4] all such pseudoalgebraic structures for
E(5,10). This is meant to be a first "model” for suitable other interesting cases. We will
now give more details about the ideas and techniques involved in this work.

Our object of interest are representations of infinite-dimensional linearly compact Lie
superalgebras, i.e. Lie superalgebras whose underlying space is a linearly compact topo-
logical vector space and the bracket is continuous. Basically, a topological vector space is
linearly compact if it admits a filtration of linear subspaces of finite codimension that define
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a topology in respect to which it is complete.

Let us look at the "non super" setting first. The most important example of an infinite-
dimensional linearly compact Lie algebra is given by Wy, the Lie algebra of continu-
ous derivations of Ox = CJ[[t!,...,t"]]. It consists of all formal vector fields D =
> fi0/0t%, fi € On. Infinite-dimensional linearly compact Lie algebras have been stud-
ied, for example, in [G1} G2} GS]| and the classification of simple ones goes back to Cartan
[Cll. The list consists of Wy and its subalgebras Sy, Hy (/N even) and Ky (/N odd) of
divergence zero vector fields, vector fields annihilating a symplectic form and vector fields
multiplying a contact form by a function, respectively. These are called Lie algebras of
Cartan type.

Irreducible representations on discrete spaces (which are contragradient of linearly compact
ones) of Lie algebras of Cartan type were classified by Rudakov and Kostrikin [R1}R2}[Ko].
Given a linearly compact Lie algebra £ with canonical filtration { Ly }, Rudakov realized ir-
reducible representations as quotients of some induced modules from the finite-dimensional
Lie algebra Ly/L,,, where n is called the height of the representation. For height n > 1,
these induced modules are all irreducible, while for height 1 a finite number of them con-
tains proper submodules. For instance, in the case of type W and S, Rudakov found out
that the degenerate (i.e. not irreducible) modules could be fitted in the De Rham complex
of formal differential forms and in this case the irreducible modules were obtained as the
images of the differential.

The pseudoalgebraic language provides a different strategy to the study of discrete repre-
sentations of a linearly compact Lie algebra £ in the special case where L is the annihilation
algebra of a Lie pseudoalgebra. I take my chance to explain what this means. Given a co-
commutative Hopf algebra H, a Lie H-pseudoalgebra is a left H-module L together with
an H-bilinear map, called pseudobracket, |- * -] : L ® L — (H ® H) ®p L satisfying the
following analogues of the axioms of a Lie bracket:

Skew-commutativity [a *b] = —(0 ®@p id)[b* al;
Jacobi identity [a x [bx* c]] = [[a x b] x c] + ((¢ @ id) @ id)[b * [a x c]],

for a,b,c € L, where o(h; ® ha) = (he ® hi) and the expressions of the form [a * [b * ¢]]
have a certain interpretation in H®3. L is finite if it is finitely generate as an H-module.
We will always reduce to the case of H = U(?) being the universal enveloping algebra of
a finite-dimensional Lie algebra 9. Let X = H* be the dual of H as a coalgebra. One can
associate to a Lie pseudoalgebra L a Lie H-differential algebra A(L) = X ®@p L called
the annihilation algebra, with bracket induced by the pseudobracket of L. The semidirect
sum 0 X A(L) is called the extended annihilation algebra. When L is finite, one can use
the canonical filtration of U () to define a filtration of .A(L) that makes the latter a linearly
compact Lie algebra. Similarly, one can associate to a finite L-module V' a linearly compact
A(L)-module A(V), called annihilation module.

The most important example of a finite Lie pseudoalgebra is the pseudoalgebra of pseudo
vector fields, which is the free H-module W (9) = H ® 0, with pseudobracket of the form

[f@axgab=(foeg®@(1®a)—-(f®ga)® (1)~ (f®g)®r (13 ][a,b]).

Its name its due to the fact that A(W (9)) is isomorphic, as a linearly compact Lie algebra,
to Wy. The classification of finite Lie H-pseudoalgebras is achieved in [BDKI] using
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Cartan’s classification. The strategy, roughly speaking, is to detect the linearly compact
Lie algebras associated to simple Lie pseudoalgebras (i.e. their annihilation algebras), de-
termine all compatible H-actions and then applying the so-called reconstruction functor,
which recovers, under mild assumptions, the pseudoalgebraic structure. The list consists of
current pseudoalgebras over finite-dimensional Lie algebras and (current pseudoalgebras
over) W (?) and its subalgebras S(0, x), H(?, x,w) and K (0, §), whose annihilation alge-
bras are respectively Sy, (an extension by a one-dimensional center of) H and K. The
classification depends on certain parameters Y, w and 6 due to inequivalent actions of ?
on the annihilation algebras. The subalgebras of W () are called primitive Lie pseudoal-
gebras. The representation theory of a Lie H-pseudoalgebra L is essentially equivalent to
that of A(L)°. In [BDK2|, BDK3| [BDK4] all irreducible finite representations of primitive
pseudoalgebras were classified, thus obtaining again, in particular, the results of Rudakov.
The role of the induced modules is played here by the so-called fensor modules, which are
free H-modules 7'(V) = H ® V where V is a 0 & gl(9)-(resp. 0 & s[(d)-)module in the
type W (resp. S) case. The presence of proper submodules is detected by the existence
of singular vectors. This occurs only in a finite number of cases, which can be grouped
in exact complexes. In the case of type W and S, the singular vectors appear in degrees
respectively at most 1 and 2 (where the degree of v € H ® V is given by the canonical
grading of H = U(?)) and the corresponding tensor modules fit in a "pseudo version" of
the formal De Rham complex. It is important to stress that the pseudoalgebraic language
provides a rather precise and easy to prove upper bound to the degree of possible non con-
stant singular vectors. One would like to be able to apply the same technique in the context
of discrete representations of linearly compact Lie superalgebras, and this is exactly what
this thesis deals with.

Let us thus turn to the super setting. Simple infinite-dimensional linearly compact Lie su-
peralgebras were classified by Kac in [K2] and the list is far richer then the Cartan one.
It consists of ten families (of which four are W (m,n), S(m,n), H(m,n), K(m,n), "su-
per" analogues of the algebras of Cartan type) and five exceptional ones: F(1,6), E(3,6),
E(3,8), E(4,4) and E(5,10). The Lie superalgebras E(3,6), £(3,8) and E(5,10) are
of particular interest because of their possible relation with particle physics (see [KR2] for
more details). In [KR1, [KR2| [KR3|] Kac and Rudakov applied the techniques developed
for the Lie algebras of Cartan type to the exceptional superalgebras F(3,6) and E(3,8)
classifying all degenerate induced modules, which in this framework are called generalized
Verma modules.

We focus now on the exceptional Lie superalgebra £ = FE(5,10). In [CK2] is provided
a nice geometrical construction of £: the even part is £) = S5, the Lie algebra of zero-
divergence formal vector fields in five indeterminates, while the odd one £(1) = dQ} con-
sists of formal closed 2-forms. The bracket between an even and an odd element is given
by the Lie derivative, while between odd elements is defined by wedge product and conse-
quent identification dQ23 =2 S5. £ is equipped with a Z-grading of depth 2, consistent with
the parity, for which £9 2 sl5 and all £; are £9-modules. In particular, £ 1 = 0 := (C%)*
and £ 1 = 5 := A?0. Minimal Verma modules (i.e. induced by an irreducible represen-
tation) for £ take the form T(V) = U(d @ s) ® V for an irreducible finite-dimensional
sl5 = sl(9)-module V' and one can define a grading by setting deg @ = 2 for 9 € ? and
deg¢ = 1 for & € s. If A is the highest weight of V', we denote T(\) = T(V'). The
study of irreducible representations of E(5, 10) was carried out by Cantarini, Caselli, Kac
and Rudakov in [KR4, R1, [CC]|, which produced, at the time we began our research, the
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following conjecture.

Conjecture 0.0.1. A minimal Verma module T(\) contains non constant singular vectors
(i.e. of degree > 0) if and only if A = [m, n, 0, 0], [0,0, m,n] or [m, 0,0, n] form,n € Z>
and singular vectors have degree < 5.

The first aim of the present thesis is to apply pseudoalgebraic constructions to determine
a bound on the degree of singular vectors. Our strategy starts by constructing a pseudoal-
gebraic structure for £ = S5 @ d2}, i.e. a Lie superpseudoalgebra e(5, 10) = Loy ® L1
such that A(L(g)) = S5 and A(L(1)) = dQ} as linearly compact algebras and modules.
The even part can be taken to be S(9, x) (we assume for simplicity 0 abelian and xy = 0)
since we know that A(S(9)) = S5. Regarding the odd part, one needs a pseudo version
of the formal De Rham complex, which is provided in [BDK1]: take a Lie algebra 0 of
dimension N and set Q% (2) = Hom(A* 0, H) = H © A" 9*. One can construct a pseudo
differential d. : Q%(2) — QX1 (d) which defines an exact complex of representations of
W () (and in particular of S(9, x))

0— Q%) 25 oL@ & ... 45 o)

whose cohomology is trivial but for the N one. Moreover, one can define a pseudowedge
product (1 ® a) %, (1® ) = (1® 1) @y a A B that makes Qi (d) = @2, % (0)
an associative H-pseudoalgebra. The pseudo De Rham complex induces, via the annihi-
lation functor, the formal one. Hence we set e(5,10) = S(d) ® d.(Q%(5)) and define
the pseudobracket between odd elements as the pseudowedge and consequent identifica-
tion of d.0%(0) with S(), verifying that this is well defined and gives a morphism of
S(0)-modules. It turns out that for a first bound on the degree of singular vectors, the even
part of e(5,10) is already enough. In fact, we are able to define a finite filtration of Ss-
submodules of a minimal Verma module T(V') = U (0 & s) = V by increasing odd degree
(i.e. degree in s) and realize the successive quotients as tensor modules for S(?) of the
form T(\'0* @ V) = U(d) ® (\'2* ® V). Looking at the homogeneous components of
singular vectors through this filtration tells us that the even degree must be < 4 (i.e. the
degree in 9, which counts as double), which is enough to give a first estimate since the odd
degree is at most 10 by construction. We refine the bound by studying when fundamen-
tal irreducible representations of s[(0), whose corresponding tensor modules contain non
constant singular vectors, cannot occur in the decomposition of A’ 9* ® V. Our results are
stated in Theorem [3.4.1]

Theorem 0.0.1 ([Bxl). Let (V') be a minimal Verma module and let v be a singular vector.
Then v has degree < 12. More precisely:

1. if V2 V([0,0,1,0]), singular vectors have degree strictly smaller than 12;

2. if V.2 V(\) where A = [0,0,0,1], [0,0,1,0], [0,1,0,0], [1,0,0,0], [0,1,1,0], or
[1,0,0, 1], singular vectors have degree strictly smaller than 11;

3. ifV 2 V(y) where 1 =[0,0,0,0], [1,0,0,0], [0,0,0,1], [0,0,1,0], [0,1,0,0],
[1,1,0,0], [0,1,1,0], [1,0,0,1], [0,0,1,1], [1,0,1,0],
0,1,0,1], [1,1,0,1], [0,2,0,0], [2,0,0,0], [1,0,2,0],

or[3,0,0, 1], singular vectors have degree strictly smaller than 10.



Shortly after we obtained this result, Cantarini, Caselli and Kac classified all singular
vectors (and hence degenerate Verma modules) for F(5, 10) in [CCK1l]. However, our es-
timate is almost optimal: in fact, they found unexpected singular vectors in degrees 7 and
11, the latter in one of the cases our argument could not rule out.

In order to apply the pseudoalgebraic language to the study of representations of a linearly
compact Lie (super)algebra L it is essential to exhibit at least one Lie (super)pseudoalgebra
inducing £ as annihilation algebra. However, there will typically be more than one such
structure, and the classification of all possible Lie (super)pseudoalgebra structures is an
interesting problem in itself. In Chapter 4 we approach this problem in the special case of
E(5,10) and develop tools that are likely to serve for a general classification.

When we approached the task of classifying U (d)-pseudoalgebraic structures inducing a
certain linearly compact Lie (super)algebra, one of the most annoying technical steps is
that of describing all possible transitive actions of ® on £. This is unavoidable in the non
super case, and was carried out in [BDK1, Section 12]. However, the pseudoalgebraic lan-
guage is more efficient in the description of representations than as an algebra-classifying
tools, and we take advantage of this fact. If £ = L) & L) is the direct sum of £
into its even and odd part, and L) admits a pseudoalgebraic description, then we employ
a Grothendieck ring computation trick to provide very strict constrains on the structure of
L1y as a module for the extended annihilation algebra corresponding to L q). This severely
limits the possibilities for the odd part of a Lie superpseudoalgebra inducing £. In the case
of E(5, 10), this suffices for a classification.

Theorem 0.0.2. For any choice of a trace form x € 0%, there exists a unique Lie super
pseudoalgebra structure of the form L = S(0, x) © L(yy inducing E(5,10) as annihilation
superalgebra. The Lie superpseudobracket identifies Ly with dy (Q40)) as a S(v, x)-
module for a suitable choice of 11 only depending on x and the Lie superpseudobracket
Ly® Ly — (H® H)HL(O) coincides with the pseudo de Rham wedge operation as in

We are confident that this is but the first step towards a classification of all finite simple
Lie super pseudoalgebras.






Chapter 1

Preliminaries about linearly compact
Lie (super)algebras

1.1 Linearly compact Lie algebras

Linearly compact Lie algebras arise in the context of transitive differential geometry.

Consider the following situation (for a much more detailed discussion, see [[GS] ISiSt, |G1,
G2[)).
Let M be a finite-dimensional complex manifold and let L be a Lie algebra of vector fields
on M acting transitively in a neighbourhood of a point p € M. One can consider a filtration
{Lk}k>0in L, where Ly, is the subalgebra of L consisting of vector fields vanishing at p at
least to order k + 1, which satisfies the relations

[Li,Lj] C Li+j Vi,j > 0. (L.1)

Consider now the topology induced by taking this filtration as a fundamental system of
neighbourhoods of 0. The previous relations imply that the Lie bracket is continuous with
respect to this topology, so L is a topological Lie algebra .

One can take the formal completion L of L in this topology. Geometrically, L is a Lie
algebra of vector fields on a formal neighbourhood of p or, equivalently, a Lie algebra of
formal vector fields (i.e. vector fields with coefficients in a ring of formal power series).

L is a "linearly compact" Lie algebra.

Definition 1.1.1. A linearly compact vector space is a topological vector space that admits
a fundamental system of neighbourhoods of the origin consisting of finite-codimensional
linear subspaces with respect to which is complete.

The notion of a linearly compact space is "topologically dual" to the notion of a discrete
space. For instance, consider C as a topological field with discrete topology. Take a C-
vector space V' and consider the discrete topology on it. We can consider on its topological
dual V* = Hom®™(V,C) = Hom(V,C) a topology defined by taking as a fundamental
system of neighbourhoods of 0 all the subspaces of the form U+ = {¢ € V* | ¢(U) = 0}
where U is a finite-dimensional subspace of V. The topological vector space V* is then
linearly compact.

There are several equivalent conditions to the linear compactness of a topological vector
space. For a proof of next proposition, see [G1].
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Proposition 1.1.1. Let L be a topological vector space over the topological field C. The
following statements are equivalent:

1. L is the topological dual of a discrete space;
The topological dual L* = Hom®™ (L, C) of L is a discrete space;
L is the topological product of finite-dimensional discrete spaces;

L is the projective limit of finite-dimensional discrete spaces;

U

L has a collection of finite-codimensional open subspaces whose intersection is 0,
with respect to which is complete.

Example 1.1.1. A finite-dimensional space endowed with the discrete topology is linearly
compact. In fact, in the finite-dimensional setting being linearly compact is equivalent to
being a discrete space.

Definition 1.1.2. A topological Lie (or associative) algebra is linearly compact if its un-
derlying topological vector space is linearly compact.

Example 1.1.2. The basic example of a linearly compact associative algebra is given by
the algebra Oy = C[[t!, ..., t"]] of formal power series in the indeterminates ¢!, ..., ¢V,
with the usual topology for which the ideals (¢',...,¢")* form a fundamental system of
neighbourhoods of 0. It can be seen as the topological dual of the polynomial algebra
Cly1, - - ., yn] endowed with the discrete topology, where t(y;) = &7.

The main example of a linearly compact Lie algebra is Wy, the Lie algebra of formal
vector fields (see [[F]). It consists of all elements of the form

N N D
D= St )=, 1.2
; il )55 (1.2)
where fi(tl, oty ) are formal power series in Op. The Lie bracket of Wy is the usual
one, defined by
0 071 dg; Of; 0
[zi:fiativ%:gjat]} _sz:(fjatj - Btjg])@' (1.3)

W clearly coincides with Der Oy, the Lie algebra of continuous derivations of O .
The filtration of Oy
{F,0n = (t!, ...tV s (1.4)

induces the canonical filtration of Wy, {F,Wp, }p>_1, where

F,Wn ={D e Wn |D(F,0n) C FpiqOn)}. (L.5)

0
Explicitly, F},Wx consists of vector fields D = Z fZ such that all f; € F,0On.

It is easy to see that the canonical filtration satlsﬁes

[F, W, F,Wy] C FpigWh, (1.6)
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thus making the Lie bracket continuous.

Let Qn = @5, Q% be the algebra of differential forms over O
Explicitly, w € Qﬁ, will be a linear combination of elements of the form

fdth Adt®2 Ao AdtE forsome  dy,...,i € {1,...,N}, f e C[[t},...,t"].

The action of Wy on Oy extends uniquely to an action on {2 commuting with the differ-
ential d.
Explicitly, Wy acts on €y via Lie derivative:

D -w=d(tpw)+itp(dw) for D e Wy, weQn (L.7)

where d is the De Rham differential and ¢ p is the contraction of w by D.

One can define subalgebras of Wy in terms of elements annihilating certain forms.

A volume form is any non-zero element of Q¥, i.e. a differential N-formv = f(t1,...,tx)dt'A
---AdtY such that f(0) # 0. A symplectic form is a closed 2-form s = >igsijta, .. JEN)dEA
dt/ such that det(s;;(0)) # 0 and a contact formis a 1-form ¢ = 3, ¢;(t1 ..., 5 )dt’ such
that ¢ A (de)(N =172 is a volume form.

It is a well known fact that any such form can be transformed by an automorphism of Oy

in, respectively, the standard volume form vy = dt' A --- A dt?, the standard symplectic
form sg = 3, dt* A dt" if N = 2n (otherwise a symplectic form does not exist) and the
standard contact form ¢o = dtV + Dot dt"t" if N = 2n + 1 (otherwise a contact form
does not exist).

One then defines the following (closed) subalgebras of Wi :

* Sy(v)={D e Wy |Dv=0},N>2;
» Hy(s) ={D € Wy | Ds =0}, N even > 2;
* Kn(c)={D € Wx | Dc = fcforsome f € Oy}, N odd > 3.

As special instances, denote Sy (vg) = Sy, Hy(so) = Hn, Kn(c) = Ky, so that we
know that for each type we can only consider, up to an automorphism of Oy, the "stan-
dard" subalgebras Sy, Hy, and K.

Let £ be one of these subalgebras of Wy. The canonical filtration of Wy induces a canon-
ical filtration on £, which equips it with a linearly compact topology.

Namely, F,L = F,WnNL. These filtrations are all transitive, meaning that dim £/F_WxN
L = N. Moreover, they have the following transitivity property:

F.L = {D € F,_ 1L | [D,ﬁ] C Fk—lﬁ}' (1.8)

These algebras are often referred to as Lie algebras of Cartan type. E. Cartan in 1909
proved the following celebrated result.

Theorem 1.1.1 ([Cl])). Any infinite-dimensional simple linearly compact Lie algebra is iso-
morphic to either W or one of its subalgebras Sy, Hy or K.

We will mainly focus on Lie algebras of type W and S.

Consider £ = Zf\il ti% € Wy, which is called the Euler operator. Its adjoint action
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decomposes Wy into eigenspaces W.; for j > —1, thus defining a Z-gradation which is
called the canonical gradation of W . In addition, (W, Wi.g] C Wiipi g

It is a well known fact that Wy,o = gly and Wy, is isomorphic, as a gly-module, to
cN ® (Sk+1CN)*.

Notice that Esy = 2sg, so the canonical gradation of Wy induces the canonical Z-
gradation Sy of Sy, for which analogously Sy, = sly and the sly-module Sy is
isomorphic to the highest component of CV @ (S¥T1CN)*,

Remark 1.1.1. If we define the divergence map div : Wy — Op as div(d>_; fi(t)%) =

Do g{,}, then it is not hard to see that for D € Wy, the condition Dvg = 0 is equivalent to

divD = 0,ie. Sy = {D € Wy | div(D) = 0}.

For a satisfactory summary of the techniques that lead to Cartan’s classification see
[K2! Introduction].

1.2 Irreducible representations of Lie algebras of Cartan type

The study of irreducible representations of simple infinite-dimensional linearly com-
pact Lie algebras was carried out by Rudakov ([R1}, R2]]) and Kostrikin ([Kol}).
To be more precise, they studied continuous representations of Lie algebras of Cartan type
on discrete spaces of countable dimension, where we consider the linearly compact topol-
ogy on the Lie algebras.
This is a reasonable class of representations to be studied: it is natural to consider contin-
uous representations of linearly compact Lie algebras in linearly compact vector spaces.
However, it turns out to be technically more convenient to work with their (topological)
duals representations, which are indeed continuous representations in vector spaces with
the discrete topology.
In [R1]] is defined the notion of height of a discrete representation. It is also introduced a
class of modules, called induced modules, which, as the name suggests, are induced by an
Lo/ Ly,-module, where L is the Lie algebra of Cartan type and { Ly } its canonical filtration.
Every irreducible discrete module is a quotient of an induced module and its height n de-
termines from which £y/L,, induce in order to obtain this representation.
Irreducibility of induced modules in height n is related to the existence of vectors killed
by the term of the canonical filtration £, called singular vectors. When n > 1, it turns
out that there are no singular vectors and therefore the induced modules are irreducible and
they exhaust the classification of all such modules.
When n = 1 the picture is richer. In this case, one finds non-zero singular vectors that are
killed by L.
We will resume the notation and the main results regarding these representations with par-
ticular focus on those for types W and S.

Let £ be a simple infinite-dimensional linearly compact Lie algebra of Cartan type. We
will use the following properties of the topological Lie algebra L:

1. £ has a linear topology with respect to which it is complete. In particular, the neigh-
bourhoods of 0 are linear subspaces of finite codimension and their intersection is
0;
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2. £ admits a decreasing filtration {Lj },>_2, where £_5 = L, such that £;, # 0 Vk,
Lr ={D € Lx_1|[D,L_1] C Ly_1} for k > 0 and the subspaces L form a
fundamental system of neighbourhoods of 0.

3. Taking into account the associated graded algebra

L=grL= P Li= P Li/Li+1, (1.9)

k>—2 k>—2
then Z,Q = [Zfl,f,ﬂ.

Remark 1.2.1. The filtration can be taken to be the one induced by the canonical Z-
grading. For example, if £ = Wy, we can take Ly = @,< Wny. In this case, £
and grL are clearly isomorphic.

As usual, a representation of £ (or a L-module) is a vector space V together with a linear
map p : L — End(V) such that

p(la,B))(0) = p(a) (p(B)(v)) — p(B)(pla)(v)) Vabe L,veV.  (L10)

We will denote a representation by (V, p) or just V' and the action of £ as av = p(a)(v).
The representation is continuous if V' is a topological vector space and p is a continuous
map. A first obvious condition on the action of £ to be continuous on a discrete vector
space is the following.

Lemma 1.2.1. Let (V, p) be a representation of L where V is a discrete topological space.
Then p is continuous if and only if any v € V is killed by some L,, i.e. exists p such that

Ly =0, (1.11)

In this section all representations will, unless otherwise specified, be continuous in a
discrete space.

Definition 1.2.1. Let V be an £-module or an Ly-module. The height of the module V' is
the minimal » such that £,,v = 0 for some 0 # v € V.

The set {v € V | £,,v = 0} is denoted by V.

If V is an Ly-module and V' = 1}, then V is said to be homogeneous.

Notice that since [Lo, L] C L, Vo is an Ly-submodule of V. It is in particular an
homogeneous Ly-module.
Thus it is possible to see Vj as a representation of the finite-dimensional Lie algebra Ly/L,,.
Notice also that if V' is an irreducible Ly-module, then V' is homogeneous.

Remark 1.2.2. Given an L(/L,,-module M, we can think of M as an Ly-module by con-
sidering the trivial action of £,, on it. The structure of L£y-module is said to be an extension
of the Ly/L,,-module one.

