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Abstract: The charmonium-like exotic states Y (4230) and the less known Y (4320), produced in
eTe™ collisions, are sources of positive parity exotic hadrons in association with photons or
pseudoscalar mesons. We analyze the radiative and pion decay channels in the compact tetraquark
scheme, with a method that proves to work equally well in the most studied D* — /7 + D
decays. The decay of the vector Y into a pion and a Z, state requires a flip of charge conjugation
and isospin that is described appropriately in the formalism used. Rates are found to depend
on the fifth power of pion momentum, which would make the final states 7wZ.(4020) strongly
suppressed with respect to 7Z.(3900). The agreement with BES III data would be improved
considering the 71Z.(4020) events to be fed by the tail of the Y (4320) resonance under the Y (4230).
These results should renovate the interest in further clarifying the emerging experimental picture
in this mass region.
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1. Introduction

The study of final states in e"e™ high energy annihilation, with the pioneering contri-
butions by BaBar, Belle and BES collaborations, has opened the way to the new spectroscopy
of exotic hadrons.

The so-called Y states, unexpected charmonium-like states created by the initial lepton
pair, are efficient sources of positive parity exotic hadrons produced in association with
one photon, pion or K meson.

Decays of the lightest Y states, such as Y(4230) into v/7t/K + X/Z, extensively
studied by the BES III collaboration, have provided precious information on properties
and quantum numbers of the lightest, J” = 1% exotic states (see e.g., [1]), the latest result
being the observation of the first, hidden charm, open strangeness Z.(3985), produced
in association with a charged K meson in [2] (exotic hadrons are extensively reviewed
in [3-9]).

In this note, we adopt the compact tetraquark model for X(3872), Z.(3900) and
Z.:(4020) as S-wave tetraquarks [10-12], and for Y states, as P-wave tetraquarks [11,13], to
study radiative and pionic decays of Y (4230)

Y(4230) — v + X(3872) Q)
Y (4230) — 7 + Zc(3900) / Z,(4020), @)

observed by BES III in the reactions
ete” — Y(4230) — 7+ Z(3900)/Z(4020) or 7y + X(3872) 3)

For a Y resonance of valence composition [cu][ci] or [cd][ed], the photon in (1) is
emitted from the light quark or antiquark. Decay (2) arises from the elementary transitions
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u—dnt or d—amn 4)

and similar for 7~ and 7’. The same transitions are operative in D* — /7 + D de-
cays [14].

Our results for Z(3900) and X (3872) are in quantitative agreement with earlier studies
of D* decays. The agreement is, of course, welcome but not unexpected and it supports
the picture of compact tetraquarks bound by QCD forces.

We find a strong dependence of decay rates from the pion momentum, I' « ¢°. As a
consequence, the decay Y (4230) — 71Z.(4020) is strongly suppressed with respect to the
decay into 71Z.(3900), which does not seem to be supported by the cross sections reported
by BES III. One possible explanation could be that the Z;(4020) events come from the
second peak, Y (4320). A clarification of the distribution of 7D*D* events in the region as
well as information on the decay modes of Y (4320) would be very useful.

Production of exotic states in e"e™ annihilation goes essentially via Y resonances. It is
reasonable to assume that the open strangeness state Z.5(3985) seen in [2]

ete™ — KtZ(3985) — Kt (D D° + D; D**) ()

also arises from a Y-like resonance with [cu][¢ii] or [cs][¢5] valence quark composition that
decays to the final K™ Z, state by the elementary processes

u—sK" or §—>uaK" 6)

If the hypothesis is correct, our analysis of K meson transitions shows that strange
members of the two nonets associated to X(3872) and Z.(3900) should both appear in
the final states of (5), i.e., the DsD*Y + c.c. spectrum should include as well the Z.(4003)
recently observed by LHCb in BT decay [15] (the classification of the newly discovered
Z.s resonances is considered in [16]). This is a crucial feature that can be tested in higher
luminosity experiments.

2. Production and Decay Modes of Y(4230) in ete™ Annihilation

A JPC€ = 17~ resonance, Y (4620), was first observed by BaBar and confirmed by Belle
in ete~ annihilation with initial state radiation (ISR) [17,18]. BES III later studied the 4620
structure with higher resolution and demonstrated that it is resolved in two lines, now
indicated as Y (4230) and Y (4320) (see [1]).

