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Abstract. Mainly motivated by the recent GW190521 mass gap event which we take as a
benchmark point, we critically assess if binaries made of a primordial black hole and a black
hole of astrophysical origin may form, merge in stellar clusters and reproduce the LIGO/Virgo
detection rate. While two previously studied mechanisms — the direct capture and the three
body induced — seem to be inefficient, we propose a new “catalysis” channel based on the
idea that a subsequent chain of single-binary and binary-binary exchanges may lead to the for-
mation of a high mass binary pairs and show that it may explain the recent GW190521 event
if the local overdensity of primordial black holes in the globular cluster is larger than a few.
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1 Introduction

Since the very first detection of a compact object merger by the Laser Interferometer Gravi-
tational Wave Observatory (LIGO) [1], it was realized that the Primordial Black Hole (PBH)
scenario is an intriguing possibility that could potentially explain the origin of the events [2—
5]. PBH-PBH mergers could form in the early or in the late universe [6-10] and their merger
rates and properties have been studied in detail [11-23].

During the third observing run the LIGO, Virgo and KAGRA collaboration has released
several detections of binary black hole (BH) mergers [24, 25]. Within this catalog, probably
the most noteworthy event is the one with at least one object in the so called BH mass gap,
i.,e. GW190521 [26]. In particular, the GW190521 primary mass confidently lies in the upper
mass gap ranging from ~ 65Mg to ~ 120M, which is associated to the pair-instability
supernovae [26, 27]. The formation of a GW190521-like merger may be naturally explained
within the PBH scenario, see for example ref. [28]. Other possibilities rely on astrophysical
formation scenarios. For example, the members of such high mass mergers could be the result
of a runaway process of merging of lower mass BHs inside dense stellar clusters [29-37] or
they could arise via multiple stellar coalescences [38], or from population IIT remnants [39—
42]. Regarding the assembly of such an event, it might be a highly eccentric merger [43-45],
an asymmetric coalescence [46, 47], or it could have been formed in the environment of an
active galactic nuclei [48, 49].

If PBHs constitute a sizeable fraction of the dark matter (DM) (for a recent com-
prehensive review on current constraints see [50-52]), then they will most likely populate



astrophysical systems, like stellar clusters. In these environments a population of BHs that
originate from stellar evolution, henceforth Astrophysical BHs (ABHSs) is hosted as well. The
rate of ABH-ABH mergers from such environments has also been surveyed in the past [53—
57]. Given this likely coexistence of PBHs and ABHs in the same system, we expect that
PBHs will be interacting with ABHs and forming binaries with them that might subsequently
coalesce. Therefore, PBH-ABH mergers should be inevitable. Because PBHs were formed
in the early universe and ABHs arose from stellar evolution in the late universe, PBH-ABH
mergers can only be assembled via some dynamical channel, for example through a capture
process [58-60].

In this work, motivated by the recent GW190521 event which we take as a benchmark
point, we wish to critically assess if PBH-ABH binaries can form, merge in stellar clusters
and reproduce the LIGO/Virgo detection rate. Specifically, we evaluate the contribution
from the Milky Way type globular clusters in calculating the merger rate. This has also been
done in the past, for instance in [61, 62] where it is estimated that there is a non-negligible
contribution from globular clusters. For simplicity we take a monochromatic mass spectrum
for the PBHs peaked at the value 80M. This is motivated by the necessity to have PBHs
well inside the upper mass gap where current constraints allow for a total PBH abundance
sufficient to obtain sizeable merger rates. Notice also that the choice of a broader PBH mass
spectrum, e.g. a log-normal shape typically predicted by PBH formation scenarios, is not
expected to modify our results if narrow enough. Furthermore, we take an illustrative doubly
peaked spectrum for the ABHs with a low mass and a high mass component at 10 Mz and
60M, respectively. This choice regarding the astrophysical mass spectrum is admittedly
oversimplifying, but it allows to deal with an otherwise complex dynamical system. We
consider this as the first step towards a more thorough analysis.

We look at three possible formation mechanisms: direct capture, three body induced
processes and a runaway process of binary-single and binary-binary exchanges leading to the
formation of a high mass ABH-PBH pair. To investigate this third case which we refer to
as the “catalysis” channel, we resort to meaningful analytical estimates, comparing the rates
and timescales of various processes occurring inside the clusters, in order to critically test
whether ABH-PBH binaries can efficiently form.

The paper is organized as follows. In section 2 we make necessary definitions and present
a few preliminary concepts. Then, in section 3 we focus on the direct capture and in section 4
on three body induced channels. In section 5 we develop the “catalysis” model and discuss
our findings. Finally, in section 6 we provide some concluding remarks.

As the paper will contain several acronyms, in the following table and for the reader’s
sake we summarise a list of abbreviations used throughout this work.

2 Preliminaries

In this work we focus on the Milky Way globular clusters (MWGCs) and adopt the MWGC
parameters inferred using the data from the catalog provided in ref. [63],' as was adopted
recently in [62]. In particular, the catalog provides information on the masses, concentrations,
central densities and size of the baryonic mass distribution of the clusters. We assume a
King profile [64] for the mass distribution of stars in each globular cluster (GC). For the
normalization of the mass density profile we take the value of the profile at » = 0 to match

!The catalog is available online at https://www.physics.mcmaster.ca/~harris/mwgc.dat.
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BH Black Hole
ABH Astrophysical Black Hole
PBH Primordial Black Hole
DM Dark Matter
GW Gravitational Wave
GC Globular cluster
MWGC | Milky Way Globular Cluster
DC Direct Capture
SMA Semi-Major Axis
3-ind. three body induced binary
3rd third body binary hardening

Table 1. List of abbreviations used in this work.

the central density value as provided by the catalog in ref. [63]. We denote by M), the half-
mass contained within the half-mass radius 7, of the cluster. We also write My = 2M,
for the cluster’s total mass. For simplicity, we keep into account the evolution of clusters
through time in an effective way by fixing the fraction of retained BHs in binaries in order to
match the results of the numerical simulation performed in ref. [65], see section 5 for details.
Furthermore, we assume all GCs to have a lifetime of Ty ~ 10 Gyr [62, 66, 67], and neglect
the spin of the BHs in the analysis. The number density of globular clusters (GCs) in the
local universe is estimated using the conventional value of ngc = 2.4709 Mpc ™ [38, 54, 67—
69]. In any case, our final results for the merger rate density will scale proportional to this
number density.

It turns out that the merger rate considering dynamical scenarios in stellar clusters
depends strongly on the structural characteristics of these environments. Specifically, the
density, velocity and total number of species (ABHs and PBHs) that are merging affect
significantly our results for the merger rates. For instance, low density environments or high
velocity dispersions results in small capture rate between two BHs. For these reasons, in the
rest of this section we will review all of the above in the context we are interested in.

