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1 Introduction and physics motivations

In the present paper we compute, to the lowest perturbative order in SU(N) Yang-Mills
(YM) theory, n-point connected correlators, Gg)?lf(xl, ...,Zp), in the coordinate represen-
tation of the gauge-invariant twist-2 operators with maximal spin along the p, direction,
both in Minkowskian and — by analytic continuation — Euclidean space-time.

In fact, our computation matches and extends the previous lowest-order perturbative
computation of 2- and 3-point gluonic correlators of twist-2 operators in NV = 4 SUSY

YM theory [1], by including the unbalanced! operators with collinear twist 2 in pure YM

In our terminology ‘unbalanced’ and ‘balanced’ refers to either the different or the equal number of
dotted and undotted indices that the aforementioned operators possess in the spinorial representation
respectively. Unbalanced operators are referred to as ‘asymmetric’ in [2] and ‘anisotropic’ in [3].



theory and, most importantly, by calculating all the n-point correlators in the balanced
and unbalanced sectors separately, and the 3-point correlators in the mixed sector as well.

Our physics motivation is threefold.

Firstly, our lowest-order computation has an intrinsic interest in YM theory, and —
according to [1] — in theories that extends it, such as its supersymmetric versions and QCD.

Secondly, our computation is preliminary to work out the ultraviolet (UV) asymp-
totics [4, 5] — based on the renormalization-group (RG) improvement of perturbation
theory — of the above Euclidean n-point correlators.

Thirdly, our computation is an essential ingredient to test the prediction in section 3
of [6] that, by fundamental principles of the large-N 't Hooft expansion, the generating
functional of the nonperturbative leading nonplanar contributions to the aforementioned
Euclidean correlators must have the structure of the logarithm of a functional determi-
nant [6] that sums the glueball one-loop diagrams.

Indeed, according to the philosophy of the asymptotically free bootstrap outlined in [6],
the RG-improved correlators mentioned above must be asymptotic in the UV [6] to the
corresponding nonperturbative correlators involving glueballs. Therefore, to the leading
nonplanar order, the generating functional of the former must share with the one of the
latter the very same structure of the logarithm of a functional determinant.

As an intermediate step for the program above, we construct the generating functionals
of the aforementioned lowest-order n-point correlators.

Remarkably, they have the structure of the logarithm of a functional determinant of
the identity plus a term involving the effective propagators that act on the appropriate
source fields.

Hence, according to the argument above, our formulas for the generating functionals
are as simple as they can be.

Incidentally, the generating functionals also allow us to compute straightforwardly the
n-point correlators in the momentum representation, whose structure is slightly simpler
than in the coordinate representation.

2 Main results

2.1 Balanced and unbalanced twist-2 conformal operators

We describe our calculation and the operators that enter it. We compute, to the lowest per-
turbative order in SU(N) YM theory, n-point connected correlators in Minkowskian space-
time of the gauge-invariant twist-2 operators with maximal spin along the p; direction:

(O1(21) ... On(2n) owest order = G (1, . ) (2.1)

It has been known for some time that, to the lowest order and the next one,> YM theory
is conformal invariant [7], since the beta function only affects the solution of the Callan-
Symanzik equation starting from the order of g*. More recently, the exact conformal

2In fact, to the order of g%, in the conformal subtraction scheme [7].



symmetry of QCD at the Wilson-Fisher critical point in d = 4 — 2¢ dimensions has been
exploited [8, 9] as a computational tool in higher orders of perturbation theory.

Therefore, following [7] we employ operators that have nice transformation properties
with respect to the collinear conformal subgroup involving the coordinate ™. Alternatively,
operators can be also constructed with nice transformation properties [10, 11] with respect
to the conformal group, whose suitably chosen components restrict to the aforementioned
representations of the collinear conformal subgroup.

Primary conformal operators O;(x), with collinear conformal spin j = s + 7, where 7
is the collinear twist and s the collinear spin, i.e., the spin projected along the p direction,
transform under the action of the generators [7] of the collinear conformal algebra SL(2, R):

[Lo, L] = L+ (2.2)
[L_,L,] = —2Lo

according [7] to:

(L, 0j(x)] = —01.0;(x) (2.3)
L, Oj(x)] = (720 + 2j2™")O;(x)
[Lo, j(@)] = (@704 +5)0j(x)

where in eq. (2.3) x = (xF, 27, 2!, 22) is restricted [7] to the line = = 2! = 22 = 0. Their
conformal descendants, 9°. O;(z), are obtained by taking derivatives with respect to z ™,
and have the same 7.

For a given canonical dimension d = 7+ s, the quasi-partonic [12] operators have mini-
mum 7 and maximum s, with nice mixing under renormalization and conformal properties
as above [7, 10-15]. Their collinear twist 7 does not necessarily coincide [7] with the twist
T — defined by d = T+, where S is the spin — that refers to the conformal group [10, 11]
instead of the collinear subgroup.

In general, local gauge-invariant operators with 7 = 2 provide the leading contribution
to the OPE of two vector currents in massless QCD-like theories* [16]° in Minkowskian
space-time near the light-cone.

An infinite family of quasi-partonic operators is constructed as follows. A composite
gauge-covariant primary conformal operator, built by two elementary® gauge-covariant
primary conformal operators ®;,, ®;,, with collinear conformal spins j1, j2, has the form [7]:

O (x) = @, () (iD 4 +iD ) PP 12D (g%) Bjp(z)  (24)

Pl(2j 17127271 6 Jacobi polynomials (appendix F), Dy is the covariant derivative

where
along the py direction (appendix A), and the arrows denote the action of the derivative on

3 And references therein.

4By massless QCD-like theories we mean asymptotically free gauge theories that are massless to all
orders of perturbation theory, such as QCD with massless quarks.

5And references therein.

5Tn the present paper, we refer to the operators ®;(z) as elementary, since they play the role of elementary
constituents, though they may actually be composite operators.



the right or the left. The corresponding gauge-invariant object is obtained by taking the
color trace.

The collinear conformal spin, 7, of the operator, @{1]’2 (%), is j = j1 + j2 + 1, where [ is
the power of the derivative in eq. (2.4). By working out the definition in eq. (2.4), we get:

l . .
” 1+2j1— 1\ (1+2j5—1
Ol]h(x):§:< kl )( > )( )k () DA DE @, (

k() k+2j2—1

= Z OfM2 (x (2.5)

thus realizing the conformal operator Olj 72(z) as a sum of [ + 1 operators, (’)] 1]2( ), that
are not necessarily conformal.

Hence, the composite operators depend on a choice of the elementary conformal oper-
ators ®;,, ®,,. We define the standard conformal basis for primary operators with collinear
twist 2, where the elementary operators are fi1, fjj (section 4.1) with conformal spin j = %

In the standard basis the gluonic operators are classified as in [2, 10, 11]:

O, = Tr f11(2)(i Dy +iD+)2C2 (%%%) fii(@) s=2,4,6,...
- +

0, =Tr f11(z zB++ZB 5= 2052_2 <g+—_%> fii(z) s=3,5,7,...
++

S \fTrfll ZB.{.‘FZ% s— 2082 9 <§i—;%> fll( ) 822,4,6,...

s (D,-D
\f Tr fii(z ZB+ + 25 5— 2052—2 (ﬁ) fii(z)  s=2,4,6,... (2.6)

by restricting the appropriate conformal multiplet [10, 11] to the components along the

Ss =

p+ direction, with Cf* Gegenbauer polynomials (appendix F), which are a special case of
Jacobi polynomials.

0, and O, are Hermitian balanced operators with 7 = 7 = 2. They have an equal
number of undotted and dotted spinor indices (appendices C and D):

05 = @11._.11
05 = @11...11 (2-7)

Ss and its Hermitian conjugate, S,, denoted by the bar superscript, are unbalanced oper-
ators with 7 = 2. They have a different number of undotted and dotted spinor indices:

A2

S1111 1i
=5 iiii...i1 (2-8)

U) |

Besides, we also define the extended conformal basis for primary operators with collinear
twist 2, where the elementary operators are Djrl fi1, Djrl fij, with conformal spin j = %,



which are nonlocal in general, but local (appendix E) in the light-cone gauge Ay = 0.
Clearly, gauge invariance ensures that all their correlators are local, as we verify explicitly.

The extended basis is natural in SUSY calculations [14], and includes (nonlocal) oper-
ators with 7 = 2 and s = 0,1. We have chosen it in YM theory because of the simplicity of
the results for the correlators. In the extended basis (section 4.2) the gluonic operators are:

Ay=TrD7 "fila ’LB++’L§ <%> D;lfii(x) s=0,2,4,...
+ +

AS—TrD LAz ZB++Z§ (B _§+>D+1fﬂ(az) s=1,3,5,...

BS \}§TI'D f11 lB +15 5% (gﬁ%) DJ_rlfH([B) 820,2,4,...
] D.-D
Bs = fTrD f11 zBJr +15 <3+—+i> D;lfﬁ(x) $s=0,2,4,... (2.9)

2.2 Minkowskian n-point correlators in the coordinate representation

2.2.1 Standard basis

We have normalized our operators in such a way that the 2-point correlators in the standard
basis are equal for even s:

<©51 (l‘)@52 (y)> = <SS1 (z)SSQ (y)> = Csl (l‘, y)68152 (2'10)
and for odd s:
<©S1 (37)@52(3/» = CSI (l‘,y)53152 (2'11)
with:
1 N2 -1 22$+2i2374 (IL‘ _ y)is

Cs(z,y) = (s +1)%(s +2)*

(4w2)? 4 (41)? (lz —y[?)>+?

’“120 kZ <k1> <’“1 + 2) <k2> (kz + 2) (—1)>heth

(S — k1 + k‘g)!(s + k1 — kg)!

1 N2 1 225+2 25—4 (.’IJ _ y)25
1)? 2)2(2s)—— 2/
T @y T T e

(4m2)?
$72 52 s s ke 1
b0 34 09| 04 PR [ o B

where we omit the ie prescription in the propagators in the coordinate representation, in

such a way that (appendix A):
1

P (2.13)



should be read (appendix B):

1
—— 2.14
|z|? — i€ (2.14)
The very same correlators are evaluated by a trick [1] (appendix H):
1 N2 -1 228+2 N\2s
Cy(z,y) = 1) (s — 1)s(s + 1)(s + 2) (28)1 —E Y (2.15)

(4n2)2 4 (41)2 (lz — y[?)2s+2

Therefore, we have discovered the following — seemingly nontrivial — identity (section 5):
25022
81(51 1) SLT252T S1 59 S9 ko+k 1
—_ (=) ———— (2.16)
(51+1)(s142) 0515y = klz:Okzz:U ki \k1+2) \ ko) \ ko+2 (kfi—gin)

We have not found a direct proof of the above identity, but we have verified it numerically.
Moreover, the only nonvanishing 3-point correlators are:

(05 (2) s, () 055 (2)) = (0, (2)S5, (4)Ss3 (2)) = Csy58 (2,7, 2) (2.17)

and:

<©81 (1')@32 (y)@SS (Z)> = Css9s3 (xvyvz) (2'18)

with:

- _ __1)S1t+S2+83 3 SN?-1 i81+82+83981+52+53
CSIS253 (xvyv Z) - (1 + ( 1) ) 4| 8 L 2

1
(4m2)?
(s1+1)(s1+2)(s2+1)(s2+2)(s3+1)(s3+2)

$1—2 89—2 83—2
k1=0 ka=0 k3=0 kl k14+2) \ko J\ka +2) \k3) \k3+2

(s1 — k1 + k2)!(so — ko + k3)!(s3 — ks + k1)!

N Ut N Gt S AN
(‘x _ y‘2)51+1—k1+k2 (|y _ 2‘2)82+1—k2+/€3 (|2: _ w‘2)53+1—k3+k1 ( : )
We also compute the n-point correlators. In the balanced sector, we get:
1 N2—-1_ywn n
(04, (21) ... O, (1) )conn = WTzZH SUi2 1=
I(3)[(s1+3) T(B)(s,+3) s g s$n) [ n
Z Z
PG)T(s1+1)  TG)(sp+1) k:1 k:1+2 A\ kn ) \Ekn+2
(="
n Z (SU(l) - ka(l) + kU(Q))! s (Sd(n) - ka(n) + kd(l))!
O'EPn
So *k‘g +ko- So(n ko’ n +k‘cf
(To(1) = Toz)) 7T (To(n) — Toy)y ™ 7" (2.20)
So(1)—ko(1)tko(2y+1 777 S5(n)—Ko(n)tko(1)+1 ’
(I2o0) = 2o ?) (2ot = zo()]?)



The very same formula holds for an even number of operators 0, otherwise the correlators
vanish. The nonvanishing correlators in the balanced sector are:

(Os,(71) ... Os, (xn)©5n+1 (Tnt1) - - ©5n+2m (Zn+2m))conn

1 -1 En+2m ig;:—fm s F(S)F(Sl + 3) F(B)F(Sn-i-Zm —+ 3)

(47T2)n+2m 2n+2m F(5)F(81 n 1) e F(5)F(Sn+2m . 1)
s1—2 Sn4-2m—2

(_1)n+2m ' |

o (80(1) = ko) + Ko@) - - - (Sotmr2m) = Ko(niam) + ko1))!

O'EPn+2'm
So —ka +ko o(n+2m _ka n+2m +k(,r
(-:Uo'(l) - .1'0—(2))+ (1) (1) (2) (xo'(n+2m) o xo-(l))j_( +2m) (n+2m) 1)

2) So(1)—ko(1)tho(2)+l © 7" |2> So(nt2m) =Ko (nt2m)the(1)+1
1)

|Zo(1) — To(2)] 1% (nr2m) — T
( (

(2.21)
In the unbalanced sector, we get:
Q 1 N2 -1 s;+s s;+s
<S (1‘1) Sn(a:n)Ssi(yl) .Sy ( )> W 2on 221 L sit ZZZL L sitst
(3)F(31 +3) rear (sn +3)T(3)I'(st +3) 1“(3)1“(3,’1 +3)
L(B)0(s1+1)  "TB)(sp+1)TGB)T(sf +1) T (sh + 1)
s1—2 Sn—2
k1:0 <k1> (kl +2 ) (kn> <k" + 2)
5’122 Sh—2 Si 52,1
Pr ki) \ki+2 ! +2
277»_1 / /
Z Z () + ko) (o) = ko) + Fo2))!
oeP, PGPn
- (80(n) = Ko(n) + ’f’( D (So(m) = ko) + Ko (1))!
Sor ko(1y+k, —kL 1y +ky
( o) — yp( )) (1) o (1) Thp(1) (yp(l) 0(2)) (1) p(1) (2)
(|$ 0 = Yo 2 ) 80(1) "ko(1) Thp)+1 (|y 0 -7 (2)|2) $p(1) ~kp(1) Fho(2)+1
o p p o
So(n kcn+k n Slnfkanrko'
(x (n) — Yp(n )) (n) "o (n)TFp(n) (yp(n) o xa(l))f( )~ Fp(n) (1) (2.22)

So(n) =Ko (n) Thp(n)+1
| ) (’yp(n) - xa(l)‘

' | 9 e ~Rp(m) Fho1)+1
Lo(n) = Yo(n)

2.2.2 Extended basis

We normalize our operators in such a way that the 2-point correlators in the extended
basis are equal for even s:

<A81 (x)ASQ (y)> = <B81 (x)BSQ (y)> = ASI (x7y)55182 (2'23)
and for odd s:

(A, ()As, (1)) = Asy (,9)8515, (2.24)



with:

1 N2-1
As(x,y) =

228 25 (x )

(47r2)2 4 (| — y[2)2s+2
£ E LG menrimen-w
1 N S:28 (‘/E*y) s
= W I Loz (z;)!W

SEOORO g e

The very same correlators are evaluated by a trick [1] (appendix H):

1 N?2-1 (x —y)%®
(422 4 (lz — y|2)2+2

Therefore, we have discovered the following — seemingly nontrivial — identity (section 5):

2 1 1
e = ,ﬂzo Z (k) (k) <k> (k) (D% (227)

We have not found a direct proof of the above identity, but we have verified it numerically.

As(z,y) = 225(—~1)%(2s)! (2.26)

Moreover, the only nonvanishing 3-point correlators are:

(Agy (7)As, (Y)Asy(2)) = (A, ()Bs, (3/)1393 (2)) = Asysy55 (7,9, 2) (2.28)
and:
<A51 (aj)ASQ (y)ASS (Z)> = A315283 (:E, Y, Z) (2'29)
with:
1 N2-1
_ __1\S1ts2+s3 :S1+82+83981+s2+83
A315253(1‘,y,z)— (47T2)3(1+( 1) ) 8 4 2

S5 2 E)EE)EE)

(81—k1 + ko) (so—ko+k3)!(s3—ks+Fk1)!

(w y)51 k1+ko (y Z)SQ ko+ks (Z_x)j?*k;;*H{?l

(Jz—y|2)s1H1-kithe (|y—z|2)s2t1—koths (| —g[2)sst1-ksthi

(2.30)

We also compute the n-point correlators. In the balanced sector, we get:

1 N?—1 .5 5o
<A51 (xl)"'ASn(xn»conn:WTQlel lzzlzl l

2
_]_ n
Z Z <k1> (k ) ( n) Z (o) =Koy Tho@)!- - (Sa(n) =Ko(n) Tha(1))!

k1=0  kn,=0 ochl,

30‘(1)7]{0'(1)4”{0(2) So‘(n)fko'(n)Jrko'(l)
(To(1) = To(2)) (Ta(n) = To(1)) £

) 2.31
2)8”1)—%(1)”%(2)“ (! 2)s”<n)—ka<n>+’%(1>+1 (2.31)
X

(I2o() = Ta2) To(1))



The very same formula holds for an even number of operators Ay, otherwise the correlators

vanish. The nonvanishing correlators in the balanced sector are:

(Ag, (1) .- A, (xn)Aan (Tnt1) - - 'A5n+2m (Tn+2m))conn

2 2
1 2_ 1 ntem nt2m 2 (s Spio
221 1 Sigl2a= S E E notam
kl kn+2m

47‘(‘2 n+2m 2n+2m
" (4 D0 kom0

(_1)n+2m
e Y (Se(1) = ko) + Ko@) - - - (Somt2m) — Komram) + ko)

n + 2m UEPn+2m
So(1) kd(1)+k (2) 50(n+2m)_ka(n+2m)+kg(1)
(To1) = To(2)) (To(n+am) = To(1)) £
’ )sa(n+2m)7ko'(n+2m)+k‘cr(l)+1

50(1) ko) Tho@)+1 "7
‘xa(n+2m) — Zg(1)

(|xo'(1) — ZTg(2) |
(2.32)

In the unbalanced sector, we get:
_ _ 1 N?2-1
(B (1) - By (2B (1) - B 9n) = (g g 20im1 i o

s1 Sn S1—2 sh s1 2 s 2 S{ 2 s 2
$EE S (kl Y

k1=0 kn=0ki=0 ki, =0

2n 1
> D (o ) k) (5p1) = K1) + ko2))!
oeP, PGPn
- (So(n) = ko(n) + Ky ( D (Sp(n) = Ko(n) + Ko (1))!

