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Abstract

This thesis deals with second order parabolic differential equations and some
semi-Lagrangian methods to approximate their solutions. We start with a
brief survey of the main theoretical results concerning linear and nonlinear
parabolic equations, recalling some existence and uniqueness to the Cauchy
problem on R? and to the Initial-Boundary value problem with Dirichlet and
Neumann type boundary conditions. In the following three chapters, we present
our approach to the numerical solution to three different problems. First, we
introduce a semi-Lagrangian method for advection-diffusion-reaction systems of
equations on bounded domains, with Dirichlet boundary conditions. Afterwards,
we present a semi-Lagrangian technique for approximating the solution to
Hamilton-Jacobi-Bellman equations on bounded domain, with Neumann-type
boundary conditions. Finally, we present a Lagrange-Galerkin approximation
of the Fokker-Planck equation, and we show how to apply such a method to
obtain a second-order accurate solution to Mean Field Games. Every method is
accompanied with numerical simulations.
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Introduction

In this thesis we focus on numerical methods for second order parabolic Partial
Differential Equations (PDEs), which are used for describing a wide variety of
time-dependent phenomena.

The work is divided into four parts and treats three different problems: in
the first chapter, we recall the main theoretical results for parabolic equations,
starting from the linear and semilinear ones, both in R? and in a bounded
domain. We then briefly present the theory of viscosity solutions to nonlinear
parabolic equations and we conclude the chapter with a short rewiew on the
Fokker-Planck (FP) equation and its application to the theory of Mean Field
Games. In the second chapter we present a second order semi-Lagrangian (SL)
method for systems of advection-diffusion-reaction equations on a bounded
spatial domain, introducing a novel approach in the treatment of Dirichlet
boundary conditions. In the third chapter we focus on the approximation of a
second order Hamilton-Jacobi-Bellman (HJB) equations on a bounded spatial
domain, with generalized Neumann boundary conditions. Finally, in the fourth
and last chapter, we propose a second order Lagrange-Galerkin (LG) scheme
to approximate the solution to the Fokker-Planck equation, and we show how
to couple it with a second order semi-Lagrangian method for HJB equations in
order to obtain a second order scheme for Mean Field Games (MFGs).

Part I - Parabolic PDEs: linear and non linear type

In Chapter [I] we recall some classical results concerning parabolic equations.
Given a function u, we consider the linear operator L;

Catn) = 3 as(t )= 3t 2) 2% + ot 2)
)= 2 ) Gy 2 P g A

and the differential equation
8tu = Etu.

We say that the operator L; is parabolic if the matrix (a;;(t,x)) is symmetric
and positive definite. Section is devoted to a brief presentation of the results
concerning linear parabolic equations, collecting various results regarding the
Cauchy problem on unbounded domains and the Cauchy-Dirichlet problem on
spatially bounded domains. An important part is the one devoted to the results
concerning the link between stochastic differential equations and second-order
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parabolic equations. Both kind of equations represent, in Physics, diffusion-
type fenomena, and there exist some results, called Feynman-Kac formulae,
that link explicitly the solution to a parabolic equation to the solution to an
associated stochastic differential equation. These formulas are the starting point
to derive semi-Lagrangian methods. In Section we present some results for
Hamilton-Jacobi-Bellman equations, a class of nonlinear parabolic equations of
the form

O+ H(t,z,u, Du, D*u) = 0 in (0,7] x R4,
u(0,z) = ug(z) for x € R%

We recall the definition of viscosity solutions and results about existence and
uniqueness for the Cauchy problem, with Dirichlet and Neumann boundary
conditions. We give a brief presentation of deterministic and stochastic optimal
control theories, showing that the value function of an optimal control problem
is the solution to an associated HJB equation. Section deals with the FP
equation, a particular type of linear parabolic equation which has a great impor-
tance in many application, for example in Biology, Physics and, also, in Mean
Field Games problems. Also the Fokker-Planck equation has a representation
formula, which will be crucial in Chapter 4 to derive a scheme to approximate
its solution.

Part II - Second order fully semi-Lagrangian discretizations of
advection-diffusion-reaction systems

In Chapter 2/ we deal with systems of advection—diffusion-reaction (ADR)
equations, which model the chemical or biochemical processes involving several
species transported by a fluid. These systems are responsible for most of the
computational cost of typical environmental fluid dynamics models, such as
those applied in climate, water and air quality and oceanic biogeochemistry
modeling for long term simulations [20} [47) 48]. Also in applications to medium
range weather forecasting, which consider shorter time ranges, the number of
interacting transported species can be quite large. This implies that a very large
number of ADR equations have to be solved simultaneously, in order to achieve
a complete description of the relevant physical processes. As a consequence,
even minor efficiency gains in the solution to this very classical problem are of
paramount practical importance. This explains why numerical methods that
allow the use of large time steps are favoured for these applications, see e.g. the
discussion in [I08]. The standard ways to enhance efficiency for the solution
of the advection step are either the use of implicit schemes or the application
of SL techniques, [49] 102]. These are then coupled to implicit methods for
the diffusion and reaction step. As discussed in [47, 48], SL methods have the
advantage that all the computational work that makes them computationally
more expensive per time step than standard Eulerian techniques is indeed
independent of the number of tracers, which allows to achieve easily a superior
efficiency level in the limit of a large number of tracers.

In the recent papers [I8], [19], a fully SL approach to both the advection and
diffusion steps was pursued, which combines the standard SL treatment of
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advection with SL-like schemes for diffusion. In particular, it was shown in [19]
that, even for a single advection—diffusion equation, the fully SL approach can
be more efficient than standard implicit techniques. SL methods for parabolic,
second order problems have also been studied, among others, in [26], 52] 84 [85],
80, [45), 141, 92]. A complete review of the earlier literature on this topic can be
found in [49, [72]. We remark that, among the proposals in the literature, the
formulation first introduced in [18] is an original contribution, since it allows
to treat straightforwardly parabolic problems in divergence form, such as those
usually encountered in computational fluid dynamics applications.

Since the technique under consideration stems from the Feynman—Kac stochastic
representation formula, it could also be possible to mix SL schemes with a Monte-
Carlo approach, as proposed, for instance, in [24]. However, while this latter
strategy might be more scalable on massively parallel architectures, on more
conventional platforms it suffers from a slow convergence with respect to the
number of sample trajectories. By exploiting the concept of weak convergence of
schemes for stochastic differential equations, the deterministic approach pursued
here usually results in a lower computational complexity.

The outline of the chapter is the following. In Section at least in small space
dimensions, we introduce the PDE system

o2
Ou ~+ (u, Du) — ?Au = f(u) (t,x) € (0,T] x O,
u(t,x) =b(t,z) (t,x) € (0,T] x 00,
u (0, 2) = ug () z €O,

where @ C R? is a bounded domain. Section describes the SL advection—
diffusion solver: we approximate the stochastic characteristics using a Crank-
Nicolson approach, then we reconstruct the numerical solution at the foot of
such approximated characteristics using a Py interpolation operator. A stability
and convergence analysis of the method is outlined in Section The possible
approaches to the treatment of boundary conditions are discussed in Section
A numerical validation of the proposed approach on both structured and
unstructured meshes is presented in Section [2.6] while some conclusions and
perspectives for future developments are outlined in Section

Part III - A semi-Lagrangian scheme for Hamilton-Jacobi-Bellman
equations with oblique boundary conditions

In Chapter[3|we deal with the numerical approximation of the parabolic Hamilton-
Jacobi-Bellman (HJB) equation on [0,7] x O

ou+ H <t,:1;,Du, D2u) =0 in (0,7] x O,
L(t,z,Du) =0 on (0,T] x 8O, (0.1)
w(0,2) = ¥(z) in O,

where O C R? is a bounded domain and H and L are nonlinear functions having
a specific form. The study of the numerical approximation of solutions to HJB
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and, more generally, fully nonlinear second order PDEs, has made important
progress over the last few decades. Most of the related literature consider the
case where O = RY, or where a Dirichlet boundary condition is imposed on the
boundary 00O. We refer the reader to [49, 50, [90] and the references therein for
the state of the art on this topic. By contrast, the numerical approximation
of solutions to has been much less explored. Indeed, to the best of our
knowledge only the methods in [100] [I] can be applied to approximate (|0.1])
in the particular first order case (o = 0). Moreover, in [I00], where a finite
difference scheme is proposed, the function defining the boundary condition has
the particular form L(¢,z,p,b) = (n(x),p). On the other hand, both references
consider Hamiltonians which are not necessarily convex with respect to p. Let
us also mention the reference [3], where, in the context of mean curvature
motion with nonlinear Neumann boundary conditions, the authors propose a
discretization that combines a SL scheme in the main part of the domain with a
finite difference scheme near the boundary.

The main purpose of this chapter is to provide a consistent, stable, monotone
and convergent SL scheme to approximate the unique viscosity solution to
(0.1). By the results in [6], the latter is well-posed in C([0,7] x O) under
the assumptions in Section Semi-Lagrangian schemes to approximate the
solution to when O = R? (see e.g. [26,[45]) can be derived from the optimal
control interpretation of and a suitable discretization of the underlying
controlled trajectories. These schemes enjoy the feature that they are explicit
and stable under an inverse Courant-Friedrichs-Lewy (CFL) condition and,
consequentely, they allow large time steps. A second important feature is that
they permit a simple treatement of the possibly degenerate second order term in
H. The scheme that we propose for @ # R¢ preserves these two properties and
seems to be the first convergent scheme to approximate with the rather
general asumptions in Section In particular, our results cover the stochastic
and degenerate case. Consequently, from the stochastic control point of view,
our scheme allows to approximate the so-called value function of the optimal
control of a controlled diffusion process with possibly oblique reflection on the
boundary 9O (see [22]). The main difficulty in devising such a scheme is to be
able to obtain a consistency type property at points in the space grid which
are near the boundary 9O while maintaining the stability. This is achieved by
considering a discretization of the underlying controlled diffusion which suitably
emulates its reflection at the boundary in the continuous case. We refer the
reader to [83] for a related construction of a semi-discrete in time approximation
of a second order non-degenerate linear parabolic equation.

The remainder of this chapter is structured as follows. In Section [3.1] we
state our assumptions, we recall the notion of viscosity solution to and
the well-posedness result. In Section we provide the SL scheme as well
as its probabilistic interpretation (in the spirit of [83]). The latter will play
an important role in Section which is devoted to show a consistency type
property and the stability of the SL scheme. By using the half-relaxed limits
technique introduced in [9], we show in Section our main result, which is
the convergence of solutions to the SL scheme to the unique viscosity solution
to . The convergence is uniform in [0,7] x O and holds under the same
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asymptotic condition between the space and time steps than in the case @ = R%.
Next, in Section we first illustrate the numerical convergence of the SL
scheme in the case of a one-dimensional linear equation with homogeneous
Neumann boundary conditions. In this case the numerical results confirm that
the boundary condition in is not satisfied at every z € 90, but it is
satisfied in the viscosity sense recalled in Section below. In a second example,
we consider a two dimensional degenerate second order nonlinear equation
on a circular domain with non-homogeneous Neumann and oblique boundary
conditions. In the last example, we consider a two-dimensional non-degenerate
nonlinear equation on a non-smooth domain. Due to the lack of regularity of
00, our convergence result does not apply. However, the SL scheme can be
successfully applied, which suggests that our theoretical findings could hold for
more general domains. This extension as well as the corresponding study in the
stationary framework remain as interesting subjects of future research. Finally,
we provide in section some theoretical results concerning oblique projections
and the regularity of the distance to O, which play a key role in the definition
of the scheme and in the proof of its main properties.

Part IV - A second order Lagrange-Galerkin scheme for Fokker-
Planck equations and applications to MFGs

The Fokker-Planck equations have broad areas of interest, starting with physics,
biology and chemistry. We refer the reader to [97] for the theory of linear
FP equations and their probabilistic interpretation. The main application we
have in mind is to approximate evolutive Mean Field Games problems, recently
introduced in [67, 75} [76], in order to model dynamic games with a large number
of indistinguishable small players. We consider a MFG problem consisting of a
backward HJB equation coupled with a forward FP equation. The two equations
are linked through the cost function of the HJB equation, depending on the
solution of the FP equation, and the drift of the FP, being the gradient of the
value function solving the HJB. The solution of the MFG problem is the fixed
point of the system.

The main purpose of Chapter [4]is to provide a Lagrange-Galerkin approxi-
mation scheme for the FP equations with constant diffusion, having the form

2
om — %Am +div(um) =0 in (0,7] x RY,
m(0,-) =mg in {0} x R,

(0.2)

which is conservative, second-order accurate, explicit and stable with quite large
time steps. Furthermore we propose a scheme which, coupled with an accurate
second order semi-Lagrangian scheme for the HJ equation, approximates the
solution to MFG problems with second order of accuracy.

The numerical solution of Fokker-Planck equations has been widely studied.
There are several methods based on the popular finite difference scheme proposed
by Chang and Cooper [38], which, in order to be stable and explicit, requires a
parabolic CFL condition. Lagrange-Galerkin (LG) and SL methods have been
mostly developed for advection and advection-diffusion problems, see [88], 12, 149]
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and the references therein. The relation between SL and LG schemes have been
analyzed in [53].

The main idea here is to couple these two techniques in order to develop
a scheme for a particular class of FP equations. We begin in Section with
a brief presentation of an existing first order SL method for such equations,
introduced in [34]. In Section[d.2]in order to derive our scheme, we first discretize
in time the representation formula, true in a time interval [¢, s] C [0,T],

Jyoamis vz = [ E (9 (6)mit,2)

where ¢ is a continuous function with compact support and X%*(s) is the
characteristic starting at x at time t. We apply a Crank-Nicolson approximation
to the Stochastic Differential Equation (SDE), whose probability density is the
solution of the FP. This first step is developed as in semi-Lagrangian schemes for
second order parabolic equations, see [17]. Then, in Section we introduce
the symmetric Lagrangian basis of odd order to obtain a fully discrete and
exactly integrated scheme. The choice of odd degree basis functions is inspired by
the results in [53] [54], where the equivalence between semi-Lagrangian schemes,
based on odd symmetric Lagrange interpolation, with Lagrange-Galerkin schemes
has been analyzed. It has been shown that the symmetric odd basis have a
better behavior, in terms of stability, when applied to transport problems. In
all the simulations carried on during the work, the order of reconstruction has
always been chosen to be 3. We prove consistency, L? stability and we provide
a convergence result to the unique classical solution of .

Section [4.3] presents the MFGs problem. We introduce a second order
semi-Lagrangian method for the HJB equation and we couple it with our
Lagrange-Galerkin scheme for the FP to obtain a second order method for
MFGs. In Section [£.4] we show a possible implementation when the spatial
dimension d = 1, in which we consider Simpson’s quadrature to approximate the
integral terms. Numerical simulations endorse this choice in terms of stability
and efficiency, compared to a more costly quadrature formula such as Gauss
Legendre. The resulting scheme is the adjoint of a second order accurate semi-
Lagrangian scheme applied to the backward equation, adjoint to the FP. We
conclude our work with three numerical simulations, one for the Fokker-Planck
in spatial dimension d = 2 and two Mean Field Games problems. For all these
tests we present an error analysis, both in L and in L? norms, that confirms
order two of convergence of our scheme.

The results presented in Chapter [2| have been published in 2021 on Journal of
Scientific Computing, while the results in Chapter [3| have been submitted to
Numerische Matematik in 2021.

The results presented in Chapter [4 are still a work in progress.



Chapter 1

Parabolic PDEs: linear and
non linear type

This first chapter has the aim to collect some results on the well-posedness for
both linear and nonlinear equations of parabolic type. Let us first provide some
notation and recall some useful definitions. The norm of = = (z1,...,24) € R,
i.e. the distance of x from the origin, is defined as the standard Euclidean norm

d 1/2
o] = (zx%) |
=1

Definition 1. Given an open set S C R?, a function f : S — R is Holder
continuous of exponent o (0 < o < 1) in S if there exists a constant A > 0 such
that

[f(@) = fWl < Alz —y[*, foralzyes. (1.1)

The smallest o for which (1.1) holds is called the Holder exponent of f.

A function f is said to be locally Holder continuous in S if (1.1]) holds in
every bounded closed set B C S with constant A, which may depend on B.
If « =1 in (L.1)) the function f(z) is said to be Lipschitz continuous.

1.1 Linear parabolic PDEs

Let @ C R? be a bounded open domain and 7' > 0. Consider the operator Ly,
t € [0,T7], defined on smooth functions u : [0,7] x O — R as

(c zd: thzd: (025D L a(tz) (12)
1) > D00, 2 wi(t, x oz, c(t, x)u(t, z .
and the differential equation
atu — £tu =0. (13)

We assume that the matrix (a;;(t, z)) is symmetric, i.e. for every (t,z) we have
a;j(t,x) = aj(t,x). If the matrix (a;;(¢,x)) is positive definite, meaning that
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for every non-null real vector £ = (§1,...,&q) € R?, 3 a;j(t, x)&& > 0, then we
say that the operator L; is parabolic. If there exist two positive constants Ay
and A9 such that
d
(V(t,z) € [0,T] x O,V € RY) M€ < 37 ayj(t, )68 < Mo €,
ij=1
then £, is said to be uniformly parabolic. From now on we will assume that

(A1) L; is parabolic in [0,7] x O;

(A2) the coefficients of £; are continuous functions in [0, 7] x O and there exists
a € (0,1) such that, for all (t,z),(s,y) € [0,T] x O, there exists A > 0

such that
Jaij (@) = agg(s. ) < A (Jo = yl* + [t = |*%), (L4)
|M2‘(t,1‘) _Mi(say)| SA’J:‘—MO" (15)
le(t, @) —c(s,y)| < Alz —y|*. (1.6)

We can now give a definition of solution and fundamental solution of (|L.3]).

Definition 2. A smooth function u : [0,T] x O — R is a solution to (1.3]) in a
domain O if all the derivatives of u occourring in (1.3) are continuous function
in O and the equation (1.3)) is satisfied at each (t,z) € [0,T] x O.
Definition 3. A fundamental solution to (1.3) in [0,T] x O is a function
D(t,x;7,€) defined for all (t,x),(,&) € [0,T] x O, t > T, such that:
(i) for fized (1,&) € [0,T] x O it satisfies (1.3)) as a function of (t,x), with
reQandT <t<T;

(ii) for every f € C(O) and z € O, we have

lim [ T(t,2;7,€)f(§)d€ = f(z). (1.7)
tNT JD
It is possible to construct a fundamental solution to ((1.3) on a bounded
domain using a procedure called the parametric method. First, let (a*(t,z)) be
the inverse matrix of (a;;(t,z)); for every (o,y) € [0,T] x O, {,z € O, t > T we
define

d
97 (2,€) = 3 (a¥ (0, 9)) (@i — &) (@ — &), (1.8)
ij=1
Wt 7,) = (0= 1) P exp { T, (19)
Z(ta; 7€) = (2v/m) " [det(a? ()] w1, i ). (1.10)
For fixed (7,€) the function Z(t,z;7,§) in satisfies
d
Owu(t,z) — UZI a;; (T, §)ajj;;j(t,x) =0, for (t,z)€ (0,T]x0O. (1.11)

Moreover, the following holds:
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Theorem 4. Let f € C([0,T] x O). Then,
Jta,r) = [ 2w o€

is continuous in (t,x,7), where x € O and 0 < 7 <t <T. Moreover,

lim J(¢t,z,7) = f(t,x)

T—1t

uniformly with respect to (t,x), O O S 3 x closed and 0 <t <T.