With this terminology, an homogeneous Ly-module of height n is an extension of an
Lo/ Ly,-module.
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A central role for the classification of irreducible representations of £ is played by
"induced modules".
Take an (arbitrary) Lie algebra g, a subalgebra ) C g and a representation M of h. A
representation of f is equivalently a representation of U (), where U(h) is the universal
enveloping algebra of .
One can then define a g-module, called the induced module and denoted by [ ndg(M ), as

Indd(M) = U(g) ®u(y) M. (1.12)

The action of g on I ndf)l (M) is given by multiplication on the left factor.

Apply this construction in our setting: let V' be an £-module and consider the induced
L-module Indfo (Vo) = U(L) ®u(z,) Vo. One can now define a mapping

@ : U(E) ®U(£0) Vo —V
u@vr—uv u€cU(L), v eV, (1.13)

which is clearly a morphism of £-modules (i.e. it commutes with the action of £).

In particular, if V' is irreducible, then this morphism is surjective and V' is isomorphic to a
quotient of the induced module.

The problem of classifying irreducible representations is thus reduced to the study of in-
duced modules of homogeneous £-modules of height n.

This study is carried out in [R1]] by means of irregular submodules and singular vectors.
We will outline the main ideas without going too much into details.

Let M be an homogeneous Ly-module of height n > 0 and consider the £-module
I = Indg (M).
Using the canonical filtration of £ one can define an increasing filtration of £y-submodules
{I,}p>0 in I where Iy = M such that

Lil, Cly pyn—1 for k>n-—-1 (1.14)

Let N be an £-submodule of I. N is called an irregular invariant submodule it NN1Iy = 0.
One can easily see that Kery is an irregular submodule. Hence, we are interested in find-
ing out when such submodules occur.

Take an element | € L = L;,/Ly,1. Because of (T.T4), when k > n — 1, [ defines a
map I, — I, j1n—1, Where I; = I;/I;_1. Weset [_1 = 0.
Notice that when n = 1, this defines an action of L = grL on the graded module [ =
grl = Dp>o Ip-

Definition 1.2.2. An element v € Tp, p > 0, is called a singular vector if lv = 0 for all
l € L, and for all k > n.

The most useful trait of singular vectors is that they "encode" the presence of an irreg-
ular submodule.

Proposition 1.2.1. If N is an irregular invariant submodule of the L-module I and if jo is
the minimal index such that N N I;; # 0, then all the vectors in (N N I;,)/I;,—1 C I are
singular.
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Proof. Justnotice thatforl € L,,, |- NNI; CNNIj_pipn1=NNIj_;=0.
Therefore, for any | € L, forp > n,l- (NN I)/Ij,—1 = 0. O

This tells us that when there are no singular vectors in grl, then I = I(M) has no
irregular invariant submodules. In fact, this turns out to be the case when n > 1.

Theorem 1.2.1. [RI| Theorem 6.1] Let L be a Lie algebra of Cartan type, V' an homoge-
neous Lo-module of heightn > 1. If I = U(L) Q®u(cy) V, then the module gr I contains
no singular vectors.

Corollary 1.2.1. If L is an algebra of Cartan type and M is an irreducible Lo-module of
height n > 1, then I(M) is an irreducible L-module.

Proof. If M is an L-submodule of I(M), then by Proposition [1.2.1]it cannot be irregular.
Hence M N Iy(M) # 0. But Io(M) = M is irreducible, so M D Ij. It is clear now that
by allowing L to act on M we obtain all (M ). O

Corollary 1.2.2. If L is an algebra of Cartan type and if V is an irreducible L-module of
height n > 1, then the Lo-module Vy is irreducible and

V= U(ﬁ) ®U(£o) . (1.15)

Proof. Since Vj is homogeneous and since the height of V' and 1/, is the same, by Theorem
there are no non-zero singular vectors, hence no irregular submodules in U (L) @7z,
V. This implies that the kernel of ¢ defined in (I.13)) is 0. Therefore V' = U(L) @y () Vo.
Now the irreducibility of V' implies that of V. U

Irreducible representations of height 1 were classified for W ([R1l]), Sy and Hy
([R2]) and Ky ([Kol).
As we mentioned before, the general picture in this case is richer. One does have non-zero
singular vectors and irregular submodules in induced modules.
First of all, if V' is an homogeneous £-module of height 1, then 1} is the extension of a
module for £y/L4, which is isomorphic for cases Wy, Sy, Hy and Ky respectively to
9ln, sy, sp and ¢sp ;. So, if one is interested in understanding when an induced mod-
ule is irreducible, it makes sense to study extension of irreducible £y /L£1-modules.
Consider the induced module (V}), where V} is an irreducible £y/L;-module. One ob-
serves that, because of (T.14), the graded associated module I(Vp) = gr I(Vp) has a struc-
ture of Lo-module. One can actually verify that I(V;) and I(Vj) are isomorphic as Lo-
modules. Hence, I(V}) is a graded £o-module, with graded terms denoted by I"(V}).

For Wy, it is proven that there are no non-zero singular vectors when Vy 2 Ai((CN )
fori =1,..., N where C" is the standard representation of gl .
Thus in this case, following the same line of reasoning of the Corollaries of Theorem [I.2.1]
one concludes that I(1}) is an irreducible £-module.
In the remaining cases, namely when Vj 22 A*(CY), singular vectors only appear in degree
1 (i.e. in I'(Vp)) and they altogether generate a unique irregular submodule of I(Vp).
One observes that the induced module I(A’(CY)) is isomorphic to %, where the latter
is the £-module of differential forms of degree 7. This allows to fit them in an exact se-
quence (contragradient of the De Rham complex) thus realizing the irreducible quotients
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as (dQ")*.

In other words, the existence of De Rham complex provides non-trivial extensions of
Lo/L1 = gly-modules, and there are no others.

For Sy the picture is similar: induced modules /(V{) have no non-zero singular vectors
when the irreducible s[-module V is not isomorphic to A*(CY) forany i = 0,..., N. In
the other cases, singular vectors appear only in degree 1 for ¢ # 1, and in degree 1 and 2
for 7« = 1 and again the correspondent modules fit in the De Rham complex.

For Ky and H y one gets a similar picture: apart from a finite number of cases, the induced
modules have no non-zero singular vectors and so are irreducible. In the exceptional cases,
they have singular vectors only in degrees 1 and 2.

1.3 Linearly compact Lie superalgebras

We turn now to the "super" setting. First, a couple of standard definitions.

Definition 1.3.1. A super vector space is a vector space V with a Z/(2)-grading, i.e. a
decomposition as a direct sum of subspaces V' = V() @ V(1) called respectively the even
and the odd part of V. Elements of V() and V(1) are said to be homogeneous.

A superalgebra is a super vector space endowed with a structure of an algebra that
behaves coherently with the Z/(2)-grading, i.e. such that V,,Vg C V45 fora, € Z/(2).

Example 1.3.1. Given a finite-dimensional vector space U, its Grassman algebra A) is
a superalgebra where the even part is A' (V') and the odd part is B, ,4q A'(U).

ieven

Definition 1.3.2. A Lie superalgebra L = L) © Ly is a super vector space together with
an bilinear map |-, -] : L ® L — L, called Lie superbracket, such that [La, Lg] C Lo4p
for v, € Z/(2) and that satisfies for all homogeneous a, b, ¢ € L:

Super skew-symmetry [a,b] = —(—1)l*/l[p, q],
Super Jacobi identity [a, [b, ¢]] = [[a, b]c] + (—=1)l9lI®l[b, [, c]],
where if a € V,, |a| = afora € Z/(2) = {(0), (1)}.

Now, we are interested in (infinite-dimensional) linearly compact Lie superalgebras.
A linearly compact (Lie) superalgebra is a topological (Lie) superalgebra whose underlying
topological super vector space is linearly compact.

Example 1.3.2. The Z/(2)-grading of A(n) = A(C"™) induces a Z/(2)-grading in \(m,n) =
O ® A(n), thus a structure of superalgebra on the latter. Meanwhile, the canonical filtra-
tion of O,,, induces a linearly compact topology on A(m,n).

Simple infinite-dimensional linearly compact Lie superalgebras were only recently
classified by V. Kac in [K2]. The classification theorem is the following.

Theorem 1.3.1. [K2|] Any simple linearly compact infinite-dimensional Lie superalgebra
is isomorphic to one of the following or its derived subalgebra:

1. eight series W (m,n), S(m,n), H(m,n), K(m,n), HO(n,n), SHO(n,n), KO(n,n+
1,8), SKO(n,n+ 1);
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2. two series of filtered deformations SHO(n,n)™~ (n even), SKO(n,n+1)~ (n odd);
3. five exceptional Lie superalgebras: E(1,6), E(3,6), E(3,8), E(4,4), E(5,10).

The first 4 families are "super " analogous of the Cartan classification: W (m,n) is
the superalgebra of derivations of A(m,n) = O, ® A(n) and S(m,n), H(m,n) and
K(m,n) are the subalgebras consisting respectively of "super" divergence zero vector
fields, of vector fields annihilating a "super" symplectic form and of vector fields that mul-
tiply a "super" contact form by a function; in addition, in the super setting also arise the
subalgebras HO(n,n), SHO(n,n), KO(n,n), SKO(n,n + 1) where HO(n,n) and
KO(n,n + 1) consist of respectively vector fields annihilating an odd super symplec-
tic form and vector fields multiplying an odd super contact form by a function, while
SHO(n,n) = HO(n,n)NS(n,n), SKO(n,n+1,8) = {D € KO(n,n+1)|div’D =
0} where div” is a "deformed divergence", for § € C.

The five exceptional Lie superalgebras are of particular interest, mainly because of their po-
tential application in particle physics (see for example [KR2, Section 8] for more details)
but also because they were not expected, having no "non-super” counterpart, and finally
because they have explicit descriptions in terms of formal vector fields and differential
forms that allow to study them and their representation theory exploiting techniques from
the non-super setting.

In [CK]] is provided a geometric construction of exceptional Lie superalgebras that we con-
cisely recall now. We omit the description of E(1,6).

Before doing that, we briefly recall the twisting of W -modules, which is needed to de-
scribe some of these Lie algebras.

By definition Wy acts on Oy = C[[z1,...,2n]]. Consider the semidirect sum Wy =
Wn + Op.

For any A € C, define the the Lie algebra homomorphism ¢y : Wy — Wy as

oA(D) = D + Mdiv(D) for D e Wy. (1.16)

Now given a Wy -module M, if the action of Wy extends to an action of WN, one can
define a \-twisted action of Wi by pulling back ¢,. The module with this new action is
denoted by M*.

W acts on Q]f\, via Lie derivatives and this action naturally extends to an action of WN.
Hence we can define T y-modules (Q5,)*.

Notice that when restricting to an action of Sy, by definition of the latter the twist does not
modify the action.

In general, there is a one to one correspondence between vector fields and N — 1-forms
given by the map

YWy — OV !
D — 1p(v) (1.17)

where v is a fixed volume form. In general, this is not an homomorphism of W -modules.
Anyway, a straightforward calculation shows that

Proposition 1.3.1. v induces an isomorphism of W -modules (Q%_l)*1 = Wy and an
isomorphism of S -modules dQ%i1 = Sn.
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We begin with F(4,4). The even part E(4,4)) = Wj consists of all formal vector
fields in 4 indeterminates, while the odd part E(4,4) ) = (Qi)_%.
The bracket between even elements is the Lie bracket of Wy given by (1.3), while the
bracket involving even and odd elements is defined by the Lie derivative as in (1.7) twisted
by A = —% as described above.

The superbracket on the odd part is defined as
w1 ®wy — dwy Aws +wi Adws € (3)71 for  wy,wy € (QL)2 (1.18)

where we apply Proposition [I.3.1] and identify a 3-form ~ with a vector field D such that
tp(v) = = for a fixed volume form v.

Next consider E(3,6).
The even part is the direct sum E(3,6) ) = W3 @ (93 ® sly), while the odd part as an

E(3,6)p)-module can be identified with (Qé)*% ® C2, where C? is the standard represen-
tation of sls.

The brackets involving the even part are clear. The bracket between odd elements is de-
scribed, for wi ® v1,ws @ v9 € (Q%)_% ® C2, as follows:

[w1 ®@v1,w2 ®a] = (W1 Awa) ® (v1 Avg) + (dwy Awe +wi Adws) ® (v @ v2) (1.19)

where v1 A vy € /\2 C?isa complex number and v; e vs is an element of .S 2 ((CQ), the latter
being identified with sly. We also identify Qf with (23)~! and (Q3)~! with Wj.

Regarding E(3, 8), the even part is the semidirect sum E(3,8) o) = W3 + (3 ® sly),
while £(3,8) (1) is isomorphic to ((99)"2®C2)+((92)"2 ®C2) as an E(3, 8)(0)-module.
The bracket between odd elements is defined, for wy, w9 € (Q%)fé, a1, 09 € (Qg)fé and
v1,v9 € C?, as

(w1 ® v1,w2 @ v2] = 0; [ ® v, a2 @ v2] = daydas ® vi A va;
(a1 @ v, w1 ® V2] = (w1 @ v1 Avz) + ((adwr — widar) @ (v e v2));  (1.20)

where we use the same identifications as for £(3,6).

Finally, we focus on £ = E(5, 10), for which we will give a more exhaustive descrip-
tion than for the previous ones.
Letd = (C%)* and let {01, ...,05} and {1, ..., x5} be bases for respectively d and d*.
We can realize the even part of £ as zero-divergence vector fields in the indeterminates
Lly--.,L5,

5
Loy =955= {D = Zfiai | fi € C[[z1,...,x5]], div(D) = 0}7

i=1
and the odd part as closed 2-forms in the same indeterminates
5
2(1) = dQ% = {w = Z fijfij | fij € C[[xl, ... ,.1‘5]]7 gij =dx; A dZL‘j,
i<j=1

w = do for some o € Q%}
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The bracket between even elements is the one of the Lie algebra S5, while the brackets
between even and odds elements are given by the Lie derivative

[D,w] = Lp(w) =d(tp(w)), (1.21)

where ¢p(w) is the contraction of w by D.
Finally, the bracket between odd elements is given by wedge product and, by Proposition
[I.3.1] consequent identification with a zero-divergence vector field:

[w1, we] = D where Dis such that ¢tp(v) = w1 A we, (1.22)
v being a fixed volume form. Notice that this is C[[x1, . . ., z5]]-bilinear.
In order to give an explicit formula, for i, j, h, k € {1,...,5} we set

0 if [{é,j, b, K} < 4

. (1.23)
[ otherwise, where {i, 7, h,k, [} = {1,...,5}.

(ijhk) = {
We shall adopt the following convention: whenever such an index occurs in an expression

and it takes on the value 0, so does the expression.
This way the bracket between two odd elements can be defined as

(€3> Enk] = €(ijnk) Oijn) (1.24)

and then extended by C[[x1, ..., z5]]-bilinearity, where & ;1) is the sign of the permuta-
tion (ijhkl) if (ijhk) = | # 0, 0 otherwise; in a similar way O;jnr) = O if (ijhk) =1 #
0, O(ijnky = 0 otherwise.

Setting deg ¥; = —deg 0; = 2 and deg §p, = —1 provides £ = ;> _o £; with
a transitive, irreducible Z-grading of depth 2 consistent with the superalgebra structure,
which means that

Loy=P & Loy=P L, [Ln L] C Lotm- (1.25)

ieven iodd

Wewillcall £ = £ 2@ L1, L4 =P, o Liand £50 = £o D L.
We have an isomorphism between £( and s[(0) given by

x;0j — —63. (1.26)

Given the fact that [£y, £,] C £,, we can view £, as an s[(9)-module; in particular,
£.o=vand £ =2 \?0* =: 5.

It is useful to describe also £ as an s[(?)-module: it is the highest weight representation in
" ® /\2 0%, (see [CK, Section 4.3]) and it is generated by the highest weight vector z1§;2.
Notice that £; = £1 for j > 1 and that £_ = 0@ s is a finite-dimensional Lie superalgebra
whose superbracket is non trivial only when restricted to the odd part, where is given by
(L.22).

This grading extends to the universal enveloping algebra U (£), and in particular to U(£_).
In the latter case, as common practice, the sign of the degree is inverted in order to have a
grading over N.
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We will talk in detail in Chapter [3] about the representation theory of linearly compact
Lie superalgebras, in particular about F(5, 10). However, it is worth to mention now how
the general approach for the non-super case still applies in a considerable amount of cases,
which include E(5,10).

One makes use of the following result, for which a proof can be found in [CK| Erratum,
Lemma 1].

Lemma 1.3.1. Let g be a finite-dimensional Lie superalgebra and let n be a solvable ideal
of 8. Let a be an even subalgebra of g such that n is a completely reducible ad a-module
with no trivial summand. Then n acts trivially in any irreducible finite-dimensional g-
module V.

Now let £ be a linearly compact Lie superalgebra with canonical filtration { £, } and let
V be an irreducible £-module. One considers again continuous representations on discrete
spaces which, in order to avoid pathological example, are assumed to be X-locally finite for
an open subalgebra K C £ (for which in most cases Ly is a good candidate), i.e. U(K)v is
finite-dimensional for any v € V.
Let £_ be a (finite-dimensional) complement of K and assume it is a subalgebra of £
(which is not always true in general). It is true, for example, for superalgebras with a
consistent transitive Z-grading of finite depth d > 0 &,,~_,9n, such as E(5,10), by
choosing K = Lo = @,,>0 9n and L = D _ 1<;,<0 In-
The notion of "height" of an £-module still makes sense, so assume the height of V is k
and let Vo C V' be the subspace of elements of V' killed by Lz.
Vb is an Ly-submodule, hence by hypothesis it is finite-dimensional and one can apply the
previous lemma for g = £/L,, n = L£1/L, and a = go C Ly/L,, which implies that £,
acts trivially on Vj. In other words, k = 1.
Now consider the induced module, which is most commonly known in this framework as
a generalized Verma module, U(L) ®uzq) Vo = U(L-) ® Vp, where the identification
follows from the fact that, since the PBW theorem still holds in the superalgebra setting,
fixing an ordered basis of £_ and Lo, one has that U(L) = U(L_-) ® U(Lp).
This, by means of the natural projection U(L) ®pr(z,) Vo — V, u ® vo = uwp, reduces
the problem of classifying irreducible representations of L to the study of the generalized
Verma modules induced by representations of the (finite-dimensional) Lie algebra Ly/L.

1.4 Conformal algebras

Conformal (super)algebras were introduced by Kac ([K1])) in the context of chiral fields
in conformal field theory.
They encode the "singular part" of the Operator Product Expansions (OPEs) of a family
of (mutually) local fields, whereas the "regular” part is described by the normally ordered
product. The whole construction’s algebraic properties are described by a vertex algebra.

The basic (fairly simplified) idea is the following : given a vector space V, a field is
a formal distribution in one variable a(z) = Y,cz anz" € (EndV)[[z,271]] such that
a(z)v is a Laurent series in z for all v € V (i.e. it has only finitely many negative powers
of z). One is interested (because of physics) in fields satisfying the locality principle:

(z —w)N[a(z),b(w)] =0 forsome N >>0; (1.27)
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a(z) and b(z) are said to be mutually local. This locality axiom can be restated in terms
of the OPE ([K1]}): two fields a(z), b(z) are mutually local if and only if there exist formal
distributions a(n)b for 0 < n < N — 1 such that

N-1 1
[a(2), b(w)] = ) 1) (W) 0,6(2 — w) (1.28)
n=0 """

where 0, is the nth partial derivate with respect to w and §(z — w) denotes the delta
distribution 9(z,w) = ey 2w "L,

The formal distributions a,,)b are C-linear in a and b and are called nth-products.

The other operation that defines a vertex algebra is the normally ordered product: if one
decomposes a field a(z) into its creation part ay(z) = Y, .o anz" "' and annihilation
part a_(z) = 3,50 @nz~ "1, then for two fields a(z), and b(z) one can define

cab: (z) = ar(2)b(2) + b(2)a—(z) (1.29)

which is well defined because of a(z), b(z) being fields.

Roughly speaking, a vertex algebra can be thought of as a family of mutually local fields
closed under derivation, normally ordered product and OPE (the latter meaning that all nth-
products still belong to the family). When dealing with precise definitions, one can notice
that the property of being a field is only necessary in the definition of the normally ordered
product.

If one drops the latter, obtains a family of mutually local formal distributions closed under
derivation and nth-products. This is called a conformal family and its algebraic structure is
axiomatized by the following.

Definition 1.4.1. A (Lie) conformal algebra L is a C[0]-module, where C[0] is the Hopf
algebra of polynomials in the variable 0, endowed with a C-linear map [-»-] : L&L — L[}
called A\-bracket, where A is an indeterminate.

The A-bracket satisfies the following axioms, reminiscent of those of a Lie bracket:

(i) [0a)b] = —Alapb];  [ax0b] = (0 + \)[axb]; (Sesquilinearity)

(i) [bra] = —[a_r_sb]; (Skew-commutativity)
(iii) [[ax[byc]] = [[arb]aqyc] + [by[axc]] (Jacobi identity)
fora,b,c € L.

A conformal algebra is said to be finite if it is a finitely generated C[0]-module.

Here one thinks of O as the derivation 0, and the A\-bracket as the Fourier transform of
(1.28]).

In fact, if [a(2), b(w)] = 3, L (a(m)b)(w)0d(2z — w), then

n nl
)\ﬂ
[axd] = > —ramb (1.30)

n

satisfies (i) — (#ii) for 0 = 0,.

The main examples of finite C[0]-conformal algebras are the following.
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Example 1.4.1 (Current conformal algebras). Take a Lie algebra g (over C) and define
Cur(g) = C[0] ® g, the current conformal algebra associated to g, with A\-bracket

[1®axl1®bl =1 [a,b] (1.31)

for a,b € g and then extended by C[0]-sesquilinearity (i.e. by means of (7)).
In the language of formal distributions, it corresponds to the conformal structure of
End(C[t,t~'] ® g)[[z, 27 ']], where C[t,t~!] ® g is a Lie algebra with bracket

[t" ®a,t™ @b = """ @ [a, b]. (1.32)
Formal distributions are mutually local, since they satisfy the commutation relations
[9(2), h(w)] = [g, h)(w)d(z — w) (1.33)

where g(2) = ¥,.cz(gt™)2 1.

Example 1.4.2. (Virasoro conformal algebra) Take a free C[0]-module of rank 1 generated
by an element [. The A-bracket
[\ = (0 +2N)1 (1.34)

defines a conformal algebra structure on Vir = C[d]l, which is called the Virasoro confor-
mal algebra.

It is the conformal structure associated to W9(C*)|[z, z~!]], the conformal family of for-
mal distributions with values in the centerless Virasoro algebra W9 (C*), the Lie algebra
of algebraic vector fields on C* (i.e. vector fields in one indeterminate with Laurent poly-
nomial coefficients).

W9 (C*) is generated by the vector fields t”0; and the formal distribution

L(2) = ¥ ,e7(t"0) 27"~ satisfies the commutation relations

[L(2), L(w)] = OwL(w)0(w — 2) + 2L(w)0y0(z — w). (1.35)

The classification of simple finite conformal algebras was obtained by D’ Andrea and
Kac in [DK]] and it actually consists of instances of the above examples.

Theorem 1.4.1 ([DKI]). A finite simple conformal algebra is isomorphic either to Vir or
to the current conformal algebra Cur(g) of a simple finite-dimensional Lie algebra g.

This classification uses in an essential way Cartan’s classification of simple linearly
compact Lie algebras (Theorem|1.1.1) via the annihilation algebra.
In fact, one of the motivations for the classification of infinite-dimensional linearly compact
Lie superalgebra of Theorem [1.3.1| was to provide a similar tool for the classification of
finite conformal superalgebras, which was obtained by Fattori and Kac in [FK]].
From a physical point of view, the classification of [DKI] corresponds to chiral algebras
(i.e. vertex algebras) generated by a finite number of "bosonic" fields, whereas the "super"
counterpart contemplates also "fermionic" fields.
One can "reverse" the construction that gives a conformal algebra from a conformal family
of formal distribution: given a conformal algebra L, define the Lie algebra of Fourier
coefficients of L, denoted by A(L), as the C-linear span of symbols a; fora € L, i € Z
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quotient the relations (Aa + nb),, = Aa,, + nb, and (0a), = —na,_1.
Then A(L) is a Lie algebra with bracket

[ama bn] = Z <TIZ> (a(n)b)m-i-n—k- (1.36)

k

This is all artfully built so that the formal distributions with values in A(L), written as

a(z) = Z anz "L, (1.37)

satisfy the OPE encoded in the conformal algebra.

Now, the annihilation algebra of L is A_ (L), which is the subalgebra of A(L) generated
by elements a,, with non-negative n (notation and terminology are reminiscent of the "an-
nihilation part" of a field).

The finiteness of L allows to define a filtration on .A_ (L) which defines a linearly compact
topology on the completion.

Example 1.4.3. For a current conformal algebra L = Curg, A_(L) is linearly generated
by elements a,, with a € g and n > 0 where the bracket is given by [ay, by] = [a, b]ntm.
It is easy to see that this is isomorphic to g[¢] and its completion is g[[t]], with linearly
compact topology induced by the standard filtration {t"g[[t]] }+>0.

