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Bending Characteristics of Carbon Nanotubes: Micropolar
Elasticity Models and Molecular Dynamics Simulations

Abstract

The present paper aims at evaluating non-classical continuum parameters for each
class of armchair and zigzag single-walled CNTs focusing on the scale effect in
their flexural behavior observed in molecular dynamics (MD) simulations. Through
a non-linear optimization approach, the bending rigidities obtained from atomistic
simulations are compared to those derived from non-classical continua. For MD
simulations, a novel method ensuring pure bending is introduced and for contin-
uum modeling, micropolar, constrained micropolar, and modified couple stress
theories are employed. The results reveal that adopted non-classical theories, no-
tably micropolar theory, provide reasonable outcomes with an obvious failure of
classical Cauchy theory.

keywords:micropolar continua; molecular dynamics simulation; size effect in bending
modulus; SWCNTs parameters identification; optimization

1 Introduction

1.1 Applications and Literature Review
Carbon nanotubes (CNTs) [1, 2] have many actual and potential applications in dif-
ferent fields of engineering (e.g. sensors [3], actuators [4, 5], springs [6], resonators
[7, 8], reinforcement elements [9–12], probes [13–16]) thanks to their outstanding
mechanical, optical, thermal and electrical properties [17–20]. Even though discrete
modeling techniques can precisely mimic the response of the corresponding media
with a proper choice of interatomic potential and realistic boundary/loading conditions
[21–26] [27–30], limitations are imposed both on time and scale of the problem due to
computational concerns [31], while experimental methods might suffer from physical
challenges (e.g. sample preparation/handling, analysis, data extraction) [32, 33].

Among various efforts that have been made to describe the behavior of nano-
structures (including CNTs), continuum models that are evaluated in accordance with
findings of atomistic simulations or actual experiments, may well be used to reduce the
computational burden by approximating corpuscular structures with continuous func-
tions [34–36]. The simplest continuum model to be resorted is the classical Cauchy
of grade 1, yet it suffers from limitations of not being able to contain information
about internal size, strain asymmetries and particle orientations [34, 37], which can
be considered as the source of scale effects in CNTs [33, 38–42]. These drawbacks
can be overcome with the aid of non-classical (non-local) continuum theories that uti-
lize field description at coarse level and preserve the memory of material’s underly-
ing structure at fine level through internal scale parameters [43–48]. As suggested by
Kunin [49], Maugin [50] and Eringen [47], a distinction between ‘explicit’/‘strong’ and
‘implicit’/‘weak’ non-local formulations can be made depending on the kind of non-
locality. This classification was first adopted by Trovalusci [34], and further by other
studies [51–54]. In the so-called explicit type non-local models, such as Eringen’s
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model [55], primal fields of classical theory is preserved while equations of motion
contain integral, integro-differential or finite-difference operators in the spatial field to
cover the long-range interactions through non-local parameter [48, 56]. On the other
hand, in implicit type non-local theories, also referred to microcontinuum field theories
or multi-field continua [47], each material point is endowed with additional degrees of
freedom (DOF) that can account for size effects. In micropolar theory, as a subset of
microcontinuum field theories, this non-standard DOF is set to be the microrotation
and consequently additional strain and stress measures as well as material parameters
containing information about internal structure are introduced into the field and consti-
tutive equations [49, 50, 57, 58]. As a result, micropolar theory has been successfully
used to describe a wide range of materials with internal structures, especially those
where relative rotations are predominant, such as brick masonry-like materials [59–61],
heterogeneous structures with internal cracks/voids/inclusions [62–65], and particulate
composites [66–70]. A subcase of micropolar theory is the couple stress theory orig-
inally developed by Toupin [71], Mindlin and Tiersten [72] and Koiter [73], in which
microrotations are constrained to follow macrorotations (local rigid rotations) yield-
ing symmetric strain measures [74, 75], however, it should be noted that the original
form of couple stress theory suffers from indeterminacy of the spherical part of couple
stress tensor and the appearance of the normal component of couple traction vector
on boundary surfaces [47, 76, 77]. To overcome this inconsistency, different versions
of couple stress theory have been developed. Yang et al. proposed modified cou-
ple stress theory [78] in which the microrotations still equals the macrorotation while
the strain energy is assumed to depend only on the symmetric part of the strain and
curvature tensors, providing a symmetric couple stress tensor and only one additional
length scale parameter besides classical material constants. Due to the greater simplic-
ity of size-dependent modified couple stress theory than micropolar theory and origi-
nal couple stress theory, it is frequently adopted to study the mechanical behavior of
size-dependent materials and nanostructures [79–83], although there still exists some
criticism on this theory regarding ill-posed boundary conditions [77].

A number of studies have addressed the size-dependent behavior of single-walled
and multi-walled carbon nanotubes through static analysis like flexural and torsional
deformation and buckling [84–86] and dynamic analysis like free vibration and wave
propagation [87–90]. The occurrence of size effect is due to the fact that at nano-scales,
the lattice spacing between individual atoms is comparable to the overall dimensions
(e.g., length, diameter) and the discrete nature of the underlying material organiza-
tion affects the gross mechanical behavior of the structure. As classical theory cannot
capture the size dependency, non-local theories, which can include the effect of ma-
terial length scales, are often recommended when continuum modeling is desired. A
review on the subject is provided in [91], while as one can see the majority utilizes
explicit type non-local theories [92–97]. All these considered, investigating the ca-
pacity of the implicitly non-local micropolar and couple stress theories on describing
the overall behaviour of CNTs is tempting as there exist limited number of studies
on the subject. So far, few studies have adopted micropolar theory to model CNTs.
For instance, Xie and Long [98] calculated the fundamental frequencies of single and
double-walled CNTs using the concept of micropolar elasticity. However, the applica-
tion of couple stress theory in CNT modeling is more common than micropolar theory;
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Akgoz and Civalek [83] adopted modified couple stress theory and Euler-Bernoulli
beam model to calculate the critical axial compressive buckling loads of CNTs. Kha-
jueenejad and Ghanbari [82] estimated variable internal length parameters for zigzag
and armchair CNTs using modified couple stress Timoshenko beam theory and the ax-
ial buckling loads from molecular dynamics (MD) simulations. Fakhrabadi et al. [42],
used modified couple stress theory with average material parameters of CNTs to show
size-dependent mechanical behaviors of the cantilever and doubly clamped CNTs un-
der electrostatic actuation. Khorshidi [41] used a modified couple stress Timoshenko
beam with the weakening effect to capture the fall in the phase velocity curve vs the
wave number observed in the MD simulation. They have used MD result for two arm-
chair CNTs found in a study by Wang and Hu [99], and reported different material
length scale parameters for each. Farokhi et al [87] developed a size-dependent con-
tinuum model based on modified couple stress theory for analysis of the behaviour of
carbon nanotube-based resonators. The model is then parameterized and validated em-
ploying molecular dynamics simulations. Finally, in a recent contribution of some of
the Authors [100], size-dependent behavior of CNTs under torsion is investigated on
the basis of micropolar theory, and corresponding material parameter sets of armchair
and zigzag CNTs are determined by comparing the difference between the apparent
shear modulus obtained from MD simulations and one-dimensional micropolar beam
model.