From Theorem 4| and the fact that Z solves , it follows that Z is a
fundamental solution to (|1.11]). The idea under the parametric method is to
look upon as an approximation of and view Z as a principal part
of the fundamental solution I' of . In the end, the method constructs a
fundamental solution for in the form

N0 = 2w+ [ [ Zmeneen e, (112

where, for each (7,€), ®(t,z;7,§) is a solution of a Volterra integral equation
with kernel

d 2
LZ(t,z;0,y) = ]221 lai; (t, %) — ai; (0, y)] G by,
d .
+ ; pilt, x)az@’az;f”y) +e(t,2)Z(t, x;0,y), (1.13)
i.e.

t
Ot.0im,§) = LZ(Lair O + [ [ LZ(tai0,9)- Ot wioy)dydo  (114)
T JO
Let us consider functions of the form

0,7] x O3 (t,2) — W(t,z) — /Ot/or(t,x;r,g)f(T,g)dgdr eR, (1.15)

where f € C([0,7] x O)
Theorem 5. If f € C([0,T] x O), then W and OW/dx;, i = 1,dots,d, are
continuous. If f is locally Hélder continuous in x € O, then also O*W/0z;0x;
and OW /0t are continuous in (0,T) x O and

8Wt - ﬁtW = f(t,.’L‘). (116)

Proofs of Theorems [4| and [5{ can be found in [59] (respectively, Chapter 1,
Section 2, Theorem 1 and Chapter 1, Section 5, Theorem 9).
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1.1.1 The Cauchy problem

It is important to extend the previous results to the case of O unbounded, since
the case O = R? is of particular interest in order to present the theory for the
Cauchy problem associated with . If O is unbounded, assumptions (A1)
and (A2) must be modified as follows:

(A1)’ L, is uniformly parabolic in [0,7] x O;

(A2)" the coefficients a, u and ¢ are bounded continuous functions in [0,7] x O

and (1.4)), (1.5) and (1.6]) hold in [0, 7] x O.
Definition [3]is still valid for O unbounded, with the additional requirement in
(ii) that
(3h1,hy > 0, V2 € 0)  |f(2)] < hexp {ho o[’} (1.17)

The existence of a fundamental solution in an arbitrary domain O C R? is
ensured by the following result, which is an extension to an unbounded domain
of the one in Theorem [5l

Theorem 6. Let O be any domain in R? and assume that (A1) and (A2)’ hold.
Then, there exists a fundamental solution T'(t,x;7,£) to given by
and ([L.14). If f € C([0,T) x O) is such that holds, then the function W
defined in is uniformly continuous in [0, T]x O. If, for allt € [0,T], f(t,-)
is also locally Holder continuous, then OW/0x;, 0*W /0x;0x;,0W /0t exist, are
continuous functions and holds.

We now recall some results concerning the Cauchy problem, defined as follows.
Given continuous functions f : [0, 7] x R* — R and ug : R* — R, such that

£t 2)] < hrexp {ho |’} for (t,2) € [0,T] x RY, (1.18)
lup(x)| < hyexp {hg |x]2} , for x € RY, (1.19)

with hq, he positive constants, find a smooth function u : [0, T] X R? — R such
that

{atu — Lyu= f(t,x) in[0,T] x RY, (1.20)

u(0,x) = up(x) in RY.

Theorem 7. Suppose that L; satisfies (A1), (A2)’, with O = RY, let f and ug be
continuous functions on [0,T] x R? and RY, respectively, satisfying assumptions

(1.18)) and (1.19). Assume also that, for allt € [0,T], f(t,-) is locally Hélder
continuous with exponent o € (0,1). Then u :[0,T] x O — R, defined by

t
ult.a) = [ Pa:0.9u©d ~ [ [ Tairofrededr, (120
is a solution to and
Ju(t, 2)] < kyexp {ki |2}, for all (t,z) € [0,T] x R (1.22)

for some k1 > 0 and ko > 0.
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We conclude this section with a uniqueness result for the Cauchy problem.
The following additional assumption on the data is required:

(A3)’ the functions a;j,da;j/0xy, 0%a;; /0wy 0k, iy Opi/Oxy, ¢, for i,j, bk =
1,...,d, are bounded and continuous functions on [0, 7] x R?. In addition,
they are uniformly Holder continuous with exponent o € (0, 1) with respect
to x € R%, and holds in [0, T] x R

Theorem 8. Let the operator Ly in (1.2) satisfy (A1)’ and (A3)’. Then there
exists at most one solution to the Cauchy problem (1.20)) satisfying

T
/ / |u(t,x)|exp{fk |$\2}dxdt< 00,
0 JRd

for some k > 0.

We refer to [59] for the proofs of Theorem [7| (Chapter 1, Section 7, Theorem 12)
and Theorem [§] (Chapter 1, Section 9, Theorem 16).

1.1.2 Initial-Boundary value problem

In this section, we deal with existence and uniqueness of solutions to the Initial-
Boundary value problem

Ou — Lu = f(t,x) in[0,T] x O,
u=g on (0,T] x 00, (1.23)
u(0,-) = ug on O,

where O C R? is a bounded domain and f,ug and ¢ are given functions. In
this section, we will use the following notation for the initial and boundary

conditions: for (¢,z) € ((0,7] x 00) U ({0} X @) we define ®(t, z) as

g(t,x) if (t,z) € (0,T] x 00,

up(z) if (t,x) € {0} x O. (1.24)

O(t,z) = {

Let us recall some maximum principle satisfied by £. We list below some
assumptions that will be useful in the upcoming results:

(A) the coefficients of £ in (1.2 are continuous on O.
(B) c(t,z) > 0in O.

For any point in Py = (to,zo) € [0,7] x O we denote by S(Fp) the set of points
P = (t,x) € [0,T] x O that can be connected to Py by a continuous curve in
[0,T] x O, along which the t-coordinate is nondecreasing from P to Fj.

The strong maximum principle, which does not require [0,7] x O to be
bounded, asserts the following.

Theorem 9. Assume (A), (B), and that L is parabolic. Then the following
hold:
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(i) If Oru — Lu < 0 in [0,T] x O and u attains a positive mazimum over
[0,T] x O at Py = (to,zg) € [0,T] x O, then u is constant on S(Fy).

(ii) If Opu — Lu > 0 in [0,T] x O and u attains a negative minimum over
[0,T] x O at Py = (to,zo) € [0,T] x O, then u is constant on S(Fy).

The following result is known as the weak maximum principle.

Theorem 10. Assume (A), (B), that L is parabolic, that [0,T] x O is bounded,
and that u € C([0,T] x O). Then the following hold:

(i) If Opu < Lu in [0,T) x O, then for each P = (t,x) such that u has a
positive mazimum in S(P), the maximum is obtained at some point in

S(P)e.

(ii) If Opu > Lu in [0,T] x O then for each P = (t,z) such that u has a
negative minimum in S(P), the minimum is obtained at some point in
S(P)e.

For each P = (t,z), Theorem does not exclude that the maximum
(minimum) can be reached also at points of S(P). The results presented in
Theorem [9 and in Theorem [10] (proven in [59, Chapter 2, Section 2]) can be
used to show the uniqueness of the solution to .

Theorem 11. Let L be parabolic on [0,T] x O and assume that (A) holds. Then
there exists at most one classical solution to the initial-boundary value problem
(1.23)).

For the existence of the solution to ([1.23]) we need a different formulation of
the concept of Holder continuity in Definition (1} Let us define Op = (0,7] x O
and

5 1/2
d(P,Q) := (|x —y|"+Jt— s]) for P = (t,x),Q = (s,y) € Or.

We will use the following notations, for a € (0, 1), we set

ulg™ = supul,
—Or [u(P) — u(Q)]
H, (u) = sup —F——un—, 1.25
( ) P,QeOr d(P7 Q)a ( )
M = ST+ HY ().

Notice that FST (u) < oo if and only if u is bounded and uniformly Holder

. . —Or .
continuous of exponent a. Since |-|," is a norm (see, e.g., [59]), we can denote
by Co(Or) the normed space defined as

Co(Or) :={u:O0r = R| WST < 00},

and by D™ any partial derivative of order m with respect to x € R%: if Du, D%u
and Oqu exist, then we define

—0 —0 0 5O o
Uy = luly” + > [Deuly,” + > [D2ul," + |0l
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and the normed space
— —O
02+Q(OT) = {u :Or — R ’ \u|2f:a < OO}
We can now state the following existence result for (1.23]) (see e.g [59]).

Theorem 12. Assume that O is such that, for every (t,x) € [0,T] x 0O there
exists a (d + 1)-dimensional neighborhood V' such that V N [0,T] x 0O can be
represented, for some i =1,...,d, in the form

€Ty = h(taxlv ey i1, Lid1y - - ,I’d),

with h,0zh, 0%h, Oth continuous. Suppose that L is uniformly parabolic and that
aij, i, ¢, f are uniformly Holder continuous of exponent o in O. Moreover, let
K > 0 be such that

—0 —0
laij|," <K, !le <K, |, <K.

Suppose that ®, defined in (1.24]), belongs to Coyo(O1) and that ;® — LO = f
on {0} x 0. Then there exists a unique classical solution u € Cayy to the

Initial-Boundary value problem (|1.23)).

1.1.3 Feynman-Kac formulae

There are intrinsic relations between stochastic differential equations and second-
order parabolic equations because, from the physics point of view, both type of
equations describe diffusion-type phenomena. In this line, it is possible to use
the solution of some stochastic differential equations to represent the solutions
of some second-order PDEs: such results are called Feynman-Kac formulae. Let
us first consider the backward Cauchy problem:

2

0“u
825”"’2@2]8 8 Z:uz

i,7=1

=0 in [0,7) x RY,

u(T,z) = up(x) on RY,

(1.26)
with aij, s, ¢, f [0, 7] x R? - R and uz : R — R. In this framework, the
operator £ does not need to be uniformly elliptic, it is possible to prove the
following results also for degenerate diffusion terms. We also assume that, for
some 7 € N, there exists ¢ : [0,T] x R* = R¥", with r < d, such that

a(t,z) = (a;(t,x)) = %U(t,x)a(t,x)—r, for all (t,z) € [0,T] x R (1.27)

Let us also assume that:

(F) the maps i, ¢, f : [0,T] xR? — R, and o : [0, 7] x R — R¥*" are uniformly
continuous, ¢ is bounded and there exists a constant L > 0 such that, for
90(7; .T}) = ,u(t7 iL'), U(ta .’IJ), f(t7 .T})

lo(t,z) —(t,y)| < Llz—y|  forallte0,T],z,y € RY,
lo(t,0)] < L for all t € [0, 7.



14 1. Parabolic PDEs: linear and non linear type

Theorem 13. Assume that (F) hold. Then (1.26)) admits a unique solution u
which has the following representation: for (t,x) € [0,T) x R?

u(t,z) =E l/tT f(s, X (s;t,2))exp {—/ts c(r,X(r;t,m))dr} ds

. (1.28)
+ur(X(T;t,z)) exp {— /t c(r, X (r;t, :c))drH ,
where X (-) = X (;t,x) is the unique strong solution to
{dX(s) = (s, X (s))ds + o(s,X(s))dW (s), fors e [t,T], (1.29)
X(t) ==z,

where W (+) is an r-dimensional Brownian motion starting at time t (W (t) = 0).

There exists an analogue result for the terminal-boundary value problem for a
parabolic equation:

Otu—l—zw la”azzax +ZZ 1/“833 +cu+f=0 in[0,T) x O,
u(t,z) = g(t, x) in [0,T) x 00, (1.30)
u(T,x) = ur(x) on O,

where O C R? is a bounded domain with smooth (C') boundary 90.

Theorem 14. Assume that (F) holds with all the functions defined on [0,T] x O
and let ¥, defined as

(t,z) = 419G (12) €[0,T) x 90,
, ur(z) (t,x) € {T} x O,

be continuous on ([0,T) x 00) U ({T} X 7). Then (1.26) admits a unique
solution u such that, for every (t,x) € [0,T) x R,

u(t,z) =E [/tT f(s, X (s;t,2)) exp {— /ts c(r, X(r;t,a:))dr} ds

+¥(X(1;t,x)) exp {— /tT e(r, X(r; t, x))dr}] , .

where X (-) = X (-;t,x) is the unique strong solution of (1.29) and
T=71(t,z) =inf{s € [t,T]| X(s;t,z) ¢ O}.

A proof for Theorems (13| and [14] can be found in [I09]. The solutions of the
stochastic differential equation in are called the characteristic curves of
equation .

We conclude this section with a representation formula for the initial-
boundary value problem with mixed boundary conditions of Neumann and
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Dirichlet types. Consider the problem

d 2 d
0 0
Oyu + E aijaxiauxj—k E uiaf;i—kcu—kf:O in [0,7) x O,

ij=1 i=1
u(t,x) = g1(t, x) in [0,7) x 0,0,

0
a—nu(t,x) = g2(t, ) in [0,T) x 020,

u(T,z) = ur(zx) on O,

(1.32)
where @ C R? is a convex bounded domain with a C? boundary 00, 0;0 C 00
and 020 = 00 \ 9;0. For this problem, if p and o are uniformly Lipschitz
continuous in the space variable, the diffusion process with coefficients p and
o and normal reflection in O starting at xy € O is well defined. This means
that there exists a unique increasing stochastic process {£(s)}+<s<7 called local
time and a unique stochastic proces {n(s)}i<s<7 such that n(s) is a normalized
inward vector at X (s) € 00 and (X, &, n) satisfies

dX(s) = X(s )) ds +o(s, X(s))dW (s) +n(s)dé(s), se€t,T],
£(s) / Too (X (r)) d€(r), s€[t,T]
t
(1.33)

The following result holds (see e.g. [40] for a proof).

Theorem 15. Let u be a classical solution to (1.32]) and suppose that O is
convez. Then, for every (t,x) € [0,T] x O it holds that

u(t,z) =E [/tT f(s, X (s;t,2))exp {— /ts c(r,X(r;t,x))dr} ds
—f-\IJ(X(T;t,JJ))eXp{—/tT C(TaX(r;m))dT} (1.34)
— /tmin{nT} g2(s, X (s;t,x)) exp {— /ts c(r, X(r; t, 3?))(17“} df@)] ;

where (X, &) solves (1.33)) and 7 is defined as
{inf{syt <s<T,X(s) €00} if{s|t<s<T,X(s) €O} #0,
T =

400 otherwise.
1.1.4 The case of nonlinear source term: semilinear parabolic
equations

Let us now briefly recall some important results on the theory of semilinear
parabolic equations of the form

Owu(t,z) — Lyu(t,z) = f(t,x,u) for (t,z) € (0,T] x O,
u(t, z) = g(t, ) for (¢,z) € (0,T] x 90, (1.35)
u(0,x) = up(x) forz € O
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where
d 2 d
0“u ou

ij=1 i=1 Oz

A procedure often used for to solve (1.35) is the following. Set w = Twv if w
solves

ow — Lyw = f(t,x,v)

with same initial condition as u. The idea is to prove that, if we restrict v to
an appropriate functional space, then the operator T'v is well-defined and has a
fixed point, which is the solution u to ([1.35). We can now state some existence
and uniqueness results for the solution to , whose proofs can be found, for
instance, in [59, Chapter 7]. Let us start with the uniqueness results, for various
types of functions f.

Theorem 16. Let 0; — Ly be a parabolic operator, with a and p continuous and
bounded functions. Let f be such that, for all (t,x) € [0,T] x O, f(t,x,-) is
nondecreasing. Then there exists al most one solution of problem (1.35]).

Theorem 17. Let 0; — L; be a parabolic operator, with a and p continuous
bounded functions, and let f be such that, for all (t,x) € [0,T] x O, f(t,z,-) is
locally Lipschitz, uniformly with respect to (t,x). Then, there exists at most one

solution of problem ({1.35)).

If the function f satisfies more restrictive conditions, then it is also possible
to provide some esimates for the solution u to (1.35)).

Theorem 18. Let 0, — L be a parabolic operator, with a and p continuous, and
let f be a continuous function satisfying that

vf(t,xz,v) < C1v% + Cy,  with Cy,Cy > 0,
for all (t,z) € (0,T) x O and v € R. Then, setting

g(t,z) if (t,x) € (0,T] x 00,

O(t,z) = { ) _
uo(z) if (t,x) € {0} x O,

for any solution u to (1.35)), the following estimate holds

Cs )1/2 kt
u(t,z)| < + supq{|P}| e,
lu(t, )| l(k—cﬁ 801;{\ }

where 007 = {0} x O U (0,T] x 00, for any (t,z) € (0,T] x O and k > C.

We can now recall the existence results: first, we need to define some
notations that extend the ones defined in ([1.25)). Let 0 < § < 1, and set

t _ t/ /
LD[U] — sup ‘v( 7'7;), v( ,:L’/)|7
(t,x),(t ,z")E(0,T)xO |z —a!| + [t =1
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and o
—0 —0
ol = Tols + S |o2u],
—0 —0
ol = [vlg +L"[v], (1.36)
—0 =0 P
[vlag = [olig + 22 Tmu’(s'

Theorem 19. Suppose that OO can be parametrized with a function in Ca_g N
Cota, that Ly is parabolic, that a;j and p; are Hélder continuous of exponent o

and that o o
> lagly, + > lwil, < K
i i

for some K > 0. Moreover, assume that f is locally Holder continuous and
that there exist two positive constants K, My such that, for any M > My,
2K|[f(t,z,u)] < M in (0,T] x O for all functions u such that |u|, , < M. If

g € Coys for some a < 0 < 1 and Org — L1g = f(t,x,g) on (0,T) x 00, then
there exists a classical solution to problem (1.35]).

Theorem 20. Suppose that the assumptions on Ly, (0,T) x 0O and g from
Theorem[19 hold. Moreover, assume that f is a Holder continuous function such
that for all (t,z) € (0,T) x O and v € R

vf(t,z,v) < Cru? + Cy, with Cy,Cy >0,

and
|f(t 2, v)| < A(|v]),

with A being a positive increasing function. If O,g— L9 = f(t,z,g) on {0} x 0O
then there exists a classical solution to problem (|1.35)).

For the proofs on Theorems [19| and 20| we refer to [59, Chapter 7, Section
4]. Without imposing any growth condition on f the existence of solutions for
(1.35) can only be proven in a restriction of the domain (0,77 x O.

1.2 Hamilton-Jacobi-Bellman equations

In this section we recall some of the most important results concerning Hamilton-
Jacobi-Bellman equations. Most of the results presented in this section can be
found in [42], [101], and [44].