Y states as P-wave tetraquarks have been described in [11,13]. One expects four states
Y1, ..., Yy, the two lightest ones with spin composition

Y, =(0,0),L = 1), 7)
Yz_\2(|(1,0),L—1)+|(O,1),L_1>)]1 ®8)

Valence quark composition is [cq][¢7], diquark and antidiquark spin are indicated in paren-
thesis and L is the orbital angular momentum.

It was noted in [13] that the mass difference of Y7 , arises from two contrasting contri-
butions: the hyperfine interaction, which pushes Y; down, and the spin—orbit interaction,
which pushes Y, down. We had chosen M; < M, on the basis of a preliminary indication
that the v + X(3872) decay was associated with Y (4320), since this decay may arise from
the Y3 structure in Equation (8) and not from Y3, Equation (7).

Later information [19] indicates that the source of the y + X(3872) decay is instead
Y (4230). Consequently, we are led to change the assignment and propose M, < Mj, that is

Y, = Y(4230) Y7 = Y(4320) or higher )



Symmetry 2021, 13, 751

3o0f11

Table 1 summarizes the cross sections of different final states produced in e*e™ anni-
hilation at the Y (4230) peak. Cross sections are related to the width T'(Y(4230) — f) by
the formula

127t Ll
%wga%*—+yumm-+f)zﬁéf;{ (10)
Y
(T'¢ is the width to an electron pair). The total width of Y (4230) is estimated in [1]
I'(Y(4230)) = (56.0 £3.6 £ 6.9) MeV (11)

Data from BES III indicate that Y(4230) is isoscalar [20,21]. Thus, denoting by Y, 4 the
Y, states with uii and dd valence quarks, we take

Y, + Yd

Y(4230) =Y, = 12
(4230) =Y, 7 (12)
Table 1. eTe~ annihilation cross sections into exotic hadrons, determined by BES I1I in the Y (4230) region.
Ref. Z(Mass)  +/s(GeV) e+e— Y(4230) — ... Q o (pb)
[22] Z.(3885) 4.226 079 — 7%(DD* + c.c.)? 197 77 421
[23] 7.(3885) 423 [ntZ; +cc] — [1T(DD*)™ +c.c) 197 141+ 14
[24] Z.(4020) 4.26 [mtZ; +cc] =[x (D*D*)~ +c.c] 65 (0.65+0.11) - (137 £17) = 89 + 19
[25] Z.(4020) 4.23 079 — 70(D*D*)? 65 62412
[26] X(3872) 4.226 X =yt ]/ —— 0.27 £0.09 £0.12
[27] vX 354 55738
[2] Z5(3982) 4.681 K*Z5 — K*(D:~ D+ D; D*0) 199 44409
3. Y(4230) Transitions to S-Wave Tetraquarks
We consider the decays
Yo =>n+ 272 (14)
Y, -+ 7 (15)
where X, Z and Z' are the S-wave tetraquarks
1
X = (00, L=0)+](0.1), L=0)), (16)
1
z = (0,0, L=0)-|01), L=0),, 17)
Z' = |(1,1), L=0)_ (18)

The decay (13) as a dipole transition L =1 — L = 0, AS = 0 has been considered

in [28]. Here we re-derive the result as an introduction to pionic transitions.

We work in the non-relativistic approximation and describe the states with wave

functions in spin and coordinate space. In the rest frame of Y,

1¥8) = Ny [euse S € Rap (1) (19)

Ny is a normalization constant and the spin wave function from (8) and (16) is
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B (cor0u)x(Corit)y + (coou)x(Coroit)y 20)
2V2
We indicate with a bar the charge—conjugate quark fields, x, y are diquark and antidi-
quark coordinates, { = x — y the relative coordinate and r = || the relative radius. The
plus sign in $?(*) reminds of the charge conjugation, as defined on the rhs of (20).
Considering the decay into X, we take

ga(+)

X%) = Nx [8°) Rus(r)] 1)

and normalize spin w.f. according to

§iCH) L gh(+) — g (22)
Thus

Sy = (Y31¥3) =Ny 5ah8§/dfyzp(?)2

b = (XUIX") = N} gyt [ dryrs(r)?

with y(r) = rR(r), and R(r) the radial wave function.
Radiative decay. We work in the radiation gauge, A’ = 0and V - A = 0. The photon
couples to u and to other quarks with the basic Lagrangian

Lem = eQuii(x)y-A(x)u(x)+ (u—d) (23)

The elementary transition amplitudes are

_ +|pue igNhe-oy
My = eQut [BeS  MOE ]y )
o t|pae  igNe-oy
My = —eQuyt|Be 4 MO 25)

The minus sign in M arises from charge conjugation. In view of large mass denomi-
nators, we neglect radiation from the charm quarks.