For instance, when g is the trivial one-dimensional algebra C, we obtain the algebra of
formal power series in one indeterminate C[[¢t]] and the standard filtration is the same of

Example[1.1.2]

Example 1.4.4. For the Virasoro conformal algebra L = Vir = C[d]l, a linear system
of generators of A_(L) is given by the elements /;, j > 0. It is easy to see that under
the identification [; — —t70;, A_ (L) is isomorphic to W9(C), the Lie algebra of vector
fields over C with polynomials coefficients.

The filtration is the standard one {t""*C[t]0; }»>—1 (cf. (I.3)), thus the completion is the
simple linearly compact Lie algebra of Cartan type W1.

We will not report the development of the representation theory of conformal algebras
and refer to [DKJ I[CK2]| for a detailed discussion. For our purposes, it will suffice to say
that, given the appropriate definitions, it is immediate to see that the natural notion of a
representation V' of a conformal algebra L is the same as a conformal representation V' of
the annihilation algebra .A_ (L), where conformal here means that for every element v € V
there is a term of the filtration of .A_ (L) which acts trivially on it.

This correspondence allows to study the representation theory of linearly compact Lie alge-
bras using conformal techniques. However, by Theorem [1.4.1|and the previous examples,
this machinery only covers one Lie algebra of Cartan type, namely W7.

Nevertheless, the techniques developed proved interesting enough to introduce a "multi-
variable" generalization of the notion of a conformal Lie algebra, known as a Lie pseudoal-
gebra.
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Chapter 2

Hopf algebras and pseudoalgebras

2.1 Preliminaries and notation on Hopf algebras

The appropriate generalization of the notion of a conformal algebra is that of an H-
pseudoalgebra where the base field C is replaced by a cocommutative Hopf algebra H.
These objects where first introduced by Beilinson and Dreinfield in [BD]] where they were
called Lie* algebras. They are algebras in a certain pseudotensor category, whence their
name. In order to be able to define them, we will need to talk briefly about (cocommutative)
Hopf algebras first.

In this section we review the definition of a cocommutative Hopf algebra and fix the nota-
tion, following [S]] (to which we refer for details on the subject).

A bialgebra H is an associative algebra (over C) with unit together with an homomorphism
of algebras A : H — H ® H called coproduct and a linear map € : H — C called counit
that satisfy the following axioms, for h € H:

(Coassociativity) (A ®idg)A(h) = (idg @ A)(A(h)) € (H® H® H); (2.1)
(Counit axiom) (e ® idg)A(h) = (idg ® €)A(h)=he H=C® H=H®C.
(2.2)

We will use the sumless "Sweedler notation", for instance given h € H:

A(h) = h(l) & h(2);
(A ®id)A(h) = h(1)y ® h(g) ® h(z) = (id @ A)A(h);
etc.
Notice that i1y ® h(9) ® hy3) is well defined because of coassociativity.

The counit axiom and the fact that A is an homomorphism of algebras can be rewritten, for
h,f,g € H,as

(f9)) @ (f9)2) = fm9a) ® f2)9¢2)- (2.4)
An Hopf algebra is a bialgebra endowed with a map S : H — H called the antipode such

that
h(_l)h(g) = E(h) = h(l)h(_Q) where S(h(z)) = h(—i)~ (25)
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From (2.3) and (2.5) one can deduce the useful identity in H @ H:
h(_l)h(Q) X h(g) = h(l)h(_g) & h(g) =1®h. (2.6)

An Hopf algebra H is cocommutative if it is commutative as a coalgebra, i.e. () ®
h(Q) = h(g) ® h(l) forallh € H.

Example 2.1.1 (Group algebra). Given a group G , its group algebra C[G| has a natural
structure of Hopf algebra if one defines, for g € G, A(g) = g ® g, ¢(g) = 1 and S(g) =
g~ L. By definition, this is clearly a cocommutative Hopf algebra.

In a generic Hopf algebra H, an element h € H with coproduct A(h) = h ® h is called
group-like. The subset of group-like elements is denoted by G/(H ) and it is in fact a group.

Example 2.1.2 (Universal enveloping algebra). Take a Lie algebra 9. Then its universal
enveloping algebra U (d) has a natural structure of Hopf algebra if we define for a € 0,
Ala) =a®1+1®a,ed) =0and S(a) = —a. Again, by definition this is a cocommu-
tative Hopf algebra.

Elements of a generic Hopf algebra h € H such that A(h) = h®1+1®h are called primi-
tive and the subspace of primitive elements is a Lie algebra with respect to the commutator,
denoted by P(H).

There is a very important structure theorem on cocommutative Hopf algebras due to
Konstant (for a proof and the definition of the smash product see [S]]).

Theorem 2.1.1. Let H be a cocommutative Hopf algebra over C (can be replaced by any
algebraically closed field of characteristic 0). Then H is isomorphic to the Hopf algebra
obtained by the smash product of the universal Lie algebra U(P(H )) and the group algebra
CIG(H)].

We will not explain this in details (see [BDK1]), but we mention that this result allows
in many circumstances in the study of pseudoalgebras to restrict to the case of H = U (0)
being the universal enveloping algebra of a Lie algebra 0. For the purposes of this thesis,
we will also assume 0 to be finite-dimensional (we will highlight in some remarks through-
out the work where these assumptions are needed and why).

In this case, let 91, ...,0n be a basis of 0 and take as a Poincaré-Birkhoff-Witt basis
of H, {6(1)}»I€Z§O where

o 0 o . . N
8 :Tllm, I:(Z]_,...,ZN)GZZ(). (27)

With this choice of basis it is easy to show that

AED)y= 3 oo, (2.8)
J+K=I

Moreover, this lets us define the (canonical) increasing filtration on U ()

FPH = spanc{0" | 1| < p}. 2.9)
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This filtration has the following immediate properties

(FPH)(FH) C FPYiH, (2.10)
p

A(FPH)C Y F'H ® FP~'H; (2.11)
i=0

S(FPH) C FPH,; (2.12)

\JF?H = H; (2.13)

p

dim FPH < oc. (2.14)

Remark 2.1.1. It is possible to define a filtration for any Hopf algebra H with similar
properties but the last two, the second to last being true for any cocommutative Hopf algebra
and the last being true for H = U (0) with finite-dimensional d or its smash product with
the group algebra of a finite group.

Remark 2.1.2. When 0 is an abelian Lie algebra, U(?) coincides with the symmetric al-
gebra S(0) = C[04, ..., 0n]. In this case, instead of a filtration, one can define a grading
GPH = spanc{0") ||I| = p}, which it is easy to see that satisfies (GPH)(GIH) C
GPHaf.

This grading induces the canonical filtration by writing F*H = €, G'H.

Now let X = H* := Hom(H, C) be the dual of H as a coalgebra.
X can be viewed as an H-bimodule with left and right actions given respectively by

(ha, f) = (x, S(h)[), (2.15)
(xh, f) ={(x, fS(h)) forxze X, h,f € H. (2.16)

Therefore, by associativity of H,
f(zg) = (fx)g forf,ge H zeX. (2.17)

The left action makes X an H-differential algebra, i.e. an associative algebra with a left
action of H such that

h(zy) = (hyz)(hy) forhe H, z,y € X. (2.18)

Similarly, for the right action (zy)h = (zh(1))(yh(2))-
Notice also that X is commutative when H is cocommutative.

The filtration of H induces a decreasing filtration F, X on X, where (set F_1 = X)
F,X = (FPH)Y = {z € X |(x, FPH) =0} forp> —1. (2.19)
The properties of F'P H imply the following ones:

(F,X)(FyX) C FpioX; (2.20)
(FPH)(F,X) C Fy_,X; (2.21)

(FX =0 (if @I3) holds) . (2.22)
p
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We can consider on X the topology induced by taking as a fundamental system of neigh-
bourhoods of the origin the filtration {F, X } .

By the product in X is continuous. In addition, if we consider the discrete topology
on H, by (2.21), the action of H on X is also continuous. This can be rephrased by saying
that X is a topological H -differential algebra.

Moreover, when (2.14) holds, dim X/F,, X < oo for all n. Hence, if also (2.22) holds, by
the discussion of Section X is linearly compact.

Remark 2.1.3. When H = U(?), the fact that X is a topological H-differential algebra,
together with (2.18) and the definition of the coproduct in H, shows that d acts on X by
continuous derivations.

When H = U(d), dim d = N, let {z;} be a dual basis of {01}, i.e. (x,0)) = §/;
in particular, we denote with {z*} the duals elements of the basis {0;} for 9 C H, which
provides a basis of 0* C X.

When H = U (0), it follows from that

TITy = Tr4g (2.23)
This allows us to write explicitly the basis elements xy of X :
zr= (V) (@M)W for I = (iy,...,in) e NV (2.24)

where the basis elements z* = xe, of 0* correspond to the multi index ¢; = (0,...,1,...,0)
with only a 1 in the ¢th position.

Example 2.1.3. When 0 is abelian and therefore H = U(d) = S(d) = C[0y,...,0N],
it is a well known fact that X = C[[z!,...,2"]]. By setting deg ' = 1, X decom-
poses as a direct sum of spaces GPX generated by monomials of degree p such that
GPX -G1X C GPT9X and F,X/F,11 X = GPX.

Notice that since X is linearly compact, B, G X is a dense subspace of X and any ele-
ments in X can be written as a (possibly infinite) sum of elements in G X . In other words,
X is isomorphic to the completion of €, G? X' in respect to the topology induced by the
filtration {@>, GP X }r>1.

The previous example generalizes for any 9. In fact, one can define a ring isomorphism
¢: X = On=CJt},...,t"] (2.25)

by ¢(z1) — t!, where t! is defined similarly to (2.24).
Recall that O by Example[I.1.2)is a linearly compact associative algebra, and so is X. In
fact, the filtration (2.19) corresponds via ¢ to the canonical filtration of O, thus ¢ is an
isomorphism of linearly compact associative algebras.
This is an important feature: it allows us to define an action of H over Oy, in particular

one of 0, using (2.15)) via ¢.

Example 2.1.4. When 0 is an abelian Lie algebra, one can easily compute its action on X
and therefore on Op: fork € {1,...,N}, I = (i1,...,in),J = (j1,...,jn) € NV,

(D1, 8D = —(z1,0)) = (1, Gy + 1)OVFer)) =
= (G + D8]e = =+ 185 = = (i + D1, 0)
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where we set x;7 = 0 if I has a negative entry.
tN] as —-2¢

Under the isomorphism ¢, this translates to dy acting on O = CJ[[t!, ..., 5% -
From a geometrical point of view, if one interprets C[[t!, ..., Y]] as the algebra of func-
tions on a formal neighbourhood of a point p in a complex manifold M of dimension N
(like at the beginning of Section|[I.T)), then ? can be viewed as a Lie algebra of vector fields
on the formal neighbourhood (namely, elements of Wy ) and elements of H as differential
operators.

One can extend the previous argument for any Lie algebra 0 by the following lemma.

Lemma 2.1.1. The following formulas hold for the action of 0 on X:

—07 =Y cha" mod Fi X, (2.26)
k<i

= —5; + Z czjxk mod F1 X 2.27)
k>i

where ct L, are the constants defining the Lie bracket in 0, i.e. [0;, 0] = Z

Proof. Since we are only interested in identities mod F1 X, we only need to check the result
of (x'8;,h) forh € F1H.

If h =1, then (x’@,h} = —<l‘i,8j> = —5;

If h = O then (2%0;,h) = —(2%,0,0;). This is equal to 0 when k < 7, since in this
case Oy0; is (up to a constant) an element of the basis of H. When £ > j we obtain
—{(*, [0k, 05]) — (x, 0;0k); the second term is again 0, while the first is equal to —ci . ;
Same argument applies to ; ;x!, with a switched sign. O

We end this section by describing a very useful feature of Hopf algebras, the left (and
right) straightening.
Take a,b € H. Using (2.6) , one obtains that

(a ® b) = (a ® 1)(1 ® b) = (a ® 1)([)(,1)[)(2) & b(g)) =
(ab(_l) & 1)(b(2) 02y b(g)) = (ab(_l) ® 1)A(b(2)). (2.28)

This allows us to claim that any element of H ® H can be written as a linear combination
of elements in (H ® C)A(H).

One can be more precise and by mean of the Fourier transform F : H @ H - H ® H
defined by the formula

F(feg =(fol)(S®id)A(g) = fg—1)®ge for fgeH (2.29)

prove the following lemma.

Lemma 2.1.2 ([BDKI1I). Every element of H ® H can be uniquely represented in the form
>i(hi @ 1)A(1;) where {h;} is a fixed basis of H ((2.7) when H = U () for instance) for
some l; € H. In other worlds, H® H = (H @ C)A(H).

In particular, for any H-module L, (H® H) @y L=(H®C)® L = (C® H) ®y L.
Moreover this is compatible with filtration (2.9):

F'(He@H) = (F"HRC)A(H) = (CRF"H)A(H) where F*(HQH) = 3, i, F'H®
FIH.
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2.2 Pseudotensor categories and Lie Pseudoalgebras

The theory of pseudotensor categories, introduced by Beilinson and Drinfeld in [BD]],
generalizes the notion of symmetric monodial category (in fact every symmetric monodial
category has a pseudotensor structure) and "fits in" between it and the concept of ordinary
additive category (a pseudotensor category can be thought as an ordinary additive category
with an extra structure). It also generalizes the concept of operad (an operad turns out to
be, by definition, a pseudotensor category with one object).

The main benefit in working in this environment is to have the "absolute minimum" to be
able to define, in terms of polylinear maps, the notions of algebras, Lie algebras, represen-
tations, etc. This way one can generalize these concepts in suitable contexts.

We are mainly only going to give an account of definitions and main results; for a more
detailed discussion see [BD| or [BDKI]. In particular, our main object of interest in this
framework is to introduce H-pseudoalgebras (Lie algebras in a certain pseudotensor H-
category) and superalgebras (algebras in the usual Vec category but with a "signed" action
of the symmetric group) and to define Lie super H-pseudoalgebra.

Take as an example the category Vec of C-vector spaces. We can define, for any non
empty finite set / and any collection of spaces {L;}icr, M € Vec, the vector space of
polylinear maps Pr({L;}, M) = Hom(®;crLi, M).

Notice that we have an action of the symmetric group on these spaces by permutation of the
factors in ®;c7L;. Moreover, for any surjective sets map 7 : I — J and for any collection
of spaces { K } jc s, we can define (obvious) compositions of polylinear maps:

Pr({Li}, M) ® Q) Pr,({K;}, L) — Ps({K;}, M)
iel

¢ @ {i} — ¢ o Qs i = o({1hi}) (2.30)

where we assume that j € J; = 7 1(4).
These compositions have the following properties:

Associativity: If we have another surjective map H — .J, another collection { Ny, }nep

and x; € Pp;({Nn}, K;), then o({1hi({xj})}) = (¢({#i}))({x;}) € Pu({Nn}, M).

Unit: For any object M there exists idy; € Pi({M}, M) such that V¢ € Pr({L;}, M),
idn () = o({idL; }) = ¢.

Equivariance: Compositions are equivariant with respect to the natural action of the sym-
metric group Sy onPr({L;}, M).

Using this as a prototype, one defines:

Definition 2.2.1 ([BDI). A pseudotensor category is a class of objects M together with
vector spaces Pr({L;}, M) endowed with an action of the symmetric group & and with
composition maps as in (2.30) which satisfy the properties of Associativity, Unit and Equiv-
ariance as above.

Notice that, given a pseudotensor category M and two objects L, M € M, we can
define Hom(L, M) = P,({L}, M). Composition of morphisms follow from composition
maps in (2.30), providing a structure of an ordinary (additive) category on M.
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In other words, we can think of pseudotensor categories as ordinary categories equipped
with an additional pseudotensor structure given by the polylinear maps in P;({L;}, M) for
|| > 2.

Example 2.2.1. Consider the category of super vector spaces over C, i.e. Z/(2)-graded
vector spaces over C.

Notice that a Z/(2)-gradation on a vector space V' = Vq) @ V[y) is equivalent to give
a linear involution m : V' — V; in fact, V' decomposes in two eigenspaces for the two
eigenvalues of 7, —1 and 1. We shall call the eigenvectors homogeneous.

We can define the pseudotensor category of super vector spaces, SVec:

Objects: pairs (V,7) where V is a vector space over C and 7 € End(V) such that 72 =
Idy.

Polylinear maps:

PI({(LHWZ)}?(Map)) =
{qs = Qic1¢i : QierLi — M | ¢; € Hom(Li, M) and ¢; om; = p o <Z5z‘} (2.3D)

where tensor products are the usual ones for vector spaces and linear maps, same for
compositions.

Action of &;: Sy acts on Py ({(L;, m)}, (M, p)) by permutation of factors in ®;c7L; but
following the "Koszul sign rule", which instructs to multiply by a factor (—1)'”””9|
every time two homogeneous elements x and y swap position, where |z| € Z/(2) is
the degree of x (in our notation |z| = 0 if 7(z) = x and || = 1 if 7(z) = —x).
Formally, given o € & and ¢ € Pr({(Li, ™)}, (M, p)), then

(0 - 8)(®icrvi) = e(0({vitier)) - Ric1Po(i)(RicrVa(i)

where v; are homogeneous vectors of eigenvalues \; = 1 or —1 and ¢ is defined for
transpositions as

1 ifa =N =1

e((k, D{vikier)) = { 1 otherwise (2.32)

and then extended to G by multiplication.

Remark 2.2.1. The construction given for Vec applies for any symmetric monoidal (ten-
sor) category. Such a category is equipped with a tensor product and a map, called braiding,
TM,N MN — N®Msuchthat7'N,Mo7'M7N :idM®NVM,N e M.

One can proceed to define the following pseudotensor structure.

* Polylinear maps: P;({L;}, M) = Hom(®;erLi, M);

* action of &; induced by 7: for any transposition o = (j k) € Sy and ¢ = Qjcr; €
Pr({Li}, M), 0¢ = (Qicrds(i)) © TL; Ly.>

* composition maps: same as in (2.30).
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Example 2.2.2. Let H be a cocommutative bialgebra. Then the category of left H-modules
M!(H) is a symmetric tensor category, hence can be made into a pseudotensor category as
seen above, where polylinear maps are P;(L;, M) = Homp(®;crL;, M) and the braiding
is the identity.

The same can be done for the category of H-bimodules (which are often indicated as H —
H-modules) M?(H) where in this case one takes as polylinear maps morphisms of H — H-
modules.

Example 2.2.3 (bis). Given V and W super vector spaces over C, one can define a tensor
product V @ W given by

(V@ W) = Vi) ® Wi)) & (Viry @ Wiyy);
(VoW)a) = (Vo) ® W) @& (V) ® Wg)).
Furthermore one can define a braiding:
Tvew : VOW — WV
v@w— (=) @ (2.33)

where v € V,,, w € Wg with o, f € Z/(2) and |v| = .

These make the category of super vector spaces over C a symmetric monoidal category,
thus giving another way to define the pseudotensor structure given in Example [2.2.1]
Explicitly, the polylinear maps are given by P;({L;}, M) = Hom®"*"(®;erL;, M) (where
even homomorphism are linear homomorphisms that preserve the Z/(2)-grading) with ac-
tion of & given by

(0(@icri))(®iervi) = (=D)IT el @, 1 ) (v,) (2.34)

where v; are homogeneous vectors and if 0 € Gy is equal, as product of transpositions, as
(1la) -+ G lk)s then o ({vi}ier)| = |vjy v, [ 4+ - + vz oy |-

We hinted before that it is possible to define algebraic structures in pseudotensor cate-
gories that generalize usual ones.

Definition 2.2.2. An associative algebra in a pseudotensor category M is an object A €
M together with a polylinear map . € P>({A, A}, A) such that

ey ) = ps pls))- (2.35)
A is said to be commutative if, in addition,
n = o124, where 019 = (1 2) € Go. (2.36)

Definition 2.2.3. A Lie algebra in a pseudotensor category M is an object L. € M
equipped with a polylinear map 8 € P,({L, L}, L) for which the following properties

apply:

Skew-commutativity § = —o125 where 012 = (12) € Gg;
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Jacobi identity £5(5(-,),) = B(-, 5(-,-)) —o128(+, B(-, -)), where we are thinking o2 in
Gs.

Definition 2.2.4. A representation of a Lie algebra (L, ) (or L-module) is an object V' €
M together with a polylinear map p € P>({L, M}, M) satisfying

p(ﬁ(a )7 ) - p(7p(7 )) - 012p<'7p<'7 )) (237)
If (L, «) is an associative algebra, then p must instead satisfy

Remark 2.2.2. When the action of the symmetric group is the usual one, like in the case
of Vec, these definitions coincide with the usual ones.

In other cases we obtain new definitions. For instance, the multiplication of a Lie algebra L
in the pseudotensor category of Examplehas to satisfy 5(a,b) = —(—1)I*IPI3(b, a)
for all homogeneous elements a,b € L. A similar argument applies to the Jacobi iden-
tity and commutativity; that is, we are defining superassociative (=associative) algebras,
supercommutative algebras and Lie superalgebras.

Example 2.2.4. A (Lie or associative) algebra in the pseudotensor category M!(H) of
Example [2.2.2] is called a (Lie or associative) H-differential algebra, which is a (Lie or
associative) algebra that has also a structure of H-module such that the product (or the
bracket) is a morphism of H-modules.

Example 2.2.5. A Lie superalgebra (resp. supercommutative algebra) is a Lie algebra
(resp. commutative algebra) in the pseudotensor category of super vector spaces

Notice that a definition of an associative superalgebra would be redundant because in Def-
inition the action of &7 is not involved for associative algebras (which is what deter-
mines the difference between "super” objects and usual ones).

Results involving only the polylinear maps structure over tensor categories still hold
for pseudotensor categories. For instance:

Proposition 2.2.1. Let (A, ) be an associative algebra in a pseudotensor category M. If
we define the commutator 5 = p — o124, then (A, ) is a Lie algebra in M.

In order to define one of the main objects of our study, Lie pseudoalgebras, we need to
introduce, following [BD], the pseudotensor category M*(H).
Given a cocommutative bialgebra H with coproduct A, M*(H) is the pseudotensor cat-
egory having the same objects of M!(H) (i.e. left H-modules) but with a different pseu-
dotensor structure: in this case we define the polylinear maps as

Pr({Li}, M) = Homper (RicrLi, H*' @5 M) (2.39)

where N;c;L; is the H®!-module ®;c;L; with action given component by component,
while the action of H®! on H®! @y M is given by left multiplication.

Compositions of polylinear maps are given accordingly to the following construction:
given 7 : J — I and polylinear maps

¢ = Ricrpi € Homper(RierLi, H*' @5 M)
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and, fori € I and J; = 7~ 1(i),
Vi = Rjes,(¥i); € Hompes, (Rjes,Nj, H*' @y L),

one can realize X;¢ r1);, consistently with 7, as an element of Hom ;e (IZjeJNj, H® @y
XiecrLi). To obtain a polylinear map ¢({t;}) € Hompyes(RjesNj, H®' @5 M) we can
simply compose it with ¢, provided, however, that since the latter is an homomorphism
of H®!-modules, we give it a structure of H®/-homomorphism (consistent with 7). In
order to do so, one takes into account the functor A : M{(H®T) — MY H®T), M —
H®’ ® ;01 M where the right action of H®! over H® is induced by the iterated coproduct
according to .

If, for example, 7 : {1,2,3,4} — {1,2,3} where 7(1) = 1, 7(2) = 7(3) = 2, n(4) = 3,
then A(™ = id® A®id : H®® — H®* and the action over H®* is given by multiplication
component by component.

If, again for example, 7 : {1,2,3,4} — {1,2} with 7(1) =7(2) = 1len(3) =7(4) =2,
then A(M = A@ A : H®? — H®4,

Compositions of polylinear maps is defined as

d({¥itier) = AP (¢) o Ric 1. (2.40)

Explicitly, given n; € N;, we can write

Vi(®jesng) = > by @u lf
k

for some h¥ € H®/i [k € L;. Similarly

¢(@ierll) =) g" @5 m™
t

for some ¢g¥* € H®! m™ € M.
Then we define

(D({Witien)(®jes) = Y (@ierhF) AP (g") @ g mM (2.41)
k.t

where A™ : H®! — H®7 behaves as described above.
Finally, the symmetric group &7 acts on polylinear maps permuting simultaneously factors
in ;7 L; and in H®!.

Remark 2.2.3. It is precisely the equivariance with respect to the action of the symmetric
group of composition of polylinear maps that demands the cocommutativity of H. Indeed
if we consider, for example, the action of 012 = (12) € &3 over (H ® H) ® gy M, which
is given by o12((f ® g) ®g m) = (¢ ® f) ®pg m, equivariance implies in particular that
o12A = A, that is the cocommutativity of H.