So(1)—ko(1) Tk —kh1y kg
(o0 (1) ~ Y1 )) (R TR m (ypu)—l“a(z)) P~ Fo Hho)

) 850(1) "ko(1)Thp)+1 (| 5p(1) ~kp(1) Tho(2)+1

(|xo(1) — Yp)l? Yo(1) — %(2)|2>
Xz

(ZTo(n) = Ypn)) £
So(n) Ko (n) TKp(n) 1
2) (

)Sém)*ké(nﬁ’%(l)
o 1))+ (2.33)

So(n) ~Fo(n) p(n)
(yp(n)
) Slo(n) _k,o(n)+k7(1)+1

(‘xa(n) ~ Ypo(n) ’yp(n) - xa(l)‘

2.3 Euclidean n-point correlators in the coordinate representation

2.3.1 Standard basis

After the Wick rotation (appendix A and section 8), we obtain in the standard basis
1 N2 -1 225+2 (J} _ y)23
CE — 1 2 2 2 z
N ) (S
S

5—2 s—2
() a)o) (o)r

k1=0 k2=0
( — k1 + kg) (8 + k1 — kQ)! (2.34)
which is equivalent to:
1 N2 -1 22s+2 — 2\2s

CE(z,y) :(47r2)2 e (s — 1)s(s+1)(s+2)(23).W



For the nonvanishing 3-point correlators, we get:

658283(1,73/72) — m12);;(_1)51+52+53(1 + (_1)s1+82+83) (f
(s1+1)(s1+2)(s2+1)(s2+2)(s3+1)(s

;z
SES (e () )
)

3N2Z 1
8

951 +s2+s3

2)
53 S3
2))

z)iz—k’z-&-k:a (Z _ $)§3—k3+k1

k1=0ko=0 k3=0
(81 — k1 + kg).(Sg — ko + k3)!(83 — k3 + k1)!
(z -y ik (y -

((z — y)2)s1H1=Fithks ((y — 2)2)s2t1—kathks ((z — g)2)sst1-ks+hn (2.36)

Moreover, for the n-point correlators in the balanced sector, we obtain:

1 N?2—-1_ywn n
<(O)3El (x1> . '(O)sEn (xn»conn = 7(47_‘_2)” 7271 221:1 sl(—l)zlzl St

T(3)(s1+3) T(3)(sy+3) L2 52 sn\ [ Sn
Fone e rree 0 2 i) () - () (43

(So'(l) - ka(l) + ko’(2))! e (Sa'(n) - ka(n) + ko’(l))!

3\'—‘
3

50(1)~ko (1) TFo(2) (z So(n) ko) Tka(1)

To(n) = To(1))2
((%(n) — Zy(1))? )

S
(To(1) = To(2))2

(2.37)
(@) = 2o(2)?)

50(1) ko) Tho@)+1 777 So(n)—ko(n)Tke(1)+1

The very same formula holds for an even number of operators @SE , otherwise the correlators

vanish. The nonvanishing correlators in the balanced sector are:

(@fl (x1)... @E (:cn)@f i1 (Tnt1) - - ©i+2m (Zn42m))conn
L1 N lpeee e TODe+3) T (s +3)
a (4r2)nt2m gn+2m L) (s1+1) L) (snr2m + 1)

s1—2 3n+2m*2
Z o Z S1 S1 o Sn+2m Sn+2m
k1=0 Ent2m=0 kl kl +2 kn+2m kn—l—Qm +2

1
n+2m Z (30(1) - ka(l) + ka(?))! s (Sa(n—f—Zm) - ka(n+2m) + ka(l))!

c€P1om

Sd(n+2m)_k0(n+2m)+ka(l)
To(nt2m) — To(1))2

So(n42m) 7ka(n+2m) +ko'(1) +1

So(1)—Ko(1) ks
(o) — To(z))= TP (

9\ 5o () ko) tho(2)+l "7
((%(1) — Tg(2)) )

((xa(nJer) - xa(l))Q)
(2.38)
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In the unbalanced sector, we get:

_ — 2 — n 7 n /

(SE (1) ... S (2n)SE (31) . .. S5, () = m]\;nlzzu skl (1) i sk

I(3)(s1+3) TG (spn+3)TB)T(st +3) T(3)(s), +3)

T(5)T(s1+1)  T(G)(sn+ 1) TG)(s{ + 1) T(G)(sh + 1)

ol (s s1 Sn Sn

bafiih o (| (R I ([ O

A2 S"Z_:Q st si sh sh

M=o wpoo \Ft/ \K +2 \k) \ka +2

2n—1

— D D (5o = o) + Kpn) ! (550) = ko) + Ko2)!

oceP,, peP,

- (So(n) = Ko(n) + Kpm) ! (Spn) — Kp(n) + Eo1))!

So(1) ko (1) HRp(1) $p(1) ~kp(1) Hho(2)
(To(1) = Yp(1))= ’ (Y1) — To(2) " °

9\ S (1) ko (1) thp)+1 2\ 5() ~Fb(1) Fho(2) 1
(%(1) - yp(1)) ( ))

zo(m—ka(nﬁkfa(n) zfa(m—%(nﬂr’fa(l)

(To(n) = Yp(n)) (Yp(n) — To(1))

' So(n) Ko (n) Tp(n)+1 8p(n) ~kp(n) tho(1)+1
((ma(n) - yp(n))2) ’ ((yp(n) - xa(l))2) ’ ’

2.3.2 Extended basis

(2.39)

We obtain in the extended basis:

1 N2_122s (l‘—y)
@ (g

i ZS: </:1> (é) (é) </:2>(—1)5kﬁkl(8—k1+k2)!(3+k1_k2)! (2.40)

k1=0ko=0

AL (z,y)=

which is equivalent to:

1 N2?2-1 x2s

AP (z,y) =@ 228(25)!(:1;2)428+2 (2.41)

For the nonvanishing 3-point correlators, we get:

1 N2-1
E +s2+ +s2+ +s2+s:
As13253(x7yaz) 47’(2)3 (_1)81 52 83(1 (_1)81 52 83) 27177 52TES

8

30505 () () () ) () ()

(81 —kl—i—kg)!(SQ—kg—l—kg)!(Sg—kg—i—kl)!
(x_y)zlfkﬁrkz (y_z);2*k2+k3 <z_x)§3*k3+k1
((m—y)2)51+1_k1+k2 ((y_z)2)32+1—k2+k3 ((z—x)2)53+1—k3+k1

—~

(2.42)
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Moreover, for the n-point correlators in the balanced sector, we obtain

2 _ n n
]. N 122121 sl(_l)Zl:I S

AE n nn —
(BE(20) . BE o = (s
31
( ) ( > Z ( So(1) — ka(l) + kU(Q))! s (Sd(n) - ka(n) + kd(l))!
k1 0 kn=0 UEPn
So ko’ +kcr So(n _ko' n +ko'
(To(1) = To()"" 7T (To(n) = Toqy)z"™ 7T (2.43)
>So(n)*ka(n)+ka(1)+1 ’

(( oz, ) o))~ ko) tko2)+1 77 ((wa(n) B 5130(1))

The very same formula holds for an even number of ASE operators, otherwise the correlators

vanish. The nonvanishing correlators in the balanced sector are

<AsEl (xl) Tt ASE (xn)ASE 1 (xn-i-l) i -ASE,LJFQ,” ($n+2m)>conn
1 Al L) Vi )i s Z Y <81> ...<8”+2m>
(47T ynt2m gn2m 20 kian—0 k1 kntom

- ko‘(n+2m) + ko(l))!

1
> (o) = ko) + ko@)!- - - (So(ntam)

n -+ 2m e Priam
$o(1) Ko (1) TKo(2) So(n+2m) —Ko(nt+2m) ko (1)
( To(1) — xa(Q)) (:‘Ca(n-‘,—Qm) - l‘g(l))z
)2)Sa(n+2m)_ka(n+2'm)+ko(l)+1

S5(1)—ko(1)tkoy+1 77
) ((%(n+2m) — To(1)

((%(1) — Ty (2))?
(2.44)
In the unbalanced sector, we get:

_ 1 N?2-1 "
<]Bfl («Tl) IBE (xn)Bsi (y1) Bi (yn)> = W 52n 221 1 Sz—l—Sz( )21:1 S1+s;

S z(f ()@ ()

k1=0 kn=0ki=0 h=

gn— 1
2. 2 (s (1) + Ko@) (sp1) = K1) + Ko (2))!
o€P, pePy,,
 (Sony = botm) + Ko (Shm) = Kamy + bion))!
So ko 1y +k, sy —k 1)+
( (1) — Yp(1 )) (1) TRa(1)TRp(1) (?Jp(l) _xa(Z))zp(l) p(1) (2)
Sp(1) —kp(1) Tho(2)+1

$0(1) ~ko(1)Hhp1)+1 9
((yp(l) — Tg(2)) )
)52»<n>—k2><n>+ko<1)

(o) = vp)?)
So(n) _ka'(n)+k5l (n)
ot = Yo(m)= ’ (Yo(m) — To())2
. ((I (n) — Yp( ))2)8‘7(7l)_k0(")+k1p(n)+1 ((y - (1))2>slp(n)_klp(n)+k0(1)+1
7 P pn o

(2.45)
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2.4 Generating functional of n-point correlators in the coordinate
representation

Remarkably, we find the following structure for the generating functional of correlators of
balanced operators with 7 = 2 to the lowest order:

Leon[0] ~ log Det (T+ D~10) (2.46)
that, in the coordinate representation, is a compact notation for:

Peont[O] ~ 10g Det (S s0ta0® (@ — ) + Dok, i (= 9)Onain(v)) (2.47)

where the source fields Ogi(x) occur in the expansion of the source Og(x), in analogy with
eq. (2.5):

l
= Og(x) (2.48)
k=0

and, by a slight abuse of notation, we have employed for the source fields the very same
notation as for the corresponding operators, with [ = s — 2 for the standard basis and [ = s
for the extended basis.

Though the source fields are originally defined either for even or odd s respectively, to
keep the notation simple in the following formulas, we extend their definition to all values
of s, in such a way that they are 0 for either odd or even s respectively.

The argument of the determinant is the kernel:

K1k s0ks (z,y) = 681’61782/625(4) (z—y)+ D;ﬁgl,sgkg (z — y)052k2 (y) (2.49)

of the integral operator:

1/}81161 Z/Kslkl,Ska z y)¢82k2( )d4y (2'50)

s2ka

formally of Fredholm type.
Sllkh sk (x —y) — defined in the following — is the effective propagator associated
to the source fields Ogi(x).
Then, the n-point correlators are computed by the functional derivatives:

0 )
<Osl (1'1) e Osn (xn)>conn = (5051 (xl) e 608n (xn)Fconf[O]
l l
1 n (5 5
N Teonf[O 2.51
k;lzo knzo 0051k, (21) 005k, (2n) 0] (251)

The generating functional — reported below — of correlators of the unbalanced opera-
tors with collinear twist 7 = 2 has a similar structure of the logarithm of a functional
determinant.

In both cases, we verify that our ansatz reproduces the corresponding correlators.

~13 -



2.4.1 Minkowskian standard basis

Specifically, we verify by direct computation (section 9) that:

Teont[0] = — (N2 — 1) log Det (]1 i D—l@)

Toon[0] = — i 5 L log Det (1-D~'0D'0)
Teont[0, O] = — N22_ L 1og Det (11 +D o+ D—1©)
- ! 1og Det (11 DO - D 1@)
=— logDet ( ]I+D 1@ — D—1©D—1©>
Teont[S,S] = — L log Det (1-20~'8D"'s) (2.52)

in Minkowskian space-time.

By making explicit the continuous and discrete indices, the above equations read in
the coordinate representation:

~ N2 -1
I‘conf[(OL (O)} = 2 1Og Det (551161,521625(4) (‘T - y)

+ D;%ﬁ ke @ = 1) (Oss(9) + Oty () )

log Det < 81161,52162 x - y)
)

+D 81k1 52k2( y( 32k2( ) Szkz(y>)>

5 __N -1 @
FCOHf[Sa S} = - 9 IOg Det 551]{21782]626 (.Z‘ - y)

B 2/d4zzpslk1 sk )S ( )Ds_k ,52k2 (Z - y)SS2k2 (y)> (253)

with:

. B _,L'51+1F(3)F(81+3) S1 S92 B s1—k1+ka—1/..
e I (GINEESTA VS AVAEY ey 0 @=y)

1 T(3)L(s143) (51 52 11 tko 1
8W2F(5)F(81+1)<k1> <k2+2>(_a+) o e 2%

— 14 —



2.4.2 Minkowskian extended basis

We also verify by direct computation (section 9) that:

Teont[A] = — (N2 — 1) log Det (1[ 1 D_lA)
- N2 _

2
1 L
TeontlA] = — =—— log Det (]1 - D*AD*A)
~ N2 -1 _

Teont[A, A] = — 2 log Det (1+D~'A + D~'A)
—1 1

- L log Det (]1 A—D- A)

=— log Det < ]1 + D~ IA — D*AD*A)
Leont(B, B] = — ! log Det (1-20~'BD"'B) (2.55)

in Minkowskian space-time.

By making explicit the continuous and discrete indices, the above equations read in
the coordinate representation:

Teont[, A] = S log Det (34, aad®( — )
+D k m( — ) Aok (1) + Az () )
- log Det ( sikn,soks 00 (T — )
+D,J, m( — 1) Aok (1) — Ao ()

Ceont[B, B] = — log Det ( s1k1,s0k20" (T — y)

-2 / d*z Zpslh sk\ T )ESk(z)D;cl,Sng (Z - y)BS2k2 (y)> (256)

with:

_ js1t1 s So . )
Dsﬁfl,ssz(fE - y) = T <k1> (kz (_a+) 1 k1+kg|:| 1([5 . y)

(s 52 s1—k1+k2 1
_ _ 2.
872 (k‘1> <k:2>( %) | — y|? —ie (2:57)
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2.4.3 Euclidean standard basis

Similarly:
Leonf[0F] = = (N? = 1) log Det (I + D' 0F)
- N2 -1 - -
Peont[0%] = — =—— log Det (1-D5'0"D5'0")
E ~"E N2 —1 1nE ANE
Peont(0%, 0% = — =—— log Det (1+D5'0" + D'0F)
N2 -1 N
— log Det (]I 1@E El@E)
=— logDet < H +Djg 1@E 1@%;@’5)
Teont[SZ, §F] = L 1og Det (]1 2D,'SFD;; 1SE) (2.58)
in Euclidean space-time, with:
—i) "Rk T(3)D(s1 + 3) S2
p-L ) — (—1) si—kithke A=1(p _
B sibrsaha (= Y) 2 TG+ 1) \k ) \ ko 2% =)
_ ()R TE)0(s1 + 3) s1 2 Vst 1
872 F(5)P(81 + 1) k1 ko +2/) 7 (l’ — y)2
(2.59)
2.4.4 Euclidean extended basis
Analogously:
TeonfA] = — (N? — 1) log Det (H + D;AE)
~ 2 — ~ ~
Teont|AF] = — N 5 L log Det (]1 ~ DEIAED;AE)
E RE N2 -1 E “E
Peont[A”, AF] = = =—— log Det (1+Dg'a” + D1AF)
2 ~
N L log Det (1+Dp'a” — D'AT)
=— log Det < I+ Dy 1AE 1AED51AE)
E pFE N2 —1 ImFE InpFE
Peont(B”, B] = — =——— log Det (I - 2D5'B"D;;'B ) (2.60)

in Euclidean space-time, with:

1 (_i)_k1+k2 51 51— k1+k2A
DE s1ki, s2k2( y) = 2 kl k a ( y)

__(7i)_kl+k2 51 s1—k1+k2 1
= o2 ky k‘g 8 (ﬂf—y)Q (2.61)
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2.5 Generating functional and n-point correlators in the momentum
representation

In the momentum representation the generating functionals are exactly the same, but
for the fact that the corresponding source fields and effective propagators are Fourier
transformed:

= /(’)s(x) e~ Tty (2.62)
In the momentum representation the generating functional in eq. (2.46) is (section 10):

FCOHf[O] ~ log Det (551191,52192 (27T)45(4) (QI - Q2) + D;ﬁcl,stg (Q1)082k2 (ql - CJ2)> (2'63)

The argument of the determinant is the kernel:

Kk 52k (1,q2) = 681k‘1,82k2 (27)46(4)@1 —q2) + D;ﬁ61782k‘2 (Q1)052k2 (1 — q2) (2.64)

of the integral operator:

dQQ

(2m)*

Accordingly, the n-point correlators in the momentum representation are computed by the

wsﬂcl QI Z /K51k’1,52k’2 QI7Q2)¢52/€2(Q2) (2'65)

soko

functional derivatives:

<081 (pl) cee Osn (pn)>conn =

L n 5 5
k1=0 o k 0 s1ky (pl) o 6O5nkn (pn)

LCeont[O] (2.66)

2.5.1 Minkowskian standard basis

In the momentum representation, we get in Minkowskian space-time (section 10):

0 ——N2_11 B) 4B (g —
Fconf[@a @} - 92 og Det s1k1,52ka (277) (CI1 QQ)

+ D5k sk (@) Qs (01 — @) + Oy (01 — 02)))

NZ -1
log Det (5811617821@2 (2m)*6D (g1 — o)

+ Dy sk (@) (Osaa (@1 — @) = Oy (@1 — 02)))

r [SS}——NQ_ll Det (4 2m) 6 (g, —
conf | = D) og e slkl,Ska( 77) (Q1 q2)

/ 271_ 4 Z Slkl sk ql (QI - q)D;kl,Sng (q)SSQIQ (q - QQ)> (267)

with:

- “LT(3)0(s1+3) (51 S2 . _ —i
p-1 :L— _ s1—k1+k2 2.
bsists®) = 5 FE 1) ki ko 2) P e 99
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Explicitly, we obtain by direct computation the nonvanishing correlators in the balanced
sector from their generating functional in the momentum representation:

(F(5)F(31+1)> (F(5)r(sn+2m+1))
FB)(5153)) " \ TG (snr2m+3)

<@s1 (pl) e @sn (pn)©sn+1 (pn-l—l) cee ®sn+2m (pn+2m)>conn
N?-1
2n+2m

s1—2 3n+2m*2 1
B0 kim0 ki) \k1+2 knvom ) \kn+om+2) n+2m cePriom
/ d'q Po)+49)y o(1) FPo(2) +4)<

(

2m)4 [Po(1)+al? [Po(1) +Po(2) +al?

n+2m— 1 So(n+2m—1)—ka(n+2m—1)+ka(n+2m) So(n+2m) —Ko(nt2m)tko(1)
o o) H)5 (q)

| Doy +al? la]?

2m) 4" T2 (pr+ .+ pogom)

So(1)~ ka<1>+ka<2)( 80(2)—ko(2)TFa(3)

(2.69)

In the unbalanced sector, we get:

I'(3)C(s1+3) r(3)0 ['(3)[(s,+3) T(3)I(s,+3)

<Ssl (pl)Ssn(pn)S’l p ) Ss

N2-1 -
=N amytizes (men)
s1—2 Sp—281—2 sh—2
)IERDS Z Z )

_ .
k1=0  kn=0k|= — ( 1) <k1+2> ( ><k +2>

(z«

g (Ps o(1) TPy 4

81 sl S s,
TR AVES Y AV S A )
0EP, pEPy [Po(1) +qI? \pg(1)+pp +q|?