1.2.1 Viscosity solutions for first-order equations on [0,7] x R?

The notion of viscosity solution was first introduced by M.G. Crandall and P-L.
Lions in [44]: previously, the main obstacle in the study of Hamilton-Jacobi
equations was the lack of a notion of solution that had the good properties of
existence and uniqueness. The study of viscosity solutions has begun by studying
the following two classes of first-order problems: the stationary Dirichlet problem

H(z,u,Du) =0 if z € R?, (1.37)
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and the time-dependent Cauchy problem

{&su + H(t,z,u,Du) =0 for (t,x) € (0,T] x RY, (1.38)

u(0,x) = up(z) for z € RY.

In and , ug is a given functions and H : RExRxR? — R (respectively,
H:[0,T] x R? x R x R? — R) is called the Hamiltonian. In (1.37) and
the Hamiltonian depends nonlinearly on the gradient Du of u. It is well known
that, in general, these problems do not have classical solutions even if, in the
case of , the initial data ug is smooth. It is possible to deal with this
problem by looking for a generalized solution in Sobolev spaces which satisfy
the equation only almost everywhere. However, in this approach, the problem
of uniqueness persists since it is possible to find several solutions to and
in the generalized sense. From now on we will focus on . First, we

recall the definition of upper and lower semi-continuous functions.

Definition 21. A function f : X — R is upper semi-continuous (USC(X)) if
{z € X|f(x) < y} is an open set for every y € R. A function f : X — R is
lower semi-continuous (LSC (X)) if {x € X|f(x) > y} is an open set for every
y € R.

In what follows we will use the notation BUC(X) to indicate the space of
bounded and uniformly continuous functions f : X — R. We can now introduce
the definition of viscosity sub- and supersolution to (1.38)) (see e.g. [101]).

Definition 22. A function u € USC([0,T] x R?) is a viscosity subsolution to
(T.38)) if, for every ¢ € C°([0,T] x RY) such that u — ¢ has a local mazimum
at (to, o) € (0,T] x RY, we have

drp(to, xo) + H(tg, xo, Do(tg, o)) < 0 and u(0,x) — ug(x) < 0 for z € R%

A function u € LSC(]0, T]xR%) is a viscosity supersolution to (1.38) if, for every
@ € C([0, T] xRY), such that u—¢ has a local minimum at (to, z¢) € (0, T]xR?,
we have

drp(to, xo) + H(to, xo, Do(to, ©0)) = 0 and u(0,x) — ug(x) > 0 for x € R%.

A function v € BUC([0,T] x RY) is a viscosity solution to (1.38)) if it is both a

viscosity sub- and supersolution.

From now on, we will use the notation Br(z) for the d-dimensional ball of
radius R > 0 centered at z € R%. In [I01], the following assumptions on the
data are considered.

(HO) The Hamiltonian H € C([0,T] x R x R x R?) is uniformly continuous in
[0,T] x R? x [-R, R] x {x € RY||z| < R}, for each R > 0.

(H1) There is a constant C' > 0 such that

C= sup |H(t,z,0,0)] < oo.
[0,T]xR4
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(H2) For R > 0 there exists yg € R, such that H(¢t,z,r,p) — H(t,z,s,p) >
yr(r —s) for —R<s<r <R, tc]0,T], pec R

(H3) If we define

AR(CY) = Sup{‘H(tu'r?T:p) - H(t7y>7';p)‘ ‘ ’33 - y’ S «,
’p‘ < R7 ‘7’| < R7t € [07T]}7

then limgy o Ar(a) = 0.
(H4) For R > 0 there exists Cr > 0 such that
|H(t,z,r,p) = H(t,y,r,p)| < Cr(l+ |p|) [z —y|
for t € [0,T], |r| < R, and z,y,p € R%

(H5) There exists a differentiable Lipschitz function p : R? — [0,00) and a
continuous function A : [0,00) x [0,00) — [0,00), decreasing in both

arguments, such that 2(0,-) =0, | l‘irn p(x) =0, and
T|—00

H(t,z,r,p) — H(t,x,r,p+ ADp(z)) < h(A, [p|)
for (t,x,r,p) € [0,T] x R x R x R and X € [0, 1].

(H6) There exist 79 > 0 and, for each ¢ > 0, a continuous function w; :
[0,T] x A — [0,00), where

A= {(z,y) e REx R |z —y| < ro},
which is Lipschitz continuous and differentiable in [0, 7] x A and satisfies:
(i) for r € R and (¢, z,y) € [0,T] x A
Owwe(t,,y) + H(t,z,r, Dywe(x,y)) — H(t,y,r, —Dywe(z,y)) > 0.
(i) for (x,y) € [0,T] x OA
we(t,z,y) < e for z € R and we(t,z,y) > 1/e.
(iii) for 0 <7 <y

liﬂ)linf{wg(o,x,y) =|lx —y| >r}=+o0.

Under these assumptions it is possible to prove a comparison principle (see e.g.
[42, Theorem 2]).

Theorem 23 (Comparison principle). Assume that H is continuous and that
the map r — H(t,z,r,p) is nondecreasing for all (t,z,p) € [0,T] x R? x RY,
Assume that (H5) and (H6) hold. Let u and v € C([0,T] x R?) be a viscosity
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sub- and supersolution to (1.38)), respectively. Assume that C' > 0 is a constant
such that, for (z,y) € A and t € [0,T] either

ut,z) —v(t,y)| <C or |u(t,y) —o(t,z) <C (1.39)
holds, and that either u(0,-) or v(0,-) is uniformly continuous. If also
sup (u—v) < o0,
[0,T]xRd
then
sup (u—v)T <sup(u(0,-) —v(0,-))*. (1.40)
[0,T]xRd Rd
Notice that ([1.39)) holds if u or v is the sum of a bounded and a uniformly
continuous function.
Before presenting the results concerning the existence and uniqueness of a
viscosity solution to (|1.38)), we would like to briefly explain the term wiscosity

solutions. If H and ug are sufficiently smooth, it is possible to show that, given
e > 0, if we add a viscous term —eAuwu to (1.38)), then the classical solution to

{(%UE —eAu. + H(t,z,u., Du.) =0 for (t,z) € (0,T] x RY, (1.41)

ue (0, ) = up(x) for x € R?

converges, as € — 0, uniformly in [0, 7] x R to a function u which is the viscosity

solution of ([1.38).

For a function u : [0,7] x R? — R we will use the notation C2([0, 7] x R%)
to indicate that u is differentiable in the first variable and twice differentiable in

the second variable, with continuous derivatives, and the notation CZ([0, T] x R%)
if u € C%([0,T] x R?) and is bounded.

Theorem 24. Assume that
e HecC*[0,T] xR x R x RY),
e H is bounded,

e H satisfies (H1), (H2), and (H4), with v = yr < 0 for every R > 0.

For ug € C3(RY) and ¢ > 0, let u. € BUC([0,T] x RY) N CL2([0,T] x RY) be
the unique solution to (T.41]). Then, there exists u € BUC([0,T] x RY) wviscosity
solution to (1.38) such that ue — u uniformly on [0, T] x R as ¢ — 0. Moreover,

sup sup |us(7,7) —u(r,z)| < K+/¢, (1.42)
7€[0,T)zcRd

where K is a positive constant depending on sup,cpd |ug| and sup,cga |Dugl.

Remark 25. The strategy of finding a solution to starting from the solu-
tion to and then passing to the limit as € — 0, is called vanishing viscosity
method. It may be natural to think of a numerical method for approrimating the
viscosity solution to starting from the solution to . However, even
though such a scheme would give the desired numerical approximation, relation
gives an explicit estimate for the rate of convergence, which is only O(/€).
Therefore, a numerical scheme based on the vanishing viscosity technique would
not be efficient.
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It is possible to prove the following existence result for viscosity solutions to
([T.39).

Theorem 26. Assume that H : [0,T] x R x R x R — R satisfies (HO), (H1),
(H2), and either (H3) or (H4). Then, for every ug € BUC(RY) there exists
T = T(sup,epd [uo|) > 0 and u € BUC([0,T] x RY) such that u is the unique
viscosity solution to in [0, T] x RY. Moreover, if yg in (H2) is independent
of R, then has a unique viscosity solution in [0,T] x R? for every T > 0.

Theorem 27. Let u,v € BUC([0,T] x R%) be viscosity solutions to with
initial data ug and vy, respectively. Assume that H satisfies (HO), (H2), and
either (H3) or (H4). Let Ry = max(sup,ecpd |uo|,Supgerd [vo]) and v = yg,.
Then, for every t € [0,T],

sup |u(t,z) — v(t, x)| < e sup |ug(x) — vo(x)].
zeRd r€R4

Thorems [26| and both proven in [I01], imply that the viscosity solution
to (|1.38)) exists and is unique.
We conclude this section with a stability result.

Theorem 28. Let u, € C([0,T] x R?) be a viscosity solution to

O+ Hy(t,x,u, Du) =0 for (t,x) € (0,T] x RY,
u(0, x) = upp () for x € R,

Assume that H, — H uniformly on [0,T] x R? x [-R, R] x Bg(0), for each
R > 0. If u, — u locally uniformly in (0,T] x RY, then u is a viscosity solution

to
O+ H(t,x,u,Du) =0, for (t,x) € (0,T] x R%

Moreover, if ug, — ug uniformly on R? and u, — u uniformly on [0,T] x R,
then u is a viscosity solution to (|1.38)).

1.2.2 Viscosity solutions for second-order equations on [0, 7] x R?

We now present some results from the theory of viscosity solutions for parabolic
equations of the form

{@u + H(t,z,u, Du, D*u) =0 in (0,7] x RY, (1.43)

u(0,z) = up(x) for » € RY,

where T > 0 and D2 is the Hessian matrix of u. The results in this section are
mainly taken from [61] and [I10]. We now give the definition of viscosity sub-
and supersolution to (|1.43]).

Definition 29. A function u € USC([0,T] x RY) is a viscosity subsolution to
([T.43) if for every ¢ € CY2([0,T] x R?) and a local mazimum point (to,zo) €
(0,T] x R? of u — :

8t(,0(t0, $0) + H(to, Zo, gO(to, 'IO)’ DSD(th -'E[)), DQQD(tO’ :EU)) <0
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and
u(0,z) — up(x) < 0 for z € R%

A function v € LSC([0,T] x R?) 4s a viscosity supersolution to (1.38) if for
every ¢ € CH2([0,T] x RY) and a local minimum point (tg, zo) € (0,T] x RY of
u— p:

Ap(to, mo) + H (to, mo, ¢(to, o), D (to, x0), D*p(to, 20)) > 0

and
u(0, ) — up(x) > 0 for z € R%

A function v € BUC([0,T] x R?) is said to be a viscosity solution to (T.43)) if it
is both a viscosity sub- and supersolution to (1.43]).

From now on, S¢ will denote the space of symmetric matrices in R4*¢. We
consider the following assumptions.

(F1) H is degenerate elliptic, meaning that H(¢t,z,r,p, X+Y) < H(t,z,r,p, X)
in (0,7] x R* x R x (R?\ {0}) x S¢if Y > 0.

(F2) H:(0,T] x R x R x (R?\ {0}) x 8 — R is continuous.

(F3) —oo < Hy(t,z,r,0,0) = H*(t,z,7,0,0) < 400 for all (¢,x,r) € (0,T] x
R? x R, where H, and H* are, respectively, the lower and upper semi-
continuous envelope of H.

(F4) H is uniformly bounded in (¢, z,7), locally in X, i.e. for every R > 0,
cr = sup{|H(t,z,r,p, X)|[|p],|X| < R,
(t,z,r,p, X) € (0,T] x R x R x (R*\ {0}) x 8} < o0,
where | X| = max; ; | X; ;|.

(F5) For every K > 0 there exists a constant ¢y = ¢o(d, T, K) such that
for all (t,z,p, X) € (0,T] x RY x (R4\ {0}) x 8%, with |r| < K, r —
H(t,z,r,p, X) + cor is nondecreasing.

(F6) For every R > p > 0 there is a modulus of continuity w = wg, such that

|H(t,x,r,p, X) = H(t,z,7,q,Y)| Swr,(Ip—q| +]X =Y
for all (t,z,7) € (0,T] xR xR, p < |p|,lq| < R and |X|,|Y| < R.
(F7) There exist pp > 0 and a modulus of continuity w; such that

H*(t, z,7,p, X) = H*(t,x,7,0,0) < wi(|p] +[X]),

H*(t,.’I),T,p,X) - H*(t,x,r,0,0) Z _wl(’p‘ + ’XD
if (t,2,7) € (0,T] x RY x R and [p|, | X| < po.
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(F8) There exists a modulus of continuity ws such that
|H(t,z,r,p, X) — H(t,y,r,p, X)| < wa(lz —y| (Ip| + 1))
for y € R, (t,z,7,p,X) € (0,T] x R x R x (R%\ {0}) x S

The following result states that almost everywhere solutions are also viscosity
solutions.

Proposition 30. Assume (F1). If u € C((0,T] x RY), u(-,x) € Wh4+1((0,T7)
for all x € R, w(t,-) € W24HYRY) for all t € [0,T] and

dwu + H(t, z,u, Du, D*u) = 0 a.e. in (0,T] x RY,
then u is a viscosity solution to (|1.43]).

Given u : [0,7] x R? — R, let us define its upper semicontinuous envelope

u*(t,z) = lim sup  u(T,y), (1.44)
(Ty)—=(t,x)
(T,y)€(0,T]xR?

and its lower semicontinuous envelope

ux(t, z) = lim inf u(T,y). (1.45)
(Ty)—=(t,x)
(1.9)€(0,T] xR

Notice that u, = —(—u)*, u* € USC((0,T] x RY), and u, € LSC((0,T] x R%).
The following comparison principle for (1.43)) holds.

Theorem 31. Suppose that H satisfies (F1)-(F8). Let u and v be viscosity sub-
and supersolutions to (1.43)), respectively. Assume that

(A1) there exists K > 0, independent of (t,x) € (0,T] x RY, such that u(t,z) <
K(|z|+1) and v(t,z) > —K(|z| + 1) for all (t,z) € [0,T] x RY,

(A2) there exists a modulus of continuity mp such that

u(0,2) —vi(,y) <mp(|lz—yl|) for all (z,y) € R? x R?,

(A3) u*(0,2)—v.(0,y) < K(Jx — y|+1) on R*xR? for some K > 0 independent
of (z,y) € RY x R

Then there is a modulus of continuity m such that
W (t,2) — va(t, ) < mlz — y]) for (a,y) € (0,T] x R x RE.  (1.46)

It is possible to prove the following stability result also for ((1.43)).
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Theorem 32. Let (), be a sequence of sets, nondecreasing with respect to n,
and such that Up_oQn = (0,T] x RY,
Assume that u, € USC(Qy,) is a viscosity subsolution to

8tun+Hn(t7$7un7Dun;D2un) :0 ln Q’n?

U, converges uniformly to a function u on any compact subsets of (0, T] x R, As-

sume the existence of a function H such that, for all sequences (t, Ty, T, Pn, Xn) —
n oo

(t,z,r,p, X) we have

lim Hn(t,l‘n,rmmen) > H(t,l’,?“,p,X).

n— o0

Then u is a viscosity subsolution of
O+ H(t,z,u, Du, D*u) =0 in (0,T] x RY.
Assume that u, € USC(Qy) is a viscosity supersolution to
Oty + Hy(t, 2, Up, Dup, D?up) =0 in Qy,

u, converges uniformly to a function u on any compact subsets of (0,T] x
R?. Assume, also, that there exists a function H such that, for all sequences
(t, Ty, Ty Py Xn) —2 (t,z,7r,p, X) we have that

n—oo

lim H,(t, zp, rn,pn, Xn) < H(t,z,7,p, X).

n—oo

Then u is a viscosity supersolution to

dwu + H(t,z,u, Du, D*u) =0 in (0,T] x R<

1.2.3 Viscosity solutions for parabolic Hamilton-Jacobi-Bellman
equations on bounded domains

First, consider the following initial-boundary value problem of Dirichlet type

Opu + H(t,z,u, Du, D?>u) =0 in (0,7] x O,
u(t,z) = g(t,2) on (0,T] x 80, (1.47)
u(0,z) = up(x) for z € O.

where O C R? is an open domain, g : [0, T] x 90O — R is the boundary condition
and ug : O — R is the initial data. The notion of viscosity solution for problem
(1.47)) can be found in [43] and is the following,.

Definition 33. A function u € USC([0,T] x O) is a viscosity subsolution to
(T.47) if, for each ¢ € C12([0,T] x O), at each mazimum point (to, o) of U — ¢

we have that
8t90(t07 l'()) + H(to,l’o,ﬂ, D907D2€0) <0 Zf (t07x0) € (O,T] X O? (148)

min{p(to, zo) — g(to, zo), Dep(to, xo) + H(to, zo, @, Dy, D*p)} < 0

if (to, o) € (0,T] x 00, (1.49)
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min{@(tm mO) - UO(xO)v 81690(7507 330) + H(t()a Zo, U, D% DQ('JD)v
go(to,xo) — g(to,l’o)} <0 Zf (to,l’o) € {0} x O.

A function u € LSC([0,T] x O) is a viscosity supersolution to (1.47) if, for
each p € C([0,T] x O), at each minimum point (to,xo) of u — » we have that

(1.50)

Orp(to, xo) + H(to, xo, T, Do, D*p) >0 if (tg,x0) € (0,T] x O, (1.51)

max{(to, 7o) — g(to, z0), Orp(to, x0) + H(to, o, @, Dp, D*p)} > 0

Zf (to,xo) S (O,T] X 80, (1‘52)

maX{SO(t()? 330) - UO(:’UO)a 8ﬁ0(t07 xO) + H(t()? Zo, U, DQO, DQ@))
(to, z0) — g(to,20)} >0 if (to, o) € {0} x O,

A function u € C([0,T] x O) is a viscosity solution to (1.47) if it is both a
viscosity sub- and supersolution.

(1.53)

It is possible to prove a maximum principle for (1.47)) (see e.g. [93] for a
proof).

Theorem 34 (Maximum principle). Assume that ug is bounded and that His
bounded and continuous. If w € USC(]0,T] x O) is a subsolution to (1.47) and
u € LSC([0,T] x O) is a supersolution of (1.47)), then

u—u < sup {u—u} n[0,T]x O.
({0} xO)U((0,T]xDO)

It is also possible to prove a comparison principle for (1.47]) (a proof can be
found in [43]).

Theorem 35 (Comparison principle). Assume that H is continuous and proper,
meaning that the inverse images of compact sets are compact. Moreover, suppose
that there exists a modulus of continuity w : [0,00) — [0,00) such that for each
t €1[0,T) and for all a > 0,

H(tvyar¢a($ - y)7Y> - H(t,l‘,T,O&(.ﬁU _y)aX) < w(a ’JL‘ _y’2 + ’X - Y’)

forxz,y € O, X,Y € 8¢, with X <Y. Ifu € USC([0,T] x O) is a subsolution
of (L.47) and u € LSC(]0,T] x O) is a supersolution to (1.47)), then

u<wu in[0,T]x O.