1.2 Contributions of the Present Study
With this motivation, in the present study, the applicability of micropolar theory in
modeling size-dependent behaviour of CNTs is checked focusing on flexural charac-
teristics. For this purpose, first, a series of MD simulations are performed on armchair
and zigzag nanotubes under pure bending, which is ensured by proposing a systematic
method that avoids previously reported spurious axial deformations [101–105]. For
the sake of computational cost, the length of the CNTs are adjusted to keep the aspect
ratio constant at a moderately small value since bending stiffness is proved to be in-
dependent of the slenderness. In consistent with experimental observations [106] and
atomistic simulations [85], the variation of bending modulus with diameter reveals the
existence of size effect, and, indeed, calls for the use of non-local continuum theories
to be able to maintain the accuracy of atomistic simulations. For the identification of
the corresponding constitutive material parameters, a non-linear optimization approach
that aims to reproduce bending rigidities obtained from MD simulations by continuum
model is adopted. Here CNTs are considered as three-dimensional hollow cylindrical
beams made of homogeneous, isotropic, linear, elastic material. As the exact solu-
tion to the bending problem of a micropolar hollow cylinder is rather sophisticated,
in the present work the problem is also solved in the framework of modified couple
stress theory [78], and constrained micropolar theory, in which the displacement field
is assumed to be equal to the classical elastic one and microrotations are enforced to
follow the macrorotations [107]. It should be mentioned that the constrained micropo-
lar theory can still account for the asymmetries in the curvature and couple stress fields
on the contrary to the modified couple stress theory. The suitability of the two latter
theories is then compared with the solution of micropolar theory. To the best of the
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Authors’ knowledge, this is the first time that micropolar/modified couple stress the-
ory is used to model the size-dependent behavior of CNTs captured in the atomistic
simulated bending of CNTs.

The paper is organised as follows; Section 2 describes the details of MD simula-
tion for the pure bending of CNTs by validating and discussing the results. Section 3
addresses the governing equations and derives corresponding bending rigidity expres-
sions for micropolar, constrained micropolar and modified couple-stress theories. In
Section 4, the constitutive parameters for each implicit non-local continuum model are
determined using a non-linear optimization approach by providing a discussion of the
results. Finally, concluding remarks are summarised in Section 5.

2 Atomistic Simulation
Single-walled carbon nanotubes (SWCNTs) can be described as a single layer of graphene
sheet rolled into a seamless hollow cylinder with a constant mean diameter. Depending
on the direction of wrapping, nanotubes are categorised as armchair (m = n), zigzag
(n = 0) and chiral (m , n):

Ch = ma1 + na2 = (m, n) (1)

where Ch refers to chiral vector, and is specified by chiral index (m, n), alongside with
basis vectors of graphene lattice a1 and a2 [108].

This section presents the details of MD simulations to perform bending on two
sets of eight armchair and zigzag SWCNTs with mean diameters ranging from d =

6.3 − 16.2 Å (1 Å = 10−10 m), while the aspect ratio, L0/d which is the ratio of CNTs’
free length to the mean diameter, is fixed at a moderately small value (L0/d ≈ 5),
for the sake of computational cost, however, the independence of bending rigidity to
the aspect ratio, which is the output to be implemented in the optimization process
in Section 4, is going to be ensured in Section 2.2 The MD simulations are carried
out in Large-scale Atomic/Molecular Massively Parallel Simulator (LAMMPS) open-
source package [109] using Visual Molecular Dynamics (VMD) software for the vi-
sualization [110]. Adaptive intermolecular reactive empirical bond order (AIREBO)
potential [111] with a cut-off radius of 10.2 Å is adopted to describe the interatomic
interactions, which is a sum of pairwise interactions, including covalent bonding in-
teractions, Lennard–Jones terms, and torsion interactions and one of the most accurate
potentials for modelling carbon atoms. Fixed type boundary conditions are consid-
ered in three directions. First, each CNT undergoes an energy minimization using the
conjugate gradient method, then the structures are relaxed at 10 K (Kelvin) through
a canonical (NVT) ensemble where total number of atoms, volume of simulation box
and temperature of the system are kept constant [109] with the aid of Nose-Hoover
thermostat for 200 picosecond (1 pico = 10−12). The velocity-Verlet algorithm is used
for time integration with a step of 1 femto second(1 femto = 10−15). The relatively low
temperature is used to eliminate the effect of thermal fluctuations on the mechanical
response of CNTs. In order to ensure the independence of the bending rigidity from
the aspect ratio and environmental temperature, a series of simulations are performed
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considering slender CNTs (L0/d = 10, 12, 20) as well as higher temperature values
(300 K).

2.1 Simulation of Pure Bending
To apply a loading that resembles pure bending, most researchers keep the end atoms of
the CNT frozen while imposing rotation. However, this protocol might create spurious
axial strain, and care must be taken to avoid it. Although, there is no distinct consensus
on how to prevent it, some researchers like Cao and Chen [103] and Kutana and Giapis
[104] have reported to apply displacement besides rotation to remove the effect of
spurious axial strain without providing any further details, and Nikiforov [105] has
suggested to use the objective MD method instead of MD to avoid the axial forces,
while others mentioned nothing regarding the issue. (A summary of different loading
methods in the literature is provided in the Appendix.) In the present work, to ensure
the pure bending on CNTs, the following procedure is suggested.
1) At the beginning of each increment, a small rotation of 0.003 rad ' 0.17 ◦ is applied
on the boundary atoms at the ends, marked with blue colour (Fig. 1). It should be noted
that, boundary atoms do not contribute to the overall (free) length of the nanotube, L0.
The span of boundary atoms at each end, l f ixed, is arranged to be in accordance with the
overall length of the nanotube, such that the ratio in-between remains constant, (i.e.,
l f ixed/L0 ≈ 25%), however, for CNT(7,7), results are checked to be independent of the
span of fixed atoms. The rotation at each side takes place around a line perpendicular
to the CNT’s axis and passing through the centre of mass of the red ring in Fig. 1. [Fig.
1 should be here.]

2) To keep the length of the deformed CNT axis unaltered, the two ends are moved
in the z-axis so that the arc length remains equal to the initial length of the tube, L0
(Fig. 1). Accordingly, if α1, ρ1 and l1 are the rotation angle, the radius of curvature
and end-to-end distance at the beginning of each increment and α2, ρ2 and l2 are their
counterparts at the end of the increment (shown schematically in Fig.1), following
relation must hold to keep the tube length constant:

ρ1 (2α1) = ρ2 (2α2) = L0 (2)

Also, it is evident from Fig. 1 that:

l1 = 2ρ1sinα1

l2 = 2ρ2sinα2
(3)

Accordingly, after each rotation the ends should be displaced toward each other for a
value of ∆l:

∆l =
1
2

(l1 − l2) =
1
2

L0(
sinα1

α1
−

sinα2

α2
) (4)

Obviously, at the beginning of the first increment initial rotation angle equals to zero
(i.e. α1 = 0) which gives:

∆l =
1
2

L0(1 −
sinα2

α2
) (5)
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3) After incremental rotation and displacement take place, the potential energy of the
rest of the system (excluding the fixed blue boundary atoms) is minimized using conju-
gate gradient method such that the maximum force acting on the unconstrained atoms
(colored in cyan) becomes less than 10−13 eV/Å. Then, the plots of strain energy (U),
which is recorded at the end of each increment, and applied moment (M), which is
calculated by the following differentiation operation, are obtained for each CNT.