The right-hand sides of these equations contain products of operators acting on the
spin and space wave functions of the initial tetraquark multiplied by variables of the
electromagnetic field. As usual, we identify

pu= —idy  pg= —idy (26)
Acting on functions of { = x — y
0y =0z =ipy Oy = —0z= —ipg (27)
Further, we set

Py _4¢
muividt

and the Hamiltonian acting on tetraquark wave functions is

=iwg  w=|q (28)

H; = eQ, [g ‘E+ Z;u (au - aa) -B} (29)

with E and B the electric and magnetic fields. The first term corresponds to the well known
electric dipole transition that changes by one unit the orbital angular momentum, leaving
the spin wave function unchanged [29]. One obtains
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. w
MP(Yy =y +X) = eQu (XU|EY]) iwe® = €y €° 7 (r)ar—1s

6
(r)ap—s1s = Jdr [ys(r) r yap(r)] 0)

\/f dr y15(r)? [ dr yop(r)?

with w = My — Mx = wx and

4o
(Y2 = 9+X)= 9 Qx W?{<”>%Pels (31)

For isoscalar Y (4230) we use (12). Summing incoherently over the final states X, and
X4, see [30], we get
1 5
Qi = Qr = E(Q%‘ +Qj) = 8
and

T(Y(4320) — 7+ X) = 0.322 MeV (wx (r)ap_15)* (32)
70 emission. We assume that quarks couple to pions via the isovector, axial vector
current (to our knowledge, the quark—pion, axial vector interaction to describe pionic
hadron decays has been first introduced in [31]):

LT = f% 47" 15(9ut)q (33)
i gt

S v (34)
V2 I

We follow [14] for the definition of the coupling g and
fr =132 MeV (35)

The Lagrangian contains the time derivative of the pion field. Applying the Legendre
transformation, the interaction Hamiltonian is

;r:fiA.w (36)
T

The elementary quark transition is determined by

7 r

4m, my,

q-Ay=a(p+q)q-yrsulp) =[q-o+ o] (37)

The first term corresponds to AL = 0, operative in D* — Dyt [14], the second to
AL = 1, for Y and D; pionic decay, dots indicate terms with AL > 1. Using charge
conjugation symmetry, restricting to the AL = 1 term and specializing to the ¥ case, we
obtain the Hamiltonian

2 0
H = fin‘;?lnu iwx*[f,‘-(o'u —oz)— (u— d)})(\% (38)

We note the results of applying the spin operators to the components of the spin
wave function

ol(eou) = (conolu

)
b abu

o, (corc®u) = (copoc’u) = {Jab(c‘azﬂ) +ieabc(c‘azacﬂ)]
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—ob(eomit) = —(Copoli)
—ob(eonotn) = —(c‘aza“abﬁ):—{5,{;3(50211)+ieﬂbc(c‘azacﬁ)] (39)
Defining
G (G 500
SZ(_) _ (cono™u)(acyit) — (copu)(Cor0™i) _z (40)
2V2

b = Ci7

. coro’u) (eonotil
R R C 2)22 )z (41)

we obtain

(0% — oB)si™) = dege[Si ) + 55 (42)

Note that, going from Y to Z or Z’, the minus sign between ¢, and 05 changes the
charge conjugation sign of the spin w.f.. Similarly, the minus sign between the u and d term
in (38) changes the S, and S; combination from I =0 (in Y) to I =1 (in Z and Z).

In conclusion, we find

M® = (Z°|HF|Y]) = bq ;\gﬁ <4fZ;u) (wz(r)2p-1s) (43)
and
T(Y(4230) - 707%) = |M112(271r)3 47r'/ q‘;’j}w (2m)3(AM — w) = JL M1 =
9 2( P \(wz) 2
= 28 (%mu> <wx) (wx(r)2p—15)
= 4.36 Meng(wX<r>2p_>15)2 (44)

q is the decay momentum, wyz = My — Mz, we have chosen to normalize the radius with
wy, for comparison with Equation (32) and m,, = 308 MeV, from the constituent quark
model spectrum of mesons (see e.g., [3,10]).