(FEMESIH))'“( (5)rgsn+1g> (?VI‘(5)F(S’1+1)>W(F(5)I‘(s'n+1)>
P

n

) So(1) ko) thyn) (» ) ORI

2nlzz/ 1nt4q

S0(2) “ko(2) 1K o) yFFa(3)

9(2) 9(2

(p0(1)+p0(2)+p (1 )+Q) (pa(1)+pa( )—i—p/( )-l—p (2 )‘H])
’p0(1)+pa(2)+p (1) +Q‘2 ’po +pa(2)+p o(1 )+pp(2)+q,2
) So(n—1)" ko’(n 1)+kp(n 1)

(Zz 1 pa(z>+Zl 1 pp(l)‘HZ

|21:1 Po(i +Zl:1 pp(l)+Q|2

» B 5, n— —k! n— +ko‘(n)
(2?211p0(1)+2?:11p,p(l)+Q)+p( 1) Tp(n—1)

I e+ Py tal

-1 So(n) Koy Fhyy 8L~k +k,

’Zlnzlpa(l)"i‘z:? 11p/p(l)+(ﬂ2 IQ‘Q

(2.70)
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2.5.2 Minkowskian extended basis

Similarly:
< N%Z -1
Ceont[A, A] = — 5 log Det (551,%52/,€2 216 (1 — q2)
+ D;:}cl,sgkz (ql)(ASQkQ (ql - q2) + ASQkQ (QI —_ q2))
N2 -1
i log Det (551;{1752,{2 (27T)45(4)(q1 — @)
+ Ds_lj}ﬂl,SQk’Q (ql)(Asng (QI - QQ) - As2k2 (Q1 — q2))
- N? -1
Fconf[B7B] = - 9 IOg Det (681k1752k2 (27-(-)45(4) (Q1 _ q2)
_ / 271' To\4 Z s1k1 sk ql sk(QI - CI)D;kl’@kQ (q)B32k2 (q — QQ)> (2.71)
with:

. 11 (51 [ 52 . —k1+k —t
D81k1782k2(p) = 7 <k1> (k‘g) (—’lp+)51 1 2m

(2.72)

Explicitly, for the nonvanishing correlators of the balanced operators in the momentum

representation, we obtain:

(As, (p1)--- A, (pn)Aan (Pn+1) - Asn+2m (Pn+2m))conn

N2-1
= 2n+2m

i srfm (81> <81> <5n+2m> <Sn+2m> 1 Z

kl:o...kn+2m20 ke )\ ) \ o | \ o n+2maePn+2m
dtq (Po)+a)5 Po(1) FPo(2) +9)

/(27r) IPo(1)+al? [Po(1) +Po(2) 4|2

h+) Sa(n+2m—1) Ko (nt2m—1) Tho(nt2m) (q)J:<n+2m)—ka<n+2m>+ko(1>

2m) 4" T2 5@ (pr+ . A pogom)

So(1)~ k0(1)+k0<2)( S5(2) ko (2) ko (3)

(Zn+2m 1 ( )

| ey +al? |q]?

~19 —
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In the unbalanced sector, we get:
<IB 1(])1) Bsn(pn)le (pll)PBs;L(p;i»

N In n
= om ( )i (ZPH—PE)

=1

PR 35200 3 <k1> ()G ) G- ()6

/ sl(l)_kl(1)+kd(2)
Z Z/ +q a(l)+pp(1)+Q)p g
GEPy pEP, Po() T4l [Po(1)+P) 1) +al?

on—1 )T IOREE (»

So(2) Ko (2) 1K, o) @) K2y Tha3)

(Po(1) T Po(2) TP+ + (Po(1) +Po(2) +Pp) HP2 )+‘1)
’pa(l +Do(2) +p +Q‘2 ’po' ) TPo(2) +p/ (1) +pp(2) +q,2
) So(n—1)" ka‘(n 1)+kp(n 1)

(15 1Pa R lpp(l)+
|Zl:1 Po(i +Zl:1 pp(l)+Q|2

— _ s’ e —K o +ka(n)
(15 Py + 005 Py +@) 27 Y

|1 Pony F o Py Tl

~1 So(n) Koy Fhyqy s~k +k,
(e Poy 2215 p;(l)+Q)+ o (q) /™ @

|Z?:lpg(Z)JrZ?:_llP’p(l)JrQP ’qp

(2.74)

2.5.3 Euclidean standard basis

The Euclidean generating functionals read in the momentum representation:

507, 07] = 1og Det( arkr,saks (2m) 10D (1 — g2)
+ DE slkl,SQkQ(‘h)( Szkg(ql —q2) + ©§2k2(Q1 - CI2))
— logDet( s1k1,s9ks (277) 4504 )((11 —q2)
+ DE srkrsake (@1)(@ B ola —q2) —OF L (1 — Q2))
T[S, 87 = log Det ( 51152k (21) 16 (g1 — q2)
B 2/ (;ljr)4 Dﬁlslkl sk(ql)Ssk(q Q)Dglsk,sﬂcg (Q)Sikg (q— CJ2)>
! (2.75)
with:
D aykrnhs (P) = Z;m (Zi) (k;—i 2) pil"“l““?pl2 (2.76)
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Explicitly, for the nonvanishing correlators of the balanced operators in the momentum
representation, we obtain:

(F(5)F(Sl+1)> (F(5)F(Sn+2m+1)>

T(3)T(s1+3) T(3)T(5ns0m+3)
<©E (pl) s ©E ( )©5En+1 (pn-l-l) (O)S,H_Qm (pn+2m)>conn
N?2—1

2n+2m(27r)4 Dy 815(4)(p1+ -+ Pnt2m)

s1—2 Sn+2m_2 1
Z Z S1 S1 Sn+2m Sn+2m Z
o k1 ki+2) kn+om kntom=+2) n+2m

k1=0 kn+2m=0 0€P,1om

d'q (Do) +9)> $5(1)~ko (1) Tko(2) (Po1) +Po(2)+1)" 55(2) ~Ko(2)TKo(3)
/(27T) (Po(1)+9)? (Po(1) +Po(2)+9)?
n+2m—1 So(n+2m—1)"Ko(nt2m—1) Ko (n+2m) So(nt2m)—Ko(nt2m)tko(1)
2 (1) 1+ 4q)z z
SR . U)@?Lgm o1 0)? @ @) (2.77)
In the unbalanced sector, we get:
(F(5)F(81 + 1)) (F(S)F(sn + 1)) (F(5)F(s'1 + 1)) <F(5)F(s§t + 1))
I'3)(s1+3)/)  "\I'(3)(sy+3) r@3)Ir(sy+3)/)  "\I'(3)I'(s), +3)
(S5 (p1) - SE (P)SE (B1) - - S, (11,))
N2 -1
= 5o (27T)4 Zz 1Sz+515 (Zpl +pl>
312:2 SHX:2 512—22 Z S, 51
k1=0 kn—Ok’ =0 k! =0 k1+2 a k?’l kn+2
81 s1 S S
Ky J\K,+2)  \k, )]\ K, +2
So(1)—Ky (1) +K +kg
on—1 Z Z / Do Y q) (1) ~Re(1) TR, (pa(l) —i—p;,( 1 +q)- Sh1) Koy Tho(2)
0€Py p Py (Po(1) +@)? (Poq) + pp(l) +q)?
50(2)—ko(2) K +ko(3)
(pa(l) +pa( 2) +pp(1) + Q) re) ( Po(1) +pa(2) +plp(1) -l-p;)( 2) + Q) p<2) p<2)
(pa(l) +p0'(2) +pp(1) + q)2 (pa(l) +pa(2) +p;,(1) +pp(2) + Q)2
(SH pot + Si2pl + @) e
=1 Po =1 Py z
‘ (1 Poy + 215 Pl ) +q)2
— n— n— n— +ka n
(S5 Pty + S0 Bl + )0 e )
(Z?:Hl Doty + 2121 p (1) + q)*
So(n o' n +k, S/ 7]6/ +l€
Z pU + Z p + (n) " Mo(n) p(n) p(n) p(n) o(1)
(s = Py + 9 (q) (2.78)

(i1 Doty + 2051 Py + 0)° (9)?
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2.5.4 Euclidean extended basis

Analogously:
. N2 -1
1—\conf[AEv AE] - log Det (581k1,82k2 (27r)45(4)<q1 - QQ)
+ DElSlk‘l soka (Q1)(Af2k2 (@1 —q2) + A82162( B qz))
- 10g Det ( s1ki, Sgk‘g 27T 6( )(Ch - (Z2)
+ D5y soks (@) (O, (a1 — ) = AL (01 — 2))
_ N2 -1
Fconf[EE>BE] = IOg Det <651k’1752/€2 (27T)45(4) (ql - QQ>
d'q ~1 -1 E
-2 (271—)4 DE s1ki, sk(ql)Bsk‘(ql - q)DE sk,soka (q)BSng (q - q2)
sk
(2.79)
with:
-1 s\ (82 o kygky L
DE s1k1,52ks (p) = 7 <I{51> <k2>p§1 1 2p72 (280)
Explicitly, for the nonvanishing correlators in the balanced sector, we obtain:
<AsEl (pl) s AsEn (pn)Ai+1 (anrl) e ASEn+2m (pn+2m)>conn
N2—1 . n+2m
~ ont2m (27r)412121 5154 (p1+-.-+Pnt2m)
i srfm S1 S1 Sn+2m Sn+2m 1 Z
B0 kom0 k1) \ k1 kntom ) \kn+om ) n+2m 5=
/ d4q ( (1 )+Q) (1)~ Fe(1) (2) ( 0(1)+pa( )+Q) (2) 7o (2) (3)
(2m)4 (Po(1)+9)? (Po(1) +Po(2) +0)?
(Zn+2m 1 Do) +q)§a(n+2m—1>—ka<n+2m—1>+ko<n+2m> ( q)za(mm)—ka<n+2m>+ka(1>
n+2m— 1 2 (2.81)
(> o(1)T4)* (9)
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In the unbalanced sector, we get:

(BS, (p1) - - B, (pa)BE (p1) - .. BE (97,))

SeEr ,z <k1><> () ) G G- () (&)

So ko‘ + +k0’(2)
(1) "Fe(1) p(l)( Po1) -l-p/( )+q) (1) (1)

+q)- p(1
Z Z / ( Po(1) + Q)2 (pa(l) +pp(1) + Q)2

O'EPn,UePn

9 S0(2) Ko (2) 1K, (o) (p ko) Tko(3)

(Po(1) + Po(2) + 1) + Po(1)  Po(2) + Py + Py + 0= o™
(pa(l) + Po(2) + pp(l) + q)2 (pa'(l) + Po(2) + p,lo(l) + pp(g) + Q)2
so’(n—l)fko'(n—l)‘i’klp(n_l)

(Zl 1 Po(D) +El +q)=
‘ (2121 Po() + 21212 plp(l) +q)?

— — s, n— —k; n— +k<7(”)
(2?211 Po(1) + Zlnzll pfo(l) + Q)ZP( R
(Z?:_f Doty + Zlnz_ll p, (1) +q)?

Som ~Rom Ty 8t —Hh o TRe)
(Q)+

(Xry poy + 207 Poay +4)-
(i1 Poqy + X050 Py + )2 (9)?

(2.82)

3 Plan of the paper

In section 1 we outline our main results and physics motivations.

In section 2, after recalling some basic concepts about the employment of conformal
symmetry in massless QCD-like theories, we display our results for the correlators and their
generating functionals to the lowest perturbative order both in Minkowskian and Euclidean
space-time.

In section 4 we review the classification and construction of the gluonic operators with
collinear twist 2 in Minkowskian space-time both in the standard and extended basis.

In section 5 we compute the 2-point correlators in Minkowskian space-time both in the
standard and extended basis.

In section 6 we compute the 3-point correlators in Minkowskian space-time both in the
standard and extended basis.

In section 7 we compute the n-point correlators in Minkowskian space-time both in
the standard and extended basis in the balanced and unbalanced sectors separately.

In section 8 we compute the n-point correlators in Euclidean space-time either by
analytic continuation or by employing the corresponding Euclidean operators.

In section 9 we work out an ansatz for the generating functionals of the n-point correla-
tors in the coordinate representation as the logarithm of a functional determinant, and we
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verify by direct computation that it actually reproduces the correlators in the coordinate
representation.

In section 10 we work out the corresponding generating functionals in the momentum
representation, and we employ them to actually compute the n-point correlators in the
momentum representation.

In the appendices we fix the notation and provide ancillary computations.

In particular, in appendix G we verify that our results for the 2- and 3-point correlators
of balanced operators with even collinear spin in Minkowskian space-time coincide with [1].

4 Twist-2 gluonic operators in Minkowskian space-time

We review the construction of the standard and extended conformal bases for gauge-
invariant gluonic operators with 7 = 2. We also work out the dictionary between the
spinorial, vectorial and complex bases (appendices D and E).

4.1 Standard basis

To construct gauge-invariant gluonic operators with 7 = 2 that are primary (section 2)
for the collinear conformal group, we should find — according to eq. (2.4) — suitable
gauge-covariant elementary conformal operators.

The local gauge-covariant operator with lowest canonical dimension, d = 2, in YM
theory is the field-strength tensor, F,, = 0,A, — 0, Ay +ig [Ay, Ay], where A, = AJT® is
a traceless Hermitian matrix, with 7% the generators of the SU(N) Lie algebra:

[T?,T° = ifebere (4.1)
normalized in the standard way:
1
Te(T°T?) = 55“” (4.2)

It is convenient to write F),, in the spinorial representation [15] (appendix D):

Foopy = Ugaagi, v (4.3)

It turns out [15] that:

Foavi = 2 (favesi — €avfop) (4.4)
decomposes into the sum of two chiral representations, fo, € (1,0) and f,; € (0,1), of
spin S = 1 (appendix D). In Minkowskian space-time f,; = fap- f11 and fi; have max-
imal collinear spin (appendix D), s = 1, along the p; direction. Therefore, they have
T=d—-s=1and j = s+ % = 3. Hence, they are well suited (section 2) to build
2-gluon twist-2 primary conformal operators [10, 11]. Taking the tensor product of the

above representations, we get:

(1,0)® (0,1) =(1,1)+ @& (1,1)— (4.5)
(L) ®(1,0)=(2,0)® ...
0,1)®(0,1) =(0,2) ®
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where + and — label the parity, and the dots denote terms that do not contribute to the
components with maximal collinear spin. Hence, there are four operators with maximal s
that can be constructed by means of the corresponding bilinear operators:

O(z1,72) = f1(71) fii(z2) + fii(z2) fii(21) (4.6)
O(z1,22) = fi1(z1) fii(z2) — fua(z2) fii(z1)

S(xy,20) = Zfll(l"l)fll($2)
S(xy,22) = ifn(fl?z)fn(%l)

V2

Following [7, 10, 11], we build (section 2) conformal operators with 7 = 2 and higher
collinear spin inserting in eq. (4.6) the Gegenbauer polynomials (appendix F), Cf*(v), in
the derivatives and afterwards taking the local limit o1 = x5. [ is the order of the polyno-
mial, and its relation to the collinear conformal spin is j = [ 4 j; + j2, where j; and js are
— % The Gegen-
bauer polynomials are either symmetric or antisymmetric for the substitution v — —wv for

the collinear conformal spins of the elementary operators, and a = 2j;

[ even or odd respectively (appendix F). The corresponding primary conformal operators
match precisely the ones in [2, 11, 13] up to perhaps the overall normalization:

(O) —Trfll ZB++Z§ 5= 202 (ﬁ) fll(x) 52274767"‘
++ Dy

: — fii(x) s=3.57,...
? B+—+i> 1
>f11(33) 5=2,4,6,...

D,-D
Ss = \2 Tr fn(x)(iB_;_ + ZE+)8—2052_2 <?1—+ﬁ> fii(z) s =2,4,6,... (4.7)

with j=s+1,l=s5—2and a = % For brevity, we define as in [1]:
D, - Exf)
BJC; + %x;
5

For | = s —2 and a = 3, we get in the light-cone gauge by means eq. (F.9):

5 _-52F(S+3 — sk:ska
gs—?(azr’awi)_ r(5 s+1Z ><k+2>( 3

=0

_ 945~ (S —|— 1 (s+2) Z ( ) (k N 2) (_1)s—k%iik723§2+ (4.9)

4.2 Extended basis

(4.8)

G (D D.y) = (Buy + D) (

There exists another choice of the basis for primary conformal operators with 7 = 2 involv-
ing the elementary operators Djrl fi1 and Djrl fii, which are nonlocal in general, but local in



the light-cone gauge. Yet, gauge invariance ensures that the corresponding gauge-invariant
correlators are local. Indeed, in the light-cone gauge (appendix E):

Oy fi=—-A
07 fii=—A (4.10)

where A hasd=1,s=0, j = % and 7 = 1. The corresponding operators with 7 = 2 read:
A;=TrD7 Vi (x zB.,;Hg (%) Djrlfii(x) $s=0,2,4,...
Ay=Tr D fi1( V@D +iD)* ( — +>D+1fﬁ(x) s=1,3,5,...

B \}iTI“D f11 ZB++Z$ % (B _§+>D;1fll(~r) 820,2,4,...

B, =

fTrD i) (iDy+iDy)* (B _g+>D+1fﬂ(x) $s=0,2,4,... (4.11)

with j = s+ 1, I = s and @ = . This basis naturally arises in SUSY calculations [14],

and also includes (nonlocal) operators with s = 0, 1. We obtain in the light-cone gauge by
means of eq. (F.10):

g2 (0, 0,) =1 3 (Z) (Z) (—1)3—“5;11’“3% (4.12)

k=0
5 2-point correlators of twist-2 gluonic operators

We compute to the lowest perturbative order the 2-point correlators of the operators in
both bases.