Let us now state an existence and uniqueness result for (1.47]). For a proof,
we refer to [93].

Theorem 36 (Existence and uniqueness). Assume that H is smooth and bounded,
that the boundary condition g € C*2(]0,T] x O) and is compatible with ug at
time t = 0, meaning that lim;_ g(t,z) = ug(x) for all x € 0O. Then, there
exists a unique continuous viscosity solution u to (1.47]).
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Let us now focus on the boundary value problem of Neumann type,

Owu + H(t,z,u, Du, D*>u) =0 in (0,T] x O,
B(t,z,u,Du) =0 on (0,7T] x 00, (1.54)
u(0,2) = up(x) for z € O,

where O C R? is an open domain, ug : @ — R is the initial data and
B(t,x,u, Du) = 0 on (0,7] x 0O is a non-linear boundary condition of the
Neumann type, meaning that B(t,x,r,p) is strictly increasing with respect to
p in the normal direction to 0O at x. More precisely, we assume that for all
R > 0, there exists a constant vg > 0 such that

for all (¢,z,7,p) € (0,T] x 00 x [-R, R] x R% and A > 0, where n(x) denotes the
outward normal to 0O at point x. It is possible to give a definition of viscosity
sub- and supersolution to ((1.54)) which is similar to Definition

Definition 37. A function u € USC([0,T] x O) is a viscosity subsolution to
(1.54)) if, for each o € C>°(]0,T] x O), at each maximum point (to, o) of U — ¢

we have that
drp(to, zo) + H(tg, zo, @, Do, D*p) <0 if (tg, o) € (0,T] x O, (1.55)

min{ B(ty, zo,u, Dp), Opp(to, xo) + H(to, xo,u, Do, D2g0)} <0

Zf (to,wo) € (O,T} X 80, (156)

min{(to, v0) — uo(wo), A (to, vo) + H(to, z0, T, D, D*p),
B(to,xo,ﬂ, DQO)} <0 Zf (to,l’o) S {0} x O.

A function uw € LSC([0,T] x O) is a viscosity supersolution to (1.54) if, for
each p € C([0,T] x O), at each minimum point (to,xo) of u — » we have that

(1.57)

drp(to, zo) + H(tg, 2o, u, Do, D*p) >0 if (tg,20) € (0,T] x O, (1.58)

max{B(to, zo, u, D), dpp(to, xo) + H(to, xo,u, Do, D*p)} >0

if (to, o) € (0,T] x 00, (1.59)

maX{SO(tO» 33‘0) - u0($0)a at@(to, :L‘O) + H(to, Zo, U, DQD» D230)7
B(th:EUaQ; D(p)} Z 0 Zf (tO,IE[‘_)) € {0} X 6

A function u € C([0,T] x O) is a viscosity solution to (1.54) if it is both a

viscosity sub- and supersolution.

(1.60)

We now present a list of properties which are needed in the main results for
(1.54).

(N1) For all R > 0, there exists a function mpr € C((0,00),R) such that
mpr(0T) =0 and, for G = H and B,

G(t,l‘,’l",p, X) - G(tvyaT7p7Y) 2 mR((l + |p’) ‘l‘ - y‘ +a "CL‘ - y’2)7
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<6 7)< (6 &)= (& 7).

foralla>1,2,yc€ O, |r|] <R, peRY XY € S°

if

(N2) For all R > 0, there exists ng € C((0,0),R), such that ng(0") = 0 and
for G = H and B

G(t,z,r,p, X) — G(t,y,7,4,Y)| < nr(lp — g + X = Y),
if 2 is in some neighnorhood V of 9O, |r| < R, p,q € RY, X, Y € S°.
(N3) for all R > 0, there exists yg > 0 such that for G = H and B
G(t,x,r,p,X)—G(t,z,s,p, X) > vr(r—s),
forallz € O, peRY X €8 —R<s<r<R.

Under the previous properties we have the following comparison principle for

(1.54). For a proof we refer to [6].

Theorem 38 (Comparison principle). Assume that 00 € W3 and that (NO),
(N1), (N2), and (N3) hold. Then, if u and v are, respectively, a bounded u.s.c.
viscosity subsolution and a bounded l.s.c. supersolution to (1.54), we have

u<v onl0,T]xO.

Theorem [38] is the fundamental result in order to get in the following result
the existence and uniqueness of a solution to ([1.54]), for the proof of which we
refer to [6].

Theorem 39 (Existence and uniqueness). Assume that 00 € W and that
(NO), (N1), (N2), and (N3) hold. Then there exists a unique viscosity solution

to (L3).

We conclude this section with a regularity result for the solution to (|1.54)),
under suitable assumptions on the initial data. For the proof we refer to [6].

Theorem 40. Assume that 00 € W3 and that (NO), (N1), (N2), and (N3)
hold. Moreover, assume that ug € W2*°(O). Then the unique viscosity solution

u e C([0,T] x O) to (1.54) is Lipschitz continuous.

1.2.4 Deterministic and stochastic optimal control

The solution to Hamilton-Jacobi-Bellman equations is related to the theory of
optimal control. Optimal control deals with the problem of finding a control law
for a given system such that a certain optimality criterion is achieved. A control
problem includes a cost functional that is a function of the state and the control
variables. The most popular methods to solve optimal control problems are
Pontryagin’s maximum principle and dynamic programming. Let us now give a
brief presentation of deterministic and stochastic optimal control problems and
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show their links to parabolic equations. We refer to [5], 57, 58] and [11] for the
proofs of the results in this section.
Consider the following controlled ordinary differential equation (ODE)

{j:(t) = u(z(t),alt)) ift>0,

#(0) = 2, (1.61)

where 29 € R and p: R? x A — R?, with A € R™ (m € N) being a non-empty
set and « : [0,00) — A is the control. The curve z is the response of the system.
The first problem is: given the initial point zo and a target set S C R%, is there
a control that steers the system to S in finite time? Given a control a, we define
its payoff by

T
P(a() = [ r(a(®).a(®)dt +g(a(D)) (1.62)

where T > 0, r : R x A — R is the running payoff such that r(z(-), a(-)) €
L'([0,T]), g : R? = R is the terminal payoff, and x is defined by (1.61). The
problem is to find a control a*(+) such that

P(0"() = max P(a(). (1.63)

Definition 41. The function H : R4 x R x A — R defined by
H(z,p,a) = (u(z,a),p) +r(z,a), forzeR!, peR? acA,  (164)
is called the control theory Hamiltonian.

Theorem 42 (Pontryagin maximum principle). Assume that o* is an optimal
control for problem (1.63) and define x* as its associated trajectory. Then there
exists p* : [0, T] — R? such that

" (t) = DpH (™ (1), p*(t), a*(1)), (1.65)
p(t) = =D H(z"(t),p" (1), (1)), (1.66)

and, for a.e. 0 <t <T
H (e (6), (), 0* (1)) = maax H (@ (1), (1) ). (1.67)

Moreover, the map t — H(z*(t),p*(t),a*(t)) is constant, and we have the
terminal condition p*(T) = Vg(x*(T)).

We can now show the link between optimal control and the Hamilton-Jacobi-
Bellman equation. First, let us parametrize (1.63)) by the initial time ¢ and the
initial condition z. Given (t,z) € [0,T] x R?, define z as the solution to

{x(s) = p(x(s),a(s)) ift<s<T,

0 (1.68)

We can define the payoff for this problem as

T
P (@) = [ 7(a(s),a(s)dts + g(a(T)). (1.69)
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Definition 43. For (t,z) € [0,T] x R? the value function v(t, ) is the greatest
payoff possible starting from x € R? at time t, i.e.

v(t,x) = sup P, (o), (1.70)
acA

where A denotes the set of measurable control functions.

Notice that, by definition, v(T,z) = g(x) for 2 € RY.
Theorem 44. Ifv € C1([0,T] x RY) then v solves the nonlinear partial differ-
ential equation

{&w(t, x) + I;léij({(ﬂ(l‘,a), Du(t,x)) +r(z,a)} =0 if (t,x) € [0,T] x RY,

v(T,x) = g(x) for x € R4
(1.71)

To design optimal controls in feedback form it is possible to use the dynamic
programming method: first, find the value function v as a solution to the
Hamilton-Jacobi-Bellman equation, then construct o™ as follows: select for each
(t,z) € [0,T] x R? an a(t, x) such that

aﬂ)(f, :U) + <,U,(337 a(ta ‘T))v Dv(t7 $)> + T([L‘, Oé(t, .73‘)) =0.
Next, if possible, solve the ODE

{:U*(s) = p(x*(s), a(x*(s),s)) ift<s<T,
x(t) = .

Then [0,7] 2 s — a(x*(s), s) € A is optimal.
A similar theory can be developed for controlled Stochastic Differential
Equations. Consider the SDE

{dX(s = (X (s),a(s))ds+odW(s) ift<s<T, (SDE)

X(t) ==,

where , 0 > 0 is constant, W is a d-dimensional Brownian motion on a probability
space (2, F,P) and « is a control process adapted with respect to the Brownian
filtration. The previous equation means that

X(s)=x+ /ts w(X(r),a(r))dr+oW(s) —W(t)], fort<s<T.

The analogue of ((1.69) in the stochastic setting is the expected payoff functional
T
Pro(a) =E / r(X(s), a(s))ds + g(X(T))] . (1.72)
t

For each (t,z) € [0,T] x R%, v(t, z) is defined as in (1.70). The following result
relates the second order Hamilton-Jacobi-Bellman equation with the stochastic
optimal control theory.
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Theorem 45. If the value function [0,T] x R? > (t,x) — v(t,z) € R is reqular
enough, then it solves the HJB equation

{Gtv(t,a:) + gleaf{(u(x, a), Dv(t,z)) +r(x,a)} + G Av(t,z) =0, (1.73)
(T, x) = g(x),
fort €[0,T) and x € R.

If the value function is sufficiently regular, then an optimal feedback control
can be constructed in a similar manner as in the deterministic case.

1.3 Fokker-Planck equations and Mean Field Games

Let p: [0,7] x R? — R be a given vector field. The Fokker-Planck equation is

{atm(t,x) — Z Am(t,z) — div(m(t, z)u(t,z)) =0 for (t,z) € (0,T) x RY,
m(0,z) = mo(z) for z € RY,
(1.74)

were o > 0, the vector field u is continuous, uniformly Lipschitz with respect to
x € R? and bounded. The main properties of solutions to (1.74)) are (see [91]):

« non negativity: if mg > 0 for all z € R?, then m(t,-) > 0 for all t € (0, 7).
» Mass conservation: [gpa m(t,z)dz = [ga mo(x)dz for all t € (0,T).

o Existence of a steady state m:

2
—%Am(m) — div(m(z)u(t)) =0 for all 2 € R

with m(z) > 0.
It is possible to prove existence and uniqueness of a regular solution to (|1.74)).

Theorem 46. Suppose that p : [0,T] x R? — R? is bounded, with bounded
continuous spatial derivatives and Holder continuous of exponent a in x uniformly
with respect to t. Then there exists a nonnegative function G such that

Colz —yf

G(t,z,s,y) < Ci(t —5)" " exp <— =)

) , fort,s€(0,T), z,y € RY,
with C1,Ce > 0, and for any probability measure vy the formula
m(t,z) = /d G(t,z,0,y)vody
R

defines the unique solution in CY2((0,T) x RY) N C([0,T) x RY) to (1.74).

The proof of the existence can be found in [I3 Chapter 6], while we refer to
[13, Chapter 9] for uniqueness.



1.3 Fokker-Planck equations and Mean Field Games 31

1.3.1 Representation formula for the Fokker-Planck equation

Solutions to (|1.74)) are closely related to the solution of the following SDE

{dXt == /,L(t, Xt)dt + O'th, (1 75)

Xo ==z,
where i : [0,T] x R? — R? is bounded and Lipschitz. We define

0 2 0?
L= Zﬂi(ty )873% + % 287

so that ((1.74)) can be written as
Oemy = Limy,

where £} denotes the formal adjoint operator of £; in L?(R%). As in [56], using
It6’s formula it is possible to prove that, if X € L?([0,T] x O x ) is a family of
solutions of ([1.75)) and X is distributed as myg, then the measure m; defined by

d d
(e o) [ f@ame) = [ EIf (X(tr.0)] dmo()

is absolutely continuous with respect to the Lebesgue measure and its density,
also denoted m, is such that [0,7] x R? > (t,2) — m(t,z) € R solves (L.74).
In order to better clarify the link between and we first need the
definition of martingale solutions of .

Definition 47. A measure v, s on C([0,T];R?) is a martingale solution of
(1.75)) starting from x at time s if:

(i) vas({f € C([0,TI;RY))|f(s) = 2}) = 1.
(ii) For any o € CX(RY), the stochastic process on C([0,T];R?)

A7) - [ (L) (Fu))ar

is a vy s-martingale after time s.

A martingale problem is well-posed if, for any (s,z) € R% we have existence
and uniqueness of martingale solutions. Moreover, the existence and uniqueness
of martingale solutions for equation is linked to the existence of solutions
to the Fokker-Planck equation. We recall the definition of measurable families
of probability measures.

Definition 48. A family of probability measures {vy} cra on a probability space
(Q, F) is measurable if, for every A € F, the real-valued map x — vy(A) is
measurable.

Lemma 49. Let 1 be bounded and A C R?® be a Borel set. The following
properties are equivalent:
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(a) time marginals of martingale solutions of equation (1.75)) are unique for
any x € A.

(b) Flinite non-negative measure-valued solutions of equation (1.74]) are unique
for any non-negative Radon measure mqg concentrated in A.

If v, is a martingale solution of (1.75|) starting from x at time t = 0, for
mo-a.e. x it is possible to give a representation formula for a non-negative

solution of (1.74)).

Lemma 50. Let mg be a locally finite measure on R, and let {vy},cpa be
a measurable family of probability measures on C([0,T];RY) such that v, is a
martingale solution to starting from z at time 0, for |mg|-a.e. x. Define
on C([0,T); RY) the measure v := [pa vzdmo(x) and assume that

T
I/ (o) (F(8)dvzd [mo ()t < +00
0 JRIxC([0,T];R?)
for all R > 0. Then the measure mY on R? defined by
i) = [ Pl (1)) o f)dmo()
RdxC([0,T];R4)

for every ¢ € C°(RY) solves (1.74).
Proofs of Lemma [49| and [50| can be found in [56].

1.3.2 Second order MFG system

Let us analyze a control problem with infinitely many agents. The distribution
of the agents is given by the function m and each agent controls its own dynamic,
denoted by X (x) and defined as the solution to . At this stage m is
given, meaning that it is the anticipation made by the agents on their future
evolution, which depends on the distribution m itself. Let p be smooth enough
for the solution (X;) to exist and let P1(R?) (respectively Po(R?)) be the space
of probability measures on R? with first (respectively second) bounded moments.
The cost of a single player is given by

J(t,z,a) =E [/tT (L(s, X5, as) + f(Xs,m(s)))ds + g(Xr,m(T))|, (1.76)

where T > 0, L : [0,T] xRY x A — R, f : R? x P;(RY) — R, and g :
R? x P;(R?) — R are given and continuous. We define the value function

u(t,z) = ;Ielg J(t,x, ), (1.77)

which is the solution to the Hamilton-Jacobi-Bellman equation

(1.78)

{ﬁm+H@LDM—§Au:ﬂLm@)nﬂ&ﬂxR%
w(T,x) = g(x,m(T)) in RY,
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with Hamiltonian

H(t,z,p) = sup{—L(t,z,a) — (p, u(t,x,))} . (1.79)
acA
Let us introduce o*(t,x) € A as a maximum point in when p = Du(t, z).
It results that p(t,z,a*) = —0,H(t, z, Du(t, z)).

Let us now discuss the evolution of the population density m, firstly making
the assumptions that all the agents control the same dynamic X (with different
starting points) and minimize the same cost J. It results that optimal dynamics
of each player is given by

AX* = p(s, XF, (s, X2))ds + odW,. (1.80)

The initial distribution at time ¢ = 0 is Mo € P1(RY) and the distribution of
agents at time ¢ is given by the law of (X7), with Law(X{) = mp. Starting from
, using It6’s formula and integrating by parts, we obtain that 7 satisfies,
in the sense of distributions,

{atm — % Am — div(mp(t,z,0%) =0 in (0,7) x R, (1.81)

m(0,x) = mo(x) for x € RY,

At the equilibrium we expect m(t,x) = m(t,x), so we get our MFG system

—ou— G Au+ 3 |Dul? = f(z,m(t)) in (0,T) x R?,
dm — % Am — div(m(t, 2)0,H (t,x, Du(t,z))) = 0 in (0,T) x R?, (1.82)
m(0,z) = mo(z), u(T,z)=g(x,m(T)) in R?,

Under suitable assumptions it is possible to prove the existence of a classical

solution for ([1.82)).

Definition 51. A pair (u,m) is a classical solution to (1.82)) if u, m € CH2([0, T]x
RY) and (u,m) satisfies (1.82)) in the classical sense.

Definition 52. The Wasserstein distance between two probability measures

my,ma € P1(RY) is defined as

dy(my,me) = inf {/ x — yldy(x, },
1(m1,ma) eIy ) Rdx[Rd| yldy(z,y)

where TI(my1,ms) denotes the collection of all the measures on R% x R? with
marginals my and mo.

We present an existence result for (a proof can be found in [2]).
Theorem 53. Let us assume that:
e f and g are uniformly bounded by some positive constant Cy over R® x P;.
e f and g are Lipschitz continuous, i.e. for each (x1,m1), (x2, ms) € RYx Py
|f(@1,m1) = fz2,me)| < (lz1 — 22| + d1(ma, m2))

and
lg(21,m1) — g(w2,m2)| < (|o1 — 22| + d1(m1,m2)).
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e The probability measure mq is absolutely continuous with respect to the
Lebesgue measure and has a Coy,, density, still denoted by mg, such that
2
Jga |]” mo(z)dz < 4o00.

Then there is at least one classical solution to (|1.82)).
We conclude the section with a uniqueness result, proven in [77].

Theorem 54. Assume that either f and g are monotone in L*>(R? x (0,T)) and
H(t,z,-) is strictly convex, or f and g are strictly monotone, i.e.

[ (s t,2)) = amalt,2)) (ma(t,2) ~ maft,2))dz < 0= my =
fort €[0,T) and my, ma € P1, and
/Rd (9(@,m1 (T, z)) — g(z, m2(T, x))) (m1 (T, x) — ma(T, x))dz < 0 = my = mg,

for my,mg € P1. Then the uniqueness of solutions to (1.82) holds.
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Chapter 2

Second order fully
semi-Lagrangian
discretizations of
advection—diffusion—reaction
systems

We propose a second order, fully semi-Lagrangian method for the numerical
solution of systems of advection—diffusion—reaction equations, which is based
on a semi-Lagrangian approach to approximate in time both the advective
and the diffusive terms. The proposed method allows to use large time steps,
while avoiding the solution of large linear systems, which would be required
by implicit time discretization techniques. Standard interpolation procedures
are used for the space discretization on structured and unstructured meshes.
A novel extrapolation technique is proposed to enforce second-order accurate
Dirichlet boundary conditions. We include a theoretical analysis of the scheme,
along with numerical experiments which demonstrate the effectiveness of the
proposed approach and its superior efficiency with respect to more conventional
explicit and implicit time discretizations.