M =
dU
dα

(6)

where U is the potential energy and α is the bending (rotation) angle (α is twice the
bending angle imposed on each side of the tube). Since the changes in the energy
plot can be mistaken for numerical noise, and turning points are better captured by
monitoring the moment, the corresponding curve for a SWCNT with a chirality of
(m, n) = (6, 6), and aspect ratio of L0/d = 5 is presented in Fig. 2, as an example.

[Fig. 2 should be here.]
According to the buckling mode shapes presented alongside with the variation of

bending moment in Fig. 2, following observations can be made. The moment curve
seems to be linear up to around 0.3 rad beyond which the slope decreases until 0.564
rad, where a slight drop, related to the occurrence of the first kink, appears. The point
at which the first kink developes is referred as critical curvature (Cc). The kink deepens
as the bending increases up to 1.086 rad, where an abrupt drop is observed (between
1.086 and in 1.098 rad), which denotes the transition from a single kink to a double
one. Finally, the third drop happens between 1.662 and 1.674 rad as a result of the
third kink.

Besides, analyzing the coordinates of the atoms reveals that the axial deformation
caused by pure bending induces no coupled twist for armchair and zigzag CNTs. How-
ever, it is expected that in the case of a chiral CNT, the anisotropy in the structure brings
about a coupling between axial and shear deformation, as reported in [112].

2.2 Bending Rigidity and Critical Curvature
Although in Section 2.1, a discussion about the variation of bending moment is pro-
vided considering a wide range of rotation angles, the focus of the present paper is
going to be on the linear region which corresponds to the quadratic part of the potential
energy. Accordingly, the bending stiffness (Kb) can be obtained by fitting a parabolic
curve to the potential energy for the linear region:

Kb =
d2U
dα2 (7)

Since, for linear region, the bending stiffness can also be represented in terms of bend-
ing moment and bending angle (i.e. Kb = M/α) whereas arc length (herein denotes the
length of deformed CNT axis) is calculated by multiplication of the rotation angle and
radius of curvature (i.e. L0 = ρα), bending rigidity (KbL0), is derived as follows:

KbL0 = Mρ (8)
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Corresponding results (i.e. bending rigidity, critical curvature) of MD simulations are
listed in Table 1 alongside with other physical features of CNTs.

[Table 1 should be here.]
Effect of Temperature and Aspect Ratio on MD results
It should be noted that decreasing the environmental temperature in MD simulations
is a widely exploited approach (see Appendix 1) that mitigates the noise (scattered
data) in the potential energy. Moreover, in the present study, the effect of temperature
on bending rigidity and critical curvature is investigated through additional numerical
experiments performed for (6,6) and (12,12) CNTs with 300 K (see Table 1): the results
reveal a minor dependency of critical curvature, which is compatible with Iijima et
al. [102] observation, while resulting bending rigidities turn out to be almost identical.

The independence of bending rigidity on the aspect ratio is also verified through
additional simulations for slender CNTs (i.e. L0/d = 10, 12, 20), where the change is
less than 2%. Besides, according to Table 1, increasing the aspect ratio results in a rise
in critical curvature of armchair CNTs with chirality of (5,5) and (6,6) in agreement
with the findings of Cao and Chen [103]. This increase in the critical curvature can
be attributed to the change in the first snap buckling configuration; As an example for
SWCNT (6,6) with the aspect ratio of 5, the first buckled shape possesses only one
kink, whereas, when the aspect ratio changes from 5 to 10, two kinks appear in the first
buckling configuration. More discussion on the dependance of critical curvature to the
aspect ratio can be found in [103].
Verification of MD results
For validation of the results of molecular dynamics simulations, a comparison to the
current literature is made both on bending rigidities and critical curvatures. First of all,
bending rigidities in the present work is compared with those reported by Srivastava et
al. [113] and Papanikos et al. [114]. (Please note that the values for [113] are extracted
from the reported plots, and those for [114] are obtained using the proposed relations
for armchair and zigzag nanotubes.) As shown in Fig. 3, the findings fall within the
literature data range where for zigzag CNTs, bending rigidities turn out to be slightly
higher than the ones obtained for armchair CNTs, as in accordance with [113] and
[114].

[Fig. 3 should be here.]
As second step of validation, critical curvature values, the variation of which illus-

trated in Fig. 4, are compared with those reported in the literature by Iijima et al. [102],
Cao and Chen [103] and Yakobson et al. [115]. The distinct linear trend is in agree-
ment with the findings in [102] and [115], although the curves have slopes lower than
in [102] and [115] and higher than in [103]. By using the proposed relation in [102],
the critical curvature of 0.162 rad/nm is attained for armchair CNTs with a chirality of
(6,6). This value turns out to be close to the one obtained herein for an aspect ratio of
L0/d = 10 which is 0.17 rad/nm. In addition, it is observed in Fig. 4 that the overall
level for critical curvature of zigzag CNTs is higher than those of armchair CNTs, es-
pecially in lower diameters. This is consistent with the predicted relation of Iijima et
al. [102] in which at the same diameter, the critical curvature related to zigzag CNT
is greater than the armchair counterpart with the difference more sensible in smaller
diameters.

[Fig. 4 should be here.]
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Exhibition of non-local and size dependent behaviour in CNT
At this point, it is checked whether CNTs exhibit non-local behavior, which calls for
the use of non-classical theories for continuum modeling. For this purpose, as inspired
by the studies [116], [117] and [107], a new measure, namely bending rigidity ratio,
Ω, is defined to compare the results obtained from MD simulations with the Cauchy
counterparts.

Ω =
KbL0

EI
(9)

where in the classical Cauchy formulation for pure bending of a beam, following rela-
tion holds alongside with Eq. (8):

Mρ = EI (10)

with E and I being the Young’s modulus and the second moment of inertia of the cross-
section of the beam, respectively. Naturally, for a beam obeying Cauchy continuum,
the corresponding ratio in Eq. (9) is equal to 1, while any deviation from the unity
indicates non-local behavior. To adopt this relation to CNTs, the bending rigidities
(KbL0), extracted from the MD simulations, are divided by the moment of inertia con-
sidering a typical thickness of 1 Å, while the results (i.e. ΩE = KbL0/I) are illustrated
in Fig. 5 for various diameters. As most of the experiments and atomistic simulations
suggest that Young’s modulus (E) is insensitive to the nanotube’s diameter in tensile
tests [118–121], the decreasing trend of the curve with increasing diameter or vice
versa indicates the presence of size-effect. This observation is consistent with an ex-
periment conducted by Poncharal et al. [106] using electrically-induced deflections and
also in accordance with the characteristic of a micropolar material in which the tubes
with smaller diameters exhibit more stiffness than those with larger diameters in both
bending and torsion tests [107, 116, 117, 122, 123]. As in this case, it is clear that, as
the mean diameter of CNT decreases external and internal lengths become comparable
resulting in a more pronounced non-locality.

[Fig. 5 should be here.]