2.1 Velocity dispersion and segregation radii

The mean rms velocity of stars inside a cluster in terms of the cluster’s half-mass and half-
mass radius is given by (see ref. [70])

4 GMy, My, 1/2 Th —1/2
=1/ = ~1 —_— — , 1
7 V5 m Ilm/s (105M®> <p0> @1)

which represents the three dimensional velocity dispersion of stars with a mean mass (m) ~
Mg.2 The escape velocity would simply be given by Vise = 21/30. [71]. Heavier objects like
BHs interact with the stars inside the cluster and their velocity is relaxed to a smaller value
relative to o, through dynamical friction [72]. Defining m as the mass of the object, then

o(m) = \/ ) 1 (s () o, (2.2)

m

2Taking the mean mass of the stars to be different from 1My by a factor of order unity would not alter
our results.



where K(m,(m)) is the mass dependent ratio of the kinetic energies whose value can be
numerically determined. The typical values of K(m, (m)) lie within O(1 + 10) depending on
the masses under consideration [73] (larger values obtained for larger hierarchies between m
and (m)). Indeed, it was demonstrated in ref. [73] that energy equipartition is rarely achieved
inside of clusters when m > 2(m). In this work we use K(m, (m)) ~ (m/2(m))%®® which
is based on the data in figure 15 of [73], and the corresponding dependence of the velocity
dispersion in terms of mass goes like o(m) oc m~%1% which is consistent with the scaling
found in ref. [74] for GCs. Therefore, the heaviest objects in the cluster tend to sink towards
the center and segregate within a sphere of radius Rseg(m) determined by eq. (2.2) which,
when combined with the Virial theorem and eq. (2.1), results in an algebraic equation

M (Rgeg(m)) _ (m) Rgeg(m)
My m K( o

(2.3)

Here, M (r) is the total mass contained within a sphere of radius r from the center of the
cluster and is found by integrating the King profile within that sphere. We find by direct
numerical solution of eq. (2.3) that the segregation radius for BH masses used in this work
is smaller than the core radius, and therefore we take the BHs and binary BH populations
to be uniformly distributed within their segregation volume.?

Finally, we give the expression for the relative velocity between two objects A and B
in the cluster with masses m4 and mp respectively. Assuming that on average the objects
approach at right angles, then we have

s = Jo A+ Sl KK(mA, (m) , K(ms, <m>>> <m>]“ o (24)

ma mp

2.2 Primordial and astrophysical black holes inside stellar clusters

We assume that a population of PBHs is already hosted inside the cluster. We parametrize the
abundance of PBHs by two fractions. First, we account for the global fraction of DM in the
form of PBHs, fppyp. Motivated by the recent GW190521 event, we consider a monochromatic
mass spectrum of PBHs peaked at the mass of 80M. This choice is analogous to the one
adopted in ref. [28] in their single population PBH scenario possibly giving rise to GW190521
as a PBH-PBH binary.

Second, we parametrise the uncertainty on the local density of PBHs within the GC by
introducing the parameter fgg which characterises the abundance of PBHs with respect to the
baryonic matter estimated by assuming that the GC has a DM mass comparable to the bary-
onic mass M. Therefore, the number of PBHs hosted inside our clusters is parametrised as

Nso = fso (8(])\?41@) : (2.5)

We are assuming PBHs as isolated objects and not bounded in PBH binaries. This is expected
to be an accurate assumption as only a small portion of the PBH population participates
in early universe binaries formed before matter-radiation equality. One can estimate this
quantity by computing the probability that two PBHs are located within a distance small
enough to allow for a decoupling of the system from the Hubble flow [6, 8, 9]. By using

3We do not consider here the possibility that an intermediate mass BH is located at the very center of the
GC, which might induce a cusp in the BH distributions [75].



the initial Poisson distribution for the spatial PBH correlation at high redhsifts [76-79], the
fraction of PBHs in binaries is therefore

foBaries o f2en /2. (2.6)

For the parameter space we consider in the following, we find this fraction to be negligible
and the initial assumption of isolated PBHs in GCs is justified.

For ABHs we use the Kroupa initial mass function to estimate the fraction of the
cluster’s total mass that is in the form of ABH progenitors [80]. This fraction integrates
to approximately 10% for star progenitor masses in the range from 20M to 120M. The
ABH mass fraction should be reduced by a factor of order three which accounts for the
fact that only a fraction of the progenitors mass corresponds to the BH remnant [81]. We
denote the fraction of the cluster’s mass associated with ABHs by fapg ~ 1/3 x 10% ~
3% (see also eq. (7) in [62]). For illustrative purposes, in this work we also simplify the
ABH continuous mass spectrum and consider a simpler model with two monochromatic
contributions corresponding to 10Mg and 60Mg, respectively. The relative abundances fig
and fgo of these two populations in this two-mass model are estimated by constraining their
sum to equal one and their ratio to follow the ratio of the corresponding ABH mass function,
which is taken to be [82]

P(mapn) < O(mapn — Mgap)masip exp (—mapn/Meap) , (2.7)

where Mgap = 5Me, Meap = 40M [83] and © denotes the Heaviside step function. Slightly
different values for the upper exponential cutoff mass scale Mc,, would not impact signifi-
cantly the results presented in this paper. Finally, one finds feo/f10 ~ 4.3 x 1073.

We also need to account for the fact that ABHs receive a natal kick after birth and a
fraction of them escapes the gravitational potential of the cluster, see refs. [65, 84]. We assume
the kick of the ABHs follows a Maxwellian distribution Pijek(vkick) with one dimensional
velocity dispersion of wyc. The parameter wy;ck is treated as a free input in the computation
as it is affected by large uncertainties related to the ABH formation process. The retention
fraction fet can be estimated by integrating the Maxwellian distribution up to the escape
velocity Vese,

Vesc

‘/eSC 2 ‘/eSC < ‘/eSC )2
et = Prick (Vkick ) dvgick = erf (| ———— | — /= exp |— | ——— . 2.8
et o - k) ki (ﬂwkick> T Wkick p[ V2Wyick (28)

In particular, for small enough values of the ratio Vese/wkick, the retention fraction scales
like fret X (Vesc/ wkick)2'98. The corresponding maximum numbers of ABH populations inside
each cluster are defined as

M
Nig = e , 2.
10 = fiofretfABH (10M@> (2.9)
M
Negg = e . 2.10
60 = feoSfret faBH (GOM@> (2.10)

In table 2 we estimate the integral number of BH populations in characteristic MWGCs and
using the egs. (2.5), (2.9) and (2.10). We have considered two values for wyicx = 50km/s and
Wkick = 100km/s. As can be seen from table 2, the maximum number of ABHs drops quickly
with increasing wye indicating that GCs tend to retain a very small fraction of their ABHs if



GC Nip Neo Nso
NGC 104 | 2294

Pal 2 1628
NGC 5139 | 1532
NGC 6266 | 1639
NGC 6388 | 1439
NGC 6441 | 2625
Terzan 10 | 5484
NGC 6715 | 6205
NGC 7078 | 2270
Terzan 10 | 2061
NGC 6715 | 1616

[\)
[\)

= PRI R RN R ==
B W R W = =N

Table 2. Characteristic maximum number of each BH species inside MWGCs we consider in this
work. The first nine rows have been evaluated with wyiex = 50 km/s and the last two with 100 km/s.
We indicate only those WMGCs which contain a non-zero integral number of 60 Mz ABHs and include
in this table the value rounded to the nearest integer. For the last column we take fgg = 1074,

the natal kick is relatively high. As we will see in sections 3, 4 and 5 this will significantly affect
the ABH-PBH merger rate. Let us stress that this estimate does not take into account the
subsequent evaporation of the globular clusters, which has a crucial impact on the retained
number of BHs [65]. As we will discuss in section 5, this effect has been captured in our
computation by accounting for the proper number of retained BH binaries following the
numerical simulation done in ref. [65]. For the last column, where we calculate the number
of 80 My PBHs, we have indicatively used fso = 107%. We motivate this choice by the
following considerations. The overall PBH relative global abundance fppy should be smaller
than O(1079) as for larger values the merger rate of PBH-PBH binaries would dominate this
channel [28] or potentially being excluded by constraints from CMB anisotropies [85]. We
will consider this as a benchmark value throughout this work. However, depending on the
strength of PBH accretion before reionization epoch, corrections to both the efficiency of the
primordial binary merger rate [28] and the constraints on the PBH abundance may arise [86].
If we take the DM local abundance to be of the order of the baryonic one, this would imply
a PBH local overdensity with respect to the DM in the GC of the order of ten.