In the present work, we present a number of improvements to the fully SL
approach of [I8], [19]. In particular, we show how second order accuracy in time
can be achieved. An improved treatment of Dirichlet boundary conditions is also
discussed and analysed. The resulting approach yields an efficient combination,
which is validated on a number of classical benchmarks, on both structured
and unstructured meshes. Numerical results show that the method yields good
quantitative agreement with reference numerical solutions, while being superior
in efficiency to standard implicit methods and to approaches in which the SL
method is only used for the advection term.
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2.1 Semi-Lagrangian schemes for linear parabolic
equations

Numerically, a semi-Lagrangian method mimics the method of characteristics,
tracking the foot of the characteristic passing through every node and following
it. What is needed is, basically, a technique for solving SDEs and track the
characteristics, then a reconstruction technique, such as an interpoplation
operator, to recover pointwise values of the numerical solution. We present a
first and a second order technique to approximate the solution to the Cauchy
problem . First of all, to sketch the ideas behind the method, we consider
the problem

dru(t, x) + (Du(t,z), u(t, ) — S Ault,z) + f(t,2) =0 (t,z) € (0,T] X R,
u(0,x) = up(z), x eR.
(2.1)
According to Theorem the solution to this problem is given by the following
representation formula

u(t,z) =E {/Ot f(s, X (s3t,2))ds + up(X(0;¢,2)) (2.2)

with characteristics solving

{dX(s) = pds +0dW(s), s €[t T], (2.3)

X(0) = =z.

Let us discretize the time interval [0,7] using a step At > 0, define Na; =
|T/At], the sets Za; = {0,..., Na¢} and X, = Ta¢ \ {Na¢}, so that t, = kAt
for k € Za;. We show how to construct a SL approximation using the technique
shown in [52] and [49]. First of all, an approximation of the solution of
is required, using a stochastic scheme for SDEs. Using the notation gy for the
numerical approximation of X, we have that for each k =0,..., Na; — 1 the
time-discrete approximation of the characteristic can be written as

{ykJrl = Y + p(Yks Yrt1, AWy), (2.4)

Yo =,

where p is defined according to the stochastic method implied for the approxi-
mation of . For example, using the stochastic forward Euler method, we
have

plx,y, AW) = —Atu(t,x) + cAW

wich is has first order of accuracy in time, stochastic Heun method

At
p($7y7 AW) = _T(M(ta l’) + :u(ta T — Atﬂ(t>$) + UAW)) + UAVV:

or stochastic Crank-Nicolson method

.y, AW) = 2t ) + lt.0) + 0AW
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which are second order accurate in time. AW, is a Gaussian variable with zero
mean and variance equal to At. In practice, the expectation with respect to
AW is approximated by working on a finite number s € N of realizations Ay,
each one associated to a weight ay, such that the discrete probability density is

PAW, =Ay) =ay, (=1,...,s,

with conditions .
ag >0, Z ap=1
/=1

and assumptions
S S
ZagAg =0, ZagAﬁ = At,
/=1 (=1

since the continuous variable has mean 0 and variance At. This means that
the expected value in , using the above discrete approximation of AW,
becomes a weighted average of the argument of E evaluated in the realizations
of yg. Using the notation F'(z,A;) for the approximation of the integral of f
using a quadrature rule, we obtain the time discrete approximation scheme for

ED)
s () = iy ar (ug(@, ) + Flw, &), k€ Th,,

u®(x) = ug(z).

where ug () is the time-discrete approximated solution in = at time ¢ = kAt.

In order to obtain a fully discrete scheme, let us now set a grid in the
computational domain: we discretize R? using a space step Az > 0, so that
we get a set of nodes z; = jAx for any multiindex j € Z%. Given a function
g(t, z) we will denote by g, ; the approximation of g(tx,x;) and by g the set of
nodal values at time ¢5. Analogously, given a function h(z), we will denote by
h; the approximation of h(x;) and by h the set of its nodal values. Let I[-] be
a polynomial interpolation operator such that I[v](z;) = v;, and if v € W%,
then for any = € R? we have

Io](x) — v(@)] < C(Ax)". (2.6)

(2.5)

The fully discrete semi-Lagrangian scheme for (2.1)) is

wieg = Sicy o (Hul(ej, 80) + Flap M) keTigez!
uo,j = uo(x;), jezt
or, compactly,
up1 = Sa(uy). (2.8)

As shown in [52] it is possible to carry on a rigorous convergence analysis of
such schemes, performed in normalized Hoélder norms:

1/p

AN oy P :

[ ((Aa?) > vl ) , ifp < oo, (2.9)
max; |v;, if p = o0.

The scheme in ([2.7)) is stable if each addendum in the right hand side is stable.
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Theorem 55. Let
g1y = Tvel (25, A0) + F(xj, &) (2.10)

fori=1,...,s. If ‘ ‘
[Vk41llp < (1 + CAL)[Joglp (2.11)

for a positive constant C' independent of At, Ax, then
[ursillp < (1+ CAL)[Jugll, (2.12)

with ug solution of ([2.7))

Theorem 56. Let i be a smooth vector field and let u(-,-) be a smooth solution
to (2.1). Assume also that (2.7) holds. Then, the local truncation error satisfies

the bound
1 || (A:L')q>
—|u
At At
where ¢' is the order of accuracy of the stochastic method used for the approxi-

mation in (2.4)),

In conclusion, the following convergence result holds.

Theorem 57. Fori=1,...,s let (2.10) satisfy (2.11)). Then, for any k € T,

lur = u(te)llp = 0

@Ho—summmuchszk

for At — 0, Az = o((At)'/9). Moreover, if the order of accuracy of the stochastic
method used for the approrimation in (2.4) is ¢', and if for any t € [0,T],
u(t, ) € C1(RY), then

= el < € (@07 + 1520, (2.13)

2.2 The model problem

We consider as a model problem the advection—diffusion-reaction equation with
Dirichlet boundary conditions

ou + (u, Du) — %QAU = f(u) (t,x) € (0,T] x O,
u(t,x) =b(t, ) (t,x) € (0,T] x 00, (2.14)
u(0,z) = up () z e O.

Here, T denotes the final time, ©® C R? is an open bounded domain, p :
O x [0,7] — R? is a velocity field and b : 9O x [0, T] — R denotes the boundary
value of the species u. The unknown u : O x [0,7] — R can be interpreted as
the concentration of a chemical species that is transported through the domain
O by the advection and diffusion processes, while undergoing locally a nonlinear
evolution determined by the source term f(u), which will be assumed to be
globally Lipschitz continuous, with Lipschitz constant L.
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In the simpler case of homogeneous boundary conditions and time indepen-
dent advection field and diffusion coefficient, equation can be written
as

o = Lu + f(u), (2.15)

where £ denotes a linear differential operator. We denote by & the evolution
operator determining the solution to the associated homogeneous equation

Oyt = Li (2.16)

with the same initial datum (0, z) = wup(x) and boundary conditions as in
(2.14]), so that u(t) = &[up]. By formal application of the variation of constants
formula, the solution of (2.15]) can then be represented as

u(t, ) = Efupl(x) + /Ot Ei—s|f oul(x) ds. (2.17)

If discrete time levels tp,n = 0,..., N are introduced, so that ¢, = nAt and
At = T/N, the same representation formula on the interval [tg, tx11] reads

u(tey1, ) = Eatlults, )] (z) + /t:kﬂ Etpor—slf oul(z) ds. (2.18)

The construction of the scheme relies on the application to (2.18]) of the Feynman—
Kac formula to represent the solution to (2.16]) (see, e.g., [52]), so that

Entluty, )(z) = E{u(yg, X (t))} (2.19)

where [E denotes the probabilistic expectation w.r.t. the Wiener measure, and
X (t) is the solution of the stochastic differential equation (SDE):

{dX = —p(s, X (5))ds + odW (s), (2.20)

X(tk-‘rl) =,

for s € [tg,tg41], with W (s) denoting a standard 2-dimensional Wiener process.
Note that, for o = 0, reduces to a deterministic ODE and the evolution
operator can be approximated accordingly by the well-known method of
characteristics for transport problems.

While the proposed numerical method will be presented in this simpler
case, the target for more realistic applications are systems of coupled advection—
diffusion—reaction equations of the form

Oyun + (p; Dun) = V- (ADuy) = fo(us, ... us) () € O x (0,77,

un(t, ) = by(t, ) (t,x) € 00 x (0,T],
un (0, ) = ugpn(x) reO0On=1,...,5.
(2.21)

Here, A denotes a symmetric and positive semi-definite diffusivity tensor, possibly
dependent on space and time. As remarked in the Introduction, systems of this
kind, with a possibly large number of species S, are responsible for the largest
share of the computational cost of typical environmental fluid dynamics models,
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so that even minor increases in the efficiency of the discretization for this very
classical problem are of great practical relevance.

Notice that, while the use of a representation formula like may recall
the procedure that it is followed to introduce exponential integrators (EI) (see e.g.
the review in [66]), there are substantial differences between SL and EI methods.
For example, EI are based on the approximation of a representation formula
for the solutions of a spatially discretized problem, while SL. methods employ a
space-time representation formula. Furthermore, SL methods approximate the
evolution operator by a local approach based on trajectory computation, while
standard EI entail a global step for the computation of the matrix exponential,
which is computationally quite demanding, see e.g. the discussion in [60].

2.3 Fully semi-Lagrangian methods

A numerical method for the solution of equation (2.14) on the interval [ty, t1]
can then be derived heuristically from ([2.18]) by discretizing the time integral
using the trapezoidal rule, so that one obtains

ultien 2) ~ Endlulti, ))(e) + 5 [Ealf oul(e) + flultin,2)]. (222

If the diffusion term is dropped in equation , and the evolution operator
is approximated by a numerical version of the flow streamline together with an
interpolation at the departure point of the streamline, a numerical method based
on can be interpreted as a semi-Lagrangian extension of the trapezoidal
rule with global truncation error of second order. Semi-Lagrangian methods
based on this formula have been successfully used in a large number of applica-
tions (see, among many others, [15],[37],[41],[103],[104],[106]). Due to a possible
stiffness of the reaction term, we might rather use a first order, off-centered
version of the above formula, defined, for 6 € [1/2,1] as

u(ter, z) = Enelulty, ))(x) + (1 = O) AtE [ f o u)(x) + OAL f (u(trrr, 7). (2.23)

In order to discretize (or (2.23)), we introduce a space mesh Ga, = {w; :
x; € O}, where Az denotes the mesh resolution. The mesh can be structured as
well as unstructured; the only necessary restriction is that it should be possible
to define a piecewise polynomial interpolation operator I of degree ¢, constructed
on the values of a grid function ¢ defined on Ga, (we refer to [96] for a precise
definition of the general setting). We denote by I[ug](z) the value at = of the
interpolant I computed using the values of the grid function ug. The vector
uy, collects the values uy, ; of the numerical solution to at the space-time
mesh nodes (tg, ;).

The discretization of , whenever aimed at approximating the expecta-
tion in , is performed via the so-called weak schemes for SDEs (see the
classical review [70]). At a generic node = = x;, weak schemes approximate the

expectation in (2.19) as

E {u(ty, X (1)} = > agulty, yf ;) + O(AtY) (2.24)
¢
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for a suitable definition of the points yﬁz of the weights ay. For our purposes,
we will consider cases in which ¢’ = 1,2, and set

¢ ¢
Yki = Ti T Op ;-

In the simplest case, a two-dimensional, first-order weak scheme (¢’ = 1) which
generalizes the explicit Euler scheme, may be obtained for

i = —Atu(tesr, ;) + V2Atoe

for ¢ =1,...,4, with oy = ag = a3 = oy = 1/4, and

=) (1) () e (0)

The discrete set of displacements v2Atoe! and weights oy (k = 1,...,4) is
constructed (see [70]) in order to approximate the probability density of the
2-dimensional Gaussian random variable

o AW = o (W(At) — W(0))
with the discrete density
P (UAW = 2Atae€) =y, (=1,...,4)

up to a certain number of moments. More precisely, in this first-order case they
coincide up to the third moment (note that odd moments are always zero by
symmetry).

Introducing the space interpolation, and replacing with its discretiza-
tion , a first order in time approximation uy of the solution to can
then be defined as

e

Uk+1,i

4
> Iue] (vh) (2.25)
(=1

4
HU= A S ATl (3h,) + 02 (ki)
/=1

Notice that, for simplicity, we neglect in the treatment of boundary
conditions. Possible approaches to handle Dirichlet boundary conditions will be
discussed in Section
It is easy to show that has a unique solution for At small enough. In
fact, is in the form of a set of decoupled fixed point equations for the
unknowns ug41,,
ug 1, = Fi(ug) + 0ALf (upy1,) (2.26)

and the Lipschitz constant of the right-hand side is §AtLy. Therefore, the
right-hand side is a contraction as soon as At < %, regardless of the Courant

number. Moreover, since

[F ()] [f(v) = F(O)] + [£(0)]

Lgly[+17(0)]

VARVAN
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we can obtain from ([2.26))
|Fi(u) + 0ALf ()| < [Fi(ur)| + 0AL(Lyly| + [ f(0)])

(note that the right-hand side is increasing with |y|). In order to obtain an
invariant set of the form |y| < R, we should therefore satisfy the condition

|Fi(ur)| + 0AL(Ls R+ [f(0)]) < R,
which gives, provided 0AtL; < 1,

i o B+ 0215 (0)]
1— 0AtLy

Under this condition, the interval [—R, R] is invariant, both assumptions of
the Banach fixed point theorem are satisfied, and has a unique solution
Uk+1,i € [—R, R]

The method will be denoted in what follows by SL1. This method
inherits the same stability and convergence properties of the parent methods, as
it will be discussed in Section Notice that this approach can be extended to
spatially varying diffusion coefficients and that, while only first order in time,
its effective accuracy can be substantially superior to that of more standard
techniques, if higher degree interpolation operators are used, as shown in [18].

In order to derive a method of second order in time, we follow the main
steps of [52],[87]. Applying the implicit weak method of order 2 defined in [70]
for the approximation of the stochastic streamlines (see also [87] for a
general theory of weak approximation for SDE), we define the points y,‘;i as the
solutions of the nonlinear equations

. At

Yki =T~ (N(tk+17xi) + p(tr, yf;z)) + V3Atoe'. (2.27)

Here, the symbols e’ denote the vectors:

Accordingly, the weights oy are given by
a1:4/9, agza3:a4:a5:1/9, a6:a7:a8:a9:1/36.

In this case (see [70]) the increase in the order of approximation requires that
moments of the probability density of c AW are reproduced by the discrete
density up to the fifth moment. This motivates the introduction of further
displacements and weights.
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It is to be remarked that also method (2.27)) can be rewritten in terms of
the displacements 5?1- = yiyi —x; as

At
5£’i =5 (p(thg1, i) + p(te, xi + Ok4)) + 3Atae£, (2.28)

thus yielding an implicit method that is a natural extension to stochastic differ-
ential equations of that introduced in [98] and commonly used in meteorological
applications for the computation of streamlines in SL. methods.

A second order in time SL (SL2) scheme can then be defined by a Crank-
Nicolson approach ((2.23) with 6 = 0.5) as

- zw(uk%n+ﬁﬂ[A%pﬁ+mﬂmﬂn (2.29)

Solvability of with respect to uy41,; can be proved with the same arguments
used for .

Notice that, with respect to the simpler first-order in time variant ,
nine interpolations at the foot of the streamlines must be computed, which
clearly makes this approach substantially more expensive. In applications to
systems of the form , the computational cost of scheme can be
marginally reduced by setting

9
Ug; = Z Oéﬂ[uk]@i,i)
=1
and defining
At At
Uy, = Uy + *f(uk i)+ ?f(ukJrl,i)a (2.30)

so as to reduce the number of the evaluations of a possibly costly nonlinear term.
Furthermore, when the coupling of the diffusion and advection term is weak, it
should be possible to decouple again the approximation of a single deterministic
streamline from that of the diffusive displacements, which could be added at
the end of each approximate streamline without increasing too much the error.
In particular, in [I8],[19] explicit Euler or Heun methods were employed to
compute these approximations, coupled to a substepping approach along the
lines of [36],[99]. More specifically, given a positive integer m, a time substep
was defined as A7 = At/m and, for n =0,...,m — 1, the Euler substepping

{ Z( D _ Z.(n) Atu(ty, A(n)),
~(0)

_"L‘Z

(2.31)

was computed, so that a yk in (2.25)) was modlﬁed with yk =g+ V2At toe
A decoupled substeppmg variant of (2.27) might in turn be obtained by
computing, for n =0,...,m — 1,

{¢>—W—§vamw%+wm (n+1)AT, " )],
~0
yz _:L"La

(2.32)
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and setting yﬁ’i = gjgm) + V3Atoe! in . We will denote this decoupled
variant with substepping by SL2s.

Notice that, in realistic problems, a major shortcoming of scheme is
the fact that the Crank—Nicolson method, while A-stable, is not L-stable, see e.g.
[74]. Therefore, no damping is introduced by the method for very large values of
the time step and spurious oscillations may arise, see also the discussion in [21].
In order to reduce the computational cost and to address the L-stability issue,
different variants of the scheme could also be introduced and compared,
along the lines proposed in [105] for the pure advection case. However, this
development goes beyond the scope of this paper and will not be pursued here.

Finally, even though achieving full second order consistency is quite compli-
cated in the variable diffusion coefficient case, the previously introduced schemes
can be nonetheless extended at least in the simpler configurations as suggested
in [18] for the first order case, even though full second order accuracy is not
guaranteed any more.

2.4 Convergence analysis

We present in this section a convergence analysis for scheme ([2.29). For sim-
plicity, we assume a one-dimensional problem defined on [0,7] x R, with a
time-independent drift term wu:

{atu + M(x)uz - %Quzz = f(u) (tvx) € (O’T] X R’ (2.33)

u(0,2) = up(z) zeR.

The multidimensional case, as well as the time dependence of p, require only
small technical adaptations. On the other hand, the convergence analysis on
bounded domains is still an open problem for high-order SL schemes, therefore
we will not address this problem here.

First, for i € Z and k € 1I},, we rewrite scheme with the shorthand
notation

Ukt 1,3 = SA (uk_H, Uk, l’l) , (2.34)
where z; = iAz, and
Sa (ki) = ar [l (@) + 5Tl 0+ 01)|
+ [Tl - o) + 51Ul 22)
+ a0 [ Hundwoln)) + 5 (Tl (o)

At
+ ?f (Wks1,) -

In one space dimension, the three discrete characteristics are defined by the
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equations
n At N J3AT
v = o - SHal) + alyt @) + V3Rl
_ At _
y (2) = w——[u@) +py (2))] - V3Ata,
At
@) = o= S lue) +p @),
with corresponding weights oy = a— =1/6 and o = 2/3. In what follows, we

will use the symbol K to denote various positive constants, which do not depend
on At,z,t. We will also assume that:

(HO) there exists a unique classical solution to (2.33));
(H1) f(z) € C'(R) with |f)(z)| < K for p < 4
(H2) p(z) € C2(R) with |u®)(2)| < K for p < 2;

(H3) for any v(z) € CYTY(R) with bounded derivatives, I[v] is a piecewise
polynomial interpolation operator such that for any x € R

[I[v](z) —v(z)| < KAx?.