3 Implicitly Non-local Continuum Models
This section presents the solutions to pure bending of a three-dimensional hollow
cylindrical beam made of homogeneous, isotropic and linear, elastic material, in the
framework of micropolar [57, 58], constrained micropolar [107] and modified couple
stress [78] theories, all of which can be classified as ’implicitly’ non-local models [59].

First, a solution for constrained micropolar model [107] with a displacement field
equals to that of classical elastic one, and microrotations enforced to follow macro (lo-
cal rigid) rotations is developed. Then, the result is improved by considering the exact
displacement field obtained by Iesan [124] and presented by Reddy and Venkatasubra-
manian [122]. Finally, the bending problem is investigated using modified couple stress
theory in which, in addition to the equality of micro and macrorotations, curvature and
couple stress tensors are assumed to have a symmetric character [78].
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3.1 Constrained micropolar theory
Consider a beam having a length of L, with a symmetrical cross-sectional area A, where
z-axis, passing through the centroid of the cross-section, refers to the beam’s axis, and
x denoting the symmetry axis of the cross-section. The origin of cartesian coordinate
system is located at the left end of the beam while a couple equal to −Mey and Mey is
exerted on the ends with ey being the unit vector in the y direction (see Fig. 6).

[Fig. 6 should be here.]
The strain field, εi j (i, j = x, y, z), for a classical elastic beam subjected to bending

is proved to be [125];

εzz = x/ρ

εxx = −νεzz = −νx/ρ

εyy = −νεzz = −νx/ρ

εxy = εyx = εxz = εzx = εyz = εzy = 0

(11)

where ρ is the radius of curvature, ν is the Poisson’s ratio, and x is measured from the
central z-axis. Similarly, the components of the curvature, χi j (i, j = x, y, z), can be
found as [125]:

χzy = −1/ρ
χyz = −ν/ρ

(12)

Now with considering the kinematic relations for a micropolar body;

εi j = u j,i + e jikφk, χi j = φ j,i (i, j, k = x, y, z) (13)

where ui, φi denote the displacement and microrotation components respectively, and
ei jk is the third order permutation tensor, following displacement and microrotation
fields can be obtained by substituting the above-given strain and curvature components
to the equation, and performing necessary integration operations:

ux = −(1/2ρ)[z2 + ν(x2 − y2)]
uy = −νxy/ρ

uz = xz/ρ

φx = 0
φy = −z/ρ

φz = −νy/ρ

(14)

Using strain and curvature fields of classical elastic problem inherently results in a
displacement field equal to that of the classical one and microrotation field equal to
macrorotation, θi, (i.e. φi = θi = 1

2 ei jkuk, j). It should be noted that, the afore-mentioned
assumptions on displacement and microrotation fields are first proposed by Lake [107]
for deriving the bending rigidity ratio of a beam with rectangular cross-section and it
is revisited here for the general case of any micropolar beam with symmetrical cross-
section.
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The constitutive relation for a linear elastic micropolar continuum is represented as

σi j = λεkkδi j + µε ji + (µ + κ)εi j, µi j = αχkkδi j + βχ ji + γχi j (i, j, k = x, y, z) (15)

which contains six elastic material constants; the two Lamé λ, and µ constants and
four additional material constants, α, β, γ and κ emerging from micropolar theory. The
following so-called engineering constants are also derived based on the aforementioned
six parameters for providing better physical insight [107]:

G =µ + κ/2 : shear modulus

N =
√
κ/(2(µ + κ)) : coupling number

lt =
√

(β + γ)/(2µ + κ) : characteristic length for torsion
ψ =(β + γ)/(α + β + γ) : polar ratio
E =(2µ + κ)(3λ + 2µ + κ)/(2λ + 2µ + κ) : Young’s modulus
ν =λ/(2λ + 2µ + κ) : Poisson’s ratio

lb =
√
γ/2(2µ + κ) : characteristic length for bending

(16)

With substituting the strain and curvature fields, given in Eqs (11) and (12), into
the Eq. (15), the only non-vanishing stress and couple stress components become:

σzz = Ex/ρ

µzy = −
βν + γ

ρ

µyz = −
β + γν

ρ

(17)

where E refers to Young’s modulus and can be represented in terms of other material
constants; E = (2µ + κ)(3λ + 2µ + κ )/(2λ + 2µ + κ ).

Requiring that the resultant moment on each plane normal to the z-axis is equal to
the applied moment, following equation is obtained:∫

A
(−xσzz+µzy) dA = −M (18)

Note that the moment around the x-axis, related to yσzzdA, vanishes since the applica-
tion of couples in the plane of symmetry results in a symmetric distribution of normal
stresses about this axis.

With further substituting the expressions for σzz and µzy, given in Eq. (17), into
the Eq. (18), the below-given relation, which denotes Mρ; the bending rigidity of the
micropolar beam, is obtained:

EI + (βν + γ)A = Mρ (19)

where, I is the second moment of inertia about the y-axis.
Analogous to Eq. (9) in Section 2.2 and inspired by the studies [116], [117] and

[107], the non-dimensional micropolar bending rigidity ratio, Ωm, is defined as the ratio
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of bending rigidity of a micropolar beam to that of its classical counterpart. Since Mρ
is the observed bending rigidity of the micropolar beam, while EI is the corresponding
classical value, Ωm can be obtained by dividing both sides of Eq. (19) by EI as follows:

Ωm =
Mρ

EI
= 1 +

(βν + γ)A
EI

(20)

Although the lateral surface of the beam should be free of not only tractions, but
also couple tractions, substituting the stress and couple stress components into the
below-given relations,

ti = σ jin j, µi = µ jin j (i, j = x, y, z) (21)

yields non-zero couple traction due to µyz. This couple stress component is the only
component that prohibits the present solution to be exact. So, the solution is exact only
when β

γ
= −ν. It should be noted that although Eq. (20) may not be exact, a similar

approach with the same constraint is proposed by Lake [107] for the bending rigidity
of a micropolar beam with rectangular cross section which is further adopted in various
studies [126–129]. An even more simplified version of this formulation neglecting χyz

is also used by some other researchers [130–132].
Finally, by using the relations of l2b = γ(1 + ν)/2E and −ν =

β
γ
, Eq. (20) is rewritten

as:
Ωcm = 1 + 2 (1 − ν) l2b

A
I

(22)

which can be further adopted as follows considering hollow circular cross-section with
Ro and Ri being the outer and inner radii:

Ωcm = 1 + 8 (1 − ν)
l2b

R2
o + R2

i

(23)

3.2 Micropolar theory
The solution procedure in this section is based on a study by Reddy and Venkatasub-
ramanian [122] for determining the bending rigidity of a micropolar hollow circular
cylinder. Here, the problem is restated from a more comprehensible perspective, and
more details are provided. In this case, to obtain the solution for the bending rigidity
of a micropolar hollow cylinder, a general displacement field is considered as follows:

ux = −(1/2ρ)[z2 + ν(x2 − y2)]+(1/ρ)up(x, y)

uy = −
νxy
ρ

+(1/ρ)vp(x, y)

uz = xz/ρ

φx = 0
φy = −z/ρ

φz = −
νy
ρ

+ (1/ρ)φp(x, y)

(24)
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which is consistent with the exact solution proposed by Iesan [124]. As a matter of
fact, the additional terms of up(x, y), vp(x, y) and φp(x, y) are added to the displacement
field in Eq. (14) to adjust the boundary condition related to free surface couple traction
which couldn’t be satisfied in Section 3.1. Here, the subscript p refers to the plane
problem.