5.1 Standard basis

In the light-cone gauge, the 2-point correlators of the balanced operators with even s are
given by:

(05, ()05, (y)) = Qsl 2(0,1,0 +)932 2(0,+:0,5)

(Tr fr1(z1) fii(22) Tr f11 (1) fii(y2)) Ziiii (5.1)
There is only one Wick contraction:
(05, (2)0s, (y)) :gsl 2(0,1,0, )952 2(0y+, 0+ )
(Tr fua () fi(92) (T fua () fri (@) (5.2)

T1=To=T
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By means of eq. (B.4), we get:

2 5 5
1 N*—-1 23 g

<@s1 (37)@32 (y)> = WT 32172(6961%ax;r)gs272(8y;may;)
1 1 Y1=Y2=y
oot ororf
T17%27Y1 Y2 |:L“1 _ y2|2 |y1 _ $2|2 T1=To=zx
(5.3)
Now we substitute eq. (4.9) into the above equation:
1 N2 —12%stsd
<©s1 (x)®82(y)> = (47_‘_2)2 4 (4,)2 (81 + 1)(51 + 2)(52 + 1)(52 + 2)
512—2 522—2 s s $9 59
P kq k1 +2 ko ko + 2
1 1 Y1=Y2=Y
-0 s1—k1—18k1+1 -9 52—k2—18k2+1
( x-l'—) x;r ( yf) y;r |$1 — y2|2 |y1 — 33‘2‘2 T1=T2=2x
(5.4)
We compute the derivatives:
L 1 o 1
P =0,
T r =y T 2w —y) (e —y)- — (@ -y
. 1
_ 1 ]314‘]
NP Y P ey
i+j
_ i: L o\ oit] (x—y)+
=(=1"(i+j)2 JW (5.5)
by induction on the index i:
i+1 97 _(_1\* | 9+ +
Oyt Oyt iz —y2 (=1)"(@+5)1277 Oy (lz — y2)i++t
e o] (z — )5
= (=D)"(i+ 420, ——
e o =) — =)
oy i it —20+j+1)(=—y)+
= (=1)i(i + )1 27 (& — y)' T —
e = G = e — -2
A o Nl
= (_1)Z+1(i +5+ 1) 22+J+1% (5.6)

(Jz —y|?)ro+2
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We obtain:

1 N2 - 12%ptset
(05, ()0, (y)) = (47T2)2 1 (41)2

$1—2 89—2
P kl k14+2) \ko )\ ka2 +2

(s1+1)(s1+2)(s2+1)(s2+2)

—k1+k
(_1)81716171 (_1)817’{17128171{14»]62 (81 o kl + k2) ( )81 1 2
(|l’1 _y2| )51 k1+ka+1
sat+k1— g —
— Y1=y2=y
-1 so—ko—1 -1 52—k2—1282+k1—k2 ki — k (yl 332)
( ) ( ) (32 + K1 2) (‘yl — $2|2)S2+k1 kot 1 oy —zy—z

(5.7)
that becomes:
1 NQ -1 231—1-32—1-22'81—&—82—4
<©s1 (x)@)sz(y» = (47‘(’2)2 4 (4,)2 (51 + 1)(51 + 2)(32 + 1)(52 + 2)
P /ﬁ k14+2) \ko) \ko+2
( y)sl —k1+k2 (y x)iz-i-kl—kQ
Y N (M DR
(5.8)
and simplifies as follows:
1 N2 -1 2sl+32+2i31+3274
<©81 (:U)@S2 (y)> - (47T2)2 4 <4|>2
(2 =y
(s14+1)(s1+2)(s2 +1)(s2 +2) (o = y\2)2+52+2
K1=0 ka0 kl ki +2 ko ko + 2
(—1)52 kath (81 — k1 + kg)!(Sg + k1 — ]4}2)!
= Cs, (2, ¥)0s15 (5.9)
since the correlator is zero for s1 # so (appendix H). By setting s = s1 = s2, we get:
1 N2 -1 225+2,L'25—4 (ﬂl‘ - y)QS
1)2 22\~ I+
R N o
P kl k14+2) \ko ) \ka +2
(S — k1 + k‘Q)'(S + k1 — k‘g)' (510)
Moreover, by the substitution in eq. (5.9):
kb =59 — 2 — ko (5.11)
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we obtain:

1 N2 -1 281+82+2i81+82—4
<@31 (w)@sg (y)> - (47‘(’2)2 4 (4!)2

S1+S2

(z — y)+
(o — g2y vees2

S$1—2 s9—2
lz: 22: S1 S1 52 52 (_1)32752+2+k/2+k1
Ri=0 h—0 k‘l ]{21+2 S92 —2—kié SQ—ké

(s1— k1 + 82 — 2 — K4)! (5o + k1 — 82 + 2 + Kj)! (5.12)

(s1+1)(s1+2)(s2 + 1)(s2 +2)

that becomes:

1 N2 -1 251+52+2i51+82—4
@s s =
< 1(:E)(O) 2(y)> (471‘2)2 4 (4!)2

+
(0 =)y
(ja = 4?7772

s1—2 89—2
Z Z S1 S1 52 52 (71>k2+k1
ot ki) \ki+2)\ka+2)\ko

(81 + 89 — k1 — kg — 2)!(/‘51 + ko + 2)!
1 N2 -1 281+82+2i51+52_4

(4r2)2 4 (41)2

(s1+1)(s1+2)(s2+1)(s2 +2)

S1+S2

(- y)+
(| —y[?)s1tset2

51725272 S1 S1 S9 59 1
>y (—DPth———— (5.13)
k1=0 k2=0 <k1> <k1 + 2) <k2 + 2) <k2> (klikziQ)

Besides, according to the trick in [1] (appendix H), we get:

(81 + 1)(81 + 2)(82 + 1)(82 + 2)(81 + 82)!

2 1028142
(O (00} = b s~ g ()"

281

(z —y)T

(s1—1)s1(s1+1)(s1 + 2)(231)!W

(5.14)

Hence, comparing eqgs. (5.13) and (5.14), we can virtually perform the sums in eq. (5.13)
to obtain the identity:

s1(s1—1) e e (81)( 1 ><32>< 59 > kot 1
55 gg————— = (—1) 2t 1? (5'15)
oo 2,2 ) o e oo (it

Similarly, for the balanced operators with odd s, we get as well:

<@51 (%)@52 (y)> =Cs, (xvy)58182 (5'16)

where the definition of Cs(z,y) in eq. (5.10) has been extended to odd s. Correspondingly,
eq. (5.15) extends to odd si, s2 as well.
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Now we compute the only correlators of two unbalanced operators that are nonzero:

5
2

_ 1 5
<851 (:L‘)Ssz (y» = §g521—2(8zf , OI;)QSQ_Q(ayf s Oy;)

(Tr fu1 (1) fra(@2) Tr fii(y1) fii(y2))

Y1=y2=y

(5.17)
Tr1=xo=I
There are two Wick contractions but an extra factor of % in the normalization of the
operators, in such a way that the result is the same as for the correlators of balanced
operators with even s:

- 1 N?2-1: 5
<Ss1 ('T)Ssz (y» = WT 521—2(6x1+76x;)g522—2(8y1+>6y2+) (5'18)
1 1 Y1=y2=y
+ 9+ g+ g+
a:mawzaylaln |ZE1 _ y2|2 |y1 _ $2|2

T1=T2=T

= Cs, (2,9)0s,5,
All the remaining 2-point correlators vanish.

5.2 Extended basis

Similarly, employing eq. (4.12), we obtain the correlators in the extended basis:

1 N? -1 5,25 (x_y)Qs
(s (@)As(W)) =2~ 2232 = y!2)2’+8+2
kz—:o kz—:o (’:1> (7:1> (7:2> (l:z> (1) (s = Ry o+ ko) (s 4 by — Kz)!

We extend the above definition of Ag(x,y) to odd s. We get for even s:

<IB<91 (33)18352 (y)> =As, (x7 9)581 s2

(5.20)
and for odd s:
<A51 (x)Aw (y)) =As, (z,9)0s,5, (5.21)
We obtain (appendix H):
1 N? -1, (z—y)¥
= —1)¢ s |~ J77F
As(x,y) (4%2)2( 1) 1 2%%(2s)! (CEPREEE (5.22)

Similarly, it follows the identity:

8182 T S S .
k1=0 ka=0 ki) \k1) \k2) \ k2 (kiikz)

All the remaining 2-point correlators vanish.

— 30 —



6 3-point correlators of twist-2 gluonic operators

We compute to the lowest perturbative order the 3-point correlators of the operators in
both bases.
6.1 Standard basis

In the light-cone gauge, for the 3-point correlators of the balanced operators with even s,

we obtain:

<©81 (x)©52 (y)@53(2)> = gsl 2(6 *78 +)g32 2(8 +78 +)g33 2(8 +v8 +)
(Tr fua(z1) fii(22) Tr fia(y1) fii(v2) Tr fi1(21) fii(22))

Y1=Y2=Y,z1=22=%

T1=T2=x
(6.1)
Since there are two Wick contractions, employing eq. (B.4), we get:
1 N?2—-1( 3 5 5
(Os, (7)0s, (y) 054 (2)) = (47T2> g | Is- 2(8xf’8a:2+)gsz 2(8 +,8 )gss 2(8 +78 )
1 1 1
-0 +)0 +(—0 +)0 +(—0 +)0
( :vf') I;( yf) Z/;( Zr) Z;_ |x1—y2|2 |y1—Z2|2|21—.’L‘2|2

5 5
+g$2172(8x{r7az;)g32 2(a+ 8 )953 2(aJr a )

Y1=Y2=Y,21=22=2

1 1 1
(=0,)0, (=0,)0, (=0.1)0.+ |21 — 22]? |21 — 2|2 |y1 — 332\2)

T1=T2=T

(6.2)

In the second term of eq. (6.2) we may conveniently relabel the coordinates, 1 — x2,
Y1 — Y2, 21 — 2o, and vice versa, because they coincide in the local limit:

1 N?2-1 5 5
(05, (2)0s, (y)Os4(2)) = (47T2) 8( 521 2(890;”831:2*)992 2(8 +’a )gss 2(8 +78 )
1 1 1
00 0o (O G P Ty — 2aP o1 — P

5 5
+g$2172(8x;r7axf)g32 2(a+ 8 )953 2(aJr a )

Y1=Y2=Y,21=22=2

(0,10, (=000, (<0 )04 — : : )

TP W TR A 3y — ]2 [z — 1?2 — 2 [?

Tr1=T2=T

(6.3)

In the second term above, we employ the property of the Gegenbauer polynomials (ap-
pendix F):
_ l
G (Ot Oy ) = (= 1) G (0, Ot ) (6.4)
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to get:

1 N2-1

<©51(x)@82(y)@83(z)>:(4ﬂ_2)8< s1— 2(8"'78 )gsg 2(8+,8 )gsg 2(8+,8 )

1 1 1

|$1 - y2|2 |y1 - Z2|2 |Zl - $2|2
5

5
+ ( 1)51+32+53QSI 2(693;»’ 8x;)g52 2(8 +7 8 )g53 2(6 +7 a +)

(~0,4)0, (0,0, (~0.4)0.

yl y

1 1 1 Y1=Y2=Y,z1=%22=2
(—3x1+)8x2+(—8y1+)8y;(—6Z1+)6Z2+ 21— y2l? [y1 — 22f? |21 — 9C2|2> T1=z2=2
(6.5)
Therefore:
1 N?—1
_ st
(Os; (2)0s, (y)Os5.(2)) = (47T2)3(1 ()T )
5 5 5
g521*2<8xf’6x;)g32 2(8 +76 +)g53 2(8 +76 +)
1 1 1 Y1=ya=y,21=22=2
(=0,4)0,4(=0,+)0,+ (=0,+)0 1 21 — o2 Jy1 — 20|? |21 — a2]? I
(6.6)
Since the collinear spins are all even, 1+ (—1)51+52+53 = 2, so that:
1 N2 -1
<©81 (x)©52(y)@83(z)> = WQT s1— 2(6 +78 )gsz 2(8 +7a )g53 2(8 +78 )

Y1=Y2=Y,z1=22==%

(=0,+)0,.5 (=0,4)0, 5 (—0.1)0.+ 1 1 1

Tpt YL TV2 AR gy — |2 |y — 202 |21 — @2f?

Tr1=T2=T

(6.7)

Eq. (6.6) also holds for the 3-point correlators of Oy, 05, Ss and S, below, with the factor
of 1+ (—1)51F52%53 gelecting which of these correlators yield a nonzero result. Therefore,

by defining:
Crsans@:9:2) = (1 + (s 2
G2 y(0,1,0,0)9 5(0,1.0,:)9% (0,02
1 1 IR
(F00)0: (20,100, (Z0:)0:4 21 — 2|2 |y — 22|? |21 — 22| R (68)
the nonvanishing correlators are:
(05, (2) 05, ()05 (2)) = (O, (2)Ss, (4)Ss3(2)) = Coys3 (2,9, 2) (6.9)
and:
(05, (2) 03, () D55 (2)) = Coy555 (2,9, 2) (6.10)
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After substituting the definition of the Gegenbauer polynomials in eq. (4.9), we obtain:

1 2\3 N2 -1
_1)S1t+s2+s3 =
O )(4!) g

(s1+1)(s1+2)(s2+1)(s2+2)(s3+1)(s3+2)

81—2 89—2 s3—2

Z Z Z S1 S92 59 S3 S3

120 h—0 =0 kfl ki +2)\ka)\ka+2)\ks)\ks+2

(_8m+)31 k1— 1ak‘i+1(_aer)sszgflaki—&-l(_8Z+)537k3718k§r+1
1 Ty 1 Yo 1 22

Y1=Y2=Y,z1=22=%2

_ :S1+52+53—6
6515253(%% Z) - 1 ! 2 3

1 1 1

|9U1 - y2|2 !y1 - Z2|2 |21 - 96‘2|2

(6.11)

T1=To2=T

Employing eq. (5.5), we get:

C ( ) _ 1 (1 + (_1)81+82+83) 3 SN? -1 js1+s2+s39s1+s2+s3 (6 12)
518283 fE,y,Z - (477'2)3 4‘ 8 7 .

(81 + 1)(81 +2)(sa+1)(s2+2)(s3+1)(s3+2)

SRR
k1=0 k=0 k3=0 ki) \k1+2)\ko)\ko+2)\ks)\ks+2

(51 — k1 + k2)!(s2 — ko + k3)!(s3 — k3 + k1)!
(33 y>5+1—k‘1+k2 ( 2)52 ko+ks (Z x)is—k3+k1
(|JI _ y| )81-‘:-1 k1+k2 (’y _ Z|2)82+1 ko+k3 (’Z _ g;| )83+1 ka+k1

All the remaining 3-point correlators vanish.

6.2 Extended basis

The 3-point correlators in the extended basis are computed analogously.
The nonvanishing correlators are:

<AS1 (x)AS2 (y)AS3 (Z)> = <A81 (x)Bw (y)PBSs (Z)> = AS15283 (55, Y, Z) (613)

and:

<A51($)A52 (Y)As3(2)) = Asysps5 (7, Y, 2) (6.14)
with:

1 S1+s2+s N2 -1
Asisps5(T,9,2) = _(47r2)3(1 +(-1) 1+s2+ 3)T

555 ) )6 E)E)

i51 +s2-+83 251 +s2+s3

(s1— k1 + k2)!(s2 — ka2 + k3)!(s3 — k3 + k1)!
(:c y)il—kl—i—b ( 2)52 ko+k3 (2 m)is—k?,-&-kl
(‘x _ y’ )81+1 k1+ka (|y _ 2‘2)52-&-1 ko+ks (|Z _ SU‘ )83+1 k3+k1 (615)

All the remaining 3-point correlators vanish.
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7 mn-point correlators of twist-2 gluonic operators

We compute to the lowest perturbative order n-point correlators of the operators in both
bases.

7.1 Standard basis

Given the bilocal operators:

O, 2P) = To e i (o) = 5 Fis ) iy (o) (71)

in the light-cone gauge, the corresponding n-point correlator that is connected in the local

limit, acf‘ = 2P = 2, takes the form:

(O(at,2f) ... Oz}, 25B))

1 X n a” azz 5
no n 27 Z Z 11 ($12)>

=1 in=1 Z17'5123*'é #ln
@) e @h) (R @) i D) (1.2)

3\>—‘

The factor of % arises because, if the first index — for example 71 = 1 — is kept fixed,
there are only (n — 1)! Wick contractions that contribute to the connected correlator. A
nicer — but completely equivalent — formula is written in terms of permutations. If we
denote by P, the set of permutations of 1...n, it follows identically:

11 . .
(Ot 2P) ... 0@z, 2B)) = —om P< Y @l £7P (@B 0)
[24SP =%
TP @i @ha)) - T @) fir W (@5y))
(7.3)
Besides, eq. (B.4) reads:
b 6ab
(flr(z) fii () = =0 ja jm (7.4)
Hence, for the balanced operators with even s, we get in the light-cone gauge:
1 5 5
<@51 (xl) - @Sn (.%'n)> = 2795172((9IA+,69:B+) - gs2n72(8x£+,8x§+)
(i @) 5 @) A @D @) (7.5)
where:
3 " TB)I (s +3) L= (s $ Kk 2314
2 — S S—
95-200:1:9%) = TG+ 1) kz::O )\ y2)
2i°2(s + 1)(s +2) T2 (s s sk s—k—2 7k
B 41 2\ k) \k+2 D70 3%* (76)
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It follows from eq. (5.5) that, correspondingly, the n-point correlator contains factors of
the form:

1
85’ i 28 8 0 +———7>5
= %2 42| —xj|?

IR e (PEr7 D o
Therefore, we get:
(=)™ N“—1 Py JLB)(s1+3) T3 (sn+3) 1
©s -©s n)/conn = 7 o\, = .- -
(Osy (@) O, () @ 2 T T eiel) T5)T (st 1) n%;

So(1)~ 2 So(n) ™ -2
Z Z 0(1 Se(1) ( 0(1) ko(1) o(n o(n) (_1)50(,1)7160(”)
ho0 kyo0 1) k0(1)+2 g(n -|-2

@) 5a(1) ko (1) TFo(2)

20010 ) (1) )R (54— i) ko)

(lzo) 0(2)|

.. 250(n)_ka(n)+ku(1) (_1)Sa(n)_ka(n) (Sa-(n) _kg(n) +k'0.(1))' (xO'(n) O'(]-)
(|%(n) —Zg(1)|?

) o) "ko(1)Tho(2)+1

) S6(n)—ko(n)tks(1)

) So(n) Ko (n) Tho (1)1

(7.8)
where we have set xf‘ = .T}ZB = x; in order to implement the local limit of the bilocal
operators. The color factor comes from the contraction of the n Kronecker delta:

N2 — 1 = §%1)%(2) §3(2)%(3) . §%(n)%(1) (7.9)

The overall factor of (—1)" occurs because of the factor of i~2, which is a partial factor of
i°~2 in eq. (7.6).

After cancelling between themselves the pairs of factors of the kind (—1)%%a in
eq. (7.8), and moving out of the sum over the permutations the product of the binomial
coeflicients, since it is independent of the permutations, we obtain:

1 N?’—1_y» .y
(O, (1) . .. Oy, (2n))conn = WTQZl:l 1521 S

I(3)T(s1+3) I3 sn+3 2 s sn\ [ Sn
ooyt 2 () e () ()
(="

n

> (o) = ko) + Ko@) - (So(n) — ko) + ko))

o€l
Se(1)—Ko(1) ke oo
(o) = Zo) 0 T (To(n) = Toy) " 7T (7.10)
(’.T T ( )|2)S"(1)7k0(1)+ka(2)+1 e (‘x To( )| ) So(n)—ko(n)Tke(1)+1 .
o(l) = 4o(2 — 2,0

Actually, if n is even, eq. (7.10) also holds for the n-point correlator of the operators 0;,
with the only difference that their collinear spin is odd.
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Otherwise, if n is odd, the correlator vanishes. To verify it, it suffices to notice that, in
the sum over the permutations, for every permutation the inverse permutation also occurs
with the opposite sign. For example, for 3-point correlators we get pairs of terms of the kind:

s1—2 82—2 83—2
Z Z Z —k‘l—i—k‘g)!(SQ—k2+/{33)!(83—]€3+k)1)!
=0 ko=0 k3=0
)51 k1+k2(

)52—k2+k3( )53—k3+k1

(:r1 — T xr3 — T1

S1—2 s9—2 s3—2

+ Z Z Z 82—k2+k1) (83—k3+1€2)!(81—]€1—|—]€3)!
=0 ko=0 k3=0

)52 k2+k1(

€T2 — I3

({L‘Q — T xr3 — x2)53_k3+k2 (.%'1 — 1’3)81_k1+k3 (7.11)

Employing the substitution k! = s; — 2 — k;, we obtain for the last term above:

S1—2 890—2 83—2

Z Z Z 51+52+53( s1 — k1 + ]{72)!(82 — ko + k3)!(83 — ks + kl)'

k1=0 ko=0 k3=

(xl _ x2)81—/€1+/€2( _ $3)82—k2+k3 ($3 _ x1)83—k3+k1 (7.12)

T2

that cancels the first term in eq. (7.11).
The same reasoning applies to the n + 2m + 1-point correlators of balanced operators:

(Os, (21) ... O, (xn)(ﬁ)snﬂ (Tn+1) - ©Sn+2m+1 (Tn+2m+1))conn = 0 (7.13)

Otherwise, we get:

<©81 (z1)...0s, ($n)©sn+1 (1) - @sn+27n (Tn42m))conn

o 1 — 122n+2m n+2m ZF(3)F(81 + 3) F(3)F(Sn+2m + 3)
 (4x2)nt2m 2n+2m L(B)(s1+1) " T(B)(sptom + 1)
s1—2 Sn+2m—2
Z Z <S1> < S1 ) <5n+2m> ( Sn+2m )
20 kim0 ki) \k1+2 kntom ) \ kn+2m + 2
(_1)n+2m L L | L L |
Thtom Z (85(1) — ko(1) + Ko@) - - - (So(nr2m) = Ko(nram) + Ko(1))!
UePn+2m

So(n42m) _ko'(n+2'm) +k0(1)
To(ntam) — To(1))+

’2> So(n42m) 7k0’(n+2m) +kcr(1) +1

S0y —ko 1)+
(To(1) = Togz)) 7T (

(|%(1) — T (2)]?