Finally, the segregation time of an object mass m scales like Tyeg(m) ~ ((m)/m)Trelax,
where Tyelax i the half mass relaxation time which is at most 1 Gyr for most GCs, see
ref. [55, 87, 88]. Thus, it only takes a few tens of Myr for the heaviest of the objects to sink
into their segregation volumes. Also, the heavy progenitor stars that give rise to the ABH
remnants have very short lifetimes, at most a few tens of Myr. For all these reasons we may
assume as an initial condition that BHs have segregated towards the center and occupy their
segregation volumes.

2.3 Third-body hardening merger rate

According to current understanding, isolated BH binaries can only merge through the emis-
sion of gravitational waves (GWs). The characteristic merger time is given by the Peter’s
timescale in terms of the initial semi-major axis (SMA) a, high initial eccentricity e and BH



masses mj and mg as [89]

3 5 4

~ 2 ca N
o 85 G3m1m2(m1 + mg) (1 ¢ ) (211)

4 -1 -1 —1
+ mo
~ 8.5 x 1011 (a> ( he ) ( m2 ) (m1 ) 1 - e2)7/2,
Y'\au) \8oa, 600, o, ) )
This can be much larger than the lifetime of the universe even for highly eccentric compact

binaries, see ref. [89]. For instance, to gain a feeling of the timescales involved, for a BH-BH
binary with equal masses it takes about

Taw

" a \4 m \3

Tew(e = 0.9) ~ 5.4 x 10" yr <1AU) (mM@) (2.12)
for the BHs to coalesce due to GW emission alone, which is more than ten times the current
age of the universe. Nevertheless, the situation is different when the same binary evolves
inside a dense astrophysical environment, in the core of a stellar cluster for example. In
particular, encounters of the binary with third bodies may in fact accelerate the merging
process during the inspiral phase when the GW emission is still inefficient to drive the binary
to merge [62, 90]. The binary therefore can shrink fast in the initial phase of its evolution,
when its SMA axis is still large enough for the interaction cross section to be high.

According to the Heggie-Hills law, if the binary is tight enough, during the interactions
of the binary with a single third body, some energy is transferred to the single and the binding
energy of the binary increases, making it tighter. The opposite holds for soft binaries, which
get softer [91, 92]. The SMA becomes smaller and smaller until the two members of the
binary are so close that GW emission starts to dominate and takes over its evolution. This
occurs at a SMA which we denote agw. It is important to note that during these flybys,
the binary recoils and it is possible that the binary escapes and merges outside the dense
environment [93-96]. However, as long as the characteristic SMA required for ejection a ¢
is smaller than a gw, the binary merges within the cluster [32], which is the case for the
MWGCs and the BH binaries under consideration.

Consider a binary with mass components my and mo, with mq > ms. As this binary
encounters single objects the outcome of the interaction could result in the increase or de-
crease of its binding energy, in the exchange of one of the components, or even ionization of
the binary, see refs. [91, 97]. To account for interactions for which the shrinking of the SMA
is the most probable outcome, we need to make two further assumptions. First, we only
account for the hardening process due to the binary interactions with single objects of mass
mg < ma. In our context these would be stars whose mass is at most ~ M and a lot smaller
than that of the BHs we examine. Second, we consider binaries with a SMA small enough to
suppress the disruption probability of the binary. We define therefore hard binaries as those
with a SMA smaller than [98]

_ Gmgy mso O —2

for which the binary binding energy is greater than the kinetic energy of the cluster particles,
where o, is the rms velocity of the ambient stars. Such a tight binary hardens at a constant
rate, see for example refs. [90-92, 99], whose corresponding parameter H is determined by
numerical surveys to lie in the range (15 <+ 20) [90, 99]. Here, throughout our calculations



we use the value of H = 15, however a different choice of H in the prescribed interval does
not change our results significantly. The semi-analytic formula for the merger timescale of
the binary with initial eccentricity e via hardening with single third bodies is [62, 90]

5\ ¢ o31-2\*° _
Tf’idzz( ) (3’1 ) (myma(my +ma)) V5 F(e)~1/5

674 G7/5 ng
4/5 ~4/5 ;prN\ —4/5
~ 1.65 Gyr ( 98,12 ) ( ps ) ()
10km/s 105Mg /pc3 15
-1/5 —-1/5 -1/5
x( m > ( ma ) <m1+m2> Fe)~1/5. (2.14)
80My, 60M, 140M,

Here, p3 is the local mass density of third single objects and o3 12 is the relative rms velocity
between the binary and the single. Also, in eq. (2.14), we use the auxiliary function defined
in ref. [89] as F(e) = (1 —2)~7/2 (1 + 73¢%/24 + 37¢*/96). Given a time window T', at most
equal to the cluster lifetime which corresponds to the formation timescale of a hard binary,
the 3rd-body hardening merger rate per cluster is given by [62]

f e (Tcl - T)

I's)qg=N—0(1Tyq-T 2.1
3rd TCI*T @( cl )7 ( 5)

where N is the number of available hard binaries of a specific type and f. is the fraction of
those binaries which have an eccentricity larger that the critical value for which Tfﬁ% =Ty-T.

In the next two sections we present two mechanisms that were considered for the calcula-
tion of the formation of a compact pair by previous works and we estimate the corresponding
merger rates. For example, recently ref. [58] have concentrated on the direct capture (DC)
of an ABH with a sub-solar mass PBH, while ref. [59] studied the direct capture of a neutron
star with a PBH specifically focusing on the multi-messenger event GW170817 [100]. Also, a
different mechanism has been proposed in the literature where a binary may be induced by
the encounter of three objects interacting within the same vicinity. The newly formed binary
from this 3-body induced mechanism later undergoes 3rd-body hardening and subsequently
merges. We refer to this binary formation mechanism as the 3-induced (3-ind.) channel. We
repeat the calculations for the DC in section 3 and the 3-ind. channel in section 4 in the case
of GW190521 taking into account the MWGCs. We will conclude that these mechanisms
are not able provide the merger rate required to explain the mass gap event in question
assuming the heavier BH, which is within the mass gap, to be primordial. This will bring us
to section 5 in which we present a more efficient channel for PBH-ABH mergers.