As all the equations are in a linear elastic framework, the solution to the bending
of a micropolar hollow cylinder can be obtained by superposing the solution in the
previous section with the solution related to a plane problem corresponding to up(x, y),
vp(x, y) and φp(x, y), which can be represented in polar coordinates as:

up
z = φ

p
r = φ

p
θ = 0

φ
p
z = φp(r, θ)

up
r = up(r, θ)

up
θ = vp(r, θ)

(25)

while subjected to following boundary conditions:

µ
p
rz = (β + γν)sin (θ) , r = Ri and r = Ro

σ
p
rθ = 0, r = Ri and r = Ro

(26)

Note that substituting the plane stress displacement field in Eq. (25) into the con-
stitutive relation (Eq. (15)), already gives µp

rr = µ
p
rθ = 0, and thus it has not appeared in

Eq. (26).
By substituting Eq. (13) into Eq. (15) and a further substitution into the following

balance equation [57],

σ ji, j = 0, µ jk, j − ei jkσ ji = 0 (27)

the governing equations of a micropolar continuum can be written as follows in terms
of displacement field:

(λ + µ)up
i,ik + (µ + κ)up

k,ii + κeki jφ
p
j,i = 0

(α + β)φp
i,ik + γφ

p
k,ii + κeki ju

p
j,i − 2κφp

k = 0 (i, j, k = r, θ, z)
(28)

Chui and Lee, derived the general solution to this plane problem with the general
boundary condition expanded in the Fourier series [133]:

up
r = up (r, θ) =

∞∑
n=−∞

Un(r)einθ

up
θ = vp (r, θ) =

∞∑
n=−∞

iVn(r)einθ n = 0,±1 ,±2, . . .

φ
p
z = φp(r, θ) =

∞∑
n=−∞

iΦn(r)einθ

(29)

The relations for the Fourier coefficients for each n are proposed in [133]. Here,
considering the boundary conditions in Eq. (26), the coefficients related to n = 1 is
picked out as follows;
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U (r) =A1 −
k

2 (2µ + κ) (1 + c)
A2 +

[
1 +

κ

(2µ + κ) (1 + c)

]
A2lnr +

[
1 +

κ

(2µ + κ) (1 − 3c)

]
A3r2

+ A4r−2 +
k

2 (µ + κ) δ
{A5 [K2 (δr) − K0 (δr)] − A6 [I2 (δr) − I0 (δr)]}

V (r) =A1 +
A2

(1 + c)

[
1 − c +

k
2 (2µ + κ)

]
+

[
1 +

κ

(2µ + κ) (1 + c)

]
A2lnr

+
A3

1 − 3c

[
3 − c +

3κ
2µ + κ

]
r2 − A4r−2 +

k
2 (µ + κ) δ

{−A5 [K2 (δr) + K0 (δr)]

+ A6 [I2 (δr) + I0 (δr)]}

Φ (r) =A5K1 (δr) + A6I1 (δr) +
µ + κ

2µ + κ
[

2
1 + c

A2r−1 +
8

1 − 3c
A3r]

(30)

where In and Kn are the modified Bessel functions of the first and second kind of order
n.

The expressions for Fourier coefficients of stress components are also presented
in [133]. The coefficients A1 to A6 , can be obtained by using the boundary conditions
in Eq. (26), which yields to the following system of linear equations to achieve the
exact solution of the problem;

2I′1 (δRi) 2K′1 (δRi) 8N2 0
2I′1 (δRo) 2K′1 (δRo) 8N2 0
−I2(δRi) K2(δRi)

(δRi)2

2(1−ν)
1

(δRi)2

−I2(δRo) K2(δRo) (δR0)2

2(1−ν)
1

(δRo)2



−
δN2A6

2

−
δN2A5

2
−A3

2(1−N2)(1−3c)
−N2(2µ+κ)δ2A4

γ

 = N2 (ν + β/γ)


1
1
0
0

 (31)

where δ2 = κ(2µ + κ)/γ(µ + κ) and c = (µ + κ)/(λ + 2µ + κ ). Finally, the total σzz and
µzy of the main problem can be written as;

σzz =
Ex
ρ

+
σ

p
zz

ρ

µzy = −
βν + γ

ρ
+
µ

p
zθcos (θ) + µ

p
zr sin (θ)

ρ

(32)

By substituting σzz and µzy given in Eq. (32) into the resultant moment equation
(Eq. (18)), and by dividing the obtained Mρ with the second moment of inertia about
y-axis, (i.e. I = πE(Ro

4 − Ri
4)/4), the final relation for the bending rigidity ratio of a

micropolar hollow cylinder is derived:

Ωm = 1 +
8N2

1 + ν

[
1 − (β/γ)2

(δRi)2 + (δRo)2 +
(ν + β/γ)2

8N2 (1 − ν) + ξ(δRi, δRo)

]
(33)
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where

ξ (δRi, δRo) =
[
(δRo)4 − (δRi)4

] [
I′1 (δRi) K′1 (δRo) − K′1 (δRi) I′1 (δRo)

]
×

[{
I′1 (δRo) − I′1 (δRi)

} {
(δRo)2K2 (δRo) − (δRi)2K2 (δRi)

}
+

{
K′1 (δRo) − K′1 (δRi)

} {
(δRo)2I2 (δRo) − (δRi)2I2 (δRi)

}]−1

(34)

and

K′1 (δRo) = −
1
2

(K2 (δRo) + K0 (δRo))

I′1 (δRo) =
1
2

(I2 (δRo) + I0 (δRo))
(35)

3.3 Modified couple stress theory
In this section, the formulation for pure bending of a hollow cylinder in the modi-
fied couple stress theory framework is derived. In the couple stress theory, the micro-
rotations are constrained to follow the local rigid rotation which results in the symmetry
of strains and stresses. However, in modified couple stress theory, proposed by Yang
et al [78], in addition to this constraint, the curvatures and couple stresses are also con-
sidered to be symmetric. The displacement and microrotation fields in this section is
assumed to be the same as Eq. (14) in Section 3.1, where the displacement field is
equal to that of the classical case and the microrotation equals to the macrorotation.
Then, the kinematic relations in the modified couple stress theory will be [78]:

εi j =
1
2

(ui, j + u j,i)

χi j =
1
2

(φi, j + φ j,i)
(36)

while the constitutive equations are read [78]:

σi j = λεkkδi j + 2µεi j

mi j = 2l2µχi j
(37)

where l becomes the only internal length scale parameter and mi j is the deviatoric part
of the couple stress tensor. Since in the present problem µii= 0, the equality of µi j=mi j

holds.
The stress and couple stress components of σzz and µzy are determined by substitut-

ing the displacement field (Eq. (14)) into Eq. (36), followed by a further substitution
into Eq. (37):

σzz =
Ex
ρ

µzy = mzy = −2l2µ
1 + ν

2ρ
= −

El2

2ρ

(38)
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As the equilibrium relation in Eq. (18) also holds here, substituting Eq. (38) into
Eq. (18) gives:

EI +
El2

2
A = Mρ (39)

By dividing Eq. (39) with the classical bending rigidity, gives the bending rigidity ratio
for the case of modified couple stress theory (Ωcs):

Ωcs =
Mρ

EI
= 1 +

l2

2
A
I

(40)

which takes the following form considering a hollow circular cross-section:

Ωcs =
Mρ

EI
= 1 +

2l2

R2
o + R2

i

(41)

Finally, it should also be noted that in the case of Cauchy theory, no size effect is
observed and the bending rigidity ratio, ΩCauchy, equals to unity.