So(1) ko) tko2)+1 T 77
) (‘xa(nJer) — Zg(1)
(7.14)

For the correlators of the unbalanced operators, we obtain:

<S81 ($1) Ssn (wn)gsi (yl) gsh (yn)>

1 5 5 5
= 22ng81 2(8 A+,8 B+) g;n_2(8x2+,ax%)gsziiz(ayfh8le+)...gszhj(ay#,ayfg
1 al ail Qan Qan 1 1 n n
o U @I @) A @ Ay @D I WD W) - I D )]
(7.15)
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The factor of an arises from the normalization of the color trace in eq. (7.1), while the
factor of 1 comes from the normalization of the operators.

We get the very same correlator by exchanging A and B in all the couples (xf‘ x? )
and (y;}, yP) simultaneously:

<881(x1) -Ss, (wn)SSi (y1) - -g% (Yn))

1 5 5 5
— 2n951 2(8 B+,8 A+) gs2n—2(amf+’axﬁ+)g52i—2(8yf+’ayf+) ...g;’h_2(ayrlbs+,0yﬁx+)

o (P PV ) S ) e e ) S ) ) 7 )]

ot

A=B
(7.16)

A

Indeed, in eq. (7.17) we may conveniently relabel the coordinates, x;* — .CElB , y,‘? — yf , and

vice versa for each ¢ and k, since they coincide in the local limit. Moreover, according to
5

eq. (6.4), G2 5(0pa+,0,5+) in egs. (7.15) and (7.16) is symmetric for the exchange of its

arguments, because the collinear spin is even.

We evaluate the Wick contractions:

i @) o S @I W) - I ) @) S @D I WD) S )]

(7.17)

We exploit the symmetry above: we only perform the Wick contractions involving the
pairing of :L' with yk and of xP with yk for any 4, k, since all the remaining contractions
provide the very same result due to the symmetry, and can be taken into account by a
symmetry factor that we compute momentarily.

Besides, since we only are interested in the connected correlator, once xf‘ has been

contracted with some y,’?, xf cannot be contracted with y,? , because the corresponding
contribution to the correlator is not connected.

Hence, we construct the correlator as follows: we contract all the 7' with the y;' and
all the 2% with the yJ with i # i’ if k = K'and k # k'if i = ', in such a way that we build
a single connected loop.

This is realized by summing over two sets of independent permutations arranged in
such a way that no disconnected piece may be created: firstly, we contract xﬁ with y,?l ,
secondly, we contract y,f with xB for i1 # 19, then, we contract xA with yA for k‘g # ky,
which

we contract with the last remamlng ykn with k, # kn—1 # ... # ki1, in order to close the

afterwards, we contract yk with :1: for 13 # ip # i1 and so on, until we arrive at x 0

loop. We end up with a chain that looks like:

3 ST A AU ) f (@B)) (7.18)
1190 F ... Fin k1F£kaFks.. #kn
2 @) e L2 R @B)) o (i ) o e ) () fit ()

Yet, now we are creating a redundancy, since we also are summing on the possible n choices
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of the starting point of the loop. Therefore, we divide the sum by a factor of n:

1 i b b 7
~ > > U @A W) Ui W) AT (@) (7.19)
i1 3. Fin k1 £ko#£ks...#kn

Pz () £ N U2 R S @B)) o (i () e () (e (B ) S ()

A nicer — but completely equivalent — formula is written in terms of permutations. It
follows identically:

S AT A N G AT B T ) £ A 1 R )

aGPn pEP,
T A ) e A N (B T (2B)) (7.20)

All the remaining contractions are obtained from this formula by exchanging the coor-

A _.B

dinates in each couple, (z},2P) and (yi!,y?), for each i and k. There are 22" of such

exchanges.

However, the actual degeneration factor is 22"~ 1. Indeed, the extra factor of 1 comes

from the fact that the simultaneous exchange of the coordinates in each couple, (1:;4, a:f )

and (y,?, yf ), vields a contraction that has already been counted due to the symmetry of
egs. (7.15) and (7.16) with respect of the simultaneous exchange of A with B in all the
coordinate pairs.

Hence, by combining the degeneration factor of 22”1 with the factor of 5w from the
normalization of the operators, the overall factor of 27"~! survives. It follows:
_ _ 1 N?2-1
(Sar1) - San (r0)Sut (1) - (0n) = gy g 2 i
F@)(s14+3)  TETI(sn+3)TB)T(s1+3)  TE)I(sh+3)
FG)C(sy+1) TG (sp+1)TG)(st+1) TG (sh+1)
k=0 — k1 k142 kn, kn + 2
5/12_:2 W= (s s sh sh
ki:O'”%:O Ki)\kt+2) " \Kk, 5+ 2
anl
> D 5oy = Koy Ko (sp01) = kpr) + ko))
oeP, pGPn
< (So(n) = Ka(n) + Ko (Sp(m) = ko) + Ea(1))!
(o) — o1 ))sa<1)—’fc(1)+%<1> Wp(t) — o))’ Sp(1) ~kp(1) Tho(2)
P P o
(‘m 0 = Yoy ) o(1)Ra(1) Thp)+1 (|y 0y - (2)|2) 5p(1) ~kp(1) tho(2)+1
o P p o
B So(n) Ko (n) TKp(n) B 8p(n) ~Kp(n) Tho(1)
(o n) = Yo(m)) Wo(n) — Zo(1)) (7.21)

|2) S0 (n) Ko (n) Thp(n) +1 ( 2) Sp(n) ~kp(n) Tho1)+1

(‘ma(n) ~ Yo(n) ’yp(n) - ma(l)‘
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7.2 Extended basis

Similarly, in the extended basis, we get:
1 1 1
(Asy (21) - As, (2n)) = 5708 (0pa+,0,5+) .. G5, (0,44, 0,5+)
(O 4 it o S D) 0 iy eosg Sy ()

A=B
(7.22)

in the light-cone gauge, where:

1 s (s S kT
G2(0,4,0,4) =i > <k> (k>(—1) ’faﬂ’“(av:’é+ (7.23)

k=0

It follows from egs. (B.5) and (5.5) that, correspondingly, the n-point correlator contains
factors of the form:

1
851 ki k’ s
of ol 4m2|z; — 242
1 i —ks i . (Ii-&?')sl B
- (= iTRi(g. _ L. 1 9si—ki+k J/+
o 47.r2( 1) (Sz ki + k])' 2 ! (|$l _ xj|2)8i-k]i+k]j+1

(7.24)

Therefore:

1 N2—1_5w 5o
<AS1(x1)”-Asn($n)>conn = W on 2Zl:1 1221:1 !

s1 Sn 51 2 S 2 (_1)71
Z .. Z <k1> ... (k‘n> - Z (50(1) — ko(l) + kg(g))! ... (Sg(n) — k‘g(n) + kg(l))!

k1=0 kn=0 oepl,

So _ka +k0‘
(To) = To(z)) 7T (To(n) — To(1)

9\ Se(1) ko) tho@)t1 77 So(n) —ko(n)The(1)+1
‘ma(l) - xcr(2)| |:C |

where now the overall factor of (—1)"™ occurs because of the extra minus sign in eq. (7.24)

) So(n)— ka(n)+kd(1)

(7.25)
n) — Lo(1)

with respect to eq. (7.7).
The very same formula holds for an even number of operators A, otherwise the cor-
relators vanish. We obtain as well:

(Agy (z1) ... A, ($H)Asn+1 (Tnt1) - 'Asn+2m (Zn+2m))conn

s 2 2
1 -1 P D ram —" <81> <sn+2m>
=1 Slglu=1 St ..
(47r2)n+2m 2n+2m klzo kng%_o kl kn+2m
(_1)n+2m
o > (So) = ko) + ko@)! - (Sotntam) — Komram) + ko(1))!
o€Pntom

S6(1)—ko(1)Tko(2) So(nt2m) Ko (nt2m)tko(1)
(To(1) = To2)) 1 (Ta(nrom) = To(1)) £

9\ 5o () ko) tho(2)+l "7 o So(n+2m) Ko (nt2m) Tho(1)+1
|Zo(1) = To(2)] Zo(n+2m) = To(1)]

(7.26)
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Analogously, for the unbalanced operators in the extended basis, we get:

= 1 N2—1. 57 a5 oy

(B (20) - B (@)t (1) - Bt ()} = (g 2 it 4
/
1

s1 Sn Ss1—2 sh s 2 s 2 s 2 o 2
1 n n
LYY LY (kl (m) <k1> <k>

> D (o) = Koy + Epa)!(sp01) = ko) + ko))
oeP, PEPn
< (8o(n) = Ka(n) + Ko (Sp(m) = Kp(n) + Ko (1))!

So(1) ko (1) FFp(1) Sp(1) ~kp(1) Tha(2)
(To(1) = Yp))+ ’ (Yp(1) = To2) 4 "

o) So(1) ko (1) k) t1 2\ 5p(1) ~Rp(1) Hha(2)+
1Za(1) = Yp(1)] |

Yp(1) — To(2)]

S (n) Ko (n) TKp(n) Sp(n) —kp(n) Fho(1)
(Zo(n) = Ypn))+ ’ Yon) — To)) 4 "

|2) So(n) =Ko (n) THp(n)+1 ( )Sﬁa(n)—’f’p<n>+ka<1>+1

(7.27)

(\xa(n) ~ Yp(n) Yp(n) — To(1)]?

8 mn-point correlators and twist-2 gluonic operators in Euclidean

space-time

8.1 Analytic continuation of n-point correlators to Euclidean space-time

The Minkowskian n-point correlators can be analytically continued to Euclidean space-time
by substituting (appendix A):

Ty — —ix, (8.1)
and:
L — ! (8.2)
EE 22 :

We describe the effect of the analytic continuation about various numerical factors.
In the standard basis, for the (n + 2m)-point correlators of balanced operators, the

n+2m
extra factor of (—i)zlzl °t which arises from the substitution of eq. (8.1) into the nu-
n+2m

merators of eq. (2.21), cancels out the factor of D - already present in eq. (2.21)
— that comes from the definition of the Minkowskian operators, but the extra factor
of (—1)22?127”(51“) = (—1)223127” *I(—1)"™ arises, which comes from the substitution of
eq. (8.2) into the denominators of eq. (2.21). It combines with the factor of (—1)" already
present in eq. (2.21), in such a way that only the factor of (_1)27;% L survives after the
analytic continuation.

Similarly, for the 2n-point correlators of unbalanced operators, the factor of
(_1)27:1 st+sl  which arises from the substitution of eq. (8.1) into the numerators of
eq. (2.22), cancels out the factor of 2 skst already present in eq. (2.22) — that
comes from the definition of the Minkowskian operators. Thus, only the factor of
(_1)27:1(sl+1+s;+1) = (—1)22;151+8i, which comes from the substitution of eq. (8.2)
into the denominators of eq. (2.22), survives after the analytic continuation. Exactly the
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same factors survive in the analytic continuation of the corresponding correlators in the
extended basis.

8.2 Twist-2 gluonic operators in Euclidean space-time

Alternatively, the correlators may be computed by first defining the Euclidean operators
and afterwards evaluating them in Euclidean space-time. Of course, the two procedures
must furnish identical results, as we verify momentarily.

By performing the Wick rotation (appendix A) to Euclidean space-time, the operators
get rotated as follows. The derivative along the p, direction transforms as:

0y — 0, (8.3)
Correspondingly, for the elementary operators in the light-cone gauge (appendix E), we get:

fi1=—-04A — fE = —i0, A"
fii = =0+ A — ff] = —i0. A" (8.4)

and:

allfn = A — 0]\ ff = —AF
O fii = —A — —i0; ' fE = —AF (8.5)

We observe that the structure and the sign of the propagators (appendix B) of the Euclidean

elementary operators, fn, E and 01 ff, 07! are the same as for the Minkowskian op-

E
E
erators, fi1, fij and 0 f11,(3 fu, respectivel?

Therefore, the change of the numerical factors in the Euclidean correlators with respect
to the Minkowskian correlators may only arise from the change of the numerical factors in
the definition of the Euclidean composite operators in terms of the Euclidean elementary
operators, ff3, fiEi and 0! ff, Bz_lfiEi.

In the standard basis, we get:

Qs = (1) Tr fE (z B +§ 5202

Oy = (=1)° Tr fE (@)(D. + D.)2C2. (gL%
1

&ﬁéPWﬂﬁ@@ﬁﬁwﬁi4m‘a>ﬁmzy

5 —
&%%PW%%@@+$$%K4%;%§E@:§ (8.6)
since the factor of i*~2, which comes from the substitution of eq. (8.3) into eq. (2.6),
combines with the already present factor of i*~2 in eq. (2.6) to produce the factor of (—1).
As a consequence, for all the Euclidean n-point correlators in the standard basis, a
factor of i2ui=1(51=2) — 21, *I(—1)™ disappears with respect to the Minkowskian correla-
tors, because it disappears from the definition of the Euclidean operators, but a factor of
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(—I)Zln:l ° takes its place, in such a way that only the latter survives, thus providing the
same result as in the preceding discussion about the analytic continuation.

Similarly, in the extended basis, we get:

S (1 Ty DI E (0)(Ds + D)

=

As = ()" e DI E @)D + D) (g_—%
(5

B, > (- D @)D, + DLyl (BZ‘E)D-lfﬁ(x):EE

@ﬁ\g—lf“ﬂzﬁ;lm )(D. + DLy (%)Dl B)=BF (87

since an extra minus sign with respect to the operators in the standard basis comes from
the analytic continuation of the two operators D;l, which contribute (—i)? = —1.

Correspondingly, for all the Euclidean n-point correlators in the extended basis, a factor
of §21=1 %1 disappears with respect to the Minkowskian correlators, because it disappears
from the definition of the Euclidean operators, but a factor of (—1)2?:151(—1)” takes
its place, which combines with the factor of (—1)" already present in the Minkowskian
correlators, in such a way that only the factor of (—1) =1 survives, thus providing the
same result as in the preceding discussion about the analytic continuation.

9 Generating functional of n-point correlators in the coordinate
representation

We work out an ansatz for the generating functional of the correlators in the coordinate
representation and verify by direct computation that it reproduces the n-point correlators
computed in the previous sections.

The basic idea is that a conformal operator Og(x) of spin s is actually the sum of —
not necessarily conformal — operators Og(x) according to eq. (2.5):

!
x) = Z Osk(x) (9.1)
k=0

where [ = s — 2 for the standard basis and | = s for the extended basis.

Hence, the generating functional should be expressed in terms of the corresponding
source fields, which by a slight abuse of notation we label by the very same symbols, O4(x)
and Ogp(x).

Originally, the source fields are defined either for even or odd s respectively but, to
keep the notation simple in the following formulas, it is convenient to extend their definition
to all values of s, in such a way that they are 0 for either odd or even s respectively.
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9.1 Minkowskian standard basis

Our ansatz for the generating functional of correlators of balanced operators with even
spin is:

1_‘conf[([))] = _(N2 - 1) log Det (]I + Dil((]))

where:

738 +1
—1 _ _ ! (B)F(Sl + 3) 51 52 _ s1—ki1+ko—/—1 _
Posba,soe =9 = 5 T8 (s, 7 1)\ ) \ ko +2) %) W@y

. 351 F(?))F(Sl —|—3) S9 s1—k1+ko 1
T 8m2T(5)(s1 + 1) \k ( ) (k‘g + 2) (mop) |z — y|? — i€ (9:3)

3
O=g"0.0,=05—Y_0; (9.4)

with:

d:
an 1 1

ye R i0716W(z — y) (9.5)
The corresponding correlators are computed by the functional derivatives:
0 0
804, (z1) = 00, ()
s1—2 Sp—2 5 5

_ klzo » knzo O ]

<©s1 ($1) cee Osn (xn)>conn =

Fconf [@]

Ceonf[O] (9.6)
Explicitly:

Ceont[0] = — (N? —1)log Det ( k1, 52k26( ) —9)
+ Sl F<3)F 81 + 3) ( 8 )81—k1+k}2 1 @ ( )
872 T(5)0(s1 + 1) \ & kg + A |z — g2 —de 2k

From now on, we skip the ie in the effective propagators.

Expanding the logarithm of the determinant:

Peontl0] = —(N? = 1) 3 (_1:“ /d4m1 dte, Y
n=1

s1k1 Snkn

Dy ey saky (@1 = 72) Oy (w2) .. DY (w0 — 21) Oy (71) (9-8)

and performing the functional derivatives in eq. (9.6), we obtain:

51 2 sn—2
<©81 (xl) <o (O)sn (xn)>conn =
kl 0 knfo ceP,
—1
Dso(l)ka(l)’sa(2)k0(2) (wo'(l) o xU(Q)) e Dsa(n)ko(7z)vso(1)ka(l) (xa(n) B xo-(l)) (99)
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Employing egs. (9.3) and (5.5), we get:

L N2 =1 5w s (TE(s1+3)  L(3)L(s0+3)

(s (@) Os, (@n))eomn = o —5a— T(5)[(s1 +1) " T(5)0 (s + 1)

s1—2 Sp—2 n
o0 ko \F1/ \k1+2 k) \kn+2) n =5

(80(1) = ko) T ka@)! - - (So(n) — ko(n) + ko1))!