2.4.1 Consistency

First, we derive a consistency result via a Taylor expansion. The same kind of
result can be obtained by probabilistic arguments, see [85].

Proposition 58. Assume (H1)—-(H3), and let u(t,x) be a smooth solution with
bounded derivatives of (2.33). Then, for each (k,i) € X, X Z the consistency

error of the scheme (2.29), defined as
1
Tae,az(te, v3) = AL (w(tps1, i) — Sa (u(ty), u(trsr), )

where u(ty) = (u(ty, x;))i, is such that

Ax?
tx) =0 A2 + =— ).
TA( ,1‘) < + At >
Proof. In what follows, we will omit the argument of functions computed at

(t,x). Consider a smooth solution w of (2.33)). Since assumption (H1) holds, by
differentiating in time and space ([2.33|) we get that u is also solution to
o? ,
U + p () Ugr — 5 Uawt = f(u)uy, (2.35)

2

g
Uty + 1 (T) g + 1 () Uz — 5 Uawr = f'(w)ug, (2.36)

and hence, by differentiating again in space (2.36), of

J2

Utpr + ///(-'E)uz + ,Uf/(-r)ux:p + /«L,(x)u:m: +p (l’) Ugzr — ?uxzmz
= f”(u) (Ux)2 + f,(u)umc (2.37)
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Using (2.36]) and (2.37)) in , we get :

/ 2 o? o’ 7 o’ /
U = g+ [ Uee — i Uaer — 5 K e 23# Ugy

0'2 0'2 2

_ngmcx + <2> Ugrzrx

, 2 a* o o*?
= Hp — ?H Uy + | 7 — 27,“ Ugx — 2#?“3&1 + 7 Ugrara

/ o’ o? " 2

+f(u) (ur — pug + ?um) + ?f (u)(ug)”. (2.38)

Define now U4 (z) = p(x) + i (2+(x)). By a Taylor expansion of u(t, z+(x)) in
space around (t, ), we obtain

At 1 At \?
u(t,ze(z)) = u+ <:|:v 3Ato — 2Ui> Up + 5 (j:\/ 3Ato — 2Ui> Upr
3
+% (j:v 3Ato — A;Ui) Upga

1 At \*
+— <:|:\/ 3Ato — 2U:|:> Ugrxrrx

24
1 At P 3
+ 150 (j:\/BAta - 2Ui) Usgzza + O(AL) (2.39)

and, defining Up(z) = u (z) + p (yo(x)),

At 1/ At
u(t,yo(z)) = u— — Uptig + = <_2

: : U0>2 Uy + O (AF) (2.40)

Using (2.38]),(2.39)),(2.40)) and the Taylor expansion

At?
u(t + At,x) = ut Atug + = -uy + O (At3> :

we obtain
u(t+ At,x) — Z agu(t,yp(z)) = At(us + p(z) uy — Ujum)
Aetg o? o?
T(f/(u)(ut - pug + ?um) + Ef”@)(ua:)Q)
+ 0(a?) (2.41)

(note that, here and in what follows, ¢ takes values in the set {+, —,0}). Consider
now the nonlinear reaction term. By assumption (H3), we have that

fult,y)) = f(u) + f(u)(ut,y) —u) + %f”(U)(U(t, y) —u)?

ey 0P +0 (wlty) — ') (242)
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Using (2.41)) in (2.42), and taking into account that u(y,t) = u + V3Atou, +
O(At) and u(t,y°(z)) = u + O(At), we obtain

2
Sl (' @).1) = I <u<t A ) = At + ity — Tttaa) - u>
L

flu) + f”(u)(AtU;ui,) + O(At?). (2.43)

By (2.43)) and ([2.41)), we get the consistency error for the semi-discretization,

u(t+ At,x) — Z o (u(t, yz(:v)) + %f(u(t, y%x)))) — %f(u(t + At.x))
¢

2

Sty — f(w) + O (AF). (2.44)

= At(u + p(z)uy — 5

Introducing the interpolation error and using assumptions (H2) and (H1), we
finally prove the consistency error for the fully discrete scheme. O O

2.4.2 Stability

To prove stability, it is convenient to recast (2.34) in matrix form as

3 |

Uk+1 — ?f(ukﬂ) = Zaz Bguk + gf (Bguk)} , (2.45)
V4

2

where f(u) denotes the vector obtained by applying f elementwise to the
components of the vector u, while the matrices B¢ (which represent the operation
of interpolating uy, at the points y’(x;)) have elements b;;e defined by

by = B;(y (i), (2.46)

for a suitable basis of cardinal functions {3;}. The following proposition implies
stability for the linear part of the scheme with respect to the 2-norm.

Proposition 59. Assume (H2), and let the matriz B have elements defined by
, with (B;) basis functions for odd degree symmetric Lagrange or splines
interpolation. Then, for each k, there exists a constant K > 0 independent on
Ax, At such that

| B2 < 1+ KpAt. (2.47)

Proof. Following [53], [54], we sketch the arguments to prove for the cases
of symmetric Lagrange and splines interpolation. In these cases, the method
can be interpreted as Lagrange—Galerkin schemes with area-weighting. First,
we make explicit the dependence of the points * on = and At. We recall that
y'(z) = 2 4 6%(x), with §° solving the equation:

At

o (@) = -5 (1(@) + pl@ + 8" () + V3Atoe",
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Expanding the term u(z + 6°(z)), we obtain therefore

5(z) = —% (@) + () + 84 (@) + O ((6)2)) + VBAtoe!,

and hence,
5 (x) (1 + A;u’(x)) = —At pu(z) + V3Atoet + 0O (At(w)

(note that, here and in what follows, assumption (H2) ensures that all the
remainder terms of the form O(-) are smooth and uniformly bounded wrt x).
Dividing now by 1+ At z//2, and using the fact that 6¢ = O(v/At), we get, for
At — 0,

y(z) = & — At p(x) + V3Atoel + O (At3/2) . (2.48)

Due to the term v3Atoe’, the form of (2.48)) does not coincide with that used
in [53] for the points y*(z). However, for a generic couple of points z,zs € R,
when considering differences y(z1) — y*(2) this additional term is cancelled, so
that

y'(@) =y (22) = (21— w2) = At(u(w1) — p(w2)) + O (|e1 — wo| AL2)
= (1 —x9) — At p/(&)(z1 —22) + O (]wl — xQ\At3/2) ,

for a suitable point £ € [min(z1,x2), max(z1,x2)] (note that the remainder term
may be written in the form O(|z; — x2|At3/?), since it comes from the difference
of two remainders which have a smooth dependence on x). As a consequence,
the form still satisfies the relevant properties used in the proof of .
In particular, using the triangle inequality in the form of a difference, we get

[y (21) = ' (@2)| > |21 = wa| = At| |lc|w1 — 22| + O (|21 — 2] AEY2).
Therefore, the condition [53, Lemma 3]
(1) — o' @) 2 Sl —
is satisfied as soon as

At[ oo + O (A8 <

N |

On the other hand, we have

IN

At||lu’/||00|l'1 - ZE2| +0 (‘1'1 _ $2|At3/2>
< At(I# oo + O (AF/2)) |21 — wal,

[y (21) — (21 — 2 + ' (22))]

A

which implies, for At small enough, the condition [53, Theorem 4]
[y (21) = (21 — @2 + ' (22))| < Kx|zr — a|At,

for a suitable positive constant Kx. Then, a careful replica of the arguments
used in [53] provides the estimate (2.47)). O O
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For a formal definition of the basis functions ; in the case of symmetric
Lagrange and spline interpolation, we refer the reader to [53], [54]. While these
two cases allow for a complete theory, at least in one space dimension, in the
numerical tests with unstructured grids we will also use Py interpolants, for
which a first attempt of stability analysis in presented in [55].

2.4.3 Convergence

We now present a convergence result in the discrete 2-norm.

Theorem 60. Assume (HO)—(H3), and, in addition, that (2.47)) is satisfied.
Let u(t,z) be the classical solution to (2.33|), and uy be the solution to (2.34]).
Then, for any k such that t, € [0,T] and for (At, Ax) — 0,

A4
Ju(t) — well < K (a6 + 550,

where K is positive constant depending on the final time T.

Proof. While a mere convergence proof could be carried out with weaker regular-
ity assumptions, we will focus here on the error estimate above, which requires
the regularity assumptions (HO)—(H3). Define the vectors 7 and €, so that
Yi,i = u(ty, xi), and € = v — ug. Then, by Proposition we get

At [

Vi1 — 7f (Ye+1) = D> o |(BY)F i + gf ((Bg)k%)} + O(A? 4 Ax?),
]

2
(2.49)
where the matrices (B)* (which now represent the interpolation of uy at the
points yf;i) have elements (bfj)k defined by
4 0
(65)" = B (Yks)-

Subtracting (2.34]) from (2.49)), using the Lipschitz continuity of f and the
triangle inequality, we obtain from the left-hand side:

LAt
| > (1 225 el
2

Taking into account that Y, ay = 1, along with the bound ({2.47)), we also have
from the right-hand side:

< <1 + Lg“) (1 + KgAt) ||ex]ly + O(AL® + Ax?).

At At
Ye+1 — 7f (Vk+1) — Uky1 + ?f (Uk+1)

At A

t
Vi1 — 7f (Vet1) — kg1 + —=f (Ukg1)

2

2

Therefore, it turns out that

LAt LAt
(1= 255 el < (14 255 ) (K0 a0 +207). (2:50)
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Now, for At small enough to have 1 — LyAt/2 > C > 0, we have that there
exists a constant K > 0 such that

LAt

2
L
,_ LsAt
2
and hence, using this bound in (2.50]),

(1+ KpAt) <1+ KpAt,

lersilly < (14 K7At) |lexlly + O(AL + Az?), (2.51)

which, by standard arguments, implies that, for any & such that ¢ € [0, 7],

Az
leelly < K (A8 + 5.

O O

2.5 Boundary conditions

The treatment of Dirichlet boundary conditions (BCs) for this class of semi-
Lagrangian methods has been considered in [86], where two methods are proposed.
One approach has first order of consistency, but it does not seem possible
to generalize it to multiple dimensions. The second approach has order of
consistency 1/2. More recently, in [19], an easier treatment has been proposed
for the scheme SL1 with time-independent Dirichlet boundary condition, again
with order of consistency 1/2. This approach has been extended in [I6] to
unstructured meshes.

We propose here a new approach to obtain second order consistency for the
scheme SL2 with Dirichlet boundary conditions. This technique is based on the
idea of using extrapolation to reconstruct the solution at feet of characteristics
falling outside O, much in the spirit of the so-called ghost-point techniques, see
e.g. [78]. We stress the fact that, while the emphasis in our presentation is on
the treatment of BCs for the SL approximation of diffusive problem, the same
technique and analysis also hold for the approximation of the pure advection
problem, for which accurate BCs for SL methods are by no means easy to derive.

2.5.1 Construction of the extrapolation grid

In addition to the standard mesh Ga, = {z;, ¥; € O}, on which the numerical
solution is computed, we consider a second mesh Gy, = {&;, & € O}, used only
for extrapolation, formed by a single layer of elements having their external
side along the boundary of O. This second mesh is constructed with a size
parameter h ~ v/At, and the degrees of freedom are chosen in order to allow a
second-order interpolation. We point out that, as we will soon prove, stability
reasons force the parameter h to be at least of the same order of magnitude
of the maximum distance of outgoing characteristics form . This prevents in
general from performing extrapolation via the same mesh used for interpolating
at interior points.
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Figure 2.1. Unstructured computational mesh (blue triangular elements) together
with boundary mesh G, (black rectangular elements and red asterisks nodes)

In Fig. 2.1 we show, as an example, a square domain O = (—1,1) x (—1,1),
for which the standard mesh Ga, is formed by the blue triangular elements
and the mesh Gy, is formed by the black rectangular elements. Note that, in
Fig. [2.1] the elements used for the extrapolation overlap at the corners, but
this does not preclude the construction of a stable extrapolation. The asterisks
in red denote the nodes of Gy, according to the standard Qg element. The
values of the numerical solution on the nodes §; are obtained by interpolation at
internal nodes, and by the Dirichlet boundary condition if the nodes lie along
the boundary 90.

We then denote by Ta, a given triangulation, with Ga,, the set of the vertices
of the elements K € Ta, and define the polygonal domain Oa, = Uger, K C O.
If, for some i and £, yéi ¢ O, then its projection P(yiﬂ-) onto O, is computed,
defined as the point in Oa, at minimum distance from y,‘;,i. The value of the
numerical solution uk(yﬁl) is then approximated by a quadratic extrapolation
operator Ws. This operator is constructed via the Qo interpolant associated to
the element of G;, to which the projection P(yﬁﬂ.) belongs:

we (k) = alie] (Yk)

where 1, corresponds to

Tugl(&) if& e O,

(&) = {b(tk,gi) if & € 0.

In the case of non-convex domain, the projection may not be unique and we
consider as P(yﬁ’i) the closest projection point to the starting grid node x; with
respect the euclidean distance. The method can be extended to more general
domains, by considering triangular elements for G,. In what follows, we provide
a simplified analysis for this technique only for the one-dimensional problem,
while we present a numerical validation for more complex situations in Section

2.0.0l
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Figure 2.2. Boundary extrapolation: basic setting

2.5.2 Theoretical analysis

In order to carry out a first theoretical analysis for the extrapolated boundary
conditions, we set the problem in one space dimension, use a constant space step,
and assume that the computational domain is given by the positive half-line, as
in Fig. We consider a scheme in the form

werrs = Hur) () @i @ [20, @0 + Acal,
w1 = VAR (yr,) @i € (0,20 + Acal, (2.52)
Uk11,0 = bpy1,

with |bg| < Mp, and examine in turn stability and consistency in the treatment
of BCs. The form ([2.52) is intended to represent a single term, for a given ¢, in
(12.45]).

Stability We start for simplicity by using both a first-order interpolation
I[c] = Ih[c] at internal points, and a first-order extrapolation ¥[c] = Wy [c] at the
boundary, the latter being performed between the boundary node zy = & and
an additional node & = £y + h, which needs not coincide with any grid node.
We also denote by A, the measure of the interval on which nodes has their
respective feet of characteristics falling outside of the computational domain
(and therefore use extrapolated values), so that

Ay :max{Ai =x; —To:T; € O,yiﬂ- ¢ (9}.

In practice, we will soon show that, for the sake of stability, A must be chosen
as a function of A.,. In Fig. we have marked in black the nodes used for
extrapolation, in grey the nodes which require extrapolation, and in white all
other nodes.

Consider a generic node z; € (2, o + Aez), the corresponding value wy,; of
the numerical solution, and the associated foot of characteristic yf;’i. Define

(note that n < 0 if and only if z; € (zg,zo + Acz)). Then, using a first-order
extrapolation, we have:

wett,i = W ug) (yk ) = I [ug)(€1) + (1 = n)b",
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so that, taking absolute values in the above expression and using the nonexpan-
sivity of I and the boundedness of by,

[ur1,i] < nllluglloo + |1 — 0| Mp.

Since for all the nodes outside the interval [xg, xg + Ae,] the co-norm does not
increase, we get

[t lloo < max ([Jugllo s Ill[urlloo + 1 = n|Mp)
which leads to a uniform bound for ||u||, as soon as |n| < 1, that is, for

h > m?“x ’yi,l - ‘Ti‘a

where the maximum is taken among the nodes in the interval [zg, zo + Acy].
Note that, in the case of pure advection, we would obtain h = O(At), whereas,
in presence of a diffusion, h = O(Atl/ 2). In both cases, it is natural to choose h
of the same order of magnitude of A.,.

At a closer look, it turns out that the value |n|, which affects the stability of
the extrapolated values of the solution, is nothing but the absolute value of the
Lagrange basis function associated to the node &;. To treat a more general case,
we can assume that the extrapolation is of degree N, and uses xg and N,
more nodes at constant step h; in addition, we do not require the interpolation
I to be L*®-nonexpansive, so that possibly || B[ > 1.

Then, we can prove the following result:

Theorem 61. Consider the scheme , and let the extrapolation ¥ = Uy
be performed with Ny + 1 evenly spaced nodes & with step h and with & = xg.
Assume moreover that the corresponding values of the numerical solution are
computed via a possibly high-order interpolation I[uy|. Then, there exists a
constant C, depending only on N, and I, such that, for any i for which
yﬁ,i € (zg — Ch, o], the sequence uy; remains bounded.

Proof. Denote by L,,(x) the Lagrange basis function associated to the extrapo-
lation node &,,,. Using the I-interpolated values of the numerical solution at the
nodes &,, we obtain for the extrapolated values of w41, (second row of (2.52))):

Nea
Uppt1,; = V[ (yﬁz) = Z I[ak](fm)Lm(yﬁz)

m=0
N@CL‘

= bkLO(yﬁ,i) + Z Ity ] (fm)Lm(yﬁz)

m=1

Following now the same ideas applied above for the first-order case, and taking
into account the possible expansivity of I, we have

Nefl)
lun1lloo < My|Lo(z)] + 1B loollulloc D 1 Lm (¥,

m=1
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and therefore, in order to have stability of the extrapolated values, we should

require that
Nex

1B o0 3 |Lim(yhi)| < 1. (2.53)
m=1

On the other hand, replacing yﬁ,i with the variable x and using the fact that
the left-hand side of ([2.53)) is continuous, since L,,(&y) = 0 for all m # 0,

Nex

> [Lm(&)| =0.
m=1

Then, it follows that
Ne;v

1B o0 3 |Lim(z)| < 1 (2.54)
m=1

in a suitable left neighbourhood of &;. By similarity arguments, this neighbour-
hood can be written in the form (zg — Ch, z¢] for some constant C' depending
only on the degree N, and on ||BY||s (that is, on the interpolation I). O [

As a consequence of the previous theorem, the step h should be chosen to
satisfy the condition

1
h > — max |yk ; — x|, (2.55)
c i ’

where i is indexing all the nodes in (xg,xg + A¢z]. Note that, for first-order
interpolation and extrapolation, we have already obtained C = 1. Mixing
for example a second-order extrapolation with a first-order interpolation, an
easy computation based on would provide C' = 1/3. In the numerical
tests, we will use a combination of second-order extrapolation and second-order
interpolation, for which it turns out that C' =~ 0.275.