For more clarity, a summary of the kinematic and constitutive equations for the
three continuum theories mentioned in this section are provided in Table 2.

[Table 2 should be here.]

4 Determination of Material Parameters
In this section, CNTs are considered as equivalent three-dimensional hollow cylindri-
cal beams made of homogeneous, isotropic, linear and elastic material described by
non-classical micropolar, constrained micropolar, modified couple stress and classical
Cauchy theories. To determine the corresponding constitutive parameters, a non-linear
optimization approach, aiming to minimise the difference between bending rigidities
obtained from MD simulations and continuum models, is employed.

4.1 Optimization Problem
Optimization process is performed by utilising lsqnonlin command, a non-linear least-
square solver with optional lower and upper bounds that use the trust-region-reflective
algorithm, in MATLAB software [134] to search for following properties:

min{Fob j(E, ν, lb,N,
β

γ
, h)} (42)

with Fob j being the non-linear objective function that is defined as the Euclidean norm
of the difference between the bending rigidities, attained from MD simulations, KbL0,
(Section 2.2), and continuum relations, ΩEI, (Section 3):

Fob j =

∣∣∣∣∣ (KbL0)MD − (ΩEI)continuum

(KbL0)MD

∣∣∣∣∣ (43)
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Considering the principle of non-negative energy, and Vodenitcharova and Zhang cri-
terion [135], the below given inequality constraints are defined.

0 ≤ E, −1 < ν ≤ 0.5 , 0 ≤ lb, 0 ≤ N ≤ 1, −1 ≤
β

γ
≤ 1, 0 ≤ h ≤ 1.42 (44)

Once the unknowns in Eq. (42) are determined, the other constitutive parameters can
be derived by exploiting the relations in Eq. (16), as follows:

G =
E

2 (1 + ν)
, γ = 4Gl2b , β =

β

γ
γ, lt =

√
β + γ

2G

λ =
2Gν

1 − 2ν
, k =

2GN2

1 − N2 , µ = G −
k
2

(45)

At this point, it should be mentioned that, in case of the constrained micropolar formu-
lation, the unknown parameters reduce to E, ν, lb and h, whereas for modified couple
stress theory there will be three; E , l and h, and for Cauchy theory there will be only
in-plane stiffness; Eh.

Note that an optimization problem is considered non-linear if the objective func-
tion and/or the constraints are non-linear, and non convex if the constraints define a
non convex problem. The existence and uniqueness of the solution can be guaranteed
by Kuhn-Tucker conditions [136]. In the present problem, Fob j is a non-linear func-
tion with the inequality constraints (i.e. Eq. (44)), that define a non convex domain.
Although, in this case the existence and uniqueness of the solution is not guaranteed,
with a proper selection of initial guesses a feasible and local minimum solution has
been found for the problem.

[Table 3 should be here.]

4.2 Results and Discussion
By adopting the above-mentioned optimization procedure and exploiting the relations
given in Eq. (45), the unknown parameters for armchair and zigzag CNTs as equivalent
three-dimensional hollow cylindrical beams are determined, and presented in Table 3,
for micropolar, constrained micropolar, modified couple stress and Cauchy theories.
Here, for comparison, a fixed thickness of 1.01 Å (the one obtained in micropolar case)
is imposed on the problems adopting modified couple stress and constrained microp-
olar theories, as this additional constraint does not yield any significant difference in
the norm of their objective functions, whereas a freedom in the choice of the thickness
exists for the Cauchy model.By using the corresponding identified parameters, the vari-
ation of bending modulus predicted by continuum theories are plotted alongside with
those already obtained from MD simulations (see Fig. 7). Besides, as the results of the
atomistic simulation are not significantly affected by the temperature in the range of 0
to 300 K, the obtained material parameters are applicable for this temperature range.

As mentioned in the previous paper of some of the Authors [100], the solution
of the non-linear optimization problem naturally depends on the initial guesses, such
that different initial guesses for Young’s modulus lead to different optimised values of

17



E and h, while the product of Eh is almost constant (about 0.289-0.296 TPa.nm), as
consistent with the physical nature of CNTs in tensile loading.
Prediction of size effect in bending modulus
As inferred from Table 3, the use of constrained micropolar, modified couple stress and
Cauchy theories increases the norm of the objective function. This variation is espe-
cially pronounced for Cauchy, which turns out 26 (for armchair) and 44 (for zigzag)
times greater than the one obtained for micropolar theory; hence, points out the ne-
cessity of including material parameters accounting for scale effects. Moreover, it is
also evident from Fig. 7, that the evaluation of bending modulus is best captured by
micropolar theory, which inherently accounts for the relative rotations related to the
skew-symmetric part of the strain tensor, whereas the almost identical prediction by the
modified couple stress theory and constrained micropolar theory can be interpreted as
acceptable and valuable considering their relatively simple formulations. Meanwhile,
the incapability of the Cauchy theory in capturing size-effects is once more revealed.
Bending characteristic length
The fact that the present method leads to unique internal characteristic length (lb), inde-
pendent of the diameter and chirality of CNTs, with a consistent physical interpretation,
which turns out to be directly related to the carbon-carbon bond length (i.e. ≈ 1.4 Å),
is a very distinct feature, as in the majority of the literature (e.g. [94], [99], [82], [137],
[138], [99], [139]), either a predefined fixed value is used for non-locality related pa-
rameters or it is found to vary with aspect ratio, diameter, and other features. On the
other hand, the values that are determined using modified couple stress theory and con-
strained micropolar theory are 1.08 Å and 0.66 Å for armchair and 1.18 Å and 0.71 Å
for zigzag CNTs, respectively. The predictions seem to be acceptable considering their
simplicity.
Young’s modulus and Poisson’s ratio
For comparison, the reported Young’s modulus and Poisson’s ratio values, that are ob-
tained by performing atomistic simulations, analytical calculations and/or experiments,
are summarised in Table 4. Since assuming different values for CNTs’ thickness (rang-
ing from 0.617 Å to 6.9 Å [37]) resulting in a large discrepancy in Young’s modulus, it
is common to compare in-plane stiffness (Eh), for which a narrower range (from 0.234
TPa.nm to 0.612 TPa.nm) exists. The presented optimised value of in-plane stiffness
that is determined for micropolar theory differs less than 1% from the ones given by Hu
et al. [140], in which tensile characteristics of armchair CNTs are investigated through
MD simulations. Moreover, as one can see from Table 3, the value of in-plane stiffness
turns out to be almost independent of the adopted continuum theory; i.e. the largest dif-
ference, which is about 8%, is between non-classical micropolar and classical Cauchy
theories. Regarding Poisson’s ratio, there is a considerable inconsistency in literature
varying from 0.14 to 0.41 (see Table 4) while the obtained value of ν = 0.253 falls well
within this data and is near to those obtained by Hu et al. [140].