One can directly define the notions of Lie and associative pseudoalgebras.

Definition 2.2.5. A Lie (H-)pseudoalgebra is a Lie algebra in the pseudotensor category
M*(H).



2.2 Pseudotensor categories and Lie Pseudoalgebras 33

Definition 2.2.6. An associative (H-)pseudoalgebra is an associative algebra in the pseu-
dotensor category M*(H).

Anyway, we can be less cryptic by expressing the requested properties for the polylinear
maps used as operations.

Definition 2.2.7. An (H-)pseudoalgebra is an H-module L together with a polylinear map
g€ Py({L,L},L) = Hompyeu(L ® L, (H ® H) @y L) called the pseudoproduct of L.
We will indicate the pseudoproduct ((a, b) as a x b for a,b € L. L is said to be finite if it
is finitely generated as an H-module.

Remark 2.2.4. By definition, 3 is H-bilinear, meaning that
faxgb=((f®g) ®uid)(axDb). (2.42)

Explicitly, if a x b =Y (fi ® g;) ®p c;. then fax gb="> (ff; ® gg;) @ c.

(2 K3

The above definitions of associative and Lie pseudoalgebras are obtained by attaching
properties to the pseudoproduct.
The definition of associativity of the pseudoproduct is the usual:

[Associativity] a « (bxc¢) = (a*b) xc¢ Va,b,c € L (2.43)

To describe it explicitly, we need to make sense of the above elements in (HQHQR H)®p L
by using compositions of polylinear maps.

If we have
bxc= Z(f2®gl) Ry v; (2.44)
a*v; = Z(hi]‘ X kij) @ w4 (2.45)
J
then a x (bxc) = Z(hij ® fikij) ® gikij,)) © wij. (2.46)
2
Similarly, if
axb= Z(fz ® gi) @H Vi (2.47)
vk C = Z(hij ® kij) ® wy; (2.48)
J
then (a * b) x ¢ = Z(fihiju) ® gihije, ® kij) ® wij. (2.49)
i,

A pseudoproduct is commutative when
[Commutativity] a « b = (0 @ id)(b*xa) Va,be L (2.50)

where o is the "flip" o(f ® g) = (9 @ f).
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When L is a Lie pseudoalgebra, the pseudoproduct is called pseudobracket and denoted
by [ * -]. It has, in addition to bilinearity, the following properties:

[Skew-commutativity] [a « b] = —(0 @ id)[b * al; (2.51)
[Jacobi identity] [a * [b* c]] — ((0c @ id) @ id)[bx [axc]] = [[a*xb]*c], (2.52)

for any a, b, ¢ € L, where the identity (2.52) in H®3 @y L is in the sense described before.

In an analogous way one can define representations of Lie and associative pseudoalge-
bras.

Definition 2.2.8. A representation of a Lie H-pseudoalgebra L is a left H-module V' to-
gether with a polylinear map p € P>(L, M, M), denoted by p(a ® b) = a * b such that

[axblxv=ax(bxv)— ((c ®id) @ id)(b* (axv)) Va,be L, veV. (2.53)
V is said to be finite if it i finitely generated as an [{-module.

We conclude this section by defining another pseudotensor category, which combines
Example with the pseudotensor category M*(H).
We define the pseudotensor category SM*(H) as follows.

Objects: 7Z/(2)-graded left H-modules, or equivalently pairs (M, ) where M is a left
H-module and 7 : M — M is an involution of H-modules.

Polylinear maps:

Pr({(L;,m) }Yier, (L, 7)) =
{1 = ®ierthi € Homper (Rier Ly, HY @y M) | ¢yom =710} (2.54)

We are basically using the same polylinear maps as in (2.39), but we also require
them to commute with the involutions, so that they behave as we expect in respect to
the 7 /(2)-gradation.

Compositions of polylinear maps follows the construction given for M*(H).

Action of G;: The symmetric group &y acts on Pr({(L;, ™ )ier}, (L, 7)) by permuting
simultaneously factors in H®! and in X;c;L; while at the same time applying the
"Koszul sign rule", as given explicitly in (2.32).

Definition 2.2.9. A Lie H-superpseudoalgebra is a Lie algebra in the pseudotensor cate-
gory SM*(H).

In other words, a Lie super pseudoalgebra is a pair (L, ) (or equivalently a Z/(2)-
graded H-module L = Lo @ L1)), together with a polylinear map 3 € Hompgu (L ®
L,(H® H) @y L) commuting with 7 (or equivalently, such that 3(L¢;y ® L;)) C (H ®
H) ®@p Ly fori,j € Z/(2)) which we write as 3(a, b) = [a  b], with "super" versions

of properties (2.51)) and (2.52)), i.e.
[Skew-commutativity]: [a x b] = —(—1)1"l (¢ @ id)[b * a] (2.55)

[Jacobi identity]: [a  [bx ¢]] — (=1)19 (o @ id) @ id)[b * [a * ¢]] = [[a * b] * ]
(2.56)
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for any homogenous element a,b € L and ¢ € L.
The explicit description of these properties is the analogous "signed" version of the one in
the non "super" setting.

Remark 2.2.5. Tt is worth to notice that if we restrict the pseudobracket to Lg) ® L(q), we
obtain the definition of a Lie pseudoalgebra, while if we restrict it to L) ® L 1), Jacobi
identity reads as the definition of a representation of a Lie pseudoalgebra.

In fact, one can easily see that the datum of a Lie super pseudoalgebra L = L) & L(y) is
equivalent to that of Lie pseudoalgebra L g, an Lp)-module L1y and a L g)-equivariant
H-bilinear map : L(1) ® L1y — (H ® H) ®p L) such that

[a*b] = (0 ®g id)[b* al; (2.57)
[a*[bxc]] + (o ®id) @p id)[b* [a * c]] = [[a * b] * ] (2.58)

Va,b,cée L(l).

2.3 Pseudo linear algebra

The first example of a pseudoalgebra is given by the current pseudoalgebra.
Let H be a (cocommutative) Hopf algebra. Given a C-algebra A, its current pseudoalgebra
is the left H-module Cur A = H ® A with pseudoproduct

(f@a)x(g@b) = (f ®g) @u ab (2.59)

fora,b € L, f,g € H, where ab is the product in A. If A is associative/Lie/commutative,
so is Cur A. We can also generalize this construction.

Definition 2.3.1. Let H' C H be an Hopf subalgebra and let L be an H’-pseudoalgebra.
The current H-pseudoalgebra of L is

CUTZIL =H®y L
where the pseudoproduct is given by

(f @rra)* (g @n b) = ((f ® g) @n 1)(a *p5 b)

for f,g € H, a,b € L, where *p denotes the pseudoproduct L ® L — (H' ® H') ®p L.
The action of H is given by left multiplication on the first factor. C’urg,L is a Lie (resp.
associative) pseudoalgebra when L is.

Remark 2.3.1. In other words, we are defining a pseudotensor functor C’urg, : M*(H') —
The previous example arises as a particular case of this construction when H' = C. In
this case we are defining a pseudotensor functor Curg : Vec — M*(H), where the pseu-
dotensor structure of Vec is the one described at the beginning of Section[2.2]

As we already mentioned, another class of examples of pseudoalgebras is provided by
conformal algebras.
First of all consider the one-dimensional Lie algebra CO generated by 0. Then U(C0) =
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C]0] and we can define an Hopf algebra structure on the latter.
Now, let L be a conformal algebra (so in particular an H = C[0]-module) with \-bracket
given by

[axb] = > pi(Mes (2.60)

for some p; € C[A], ¢; € L. Then L is a Lie H-pseudoalgebra with pseudobracket given
by
[axb] = (pi(—-0)®1) ®p ci. (2.61)

(2

One can check that properties of the A-bracket listed in Definition|1.4.1{imply H -bilinearity,
skew-symmetry and Jacobi identity for (2.61).

We recover now few basic definitions and constructions about pseudoalgebras and
"pseudo linear" algebra that resemble those of linear algebra.
Given an H-pseudoalgebra L, then an H-submodule M C L is a subalgebra of L if

MM cC (H®H)®y M. (2.62)

A subalgebra is an ideal if L« M C (H ® H) @y M. L is simple if its only ideals are 0
and L. Analogous definitions are given for Lie H-pseudoalgebras.

Example 2.3.1. If B C A are C-algebras, then Cur B is a subalgebra of Cur A. In
particular, if A is simple, so is Cur A.

Let Ly, Ly be H-pseudoalgebras. A morphism of pseudoalgebras is, in the language
of pseudotensor categories, a polylinear map in Py ({L1}, La) = Hompg (L1, H @y L2) =
Homp(Ly, Ly) which respects the pseudoproducts .

Explicitly, it is an H-linear map y : L1 — Lo such that, for a,b € L,

((id @ id) @ v)(a* b) = y(a) (D). (2.63)

In Definition [2.2.4) we have defined representations of Lie and associative algebras in a
generic pseudotensor category in terms of polylinear maps. More explicitly, for an associa-
tive (or Lie) pseudoalgebra one has the following.

Definition 2.3.2. Let L be an associative H-pseudoalgebra. A representation of L, or L-
module, is an H-module V' together withamap p: L®V — (H ® H)®p written, with a
slightly abuse of notation, as a * vp(a, v) satisfying

ax(bxv)=(axb)xv Va,be L,veV, (2.64)

where a * b is the pseudoproduct in L.
If L is a Lie H-pseudoalgebra, the identity to be satisfied is

[axbxv=ax(bxv)— ((0c ®id) @ id)(b* (a*v)). (2.65)

An H-submodule U C V is called an L-subrepresentation, or L-submodule, if L x U C
(H®H)®pU.
An L-module is irreducible if the only submodules are {0} and L.
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In the classical setting, a representation of an associative (resp. Lie) algebra L is a
morphism of associative (resp. Lie) algebras p : L — End(V') (resp. gl(V)).
Something similar can be done in the pseudo setting. First of all, we need to define pseu-
dolinear maps.

Definition 2.3.3. Let V, W be H-modules. An H-pseudolinear map from V to W is a
linear map o : V. — (H ® H) ®g W such that

alhv) = (1®h) @y 1)a(v) YVhe HveV. (2.66)

The space of pseudolinear maps from V' to W is denoted by Chom(V, W). This is an
H-module with action defined by

(ha)(v) = ((h®1)®y a(v) fora e Chom(V,W), he HveV. (2.67)
When V = W, we denote Cend(V) = Chom(V,V).

Example 2.3.2. Let L be an H-pseudoalgebra and M an L-module. Then for any a € L,
the map my : V — (H ® H) @y V, v — a * v, is an H-pseudolinear map, so m, €
Cend(V'). One also has that hm, = mp,.

Given ¢ € Chom(V, W), ¢ € Chom(U, V') one can consider the "composition" ¢ o1}
in the sense of (2.40). Anyway, in order to obtain a well defined element of C'hom (U, W),
one needs U to be finite (as an H-module).
It is shown in [BDKI1, Chapter 10] that this can be done in an unique way such that the
composition is "associative". When applied to the case of V. = U = W, this gives a
structure of associative pseudoalgebra for Cend V. Moreover, ¢ * v = ¢(v) defines a
structure of C'end(V')-module on V.

Proposition 2.3.1. If A is an H-pseudoalgebra, giving a structure of A-module on a finite
H-module V is equivalent to provide an homomorphism of associative pseudoalgebras

from A to Cend(V).

Proof. One associates to any a € A the pseudolinear map m,, from example Then
(Mg *myp) * v =mg* (Mp*v) =ax*(bxv) = (a*xb)*xv=mgwpv,

for any v € V/, therefore my * my = Mgxp- ]

By Proposition[2.2.1] given an associative pseudoalgebra one can define a Lie pseudoal-
gebra structure on it (same as in the non-pseudo setting). The Lie pseudoalgebra obtained
by Cend(V') is denoted by gc(V'). Analogously to the previous proposition, we have the
following.

Proposition 2.3.2. If L is a Lie H-pseudoalgebra, giving a structure of L-module on a
finite H-module V' is equivalent to provide an homomorphism of Lie pseudoalgebras from
L to gc(V).

Remark 2.3.2. Let L be a Lie pseudoalgebra and V', W two finite L-modules. Then we
can give to Chom(V, W) a structure of an L-module where the pseudoaction of @ € L on
v € Chom(V,W) is given by

(ax@)(v)=ax(p*xv)— ((c®id) @y ¢)(a*v). (2.68)



38 2. Hopf algebras and pseudoalgebras

Definition 2.3.4. Let L be an H-pseudoalgebra. A derivation of L is an H-pseudolinear
map ¢ € gc(L) satisfying, forall a,b € L,

px(axb)=(p*xa)xb+ (6 ®id) @ id)(ax (p b)) (2.69)
if L is an associative pseudoalgebra, or
px[axb =[(pxa)xb+ ((c ®id) g id)[a * (¢ * b)] (2.70)

if L is a Lie pseudoalgebra.
The set of all derivations of L is denoted by Der L.

It is easy to see from the definition that Der L is a subalgebra of gc(L).

ge(V) is, in general, a quite big object and it is less manageable that its "linear" coun-
terpart gl(V'). For instance, take a free H-module V = H ® V. We want V' to be finite,
thus 1} is a finite-dimensional vector space.
In this case we can give an explicit description of Cend(V') and ge(V') (see [BDKI], Propo-
sition 10.11]).
As H-modules, they are isomorphic to (H ® H) ®py End(Vj), where H acts by left mul-
tiplication on the first factor.
The pseudoproduct in C'end(V') can be written, for f, g, h,k € H, A, B € End V), as

(fegeA)x(h®k®B)=(f® hg(l)) g (1® kg(g) ® AB). 2.71)

The pseudobracket in gc (V) is given by the "commutator" of the pseudoproduct of Cend(V),
i.e.

[(fogeA)x(h@k® B)] =

(f @ hgay) ©n (1@ kgoy @ AB) — (fkay ® h) @ (1® gkpy ® BA).  (2.72)

When V) = C" we denote Cend,, = Cend(V') and gc,, = gcV'.

Remark 2.3.3. Notice that if we restrict (2.71) to H ® 1 ® End Vj, we obtain
(fR1IA)x(h®l®B)=(f®oh) @y (1®1® AB). (2.73)

Therefore, H ® 1 ® End(Vp) is a subalgebra of Cend (V') and, moreover, it is isomorphic
to Cur End(Vp).
Similarly, we can embed Curgl(Vp) C ge(V).

We focus now on the case H = U () and identify ? with its image in H, so that H ® 0
is a subalgebra of Cur H = H ® H. Considergc, =T H HC=H ® H.
If we restrict (2.72) to H ® 0, we obtain (recall that fora € 9, A(a) =a® 1+ 1 ® a):

[(f ®a)x(g@b)] =

(f ®gaq)) @ (1 ®@ba)) — (fba) ® g) @u (1 ®abm)) =

(f®ga)@g (1@D)+ (f®g)®@n (1®ba) — (fo®g)®n (1®a) - (f®y) ®u (1® ab) =
—(foeg) ey (1®a)+ (f@ga) @y (1®@b) - (f®g) @y [a,b]. (2.74)
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We call W (0) the Lie pseudoalgebra H ® ? with pseudobracket defined by this formula
(with a switch sign for notational needs). T (0) plays a central role in the theory of finite
Lie pseudoalgebras.

We give also another interesting way to realize this subalgebra of gc; .

By definition, elements of gc; are pseudolinear maps ¢ : HQC — (H® H) @y (H®C),
that can be canonically identified with H-linear maps H — H ® H where the action of H
on H ® H is by multiplication on the second factor.

¢ is therefore uniquely determined by ¢(1). Assume that ¢(1) = >, fi ® g; for some
fi,g9i € H.

Now, if we realize H trivially as C'ur C, then it makes sense to ask ourself when ¢ is a
derivation of Cur C = H. This happens when ¢ satisfies (2.69), where the pseudoproduct
of His fxg=(f ®g).

Writing down (2.69) in this case, one obtains, under all obvious identifications, that f;, g;
must satisfy for all h, k € H

Y [i®Ginh®gigk =) fi©gh@k+ fi ©h@ gih. (2.75)

In other words, one is asking that A(g;) = ¢; ® 1 + 1 ® g;, which is equivalent to say that
g; €0.
This shows that H ® 9 = W (d) = DerH. Now, comparing this with the definition of
W in Section [I.1]in view of (2.25)), hints to a very strong connection between this Lie
pseudoalgebra and the Lie algebra of Cartan type Wj. This connection will be make
precise in terms of the annihilation algebra.

We end this section by defining other constructions we will need later, which are the
dual and the twisting of finite modules.

Definition 2.3.5. Given a finite L-module V, D(V) := Chom(V,C) is called the dual
of V. If &« : V' — V is an homomorphism of L-modules, then we define D(«) =
Chom(a,id) : D(V) — D(V'), ¢ — ¢oa.

Definition 2.3.6. Given a finite L-module V" and a finite-dimensional 9-module II, 711 (V') =
Chom(D(V'), 1) is called the twisting of V by II. If 8 : V' — V' is an homomorphism

of L-modules, then we define the homomorphism T11(8) = Chom(D(f),id) : Tn(V) —

Tu(V'). ¢ = D(B) o ¢.

We will only be interested in these objects for free H-modules of finite rank, which
makes it possible to write them explicitly, as well as the pseudoaction of L upon them.
Let V = H ® Vy where 1 is a finite-dimensional vector space. Similarly to the previous
case of Cend(V'), if W is another finite H-module it is possible to identify Chom(V, W)
with the free H-module H @ (W ® V). Then in particular we have isomorphisms of
H-modules D(V) = H® Vy, Tn(V) = H ® (II ® Vp) where again the action of H
on the right hand sides is given by left multiplication on the first factor. The structure of
L-modules is given explicitly by next proposition.

Proposition 2.3.3. [BDK2|]| Let V = H ® Vj be a finite L-module which is free as an H -
module, Vy a finite-dimensional vector space with basis {v;} and consider the dual basis
{¥i} of V. Fix a € L and write

ax(1@v) =) (fij © gij) Ou vj (2.76)

J
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for some fi;, gi; € H. Then the action of L on D(V) = H ® V' is given by

ax (L@ Pr) = =D (firgjk 1 @ Gk ) @u (1O %)). (2.77)

J

The action of L on T (V) = H ® (Il ® V) is given by

ax(1@u®v) =Y (fij ®gijy) Ou (1 ® gije_yyu ©v)). (2.78)

J

It is also possible to describe explicitly the homomorphisms D(«) and T17(/3) in Defi-

nitions [2.3.5] 2.3.6]

Proposition 2.34. Ler V = H @ Vy, V! = H ® V{ be finite L-modules which are free
as H-modules. Let {v;}, {v}} be basis for respectively Viy and Vj; and consider the dual
basis {1}, {W}} of respectively Vi and (Vy)*. Take an homomorphism of L-modules
B:V — V' and write

Bl®wv) =) fij @) (2.79)
J
for some f;; € H. Then D(5) : D(V') — D(V') is given by

D(B) A @) =Y S(fjr) ® 5, (2.80)
J

while Tri(B) : Tn(V) — T (V') is given by

Ta(B) 1@ u®vi) =Y fij, © fijou @) 2.81)
j

2.4 Annihilation algebra and primitive Lie pseudoalgebras

The main tool in the study of Lie pseudoalgebras is the annihilation algebra. Take as
usual a cocommutative bialgebra H. Given an H-differential bialgebra Y in M(H), one
can define the annihilation functor Ay from the category M*(H) to the category of H-
differential modules /\/ll(H ) (see [BDK1][Section 7.1]).

Remember that objects in both M*(H) and M!(H) are left H-modules.

This pseudofunctor associates to an H-module M another H-module Ay (M) =Y @y M
where H acts on the left factor.

Given a polylinear map ¢ € Hom g (X;erL;, M) for L;, M € M*(H), we associate to it
a polylinear map Ay (¢) in M'(H) denoted by ! @ ¢ € Homp(®;Y @5 Li, Y @ M)
defined as the composition:

Qier Y @p L = (WierY) @ (MierLy;)
. I .
e, (1Y) @ (HY @5 M) 2 (0i,Y) @g M 225 2id, y Quy M (2.82)

where p/ = p(p ®id) - (1 ®id @ - - - @ id) is the iterated multiplication in Y.
Take for example 3 € Po(L1 ® Lo, M) for some H-modules L1, Lo, M (for instance, think
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of (3 as the pseudobracket of a Lie H-pseudoalgebra L for Ly = Lo = M = L).
Then Ay (8) : (Y @ L1) @ (Y @y L) — Y ®@p M is defined as:

Ay (B)(z @m a,y @ b) =Y (i) (yg:) @m e; (2.83)

7

where ((a,b) = Z(f, ® gi) ®m €, fora,b,e; € L, fi,gi € Hyz,y €Y.

(2

Definition 2.4.1. Given a Lie H-pseudoalgebra L, its annihilation algebra is the H -differential
algebra A(L) := Ax (L) = X ®p L, where as usual X = H*.

This is a Lie algebra with bracket induced by the pseudobracket of L following (2.83).
Notice that the left action of H on X ®p L satisfies:

hlz ®m a,y @5 bl = [hyr @u a, hz) @u b] (2.84)

which is equivalent , when H = U (), to say that 9 C H acts on .A(L) by derivations.
When L is finite, the filtration of X induces one on the annihilation algebra. Take a finite-
dimensional subspace Ly C L such that H Ly = L and define

FAL) = {z @ alz € F,X, a € L} (2.85)

This filtration satisfies
[FpA(L), Fq.A(L)] C Fp+q,lA(L) (2.86)

for some integer [ depending on the choice of L.
The same construction can be applied to a finite L-module M. A(M) := X @y M is
called the annihilation module of M and it is an A(M)-module with action given again by
applying (2.83).
If My is a finite dimensional subspace that generates M as an H-module, one can again
define a filtration

FyA(M) ={x®u m|x € F,X, m € My}. (2.87)

In [BDK1\ Section 7.4] it is showed that the topology induced by these filtrations does not
depend on L and that the following holds.

Proposition 2.4.1. Let H be a cocommutative Hopf algebra such that the finiteness prop-
erty holds.

If M is a finite H-module, then A(M) is a linearly compact topological H-module, mean-
ing that the action of H is continuous (where as usual we consider the discrete topology on
H).

Moreover, when M is a finite Lie H-pseudoalgebra, A(M) is a linearly compact Lie H -
differential algebra, i.e. the action of H and the Lie bracket are continuous in respect to
the linearly compact topology defined by (2.83).

Similar statements hold for representations and for associative pseudoalgebras.

We will see later that one can define the so called reconstruction functor that allows,
under some assumptions, to determine the finite H-pseudoalgebra L from the Lie H-
differential algebra Ax (L).

From now on, H = U(d), where as usual 9 is a finite-dimensional Lie algebra.
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We define the extended annihilation algebra of L as the semidirect sum A(L)¢ = o x A(L)
where for [0,y @y a| = 0y @ aford € 0,y @ a € A(L).

We can carry on the filtration to A(L)® setting F), A(L)® = F,A(L).

An A(L)¢-module V is called conformal if any v € V belongs to some

ker,V :={v e V| F, A(L)v = 0}.

In particular ker 1V = kerV = {v € V| A(L)v = 0}. Notice also that ker,V is a
subspace invariant under the action of Fy.A(L).
We state now two results [BDK2| Proposition 2.1,Lemma 2.3] that are crucial in the study
of representations of finite Lie pseudoalgebras.

Proposition 2.4.2. Any module V' over a Lie pseudoalgebra L has a natural structure of a
conformal A(L)¢-module, given by the action of ® on V and by

(r®@g a)v = Z(x, S(figi(fl)»gi@)vi where a x v = Z(fl ® gi) Qp v; (2.88)

7

forae L,z e X,veV.
Conversely, any conformal A(L)¢-module V' has a natural structure of an L-module given
by
a*xv = Z(S(a([))®1) Rp ((:L‘I ®HG)"U). (2.89)
IeNn

Moreover, V is irreducible as a module over L if and only if it is irreducible as a module
over A(L)®.

Lemma 2.4.1. Let L be a Lie pseudoalgebra and V' an L-module. Then, if both L and V
are finite, all vectors spaces ker,V [kerV are finite-dimensional. In particular, if kerV =
{0}, every v € V belongs to a finite-dimensional subspace invariant under £.

Remark 2.4.1. Notice that if one considers V' as a representation of A(L) C A(L)¢, the
condition of being conformal is equivalent to ask for V' to be a continuous representation
of A(L) if endowed with the discrete topology.

We recover the definition of the Lie pseudoalgebra W (0) introduced at the end of pre-
vious section.