Consistency In evaluating the accuracy of this technique, we should split
the error in two components — one associated to internal nodes, which has
already been analysed in the previous section, and one related the the treatment
of BCs, which comes into play only in the interval [z, 2o + Aeyz]. A similar
analysis for the time-discrete case has been carried out in [86], Theorem 4.1] with
probabilistic arguments, and we will not repeat it here. For our purposes, the
central argument of this analysis is that, representing the numerical scheme as
a Markov chain, the expected number of steps spent by the chain in the interval
[0, Zo + Acz] is bounded from above, and therefore the error introduced by the
treatment of BCs does not accumulate. In our case, this means obtaining a
consistency error bounded by the maximum between the internal truncation
error proved in Prop. and the extrapolation error (in which the latter should
also include the error in reconstructing the values ;). Then, the form of the
truncation error becomes:

q
Talt,z) = O (hN““ + Az + Af —AA””t >

Ax?
= 0 (hNew“ + A% + Awt) : (2.56)
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where, in the last row, we have kept only the asymptotically relevant terms.
Thus, while the relationship between h and At is set according to the stability
constraint , the degree N, should be chosen to preserve the consistency
rate of the scheme. The choice of N, provides a specific value for the constant
C' and ultimately, using , for h. We obtain then two different situations:

o Purely hyperbolic problems (o = 0). In this case, according to (2.55)), we
have h ~ At, and therefore

) At
TA(t,l’) =0 <Atmln(New+1,2) i Aa;) .

In order to preserve second-order consistency wrt At, it suffices to enforce
BCs with a linear extrapolation.

e Parabolic problems. Here, h ~ At*/2 and hence

_ min((Nez+1)/2,2 Az?
TA(t,:p)—O<At ((New+1)/ )+At>'
In order to have a second-order scheme, we should therefore apply an
extrapolation of degree three. Surprisingly, we will show in the numerical
tests that an extrapolation of second degree suffices to retain second-order
accuracy. We delay to a future work a deeper analysis of this effect, as
well as of other accuracy issues.

Remark 62. In the numerical tests, we will eventually use a structured grid
with centered cubic Lagrange interpolation, which requires a second frame of
nodes around the cell in which interpolation is performed. Although, in this
sttuation, interpolation in cells neighbouring the boundary would in principle
be performed in the “unstable” region of the interpolation stencil, we have not
detected any relevant instability in the numerical tests. A complete analysis of
this case is out of the scope of this paper, but we note nevertheless that the idea
that errors generated at the boundary do not accumulate, used for obtaining
the consistency estimate , also applies to this case, and might provide a
qualitative explanation for the stable behaviour of the scheme.

2.6 Numerical results

A number of numerical experiments have been carried out, in order to assess
the accuracy of the proposed methods on both structured and unstructured
meshes. We start with a simple heat equation, and we increase the level of
complexity on the next problems considering an advection- diffusion equation, a
reaction- diffusione equation, an advection-diffusion-reaction system and finally
an advection-diffusion equation on an non-convex domain.

In Subsections 6.1 and 6.2 , we approximate problems whose analytic solution
is known and this allows to compute the errors and to perform a numerical
convergence analysis. In Subsections 6.3 and 6.4, we compare the numerical
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solutions with approximate solutions, obtained with higher order method. We
define the errors, in the infinity and [? discrete relative norms, as

By = tN, ) —ul N, T
% mfré%fm'“(fv’x’) u; r/mggg@u(mxz)\,

By=| ) |u(tw,z:)=w'P/ Y lulty,z)f] |

Zi€GAx T €A

and we denote by ps and po the corresponding convergence rates.

In the unstructured case, we have constructed a triangular mesh by the Mat-
1ab2019 function initmesh, with a maximum mesh edge of Az, and used a P,
space reconstruction. In the structured Cartesian case, the bicubic polynomial
interpolation implemented in the Matlab2019 command interp2, has been used.
Since the goal is to evaluate the accuracy of time discretization, both choices
avoid to hide the time discretization error with the error introduced by a lower
order space reconstruction.

2.6.1 Pure diffusion

In a first, basic test, we consider equation in the pure diffusion case, i.e.,
with zero advection and reaction terms, on the square domain O = (—2,2) x
(—=2,2), with "= 1 and ¢2/2 = 0.05. Based on the test case proposed in [95],
we assume a Gaussian initial datum centered in (0,0), with o = 0.1, so that
the exact solution in an infinite plane would be

(t.2.9) 1 2% + y?
u(t,r,y) = ———5exp ———5———5— o .
Y=Y o?t/o? P 2(c2 + o2t)

For this test case, we only consider structured meshes with constant steps
Ax =4/N.

Following [18], we consider different time step values At, which correspond
to different values of the parabolic stability parameter m = Ato?/2Az%. We
compare method SL1 and method SL2, , and collect the results in
Table Notice that, for method SL1, the value 8 = 0.52. This corresponds
to a typical procedure in practical applications to realistic problems, see e.g.
[15], [106], in which a value of # slightly above 1/2 is used to minimize the
amount of numerical dissipation introduced by the time discretization. It can be
observed that the expected convergence rates are recovered. Furthermore, it is
apparent that scheme SL2 yields a substantial accuracy improvement, without an
excessive increase in computational cost. Indeed, the SL2 runs require between
30% and 60% more CPU time, depending on the resolution, while leading to
corresponding error reductions between 140% and 730%. As a comparison, a
standard second order discretization in space coupled to an explicit second order
method in time yields at the finest resolution an error 5 times larger than that
of method SL2 at approximately the same computational cost.
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Resolution Relative error Convergence rates
Ax At m Es Fy D2 Do
008 0.1 [0.84[334-10%2|510-1072 | - -
0.04 | 0.05 | 1.6 | 1.33-107%2 [ 2.05-1072 | 1.33 1.00
0.02 | 0.025 | 3.2 | 6.57-1073 | 1.03-1072 | 1.02 0.99
Resolution Relative error Convergence rates
Az At m Es F D2 Poo
008 0.1 [0.84[266-1073[4.76-1073 | - -
004 05 | 1.6 | 4.89-107*|824-107* | 2.44 2.53
0.02 | 0.025 | 3.2 | 889-107° | 1.48-10~* | 2.46 2.48

Table 2.1. Errors for the pure diffusion test, first order method SL1 (upper) and
second order method SL2 (lower) on a structured mesh.

2.6.2 Solid body rotation

Next, we consider the advection—diffusion equation with coefficients
= (—wy,wr), w =21, 02/2 = 0.05 and f = 0 on the square domain O =
(—2,2) x (—2,2) and T' = 1. Following [95], we assume a Gaussian initial datum
centered at (zg,y0) = (1,0) with og = 0.05, so that the exact solution in an
infinite plane would be

u(t,z,y) = ; exp {_ (x — x(t))Q + (y — y(t))2 } |

~ 1+o0%t/o}, 2(c% + o%t)

(2.57)

where x(t) = xg coswt — yo sinwt, y(t) = xosinwt — yo coswt. We first consider
structured meshes with constant steps Az = 4/N. We consider again values of
At corresponding to different parabolic stability parameters m, as well as to
different Courant number A = At max |u|/Az.

In the structured case, we compare method SL1, , again with 8 = 0.52,
and Fuler substepping as in , the decoupled variant SL2s of method
with Heun substepping, and method SL2 with the fully coupling .
The results are reported in Table in which convergence rates are computed
with respect to the values in the first row. Furthermore, the convergence rate
estimation for the values in the last row takes into account that the time step has
been reduced by a factor 4. It can be observed that the expected convergence
rates with respect to the time discretization error are recovered, in the constant
Ax, constant C or constant m convergence studies. It can also be observed that
the decoupled variant SL2s, in spite of the loss of second order convergence, does
indeed improve the results with respect to the SL1 method and is competitive
with the full second order method SL2. As a comparison, a standard centered
finite difference, second order discretization in space coupled to an explicit
second order method in time yields at the finest resolution an error analogous
to that of method SL2 but requires approximately three times its CPU time.

In the unstructured case, the quadratic polynomial interpolation naturally
associated to Py finite elements was employed and only the SL2s and SL2
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Resolution Relative error Convergence rates
Ax At A m By FE Do Do
0.04 | 0.05 |16 ] 1.62 0.15 0.16 - -
0.04 ] 0.025 | 8 |0.82 [ 7.71-1072 | 813-10"2 | 0.96 0.98
0.02 ] 0.025 [ 16| 3.2 [ 7.71-1072 | 813-10"2 | 0.96 0.98
0.02 00125 | 8 | 1.6 [3.92-1072 | 4.13-1072 | 0.97 0.97
Resolution Relative error Convergence rates
Az At A m Es E D2 Poo
004 005 [16]1.62]7.65-1072]7.95-1072| - -
0.04 | 0.025 | 8 | 0.82 | 3.89-1072 | 4.02-1072 | 0.98 0.98
0.02 | 0.025 | 16 | 3.2 | 3.89-1072 | 4.02-1072 | 0.98 0.98
0.02 00125 8 | 1.6 | 1.96-1072 ] 2.02-1072 | 0.98 0.99
Resolution Relative error Convergence rates
Az At A m FEs FE D2 Poo
0.04 | 0.05 |16 1.62 0.11 0.11 - -
0.04 | 0.025 | 8 [0.82]288-1072]2.66-10"2 | 1.93 2.05
0.02 | 0.025 |16 | 3.2 [2.89-1072 | 2.67-10"2 | 1.93 2.04
0.020.0125| 8 | 1.6 [ 7.35-1073 | 6.64-1073 | 1.95 2.03

Table 2.2. Errors for the solid body rotation test, methods SL1 (upper), SL2s (middle)
and SL2 (lower) on a structured mesh.

methods were considered. The triangular mesh used was chosen with maximum
triangle size Ax approximately equal to the corresponding structured meshes.
The results are reported in Table While the behaviour of the SL2 scheme is
entirely analogous to that of the structured mesh case, the SL2s method shows
in this case little error reduction when the spatial resolution is kept fixed.

2.6.3 Reaction—diffusion equations

Following [51], we consider the Allen-Cahn equation
2
ou = %Au—u3+u

on the domain O = (0,1) x (0,1), with periodic boundary conditions and for
t €[0,2]. Asin [51], we take the initial datum co(z,y) = sin (27z) sin (27y) and
a reference solution is computed by a pseudo-spectral Fourier discretization in
space, see e.g. [27], and a fourth order Runge-Kutta scheme in time with a
very large number of time steps. The results are reported in Table for the
values 02/2 = 0.01 and 02/2 = 0.05 of the diffusion parameter, respectively.
In this case, only the SL2 scheme on unstructured meshes was considered and
the reference solution was interpolated onto the unstructured mesh nodes using
a higher order interpolation procedure. Both tests show a quadratic order of
convergence.
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Resolution Relative error Convergence rates
Azx At A m FEs E D2 Poo
004 005 [16]1.62]239-1072]225-107%2| - -
0.04 | 0025 | 8 | 0.82]272-1072|2.84-1072 | 0.19 0.34
0.02 | 0.025 | 16 | 3.2 | 7.20-107° | 6.32-1073 | 1.73 1.83
0.02]0.0125| 8 | 1.6 |2.48-1073 | 2.59-1073 | 3.46 3.45
Resolution Relative error Convergence rates
Az At A m FEs FE Do Doo
0.04 | 0.05 | 16 | 1.62 0.129 0.139 - -
0.04 | 0.025 | 8 | 0.82]4.02-1072 | 4.42-1072 | 1.68 1.65
0.02 | 0.025 | 16| 3.2 [ 2.88-1072 | 2.56-1072 | 2.16 2.44
0.02 00125 8 | 1.6 | 7.70-1073 | 8.08-1073 | 2.38 2.45

Table 2.3. Errors for the solid body rotation test, methods SL2s (upper) and SL2
(lower) on an unstructured mesh.

Resolution Relative error Convergence rates
Az At m FEs FE D2 Doo
004 01 [0.62]1.10-1073|1.31-1073 | - -
0.02 | 0.05 | 1.25 | 2.72-107* | 2.98-10~* | 2.02 2.14
0.01[0.025| 2.5 | 6.53-107° | 7.06-107° | 2.06 2.08
Resolution Relative error Convergence rates
Az At m FEs F D2 Doo
004 0.1 [0.62]282-1072]4.01-102| - -
0.02] 005 [1.25]7.13-1073 | 8.47-1073 | 1.98 2.24
0.01 [ 0.025 | 2.5 [ 1.97-1073 | 2.20-1073 | 1.86 1.94

Table 2.4. Error for the Allen—Cahn test with ¢2/2 = 0.01 (upper) and ¢2/2 = 0.05
(lower), second order method SL2 on an unstructured mesh.
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2.6.4 Advection—diffusion—reaction systems

We consider in this case a set of four coupled advection—diffusion-reaction

equations of the form (2.21)
Ouy,
ot
on the square domain O = (—5,5) x (—5,5) and on the time interval ¢ € [0, 5].

The advection field is given by coefficients u = (—wy, wx), w = 27/10, while the
diffusion coefficient is set as 02/2 = 0.01. The reaction terms are given by

2
g
—|—<,u,Duk)—?Auk:fk(ul,...,u@ k=1,...,4 (258)

fi = (ur —ujug) — (ug —ug)/5

fo = —2(uz —uiug) — (u2 — uq)/5
f3 = 2(uz — uzuy)

fa = —4(ug — uszuy),

which represent two coupled Lotka—Volterra prey-predator systems. As initial
datum for uq,ug, the function

cos (27[(z + 2.5)2 +42)] for (z +2.5)2 + 4> <

[ =

UO(xvy) =
0 for (z +2.5)% + % >

=

was considered, while the initial datum for us,u4, was taken to be equal to
3ug. In this test, only a structured mesh was considered with constant step
Az = 1/20. A reference solution is computed by a pseudo-spectral Fourier
discretization in space and a fourth order Runge—Kutta scheme in time, using
a very large number of time steps. The reference solution is reported for two
sample components in Figure [2.3] while the absolute error distributions obtained
for the same components with the second order method SL2 using cubic
interpolation, using a timestep corresponding to A &~ 7 and m =~ 1/2, are shown
in Figure As a reference, the errors for a second order finite difference
approximation of using a second order Runge-Kutta scheme in time with
a time step 20 times smaller are shown in Figure [2.5] while the errors obtained
using a fourth order finite difference approximation for the advection term in
(2.58) with a third order Runge-Kutta scheme in time are displayed in Figure
[2.6] again computed with a time step 20 times smaller than that used for the
SL2 method. It can be seen that the SL2 method allows to achieve errors of the
same order of magnitude as those of the third order Runge—Kutta in time, while
allowing for a much larger time step without solving large algebraic systems.

2.6.5 Advection—diffusion equation, nonhomogeneous boundary
conditions

In this last set of numerical experiments, we consider nonhomogeneous, possibly
time-dependent Dirichlet boundary conditions in four cases: pure diffusion,
constant advection—diffusion, solid body rotation with diffusion and advection—
diffusion on a nonconvex domain. In all these tests, we have used the SL2
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a) b)

Figure 2.3. Reference solutions for problem (2.58)), a) component uz, b) component
uy at time T = 5.
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Figure 2.4. Absolute errors of second order SL2 method for problem (2.58)), a)
component uz, b) component uy at time T = 5.
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Figure 2.5. Absolute errors of second order finite difference method for problem (2.58)),
a) component ug, b) component uy at time T = 5.
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b)

Figure 2.6. Absolute errors of fourth order finite difference method for problem (2.58)),
a) component uz, b) component uy at time T' = 5.

Resolution Relative error Convergence rates
Az At m h EQ Eoo P2 Poo
0.04 | 0.05 |1.56 | 0.5 | 470-1073 [ 1.39-107% | - -
0.04 | 0.025 [0.78 | 0.5 | 3.18-1073 | 1.06- 102 - -
0.02 | 0025 |3.12]0.33]3.71-10* | 1.01-1073 | 3.66 3.78
0.02 | 0.0125 | 1.56 | 0.33 [ 4.35-10~* | 9.57-10~* | 2.87 3.47

Table 2.5. Errors and convergence rates for the pure diffusion problem with nonhomo-

geneous Dirichlet conditions, SL2 method, unstructured mesh

Resolution Relative error Conv. rates
Ax At A m h FEs F D2 Poo
0.04] 005 | 1.25 [1.56] 0.5 [7.35-107% ] 1.18-107%2 | - -
0.04 | 0.025 | 0.625]0.78] 0.5 [835-1073 | 1.32-1072 | - -
0.02] 0025 | 1.25 [ 3121033 |3.76-107* | 7.59-107* | 4.29 | 3.96
0.02 | 0.0125 | 0.625 | 1.56 | 0.33 | 2.64-10~* | 5.58 -10~* | 4.98 | 4.56

Table 2.6. Errors and convergence rates for the advection—diffusion problem with
nonhomogeneous Dirichlet conditions, SL2 method, unstructured mesh.

scheme on an unstructured mesh. In the first three cases, we consider O =
(—=1,1) x (—1,1), final time 7" = 1 and an initial condition in the form of a
Gaussian centered at (xo,y0) = (0.5,0), with o = 0.1. In Fig. we show the
space meshes Ga, and Gy, corresponding to the steps Az = 0.04, h = 0.5, which
were used to compute the results in the first two rows of Tables In order
to have a reference solution to compare with, we compute the exact solution on
the whole of R? and enforce its values at the boundary as boundary conditions,
so that b(t,z,y) = u(t,x,y) for (z,y) € 00, t € [0,T]. For all the three cases,
we have set 02/2 = 0.05 and 7 = 1. In the second and third test, the advection
field has been chosen as p = (1,0), and u = (—27y, 27wx), respectively. Tables
report the numerical errors obtained by the SL2 scheme in these tests,
showing in all cases at least a quadratic convergence.

We finally consider the advection—diffusion equation with o?/2 = 0.001, on
the domain O = ([0, 1] x [0,0.4]) \ By, (0, y0), where By, (x0,yo) denotes a circle
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Resolution Relative error Conv. rates
Azx At A m h B, E D2 Poo
0.04 | 005 [785]1.56| 0.5 | 5.62-102]6.09-1072 | - -
0.04] 0025 [3.92]078| 05 |149-1072]1.60-10"2 | - -
0.02 ] 0.025 | 7.85 [ 3.12 033 | 1.49-1072 | 8.98-10"2 | 1.91 -
0.02 | 0.0125 | 3.92 | 1.56 | 0.33 | 3.43-1073 | 3.61-1073 | 2.12 | 2.15

Table 2.7. Errors and convergence rates for the solid body rotation problem with
nonhomogeneous Dirichlet conditions, SL2 method, unstructured mesh.

Figure 2.7. Unstructured mesh for the non-convex problem

with radius ro = 0.05 centered in (xg,y0) = (0.1,0.2). The initial datum is
ug (x,y) = 0 and the boundary condition

y(04—y) g (x,y) €{0} x[0,0.4],t € [0,T]
b(t,z,y) =<X1 (z,y) € OB, (z9) ,t € [0,T]

0 otherwise.