3 The direct-capture channel

The DC channel is a relativistic mechanism through which two objects encounter themselves
with such a small pericenter so that GW dissipative effects subtract an amount of energy
from the system leaving behind a bound pair. In particular, if two objects with masses m1
and mg interact with a pericenter smaller than a maximum value given by [101, 102]

’I"DC _ (857T\@G7/2m1m2 (m1 + m2)3/2 ) 27

P 12¢507 ,
a0 () (e ) () o Y
= 60My, 80My, 1400, 10km/s ’ '



then a binary forms. Notice that for the conventional values of masses and relative velocity
considered in this paper, eq. (3.1) gives a maximum pericenter distance which is very small
compared to the sizes of most stellar systems. Also, a binary formed through this capture
process is highly eccentric [95, 103, 104] and thus merger almost instantly. Applying the
Peter’s GW formula (2.11) to a pair with a SMA of a = r)?/2, the merger timescale in the
highly eccentric limit is given by

4
~ e N\T/2
Tew(e) ~ 0.05 yr (5 — AU) (1 e2)7/2, (3.2)

Therefore, once a pair of objects capture themselves, the binary merges quickly before the
encounter with a third body which might perturb the orbit. By defining n; and ne as the
number densities of each population and o1 2 as their rms relative velocity, then we can write
the differential DC merger rate per unit volume and per cluster as [101, 102]

G? (m1 + ma 10/7 mims 2/7
YDC = 17 ning 10/7 ( ) 11/7( ) . (33)
¢ 01,2

This formula was obtained performing a statistical average assuming a Maxwellian distribu-
tion for the velocities. To evaluate the total DC merger rate per cluster one should integrate
eq. (3.3) over the volume. However, since in our case we assume that the BH species are uni-
formly distributed throughout their segregation volumes, it suffices to multiply the differential
merger rate by the minimum segregation volume between the components m; and my as

T
I'pc = ?mll’l [Rgeg(m1)7 Rgeg(mQ)} DC- (34)

This is because a capture event between BHs can only take place inside the intersection of
their regions where the two populations are distributed. Finally, to account for the merger
rate density, we simply average over the MWGCs?* and then multiply by their number density
ngc in the local universe to get
RYNC = nge(Tpe)mwac. (3.5)
In figure 1 we evaluate the DC merger rate density of a 60Ms ABH and an 80M. PBH for
Milky way type globular clusters by averaging over the Nyiwae = 140 environments in the
MWGC catalog [63]. We vary the results depending on wy;cx and three values of fgy to show
the behavior of the final result as a function of the parameters.
The dependence of the DC merger rate with the PBH abundance scales as

RMWVGC ~ 3.1076 Gpe3yr! (1{)8_04) (2 47;/?56_3) , for wyiex = 50km/s. (3.6)

We observe that for a modest choice of fgg at a value below 10~%, the DC channel pre-
dicts much lower merger rates compared to the observed rate for the mass gap event R ~
0.1Gpc—3yr~!. The reason is that, as we can see in eq. (3.1), the maximum pericenter re-
quired for the DC mechanism is much smaller than ~ 1 AU. This leads to a tiny DC cross
section between a 60Ms ABH and an 80Ms PBH even if they segregate in the core of dense
GC environments.

“We generically denote the average of a rate I' over the MWGCs taken from the Harris catalog [63] as

() mwac = Z;-\]:NiWGC I';/Nuwac.
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Figure 1. The DC merger rate density as a function of the natal kick velocity parameter for three
values of fgo. The results scale proportional to the number density of GCs normalized to 2.4 Mpc 2.
The horizontal grey strip defines the LIGO/Virgo empirical merger rate density of GW190521.

4 The three-body induced channel

Unlike the DC channel, the 3-ind. one is a non-dissipative mechanism through which binaries
can form during a three body encounter. When two objects approach from infinity and inter-
act with a pericenter that is larger than the DC pericenter r]],jc (eq. (3.1)) then GW emission
is not strong enough to induce a binary. According to energy conservation considerations, the
two objects will therefore escape back to infinity rather than capturing themselves. However,
if a third object also participates in the encounter then a 3-body interaction will occur. For
the rate of 3-body encounters, one has to multiply the interaction rate between two objects
with the probability of the third object to be inside the same vicinity. The resulting differ-
ential rate for a third object of mass mg to participate in a 3-body encounter within a region
of size b, where two other objects with masses mq and mo already interact, was calculated

in [105] to be

8 24 G(m1 + ma) 4b
o N \f SAUC T LIRS PIP Yy . — R
Y3-body = M1M2N301 27T [ 3 + . 0%721) t o312 3rG(my + ma) 1)

where an average over the relative velocities has been performed. Here, o1 2 is the rms relative
velocity between 1 and 2 and o031_2 the rms relative velocity of 3 with respect to the center
of mass of the 1-2 system. As in the previous section, we will restrict ourselves to the case
in which mg < mg, my. Also, to obtain the total 3-body formation rate we integrate over
volume. In our context we simply multiply eq. (4.1) by the minimum segregation volume of
the objects with masses m1 and my

ar
F3—body = ?mln [Rgeg(ml)a Rgeg(m2):| ’73—body- (42)

Notice that eq. (4.2) does not describe the binary formation rate, because not all of the
3-body encounters efficiently produce binaries. That is, eq. (4.2) should be multiplied by an
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efficiency factor n € (0,1) that determines the fraction of 3-body encounters that result in
the formation of a binary. This fraction would depend on the velocities and the masses of the
objects participating in the 3-body encounter. Numerical simulations have been performed
in the past, for instance in refs. [106-108] to investigate the binary formation probability
by 3-body encounters. In particular, refs. [106, 107] found that for equal mass objects, the
binary formation rate is high and even closer to n = 1 when the 3 bodies encounter in a
very small region of size b corresponding to the SMA of an induced hard binary. In the more
general case, the formula in eq. (4.2) provides only an upper limit for number of 3-body
induced binaries per unit time. If a binary is induced in a 3-body encounter then we expect
its maximum SMA to be of order b/2. In order to maximize the estimate for the binary
formation rate through this channel but to also ensure that the newly formed binary survives
after its formation from this channel, we take b = 2ag. Once these binaries have formed inside
a dense environment, then they evolve via the 3rd-body channel and harden until they merge.

This channel requires both the 60M and the 80 M BHs to be single inside the cluster.
However, one needs to account for the depletion of the population of single BHs on a timescale
of T5.ipq = min (Fg__lbody,I‘XlNﬁo_lo,FglNgo_lo) as these compact objects tend to obtain a
companion and form a binary. Usually in the early stages of the cluster they obtain the
more abundant 10M; ABH. In this timescale, I'3 o4y, I'a and I'g stand for the competing
interaction rates leading to the formation of 80-60, 60-10 and 80-10 from a 10-10 progenitor,
respectively (see appendix. B for more details). The corresponding 3-ind. differential merger
rate per environment will be

15, _
I3.ina = 77F3-bodyTl_37;l§.dfe (Tcl - TS-ind) © (Tcl - 3—1body> ) (43)
c -in

where we stress the inclusion of the efficiency factor 7 as discussed above. Here, the theta
function is included to ensure that an ABH-PBH pair have formed on average on a timescale
shorter than the lifetime of the cluster.