Definition 2.4.2. The Lie pseudoalgebra 1 (0) is the free H-module H ® 0 with pseudo-
bracket given by, fora,b €0, f,g € H,

[(f®a)x(g@d)] = (f@9)®H(18]a, b])—(f®ga)®n (18b)+(fb®g)®H (1®a). (2.90)

We already noticed that it seems to have some similarities with the Lie algebra of Cartan
type Wy . The link between the two is explained by considering the annihilation algebra of
W (o).

Let W = A(W (0)) be the annihilation algebra of W ().
Since W(d) = H® 03, W= X ®y (H ®0) = X ® 0. The Lie bracket of W is obtained
from using (2.83):

[*®a,yRb =2y® [a,b] —x(ya) b+ (zb)y ®a fora,bed, z,y € X. (2.91)
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The action of H on W is given by action on the first factor, as in (2.13), and, by (2.84),
0 acts on W by derivations, which allows us to define the extended annihilation algebra
WeE =0 x W, where

[0, x®a]l=0x®a (2.92)

fora,0 €0,x € X.
Since W (0) is a free H-module, we can choose Ly = C ® 9 and obtain an induced
decreasing filtration on W:

W, = F;W = F,X @5 Lo = F,X @0. (2.93)

W_1 = W and it satisfies (2.86) for [ = 0; notice also that W/ Wy = C ® 0 = 0 and
that Wo/ Wi Z0* ®0.
We use to define a filtration in W*¢ as F, V¢ = W),
Take the usual basis {0/)} and {x;} of H and X.

Let ej. € gl(d) be given by egﬁk = 419;, so that eé- corresponds to z° ® §; under the

isomorphism gl(d) = 9* ® 9. Lemma[2.1.1]implies the following result.
Lemma 2.4.2. In W the following identities hold:
[xi ® 05,1 ® O] = —5,@1 ® 0;  modWy; (2.94)
' ® 0;, 2@ O] = 5§xi Q O — 52361 ®0; modWh. (2.95)
Proof. By
(2" ® 0j,1® 0] = ' @ [0, 0k] — (1 0j) ® O + (2'0k) ® 0j = —55 @ I, mod Wy

where the first term equals 0 mod W, and the rest follows from Lemma
Similarly,

(2 ® 0, 2" ® O] = 22! @ [0;, 0] — 2 (219;) @ O + (270))2’ ® 9; =
(5§-xi ® O — 5,ixl ®0; modW;.
where again the first term is 0 mod W . O

Notice that the right hand sight of these identities coincides to, respectively, the standard
action of gl(?) on ? and the standard Lie bracket in gl(d) = 9* ® . In fact, this proves:

Corollary 2.4.1. The map Wy/W1 — gl(d) defined by x; ® 0; mod Wy — —eé € gl(),
is an isomorphism of Lie algebras. Moreover, under this isomorphism, the adjoint action
of Wo /Wi on W /Wy corresponds to the standard action of gl(d) on 0.

Recall that W () acts on H by derivations.
This action is given explicitly by

(f®a)xg=—(f®ga)@u 1 (2.96)
where f,g € H, a € 0; this induces an action of W = X @y W(d) on X @y H = X:

(r®a)y =—z(ya) foracd, x,ycX. (2.97)
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Remark 2.4.2. When 0 is an abelian Lie algebra, the Lie bracket in WV reduces, for x,y €
X,a,bedto

[z ®a,y @b = (xb)y ® a— z(ya) @ b. (2.98)
Consider the grading of X as in Example and set GPW = (GP*1X) ® 0. From
the previous equation follows easily that [GPW, GIW] C GP9)Y, thus we are defining a
Z-grading of depth 1 on W = X ® 0. It is also easy to see that GPWW = W, /W, 1.
In particular, G™'W = 0 and G°W = gl(0). Last isomorphism provides a structure of
g[(9)-module on GPW and X via respectively adjoint action and (2.97).
A direct calculation shows that, for any p > 0, GPX = SP(?*) and GPW = GPX ® 0 &
SP(0*) ® 0 as gl(0)-modules. WV is the completion of P, GPW.

We can now link the dots. Recall that we have an isomorphism (2.23) ¢ : X — Oy
compatible with corresponding filtrations and topologies.
Recall also that by Remark [2.1.3] 0 acts on X by continuous derivations, so we can make
W acton Oy = CJ[[t!,...t"]] by continuous derivations as well. This way we are defining
a Lie algebra homomorphism ¢ : YW — Wy such that

p((z®a)y) = o(r ®a)e(y) (2.99)

We recall that
AN
Wy = Der(On) = {3 fir- | fi e Clit!,...,t"]]}
i=1 oti
and that Wy has a natural filtration given by
0
FWy ={ 3 fig | fi€Clit' ", k < pf
4 7
where C[[t!, ..., t"]]; is the homogeneous component of degree k.
Then the following holds.
Proposition 2.4.3.
I plx®@a)=p@)p(l®a)Ve e X,acd;
2. o(1®0;) = —% mod FoW (n);
3. @ is an isomorphism of Lie algebras;
4. o(Wp) = F,Wn Vp > —1.

Proof. 1. and 2. follow from (2.99) and Lemma[2.1.1]
3. and 4. follow from the previous ones and the definitions of filtrations (I.5]) and (2.93).
O

Since ¢ preserves the filtrations that define the linearly compact topologies on WV and
Wy, we can finally claim that the annihilation algebra of W () is isomorphic to the linearly
compact Lie algebra of Cartan type Wy . Moreover, this isomorphism equips Wy with an
action of 0.

Due to this association, elements of 1V () are called pseudo vector fields. One can also
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establish a formalism of pseudoforms similar to the usual one of differential forms, which
we will see in next section.

Like for subalgebras of W of Cartan type, one can define corresponding subalgebras of
W(): S(,x), H®,x,w) and K(0,6), whose annihilation algebras are isomorphic to
Sn, Py (which is an extension by a one-dimensional center of Hy) and K from Cartan
classification. These, together with W (), are called primitive pseudoalgebras.

Remark 2.4.3. One does not need the constriction of 9 to be finite-dimensional in order
to define primitive pseudoalgebras. However, it becomes necessary once we are interested
in their connection with linearly compact Lie algebras, since for their annihilation algebra
to be linearly compact they need to be finite H-modules and the finiteness condition (2.14))
needs to hold.

On the other hand, the same finiteness condition holds also when H is the smash product
of U(d) with the group algebra of a finite group G. Anyhow, in this case the notion of an
H-pseudoalgebra is equivalent to that of an U (9)-pseudoalgebra with an additional action
of G (see [BDKI. Section 5]) and the structure theory behaves in the same way ([BDKI\
Section 13.7]). So, for our purposes, there will be no loss of generalization by considering
only the case of H = U() for a finite-dimensional Lie algebra .

In [BDKI1] the classification of simple finite Lie H-pseudoalgebras was accomplished.
The classification relies on Cartan’s classification (Theorem and the interplay be-
tween a finite Lie pseudoalgebra and its annihilation algebra (Proposition 2.4.T]and use of
the "reconstruction functor").

Theorem 2.4.1. Let H = U(d) where D is a finite-dimensional Lie algebra. Then any sim-
ple finite Lie H-pseudoalgebra is isomorphic to a current pseudoalgebra C’urgll/ where
H' = U(Y') for some subalgebra o' C 0 and L' is a finite-dimensional Lie algebra or a
primitive H'-pseudoalgebra.

Notice that although Cartan’s classification is clean and simple, the classification in the
"pseudo” setting depends on a few parameters Y, w and 6 that arise from inequivalent ac-
tions of 0 over the annihilation algebras.

For the purposes of this thesis, we will only focus on the primitive pseudoalgebras of type
W and S, so we end this section by defining more accurately S(9, x) and recover the (main
lines of) construction of its annihilation algebra from [BDK2, Section 3.4].

Define the H-linear map divX : W () — H by divX(>_ h; ® ;) = > hi(0; + x(0)),
where  is a trace form on 9, i.e. a linear functional x :  — C such that x([0,9]) = 0.
Then

S, x) :={s € W(0)|div¥(s) = 0} (2.100)

is a subalgebra of the Lie pseudoalgebra 1V ().
In [BDKI] Proposition 8.1] it is shown that S(9, x) is generated as an H-module by the
elements of the form:

Sap = (a+x(a)) @b —(b+ x(b)) ®a—1® [a,b] fora,beD. (2.101)

In what follows we will assume that dim ? =n > 2.
Let S = A(S(0,x)) = X ®u S(9, x) be the annihilation algebra of S(9, x).
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The Lie bracket is the one of WV, since the canonical injection of S(9, x) into W () induces
a Lie algebra homomorphism ¢ : § — W.
Explicitly, if s = > h; ® 0; € S(®) C W(d) = H®0D,

L(l‘@HS):thi@aiEWEX@D

Choosing Ly = spanc{sa| a,b € 0} we get a decreasing filtration of S as in (2.83):
Spy=FyS=F, X @y Ly forp>—2. (2.102)

S_o = S and it satisfies (2.86) for | = 1.

In [BDK1] Section 8.4] it is proven that the Lie algebras S and Sy are isomorphic. We
would also like all the filtrations and related topologies defined on these spaces to be com-
patible. In order to do so, one should use ¢ defined before for VW, which behaves well
related to the filtrations.

This can be done but carefully.

First define a map divX : W = X ® 0 — X as divX(32; v ® 0;) = >_; vi(0; + x(0;)).

It is not difficult to verify that

divX([A, B]) = Adiv¥(B) — BdivX(A) YA,BeW,
where the action of WW on X is given by(2.97). This implies that
S ={A eW|div¥(A) = 0}

is a Lie subalgebra of W.

In [BDK2, Section 3.4] is proven first that ¢ : & = S in such a way that +(S,) = SNW,
Vp > —1 [Proposition 3.5], then that ¢ maps S, up to a Lie algebra automorphism ) of
W induced by a ring automorphism of Oy, to Sy C Wiy [Proposition 3.6].

Finally a Lie algebra isomorphism

vl S S Sy € W (2.103)

such that S, maps onto Sy N F,,Wy is obtained [Corollary 3.3]. In particular we have that
S ,=841=86.

2.5 Pseudo De Rham complex

In the study of representation theory of simple finite Lie pseudoalgebra L, one can, al-
most always safely, assume that L is a primitive pseudoalgebra. In fact, by Theorem[2.4.1]
L is a current pseudoalgebra over either a finite-dimensional Lie algebra g or a primitive
pseudoalgebra. For the first case, the study of irreducible modules is easily linked to that
of the representations of g, which in the finite-dimensional setting are well understood.
Regarding the second case, in [D] it is shown that, apart for a single class of representa-
tions of H (0, x,w), all irreducible representations of L = C’urg/L’ , where L' is a primitive
pseudoalgebra, are of the form Curg'V where V is an irreducible L’-module.
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Proposition [2.4.2] sets a correspondence between representations of a Lie pseudoalge-
bra L and conformal modules over its extended annihilation algebra £°.
This implies in particular, when L is a primitive Lie pseudoalgebra, that any L-module V'
is, if endowed with the discrete topology, a continuous representation of £ = A(L). One
can therefore legitimately consider the height of V' as in Definition|1.2.1
Turns out that in this setting one only obtains representations of height 1. This is basically a
consequence of Lemma if £, acts trivially on some element of V', so that ker, V' # 0,
the fact that ker, V/ker V (or just ker, V if V' is irreducible) is finite-dimensional im-
plies that £ acts trivially on some submodule of ker, V//ker V (this follows from Lemma
[I.3.1). This in particular means that V" has height 1.
Consider now L = W (0). Because of this argument, one expects to recover the classifi-
cation of irreducible W -modules of height 1, which are induced modules together with
modules obtained from the De Rham complex. It would be therefore useful to have some
similar machinery for W (), which is provided by the following construction in [BDK2].

First, we give a more thorough definition of the Grassmann algebra.
Given a C-vector space V, take the tensor algebra 7'(V') and consider the two-sided ideal
I generated by the elements of the form v ® v, v € V. The quotient algebra

ANV) =TV)/1

is called the Grassmann algebra of V.

The product, induced by the tensor product ® of T'(V'), is called the wedge (or exterior)
product /.

Notice that sincev®@v € T andv@uw+w®v = (v+w) @ (v+w) —vRV—wWRwW € I,
we have in A(V) thatv Av=0andv Aw = —w A v forall v,we V.

More generally, if o € Sj, is a permutation, for any z1, ...,z € V:

TI N ANx = (—1)01}0(1) N NUg (k)

where (—1)7 is the sign of o.
This implies in particular that 21 A - - - Az, = 0 whenever z; = x; for i # j.

The natural grading of 7°(V') induces one in /A (V). Notice that I is generated by ele-
ments of degree 2, hence T°(V) = C, T*(V) = V embed naturally in A\(V).
Explicitly, for k > 2, if V' is finite-dimensional and {vy, ..., v,} is a basis of V, /\k(V) is
the linear span of elements of the form v;; A --- A w;, foranyiy,...i, € {1,...,n}.

Example 2.5.1. Let V be a finite-dimensional vector space and define the space of n-forms
on V' with constant coefficients as Q™ (V') := Homc (A" (V'), C). Since Homc (A" (V), C)

A"(V*), one can use the wedge product of A (V*) to define one on Q(V) = @IV Qk (V).

~Y

More generally the same can be done for any ring Y with Q5. (V') := Homc(A®*(V),Y) =
Y@ A (V).

Oy (V) = @,, 2 (V), with wedge product induced by the one in A (V*) extended by Y-
bilinearity, is the Grassmann algebra of forms with coefficients in Y on V.

Example 2.5.2. One can define a Z/2-grading of A (V) setting deg v; = 1. This grading
is consistent with the previous one, meaning that

/\(V)6 = 69120 /\Qi(V)a /\(V)T = 69120 /\QiH(V)

12
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This is called a Grassmann superalgebra.

Remark 2.5.1. If L is a (Lie) superalgebra and A(V') is a Grassmann algebra, L @ A(V)
is a (Lie) superalgebra, as for instance A\ (m,n) in Example m

Let as usual H = U(d) for a Lie algebra d of dimension N and X = H* where we
identify the latter with Op.
Consider now the cohomology complex with constant coefficients,

0 Q%) 2 0l() & ... Ly oM () (2.104)
where the differential d; is given for o« € Q*(d) and a; ..., ap41 € 0 by

(do a)(al/\- . -/\ak+1) = Z(—l)iJrja([ai, aj]/\al/\- ceai N\ -aj/\- . -/\ak+1) (2.105)
1<J

where @ means that the term a is omitted in the wedge product.
2(0) is a 0-module via the coadjoint action, which can be written through the Cartan

formula, for a € 0,
(ada)- = dote + tado (2.106)

where, for o € Q¥(d), A € gl(d), ay,...,a; € 0:
o g2 QFFL(D) — QF(0) is the contraction operator, defined by

(ta@)(ar A---Nag) = alahar A---Nap) o€ QFQ), ar,--- ,ap €0; (2.107)

* the action of gl(?) 3 ad a is the natural one, given explicitly by

(A-a)(ag A---Nag) = Z(—l)ioz(A cagNag A---ap Ao ANag). (2.108)

i

Similarly, one has the formal de Rham complex (where we are using the identification
X = Oy to write Q% (0) = Q%)

05050 Sak@ L4 o). (2.109)

In this case the de Rham differential d : Q% (2) — Q%1 (d) is given explicitly by

(da)(ag A+ ANagyr) = Z(—l)ia(cn Ao ANag A A agy)ai+
%
Z(—l)”ja([ai,aj] /\a1A~--Aai/\‘--/\ajA---/\akH)
1<j

(2.110)

fora € Q(9), a1,...,ar,1 € 0, where the right action of 0 on X is given by (2.16).
We can define an action of Wy = Der Oy = DerX = X @0 on Q% (0) = X @ A\F(0%)
via the Lie derivative, for which still holds the Cartan formula

Ew@a(a) = de@a(a) + Lx®a(da)7 r®a€eX®0, ac Ql)f((b)v (2.111)
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where the contraction operator is defined as ;g4 (@) = zig ().
It is a well known and easy to check fact that £,, € Der(Qx(9)) Vw € W,.

Our next step is to define a "pseudo” version of the De Rham complex holding similar
properties as the latter.
First of all, consider the H-modules Q% (d) = H ® A*(2*) for 0 < k < N. These are
called the spaces of k-pseudoforms.
We want to define a pseudoaction of W (2) on Q% (2) and a pseudo differential d. :
Q% (@) — Q%(9) such that:

« the pseudoaction of W () on %,() is given by a formula analogous to 2.1T1).

We will use the isomorphisms

Qp(0) = He N'(0%) 2 Home(A\'(2), H)
h@wr[ag A Na; = hw(ay A+ Aa;)] (2.112)

and define the pseudo differential on C @ A*(d*), forw € A¥(*), a1,...,ap41 €0, as

(d*(l ®w))(a1 VANERRIAN ak+1) =
S (=D'wlag A+ AG; A Aagsr)ait

i
~

S (=D)"w(lag, ajl Aag A NG A NG A Nagyr)  (2.113)
1<J

and then extend it by H-linearity to Q2 ().
By this definition, d? = 0 is straightforward.
The sequence

0— Q%) L5 k) & - 25 aNe) (2.114)
is called pseudo De Rham complex.

Proposition 2.5.1. [BDKI| Proposition 5.1] The n-th cohomology of the De Rham complex
is trivial for n # N and 1-dimensional for n = N. In particular, the sequence 2.114) is
exact.

Regarding the pseudoaction of T (d) on Q%,(0), first define

%, : W(0) @ QO (0) — (H® H) @y Q' (0)
(f@a)* (g@a)=(f®9) @n (1® w(a)). (2.115)

Then, emulating (2.111]), we define the H-bilinear map

w1 W) @ (0) — (H © H) @y 0 (0)
wx B = ((id®id) @g di)(w *, B) + w *, dif. (2.116)
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It is possible to write this explicitly forw = f ® a € W(d) and 3 = g ® a € QF,(0) (see
[BDKT, Eq (8.7)]):

(w*B)(ar A+ Nag) =— (f @ ga)a(ar A A ag)+
k
Z(—l)i(faiéég)a(a/\alA---AaiA~-'/\ak)+

S (-D(f@g)a(la,a) Aay A AN A+ Aag) (2.117)
=1

for k > 1, where w * 3 = —f ® ga for B = g € Q% (d) = H (the latter coinciding with
239).

Notice that since d? = 0, applying ((id®id) @ d.) to 2.116) gives ((id®id) @ d.) (w*
B) = ((id ®id) @p ds)(w *, di3).

On the other hand, by replacing 5 with d,/3, it also implies w * d,.f = ((id ® id) @y
dy) (w *, diB3).

Therefore ((id @ id) @ i d.)(w * ) = w * d, 5, which means that d is an homomorphism
of W (9)-modules.

In [BDK2, Theorem 5.1] is proven that (Z.116) is a pseudoaction of W () on Q% ()
V0 < k < n by noticing that it is a tensor module, which we will introduce in next
section.

The similarities between the De Rham complex and its pseudo counterpart are not a coin-
cidence. Indeed, by means of the annihilation functor, from the definitions one can easily
derive the following.

Lemma 2.5.1. The Wy -module Q% (0) is isomorphic to A(Q%(0)) as A(W(0)) = Wiy-
modules for any k = 0,...,N and A(d.) : A(Q%(0)) = Q% (0) — Q];('H(O) =
A(Q51(2)) coincides with the de Rham differential.

Let II be a finite-dimensional 9-module (hence also an H-module). We can apply to
the pseudo De Rham complex the "twisting" construction given in Definition [2.3.6]
This provides a complex of W (0)-modules, called the I1-twisted pseudo de Rham complex,
0 — Tn(2°0) 2 TH(QY ) 2 - 4% 73, (N (2)) (2.118)
where dpp = T71(d.) and the action of T () are given by Proposition[2.3.3]
In [BDK2, Section 5.3] is showed that this sequence is still exact.

Before moving on to describe the classification of irreducible representations of Lie
pseudoalgebras of type W and .S, we make a digression which looks unrelated with the
subject but will come in handy later on.

Let g be a semisimple finite-dimensional Lie algebra and consider the category Rep®s(g)
(possibly infinite-dimensional) g-modules that are obtained as a direct sum of finite-dimensional
irreducible representations of g, where each irreducible appears only a finite number of
times (up to isomorphisms). By definition, this is a semisimple category.

We can express the isomorphism class of such a representation V' by a (possibly infinite)
sum x (V) = > 74 muU for some my € Z>(, which we may call the character of V.
Clearly x(V & W) = x(V) + x(W) and it is easy to see that for an exact short sequence



2.6 Irreducible representations of primitive Lie pseudoalgebras of type W and S 51

0— Vo — Vi = Vo — Oonehas x(V1) = x(Vo) + x(V2).

There is no reason to expect in general that if V, W € Rep**(g), so does V @ WW. However,
this is true when V' or W is finite-dimensional and in this case x (V @ W) = x (V) - x(W).
This shows that the characters of finite-dimensional representations form a ring, which is
known as the representation ring (see [FHI]) or the Grothendieck ring of g (see [SeSc]), and
the characters of representations in Rep®*(g) realize a module over the said ring.

Consider now the pseudo De Rham complex and recall that Q¥,(2) = U(d) @ A*(0*).
Notice also that by Proposition we may also consider the exact complex

0—0%0) 25 oL@ 25 ... 25 aN@) » C = 0. (2.119)
On one hand, one can easily see that, as a gl(d)-module, U(d) = @,,~( 5™ (d) where
S™(d) is the n-th symmetric power of d; on the other, A\¥(9*) is an irreducible gl(?)-
module of finite dimension (],X ). Hence, all the spaces of k-pseudoforms belong to the
above-mentioned category and we can look at their characters. Because they fit in the exact
sequence given above, we have the following identity:

N

S EDF( S @) AR =C

k=0 n>0
In other words, 35 (—1)* A*(*) can be viewed as the inverse of 3_,,~,.5™(d) in the
character ring of Rep®*(gl(d)). One can clearly also consider the s[(?)-action obtained by
restricting the gl(?) one and the previous identity is still true for Rep®*(sl(?)).
Notice that we can replace ? with any irreducible gl(d)-module U since we can embed
gl(?) in gl(U).
Notice also that if we take a finite-dimensional gl(d)-module V/, the identity still holds if
we tensorize both sides by V.
The identity we will use is the following:

N

(XA @) (Lnzo 5" @IV = V. (2.120)

k=0

2.6 Irreducible representations of primitive Lie pseudoalgebras
of type I and S

In a series of papers by Bakalov, D’ Andrea and Kac, irreducible (finite) representations
of primitive pseudoalgebras were studied and classified for W () and S(0, x) ([BDK2]),
K (0,0) (IBDK3]) and H (0, x,w) ([BDK4]]). As we mentioned before, we are only inter-
ested here in cases W and S. We will sketch the main ideas in [BDK2], which are similar
in a way to the theory developed in [R1].

Recall that Wy /W) = gl(d). So if we take a gl(?)-module V', we can allow W to act
on it trivially, thus obtaining a Vy-module. We can now consider the induced YV-module
UW) @uowy) V-

In order to correlate this with the Lie pseudoalgebra W (), we need to take into account
the action of 9. To do so, we consider the extended annihilation algebra WV°.
Denote by Ny the normalizer of W, in W€,
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Proposition 2.6.1 ([BDK2|, Section 3.3). Ny is independent of p. There is a decomposi-
tion as a direct sum of subspaces WW¢ = 0 ® Nyy.

The subalgebra Wy C Ny acts trivially on any irreducible finite-dimensional conformal
Mw-module and Ny /Wy = 0 @ gl(0). In particular, irreducible finite-dimensional con-
formal Nyy-modules (i.e modules in which every element is killed by some W,) are in
one-to-one correspondence with irreducible finite-dimensional 0 @ gl(0)-modules.

In [BDK?2, Section 3.5] totally analogous results are proven for S. Denote the normal-
izer of S, in §¢ = 0 x S by Ns.

Proposition 2.6.2. N is independent of p. There is a decomposition as a direct sum of
subspaces 8¢ =0 @ Ns.

The subalgebra S; C N acts trivially on any irreducible finite-dimensional conformal
Ns-module and Ns/S1 = 0 @ sl(9). In particular, irreducible finite-dimensional con-
formal Ns-modules are in one-to-one correspondence with irreducible finite-dimensional
0 @ 5[(0)-modules.

Take now a finite-dimensional 0 & gl(?)-module V. Letting W act trivially on it, we
can define an action of Ny and induce obtaining a W¢-module T(V) = I ndK/V;vV =
U(W?) ®u(nsy) V' which can be identified, as a vector space, with H @ V' since W*¢ =
0D Nw.

We can define an action of W () on H ® V as follows (see [BDKIL Section 4.3]):

12d)*(1ov)=1%1) oy (1® (add;)v +Z (O ®1) @y (1® efv)

—(1@61') Ry (1®U)+(1®1) g (1@81'1)) (2.121)

for v € V. Here, ad 0; is the adjoint action of 0 on itself and we think of it as an element
of gl(d). So ad 9; and ¢} act on V as a gl(d)-module, while 9; acts on V as a d-module.
T(V) is called a tensor module for W (9).