4. Charge Conjugation in Y and Other Tetraquark Nonets

A charge conjugation quantum number can be given to each self conjugate SU(3)
multiplet according to
CTC =nrT (45)

where C denotes the operator of charge conjugation, T the matrix representing the multiplet
in SU(3) space and T the transpose matrix. 77 is the sign taken by neutral members, but it
can be attributed to all members of the multiplet. In the exact SU(3)y limit, 77 is conserved
in strong and electromagnetic decays. 7 = —1 is given to the electromagnetic current J#
and to Y# while yx = +1.

We extend Y; to a full nonet that we write as (omitting the overall normalization
for brevity)

_ zp
Y2(a,B)7 = eyp |(DSDy) + (DaDf)] == F(2)

D5
Dy = (co20%qa); Dy = (conqy), ete. (46)

F (&) is the wave function in the relative coordinate, even under & — —¢.
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The Lagrangian (33) generalizes to

F= £ gytys(0.M)g (47)
fr
where .
oy 18 + +
A M V2 + 6 O7T . KO
M = — B B SRR T ¢ (48)
V2 K~ ﬁKO ve 218

(A are the Gell-Mann matrices). Correspondingly, the action on each diquark of the
Hamiltonian derived from (47) is (for brevity, we omit two-dimensional spinors x' and x,
which should bracket all the expressions below)

/HIDZC o Mgy (0- g)aﬁD/:( )
HiDy & —(0+§)(MysD)g = —(0 - §)Dy My = —(DogM), et

and
H1(Dg Dy) o (MDgg)3 Dy + Dg (Do M); (49)
where
(Dog)a = (co2(0-8)qa) (Do) = (Coa(0 - £)dp)
Explicitly,
B _ _
C [(Doe)Dy + (Deg)aDf] =
B
= €2 [(con0"0g0) (coaiy) + (c02074) ey =
B
%CP {5“’) (co2q0) (202Gp) + €™ (co20" qa) (€0205) + (c0207q4) (Co0" %)} (50)

B _
Q[a

r

B
= S0 [(cor0"ga) cono?y) + (conga) (e P45 =
B
— %gf’ {(caﬂ“qa)(c'azap%) + 0% (co2qa) (Coagp) + ieapv(cazqa)(c'azavql;)} (51)

The expressions in (50) and (51) are to be integrated with functions symmetric under
& — —&%, so we can replace P& — 5P° r2 /3. In addition, in the square brackets we can
add and subtract terms that reconstruct the spin wave functions of tetraquarks of charge
conjugation +1, spin 0,1, 0,2, namely X, X, Xé, X and of charge conjugation —1, spin 1,
i.e., Z, Z'. Indicating for brevity only X, Z, Z’, Equations (16)—(18), we obtain

Hi Yo o = ieapy 5 [(MX" XYM) + (MZY + Z'M) + (MZ" + Z/"M) + } (52)

3

Multiplying by the SU(3) matrix representing Y and taking the trace we obtain the
exact SU(3)y rules for the couplings of a C = —1 vector nonet to M plus an S-wave
tetraquark of charge conjugation 77:

Hi o TYMX]] (5x = +1)
Hi o TY{MZY] (57 = —1). 53)
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In particular, for Y(4230): Y = diag(1/v/2,1/+/2,0), we obtain vanishing coupling
Y — 71X and Equation (43) for Y, — 7079,
Summarizing, we obtain the selection rules:
Y, (I = 0) does not decay into 770X F0
Y>(I =1) decays into 77 X~ — X+
Y, (I = 0) decays into 77 Z~ + 7w~ Z+ + 7°Z°, same for Z’
Y>(I =0,0r 1) or Y[csé3] all decay into (KT X, — c.c.) and (KTZ; + c.c.)
The decay Zcs — /9 Kis allowed in the exact SU(3)s limit with

AN

Hy = uy (Te{Z, M}), [1] = mass (54)
6.  The decay Xcs — ]/ Kmay occur to first order in SU(3)s symmetry breaking with
Hi = Aip Tre([es[X, M]) ~ A (ms —my,) ip(XEK™ — c.c.) (55)

5. Radiative and Pionic Decays: D* and D; Mesons

The decay D* — « + D. In its spin dependent part, the Hamiltonian (29) describes
the radiative decay of D*, AS = 1 and no change in orbital angular momentum. Setting
the charm quark in the origin, D* and D are represented by

D) = V). (¢H0) Zu)) R(i) D= (c*<o>¢1§u<x>) R(|a))
M(D* — 4+ D) = %){r v gne®
u
and we obtain
2
*0 0y _ & & 3
r(D —>7+D)—3<mu> q (56)

Reference [14] can be consulted for a discussion of the D* decay rate and the strong
interaction corrections to (56).