Sq(1) ko (1) ko (2) So(n) Ko (n)tke(1)
(l‘a(l) - xa(?))—f— (xa(n) - xa(l))—i—

)So(l) —koytko@)+1 777 ( So(n) —ko(n)Tha(1)+1

<|%(1) — To2)|? Zo(n) — %(1)|2)

(9.10)

which coincides exactly with the correlator in the coordinate representation in eq. (2.20).
Now, in the whole balanced sector, we demonstrate that:

~ N2 -1 2 N N
Leont[0, O] = ———— log Det <(H - D—l@) - D‘l@D‘l())) (9.11)

Of course, setting O or O to zero, we recover the generating functionals for the single
operators:
Teont|0] = —(N? — 1) log Det (]1 T D’l(@)

~ N2 -1
Fconf[(o)] - -

log Det (I - D~'OD'0) (9.12)

We rewrite eq. (9.11) as:

2

Toont[0,0] = — 5 log Det [(1+D7'0+D7'0) (1+D'0-D7'0)|  (9.13)

Thus:

~ N? -1 _
Peont[0, 0] = — =—— log Det (H Do+ D—l@)

2

log Det (I+D~'0 — D~'0) (9.14)

By expanding the logarithm of the determinant, it follows that:

~ N?—1 & (—1)m+t
Fconf[@a(@]:_ 5 Z( 73, /d4x1...d4xn ZZ
n=1 s1k1 Snkn

Dsil%cl,sﬂcg (:Ul - $2)(©52k2 (xQ) + ©52k2 (:UQ))

T Ds_nlkn,slk1 (.'Ijn - xl)((o)slkl ('1;1) + ©31k1 (.’1:1))

N?—1 & (-1t
- > E faty e Y
2 n=1 n s1k1 Snkn
Ds_ﬁi‘l,szkg (fEl - x2)(©32k2 ($2) - ©52k2 (1132))
T Ds_nlkn,slkl (':Un - 'xl)(@Slk’l (.’L'l) - (O)slk:l (:Ul)) (915)
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The correlators read:

(Os, (1) ... Oy, (xn)©5n+1 (Tnt1) - ©5m+n (Tm4n))conn
) ) 1) ) ~
= ... = e == Teont|Q, O 9.16
5(@81 (.%'1) 5@Sn (l’n) 5@51 ($n+1) 6@sn (anrm) 0 f[ ] ( )

Performing the functional derivatives yields:

(Os,(21) - .. Os, (mn)©5n+1 (Tnt1) - - ©5m+n (Tm+n))conn
N2 1S S (—1yntm+t

- Z Z n+m

kn+m =0 O’GPner

-1 -1
o'(l)ka'(l)7 J(Q)ka'(Z) (IG(I) xG(Q)) e D O'(n)ka'(n+m)a50'(1)ka-(1) (xa(n+m) xg(l))

N2 _ 1 s1—2 Sn4+m— n+m+1
- (-1 Z >
kn+m_0 n + M ePrim

-1 _
So‘(l)ko'(l)7 0(2)k0(2) (xg(l) o ‘,EO'(Q)) e D o'(n)ka'(n+m)a'30'(1)ka-(l) (xa(n+m) - xg(l))

N2 _ 15z 2 Sntm— 2 n+m+1
- _(1 + ( Z Z n + m
k:1 0 k:n+m—0 UEPn+m

—1 1
So(1)ko(1)150(2) Ko (2) (x”(l) o 330(2)) o 'Dsa(n)kg(n+m),sg(1)kg(1) (x"(”"‘m) B xf’(l)) (9.17)

Hence, the correlators are nonzero only if m is even, as it should be (section 7). Therefore:

<®81 (wl) s @Sn (l‘n)©sn+1 (xn-‘rl) @sm+n ($m+n)>conn
N2 _ 1 s1—2 sn+m_2 n+m

— -1 o
St kzo " > 0 n+m GPZ o ko) o 2ko2) (o) ~ To(2)
1 n+m=— g n+m
-1
Dsa(n)ka(n+m)’sv(1)ko‘(1) (xa'(n—‘,-m) o mg(l)) (918)

which matches eq. (2.21) once everything is made explicit by means of egs. (9.3) and (5.5):

+E=Dm™ 1

(Os,(21) ... O, ($n)©3n+1 (Tnt1) - ©sm+n (Tm+n))conn =

2 (47r2)n+m
N2 -1 227:1m o ;jlm s I'(3)I'(s1 +3) T3 (Smtn +3)
gt TG (s1+ 1) T (5men + 1)
8122 Smi ? Sm4n Sm4n
k1=0 km+n=0 kl + 2 . karn k?ern + 2
EU S () = Koty + Ko@) (o) — Kotopm + ko)
n+m < o(1) o(1) o(2)): - So(n+m) o(n+m) o(1)):
oe n+m
(To(1) — Ta@) D DT (L) — L)) ot e

50(1) ko) Tho)+1 "7 So(ntm)—Ko(ntm)Tka(1)+1
|xo' - xa(2)|

(‘xa(ner) - x0(1)| )
(9.19)
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In the unbalanced sector, we demonstrate that:

2
_ -1 _
Teont[S,S] = — log Det (I — 2D~'SD~'s) (9.20)
which, more explicitly, reads:
- N?2 -1
Teont[S, S] = ———— log Det (581k1,82k25<4> (z — )

-2 [t > Dkl >Ssk<z>Dsk{SQk2<z—y)Sm(y)) (9.21)

By expanding the logarithm of the determinant, it follows that:

N2 -1 2
conf[SS Z /d4$1 %nd4y1d4ynzz ZZ
slkl snkn Sllkfll ank,/n
D;kl sk, ( )S K (yl)D;,l}c,Pssz (y1 - x2)882k2 (5[,‘2) ...
DS—nlk'm 'k ( yn)Ss%k% (yn)D;nlk»/ms1k1 (yn — .fl)Sslkl (1‘1) (922)

As a consequence, we obtain the 2n-point correlator:

(Ssy (1) ... Ss, (xn>gs’l (y1) .- gs; (Yn)) =

) ) 0 ) -
_ e — Ceont[S, S 9.23
e (@r) " () BB () B ) ) (9:23)

by means of egs. (9.3) and (5.5):

Q Q 1 N2 -1 s;+s s;+s)
<S (:L'l) (xn)Ssﬂ(yl) .- Ssﬁ(yn» = W 52n 221 st ZZZZ 1 SISt

I'(3)L(sn +3)
CI(B)C(sh + 1)

(3)F(31 +3

)
)
$1—2 s < )
k1=0 k"fo k1
2

Z Z So(1) — Ko (1) + ko)1 (8501) = kp1) + ko())!
O'EPnpePn
< (So(n) = Ko(n) + Ko (So(m) = Kp(n) + Ea(1))!

) So(1) ko (1) TRp(1) ) Sp(1) ~kp(1) Tho(2)

(yp(l) L (2)
2) p(1) ~kb(1) Tho(2)+1
x

(To(1) = Yp()
(‘xa(l) - yp(l)‘

(Ta(n) = Yp(n)
|2) 85a(n) =Ko (n) Tkp(n)+1 (

(1) ~ko(1) Thp)+1
) (|yp(1) — Ty (2)]

) S (n) Ko (n) TKp(n) )S’p<n>—k2<n)+’fu<1)
a(1))+

2)8?»(n>—%<n)+’%(1>+1

(Yp(n) —

(9.24)

(‘$a(n) ~ Yp(n) ’yp(n) - ma(l)‘

which coincides exactly with the correlator in eq. (2.22).
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9.2 Minkowskian extended basis

We demonstrate by direct computation that:

Teont|A] = —(N? — 1)log Det (]1 T D*A)

(9.25)
with:

_ 7;81+1 S1 S9 51— _
Dsl%ﬂ,Sng(l‘ — y) = 5 <k1> <k2 (—6+) 1 k1+k2|:| 1(1‘ N y)

AV ES ki +k 1
= —Qy )M 9.26
87T2 (]ﬁ) </€2>( +) \x—yP — 1€ ( )

Expanding the logarithm of the determinant:

Ceont[A] = —(N2 — 1) i Hr/d‘*a;l...d%n >y
n=1

s1k1 Snkn

IDS_1%€1,82/€2 (.%'1 - $2)A32k2 ($2) te ’Ds_nlk:nyslk:l (xn - xl)Aslkl (:Ul) (927)

and performing the functional derivatives, we get:

9 S1 Sn (_1)n+1
(Ag; (1) .- Ag, (Zn))conn = (1 = N7) Z . Z - Z
k=0  ka=0 "' oePq
Dy s ayhoay s o (@o(1) = To)) - Dt kot skt (Zo(n) = To(1)) (9.28)

Employing eq. (9.26), we obtain:

1 N2_1 "o 51 Sn 812 sn?
<Asl($l)~~-Asn(mn)>conn = WTQZZ:l llzlzl ! Z Z <k1>

k1=0 kn=0 kn
=

n Z (Sa(l) - ka(l) + k0(2))! s (So(n) - ka(n) + ko(l))!
oebly,

5a(1) ko (1) Tha(2)
(To(1) = To(2))

(Io(a) = Tor[?)

S6(n)—ko(n)tks(1)
(xa(n) - xo(l))+

9 5o (n) ko (n)tho(1)+1
‘xa(n) - xa(l)‘

50(1) ko) T+l "7 (

(9.29)
which coincides exactly with eq. (2.31).
Moreover, in analogy with egs. (9.11) and (9.20), we get:
- N2 _1 2 - -
CeontA, A] = — 5 log Det <(11 + D*lA) — DlAD1A>
_ N2 _1 _
T cont[B, B] = — log Det (1 - 2D~ 'BD~'B) (9.30)
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9.3 Euclidean standard basis

Similarly, the generating functionals of the Euclidean correlators are:

~ N2 -1 2 . .
rZ ([0F 0F) = - log Det ((11 + Dgl@E) — D,;l@ED,gl@E)
- N2 -1 -
TE [SF,§F) = — log Det (1 — 2D5'S§”Dy;'s”) (9.31)

where the kernel in eq. (9.3) is analytically continued to Euclidean space-time:

—j)hathe F(?))F(Sl + 3) S1 S92
D*l _ — ( Z) s1—ki1+ko A_l _
B siby ok (77 Y) 2 TE(s+ 1) \k ) ko +2) % (==9)
_ (—Z‘)flirkZ F(3)F(81 + 3) S1 S9 051—k1+k2 1
82  T'(B)(s1+1)\k1)\ka+2) 7 (x —y)?
(9.32)
with: 5
A = 6,0,0,=0]+> 0} (9.33)
i=1
and: 1 1
e SN | () N O
yryp— AT (2 —y) (9.34)

9.4 FEuclidean extended basis

Analogously:
- N2 -1 2 - -
rZ [AF AP = — log Det ((]1 + D,;lAE) — D;AED;AE)
_ N2 _1 _
r2 [BF BF]=— log Det (11 - 2D51133ED;BE) (9.35)

where the kernel in eq. (9.26) is analytically continued to Euclidean space-time:

_ (_i)*k1+k2 s1 89 T ~
DE151k1,32k2(73 — y) = f kl k2 azl 1+k2 A l(IL‘ _ y)

_ (_Z‘>7k1+k2 S1 82 s1—k1+ks 1
Sl bl | g - e (9.36)

10 Generating functional and n-point correlators in the momentum
representation

The generating functionals of correlators in the momentum representation are obtained
from the corresponding generating functionals in the coordinate representation (section 9)
as follows.

Given the generating functional in the coordinate representation:

Teont]O] ~ log Det (551,61752,625(4) (@ =) + Db s (T — y)(’)32k2(y)) (10.1)
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the argument of the determinant is the kernel:

K1k s0ks (z,y) = 551k1,52k25( )( y) + Dslkl 32k2( - y)OSQk’Q (y) (10.2)

of the integral operator:
1/}81/41 Z/K81k1,82k2 ‘T y)¢32k2( )d4y (10'3)
soko

In order to obtain the kernel in the momentum representation, we perform the Fourier
transform of the 1.h.s.:

Vsiky (q) = /wslkl( gty = Z/Kslkl 5ok (T, Y) Psaks (V)€ sl d4xd4y (10.4)

s2ko

and write the r.h.s. in terms of the Fourier-transformed fields:

7 —iq-x d4p
Vsiky (4 Z/K51k1752k2 (T, Y)Psyhy ()P Y™™ d4xd4y(2w)4 (10.5)

s2ka

By substituting the kernel in eq. (10.2):

wslkl(q) = 2/551161,321625 )(1'— )¢s ks ( ) Zpyefiq-x

soko
ipy  —iqx g4 4 d4p
+D51k1 soko (.’B - y) 52k2( )¢82k2( ) € d'zd y<27-(->4 (10'6)
we get:
4¢(4) d4}7
wslkl(q) = Z /551161,82162(2”) 0 (p_Q)¢52k2(p) (27T)4
soko
ipy ,—iq-r g4 4 d4p
+ 3 [Pl s = 90w W)™ e o dlady o (10)
soko

The second line in the above equation becomes:

d4p d4k‘1 d4k‘2

(2m)* (2m)* (2m)*
(10.8)

Z /Ds1k1 szkz )Ossz (k2)¢52k2 (p)eikl.(Ziy) eikz-yeip-yefiq-z d433 d4y

sako

which simplifies to:

d4p

T (10.9)

Z /Ds_ﬁcl,stQ(q)O@b(q_p)¢82k2(p)

s2k2

Therefore, the kernel in the momentum representation reads:

Koy sk (01502) = Gshysnky 1) 0@ (@1 = q2) + Dy 4 oy (01)Osohy (1 — g2)  (10.10)
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which defines the integral operator:

d4Q2
w81k‘1 QI Z/K51k1752k'2 QI,Q2)¢szk2(QQ)74
oy (27)

Equivalently, we may expand the logarithm of the functional determinant in the coordinate

(10.11)

representation:
o0 n+1 A
Fconf[@] ~ Z /d X1 . d Tn Z Z 81]€1 32k2 :EQ)Osgkz ($2)
n=1 s1kq Snkn
Ds_nlkn,slkl( — 1) Oy, (1) (10.12)

and express the source fields and effective propagators in terms of their Fourier transforms
Osk(p):

0u@) = [ 22.0.4(p) e (10.13)
Sk Z - (27'(')4 Sk p € *
and D;khSsz (Q)
Dl ey = [LLpot (gt (10.14)
s1k1,s2k2 rT—Y)= (27-‘-)4 s1k1,s2k2 q)e :
We get:
00 n+1 d T d4q d4p1 d4p
Teon d* n n
101~ 2 [t e o e o G T o

Z Z D51k17s2]§2 ql OSQ’CQ (pl) Ds_nkn Slkl (Qn)oslkl (pn)

s1ky Snkn

el (wi—z2)  pign-(zn—x1) ip1-w2  ipneT1 (10.15)

Performing the product of the exponentials above:

e~ @1 (gn—q1=pn) o —iz2-(q1—g2—p1) o —ix3-(2—q3—P2)  o—in (¢n—1—Gn—Pn-1) (10.16)
and employing:
ze T = 54 (g) (10.17)
we obtain:
00 1 4
)"+ d'qp  dYq
conf - Z / (27T - 27rn4 Z Z Slkl s2ka ql OS?kQ (ql o Q2)
= s1k1 Snkn
D hysaks (42)Ossks (@2 = 43) - - D 1 (40) Osyky (g0 — 1) (10.18)

Either way, the generating functional in the momentum representation reads:

Teont[O] ~ 10g Det (8,550, (2m) 0D (a1 = @) + Dy, o1, (01) Osa(a1 — 2))  (10.19)

and the corresponding correlators are obtained by the functional derivatives:

1) 0
Oy ...Osn n))conn = Teont|O
(Oss (1) - Osn(Pr))eomn = 555+ 55—y PeontlC)]
ll ln 5 6

.. Leont|O 10.20
k1=0 kn=0 S1k1(p1) 508nkn(pn) co [ ] ( )
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10.1 Minkowskian standard basis

The generating functionals in the coordinate representation in Minkowskian space-time
read (section 9.1):

Teont]0] = —(N? — 1) log Det (JI 1 D‘1<O)>

~ 2 — ~ ~
Toonil@] = — L 10g Det (]1 - D”(D)D*l@))
A 2-1 -1 —1A
Teont0, O] = — log Det (1+ D0+ D~'0)
- L log Det (]1 D0 - D 1@)
_— L Jog Det <(H +D 1@ - 131@2)1@)
— 2 — _
Teont[S, §] = —N 5 L log Det (1-2D~'sD's) (10.21)

By making explicit the continuous and discrete indices, the above equations read in the
momentum representation:

Teont[0] = — (N? —1) log Det (551k1,52k2 (2m) 6™ (g1 — q2) + D, iy (01) Oy (1 — Q2))

~ NZ—1
Leont[0] = — log Det (581k1,82k2 (2m)*6™ (1 — g2)
/ 4 Z Slkl sk ql (Q1 _q)D;C];SQkQ (q)©52k2 (q_Q2)>
- N2
Fconf[©a @] = IOg Det (551 k1,s2ka (277)46(4) ((h - C]2)
+ Dk ok (0) Oty (61— 02) + Oty (1 — )
NZ—1
— log Det (531k1,52k2 (27‘&')45(4) (q1 — QQ)
+ Dk ok (0) Oty (61— ) = Oty (01— )
< NZ—1
FCOHf[Sa S] = log Det <6S]_ k1,s2ka (27T)45(4) (QI - Q2)
/ 4 Z s1k1 sk ql (ql _Q)D;kl,szkg (Q)Sszkz (CJ—QQ)> (10.22)
with:
1 T(3)T(s1+3) [ s1 S9 . _k —1
p-1 N Sl St L _ si—kitka " 10.23
s1k1,s2k2 (p) 9 F(5)F(81 + 1) kl k2 ) ( Zer) ‘p|2 + e ( )
where the Fourier transform of the effective propagator in eq. (9.3) is computed by:
dp —i 1 1
p(z—y) N 10.24
/ (2m)4 ¢ Ip|2 +ie  4An? |z —y|? —ie ( )
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Expanding the logarithm of the determinant and defining p; = ¢; — ¢;+1, we obtain:

Iz o) = -2 —1 3 U
n=1

/d4p1 o drpn 2P (01 + P24 . 4 )

d4
/ (27r)4 Z Z s1k1 soko (q + pn)@S?.kz (pl)Dslkl sako (q +p1+ pn)©52k2 (p2)

s1ky Spkn

D sk (€)1 (Pn) (10.25)

The functional derivatives yield:

I'(5)0(s1 +1) T'(5)0(s, + 1)
(P(3)F(81 + 3)) o (F(3)P(sn + 3)) (05, (p1) - - O, (Pn)) conn

_ N2 —1 (2 )4 n5(4)( + ...+ 812:2 SHX:2 Sn Sn
T Tgn SO Pn) _ Ky k1+2 Nk )k +2

Z/ pa(1)+q Do(1) T Po(2) T4
n = Py + qf? Pe1) + Po(2) + ql?

) So(1)~ ko<1>+’fo<2> (» ) 80(2) ~ko(2) Tho(3)

So(n— ko(n—1)tko(n s —k +k
(i pow +q) N ) N

|0 oy + 4l lq|?

(10.26)

All the remaining correlators are obtained in a similar way.

For the nonvanishing correlators in the balanced sector, we get:

(F(5)F(51+1)) <r(5)r(sn+zm+1)>
L(3)T(s1+3) /) "\I'(3)T(snt2m+3)

<®sl (Pl) cee @ ( )© (pn—i—l) cee ©sn+2m (pn+2m)>conn

N2 —1 4:n+2m g(4)
= gnTam (27‘1’) 1 0 (p1 +.. -+pn+2m>

51—2 Sntom—2
DR S (o PR B Ul [ RO P =i
k1=0 o — k1 k1+2 o kn+2m kn+2m+2 n-+2m

k’n+2m—0 O'EPnJer

/ dlg Py +a) "D (pyy Hpo ) O
(27T) |pa +Q|2 |pU +pg(2 +Q|2

n+2m—1 So(n+2m71)_ka(n+2m71)+ka(n+2m) So(n+2 —ko +2 +ko(1
(Z pg(z)—i—q) (q)+<n m) o (n+2m) To(1)

|En+2m ! (z)-H]\Z lq|?