Remark 2.6.1. Once we have identified Wy with WW = X ® 0, if we drop the action of 0
on a tensor module 7'(V'), we obtain exactly an induced module of height 1 of W as in
Section [.2]

One then expects to obtain a similar classification.

Remark 2.6.2. When 0 is an abelian Lie algebra, if we take a gl(9)-module and make it a
0 & gl(d)-module with trivial action of d, the pseudoaction of ¥ (d) becomes

N
1@d)+(1v)=> (hol)oy(loedv) - (108) er (1ov).  (2122)
k=1

Definition 2.6.1. Let g; and go be Lie algebras and let V; be g;-modules for : = 1, 2.
We denote by V; X V5 the g1 & go-module V; ® V5 where g; only acts on the V; factor.

If V is of the form IT X U, we will also denote T'(V') = T'(I1, U).

Remark 2.6.3. By definitions, one can easily check that T'(II, U) = T1;(U), where T11(U)
is the TI-twisting defined in Section[2.3]
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We can define on a tensor module 7'(V) = H ® V the filtration
FPT(V)=FPH®V forp> —1, (2.123)
which behaves nicely relatively to the filtration of W.
Lemma 2.6.1. [BDK2| Lemma 6.3] For every p > 0 we have:
1. - FPT(V) C FPHIT(V);
2. Ny - FPT(V)) C FPT(V);
3. Wy -T(V) C FP=iT(V).

Tensor modules play a central role in the classification of irreducible W (0)-modules
(as well as S(9)-modules), together with the notion of singular vectors, in a similar fashion
as induced modules do in the representation theory of Lie algebras of Cartan type.
Recall that by Proposition any W (0)-module has also a structure of a YW°-module.

Definition 2.6.2. For a W (9)-module V', a singular vector is an element v € V' such that
W - v = 0. The space of singular vectors in V' is denoted by sing V.
If we consider it as an \)y-module, since Nyy/W; = 0 @ gl(d) we have an action of the
latter on sing V', which we denote by pging : 0 @ gl(0) — gl(sing V).

Theorem 2.6.1. For any non-trivial finite W (d)-module V, sing V' # {0} and sing V' /kerV
is finite-dimensional.

Proof. Since clearly ker V. C singV, we can assume without loss of generality that
ker V. = 0. Since V is a conformal W*-module, there exist a p > 0 such that ker,V #
{0}. This space, by Lemma is finite-dimensional. Choose a minimal V}y-submodule
W C V. Since it is an irreducible Vyy-module, we know by Proposition [2.6.1|that W, acts
trivially on it. Hence, W C sing V.

The second statement follows from Lemma[2.4.T|for p = 1. O

One of the advantages of working in the pseudo framework is that one has a nice control
over some characteristics of singular vectors. For instance, one has a direct estimate on their
"degree".

Lemma 2.6.2. Given a finite W (0)-module V, v € V' is a singular vector if and only if
(1) *xve(FFHRC)oyV VYIoed (2.124)

or equivalently
1®d) xve (CQFH) gV VYoen. (2.125)

Proof. If Wiv = 0 we have, by Proposition that

N
(1®d)+v=>101)ey (1)) —> (0r®1) @y ((zp ® I)v).
k=1
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Conversely, by Lemma- (1® ) * v can be written uniquely as an element of the form
Z (0Y) © 1) @y, v for some v € V. By hypothesis, v; = 0 when |I| > 2. Applying

Ien¥ - :
again Proposition [2.4.2] we obtain

(z@dv=Y_ (z,5(0D)v

I:|1)<2

which is 0 when (z ® d) € Wi, since in that case © € F} X.
The other equivalence is proven analogously. 0

It is possible to write explicitly the pseudoaction of T (9) on a singular vector.

Lemma 2.6.3 ([BDKI]). Let V be a W (0)-module. Then if v € singV, the action of
W(d) on v is given by

N
1®8 Zak®1 ®Hpszng( k)U_(1®1)®HaiU
k=1

+(1®1) ®H psing(0; + ad 9;)v. (2.126)

Corollary 2.6.1. Let V be a W (0)-module and let U be a non-trivial d & gl(0)-submodule
of sing V. Then HU, the H-submodule of V' generated by U, is also a W (0)-submodule
of V. In particular, if V is irreducible, V = HU.

Proof. By the previous Lemma, we have that W (0) « U C (H ® H) ® g HU. Then by
H-bilinearity, W () * HU ¢ (H ® H) @y HU. O

For S(0, x) we follow the same construction.
Let V be an S-module and denote by ker, V' the space of elements v € V that are killed
by Sp; in particular, ker V = ker_; V = {v € V|Sv = 0}. V is said to be conformal
if V.= U, kerp V. Also in this case, by Proposition any S(9, x)-module carries a
structure of conformal S¢ = 9 x S and vice versa.

Definition 2.6.3. For a S(0, x)-module V', a singular vector is an element v € V' such that
S1 - v = 0. The space of singular vectors in V' is denoted by sing V.

If we consider it as a Ng-module, since Ns/S1 = 2 @ sl(0), we have an action of the latter
on sing V', which we denote again by pging : 0 ® sl(0) — gl(sing V).

Theorem 2.6.2. For any non-trivial finite S(9, x)-module V, sing V" # {0} and sing V/kerV
is finite-dimensional.

Proof. The proof is the same of Theorem[2.6.1] whereas we apply Proposition instead
of Proposition[2.6.1] O

Recall that S(9, ) is generated as an H-module by s;; = sy,p, defined in (2.101).

Lemma 2.6.4. Given a finite S(0, x)-module V, v € V' is a singular vector if and only if
(1®sij)xve (FPFH2C)oyV Vi, j=1,...,N, (2.127)
or equivalently

(1®sy)*xve(CoFPH)@yV Yi,j=1,...,N. (2.128)
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Proof. Same proof as in Lemma , whereas here the filtration {S, } satisfies (2.86)) for
[ = 1instead of [ = 0 for {W,}. O

Take now a finite-dimensional 9s((9)-module V and let S; act trivially on it so that we
have an action of Ns. Consider then the S¢-module 7, (V) = I ndfflv =U(S°) ®nys)
V', which can again be identified, as a vector space, with H ® V.

In [BDK2!, Theorem 7.3] it is proven that these modules can be obtained as the restriction
of tensor modules for W (0), therefore we will call them again tensor modules for S(9, x).
H acts by left multiplication on the first factor and the action of S(9, x) is the restriction of
@12,

If V is of the form IT X U, we will also the notation T} (V') = T, (I, U). In addition, we
can also denote T\ (V') = T, (I, U, ¢) when we think of U as the s[(?)-module obtained
by the restriction of an action of gl(2) for which id € gl(?) act by scalar multiplication for
ceC.

We can define the same filtration we defined in the W () case and have the same nice
behaviour relatively to the filtration of S.

One also has the analogue of Corollary [2.6.1]

Theorem 2.6.3. [BDK2| Theorem 7.2] Let V be a S(0, x)-module and let U be a non-
trivial 0 @ sl(0)-submodule of sing V. Then HU, the submodule generated by U, is also a
S (0, x)-submodule of V. In particular, if V' is irreducible, V = HU.

We summarize all the main results about tensor modules for W () and S(9, x) and
singular vectors in [BDK?2| Section 7].
What happens, roughly speaking, is that the tensor modules are all irreducible but the spaces
of pseudoforms. The existence of the pseudo De Rham complex in fact provides non trivial
submodules via d.,.
In particular, since d, is a morphism of W (d)-modules and since constant vectors are
always singular, one has for o € Q"(0) = A"0*,0 < n < N — 1, that d,(1 ® ) is
a singular vector in F1(T(A"™10)) = F1H @ A" o*.
We consider on 7(d) = A" 0* the natural action of gl(?) (and of s[(d)), where Q°(0) is
the trivial module C.
Notice that we can restrict the action of 1/(9) on the twisted pseudo de Rham complex to
one of S(9, x), which provides a complex of S(?, x)-modules.

Theorem 2.6.4.
* Every irreducible finite W (0)-module is a quotient of a tensor module;

» Let 11 (resp. U) be an irreducible finite-dimensional module over 0 (resp. gl(9)),
then the W (d)-module T (11, U) is irreducible if and only if U is not isomorphic to
Q"(0) for any n > 1.

o If V = T(I1,U) with U not isomorphic to Q™(d) for any n > 1, then singV =
FOT(IL U).

o IfV =T(IL,Q"), n # 0, then singV C F'V.
Theorem 2.6.5.

o Every irreducible finite S(0, x)-module is a quotient of a tensor module;
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o Let 11 (resp. U) be an irreducible finite-dimensional module over 0 (resp. sl(9)).
Then the S(d)-module T\ (I1, U) is irreducible if and only if U is not isomorphic to
Q™ () for any n > 0;

IfV =T, (I1,U) where U is not isomorphic to Q" (d) for any n > 0, then sing V' =
FOT, (11, U).

IfV =T\ (IL,Q"), n # 1, then sing V C Fv;

IV =T (I, QY), then F'V C singV C F?V.

Because of Remark [2.6.3] once one has this results, understanding the irreducible sub-
modules of the tensor modules of De Rham type leads to the complete classification of
irreducible finite modules.

It turns out that the images of dyy are the unique proper W (9)-submodules of T'(IT, Q2"(0))
forany 1 <n < N — 1 and it is still minimal (hence irreducible) for n = N.

The same goes for the restriction T} (II, 2" (d)) of T'(II, 2"()) to the action of S(9, x),
except for n = 1, in which case dp7) (11, 0°) has a proper submodule isomorphic to
dpy T, IV, QY1) where I = 11 ® Cyy 44—y Here C,, 0 € 9*, is the 1-dimensional -
module where a € D acts as multiplication by the scalar o(a). We can now finally state the
classification theorems.

Theorem 2.6.6. Any irreducible finite W (d)-module is isomorphic to one of the following:

o Tensor modules T(I1, U) where 11 is an irreducible finite-dimensional d-module and
U is a finite-dimensional irreducible gl(d)-module not isomorphic to QF () for any
k > 1. In this case, sing T(II,U) Z I X (U ® Cy,.) as 0 & gl(d)-modules.

s Images AT (T1, Q2% (0)) where 11 is an irreducible finite-dimensional d-module and
1 < k < N —1. In this case, singdnT(IT,2%(2)) = I K (A*(0*) @ Cy,) as
0 @ gl(d)-modules.

Theorem 2.6.7. Any irreducible finite S(0, x)-module is isomorphic to one of the follow-
ing:
* Tensor modules T\ (I1, U, 0) where 11 is an irreducible finite-dimensional d-module

and U is a finite-dimensional irreducible s1(0)-module not isomorphic to Q¥ (d) for
any k > 0. In this case, sing Ty (1L, U,0) = (IIo C_, ;x) XU as 0D sl(d)-modules.

s Images AT, (1, 2%(0)) where 11 is an irreducible finite-dimensional d-module and
1 <k < N — 1. In this case, sing d(Ty (I, ¥ (2))) = (T ® C_, 4 k(x—tr ad)/n) B
AF(0*) as 0 @ sl(0)-modules.

In both cases we will refer to irreducible modules obtained as images of dyj as irre-
ducible modules of De Rham type.
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Chapter 3

Pseudoalgebraic approach to the
representation theory of F/(5, 10)

3.1 Generalized Verma modules for E(5,10)

As was explained at the end of Section the representation theory of (among other
Lie superalgebras) E(5, 10) can be reduced to the study of generalized Verma modules. We
briefly review now the main ideas applied to E(5, 10) following [R2](see also [KR4,ICC]).
Fix 0 = (C®)*, {04,...,05} and {z1,..., 75} dual bases of 0 and ?*, and set as usual
H=U®)and X = H*.

Recall that E(5,10)(g) = S5, E(5,10)(1) = dQ*(5) and that £ = E(5,10) = ;> _5 £
has a transitive, irreducible, consistent Z-grading of depth 2 such that £y = s[((?).

Recall also that we set the notation £>9 = @~ £; and L1 = P, L.

Given an s[(d) = £y-module V, we can extend it to a £5-module by letting £, act
trivially on it; we can then consider the induced £-module

T(V)=U(L) ®U(£20) %4 3.1)
where the action of £ is given by left multiplication.

Definition 3.1.1. Let V' be an s[(d)-module. The £-module (V) is called generalized
Verma module.

If V is a finite-dimensional irreducible s[(0)-module, we call T(V') minimal.

A minimal Verma module is called non-degenerate if it is irreducible, degenerate otherwise.

Remark 3.1.1. Let us notice that, as vector spaces, (V) = U(£_) ® V. We will often
use this isomorphism omitting the subscript U (£>0) on the tensor product.

When V' = V() is an irreducible s[(d)-module of highest weight A, we may use the
notation T(V) = T(A). A dominant weight A for s[(0) will be expressed in terms of a
quadruple [a1, as,as,aq4] € Zio where A = aqwi + -+ + aqwy and wy, ..., wy are the
fundamental weights of s[(2).

One should pay special attention because, since we set 0 = (C®)*, all the highest weights
modules are the duals of the sl; usual ones. For example, in our notation the s[5 standard
representation, which has highest weight [1, 0, 0, 0], will be ?*.
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The grading of U (£_) induces one on T(V).
Poincaré-Birkhoff-Witt Theorem is still true in the superalgebra setting (see for example
[ML 6.1]), so fixed an ordered basis {0 ..., 05,12, ...,&5} of £_, we can choose as a
P BW -basis for U(£_) the monomials 9()¢X where,

71 i5

am:?—l--.?i, I=(i1,...,i5) € N° (3.2)
Z1! ’L5!

R —gha ks K — (R, . k) € {0,130, (3.3)

The basis elements are, by definition of the grading, homogeneous of degree p = 2|I|+| K],
where |I| = i1 + -+ 4+ i5 and |K| = k12 + - - + ku5; they generate the homogeneous
subspaces UP(£_). We can thus equip T (V') with a grading ?(V) = UP(£_)® V.

We should notice that this grading and the grading of £ are compatible, by which we mean
that

L,37(V) C TP(V). (3.4)

We will call the elements of TP (V') homogeneous vectors of degree p; in particular, we will
call the degree 0 ones constant.

For instance, T0(V) = C o V,TH(V) =s @V, T2(V) =0 V+ A%(s) @ V, T3(V) =
sV + A (s) ®V, etc.

Ifv e S"()A\"(s) ® V, to keep track of the even and odd degrees, we will say that v has
degree (n|m).

Remark 3.1.2. Take a generalized Verma module £(V) =U(£_) @V =U(0 +5s) V.
It is in particular an Ss-module and, in view of (2.103), also an S-module. Furthermore,
considering the action of 9 as left multiplication in U (d + s), we can view T(V') as a S°-
module. Since all these identifications are compatible with the filtrations, (3.4) implies
that (V) is a conformal S¢-module. By Proposition it has a natural structure of an
S(0, x)-module.

Just like the presence of irregular submodules in induced modules for Lie algebras of
Cartan type depended on the existence of singular vectors, degeneracy of minimal Verma
modules can be reformulated in terms of singular vectors.

Definition 3.1.2. Let T(V') be a Verma module. v € T(V) is called a singular vector if
£1v =0.
The space of singular vectors will be denoted by sing T(V).

Example 3.1.1. Any constant vector v € TY(V) is singular, since in that case £jv €
(V) =o0.

Remark 3.1.3. Take v € sing ¥(V) and z € £y. Then, for any y € £;, yv = 0 and so

y(2v) = [y, 2]v + z(yv) = [y, z]Jv =0

where the last identity follows from the singularity of v and the fact that [£;, £9] C £.

In other terms, sing T(V) is a £o-submodule of T(V'). In particular, since T(V) =
@, TP(V) as L£o-modules, homogeneous components of a singular vector are singular.
We will always assume that a singular vector is homogeneous.

The same holds for the weight components of a singular vector so we will assume, when-
ever possible, that a singular vector is also a weight vector.
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Proposition 3.1.1. A minimal Verma module (V') is degenerate if and only if it contains
non constant singular vectors.

Proof. Assume 0 # v € singTP(V) for some p > 0. Since £_ and £ can only re-
spectively rise the degree of v or preserve it and since £, .v = 0 by assumption, £v is an
£-submodule of T(V'), which is proper because it only contains vectors of degree > p.

Vice versa, let W C (V') be a non trivial proper £-submodule and take 0 # w € W.
Since the action of £; lowers strictly the degree of homogeneous components of w, we
know that eventually (£1)"w = 0 for some finite n > 1; thus we can assume without
loss of generalization that w is singular. Now, if w was constant, by irreducibility of V'
we would have £yw = C ® V and therefore, by iterated action of £_, we would obtain
Lw=F(V).ButZT(V) 2 W 2O £w = %(V), a contradiction. Hence w is a non constant
singular vector. O

The proof of the proposition shows vividly how singular vectors "detect" degeneracy
of minimal Verma modules.

Example 3.1.2. Let V = V([0,0,0,1]) = dandletv = > _&; ® 0; € T().

(]
A generic element of £ is of the form y = x, & + xp&y for some h, k,l € {1,...,5}.
To check if v is singular, we can carry out the computation:

y-v= Zl”h[sz, &1i] ® 0; + wg (&, §14] ® O; =
> e @ (@h03a14))0; + €hini) @ (TeO(nini) )0 =

Z —E(kili) ® 6&;@@' — E(hi1i) @ efhm)@i =
> =i © 610y — €ty © OF Oy =
— Ekih) @ Okiin) — E(hitk) @ itk =

— Eki1h) @ Oiin) + Ekirh) © Oirn) = 0.

So v € sing TH(V).

Alternatively, one could notice that v is an highest weight vector, therefore realize that it is
sufficient to check that the lowest weight vector of £1, x5&45, acts trivially on v, which is
clearly easier (or at least shorter) (see [CCl Ch.3]).

In [KR4] Kac and Rudakov built complexes of modules for E(5,10) which provided
families of degenerate Verma modules and they conjectured there were no others.

Conjecture 3.1.1. The complete list of degenerate minimal Verma modules for FE(5, 10)
is given, for m,n € Z>¢, by T(X) for A = [m, n,0,0], [0,0, m,n] and [m, 0,0, n].

In [R2] this conjecture was refined in terms of singular vectors and morphism of posi-
tive degree.
Given a morphism of £-modules ¢ : T(V') — T(W), one can associate to it p € U(£_) ®
Hom(V, W) such that (1 ® v) = ¢(v) forany v € V.
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One says that ¢ has degree k when ¢ = Y, u; ® A; for some uw; € U(L£_), 4; €
Hom(V,W) and all u; € U*(£_).
One can characterize morphisms of Verma modules by the following proposition.

Proposition 3.1.2 ([R2])). Consider a linear map ¢ : T(V) — T(W) and consider the
associated element ¢ € U(£_) @ Hom(V,W). ¢ is a morphism of £-modules if and only
if £0¢ = 0 and yp(v) = 0 forany v € V,y € £4.

Now one can restate the degeneracy of a minimal Verma module with the existence of
positive degree morphisms.

Proposition 3.1.3. Let (V') be a minimal Verma module. Then the following conditions
are equivalent.

1. (V) is degenerate.
2. E(V) contains non constant singular vectors.

3. there exists a minimal Verma module T(U) and a morphism ¢ : T(U) — (V) of
degree k > Q.

Proof. We already know that the first two conditions are equivalent. If ¢ : T(U) — T(V)
is a morphism of degree k > 0, then, for any u € U, ¢(1 ® ) is a singular vector in T (V')
of degree k.

On the other hand, if v € sing T(V') has degree k > 0, one can define ¢ : T(U) — (V)
as the unique morphism of £-modules such that ¢(1 ® u) = v where w is a highest weight
vector in U. ¢ is clearly of degree k. O

The maps in the complexes built in [KR4]] were £-morphisms of degree 1. Rudakov
proved in [R2]] that there were no others and obtained morphisms of degree 2 and 3 com-
bining, when possible, morphisms of degree 1. He also found morphisms of degree 4 and 5,
all involving only minimal Verma modules in the list of Conjecture and conjectured
there were no others.

In [CC]| Caselli and Cantarini developed some combinatorial aspects of morphisms between
£-modules that allowed them, in particular, to confirm Rudakov’s conjecture up to degree
3.

Kac-Rudakov conjectures can be restated in terms of singular vectors.

Conjecture 3.1.2. A minimal Verma module T(\) contains non constant singular vectors
if and only if A\ = [m,n,0,0], [0,0,m,n] or [m, 0,0, n] and singular vectors have degree
<5.

Despite a visible fair amount of understanding of these objects, an explicit bound on
the degree of singular vectors (or equivalently morphisms) was only implicitly conjectured
(at the beginning of the research work for this thesis).

We have seen in Section [2.6]that in the pseudo setting one has an explicit technique which
allows to bound the degree of singular vectors from above.

This suggested us the following strategy: verify if it was possible to present a Lie su-
perpseudoalgebra which induces, via the annihilation functor, F/(5,10) and check if, ex-
ploiting the "pseudo” language, this could provide useful new informations.

The idea was to utilize this case as a model to develop arguments that could be generalized
to be applied to suitable other linearly compact Lie superalgebras.
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3.2 A pseudoalgebraic structure for F/(5, 10)

Let H = U(d) be the universal enveloping algebra of a Lie algebra d of dimension 5.
In this section we are going to define a finite Lie H-superpseudoalgebra L = ¢(5, 10) such
that A(L(g)) = E(5,10)(0), A(Lq)) = E(5,10)() and the Lie bracket of E(5,10) is
induced via the annihilation functor by the pseudobracket of L.
Since the even and odd parts of £ = E(5, 10) are explicitly known in terms of formal vec-
tor fields and differential forms, the strategy is to look at the analogues "pseudo" concepts.

Recall that X = H* can be identified with C[[z1,...,z5]]. We will denote &;; =
AN IS /\2(0*).
Consider the even part £(g) = S.
We already know that it is isomorphic to the annihilation algebra of S(?, x).
Since A(S(9, x)) is isomorphic to S5 regardless of 0 and x, we will assume for simplicity
that 9 is abelian and that x = 0 and we will denote S(d) = S(0,0).

We set (5, 10) gy = S(0) with the usual pseudobracket inherited from W (0):

[(f ®a)*(g@b)] = ((fa) ®g) @n (1®b) — (f ® (9b)) ®nu (1 ® a) 3.5)

for f®a, gbe S(O) C H®D.

The odd part of E(5,10) is d(2}, the space of differential closed 2-forms in the indeter-
minates 1, ..., Ts.
Under the identification of X with C|[[x1, ..., x5]], the space of differential forms 25 can
be identified with Qx (0) = X @ A(0%).
Recall that in Section [2.5] we have defined the pseudo De Rham complex with the pseudo
differential d. and a pseudoaction of W (?), with the properties that A(Q%(2)) = 0% (2)
and that A(d,) = d.
In particular, we know that dQ% (9) = A(d.Q}(?)) and that the action of Wy via Lie
derivative coincides with the one induced by W () on d.Q%};(0).
If we consider the action of Sy and S(?) obtained by restriction of the previous ones, we
can effectively equip dQ2% () with a structure of A(S(?))-module induced by the pseu-
doaction of S(?) on d.Q};(0).
We set e(5,10) ) = d. 1, (0) and define the pseudobracket between the even and the odd
part as the restriction of the pseudoaction of W () on 02,(d) given in (where the
second term is missing because d2 = 0):

[(f®a)*x(g@a)]l=(1®1)@n d)((f®a))* (9©a) (3.6)
for f@a € SQ0)C H®oand g ® a € d.QL (1) C H® A*(0%).

The superbracket in E(5, 10) restricted to the odd part is given by (I.22)) and explicitly
by (L.24).

In order to define the super pseudobracket on d*Q}{(D), we first define the map

¢:0%450)@09%40) — (H® H)@g W)
1®&) A& — (101) @ (5(ijhk) & 6(ijhk)) 3.7
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and extend it by H -bilinearity.
The pseudobracket will be then the restriction of ¢ to d.Q}; () ® d.Q},(2), so for f ® &,
g Q&g € d*Q}I(D) CH® /\2(0*) we have

[f @&ij * 9@ &nik] = egijne) (f ® 9) @1 (1 ® Iijnk))- (3.8)
First of all, we need to be sure that this is well defined.

Lemma 3.2.1. [d.Q}(0) * d.Q},(0)] € (H ®@ H)uS(0).

5

Proof. A generic element of Q},(0) = H ® 0* can be written as Z fi ® z; for some

i=1
fie H.
Applying d, we obtain elements of the form Z fi0; ® &ij.

]
D fi0; @&+ > gn0k @&l = Y €ainr (fi0; ® gnk) @u (1 ijnr))-
i?j h7k i7j7h7k

Applying (1 ® 1) ® g div to the above expression, we expect to obtain 0.