In our context, we evaluate the 3-ind. merger rate of a 60Ms ABH with an 80M; PBH
forming a pair through 3-body encounters. We refer to such a binary as an 80-60 pair. To
maximize the probability an ABH and a PBH interact with a third object in the cores of
MWGCs, we take as the third object to be a star since those are the most relevant component
in the environment we consider. The final merger rate density in the local universe from this

channel is given by
RMWGC

find = NGC(Isind) MWGC- (4.4)
We present our findings in figure 2. We find that this channel can be active only in a few
systems; in particular for fgg = 10~* only the following MWGCs contribute with a non-
negligible 3-ind. merger rate: Pal 1, NGC 6256, Terzan 2, HP 1, Terzan 1, NGC 6397,
Terzan 9, NGC 6544, NGC 6558, and Pal 12. These are the most compact MWGCs with
the highest central stellar densities. As the term fgg is lowered then even fewer systems
participate non-trivially in the average value.

We conclude that this channel requires that, for a value of the fraction fsg, the natal
kick wyick should be below some threshold value in order for the ABH-PBH pair to form in
the core of a few GC systems within their lifetime. Above that critical value the rate drops
to zero due to the hard cutoff we imposed in eq. (4.3). For considerations similar to the ones
described for the DC channel, fpgy is constrained to be below O(107°) and for reasonable
values for the fraction fgg this channel appears ineffective in explaining a GW190521-like

- 11 -



1071E GW190521 4

'SC /n [Gpe Syr Y]

MW

3—

10! 102

Wiie [km/s]

Figure 2. The 3-ind. merger rate density as a function of the natal kick velocity parameter for three
values of fgo. The results scale proportional to the number density of GCs normalized to 2.4 Mpc 2.
We normalize the vertical axis to the probability for binary formation n € (0,1) as defined in the
text. The hard cutoff is due to the theta function in eq. (4.3) and the horizontal grey strip defines
the LIGO/Virgo empirical merger rate density of GW190521.

merger rate. Even though we report that this channel predicts higher rates than the DC
case, we stress again that our results are only an upper limit and the fiducial value may not
be closer to the empirical interval expected for GW190521. Furthermore, it seems that for
fgo < 1075 the merger rate drops above small values of the wyjc. This indicates that if ABHs
tend to obtain a natal kick larger than the point where the 3-ind. rate drops, then we need
to look for other mechanisms in order to explain events like GW190521.

5 The catalysis mechanism

Given the failure of the previously discussed two channels, we focus in this section on another
possibility, which we call “catalysis” mechanism and, to the best of our knowledge, has never
been investigated so far.

We focus on the formation of high mass ABH-PBH binaries through a process of suc-
cessive exchanges during binary-single and binary-binary interactions. We remind the reader
that for illustrative purposes, in this work we consider a model with a PBH population with
a monochromatic mass spectrum at mgg = 80My and an ABH population with a double
peak mass spectrum with a small mass component at mjp = 10M and a high mass compo-
nent at mgg = 60My. The relative sizes and abundances of these populations are given by
egs. (2.5), (2.9) and (2.10). As an initial condition we consider a population of seed binaries
with two 10Ms ABHs which we denote as 10-10 pairs. We denote by fy, the fraction of
10Ms ABHs that participate in such binaries. Furthermore, only a fraction fpaq of these
pairs will be hard. Therefore, the initial number of hard 10-10 binaries inside a cluster will

be Nl(é_)m = %fhardfbiano (see also eq. (11) in [62]). Also, initially we take the mgy and msgg

to be single objects inside each cluster with initial population sizes denoted by Nb%) and Né(l])
respectively. The purpose of this model is to test the efficiency of successive exchanges in
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Figure 3. Representation of our model as discussed in section 5. The value shown in each member
of the binary populations in this figure indicates its mass in units of Mg. Each thin black arrow
shows the direction a binary can evolve into, they are labeled by a capital Roman letter and the
subscript denotes whether that process can proceed via a binary-single (“s”) and/or a binary-binary
(“b”) interaction. The red arrows denote the merger of a given population.

forming high mass binaries in MWGCs which then merge and produce GW signals like the
mass gap event GW190521.

Inside the dense cores of GCs, these 10-10 pairs interact with heavier BHs. In our
model massive species will be 600 ABHs and 80M PBHs. Such 60-(10-10) and 80-(10-10)
binary-single interactions can occur when a 10-10 pair passes nearby the center of the cluster
and finds itself inside the segregated volume of massive objects, either the 60M ABH or the
80Me PBH. During this time, a member of the 10-10 pair can be swapped for the 60M¢, (or
80M¢) object forming a 60-10 (80-10) binary respectively. Subsequently, (60-10)-80, (80-10)-
60 binary-single and (60-10)-(80-10) binary-binary encounters can form an 80-60 pair. All
in all, there are in total six binary species considered here: 10-10, 60-10, 80-10, 60-60, 80-80
and 80-60.

In figure 3 we present a graph of the possible pathways examined in this work that can
lead to the various populations of binary BHs through a cascade of exchange processes. All of
these processes, except A and B, can be implemented by both binary-single and binary-binary
exchanges. So in principle all processes, but the A and B which can only occur as binary-
single exchanges, can be expressed as the sum of two components. For instance, if “s” refers to
binary-single and “b” to the binary-binary case respectively, we write I'n = I'p,, = I'p,+I'p,
for the exchange rate of 60-10—80-60 corresponding to the arrow named “Dg3,” in figure 3,
or simply process “D”. Note that in this particular example, the binary-single interaction
will be of the form (60-10)-80, while the binary-binary interaction will be between 60-10 and
80-10. Moreover, we are not interested in the fate of the remnant, whether they are ejected
from the cluster or retained and participate in second generation mergers. In practice we are
considering only first generation mergers. We describe in detail the semi-analytic calculations
we implement in appendices A and B.

In figure 4 we show the results that we obtain from running the catalysis algorithm.
The initial abundance of 10-10 binaries is set to a value of fhard foin = 0.3%, as motivated by
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recent numerical surveys in refs. [65, 109]. Indeed, as shown in ref. [65], the number of BH
binaries is found to be almost constant in time against the subsequent evaporation of the
clusters. In particular, it was found that a cluster with a large initial number of BHs will
experience a constant dynamical production and subsequent destruction of binaries, given
that those can be ionised by dynamical interactions with single BHs in the environment. As
time goes, the evaporation of the clusters leads to a smaller number of isolated BHs, with
the consequent creation of a smaller number of binaries, which are however subject to fewer
interactions with single BHs. These combined effects lead to an almost constant number
of retained BH binaries in the clusters. Given that in our work we are not following the
time evolution of the globular clusters, which would need a dedicated numerical simulation,
we have kept into account its impact in an effective way by fixing the fraction frardfoin
of hard retained BH binaries such that their number is compatible with the one obtained
in the numerical simulation performed in ref. [65]. Let us stress here that the heavier BH
species, like the 60M; and 80M; BHs, are more easily retained due to their large mass
with respect to the dominant population of 10Ms BHs and therefore less subject to the
evaporation phenomenon.