[Fig. 7 should be here.]
Comparison with the torsional loading results
In order to check the independence of the identified parameters from the loading pro-
tocol, the common material properties in the Authors’ previous work [100] based on
torsion test data is compared with the ones presented herein. Although the results are
not reproduced precisely, acceptable values are attained, especially for armchair nan-
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otubes; i.e. considering micropolar theory, the torsional characteristic length, lt, that
is calculated by using the relation given in Eq. (45), is 2.77 Å, and differs about 17%
from the one in Izadi et al. [100]. Also, the discrepancy between the shear modulus in
the two loading protocols is less than 3% with about 18% difference for the coupling
numbers. Since the bending test lead to smaller norms of objective function, it can be
concluded that, the results (i.e. optimised parameters) have been improved compared
to torsion test. It is because in bending simulation, the energy minimisation is used at
each increment, which considerably reduces the fluctuations of the results, and also a
method is proposed to relax the induced spurious axial strain during loading.
The Effect of Chirality
The results (see Table 3 and Fig.7) point out the almost negligible effect of the orienta-
tion of the hexagonal carbon rings on the elastic properties with a maximum differences
of 6% for micropolar constant, κ, whereas Young’s modulus varies less than 1% and is
in agreement with the literature [114, 120, 141, 142]. Even though a more pronounced
discrepancy is obtained for constrained micropolar (15%, 16%, and 8% for γ, β and
lb, respectively) and modified couple stress (9% for lb) theories, the predictions of mi-
cropolar theory, endowed with relative rotations, can be considered as more precise
and more reliable to be deduced from. Due to the small difference between obtained
material parameters for two distinct classes of chirality; i.e., zigzag (n=0) and arm-
chair (m=n), the results are expected to remain within this range considering CNTs
with arbitrary chirality. In fact, through further numerical experiments, an empirical
formulation between chiral indices (m,n) and constitutive properties can be derived yet
not investigated in this study. Besides, the procedure presented herein can be easily
applied for multi-walled CNTs to obtain equivalent material parameters. Alternatively,
the values attained for each SWCNT wall in the present work can be incorporated in
a continuum method to model a multi-walled CNT considering an equivalent stiffness
for the van der Waals layers.

[Table 4 should be here.]

5 Conclusion
A comprehensive examination of the mechanical response of carbon nanotubes (CNTs)
is still in progress, while frequently employed discrete modeling techniques are suffer-
ing from high computational cost, and performing actual experiments tends to be phys-
ically challenging. In this regard, balancing accuracy with computational efficiency can
be achieved by means of continuum models that are calibrated through atomistic simu-
lations, whereas a suitable choice of the theory has the utmost significance, especially
in the presence of scale effects.

In this paper, first, a systematic procedure ensuring pure bending using molecu-
lar dynamics (MD) simulations is employed to investigate flexural behavior of arm-
chair and zigzag single-walled CNTs (SWCNTs) with moderately small aspect ratio
(i.e. L0/d ≈ 5). This is achieved by introducing a method that keeps the length of
the deformed CNT axis unaltered, and eliminates the errors that might be developed
due to misuse of boundary conditions. The results evidently demonstrate the effect of
size-dependence on the bending modulus; i.e. nanotubes with smaller diameters ex-
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hibit higher bending modulus in contrast to the classical case for which it is expected
to remain constant; hence, indicates the necessity of adopting enhanced non-classical
(non-local) theories. The observed size effect in bending modulus is attributed to the
fact that mean diameter (external length) of the studied CNTs are comparable to the
lattice spacing (internal length) between the individual atoms. Second, the capacity
of micropolar, constrained micropolar and modified couple stress theories is investi-
gated, while CNTs are modelled as three-dimensional hollow cylindrical beams made
of homogeneous, isotropic, linear and elastic material. Through a non-linear optimiza-
tion approach, that enforces equivalency between atomistic observation and continuum
prediction, in terms of bending rigidity, constitutive parameter sets for each class of
chirality are determined. The results reveal the great potential of micropolar theory, al-
lowing for relative rotations, in capturing the observed size effect as the predicted bend-
ing modulus perfectly fits the corresponding MD-simulated data. Even though such an
agreement is not achieved for modified couple stress and deformation-wise constrained
micropolar theories, a sufficient accuracy is still provided despite their over-simplified
formulations. On the other hand, the inadequacy of classical Cauchy theory in predict-
ing the scale effects is once more proven as the memory of underlying structure, which
strongly affects the overall mechanical behavior, cannot be retained.

As interesting features of the presented study, the value of the internal scale param-
eter, lb, turns out to be directly correlated to the carbon-carbon bond length (≈ 1.4 Å),
while the comparison of the material parameters obtained from the bending test given
herein, and the torsion test given in the Authors’ previous contribution [100] concludes
the independence of the results from selected loading scenarios. Moreover, the identi-
fied material parameter sets are valid for all armchair and zigzag nanotubes with var-
ious lengths since bending rigidity, which is used in optimization process, proved to
be independent of the aspect ratio. However, further study is required to ensure the
extension of the results for CNTs with considerably large values of aspect ratio.
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Table 1: Properties, critical curvatures (Cc) and bending rigidities (KbL0) of armchair
and zigzag CNTs with different diameters.

Chirality
(m,n)

Diameter
(Å)

Temp.
(K)

Crt. Curv.
(rad/nm)

Length
(nm)

Aspect
Ratio

Bend. Rig.
(nN.(nm)²)

(5,5) 6.78 10 0.207 3.28 4.8 41.1
(5,5) 6.78 10 0.250 8.15 12.0 40.5
(5,5) 6.78 10 > 0.23 13.50 19.9 40.3
(6,6) 8.09 10 0.141 4.01 5.0 68.1
(6,6) 8.09 10 0.170 8.14 10.1 67.5
(6,6) 8.09 300 0.170 8.15 10.1 67.8

Armchair (7,7) 9.42 10 0.103 4.73 5.0 105.1
(8,8) 10.74 10 0.080 5.46 5.1 153.9
(9,9) 12.07 10 0.064 6.18 5.1 215.4
(10,10) 13.40 10 0.052 6.66 5.0 293.1
(11,11) 14.73 10 0.044 7.39 5.0 386.3
(12,12) 16.06 10 0.037 8.11 5.1 496.7
(12,12) 16.06 10 0.044 16.11 10.0 490.8
(12,12) 16.06 300 0.042 16.11 10.0 491.3

(8,0) 6.33 10 0.296 3.06 4.8 34.4
(10,0) 7.84 10 0.175 3.91 5.0 62.5
(12,0) 9.36 10 0.120 4.75 5.1 103.4

Zigzag (14,0) 10.89 10 0.088 5.30 4.9 159.6
(16,0) 12.42 10 0.068 6.14 4.9 233.6
(18,0) 13.95 10 0.054 6.84 4.9 328.2
(20,0) 15.48 10 0.044 7.82 5.1 444.6
(21,0) 16.25 10 0.040 8.24 5.1 511.0
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Table 2: Comparison of kinematic and constitutive equations in micropolar, con-
strained micropolar and modified couple stress theories

micropolar constrained modified
micropolar couple stress

strain εi j = u j,i + e jikφk

= 1
2

(
u j,i + u j,i

)
+ ei jk(θk − φk)