> eink) (fi0; @ gnOk) @u (Oijnr)) =
ik

> eGajny (fi050 1) © gndk) + (fi05 @ gnOkBijnry)) =
ighik
> elinw ((fi0500nk) @ gnk) + (fi0; ® gndwd(ijnk)))
(ij#htk}

Take the terms of the form € ;1) (fi9j0(ijnk) @ gnOk). Notice that they are different from
0 if and only if {3, j, h, k, (ijhk)} = {1,...,5}. If we fix h and k, we obtain exactly
3! = 6 terms of the form f;0;0;jnk) ® gn0k different from O (one for any way we order
the remaining 3 indices in f;0;0;;nk))- If we also fix i, we get 2 choices for j and then
an obliged choice for (ijhk). The terms obtained from the two choices for j are oppo-
site (because of the definition of €) and with d; and 9, ;1) swapped. Explicitly, we get
+£i0;0(ink) © gnOk F [i0(ijnky0j © gnOk. But we assumed d to abelian, so we can switch
0; and ;1) and obtain 0. This happens for any choice of h, k and i. A totally analogous
argument applies for the terms of the form & ;1) (fi0; ® gnOkO(ijnk) ), thus exhausting the
sum. 0

From this definition and by C[[x1, ..., x5]]-bilinearity of the bracket of E(5, 10), it is
immediate to verify that the induced map [, | : A(d.Q%(0)) ® A(d.Q};(0)) is equal to

(L22):

[t ®&j,y@ &) =t @n (1®&;),y @ (1®&w)] =
(k)Y @H (1 ® Oijnky) = €3ijnk)TY @ O(ijnk)- (3.9)

However, since the bracket in E(5, 10) makes use of the wedge product in 25, we want to
verify if we can define a pseudowedge in 57 (9) and obtain an analogous description of the
pseudobracket.

We can define on Qy(?) = @F_, Q% (0) = H @ A\(0*) a structure of an associative
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H-pseudoalgebra by considering it as the current algebra (cf. Definition 2 over the
Grassman algebra /A (9*) (cf. Example [2.5.1)).:

Curg N(0*) = H® A\d*. (3.10)

The pseudoproduct, which we call pseudowedge and indicate by *,, is induced by the
wedge product in A(0*):

(fRa)*x (g2 B8)=(f@g)@n (1@aAp) (3.11)

for f,g € H, a, 3 € \(0¥).

Remark 3.2.1. It is easy to check that for w € W () and o € AP(0), 5 € A4(0)

+(I®a)x (1®0)) =
(wx(1®a))*xn (1®8)+ ((c@1)n 1)(1®a)* (wx(1® ), (3.12)
wx, (1®a)* (1©p6)) =
(wx, 1@ a))*A B+ (—1)P((c®@1)@r 1)(1® a) *x (w*, (1®P))) (3.13)

and therefore it is true, by H-bilinearity, in Q(9).
In other words, W () (and therefore S(9, x)) acts on Q2 (9) by superderivations.

If we restrict now the pseudowedge to 2%;(?) we obtain an H-bilinear map

040)®0%450) — (Ho H) oy Q40)
a® B r— ax*p B. (3.14)

In particular, if « = (f ® wy) and 8 = (g ® we), then
axyfB=(f®g) @y (1®w Aws), (3.15)

for f,g € H,wi,wy € A%(0%).

Define now a map

¢ : QU (0) — W(d)
(1®7) — D (3.16)
where D is such that D+, (1®v) = (1®1) @y vy where v = 1 A --- A x5 € A°(0%).

By 2.113), ¢(1 ® v) = 1 ® a for some a € 9. We can therefore extend d) by H-linearity.
The followmg is an equivalent statement of Lemma[3.2.1]

Lemma 3.2.2. If o, 3 € d.Q},(0) € Q%4 (0), then a*x B € (H ® H) @y d.Q3,(0).
Proof. In the same notation of Lemma , a generic element of d*Q}I(D) is of the form
Zi,j fzaj X flj So given o= Zi,j fzaj X fij and B = Zth ghﬁk &® fhk, then

akpB= " (fi0; @ gndk) ®m (1® &ij A &nr)-
ik
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By Proposition we only need to check that applying (id®id) ® g d. to the expression

above gives 0.

Notice that &; A &ni 7 0 only when ¢, j, b, k are all different from each other. Notice also

that d. (12& Anr) € Q% () = HR N\’ (0*) where \°(0*) = Cv where v = 21 A+ - - Aws.

It is easy then to see that du (1 ® &;; A Epk) = €(ijnk) Oijhk) @ T1 A -+ - A w5, where the sign

e comes by rearranging the indexes i, j, h, k, (4, j, h, k).

The claim now follows from the same calculation carried out in the proof of Lemma|3.2.1
O

Lemma 3.2.3. The restriction of ¢ to d,Q3(d) is an isomorphism of S(0)-modules between
d.Q3(0) and S(d).

Proof. A generic element of w € Q7;(0) is of the form w = 37, finkt @ 5 Az A
x A x; for some fipr € H. Denoting ©; = 21 A --- AZ; A -+ A x5 We can rewrite it
as 32, f; ® £;. Then ¢(X2; f; ® #;) = D where D € W () such that D %, (1 ® v) =
S (fi ® 1) @y #;. One is easily convinced of the fact that D = 3.(—1)'f; ® 0.
Assume that div D = 0, which means that 3°,(—1)"f;0; = 0. Applying now d. to w,
we obtain an element in Q% (2) = Hom(A\"(d), H) which can be written explicitly using
(2.1T3) (remember that we are assuming for simplicity that 9 is abelian) :

(d*(z fi ®Z))(O1 A -+ NDs) =

Z(—l)jfiaj(.rl/\‘~'/\.fi/\"'/\x5)(81/\"'/\éjA"'/\ag,).

i3

The generic term of the sum is different from 0 if and only if ¢ = j. Thus we obtain
S°i(=1)i(£:0;) which is 0 by assumption.

On the other hand, a generic element v € Q% (0) is of the form D ohekeal Jokl @ xR A
T A xg, SO0 dyy = Zj,h<k<l frki0j @ xp A x; A 2 A x; which can be rearranged as
> j<h<kct(—frki0; + fikiOnh — fix1Ok + fink0) @ x5 N xp A g A 21

If we again denote itas ), f; ® #; where 7 is the missing index such that {i} U{j, h, k,} =
{1,2,3,4,5}, then ¢(dy) = >;(—1)' f; ® O;.

Now, computing the divergence leads to the expression >, (=1 (= frr10;0; +
[ik1On0; — finOk0; + fink010;).

A straightforward combinatorial calculation similar to the one used to prove Lemma [3.2.1]
shows that this equals O.

In order to prove that ¢ is also a morphism of S(?)-modules, it is sufficient to verify it
when the action is carried out by the elements s;; = 59,9, defined in 2.10T).

A direct calculation shows indeed that for any 3", f, ® 2, € d.Q3,(0),

((id @ id) @u ¢)(sij * 2op fr ® Tn) = sij * (B, fn @ 2) O

We only need to notice now that ¢((1 ® &) *a (1 ® &ur)) = (1 @ &ij A Epk) =
E(ijhk) Ll @ Oijnk)-
In other words, we can define the pseudobracket between odd elements as the composition
of x, and ¢.
Now we are ready to prove the following:

Proposition 3.2.1. e(5,10) is a Lie superpseudoalgebra and A(e(5,10)) = E(5,10).
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Proof. We only need to show that [- * -] is in fact a super pseudobracket.

H-bilinearity and super skew symmetry follow directly by the definitions (3.3), (3.6) and

(3.8).

Regarding the Jacobi identity, it is satisfied when one even element and two odd ones

are involved because of Lemma and Remark When only odd elements are

involved, a direct but tedious computation shows that the Jacobi identity is still satisfied.
O

Remark 3.2.2. For different choices of ? and Y, it is still possible to define a pseudoalge-
braic structure by taking a suitable 1-dimensional 9-module II = C., where ¢ € ?* and
consider the II-twisting of the De Rham complex (¢ will be an adequate linear combination
of tr ad and ).

Remark 3.2.3. It is worth to mention here that in [CCK2], in a similar fashion, E(5, 10)
is realized as the annihilation algebra of a Lie conformal superalgebra.

3.3 Bound on degree of singular vectors

We will apply now the pseudoalgebraic structure e(5, 10) to the representation theory
of E(5,10). As we have seen in Section the classification of irreducible E(5,10)-
modules can be translated in terms of classification of singular vectors in generalized Verma
modules.
Direct computation of singular vectors is not immediate, especially in high degrees. One
thing one can do is trying, as a start, to rule out as many options as possible. This can be
done, for example, by looking for restricting conditions on the degree of singular vectors,
which is what we are about to do.
Recall that by Theorem (2.6.5), we have a very important result that points in this direction
in the "pseudo” setting. Having a pseudoalgebraic structure for F/(5, 10) might therefore
be useful. Turns out, in order to get a first bound on the degree of singular vectors, it is
enough to take into account just the even structure of E'(5, 10), exploiting the pseudoalge-
bra techniques already available in the non super setting.
To do so, we first define some subspaces of T(V').
For:=0,...,10, let

(V) = {v =3 0V @ uiic € T(V) | |K| < isevik # 0}, (3.17)
K

In other words, I'; (V') consists of vectors with "odd degree" at most i. We may also describe
[';(V) as the space generated by the PBW monomials of degree (n | j) with j < 4.
It is easy to check the following properties:

o Iy(V) CTipa(V);
s To(V)=UM®)®V;
s To(V) =Z(V);

« I4(V) is a £() = Ss-submodule of T(V).
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Basically, we have built a finite filtration of S5-modules of T(V').

The last property follows from the fact that the action of an even element in £ can only
lower the odd degree in T(V'). Take for example y € £2, v = IV K @ oK € T(V).

We have

y-v =y (0D @) = [y, 001K @ v + D[y, e8] @ of +9DeK @y . vk

Here the third term is O because £ acts trivially on V; the first term consists of elements
of degree (|I| — 1 | |K|); lastly, the second term, once expanded the bracket and sorted
everything, can only contribute with elements of degree (|I| | |K|—2) or (|I|+1 | |K|—4).
In any case the odd degree cannot increase.

These properties allow us to talk about quotients.
Let us consider the quotients of Ss-modules I'; (V') /T;—1 (V) fori = 0,..., 10 (where we
impose I'_1 (V') = 0).
As s[(d)-modules, they are isomorphic to U(2) ® (A’ (s) ® V) (follows from [M} Corollary
6.4.5]). The latter look a lot like tensor modules T'(A’(s) ® V') for S(d): if the action of
Sy can be interpreted as the action of the annihilator algebra associated to pseudoaction of
S(9), we can put to use Proposition This is, in fact, possible in the following way.

The action of y € L9 onaclass u- X ®@v € Ty(V)/Ti_1(V), where u € U(0),
|K| =iand v € V, behaves, depending on j, like:

forj=—1 y-uéf @v = (yu)f¥ ® v, since in this case y € 0 C U(d);

for j=0y uf @v=[yuif @v+uly, ¥l @v+utl @ (y-v);

for j>0 y-ucl @v=[y,ul¢¥ @v+uly,e&]@v+ucl @ (y-v)
=y, ul¢K @ v

where the last equality is due to the fact that y lowers the odd degree of at least 1, sending
the second term to O in the quotient, and acts trivially on V.

Notice that in the case j = 0, the action of y € £q = s1(2) on £X is actually the same as
the one on the s[(d)-module A’(s) (since the other terms that usually appear in the bracket
[y, £5] once sorted are 0 in the quotient).

Summing up, we have that £y = S5 acts on I';(V') /T';_1(V)

* by left multiplication on the H = U () factor with the negative degree part;
* by the natural action of s[(d) on U(d) ® (A’(s) ® V') with the degree 0 part;
« trivially on A\’(s) ® V with the positive degree part.

Since this is exactly the action of S on the tensor module 7} (A\"(s) ® V') (with x = 0,
S0 it can be omitted) via the isomorphism in (2.103)), we can state:
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Proposition 3.3.1. Let V be a finite-dimensional irreducible s((d)-module. Then we have
an isomorphism of S5 = A(S(0))-modules

Li(V)/Tiai(V) 2 T(N'(s) @ V). (3.18)

Take now v € sing TP(V). Itis, in particular, a singular vector for £(g) = S5 of degree
p. We denote the space of such vectors with sings, T(V).
If we consider v € I';(V')/T';_1 (V') for a suitable i = 0, ..., 10, it will still be a singular
vector in what we now know is a tensor module. Therefore, by Theorem the even
degree of ¥ must be < 2. Since the odd degree of a vector cannot be larger than 10,
these ideas, formalized, prevent vectors with a sufficiently high enough degree from being
singular.

Theorem 3.3.1. Let (V') be a minimal Verma module and let v € sing T(V'). Then v has
degree at most 14.

Proof. We can assume that v is homogeneous of degree p.
We have, if p is either even or odd:

p=2n (V) =S"0) @V + 5" 10) A’ (5) @V +--- + S"P@) A" (s) @ V;
p=2n+1 IP(V) = S5"0)s @V + S 1 @)A3(5) @V +---+ 5" @) A(s) @ V.

We study the case p = 2n.

Let 0 < mg < 10 be the greatest index such that the term of v in degree (2=*2|my) is not
0 (i.e. the term of v in S®P~™0)/2() A™0(5) ® V).

Therefore v € I',,, (V') and it is a combination of terms in degrees

(P52 mo), (5" + 1|mo — 2),..., (510).
‘We can then consider

% € T (V)/Tong1(V) 2 U@) @ (A™(5) & V).

Notice that given y € £5, y - v € TP~ (V) and the term of degree (%hﬂo) can be

obtained only acting with y on the term of v of degree (2= |my). Hence, if v is singular
for S5, so must be .

To recap: if v € singTP(V), 7 € U(®) ® (A" (s) ® V) = T(AN"(s) ® V) is a singular
vector for S of (even) degree (p — mg)/2 in a tensor module. By Theorem the even
degree of T must be less than or equal to 2, which means that (p — mg)/2 < 2, that is

p < mg + 4 < 14. When p is odd the same argument holds. O

The proof actually tells us more than the statement of the theorem: we can not only
estimate the singular vectors’ degree, but we can also rule out straightforwardly most of the
irreducible s[(0)-modules whose induced modules we expect to possibly contain singular
vectors of a certain degree. We recall that in our notation Q!(d) = 2* = V/([1,0,0,0]).
Similarly Q2(2) = V([0,1,0,0]), 23(2) = V([0,0, 1,0]) and Q*(d) = V ([0, 0,0, 1]).

Now apply, for example, the proof’s arguments on degree 14:
let v be a singular vector of degree 14 in a minimal Verma module T (V') and consider
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7€ T1(V)/To(V) 2 U®)® (A(s)®@ V)= U®D) @ V. IfT # 0, this means that the
term of v of degree (2[10) is not 0.

We know by Theorem [2.6.5]that we can find singular vectors of (even) degree 2 in a tensor
module T'(V') where V is irreducible if and only if V = Q!(d) = V/([1, 0,0, 0]).
Therefore, if we assume that V' 22 0%, ¥ will necessarily be 0. This implies that v €
T's(V) and we can consider 7 € U(d) ® (A%(s) ® V), thus obtaining a singular vector
in T(A®(s) ® V) of (even) degree (14 — 8)/2 = 3. This cannot happen, so that the only
possible solution is ¥ = 0. Iterating, we discover that v must be 0.

We proved:

Lemma 3.3.1. IfV 2 0* 2 V([1,0,0,0]), sing T*(V) = {0}.

3.4 Bound refining

A simple lemma will be extremely useful:

Lemma 3.4.1. Let (V') be a Verma module for £. If v € sing%T (V) and §{ € £_1 = s,
then v € sings, T(V).

Proof. Take y € £9. Then

y-(§v)=1[y,& - v+&y-v) =0,

where the second term is (0 because v is singular. The same goes for the first term since
[y7 5] € Sl- O]

We apply this new piece of information to the case V' = d*.
Let v € sing T (0*). By the lemma, given any & € s, v (which has now degree 15), is
still singular for the action of S5. Consider the term of degree (3|9) and the corresponding
v e Ty(V)/Ts(V) =2 T(N\(s) ® V). Like before, it is still singular and has even degree
3, which implies that £v = 0. We can then consider v € T'7(V)/T'¢(V) and, iterating the
argument, obtain that v must be 0 V€ € s.
We remark that £_o = [£_1, £_;] which means that, for any 0 € 0 = £_5, we can find
£1,& € s = £ such that 9 = [£1, &2]. This in particular implies that v = 0 V0 € £_,.
Since the action of £_5 on a tensor module is simply given by left multiplication, it can
only mean that v = 0.
In conclusion, we showed that even if V' = 2*, T(V') cannot have singular vectors of degree
14.
These ideas can be applied systematically to perform a refining of the bound in Theorem

Theorem 3.4.1. Let T(V') be a minimal Verma module and let v € sing (V). Then v has
degree < 12. More precisely:

1. if V2 V([0,0,1,0]), singular vectors have degree strictly smaller than 12;

2. if V.2 V(\) where A = [0,0,0,1], [0,0,1,0], [0,1,0,0], [1,0,0,0], [0,1,1,0], or
[1,0,0, 1], singular vectors have degree strictly smaller than 11;
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3. ifV 2 V(u) where 1 =[0,0,0,0], [1,0,0,0], [0,0,0,1], [0,0,1,0], [0,1,0,0],
[1,1,0,0], [0,1,1,0], [1,0,0,1], [0,0,1,1], [1,0,1,0],
0,1,0,1], [1,1,0,1], [0,2,0,0], [2,0,0,0], [1,0,2,0],

or[3,0,0, 1], singular vectors have degree strictly smaller than 10.

The proof revolves around arguments similar to the previous ones. To that end, be-
cause of Proposition [3.3.1) and Theorem [2.6.5] we will need to be able to determine when,
given an irreducible s[(d)-module V, we can (or rather cannot) find a copy of V' (w;) in
N (s) ® V. Recall that every irreducible s[(d)-module V' has a highest weight vector and
that V' is uniquely determined by the highest weight. Here, as before, w; = [1,0,0, 0],
w2 = [0,1,0,0], ws = [0,0,1,0], ws = [0,0,0,1] and wy = [0, 0,0, 0].
By Frobenius duality (keeping in mind that these are all finite-dimensional modules), V' (w;) C
N (s)® Vifand only if V C A (s*) @ V (w;).
In the following table we list the highest weights of the irreducible representations that
appear in the decomposition of those tensor products. It was obtained using computer soft-
ware "LiE" ( see [LiE] for further informations).

N(s) ® V(ws)

N*(s) ® V(wi)

A'(s") ® V(wi)

N(s") ® V(wi)

[0,1,0,0]

[1,0,1,0]

[0,0,2,01, [2,0,0,1]

[1,0,1,11, [3,0,0,0]

[0,0,1,01, [1,1,0,0]

[0,1,1,01, [1,0,0,1],
(2,0,1,0]

0’0’1’1]7 [170’2’0]’
1,1,0,1], 12,0,0,01],
3,0,0,1]

0’19171]7 [1’0’0’2]9
1,0,1,01, [2,0,1,1],
2,1,0,01, [4,0,0,0]

=2

[0,0,0,11, [0,2,0,0],
(1,0,1,0]

[0,0,2,01, [0,1,0,1],
(1,0,0,01, [1,1,1,0],
(2,0,0,1]

0’0’1’0]7 [0’1’2’0]’
1,0,1,1], [1,1,0,01],

[
[
[
[
[
[2,1,0,1], [3,0,0,0]

0,0,2,1], [0,1,0,2],
0,1,1,0], [1,0,0,1],
1,1,1,1], [2,0,0,2],
2,0,1,0], [3,1,0,0]

i=3

[0,0,0,01, [0,1,1,0],
[1,0,0,1]

[0,0,1,11, [0,1,0,0],
(1,0,2,0], [1,1,0,1],
(2,0,0,0]

[0,0,3,0], [0,1,1,1],
[1,0,0,2], [1,0,1,0],
[2,0,1,1], [2,1,0,0]

0,0,1,2], [0,0,2,0],
0,1,0,1], [1,0,2,1],
1,1,0,2], [1,1,1,0],
2,0,0,1], [3,0,1,0]

i=4

[0,1,0,11, [1,0,0,0]

[0,0,1,01, [1,0,1,1],
(1,1,0,0]

[0’0’2’1]7 [071’1’0]’
[1,0,0,1], [2,0,0,2],
[2,0,1,0]

0’07171]7 [1’0’1’2]7
1,0,2,0], [1,1,0,1],
2,0,0,01, [3,0,0,1]

— el e e —

Proof of Theorem[3.4.1] We will outline the various steps in a schematic way. The ideas
are the same we have already discussed.

Degree 13:

Let v € sing T'3(V). We first consider the term of v in degree (29); it can be different
from zero only if V appears in the decomposition of A\°(s*) @ V (wy1) = V([0,0,1,0]) @
V([1,1,0,0]). So if V is not isomorphic to one of these two representations, the term in
(2]9) of v must be equal to 0, we look at next term, which is also 0 because has degree
(3]7). Iterating, we deduce that v = 0.
If V=V (]0,0,1,0])or V([1,1,0,0]), take £ € s and consider the term in degree (2|10) of
€v. Tt can be non zero only if V does not appear in A'*(s*) ® V(w1) = V (wy). It follows
that it must be 0 and, iterating, so does {v V€ € s which in turn implies, as we already saw,
that v must be 0. In conclusion, sing T*(V) is always 0.

Degree 12:
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Let v € sing T*2(V). We consider the term of degree (1|10); it can be non zero only if
V appears in A'°(s*) ® V(w;) = w; fori = 0,...,4. Therefore if V' is not of the form
V' (w;), we check the term of degree (2|8) which must be 0 unless a copy of V' appears in
A(s%) @ V(wy) = V([0,1,1,0]) ® V([1,0,0,1]) ® V([2,0,1,0]). In the remaining cases
v=0.

Now assume V = V/([0, 1, 1,0]), V([1,0,0,1]), V(]2,0,1,0]) or V(w;) withi = 0,...,4.
Take £ € s and consider the term of £v of degree (2]9). It cannot be non zero if V' does
not appear in \?(s*) = V/([0,0,1,0]) @ V([1,1,0,0]). Soif V 2 V(ws) &v = 0VE € 5
and again it implies that v = 0. Therefore the only case in which we cannot rule out the
presence of singular vectors of degree 12 is for V' 2 V' (w3).

Degree 11: Let v € sing T (V). We consider the term of degree (1|9); it can be different
from zero when V appears in A\?(s*) ® V/(w;) fori = 0, ..., 4. It happens when V" has as
highest weight one belonging to the first column of the table.

If we assume V' is not isomorphic to any of them, we can move to the next term which
has degree (2|7). According to the table, if V' is also not isomorphic to V'(]0,0, 1, 1]),
V([1,0,2,0]), V([1,1,0,1]), V(]2,0,0,0]) and V ([3,0,0,1]),v = 0.

Assume V is isomorphic to one of these representations, a fundamental representation or
the trivial one; take £ € s and check the term of degree (1]10); if V' is not a fundamental rep-
resentation or the trivial one, we can move to the term of degree (2|8) which will be 0 unless
a copy of V appears in A%(s*) @ V(w;) = V([0,1,1,0)) ® V([1,0,0,1]) ® V([2,0,1,0]).
Therefore if V' is not isomorphic to V ([0, 0, 0, 1]), V'([0, 0, 1, 0]), V ([0, 1,0, 0]), V([1, 0,0, 0]),
V([0,1,1,0]) or V([1,0,0,1]), sing T*(V) = 0.

Degree 10:

Let v € sing T'°(V). The term of v with the greatest odd degree is the one of degree
(0]10). In this case we cannot deduce anything, since this term is constant from the point
of view of S5, therefore singular.