Below some threshold value of wy the curves in figure 4 reach a plateau since fyet
saturates to 100%. The drop in the rates for higher values of wyq is due to the fact that
fewer ABHs are retained when the natal kick is high. For high values of wyq the drop-
off is a power law of the form RMWGC wy. .., where ¢ can be inferred for each merger
rate by measuring its slope. In particular, we find that ¢ ~ —2.89 for 10-10, 80-10 and
80-80 mergers, g2 ~ —5.94 for 60-10 and 80-60 and ¢3 ~ —8.94 for the 60-60 mergers. The
hierarchy g3 < g2 < q1 is expected as the number of interactions involving ABHs increases
along a particular merger chain, see figure 3, and therefore the corresponding merger rates
are suppressed by higher powers of the retention fraction.

Focusing on fgg = 1074, we can find a subset in the parameter space in which our
estimate lies inside the LIGO/Virgo interval of 0.13703%Gpc=3yr=! for a GW190521-like
binary. As already highlighted, the merger rate is impacted by the retention of ABHs. One
can notice that the 80-60 merger rate in figure 4 falls below the observed band when wyjc, > 50
km/s (which would correspond to a retention fraction of fie; > 20% assuming an average
escape velocity of Vise = 50 km/s). For fgg = 107*, we observe that the 80-60 merger rate
stands near the bottom of this experimental interval, and therefore for smaller abundance
of PBHs inside GCs the mixed scenario becomes subdominant as are all the rates of binary
mergers involving at least one PBH.

In addition, for large values of wyick, the 80-80 merger rate systematically overcomes
both the 80-60 and 60-60 rate, as can be seen from figure 4. This is because, as wkjc, 1S
increased, the processes B and G dominate over the others as fewer 60s are retained in each
cluster. This is the origin of the slight increase in the 80-80 merger rate around wyix ~ O(10?)
km/s. Since a smaller fraction of 60M ABHs is retained, the numbers of 60-10 binaries and
single 60 are also diminished and the most probable fate of an 80-10 binary is to interact
with another 80-10 and likely give an 80-80 pair which then merges.

We can give a rough estimate of the 80-60 merger rate density for values of wyjq < 30
km/s where the rate is saturated. Independently of wyick, this scales linearly with the PBH
abundance and can be written as

31 ( fs0 nGe
RYWEC ~ 0.03 Gpe3yr ! (10_4 TAMpe? ) (5.1)

— 14 —



100 £, =107 t fo=107"4 ¥ fu=10"°
GW190521
1071
o
m>:
'L 1072k
[oN)
O,
]
S o
2 107 —10-10
10-60
, —10-80 |
107 —— 60-60 \
—80-80 \
— — 80-60 \
1075 ' ' ' ' A\ L
10! 102 10! 102 10! 102
Wi [km /] Wi [km /8] Wyger [k /8]

Figure 4. The 3rd-body merger rate densities of the various binary populations we consider in the
catalysis channel, for different values of fgo = 107°,107%, 1073, respectively. The cyan band represents
the uncertainty associated to ngc = 2.4Jj8:3 Mpc~2 and the transparent grey band corresponds to
the merger rate density interval inferred for GW190521, 0.131‘8::{’?Gpc_3yr*1 (90% credibility) by the
LIGO/Virgo collaboration.

Note that this approximation holds true only for fgo < 10~% and should not be extrap-
olated for larger values of PBH abundance.

The value of fgg = 10~ defines a theoretical maximum for another reason as well. In
particular, as we can see from the right-most panel of figure 4 for which fgg = 1073, the merger
rates of 10-80 and 80-80 overcome the 80-60 rate. This is because the abundance of PBHs
becomes so large that the processes B and G dominate over all cases. This is problematic
because the predicted merger rate density for 80-80 would then be ~ 0.1 Gpc3yr~! which
is above the mean empirical value inferred by LIGO/Virgo for the similar GW190521-like
events. We also observe that the 80-60 merger rate decreases as we consider environments
with a larger abundance of PBHs in the cluster as the majority of 10-10 binaries will encounter
more frequently single 80s than 60s, reducing the number of 10-60 and 80-60 binaries, with
a consequent decrease of their corresponding merger rate. As a last remark, we note that
the 80-80 merger rate density scales like oc f2, since there are two PBHs involved in the
formation of an 80-80 pair and the fgg factor enters twice.

6 Conclusions

Motivated by the existence of a mass gap in the ABH mass spectrum, in this work we
considered a population of PBHs with masses narrowly distributed around 80 M. The PBHs
can give rise to binaries with astrophysical objects in dense environment through dynamical
formation channels.

We probed three different mechanisms through which an 80-60 PBH-ABH binary can
form and merge: the direct capture events, the three body induced binaries (both already
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proposed in the literature) and a novel mechanism, the “catalysis” channel, in which the
assembly of an 80-60 pair develops under a cascade process of binary-single and binary-binary
exchanges starting from lower mass binaries.” We found that the most dominant channel
out of the ones discussed in this work is the “catalysis” channel. This happens because
exchange episodes occur frequently inside the cores of dense stellar clusters and binary-single
hardening is also efficient in such high density environments. The smallness of the impact
parameter required for two compact objects to capture themselves and the rareness of three
body encounters render the DC and 3-ind. merger rates too small to give an observable
contribution. Therefore, the fastest way to form a high mass astro-primordial BH binary is
via exchange episodes.

To summarize our findings, we have demonstrated that astro-primordial BH mergers
similar to the mass gap event GW190521 should form inside of Milky Way type globular
clusters and provide merger rates which may be consistent with current ground-based ex-
periments. This is achieved if PBHs cluster efficiently in such stellar environments with an
overdensity which is at least a few and the retention fraction of ABHs is non-negligible. For
instance, for a high retention fraction of about > 20% on average and a PBH effective abun-
dance factor of fgg = 107 per system, the merger rate density of 80-60 astro-primordial BH
binaries is about 0.03 Gpc=2 yr~!, which falls inside the inferred experimental rate interval
at 90% credibility for a GW190521-like mass gap event. We further note that our results
contain only the contribution from GCs and that the final rate might be even larger with
the inclusion of all possible collisional stellar environments. Some of these are active galactic
nuclei disks [48, 49], nuclear star cluster at the center of galaxies [35, 56] and young stellar
clusters [111]. We leave a detailed analysis of those environments for future work as well as
generalising our findings to extended mass functions. In any case, since we demonstrated
that the natal kick of the ABHs affects our estimations, we expect astro-primordial mergers
to most likely occur inside of massive stellar systems with a large escape velocity.

Moreover, from our analysis one can make a prediction about the merger rates of other
types of binaries with higher mass ratios. We considered 80-10 and 60-10 binaries, whose
merger rate is found to be very similar to the one expected for the 80-60. The 80-10, which
would also be a mixed astro-primordial BH merger, tends to dominate over the 80-60 for
low values of the retention fraction. Nevertheless, due to the higher mass hierarchy, the
ground-base GW detectors are less sensitive to such events and the detection rate would be
reduced by a factor 0(0.05) with respect to the intrinsic merger rates shown in figure 4, see
appendix C for few details on the selection bias at LIGO/Virgo experiments.

Let us also notice that, in addition to the mixed 80-60 binary, the scenario investigated
in this work is also predicting a comparable merger rate for the 60-60 ABH binaries. This
would be compatible with the few massive events in the GWTC-2 catalog with primary
masses of the order of 60M¢, [25].
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A Exchange interactions

In this appendix we review the formalism used in section 5 to describe binary-single and
binary-binary interactions, which are involved in the “catalysis” mechanism.