(10.27)
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In the unbalanced sector, we obtain:

(I‘(S)F(sﬁ—l)) (F(5)F(sn—|—1)> (F(5)F(s’1+1)) <r(5)r(sg+1)>

T(3)T(s1+3) T(3)T(sn+3)) \I'(3)T (s, +3) T(3)T (s, +3)
(Ssi(p1)---Ss, (Pn)Ss, (P1) - S, (77,))
2
- N22n 1( m)*its (lz:lplﬂ?z)

£-EE- Sf( ) o)) ) () () )
e i ) k2 ke ) \len+2 ) \ &4 ) \ K42 k) \ k142

o(1)~ko() Tk W~k tha2)
2n—- 1 Z Z / U +q) p(1> ( (1 )+pp(1)+f.7) p 1 p 1
0EPn pEPn Po(1)+al? [Po(1) + 2,y +al?
0'(2) ko‘(2)+k +k0'(d)
(Po(1) TPo(2) TPy +0)+ *D (Do(1) +Po(2)+ Py Py + ) o oz

’p0(1)+pa(2)+p (1) +Q|2 |pa (1) +pa(2)+pp(1) +pp(2)+Q|2

So(n—-1)"Ko(n-1)Tk,, 1)

(Zl 1 pg(z)+Zl 1 pp(l)‘HJ)
’21:1 Po() +Zl:1 pp(l)‘i‘Q‘Q

—1 —1 5, n— —k, n— +k0’(n)
(Z?:1 pa(l)+2?:1 p:)(l)‘HI)-f( R

|15 Poy H S Py Tl

1 So(n)—Ko(n) Tk, s =k +k,
(i oy + S0 Py + 05 " gy

| i1 Po) T 0 Pyl lq|?

10.2 Minkowskian extended basis

(10.28)

Similarly:
Teont[A, A] = — -1 log Det (5slk1,52k2(27>45(4)(Q1 — @)
+ D, ok (01) (B (@1 — G2) + Ay (@1 — Q2))
- i log Det (531;“752;62 27)*6D (q1 — o)
T Ds_ﬁcl,sm(Q1)(As2k2(Q1 — 42) = By (@1 — Q2))
Ceont[B, B] = — N 22_ L Jog Det (581,,31782@(277)45(4)@1 — @)
- / om) Z sknsk (0Bt (a1 — 0D o, () By ( — qz)) (10.29)
with:
Do) = 5 (Zi) <Z> (—1'10+)51"“+’”|p2_il.(E (10.30)
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Explicitly, for the nonvanishing correlators in the balanced sector, we obtain in the mo-
mentum representation:

(Ag,(p1) ... A, (pn)Aan (Pnt1)--- Asn,+2m (Pn+2m))conn

N2-1
- 2n+2m

Z Syfm S1 S1 Sn+2m Sn+42m 1 Z
kl kl kn+2m kn+2m n—+2m

k1=0 kn+2m =0 UEP’n+2m

/ d*q (Po(1)+a Po(1) +Po(2)+4
(2m)* [Po(1) +qI? [Po(1) +Po(2) 4/

(2m) "2 (p1 4 Appgom)

) So(1)— k0(1)+ o(2) ( ) So(2) ko’(2)+ko-(3)

-+2 1 So(n+2mfl)_k“o'(n+2mfl)+ko'(n+2m) So(n+2 _ko +2 +kal
(Zn m— pa(l)+Q) (q) (n+2m) (n42m) (1)

= (10.31)
|En+2m ! (z)—HI\Z lq|?
In the unbalanced sector, we get:
(Bsy (p1) - - Bs, (0n) By (01) - - By, (1))
N2 -1 , "
=~ (@m)tiPet (sz +p2>
=1
Z Z Z Z AV ERAYEAYEA s\ [ sh
k1=0  kn=0k/=0 k=0 kl kl kin ) \kn ) \K1 ) \K1) " \Kp.) \Kn,
So(1)—ko (1)K +kos(2)
gn—1 Z Z / + (]) (1) T Ra (1) TRy (1) (pa(l) _|_pl( )+ CI) 0(1) 0(1)
oc€Py, pEP, ’pcr =+ Q|2 |pcr + p (1) + q|

80(2)—ko(2) Tk, +ko(3)

(Po(1) + Po(2) + Py1) + @)+ " o1y + Poa )+ D)+ Py T O o
’pa(l +p0'(2) +pp(1) + q’2 ‘pa +pa( 2) +p;(1) +pp(2) + Q|2
So(n—1)—Ko(n-1)+k
( llpU +lep )+Q)+ pln=b)
|Zl:1 Doty + Z?;f p, (1) + q/?
+k0' n
(Zl 1 Po(i +Zl 1 p )"‘CI) p(n v p(n_l) ™
| Zl:l Do(1) + Z? 11 p/ + q,2
So(m) “Ro(m)thpmy kR
(i P + K15 Py + 0+ g (10.32)
| S0 Pory + X050 Py + 4l |4l
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10.3 Euclidean standard basis

The Euclidean generating functionals read in the standard basis:

2
-1
conf[(D)E (O)E] log Det (5S1k1,82k2 (271’)45(4) (Q1 - QQ)
+ Délslkl,wm(qﬂ(@ikg (a1~ @) + 0L, (01 — @)
- 1OgDet ( s1k1, sgkg 27T 5( )(QI - Q2)
+ D5 s koo (1) (O, (a1 — 2) = 0L (01 — )
E QE ! 45(4
conf[S S ] log Det (581k1,82k2 (27T) 5( )(ql - Q2>
d'q -1 -1 E
- 2 (27T)4 DE Slkl Sk‘(ql)SSk(q q)DE sk,32k2 (q)SS2k‘2 (q - q2)
sk
(10.33)
with:
D1 (p) = i L(3)(s1+3) [s1 52 s1—ki+ky L (10.34)
B siknsske P = 0 T E0 (o) + 1) \ by ) \ o + 277 P ‘
For the nonvanishing correlators on the balanced sector, we obtain:
(F(5)I‘(31+1)) (F(5)F(Sn+2m+1)>
I'3)(s1+3)/)  "\I'(3)(spram+3)
<@SEl (pl) .- @sEn (pn)@sEnJrl (anrl) ©Sn+2m (pn+2m)>conn
N2—1 . n+2m
- on+2m (27T)4ZZZ:1 8l5(4) (pl +.. '+pn+2m)
- n m,_2
8122 ° _‘i S1 S1 Sn+2m Sn+2m 1 Z
k1=0 kn42m=0 kl k1+2 kn+2m kn+2m+2 n+2m 0€Pntom
/ g (Poy+0)= " O (g 1) 4y +q)a @ OO
(2m)* (Po(1)+9)? (Po(1) +Po(2) +9)?
(Zn+2m lpa(l)+q)50(n+2m71)_ka(n+2m71)+k§a(n+2m) (q)io(nJer)_ka(n+2m)+k0(1)
(Zn+2m lpg(l)+q)2 (q)2 (1035)
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In the unbalanced sector, we get:
<F(5)I‘(81 + 1)) <F(5)F(8n + 1)> <87r L'(5)(s) + 1)) (F(5)F(sﬁl + 1)>
T'(3)(sy+3)/) "\I'(3)(sy+3) NT@B)I(s)+3)) "\I'(3)(s), +3)
(S5 (1) - - S, (pa)SE (P) - - - S5 (1))

N2 -1
T o (2)4i21= st 50 (Zpl +pz>

E-EE- B0 ()5

k1=0  kn=0K,=0 k=

81 s S S
Ky J\K +2) " \k, )\ kI, +2

O’ kO’ +
q) (D)™ Pe(1)Thp(1) ( Po(1) +p/p( )+q) p(l)

2n—1 / Po(
2 2 Po(1) T q)? (Po(1) + Py + @)

oc€P, peP,

Koy tho)

—k

S(2) ~p(2) Hho(3)

o)) F Po(a) TPy + ) Fre e (Po(1) + Po(2) + Py + Py + )=
(Po(r) + +p<>+)( b)) T Poc2)

(po(l) + Po(2) +7 (1) + Q)2 (p o(1) T Po(2) +P:0(1) +pp(2) + Q)2

—k +K
2 So(n—1) "Ro(n-1) (n—1)
(llpd ""E?lp Q)Z g

(X Po(1) + Zl:12 p;(l) +q)*
_ _ S n—1) K1) TFo(n)
(Z;L:ll pa_( + Z? 11 p/p n + q) p(n—1) “p(n—1)
(CI5 Po + 205 Py +0)?

So(n) =Ko (n) K,
(1 Poqy + 2205 pp(l)—i- q)z o
(X1 Poqry + X057 Py + 9)° (q)?

(q)i@)—k;(nﬁkvm

(10.36)

10.4 Euclidean extended basis

Similarly, in the extended basis we get:

N1
T lonlA”, AF] = log Det (81,08, (27)'6) (g1 — )
+ DE o1 krsky (0D (AL, (01 — @0) + AL (01 — qg))
- log Det ( sk sk (2T) 10 (g1 — o)
+Dg' s1k1,s2ko (¢1)(O 521@(611 —q2) — Aikg(ql - qg))
T lontB”, B"] = — log Det ( sknsaks (27) 10D (1 — q2)

d4
- 2/ =1 2 D5t sk (@B (@ — DR o (OB, (0 — a2)
(2m) "
(10.37)

— 56 —



with:

-1 s\ (52 o —kithe L
DE s1k1,82k2(p):2<k1> <k5 )pzl vt 2p2 (1038)

Explicitly, for the nonvanishing correlators in the balanced sector, we obtain in the mo-
mentum representation:

<AL}921 (pl) s AsEn (pn)Afn+1 (pn-i—l) cee AsEnJer (pn+2m)>conn
N -1

2 n+2m
- 2n+2m (27r)4i2’:1 515 (p1+ ... + Pntom)

Z 87§m S1 S1 Sn+2m Sn+2m 1 Z
—0 . kq Ky o kn+2m k;n+2m n+2m

kn+2m—0 UEP’n+2m

Ko 1)+ Sy —his (o
/ dtq Poay + @) DT (p ) F Py + )P T TIT®
(2m)4 (Po(1) +q)? (Po(1) + Po(2) + )2

(P oy + 4

2™ poay + 0)? (9)?

)o<n+2m 1~ ko(nram—1)tKo(nt2m) (q)so<n+zm>*ka(n+2m>+ko<1>
z

(10.39)

In the unbalanced sector, we get:

(Bg, (p1) .- BS, (pn)By (91) - . B (9),))
N2 -1
22n

b 2P o8 ,z <k1><> (i) ) G G- () (&)

Se(1) ko)) ( kL teo(2)

m-
Z Z / +4q)- Ps(1) +p;,( )+Q> Jou

oc€EP, peP, (pa(l) + Q) (pa(l) -+ pp(l) + q)2

2n1

50(2) “ko(2) ) (o) ko tha(3)

(Po(1) + Po(2) + D1y T D)= (Po(1) + Po(2) T Py1) T P2y + 1)z e
(pa(l) + Ps(2) + pp(l) + q)2 (pa(l) + Po(2) + p;)(l) —+ pp(g) + Q)Q
n— n— so’(nfl)fko'(nfl)Jrk/ n—
(21:11 Do(l) t 25112 p;)(l) +q)- o
. (Z?:_ll Po(1) + Z?_f p/ ) + Q)Z
n—1 n—1 n— n—1) ko (n)
(21:1 Do) + Zl:l pfo( ) +4q)- o= Kotn)
(Z?:Hl Doty + 21;1 p (1) +q)?
So(n) ™ o'(n)"‘k n s’ —k' +k,
(X1 Poy + S5 Py + @)z o (g) e TR
(i1 Doty + X057 Py + 0)? ()2

(10.40)
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A Notation and Wick rotation

We mostly follow the notation in [7]. We define the Minkowskian metric as:
(g/l«l/) = diag(la_:l?_]-a_]-) (Al)

The light-cone coordinates are:

zt = =z (A.2)

The corresponding Minkowskian (squared) distance is:

|z|? =222 — 22 (A.3)
where:

2} = (21)? + (2?)? (A.4)
We denote the derivative with respect to z* by:

0 0

8+:8.’L‘7+: x+:7:ax_ (A5)

We define the light-like vectors n* and n*:
nynt =n,nt =0 nynt =1 (A.6)

that can be parametrized as (n*) = %(1,0,0, 1) and (n*) = %(1,0,0, —-1).

The Minkowskian metric can be decomposed into orthogonal and longitudinal parts
with respect to the light-like vectors:

Guv = gj,_z/ + nuny +nynyg (A?)

The Euclidean metric is:
(3y) = diag(1,1,1,1) (A8)

The corresponding Euclidean (squared) distance is:

2% = 227" + 22 (A.9)

with: 4 3 )
a7 =2 ;ﬁw - \_;img =1z (A.10)

and: Y s »
I ::z4—mc3:xz (A1)

V2 V2
We define the Wick rotation by:

2 = xg = —izt = —izy (A.12)
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and:
_,0 . -4
po=p —>ipy=1ip (A.13)

Eq. (A.12) ensures that exp(iSy;) — exp(—SEg), where Sy and Sg are the Minkowskian
and Euclidean actions respectively, with Sg positive definite.

By defining p - = p,a# and (pz) = p,a* in Minkowskian and Euclidean space-time
respectively, eq. (A.13) ensures that, by the Wick rotation, p - x — (pzx), in such a way
that the pairings p-x and (px) are actually independent of the Minkowskian and Euclidean
metric respectively.

Therefore, by a slight abuse of notation, we also write p - x in Euclidean space-time,
instead of (pz). Besides, |z|> — —2? and [p|> — —p?.

As a consequence, the Wick rotation of the scalar propagator of mass m in Minkowskian

space-time:
dp . i
_ ey L Al
©@ow) = [ G o (A14
reads in Euclidean space-time:
dp . i2 dp . 1
E E — ip-(z—y) - ip-(z—y) Al
(7 @)™ v)) / (2m)4 c —p? — m?2 / (2m)4 c p? +m? (A-15)
as it should be. Moreover, the Wick rotation of the light-cone coordinates is:
vt =r_ = —iz® = —ixs (A.16)
and:
T =y — —ir® = —ix, (A.17)
Correspondingly, the Wick rotation of the derivative with respect to =™ is:
0
0 10, = i— A.18
+ — 1 Zaxz ( )
B Minkowskian and Euclidean propagators
The gluon propagator in the light-cone gauge, n- A= A, =0, is:
dp . —i g NPy + NP
A% (x)Ab :/ w(w—y)( , — T VR “) B.1
< ,u('r) z/(y)> (271_)4 € |p|2+i€ Iu p-n ( )
and in the Feynman gauge:
d4p ) —j gab Sab g
A9 () AP (1)) — / ip-(z~y) y = B.2
< ,u,(x) I/(y)> (27‘(‘)4 € |p’2 + ie gM 47T2 |.’E o y|2 — je ( )
Hence, in the light-cone gauge the transverse propagator is:
(A%(2)A%(y) =0 (B.3)
(A%(2)A%(y) = 0
" B 5ab 1
(A% () A%(y)) =

CAm? |z —y[2 —ie
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We employ eq. (E.2) to work out the 2-point correlators in the light-cone gauge:

(ff1(z) 11 (y)) =0 (B.4)
(ffi(ﬂﬁ)ffi(y» =0

“ b 5ab 1
(fi1(@) fi1 () = —maﬁaw  — g2 — e

and:
(O fia ()0 fla(y) =0 (B.5)
(07" 1 (@)07 f1 () = 0
§ab 1

<3J:1ff1($)5;1ffi(y)> =

CAm? o —y[2 —ie

The Euclidean propagator in the Feynman gauge follows from the Wick rotation (ap-
pendix A):

d4p ) gab gab §
ABa( ) AEb _ / ple-y) —_§ =2 T B.
AE@ AR W) = [ B e S = T (B.6)
Moreover, by performing the Wick rotation of eq. (B.4) and (B.5), we obtain in Euclidean
space-time:
(@) T () =0 (B.7)
@) ) =0
FEa Eb _ 5ab 920 1
< 11 ((L‘) ii (y)> - _477_(_2 x* Uy (l‘ — y)g
and:
(07 AT ()07 fi () =0 (B.8)
O M@)o P w) =0
a—l Fa 8_1 FEb _ 5(117 1
(0 fi1" (@), [ () = —@W
C Identities involving o* and o*
We define the matrix (o%),):
(") = (1,5) (C.1)
by means of the Pauli matrices that satisfy:
[Ui,Uj} = 2ie Tk gk (C.2)
{o%, 07} = 26Y1
We also define:
(") =(1,-3) (C.3)
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and:

1+ 03 _ 1—o03 _
+ _ _ myN 1 2 myN 1 2
g = g = g = \0o ,0 g = \—0 ,—0
\/5 \/§ ( L) ( ) ) ( L) ( ) )

By means of (Ugd) we may represent a vector, V,,, in matrix form:

V=V, =2 <Yj “/_/) (C.5)

with:
Vo+V3 Vo— V3
V. = V. =
* V2 V2
Vi + iV V-V,
itih o AT (C.6)

(C.7)

in such a way that:

Det(Vys) = 2(V4 Vo — VV) = VHV,

Hence, the Lorentz group is embedded into SL(2,C), and a Lorentz transformation acts as:

V' = LVL (C.8)
with L € SL(2,C), leaving the determinant invariant.
We introduce the antisymmetric symbols e, €2 [17]:
612 = —621 = €21 = —€12 = 1 (Cg)
with:
€acel =62
P (C.10)
that are employed to lower and rise the spinor indices respectively. For example:
o = e’ DU =D, (C.11)
The following identities [17] hold:
~ i b _ab
gt = e Ugb (C.12)
ohiol = 20,06%,
o-aao-u bb — 26ab€ab
O_;Laa5_2b _ 2€ab€ai)
Besides, we define [17]:
v\ b i v b v b
("), = 1 (UZL&U @ —ogp.oh ) (C.13)
B R o
(O_,uu)a _ Z (O_,uaco_lc/' Uyacagb)
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with vanishing traces:
Tr ot = egp(cH)® = (C.14)
Trot” = edb(c}“l’)"‘i’ =0

o and 0y, satisfy the duality relations:

oMV = —%e‘“’paapg (C.15)

1
— pv Hrpo =
ot = *26 Opo

where €123 = 1. Moreover, the following identities [17] hold:

(@) (o) d = 26,°04" — 6" 04 (C.16)
(5W)ai)(5lw)cd - 25065(1(1' - 502)5661

D Relation between the spinorial and vectorial bases in Minkowskian
space-time

The components of F),,, with their s, j, 7 assignments, are:

3

Fip=F*nag3, pr=12 s=1, j=g,7=1 (D.1)
1

F_, :Fo"gﬁagé‘u wv =12 S:—l,]—i,’i':?)