We relay again on Lemma take £ € s and consider {v, which has now degree
11. This time we can still look at £&v € Tg(V)/Ts(V) = T(A%(s) ® V)) which has
even degree 1. Again, we know that it is O unless V' appears as an irreducible com-
ponent of A\%(s*) @ V(w;), i = 0...,5. So if the highest weight of V does not ap-
pear in the first column of the table, 57) = 0. We can then move to the next term,
which has degree (2|7). Here we look at the irreducible modules in A7 (s*) ® V (w;) =
V(]0,0,1,1]) ® V([1,0,2,0]) & V([1,1,0,1]) & V(]2,0,0,0]) & V([3,0,0,1]). So if in
addition we ask that V' is not isomorphic to these modules, £v = 0 V€ € s and again we
cannot have singular vectors of degree 10 in T(V/). O

Almost at the same time as we obtained these results, Cantarini, Caselli and Kac pre-

sented in [CCK1]] the complete classification of singular vectors and hence of all degenerate
Verma modules for F(5,10), which confirmed Conjecture However, the statement
about the degrees of singular vectors of Conjecture [3.1.2]turned out to be false: in addition
to the singular vectors already found by Rudakov, they found a singular vector of degree
11 and one of degree 7 in T(V'), where V' is isomorphic respectively to V ([0, 0,0, 1]) and
V([0,0,0,2]).
Of course, our results are compatible with the classification, since V ([0, 0, 0, 1]) appears in
our list of exceptions for degree 11. Remarkably enough, the existence of a singular vector
of degree 11 means that, except for the single case in degree 12, the estimate could not have
directly lowered any further (except by studying each case individually).
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The still satisfactory preciseness of the first rough estimate of Lemma [3.3.1] confirms a
promising "trend" which already held in the non "super" setting. Namely, the estimate for
the degree of singular vectors for W () and S(9, x) provided respectively in Lemma[2.6.2]
(degree less or equal to 1) and Lemma [2.6.4] (degree less or equal to 2) turned out to be
optimal, which is also true for the analogous situations of type K (degree less or equal to 2,
[BDK3])) and H (degree less or equal to 2, [BDK4]). In particular, having an estimate from
above and a finite number of tensor modules that can possess non-trivial singular vectors,
makes the problem "finite" and possibly approachable with the help of a computer. Our
hope is that a similar strategy could be applied for most linearly compact Lie superalge-
bras, provided that one can exhibit a pseudoalgebraic structure.
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Chapter 4

Classification of pseudoalgebraic
structures for £ (5, 10)

4.1 The reconstruction functor

In order to investigate the possible pseudoalgebraic structures for £(5,10), a very im-
portant tool is the reconstruction functor, which we will introduce in this section following
[BDK1) Section 11].

Let H be a cocommutative Hopf algebra and let £ be a topological left H-module.
The reconstruction functor C associates to £ the left H-module

C(L) = Hom$9" (X, L), 4.1

the space of continuous H-homomorphisms, where as usual H is endowed with the discrete
topology and X = H*.
The action of H is given by

(ha)(zx) = a(zh) forh e Hyx € X,a € C(L). 4.2)

Then C is a covariant functor from the category of topological H-modules to the category
of H-modules.

The reconstruction functor was introduced, as the name suggests, to "reconstruct” a finite
H-pseudoalgebra L from its annihilation algebra, which we recall is a linearly compact
H-differential algebra.

We want to use it in a similar fashion, applying it also to annihilation modules of finite
L-modules, therefore we will always assume that £ is a linearly compact {-module.

Given a finite /-module M and its annihilation module A(M) = X @y M, we denote
its reconstruction by M = C(A(M)) = Hom$™ (X, X ®p M). There is a natural map
® : M — M defined by

®(m) = ¢, where ¢ () = 2@y mform e M,z € X. 4.3)
By the definitions, we have

(h®(m))(x) = ¢m(xh) = zh @y m =z @y hm = ¢pm(z) = (P(hm))(z),
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thus ® is an homomorphism of H-modules.

In [BDK1] is showed that if L is a finite Lie H-pseudoalgebra, it is possible to define a
pseudobracket on Land®: L — Lisan homomorphism of Lie H-pseudoalgebras.
Similarly, if M is a finite L-module, one can define a pseudoaction of L on M and ® :
M — Misa morphism of L-modules.

It is also proven the following result, which gives us useful properties of C.

Lemma 4.1.1. 1. C is left exact: if i is injective, so is C(i);
2. C preserves direct sums: C(£ ® M) = C(£) & C(M);
3. If H =U(), then C(L) is a torsion-free H-module.
When M is a free H-module, ® behaves very nicely.

Proposition 4.1.1. [BDKI1, Proposition 11.3] Let M be a free H-module. Then ® : M —
M is an isomorphism of H-modules.

In particular, if L is a Lie H-pseudoalgebra free as an H-module, ¢ : L — L is an
isomorphism of Lie [ -pseudoalgebras. Similarly, if M is an L-module free as H-module,
® : M — M is an isomorphism of L-modules.

Example 4.1.1. If M is a tensor module for W (?) or S(0, x), since M is a free H-module,
we have M = C(A(M)) = M.

Remark 4.1.1. Let L be a Lie H-pseudoalgebra, M = H ® My be an L-module which is
free as an H-module and let N C M be an L-submodule. Then, by definition, A(N) C
A(M), which implies, since C is left exact, that N = C(A(N)) C C(A(M)) = M = M
where last isomorphism follows from the fact that M is a free H-module. In other words,
N is isomorphic to a submodule of M. This is enough to determine the reconstruction of
irreducible modules of De Rham type for W () (and S(9, x)) because there is only one
proper submodule in the corresponding tensor module. However, one should be able to
verify that in this case N and M also induce the same annihilation algebra. This can be
useful for the cases of type H and K, for which not irreducible tensor modules can have

up to 3 submodules.

Lemma 4.1.2. If M is a finite irreducible representation of W (0) or S(0, x), then M=
C(A(M)) = M.

Proof. We already know that the claim is true if M is a tensor module by Proposition|4.1.1
If M = d,(Q%(0)) is a module of De Rham type, it is in particular a submodule of the
tensor module 7'( /\]~C+1 0*). By the previous Remark, M is isomorphic to a submodule of
T(A\"10*) because the latter is a free H-module.

We know that M is the only proper submodule of 7' NF 0%), hence M = M. O

In the non-free case, ¢ is in general neither injective nor surjective. However, when
H = U(0), its injectivity can still be controlled in terms of H-torsion. In fact, one has (see
[BDK1, Lemma 7.4, Proposition 11.5]):

Proposition 4.1.2. 1. if H is a Noetherian domain which has a skew-fields of fractions
K and L is a finite H-module, then there is an homomorphism i : L — F, where F'
is a free H-module, whose kernel is Tor L.
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2. If L is a finite U(d)-module and a € L is H-torsion, i.e. ha = 0 for some 0 # h €
U(D), then X ®p a = 0.

Corollary 4.1.1. ker® = Tor L.

Proof. Ttis a well known fact that H = U () is a Noetherian domain and that any two non-
zero elements in H have a non-zero left (and right) common multiple, which in particular
implies that [ has a skew-field of fractions.

If a € Tor L, then ®(a)(x) =2 @y a=0,s0a € kerd.

On the other hand, if @ is not U (d)-torsion, i(a) # 0. The induced map .A(i) maps = @ a
to r ®p i(a) € X ®y F. Proposition implies that there exists x € X such that
x ®pi(a) # 0,hence x @ a # 0. O

We very briefly review now the reconstruction of primitive Lie pseudoalgebras of type
W and S. For more details, see [BDKI, Section 12].

Let £ be a subalgebra of W with its canonical filtration {L;}. The latter induces a
filtration of the Lie algebra Der L, (Der L); = {d € DerL|d(L;) C Lj4:}.
Recall that X = H™ can be identified with Op and that under this identification W is
isomorphic to A(W()) as linearly compact Lie algebras. By (2.84), this lets d act on
W by derivations. The action of 0 on L is called transitive if the composition of the map
0 — Der L with the projection Der L — Der L/(Der L) is a linear isomorphism.
In [BDK1, Lemma 12.1] is shown that if L is a simple Lie H-pseudoalgebra (or a current
pseudoalgebra over one), then the canonical action of  (2.84) on A(L) is transitive.

Recall also that under the identification X =2 Oy, 0 acts on Oy by linear differential
operators, which is equivalent to say that there is an embedding 0 — DerOy = Wy,
which is called the canonical embedding. This embedding is transitive, i.e. 9 C Wy is a
complementary of FuWy.

A structure of an H-differential algebra on Wy is equivalent to a transitive action of 0
on Wy by derivations, which, since Der W = Wy, is equivalent to a transitive embed-
ding of 0 in Wi
In [BDK1]] is proved, applying a theorem of Guillemin and Sternberg [GS]] ([BDK1), Propo-
sition 6.9]), that any two such embeddings are conjugated by an automorphism of Wy.
Therefore, up to an automorphism of Wy, we can assume that the transitive embedding is
the canonical one, which corresponds to the canonical action of 9. With the corresponding
action of H, Wy is isomorphic to A(W(2)).

Since W () is a free H-module, by Proposition[d.1.1|C(Wy) = W (d).
In [BDK1, Section 12.6] it is proven that, even if it is not a free H-module, the same holds
for S(0, x).

Lemma 4.1.3. The reconstruction of the Lie algebra Sy, provided with a transitive action
of 0, is S(0, x) where x is a trace form on 0.

Remark 4.1.2. We should stress the fact that A(WW (?)) is always isomorphic, as a linearly
compact Lie algebra, to W regardless of the Lie bracket of 9 (apart for its dimension,
which has to be N). In order to apply the reconstruction functor then one needs an H-
differential algebra structure, which clearly depends on 0 and its action on Wy ; the same
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is true for Sy and S(9, ) if one takes different 0 or x.

Similarly, if V' = H ® V} is a tensor module for W () (or S(9, x)), then A(V) is always
isomorphic, as linearly compact representations of Wy (or Sy), to X ® Vp, while it can
have a different structure as an H-module. The same holds for modules of De Rham type.

One final fact that will be useful later is the following.

Proposition 4.1.3. [BDKI\ Proposition 11.13] If L is a Lie H-pseudoalgebra which is
finite and torsionless as an H module and if A(L) has a finite-dimensional center, then L
is a Lie H-pseudoalgebra containing L as an ideal.

4.2 Reconstruction of irreducible representations of simple Lie
pseudoalgebras of type IV and S

The reconstruction functor is used in [[BDKI1] to achieve the classification of finite
simple Lie pseudoalgebras. Roughly speaking, the idea is the following: one starts by
understanding the structure of the linearly compact Lie algebra associated to a simple Lie
pseudoalgebras (i.e. its annihilation algebra), then one checks for all possible compatible
H-module structures and finally applies the reconstruction functor.

The second step is far from being trivial and one expects it to be even harder in the "super"
setting, so while exploiting it for the even part of a Lie superpseudoalgebra, we will try to
avoid it for the odd one.

In this section, we develop a technique that works around this issue and that can be applied
to the odd part of e(5, 10) and hopefully to other cases.

Let L be a Lie H-pseudoalgebra isomorphic to either W () or S(9, x) and let M be a
finite L-module.
Generally speaking, one should be able to reconstruct M from its annihilation module
M = A(M) if a structure of an £¢ = A(L)“-module for the latter is known, which is
equivalent to know the action of both £ = A(L) and H. Our aim is to understand if, under
suitable conditions, the action of £ is actually enough. This turns out to be true, and this
section will be devoted to prove the following result.

Proposition 4.2.1. Let M be an irreducible L-module. If M’ is another L-module such
that A(M") =2 A(M) as L-modules, then M' = M.

Remark 4.2.1. We will carry out the calculations for W () and S(9, x). However, the
technique should work, with adequate technical adjustments, for any simple finite Lie pseu-
doalgebra.

As explained in Remark [2.4.3] in our situation is not restricting to assume that H =
U(0). We will also assume all H-modules to be torsionless because we are interested in
their connection with the associated linearly compact objects via the annihilation functor
which, by Proposition f.1.2] kills all torsion elements.

Recall that £ has a canonical filtration such that FoL/F1L = g; where g;, = gl(0) if
L =W (d)and gz, =sl(d) if L = S(9, x).
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Recall that sing M is a 0 @ gr-module with action denoted by ps;,4 and that by Theo-
rems [2.6.6)and [2.6.7]it uniquely determines the irreducible L-module M.
Recall also that by Corollary and Theorem [2.6.3]it generates M as an H-module and
by Theorems[2.6.1and [2.6.2] it is finite-dimensional.
This allows us to define the filtration on M = X ®p M. Namely,

FoM = F, X ®g sing M. 4.4
Consider the associated graded space of M: gr M = P, gr? M where
grPM = F M/ FyaM = F, X @p sing M /F,11 X ®@p sing M.
It is easy to see that gr? M is isomorphic, as a vector space, to SP(?*) ® sing M.

Lemma 4.2.1. If L = W (), then grP M is an FyW/F1W = gl(0d)-module isomorphic to
SP(0*) @ sing M ® Cyyr

Proof. The pseudoaction of W (9) on v € sing M is given explicitly by (2.126):

N
(1 ® ({91) * U = Z(ak & 1) Ry psmg(ef)v — (81 X 1) Xy v
k=1
—(1®0)@rv+ (1®1) ®H psing(0; + ad 0;)v.

Therefore, the action of W on F}, M can be written, forz € X,y € F}, X, v € sing M as:

N
(r®0;)(y®@uv) = Z(xak)y R psmg(ef)v — ((28y)y + 2(y8;)) @ v
k=1
+ 2y Qg psing(ai + ad 0;)v. 4.5)

Notice that if z € F,, X (cf. (2.93)), then the right-hand side is in F},1 ;X ® g sing M. In
other words,
FW - F,M C FypM. (4.6)

The previous relation implies in particular that each gr?P M is a FoW/FiW = gl(d)-
module.

Writing out this action from equation (.5) for = x; under the isomorphism z; ® 9; —
J

—e;, we obtain

el(y @mv) =y @u elv—dy @p v+ (ehy) ®n v,

where we used (2.97).
y can be identified with an element x; € F),X/F, 1 X = SP(d*) (as vector spaces) where
zr = af' -y for I = (i1,...,in) and |I| = p. Using Lemma , a straightforward

computation shows that (z; ® 9;)x; = ;(z79;) coincides with the action of —e] on
T — ko

xr € SP(0*), where €Tk = —07x;. ‘

Finally, notice that 4} can be interpreted as the action of el on Cy, hence the claim is

true. O

A similar statement holds for S(9, x).
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Lemma 4.2.2. If L = S(0, x), then grP M is an FyS/F1S = sl(d)-module isomorphic to
SP(0*) ® sing M

Proof. For simplicity, assume that y = 0 and 0 is an abelian Lie algebra. This is motivated
by the fact that the terms appearing in the action of S(?, x) on singular vectors and involv-
ing x and the adjoint action of 0 are killed by the quotient in gr? M when one consider the
induced annihilation action of S.

Since all irreducible S(0)-modules are tensor modules (or submodules of tensor modules)
and since all tensor modules for S(?) are restrictions of tensor modules for W (), we can
use formula to derive an analogous one for S(?). Recall that S(?) is generated, in
our assumptions, as an /{-module by elements s;; = 59,5, = 9; ® 0; — 9; ® 0;. Hence, for
v € sing M, using H-bilinearity of the 1V (d)-pseudoaction, we obtain:

N
Sij kv = Z(akai ®1) @ Psmg(e?)v —(0; ®05) @ v+ (0; ® 1) QH psing(0j)v
k=1
N
— (040} @ 1) @t psing(eF)v + (9 ® 9;) @ v — (95 @ 1) @p psing(9;)v.
k=1

This let us write down the action of S on ), M. Forxz € X,y € F,X,v € sing M,

l'ak ya ®H psmg( k)v - (mak)(ya ) OH psing(ei’g)v

Mz

(x ®n sij)(y Q@ v)
k=1

+((20))(y0) — (0:)(y9;)) @1 v + (x0i)y 1 psing(05)v — (20;)y D1 Psing(0i)v.
Now, if z € F11X (cf. @.102)), (z @ sij)(y @u v) € FpiqM, so again
F,S - F,M C FyypM.

Now gr’ M is a FyS/F1S = s[(0). A tedious but direct calculation shows that the action
coincides with the s[(0)-one expected. O

Remark 4.2.2. Notice that all the extra structure regarding the 0-action and the trace form
x do not appear, as we expected since we are only considering the action of the linearly
compact Lie algebra £ on the M.

In this regard, notice in particular that the 9-module structure of sing M does not affect
this construction.

This means that if M is a tensor module 7'(IT, V') or a submodule of a II-twisted De Rham
module dr(€2%(2)) for an irreducible d-module I, one will simply find dim IT copies of
V in the gz-module gr M.

To adjust the notation, let V}; be the irreducible gr-module correspondent to M, i.e.
Vi =Vif M = T(IL V) or Vay = A¥o*if M = d(QF(2)).
Comparing the above lemmas with Theorems [2.6.6and we can summarize it as fol-
lows.

Proposition 4.2.2. If M is an irreducible L-module, then grP? M is isomorphic, as a gy -
module, to SP(0*) ® V.
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Building on last remark, if we put ourself in the assumptions that d is abelian, it acts
trivially on sing M and x = 0, we obtain the same construction, whereas we can directly
define a grading on M (cf. Example and Remark [2.4.2)):

GPM =GPX @y sing M 4.7

such that GPM = Fy M/ F, 4 M.
To recap, we have associated to an irreducible L-module M a dense g -submodule of M
which decomposes as an (infinite) direct sum of finite-dimensional g7 -modules.

Remark 4.2.3. The assumptions of y = 0, 0 being abelian and acting trivially on sing M
are actually not necessary. In fact, by Proposition[I.1.1]follows that M is isomorphic to the
completion of the graded module associated to the filtration defining the linearly compact
topology. Moreover, it is showed in [BDKI1] that the topology induced on M does not
depend on the choice of the finite-dimensional subspace used to define the filtration, so this
will not be an issue in the what follows.

We intend to compare two irreducible L-modules with isomorphic linearly compact
annihilation modules via these associated semisimple gr-submodules.
In order to do so, we need first to verify that there are no other finite-dimensional gy -
submodules in M.

Lemma 4.2.3. All finite-dimensional irreducible g1,-submodules of M appear in ,, G M.

Proof. Let V be an irreducible finite-dimensional gz-submodule of M.

Since every element in M is a (possibly infinite) direct sum of elements in GP M, we can
consider the projections 7, : M — GP M.

Tp 18 @ g7, -homomorphism, so when restricted to V', which is irreducible and finite-dimensional,
it is either O or an isomorphism into an irreducible in GPM = SP(2*) @ V.

Now, let A be the highest weight of V. The highest weights of the irreducible components

of SP(0*) ® Vs diverge as p goes to infinity (the highest weight of SP(9*) is [0, ..., 0, p]).
Alternatively, one can notice that by Frobenius reciprocity, since all the representations in-
volved are irreducible, V C S*(0*) ® V) if and only if S¥(2*) C V ® V3;. Either way,

it is clear that there exists an index p such that 7, = 0 for all p > p. This implies that the

isotypic component of V' in M is contained in B, <; GPM C @, GPM. O

The final ingredient we need is provided by the discussion at the end of Section[2.5] In
the proof of the previous lemma, we implicitly showed also that the following holds.

Corollary 4.2.1. @, SP(*) ® Vs € Rep®(gL).

Proof. We proved that the isotypic component of any irreducible finite-dimensional g[(9)-
submodule of M is contained in a finite-dimensional submodule of B, SP(0*)® V), hence
its multiplicity is finite. O

This result allows us to apply identity (2.120) and obtain
N
(Y DFAR@)) (Zozo S™(0%)Var) = Var. (4.8)
k=0

We are finally ready to prove Proposition4.2.1
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Proof. Let N C M’ be an irreducible L-submodule.

First, we claim that if A(N) = A(M’), then N = M’. In fact, applying the reconstruction
functor, we obtain that M’ = C(A(M’)) = C(A(N)) = N, where the last isomorphism
follows from Lemma [4.1.2]

Thus we have an homomorphism of L-modules ® : M’ — M =~ N given by (4.3),
which is injective because we assumed all modules to be H-torsionless. Hence, N = M.
Now, we can apply the construction explained in this section and associate to N the gr-
module B, S?(0*) ® Vy, which is a dense gr.-submodule of \. By assumption,  is, up
to isomorphism, a submodule of M.

By Lemma ([#.2.3), every SP(0*) ® Vy is contained in B, SP(0*) ® Vs and by the same
Lemma the opposite also holds.

In other words, @,, S?(0*) ® Vs = ,, SP(0*) @ Viy. Applying the identity (4.8), we get

Vi = V.

By definition, this means that M = N.
Now the claim at the beginning of this proof implies that N = M’ = M. O

Remark 4.2.4. Since the odd part of e(5,10) presented in Section is an irreducible
S(0)-module, this is enough for our purposes. However, this argument should be easily
generalized to determine the uniqueness, up to isomorphism, of a completely reducible
L-module.

4.3 Classification of U (0)-pseudoalgebraic structures for (5, 10)

We are interested in developing techniques that will allow us to characterize all possible
pseudoalgebraic structures of a given linearly compact Lie superalgebra.
As a "proof of concept", we present here the application for the Lie superalgebra E(5, 10).

By an H-pseudoalgebraic structure for a linearly compact Lie superalgebra £ = L) &
L (1) we mean a Lie H-superpseudoalgebra L = Lg) © L1y (where the decomposition is
also of H-modules) such that:

1. A(Ly)) = L) as linearly compact Lie algebras;

2. A(Lqny) = L) as linearly compact representations of the linearly compact Lie
algebra Loy = A(L(g));

3. the restriction of the pseudobracket of L to L) induces via the annihilation functor
the restriction of the Lie bracket of £ to L) up to an automorphism of L) as an
L py-module.

Example 4.3.1. The Lie superpseudoalgebra e(5, 10) constructed in Section[3.2]is a U (0)-
pseudoalgebraic structure for E(5,10) with d being an abelian Lie algebra.

In this section H will be the universal enveloping algebra of a Lie algebra of dimension
5. Because of Proposition |4.1.2] we will assume all H-modules to be H-torsionless and as
usual finite.
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If L) is a Lie H-pseudoalgebra such that A(L(g)) = E(5,10)() = S5, we know that
the canonical action of @ on A(L(g)) is transitive, hence, by Lemma 1.3} C(A(L(q))) =
S (9, x). The assumption of no H-torsion, Proposition and simplicity of S(9, x) im-
ply that ® : L(g) — L/(\O) =~ S(0, x) @.3) is an isomorphism of Lie H-pseudoalgebras.

Our main result is the classification of U (0)-pseudoalgebraic structures for E(5, 10).

Theorem 4.3.1. For any choice of a trace form x € 0%, there exists a unique Lie super
pseudoalgebra structure of the form L = S(0, x) © L(yy inducing E(5,10) as annihilation
superalgebra. The Lie superpseudobracket identifies Ly with dy (Q%(0)) as a S(v, x)-
module for a suitable choice of 11 only depending on x and the Lie superpseudobracket
Ly® Ly — (H® H)HL(O) coincides with the pseudo de Rham wedge operation as in

We will provide here a proof for the case of d being abelian and xy = 0 to keep the
exposition clear and simple.
First we show how the result of the previous section takes care of the odd part of the pseu-
doalgebraic structure Ly).
If S(d) EBL’(U is another potential pseudoalgebraic structure for £(5, 10), this means in par-
ticular that the annihilation module A(L’(l)) is isomorphic to the Sy-module A(d, (2}(2))).

Since d.(Q%};(0)) is an irreducible S(2)-module, Proposition straightforwardly im-
plies that L{;) = d.(Q2}(2)).

Now that both the even and the odd parts are, up to isomorphisms, fixed, we just need
to check that the same happens for the pseudobracket restricted to L1y = d.(Q3(0)).
Let p,7 : L) ® Ly — S(0) be H-bilinear maps such that they induce via the anni-
hilation functor the same map A(L(1)) ® A(L(1)) — Sx up to an automorphism ¢ of
A(L(1)) as an Sy-module, i.e.

A(p) = o A(T). (4.9)

To understand what such an automorphism looks like, we can relay on the pseudoalgebraic
structure. In fact, we can consider the morphism of .S(9)-modules

C(¥) : C(A(L(1))) = Hom¥"™ (X, A(Lq))) — C(A(L(1))) = Hom$" (X, A(L(y)))
¢ op. (4.10)

Moreover, we know that L) = C(A(L(y))) via (4.3). Explicitly, this isomorphism is given
by v — ¢y, where ¢, (z) =z @y v for v € Ly), which tells us that

(CW)o)(x) = o dy(z) = P(z @p v). (4.11)

Recall that by Proposition a W (0)-module naturally carries a structure of con-
formal A(W (9))¢-module. It is straightforward by definitions that a morphism of W (9)-
modules commutes with the action of A(TV (0))°.

This implies in particular that C(¢) sends singular vectors to singular vectors and that it
commutes with the action of s[() = FyS/F1S.

By Schur lemma, C()) = Ald for some scalar A € C. However, recall that L ;) is gen-
erated as an H-module by sing L(;). Since a morphism of W (?)-modules is in partic-
ular a morphism of H-modules, we have that for any o € L(j) there exist h € H and
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v € sing L) such that a = hv. Therefore,
C(¥)(a) = C(¥)(hv) = hC(P)(v) = Ahv = Aa.
Combining the previous identity with (4.11)) gives us, for z € X, v € M,
Bz @ v) = (C(4)d0)(@) = (b)) = Az @ v. (4.12)

Now, applying C to the relation (@.9) tells us that p = A7, which implies in particular that
any two superpseudobrackets inducing the Lie supebracket of E(5, 10) define the same Lie
superpseudoalgebra structure up to a constant.

This concludes the proof.
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