A.1 Binary-single exchanges

Interactions between a binary and a single object may result in the exchange of one of the
components of the binary for that single object. In particular, if the intruder is more massive
than one of the binary members, then the probability for an exchange is high [92]. Consider
a hard pair with SMA @ and mass components m; and meo which interact with a single
mass mg, then the cross section for the exchange of mq with mg can be written using the
semi-analytic formula proposed in ref. [112] as

. GM123(Z

Yiex 2
V31-2

x f(mi,ma, m3), (A1)

where v31_2 is the relative velocity between the binary 1-2 and the single 3. The mass
dependent form factor f multiplying the gravitational focusing term is given by

w2

1/3 7 s5/2 4 s5/6
M12/ MIS/ M12/3

f(my, ma,m3) = X exp (3.70 +7.492 — 1.89y — 154922 — 2.93zy — 2.92y

+3.0723 + 13.1522y — 5.237y> + 3.12y3), (A.2)

where x = my /Mg, y = m3/Migz and M;j) = mi +mj(+my) (i,75,k = 1,2,3).

The differential exchange rate per unit volume for binary-single interactions is given
by multiplying the cross section in eq. (A.1) with the relative velocity vs_2 and both the
number densities of the binary nis and the single n3. By performing an average with respect
to velocity over the Maxwellian distribution, one finally gets

6 GMia3a
Yex = —n12n37123 X f(mh ma, m3)7 (A3)
s 03,12

)

with 03 1_2 the three dimensional rms relative velocity between the 1-2 pair and the 3 body

at infinity. The total exchange rate inside a uniform environment is finally obtained by

multiplying eq. (A.3) with the minimum of the segregation volumes of the 1-2 and 3 systems as
am :

Pox = - min | RS (M), R,y (m3) | vex- (A4)

In the post-exchange state, one can deduce the SMA a’ of the new 3-2 binary by implement-

ing conservation of energy and momentum and integrating over the relative angles in the
exchange, finally getting

-1
/ mi 1 1 64 <’I’)’L30‘3>2 <M12012>2 2 2
=t ———— | M M: 222 | —msM
¢ {m3 a + Gm3m2M123 (7‘(4 m1 a2 ]\432 + my m3 12(0-3 +01—2)

(A.5)

in terms of the SMA « of the old pair 1-2.
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The eccentricity of the initial binary is expected to follow the thermal distribution
f(e)de = 2e de with mean value (e) = 2/3, which will get shifted to higher values once the
exchange has taken place. However, as the binary continues interacting with other compact
objects in the GC, we expect the distribution to be consequently modified after exchange
process. Therefore, in order to give a conservative estimate for the rate, we will assume in our
computation that also the eccentricity of the final binary follows the thermal distribution.

A.2 Binary-binary exchanges

Binary-binary encounters can also result in exchange episodes and formation of new binaries,
among many possible outcomes. A few possibilities are flybys, exchanges, ionisation of a
binary and triple formations. By denoting with fx the frequency a particular outcome
X to occur, the corresponding process cross section between two hard binaries with mass
components m1, mg and mg, my respectively is given by [113, 114]

2
Yx = 7TfX max(alg, a34)2 (4 Ve + 3) R (AG)
V12,34

where we have defined

v — [GM1234 <m1m2 +m3m4)r/2
¢ Mo M3y '

Here, v1234 is the relative velocity between the 1-2 and 3-4 pairs at infinity, and a12 and as4
are their SMA in the pre-encounter state respectively.

The possible frequency of a given outcome to occur will depend on the characteristic
masses, velocities and semi-major axes of the binary under consideration. In order to have
an estimate of the characteristic value of fx for the binary exchange, we have performed 10%
binary-binary scattering experiments using the numerical toolkit FEWBODY?® [115] with an
initial state (80-10)-(60-10) and find that the frequency at which events result in the final
state (80-60)-10-10 is of the order of fx = (32 £ 5)%. We will therefore adopt the value of
fx ~ 0.3 in our computation as a characteristic value for the binary exchange to occur.

The velocity averaged differential exchange rate per unit volume is then given by

[6 v? [2
VX = nioNasa fxm max(alg, a34)2 <16 2 e + 24v. + 18 0'12,34> , (A.S)
T 0'12734 3

where o012 34 is the three dimensional rms relative velocity between the 1-2 and 3-4 pairs at
infinity. We stress that a factor of 1/2 has been kept into account in the number densities
when the same type of populations are considered in the interaction. The total exchange
rate is finally given by multiplying the differential exchange rate per unit volume with the
common segregation volume of the two binaries

AT
a12 a4 (A7)

4T .
Ix = — min [Rgeg(Mu), Rgeg(M34)] x. (A.9)

The SMA of the newly formed pair through a binary-binary interaction will depend on the
intrinsic properties of the binaries under consideration. Instead of relying on a dedicated
Monte Carlo simulation of the binary-binary interaction dynamics, in our computation we
have used eq. A.5 to estimate the SMA of the new binary by considering the heavier binary
(with a higher mass ratio) to play the role of the single object and interact with the other
pair similarly to a binary-single interaction.

5The numerical toolkit FEWBODY is publicly available at https://sourceforge.net/projects/fewbody /files/.
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B The catalysis algorithm

We develop a semi-analytical calculation of the corresponding merger rates induced from
the “catalysis” model. This is achieved by following a hierarchical process through which the
population number of various binary species is calculated during a specific step and do not mix
with those that have been produced from previous steps. This assumption allows to simplify
the problem at hand and provide a conservative lower limit for the populations merger rates.
In the following, we present the algorithmic process used in solving the system in figure 3 in
terms of a series of steps. We stress that, in order to account for the distributions of masses
and concentrations of the GCs, we perform an average over all the MWGCs and obtain the

final merger rate density as

RMWEC — nae (M mwac, (B.1)

as defined in the text.

e One can start by identifying the initial sizes of the 10-10 binary population Nl%-)lo and

the single 60 (80) BH populations Néé) (Néé)) in each cluster. The merger rate of 10-10
binaries can be computed from the fraction of those that can merge before interacting
with a single 60 or 80 BHs, which is estimated according to eq. (2.15) as

1 1) fe(Tho-10
Fgo)-m = NI(O—)IOe;ﬂ )
10-10

O(Ta — Tro-10), (B.2)
. s s . —177(1) ~=1a7(1)

in the characteristic timescale T79.19 = min (7¢), I'y" Ngy', I'g" Ngy” ). The correspond-
ing number of 60-10 and 80-10 pairs that can form through binary-single interactions
(processes A and B in figure 3) is given by

: I'a
Neo-10 = min ( 0 N{tho: Né(?) ;
Fa+TI's+1gq0
. T
Ngo.10 = min ( 2N, Né?) : (B.3)
Fa+T's+T1gq0

The total merger rate of 10-10 pairs is then obtained by adding the contribution from
those 10-10 binaries that have not merged before T1(.19 to those that were not exchanged
by a single 60 or 80 as

T
I'o-10 = P%)—IO + (Nl%_)lo — Neo-10 — Ngo-10 — F%)_l()Tl()—10> j%;lc)’ (B.4)
C
where the last term in the bracket accounts for the expected number of 10-10 binaries
that have merged within T79.19. This total rate, averaged over the MWGC catalog,

corresponds to the red line in figure 4.