εi j = u j,i + e jikφk
θk=φk
−→

=
(
u j,i + u j,i

)
/2

εi j = 1
2

(
u j,i + u j,i

)

curvature χi j = φ j,i χi j = φ j,i χi j =
(
φi, j + φ j,i

)
/2

stress σi j = λεkkδi j +µε ji +(µ+κ)εi j σi j = λεkkδi j+µε ji+(µ+κ)εi j
εi j=ε ji
−→

σi j = λεkkδi j + (2µ + κ)εi j

σi j = λεkkδi j + 2µεi j

couple
stress

µi j = αχkkδi j + βχ ji + γχi j µi j = αχkkδi j + βχ ji + γχi j
χkk=0
−→

µi j = βχ ji + γχi j

mi j = 2l2µχi j
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Table 3: Identified material parameters for armchair and zigzag CNTs
micropolar constrained modified Cauchy

micropolar couple stress

E (GPa) 2865 2962 2962 3090
N 0.18 - - -
β/γ 0.93 - - -
ν 0.25 0.33 - -
lb (Å) 1.409 0.66 1.08 -
h (Å) 1.01 1.01 1.01 1.01
Eh (TPa.nm) 0.291 0.3 0.3 0.313
Fob j 0.0026 0.0075 0.0075 0.069

armchair G (GPa) 1144 1116 - -
γ (nN) 91 19 - -
β (nN) 85 -6 - -
λ (GPa) 1167 2116 - -
κ (GPa) 79 - - -
µ (GPa) 1104 - - -
β + γ (nN) 175 - - -
lt (Å) 2.77 0.76 - -

E (GPa) 2837 2932 2932 3086
N 0.19 - - -
β/γ 0.91 - - -
ν 0.25 0.3 - -
lb (Å) 1.416 0.71 1.18 -
h (Å) 1.01 1.01 1.01 1.01
Eh (TPa.nm) 0.288 0.297 0.297 0.313
Fob j 0.0022 0.0088 0.0088 0.096

zigzag G (GPa) 1139 1127 - -
γ (nN) 91 22 - -
β (nN) 83 -7 - -
λ (GPa) 1102 1706 - -
κ (GPa) 84 - - -
µ (GPa) 1097 - - -
β + γ (nN) 175 - - -
lt (Å) 2.768 0.83 - -

23



Table 4: Comparative study on the in-plane stiffness (Eh) and Poisson’s ratio (ν)
Eh(TPa.nm) SWCNT loading method ν

Atomistic simulation/Analytical Methods
Present Work 0.291 (5,5) to (12,12) Bending MD-AIREBO potential 0.253
Arroyo & Be-
lytschko [143]

0.234 (10,10) - exponential Cauchy-Born
rule

0.41

Hu et al. [140] 0.303 (5,5) Tensile MD-REBO potential 0.25
Hu et al. [140] 0.282 (10,10)&(15,15) Tensile MD-REBO potential 0.317
Vodenitcharova
& Zhang [135]

0.301 - external
hydrostatic
pressure

ring theory of continuum
mechanics

-

Lu [121] 0.329 (5,5)-(200,200) Tensile Empirical force-constant
model

0.28

Kudin et
al. [119]

0.330-0.338 (4,4)-(7,7)-(7,0)-
(12,0)

Tensile ab-initio methods 0.14-
0.18

Yakobson et al.
[115]

0.363 - Tensile Tersoff-Brenner potential 0.19

Hernandz et al.
[120]

0.416-0.430 (6,6)-(15,15) Tensile nonorthogonal tight bind-
ing

-

Experiment
Demczyk et al.
[144]

0.306 Bending bending tests on individual
carbon nanotubes in-situ in
a TEM

-

Salvetat et al.
[145]

0.306 mean Diameter 1.4
nm

Bending with AFM -

Treacy et
al. [146]

0.612+0.799
−0.476 Thermal

vibration
captured with TEM -

Krishnan et al.
[147]

0.442+0.204
−0.136 27 nanotubes in the

diameter range 1.0–
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Figure 1: Schematic of the rotation angle (α), radius of curvature (ρ) and end-to-end
distance (l) at the beginning and end of an increment during pure bending, illustrated
for an armchair single-walled carbon nanotube with a chirality of (m, n) = (5, 5) and
aspect ratio of L0/d = 12 (The changes are exaggerated)
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Figure 2: Plots of applied moment of single-walled carbon nanotube with a chirality
of (m, n) = (6, 6) and aspect ratio of L0/d = 5 alongside with corresponding buckling
mode shapes
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6 Appendix
Comparison of the bending method applied in different researches

Author Simulation
Method

Potential Loading Method CNT type Temp.
(K)

Chang &
Hou [101]

MD REBO II A constant increment of bending an-
gle is applied, the loading atoms are
fixed and the whole tube is relaxed in
NVT ensemble for 50 steps at each in-
crement.

armchair MWCNTs
with the same outer
tube as (35, 35 ) and
L =12.4 nm

1

Farajian et
al. [149]

tight bind-
ing

- While fixing eight carbon rings at
each end of the nanotube, the struc-
ture is optimized such that the maxi-
mum force acting on the unconstrained
atoms becomes less than 0.05 eV/Å.

(6,6) and (10,0) -

Liu et al.
[150]

tight bind-
ing

REBO A lateral force is applied to each atom
at the loading end. The bending force
is the summation of all the applied lat-
eral forces.

(5, 5)/(10, 10) 0

Iijima et al.
[102]

MD Tersoff-
Brenner

The bending angle was increased in
small steps and the tube was relaxed
at each position. The presence of the
bending force was simulated by keep-
ing the end atoms fixed for each con-
figuration.

SWCNT of di-
ameters varying
between 1.0 nm and
1.5 nm and covering
the entire range of
helicity

0 & 300

Yakobson
et al. [115]

MD Tersoff-
Brenner

In simulations of bending, a torque is
applied at the ends, and the bending
angle increases stepwise

Same as [102] 50

Kutana
and Gi-
apis [104]

MD REBO and
Lennard-
Jones

By rotating the fixed ends in steps of
0.5 degree . After each step, the po-
tential energy of the central segment
was minimized . The axial strain was
removed through a succession of end
displacements and central part relax-
ations.

(10, 10) and (30, 30) 300

Cao and
Chen [103]

ab initio
and FEM

COMPASS Rigid body translation is applied
to the atoms in both end layers of
SWCNT, such that the length
of the deformed tube axis remains un-
changed. The
carbon atoms in both end layers are
first moved to and fixed
at their new positions, then, all other
carbon atoms relocate
to their new equilibrium positions by
minimizing the potential
energy of the whole system.

(5,5), (10,10),
(15,15), (20,20),
(9,0), (17,0), (26,0)
and (35,0)

0

Nikiforov
[105]

Objective
MD

Tersoff The bending angle was varied in small
steps, at most 0.05 degrees per nm of
tube length, with relaxation performed
at each step.

SWCNTs with radii
ranging from 0.35
nm (5,5) to 1.40 nm

300
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