F,W—Fo‘ﬁgaugﬁy wr=12 s=0 j=1, 17=2

F+,:F nang s=0, j=1, 17=2

The component with maximal s, F,, is well suited (section 2) to build twist-2 operators
that are primary [10, 11] for the collinear conformal subgroup. In the light-cone gauge:

Fip= 01 A, (D.2)

with p = 1,2. Similarly, twist-2 primary conformal operators can also be built by means
of FN‘_th

- - 1
F+M — Faﬂnagé—u — §€aﬂp0nagé—quo_ =€ +O'gé‘#F+o-
_ — 1 -1 1
—¢ B—l—agé“ginf — _¢oBt gﬁlugUVF_: — Pot gﬂugauF+V (D.3)

with s =1, j = % and 7 = 1, where:

. 1
FH = 56“”’”Fpg (D.4)
We define:
Cur = Eaﬁpggi_pgﬁynan =" aft- gi_,u,gﬁl/ (D5)
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with u,v = 1,2 and €19 = 1. Hence:

Py = Gl (D.6)
and:
F+1 = —F+2 F+2 == F+1 (D?)
In the spinorial representation [15]:
Fadbb O-aao-bbF (D8)

It turns out that F),,, decomposes [15] into the (1,0) @ (0,1) representation of the Lorentz
group:

E vy = 2(faves — €abfap) (D.9)
where:”
Jab = (o” JabFuw (D.10)
and: ‘
fab = —%(5””)a5Fuu (D.11)
with:
fab = T3 (D.12)
Indeed, since eai’fai) =0 and € ;¢,;, = —2, we get from egs. (D.8) and (D.9):
eibgt Ooa 0w = 2fabe €, (D.13)

that coincides with eq. (D.10) by the antisymmetry of F/w and the definition of o} in
eq. (C.13). Similarly, we obtain eq. (D.11). It follows that:

i
fll - 5(0—#”)11pr (D14)
where:
Nz _ i ed ®o_v v v
(") = 1€ (016074 — 01:074)
_ 7 oM
= 4(011012 — o501 — ool + aly0t)
Z’ v 14
= §(Uf1012 —014071) (D.15)

From the definition of the matrices (o) (appendix C):

(U;ra)_ : (2 0) ji(%léai)

Gaa ﬁ < > 025612 )

) (6a1043 + a2041)

0 > =1 ( 5a15a2 + 5025&1) (D.lﬁ)

"We write eqs. (D.10) and (D.11) in the notation of appendix C, as opposed to the one in [15].
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“w
12
Hence, by employing the antisymmetry of F},,, we obtain:

it follows that afi is nonvanishing only for y = +, and ¢’ is nonvanishing only for p = 1, 2.

i (1 y i1 2
fll = 5 <22O'r10'12) F+I/ = 52572 <012F+1 + O'%QF+2> (Dl?)
Therefore:
1 .
Juu= NG (Fy1 —iFy2)
1 .
fii = VG (Fy1 +iFyo) (D.18)
We can now build the dictionary from the spinorial to the vectorial basis of the twist-2
operators:
1 , .
fufii =35 (Fy1 —ilFhe) (Fr +iFy2) (D.19)
1 .
= §(F+1F+1 + FhoFyo —i(FyFrg — F+2F+1))
1/ w ,
=-3 (ﬁ N %WF+;4F+V)
and:

1 . .
f11f11 = 5 (F+1 — ZF+2) (F+1 — 1F+2) (D20)
1 - -
=3 (F+1 + ZF+1> (F+1 + ZF+1>

In principle, the unbalanced operators with 7 = 2 in the vectorial basis should be con-
structed by means of the tensor:

% (F+M + iF+u) (F+l/ + iF+V) (D'21)

and its Hermitian conjugate, with u,v = 1,2. However, a simple computation shows
that all the components of the operators above are actually proportional to fi1fi11 and its
Hermitian conjugate respectively. Indeed:

1 =~ = 1 . .
5 (FH + ZF+2) (F+2 + ZF+2) = 5 (Fia +iF) (Fia +iFy) (D.22)
1 . .
=-3 (Fy1 —iFy) (Fyq — iFy2) = — fiifu

and:

7

5 (B = i) (Fiy — iFy2) = ifufu (D.23)

% (F+1 + iF_H) <F+2 + iF+2) =
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It follows that in the standard basis:
«n:—}Tﬂf@@wﬁ4+ﬁiﬁ”qi(ﬁi;%+
0, = —%e“ Tr Fyp(x ZB+ Jrl% 2C§_2 (?Jr—_ﬁ

Ss = 2\[ Tr (F+1 + zF+1) 23 —i—z% 5= 2C’S2 9 <g+—+§> F+1 —|—2F+1

)l

+

_ 5
Tr (FH - Z'F+1) (iB+ + i$+)s_2cs2—2 ( — +
+

Sl
ST
+

Ss = Fiq— ZFH (D.24)

1
2V2

and in the extended basis:

As = _%gj_ TI'D F+/_L ZB+ + Zg (ﬁ) D;1F+,/(ZL')
A, = —56‘“’ Tr D 1F+u ZB+ + zﬁ (%) D;lFJrV(x)

1 - (D, -D
B,= ;=T Dy (Fyy +iFy) (iDy +iD.)°CF ( + +> DY (Fyy +iFy)
++ Dy
i _ 1 (D,-D
B, = fTrD <F+1 —z’F_H) (iD4 +iD.)C ( + *) D (F+1 —zF+1>
2 ++ D4
(D.25)
E Complex basis
The complex basis is defined by means of:
g hitidy e (B.1)
V2 V2
In the light-cone gauge, it follows from eq. (D.18) that:
fu=-0,A
A (E:2)
Hence, the operators in the standard basis are:
s (9,-9
O, = Trds A2)(i 8 4 +i04)° 202, ( + +> 0, A(z)
3+ + 0+
9,9
Oy = Trd, A(z)(i8 4 +i0 ) 2C2, (;*—;*) 9, A(x)
04++ 04
- , (3.9
Ss Ted, Ae)(id 4 +i04)° 202 ( + +>a A(z)
f ! ! Nd+o.)
Q 1 s—2 % 3+ - <5+
Ss = ﬁ Tr 8+A( )(7/ 3 + +1 8 ) 05_2 e — 84,_14(56) (E 3)
04++ 04
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in the light-cone gauge, and analogously in the extended basis:

ASZT 134_4-7/8 )C <a++3 >
—
Ay =Tr 134_4—13 )°C2 <a+_8+>A
++ 3+
i3 (20
B TTrA (7 ++z(9 )°Cs <8++8+> A(x)
Es——TrA (i0++i04 <3+_<5+)A(x) (E.4)
\/5 3++ 0y

F Jacobi and Gegenbauer polynomials

We work out the formulas for the Jacobi and Gegenbauer polynomials that are employed
in the present paper.
For z real, the Jacobi polynomials, Pl(a’ﬂ ) (x), admit the representation [18]:

e E T e

with «, § real and [ a natural number. Moreover, they satisfy the symmetry property:

A (=) = (<) PP (@) (F:2)
The Gegenbauer polynomials, Cf‘/(az), are a special case of the Jacobi polynomials:

F(l + QQI)F(O/ + %) (alfé,a/*
I'(22)0(1+a + 1)

' (z) = 2 () (F.3)

Therefore, they satisfy the symmetry property:

O (—2) = (-1)'C} () (F.4)
From now on, we set:
b—a
= F.
YT a+b (F5)
in such a way that:
(x—l)k (x—i—l)l_k_ (1) al=kpk (F.6)
2 2 (a+ b)! '
Hence, eq. (F.1) becomes:
l I—kpk
(a”[}) . l+Oé l‘l_/B I—k a b
B () = ; ( L ><k:+ﬁ (1) (atb) (F.7)
=0
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Besides, setting { = J —a/ + 3 ineq. (F.3)anda = =0a' — % in eq. (F.1), we obtain:
D(J+ 5+ o) +3)
T(2a)T(J + 1)
—ao'+ L /
J Z+2 J J (_1)Jfa’+%7k al —+3—kpk F8)
kEJ\k+ao — % —a'+3 '

k=0 (a+b)/~>*2

C?a+2( )_

Specializing the above equation to J = s and o/ = %, we get:

g ~ T(s+3)I'(3) 2 (s s o @SRk
Cey(z) = m 192::0 (k:) (k i 2) (—1) km (F.9)

Moreover, for J = s and o’ %, we obtain:
1 *(s\ (s a’Fbk
2 — -1 s—k F.1
C3 (x) ];) <k> <k>( ) FDE (F.10)

From now on, we restrict a, 3 to the natural numbers and, correspondingly, o’ to the
positive half-integers and J to the natural numbers.
By employing the identity:

I+a\(l+B8) @+ +a) [I\[l+B+a (F.11)
k k+8)  Ui+a+8) \k k+ '
it follows from eq. (F.7) that:

o, I+ +a) . (1) [1+ 8+« L al Rk
A B)(m):M,;)(k)( k+ 8 >(_1)l km (F.12)

Corrispondingly, eq. (F.3) reads:

Ll +2)T( +3) I+ — D+ — )
F2a\T(+a + 1) N+ 2o —1)!

zl: D\ (142 -1 (1) al=kpk
k)\k+o -1 (a+b)!

k=0

/

(=) =

(F.13)

which reduces to:

o + 1 o l o — al—FpF
O (2) = I( FJ(F22 T(l+a +3 Z <k> <l+2 , 11)(_1)54;5 (F.14)

N+ 1) kE+a —35 (a+ b)t
Specializing the above equation to o = %, we obtain:

3 IN¢/ 3 l l+4 al=kpk
Cp () = ( + Z <k> (k: 2) (=17 (a + b)!

k=0

l al—k k
(l + 1 l+2 Z ( > (iié) l)l—kz (a+2)l (F.15)

k=0

to be compared with eq. (F.9).
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G Matching 2- and 3-point Minkowskian correlators with [1]

We verify that our results for the 2- and 3-point Minkowskian correlators of the balanced
operators with even collinear spin in the standard basis coincide with the ones in [1] up to
the different normalization of the operators.

Starting from eq. (2.15):

2 _ 2542 T — 2s
Cs(x,y)—(47:2)2N ; 12(4!)2 (_1)8(3_1)s(s+1)(s+2)(2s)!(;_yf;;;s+2 (G.1)

we get:
_ L ov2 o poosng_pyn L Ll143) T@s14+2) (@)
<@81 (I)©52 (y)> _55152 (871'2)2 (N 1)2 ( 1) 24 32F(81 _ 1) 281 + 1 (|$ _ y|2)231+2
(G.2)

in terms of gamma functions. Besides, we rewrite the above correlator in terms of j = s—1,%
to match the notation of eq. (2.11) in [1]:

1 : s+ ) T2 +4) (x—y) P H
8. . = (_1\yhtl/iar2 _ 2j1—3 +
<@s1 (x)(@sz (y)> 5]1]2 (87‘(’2)2( 1) (N 1)2 32F(j1) jl + % (|l‘ _ y|2)2j1+4

(G.3)

This is the very same result in [1] up to the overall factor of ¢;,0;,, which is missing as
— contrary to eq. (2.2) in [1] — we have defined the operators Oj in eq. (4.7) without the
factor of o; in front.

Our 3-point correlators of balanced operators with even collinear spin read in eq. (2.19):

1 3 NZ—
(00, (£)0.,(4)0(2)) = ~ (7532 (2) ot imrnguinte
(s1+1)(s1+2)(s2 + 1)(s2 +2)(s3 + 1)(s3 +2)
$1—2 522 532 51 5 5 s 5
ZE5 ()0 )5 ()2
(s1 — k1 + k2)!(s2 — ko + k3)!(s3 — ks + k1)!
) et - k) M
(lx — y|2)s 1+ iFths ([y — z[2)setl—kaths (|5 — g[2)sst1—ksthr
(G.4)
Employing:

5 § _ 5(5_1) s—2 5—|—2
DLl e

84 = s—1 in this section should not be confused with the conformal spin in the rest of the present paper.
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we obtain:
1 23N2_1'ssssss
(00 (@05, )00 (2)) = ~ a2 (37) —g e

81(81 — 1)82(52 — 1)53(83 — 1)

Si282§3283§32 s1— 2 s1+ 2 S9 — 2 So + 2 Sz — 2 s34+ 2
R1=0 ha—0 ka0 ]{21 kil —+ 2 kg kg +2 k‘3 k5+2
(31 — k1 + kg)!(SQ — ko + k3)!(83 — ks + kl)!

(33 _ y>j_1—k1+k’2 (y _ Z)j_Q_k2+k3 (Z _ :C)j?—ks-i-kl
(|IL‘ _ y|2)81+17k1+k2 (|y _ Z|2)52+1*k2+k3 (’Z _ x|2)83+1*k3+k1

that in terms of ji, jo, j3 reads:
1 1
(Os, (7)0s, (y)Os4 (2)) = T (8r2)P 223°
J1(J1r +1)g2(j2 + 1)j3(j3 + 1)
J‘i ”i "f <j1 - 1) <j1 + 3) (jz - 1) <j2 + 3) (jg - 1) (jg + 3)
Sk 2k Je+2)\ ks ks 2

(1 + 1=k +k2)l(G2 + 1 — ko + k3)!(jis + 1 — k3 + k)!
(x . y)i}-‘rl—kl-‘r@ (y _ Z)j2+1—k2+k’3 (Z _ x)j3+1—k3+k’1

+ + (G 7)
(|$ — y|2)j1+27k1+k2 (‘y _ Z|2)j2+27k2+k3 (‘Z _ I’2)j3+27k3+k1 :

( 2 _ 1)Z'j1+j2+j3+32j1+j2+j3

This is the very same result of eq. (2.22) in [1] up to the overall factor of ¢;,0,0;,, which
is missing because of the aforementioned different normalization of the operators.

H Summation trick for 2-point correlators

We compute the 2-point correlators by means of the technique in [1].

H.1 Standard basis

In the standard basis, we get:

5
2

(00, (2)00s (1)) = G2 5(Dy 0, )Gas5(0,,0,1)
(Tr fr1(@1) f11 (y2)) (Tr fr1(y1) fii(22))

Y1=Y2=Y (Hl)

T1=T2=T

in the light-cone gauge. We restrict the correlators to (z — y), = 0, so that |z — y|?> =
2(x —y)+(z —y)-. For x_ > y_, we obtain:

'k o0
-y~  Jo
By the above formula, we convert derivatives into multiplications:
8$1+ — —T1 8$2+ — —T9
8@/? — T2 8@/; — T1 (H3)
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By eq. (F.4):

5 T2 —Ti 5 To —T1
2 . — _1 S1 2
81_2( 7‘1+7'2> (D™ <7'1 +Tz)

3 T — T2 5 Ty — T1
C? = (—1)%2C? H.4
5272 <T2+T1) (1% Cm <T1+72> (H4)
we obtain:
1 N?2-1 1
Oy, ()0 =— jsrtsemd (st H.5
O @0 ) = o1 e ) (11.5)
oo 5 _ 5 —_
drd s+ =422 —(nm)(e—y)- (o3 (TQ Tl) c: (TQ ”)
/0 T14T2 (7_1 + 7_2) T1T2€ s1—2 T+ To s2—2 4+
From the substitution:
T =T T =T1(1—"7) (H.6)
it follows:
1 N?2-1 1
Oy, ()0 = jsrtsemd (1St H.7
< S1 ((13) 82(?/)> (471'2)2 4 t 4($ _ y)%,-( ) ( )
[e's) 1 5 5
/0 dT/O dy T T (1 = )2 TS0 (1= 29)C3, (1 - 29)
The 7 integral is:
o0 T 2
0 (x —y)
while:
L 23 3
|t =m2ed a2 -2y (19)
is rewritten as: )
Ldu (1 —u? 5 5
|5 ( - ) a(0)CE () (H.10)
with u = 1 — 2. The orthogonality of Gegenbauer polynomials reads:
1 ;1 / / 7T21_2°‘/F(n1 + 20/)
dz (1 — 227202 (2)C% (2) = & H.11
[ 42 (= 2 OO E) = b e s (H.11)
Hence, for o/ = %:
1 2 5 5 16(s1 + 2)!
.2 2 2 _ —4
/_1 du (1 U ) 03172(u)03272(u) 551822 9(81 o 2)‘(281 4 1) (H12)
Collecting all the factors, we get:
1 N?2-1 1 1(sy+2)! T'(s1 + 82+ 2)
O [0 = -51452—4 —1)51ts2 —
< S1 (x) S2 (y)> §182 (47_‘_2)2 4 ? ( ) 24 32(81 _ 2)' 281 + 1

1
Az — y)2 (z —y)2 T2 t?

(H.13)
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Going back outside the plane (z —y), = 0:

1 s1+s (‘T — y)8+1+82
4(w _ y)%r(x _ y)§+s2+2 — 2 (|x _ y‘2)81+82+2 (H’14)
we obtain:
1 N2—-1, ..
<@s1 (x)@)sz (y)> = 55182 (47[_2)2 4 281+82 4231+S2 (_1)51+52 2432
(51 +2)!T(s1+s2+2) (z—y)3+
(s1—=2)!  2s51+1  (|Jo—y[?)sts2t2
_s 1 N?—12%+2 1y
TR A2 4 (4)2 (=1)
(z =y
(S]_ — 1)5]_(81 + 1)(5]_ + 2)(281)'W (H15)
Analogously, the above equation extends to the balanced operators Qg with odd s.
H.2 Extended basis
In the extended basis, we get:
1 1
(b (2)Any () = G4 (0,+.0,1)G3(D,.0,)
_ _ _ _ Y1=Yy2=y
(Tr o fu(en)d3 fii (y2))(Tr 07" fra (y1) 05 fij (2)) I L)
in the light-cone gauge. Performing the Wick contractions, we obtain:
1 N?-11 1 1 1 y1=y2=y
— 2 2
<A51 (x)ASQ (y» = (471‘2)2 A gSl (ami*"ax;)gw (ayi'ﬁay;') |$1 — y2|2 |y1 — $2|2 R
(H.17)
Similarly, we restrict the correlators to (z —y), = 0. By eq. (F.4):
1 T2 — T1 L /1o —T7
2 [ — (—1)51C2
Ca ( 71 +T2> (D70 <71+T2)
3 (71— T2 i (Tm2— T
Ca = (—-1)2C¢ H.18
- <7'2+7'1> (F1™C <71+7'2) ( )
we get:
1 N2-1 1
(As, (2)As, (y)) = e (—1)sre (H.19)
o ° (472)2 4 4(z —y)2
/OO dridry (11 + T2)51+5267(T1+7'2)(x7y)_Cs% (7-2 - 7-1) Cs% (7'2 - 7'1)
0 ! 1+ T2 2 1 + T2
Changing variables:
T = T7, T =7(1—-"7) (H.20)
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we obtain:

(g @)y (1) = g Liertoe L (e (m.21)
(R W) = ey TTE—nEl |
0o 1 1 1
[ [ ayreretiereni-ch - ach i - 29)
0 0
The 7 integral is:
o0
/ dr et gmre—y) _ Ts1t s +512+2;2 (H.22)
0 (z —y)~
while: . . .
| aveza-2meza -2 (1.23)
is rewritten as:
Vdy L 1
iy C¢ (u)Cs(u) (H.24)
with uw = 1 — 2. The orthogonality of the Gegenbauer polynomials reads:
1 /1 / / 7T2172a/11(81 =+ 20/)
dz(1-22)" 7209 (2)C% (2) =4 H.25
[ a2 0= 2 OGO = b s (1.25)
Hence, for o/ = 3:
’ 2
Ldu 1 1 1
/;1 7 0521 (’LL)0822 (u) = 58132m (H26)
Collecting all the factors, we get:
1 N?2-1 [(s1 + s2 +2)
_ 514 +
<Asl (SL‘)ASQ (y)> = (53132 WTZSI 82 (_1)51 82 W
1
(H.27)
Ao —y)d(z —y) 2Tt
Going back outside the plane (z —y), = 0:
1 (v =yt
— 281Hs2 + H.28
-yl a—yo (o —yP)rvos (1:25)
we obtain:
1 N?2-1 [D(s;+s942) (x—y)7H
A A =4 _ =T Tysiths2(_q)sits29sitse +
< 51 (x) 52 (y)> 5182 (47T2)2 4 ¢ ( ) 231 + 1 (|$ . y|2)51+52+2
1 N?2-1 T
(_1)31 2251 (231)| (IL' y)+

Ol (FEPREEE

(H.29)

Analogously, the above equation extends to the balanced operators A, with odd s.
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