« Single 60 and 80 objects in the cluster, with population number Nég) = Né(l)) — Ngo-10

and Nég) = é(l)) — Ngo.10, can participate in binary-single interactions with the 60-
10 and 80-10 pairs, which were formed within timescales given by Tio™™ = FX1N60_10
and Tsfgf% = FglNgo_lo, respectively. Those interactions are graphically represented
in figure 3 by the C, D, E and G arrows, taking into account both the contribution
of binary-single and binary-binary interactions (see appendix. A for details on the
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exchange rates expressions), leading to the formation of 60-60, 80-80 and 80-60 binaries.
The merger rates of the remaining 60-10 and 80-10 binaries are then given by

Je(T60-10) Je(T80-10)

I'60-10 = Neo-10
T60-10 T80-10

O(Ta — Ts0-10), I's0-10 = Ngo-10 O(Ty — Txo-10),
(B.5)
in terms of the characteristic timescales Tgo-10 = min (Tcl — Tégfll%, FalNﬁo_lo, F51N60_10>

and Tgp.190 = min (Tcl — §8fi%, F]?:lNgo_lo, FalNgo_m), where the delay in the formation

of the binary populations has been properly taken into account. These rates, averaged
over the MWGC catalog, correspond to the yellow and green curves in figure 4.

From the predicted population number of 80-80 and 60-60 binaries, along with their
characteristic formation timescales, given by

K]

Nacq = Nso-10, Tform — Tform + F_lN 80,
80-80 FE T FG n F80-10 80-10 80-80 80-10 G 80-80

N, _ FC N, Tforrn _ Tform F_lN B
60-60 = 60-10, 60-60 = L6010 T ' Neo-60, (B.6)

I'p +T'c + Teo-10

one can compute their expected merger rates as

T3o- Ts0-
felTso50) O(Ta — Tsos0),  T'éo-60 = Neo-60 felToo50)

I'g0-80 = Ngo-g0
T80-80 T60-60

O(Ta — Tso-60),

(B.7)
in terms of the characteristic timescales Tgo.g0 = T — Tgfgfg% and Tg0.60 = Tc1 — Tégfglo.
These rates, averaged over the MWGC catalog, correspond to the magenta and blue
curves in figure 4.

We treat the 80-60 population differently by separating its merger rate into the three
components which correspond to the three different ways of synthesizing 80-60 pairs
through Dg, Eg and Dy, (processes Dy, and Ej, are identical), i.e. I'go.0 = F£§_60+F1835_60+
I‘SDOb_ﬁo. The former two channels, which originate from binary-single interactions, are
characterised by the population numbers and formation timescales

I'p form(Ds) £ NDS
NDS — s N60—1()7 T s) Of‘m + 80—60? BS
80-60 = T, 1 T'p + Lgot0 80-60 60-10 1ﬂgpos_ﬁo (B.8)
I'g, form(Es) f N3
NES _ s Neo. T s) Of'm + 80-60 B.9
80-60 = T0 1 T'p + T'so10 80-10; 80-60 80-10 1“?5_60 ) (B.9)
such that the merger rates are easily computed using the known hardening formula
in eq. (2.15), in terms of the characteristic merger timescales Tyogy = Tel — Tgfgfgé(Ds)
and Té%S_GO =Tq— Tsfgfé%(Es). The latter channel, which originates from binary-binary

interaction, is instead characterised by the population number

I'p, Neo-10 ', Ngo-10
I'p +Tc+Teo-10 T + T + Tso10

Nibso = min [max ( > s N60-105 NSO-lO} , (B.10)

which properly accounts for the largest fraction of 60-10 or 80-10 pairs that contributes
into 80-60 via binary-binary interactions, with the additional request that the number
of 80-60 pairs does not exceed either the initial number of 60-10 or 80-10 binaries. The
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L o form (D -1
formation timescale is given by ngfg(l)( b) — max (Tégfi%, ngfi%) + (FSDOb_,aO) Ns:%-)@‘o and

the merger timescale by Tg%lj(;o =T — ngfg(l)(Db). Finally, the total merger rate of the
80-60 binaries is given by
fe Tg?ﬁﬁ(] fe TB%S-GO
Dy Dg Eg Es
T's0-60 = Ngp’e0 ;DS ) O(Ta — Tyoieo) + N80—60<ES)@(T01 — Tige0)
80-60 80-60
fe (Tsdtoo
D D
+ N801—)60(Db)@(TCI — T0%0) (B.11)
80-60

which is plotted, once averaged over the MWGC catalog, as the black dashed line in
figure 4.

C LIGO/Virgo sensitivity and observable rates

A BH binary is typically characterized by the component masses m; and mgz, dimension-
less spins x; and x5, and source redshift z. When one considers the measurement process,
each individual binary is accompanied by extrinsic parameters related to the position and
orientation with respect to the detectors. Those are defined in terms of right ascension «,
declination 4, orbital-plane inclination ¢, and polarization angle ). One can therefore define
the intrinsic and extrinsic binary parameters as § = {ml, m2, x1,x2} and A\ = {a,d,¢, ¢}
respectively. We will neglect the role of the spin in the following estimates.

In order to compute the probability of detection of a binary at the experiments, one
has to marginalize the detectability over the extrinsic parameters A. For each value of the
intrinsic parameter set 0, one can define the detection probability as

pace(6) = [ p(Y) ©[p(0.3) = pu] 2. (©1)

where p(A) is the probability distribution function of A and p is the Signal-to-Noise Ratio
(SNR). For a single detector, the threshold for detection is typically taken to be pin, = 8.
One can extract the dependency of the SNR on X and factorise p(0, \) = w(X)popt(0), where
Popt is the SNR of an “optimal” source

_, [ )
pgpt(ml,mg,z) = 4/0 5. 0) dv, (C.2)

in terms of the waveform h(r) in Fourier space and the strain noise S,,(v) of the detector. In
the following we will estimate the SNR using the strain as measured during the O3 run of
the LIGO/Virgo experiment. Finally, one can compute the marginalized distribution pget ()
by calculating the integral P(w) = fi p(wW)dw’ at w = pene/popt (0). In the case of isotropic
sources, «, cosd, cost, and ¥ are uniformly distributed and the result of the integral gives
rise to the function P(w) as found in ref. [116].

The detection probability can be linked to the “effective” spacetime volume (VT,ps) by

av. 1
dz 1+ 2z

<VTobs>m1—m2 = obs/pdet(e) dz, (03)

where Ty is the duration of the observing run and V, is the comoving volume.
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Assuming the merger rate R to be constant within the observable redshift horizon, the

expected number of detections for a binary m-ma can be found as Nyyy-my = (VTobs)my-ms R-
In particular, during the LIGO/Virgo third observing run, one finds

(VTobs)so-60 = 12 Gpeyr, (C.4)
<VTobs>80—1O = 0.69 Gpc3yr. (05)

As one can appreciate, the detector selection bias makes harder to observe un-equal mass
binaries. Therefore, even though the merger rates of 80-10 and 80-60 are comparable in most
of the parameter space of the “catalysis” (see figure 4), in this scenario one does not expect
asymmetric ABH-PBH binaries in the LIGO/Virgo current GWTC-2 catalog events.
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