The decay D** — n°D™. From the Hamiltonian (36) and Equation (37), the relevant
term in the Hamiltonian is

HI = & q-0y

V2fr
so that 2
M(D*T - D)= < v.
( ) Vor q
and

127tf2

with p¥ the decay momentum. Further,

+33
f%

(decay momentum p™). We reproduce the results of [14]. We assume D** decay to be
dominated by 7D final states and use the D** total width [32] to estimate the value of g,
obtaining

g ~ 0.56. (57)

DY — 7t D*® transition. D1(2420) is a well identified P-wave, positive parity charmed
meson with total spin and angular momentum S = | = 1. We can use its decay into D*7
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to calibrate the AL = 1 Hamiltonian (38). In analogy with (19), we write the D; wave
function as:

Cb o€
|D]) = Nl[eabc7 (C_UZEV) RZP,D(’”)] (58)
81
8 = <DT\D%7>=N12? / dr yop,p(r)?

where the subscript D indicates that the QCD couplings of the ¢u system are used.
The decay is induced by the ¢ dependent part of the Hamiltonian, restricted to the u
term. Proceeding as before, we find

M = (D™ |HJ|D}) = 64 \% <4fzjﬂu> %(a’<r>2P,D—>15,D)
and
2 2
r(D} - n’+D*) = g%r g <4fzmu) (w1(r)2p,p—15,0)* (59)
(D) - n+D*) = 3T(D)— =n’+ D) (60)

q1 is the decay momentum, w; = Mp, — Mp-~ and we have assumed that the 7D* modes
saturate the total width. The transition radius in Equation (59) is computed in the next
Section, see Table 2. Using the experimental width [32] we find:

g =10.63+0.08 (61)
the error is estimated from the D? and DljE width errors and variations in the estimated radius.

Table 2. Values of the transition radius 2P — 1S, GeV 1, for P-wave tetraquark and D;.

Transition 2P — 1S Lattice, Equation (63)  Cornell, Equation (64) Pure Confinement, Equation (65)
Y (4230) — X(3872)/Z.,(3900) 217 1.84 2.15
D (2420) — D* 3.74 3.34 3.36

6. Transition Radius

The transition radius for a diquarkonium was estimated in [28], from the radial wave
functions of a diquark-antidiquark system in a confining, QCD potential. We solve numer-
ically the two body, radial Schrodinger Equation [33] with potential and diquark mass

V(r) = —% +kr My =197 GeV (62)
Couplings are taken from lattice calculation of charmonium spectrum [34]
as =03  k=0.15GeV? (63)

Alternatively, Reference [28] uses the parameters of the Cornell potential [35] or a
pure confinement case:

ws =047  k=0.19 GeV? (Cornell) (64)
s =0 k= 0.25GeV? (confinement only) (65)

For the D; — D* transition, we use the same potentials and M, = 1.7, m,, = 0.308 GeV.
Results are reported in Table 2
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7. Summary
The value of g. The ratio of (44) to (32) depends on g2 only:
I'(Y4230) — 71°Z.(3900))

= — 2
T T(Y(4230) = 1 X(3872)) 8 (66)

Assuming that I'(Z:(3900)° — (D*D + c.c)?) saturates the Z.(3900) width, we obtain
g by comparison to the ratio of the corresponding cross sections, Table 1:
_o(efem — 1°2,(3900)° — 7%(DD* +c.c.)?)

Re = o(ete~ — 7X(3872)) = (67)

at /s = 4.226 GeV. From Ry = R, taking into account the errors of the cross sections,
we find

g=10%0% (68)
that compares well with with ¢ = 0.6 — 0.7 obtained in (57) and (61).

The Z.(4020) puzzle. The axial AL = 1 transition amplitude has a strong dependence
from the pion momentum, which reflects in a steep dependence of the rate: T « ¢° , see
Equation (44). The pion momentum of Y (4230) — 7wZ.(4020) implies a suppression factor
~30 with respect to Y(4230) — 7Z.(3900), which does not seem to be supported by the
cross sections in Table 1.

Would it be possible that the Z.(4020) events come from the second peak of the
structure, Y (4320)? A clarification of the source of D*D* events in the region and of the
decay modes of Y (4320) would be very useful.

The total Z.(3900) width. Following (68) and the transition radius in Table 2 (lattice
value), we estimate the total rate

T (Y(4230) — Z:(3900)) = 873" MeV (69)
corresponding to a fraction (5-36)% of the total Y (4230) rate, Equation (11).
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