The velocity field p (z,y) is given by

pord  3uorg (x — 20)®  3riuo (x — 20) (y — y0)
23 25 ’ 275 ’

p(z,y) = <u0+

where we set po = 0.2 and 12 = (z — 20)* + (y — y0)*. In Fig. we show
the domain O, discretized using a Delaunay mesh Ga, with Az = 0.1, refined
around the circular hole. In Fig. 2.8 we show the numerical solution computed
with SL2 with time step At = 0.005 for time ¢ = 0.5, 1,2, 3. The nonhomogeneus
boundary condition are computed by extrapolation with an extra grid Gy with
h = 1.5V/At. In this case, the additional mesh G; has been built around the
circular hole, as well as along the external rectangular boundary. Note that, even
though the wide stencil of the scheme might cause problems with discontinuous
initial/boundary data (see the discussion in [52]), the boundary condition is
smoothly propagated in the interior of the domain.
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Figure 2.8. Numerical solution at time t = 0.5,1,2,3
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2.7 Conclusions

A family of fully semi-Lagrangian approaches for the discretization of advection—
diffusion—reaction systems has been proposed, which extend the methods outlined
in [I8], [I9] to full second order accuracy. A numerical treatment of Dirichlet
boundary condition, also with second order accuracy, has been proposed. The sta-
bility and convergence of the basic second order method have been analyzed.The
proposed methods have been validated on a number of classical benchmarks, on
both structured and unstructured meshes. Numerical results show that these
methods yield good quantitative agreement with reference solutions, while being
superior in efficiency to standard implicit methods and to approaches in which
the SL method is only used for the advection term. In future developments,
the proposed method will be extended to higher order discretizations along
the lines of [105] and will be applied to the development of second order fully
semi-Lagrangian methods for the Navier-Stokes equations along the lines of [16],
[19]. Efficiency improvement for the unstructured implementation of the scheme
is currently being studied in [25].
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Chapter 3

A semi-Lagrangian scheme for
Hamilton-Jacobi-Bellman
equations with oblique
boundary conditions

We investigate in this work a fully-discrete semi-Lagrangian approximation of
second order possibly degenerate Hamilton-Jacobi-Bellman (HJB) equations on
a bounded domain @ C R? with oblique boundary conditions. These equations
appear naturally in the study of optimal control of diffusion processes with
oblique reflection at the boundary of the domain.

The proposed scheme is shown to satisfy a consistency type property, it
is monotone and stable. Our main result is the convergence of the numerical
solution towards the unique viscosity solution of the HJB equation. The conver-
gence result holds under the same asymptotic relation between the time and
space discretization steps as in the classical setting for semi-Lagrangian schemes
on O = R%. We present some numerical results that confirm the numerical
convergence of the scheme.

In this chapter we deal with the numerical approximation of the following
parabolic Hamilton-Jacobi-Bellman (HJB) equation

o+ H (t,z,Du,D*>u) = 0 in (0,T] x O,
L(t,z,Du) = 0 on (0,7] x 00, (3.1)
uw(0,z) = ¥(z) inO.

In the system above, T > 0, O C R is a nonempty smooth bounded open set
and H and L are nonlinear functions having the form

1
H(t,z,p,M) = sup {—Tr (J(t,x,a)a(t,x,a)TM) — (u(t,z,a),p)—
acA 2

[tz a)}, (3.2)
L(t,x,p) = §EE{<7(va)vp>_g(tﬂxﬂb)}v 3.3
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where A € RV4 and B € RVB are nonempty compact sets, o : [0,7] x O x A —
RV*" with 1 <r < N, p:[0,T]xOx A= R f:[0,T] xOx A — R,
7 :00 xV — R? with V C RVB being an open set containing B, g : [0,7] x
00 x B —-R,and ¥:0 — R.

If A= {a} and B = {b}, for some a € RY4 and b € RVB and ~(z,b) =
n(z), with n(x) being the unit outward normal vector to O at z € 90O, then
(3.1)) reduces to a standard linear parabolic equation with Neumann boundary
conditions. In the general case, and after a simple change of the time variable
in order to write in backward form, the HJB equation (3.1)) appears in the
study of optimal control of diffusion processes with controlled reflection on the
boundary 90O (see e.g. [81] for the first order case, i.e. o =0, and [80, 22] for
the general case). Since the HJB equation is possibly degenerate parabolic,
one cannot expect the existence of classical solutions and we have to rely on the
notion of viscosity solution (see e.g. [43]). Moreover, as it has been noticed in
[79, 81], in general the boundary condition in does not hold in the pointwise
sense and we have to consider a suitable weak formulation of it. We refer the
reader to [81, 8] and [43, 6] [7, [68] 23], respectively, for well-posedness results for
HJB equations with oblique boundary condition in the first and second order
cases.

3.1 Preliminaries

As mentioned in the introduction, it will be simpler to describe our approximation
scheme when is written in backward form. This can be done by a simple
change of the time variable and a possible modification of the time dependency
of H. Let us set Op :=[0,T) x O and Or = [0,T] x O. We consider the HJB
equation

—Owu+ H (t,x,Du,D?*v) = 0 in Or,

L(t,z,Du) = 0 on [0,T) x 9O, (HJB)
wT,z) = VY(x) in O,
where H and L are respectively given by (3.2) and ({3.3]).

For notational convenience, throughout this article, we will write ,(x) =
v(z,b) for all x € 9O and b € B. Our standing assumptions for the data in
(HJB) are the following.

(H1) O CR% (1 < N < 3) is a nonemtpy, bounded domain with boundary 0O
of class C3.

(H2) The functions o, u, f, g and ¥ are continuous. Moreover, for every a € A,
the functions o (-, -,a) and u(-, -, a) are Lipschitz continuous, with Lipschitz
constants independent of a € A.

(H3) The function 7 is of class C'. We also assume that

(V(z,0) € 00 x B) |w(x)| =1 and (n(z),v(z)) >0,
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where, for every x € 00, we recall that n(z) denotes the unit outward
normal vector to O at .

We now recall the notion of viscosity solution to (HJB) (see [6]). We need
first to introduce some notation. Given a bounded function z : (0,7) x O — R,
its upper semicontinuous (resp. lower semicontinuous) envelope is defined by

(V(t,z) € Or) z*(t,x) := limsup 2(s,y) |[resp. z.(t,x):= liminf 2(s,y)
(s,9)€0T, (s,9)€0T,
(s:y)—=(tx) (s;y)—(t.x)

(3.4)

Definition 63. [Viscosity solution] (i) An upper semicontinuous function
uy : Op — R is a viscosity subsolution to (HIB) if for any (t,x) € Or and
¢ € C*(Or) such that uy — ¢ has a local mazimum at (t,x), we have

— Oo(t,x) + H(t,z, Do(t, ), D*¢(t,x)) <0, (3.5)
Zf (t, 33) € OT,
min {—8t¢(t, x)+ H(t,x, Do(t, x), D2<;5(t, x)), L(t, z, Do(t, x))} <0, (3.6)

if (t,x) €10,T) x 00,
up(t,x) < U(x), (3.7)

if (t,z) € {T} x O.
(ii) A lower semicontinuous function us : O — R is a viscosity supersolution
to (HIB) if for any (t,x) € Or and ¢ € C*(Or) such that uy — ¢ has a local

minimum at (t,z), we have
— 0ip(t, ) + H(t,x, Do(t,x), D*¢(t,z)) > 0, (3.8)
if (t,x) € Op,
max {~0¢(t,v) + H(t,z, Do(t, ), D*6(t, z)), L(t,z, Dé(t,2))} > 0, (3.9)

if (t,x) €10,T) x 00,
u(t,x) > ¥(x), (3.10)

if B
(t,z) € {T} x O

. (iii) A bounded function u : O — R is a viscosity solution to (HIB) if u* and
Uy, defined in (3.4), are, respectively, sub- and supersolutions to (HJB).

Remark 64. As shown in [23, Proposition 6], relation (3.7) can be replaced by
min {~0,6(t,z) + H(t,z, Dg(t, x), D*¢(t, 2)), wi(t,x) — ()} <0, (3.11)
if (t,x) € {T} x O, and

min {~0y6(t,2) + H(t,z, Dg(t, x), D*¢(t, 2)), L(t,, Do(t, x)),
ur(t,z) — ¥(z)} <0,

(3.12)
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if (t,x) € {T} x 00. Similarly, condition can be replaced by
max { ~0i(t,x) + H(t,x, D(t,x), D*¢(t,)), ua(t,z) — ¥(x)} >0, (3.13)
if (t,x) € {T} x O, and

max {—8tqﬁ(t, ) + H(t,z, Dé(t, ), D?$(t,z)), L(t, z, Db(t,z)),

(3.14)
us(t,x) — ()} >0,

if (t,z) € {T} x 0.

The following well-posedness result for (HJB) has been shown in [6, Theorem
I1.1] (see also [22]).

Theorem 65. Assume (H1)-(H3). Then there exists a unique viscosity solution

u € C(O) to (HIB).

Remark 66. (i) [Comparison principle and uniqueness| The existence of at
most one solution to (HIB) follows from the following comparison principle
(see [0, Theorem II.1] and also [22, Proposition 3.4)). If uy : Or — R is a
bounded viscosity subsolution to (HIB) and uz : O — R is a bounded viscosity
supersolution to (HIB), then

U1SUQ mn 61“.

(ii) [Existence] Once a comparison principle has been shown, the existence of a
solution to (HIB) follows usually from the existence of sub- and supersolutions to
(HJB) and Perron’s method. In Section[3.4), we construct sub- and supersolutions
to (HIB) as suitable limits of solutions to the approximation scheme that we
present in the next section. Together with the comparison principle, this yields
an alternative existence proof of solutions to (HJB).

An alternative and interesting technique to show the existence of a solution
to (HIB) is to consider a suitable stochastic optimal control problem, with
controlled reflection of the state trajectory at the boundary 00, and to show that
the associated value function is a viscosity solution to (HJB). This strategy has
been followed in [22].

(iii) [Continuity] The continuity of the unique viscosity solution to (HJB) follows
directly from the comparison principle and the continuity properties required in
the definition of sub- and supersolutions to (HJB). Notice that, as usual for
parabolic problems with Neumann type boundary conditions, we do not require
any compatibility condition between ¥ and the operator L at the boundary 0O.

3.2 The fully discrete scheme

We introduce in this section a fully discrete SL scheme that approximates the
unique viscosity solution to (HJB). Throughout this section, we assume that
(H1)-(H3) are fulfilled.
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3.2.1 Discretization of the space domain O

Let us fix Az > 0 and consider a polyhedral domain Oa, € R? such that
d(O,0n0,) =inf {lz —y||z € O, y € Op,} < C(Az)?, (3.15)

for some C' > 0. A construction of such a Oa, can be found in [10, Section
3] when d = 2 or d = 3, which explain the dimension constraint in (H1).
However, the results in the remainder of this article can be extended to d > 3,
provided that a numerical domain Oa, satisfying exists. Let Ta, be a
triangulation of Oa, consisting of simplicial finite elements T with vertices in
Gaz ={zi|1€{l,...,Naz}} (for some Na, € N). We assume that Ax is the
mesh size, i.e. the maximum of the diameters of T € Ta,, all the vertices on
00, belong to 00, at most one face of each element T € Ta,, with vertices
on 00 a,, intersects 9O0x,,, and T, satisfies the following regularity condition:
there exists § € (0,1), independent of Az, such that each T € Tx, is contained
in a ball of radius Az/d and contains a ball of radius dAz. As in [46], we
introduce an auxiliary exact triangulation 7A'Ax of O with vertices in Ga,. The
boundary elements of 7A‘Ax are allowed to be curved and we have
o- | T
TeTas

Denoting by pt the projection on T € Ta,, the projection pa, : O — Oa,NO

is defined by

paz(z) =pr(x) ifze T e Tar and T € Ta, has the same vertices than T

Set Za, = {1,..., Na,} and denote by {3} |i € Za,} the linear finite element
Py basis function on 7Ta,. More precisely, for each i € Za,, ¥; : Oar — Ris a
continuous function, affine on each T € Ta,, 0 < B} <1, B} (x;) =1, B} (z;) =0
for all 4, j € Za, with ¢ # j, and Zf\;ﬁm l(x) = 1 for all z € Op,. For any

¢ : Gar — R its linear interpolation I[¢] on the mesh Ta. is defined by
NA.IC

I[¢](x) = Z B (paz(x))p(x;) for all z € O. (3.16)

Lemma 67. Let ¢ € C?(0) and denote by ¢|g,.. its restriction to Ga,. Then
there exists a constant Cyg > 0, independent of Ax, such that

sup |¢(z) — I [glg,,] ()] < Cy(Ax)*. (3.17)
€O
Proof. Let x € O and let T € Tax and Te 7A'Am be two elements having the
same vertices and such that € T. By the triangular inequality

[6(x) — 1 [¢lga,] (2)] < |¢(2) — d(pr(2)| + |D(pT(2)) — I [Plg,,] ()]
Using that ¢ is Lipschitz, we deduce from the existence of C; > 0,
independent of Ax and z € O, such that |¢(z) — ¢(pr(2))| < C1(Az)%. In
addition, by standard error estimates for Py interpolation (see for instance
[39]) and (3.16)), there exists Cy > 0, independent of Az and = € O, such that

lp(pr(x)) — I [¢lg,,] ()] < C2(Ax)?. Relation (3.17) follows from these two
estimates. O
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ZTie

Figure 3.1. Reflection: reflected characteristic gj ;(a) (red square) starting from z;
(black circle), which exits from O and arrives in y; ;(a) (black square). The red
segment represents the oblique direction ~;, and the black circle the projected point

P (Yii(a)-

3.2.2 A semi-Lagrangian scheme

Let At > 0, set Nay := |[T/At], Zay :=1{0,...,Nas} and X, := Za \{N7}. We
define the time grid Ga, := {t |t = kAL, k € Ia,}. Given (k,i) € ZX, X Ia,,
a€ A, and £ =1,...,r, the characteristics are approximated using a forward
weak Euler method as follows. y; is approximated as

Y = x + Atu(x) + VrAtoZ

where o € R¥" and Z is a vector of r independent random variables, such that

for/=1,...,r,
1
P(Z¢ =e) =P(Z" = —¢)) = o

and

]P’( U {Zfl;éO}m{Z@?;éO}):o.

1<l <la<r
Then we get 2r realisation of y;, defined by the following two discrete fluxes
yi =3 Atp(ty, ) + VAt (t, ),
e ' (3.18)
Y, =+ Atp(ty, x) — VrAte (g, x),

ford=1,...,r. Let Z={+,—} x {1,...,7} and let ¢ > 0 be a fixed constant.
For any § > 0 we set

(00)5 := {z € R?|d(z,00) < §}.

By Proposition [75]in the Appendix, there exist R > 0 and two C' functions
(00)r x B 3 (z,b) = p(z) € 00 and (00)r x B 3 (z,b) — d"*(x) € R,
uniquely determined, such that

x=p"(x)+d"®(x)ywP*(z)) forall (z,b) € (00)r x B. (3.19)

Therefore, there exists At > 0 such that for all At € [0,At], (ki) € Zx;, X Taz,
a € A, be B, and s € Z, the reflected characteristic

" Yri(a) if y; ;(a) € O,
yk,i(a7 b) = { 5; s _ - R ka ) (320)
p (yk,i(G’)) — &V Aty (p (Z/k,i(a))) otherwise
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is well-defined. In Figure we illustrate how the reflected characteristic is
computed from the projection p7 (y,‘z7i(a)) of y,§7i(a) onto JO parallel to ;. Let
us also set

- 0 £ 45 o)
nilab) = i if yir(e) € O, (3.21)
’ d*(y; ;(a)) + ¢V At otherwise,

0 if yi ;(a) € O,
Gii(a,b) = . 1 y’“@ (3.22)
' g (tk,p% (ykvi(a)) ,b) otherwise.

Notice that if y;";’i(a) ¢ O, then (3.19), (3.20), and (3.21) imply that

7i.a(0,6) = yii(@) = dii(a, ) (P (vii(a)) (3.23)

For (k,i) € T{, X Tay and ¢ : Ga, — R, let us define Sy ;[¢] : A x B — R by

Sialdl(a.0) = 53 (16150, 5)) + Lo, )t (e )] + At (1, 2, ),
< (3.24)
and set
Skilg) == inf  Spilél(a,b). (3.25)

a€A,beEB

In the remainder of this work, we will consider the following fully discrete
SL scheme to approximate the solution to (HJB).

ue: = Su:lu 3], for (k,i) € X, X Taqg,
ki ki (U1, | (k,3) € Tay X Lo (HIBawc)
UNpgi = \I/<ml)7 fori e Iha-

3.2.3 Probabilistic interpretation of the scheme

The fully-discrete SL to approximate the solution to in the unbounded
case, i.e. O = R? has a natural interpretation in terms of a discrete time, finite
state, Markov control process (see e.g. [26, Section 3]). We show below that
a similar interpretation holds for @ The latter will play an important
role in the stability analysis of @‘ presented in the next section. Given
keIx, anda € A, bec B, let us define the controlled transition law

Prij(a,b) —Zﬂ i la for all i, j € Ta,. (3.26)
sEI

We say that (7 )kezy, is @ Nag-policy if for all k € T3, we have 7y, : Gay — AX B.
The set of Nas-policies is denoted by Ily,,. Let us fix k € T, and, for notational
convenience, set X, = QNN F1 - Associated to z; € Gay and m € Ily,,, there
exists a probability measure P*®™ on 2% (the powerset of X;) and a Markov

chain {X,, |m =k,..., Na;}, with state space Ga,, such that

Pk’xi’ﬂ(Xk = {L‘Z) =1 and Pk’xi’ﬂ(Xm_i_l =xj ‘ Xm = I‘Z) = pmi,j(wm(mi)),
(3.27)
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for m = k,...,Na, — 1. Now, consider a family {{y41,...,¢n,,} of R"-
valued independent random variables, which are also independent of {X,,, |m =
k,...,Na¢}, and with common distribution given by

1
P(fm::teg):§, form=k+1,...,Nasand £ =1,... 1,

where ey denotes the ¢-th canonical vector of R". By a slight abuse of notation
(see (3.18), for m =k,..., Na; — 1, x; € Gaz, and a € A, let us set

ym(xia a) =T+ At,u(twu Zi, a) + v TAtJ(tmv Li, a)§m+1- (3'28)
Form==Fk,...,Nat—1,2; € Gaz, a € A, and b € B, define the random variable
0 if ym($l7 CL) € @a

(d% (Ym (i, a)) + 5\/&) 9(tm, 0" (Ym(xi,a)),b) otherwise.
(3.29)

h(tm, zi,a,b) = {

For all i € Zy,, and 7 € Ily,,, let us define
Tii(m) = Epror (S025 [ALF (b, Xony ) + Bltm, Xoms s B)]
+U(Xny,))
JNAtvi(ﬂ-> = \Il(xl)v

where, for notational convenience, we have denoted, respectively, by «;, and
Bm the first N4 and the last Np coordinates of m,,(X,,). Notice that, by
construction and (3.24)), we have that

Ir,i(7) = Skl Jrg1,() (M) (e, Br)-

Moreover, setting

Upi = infrery,, Jii(m),
UNpai = P(@i),

for all i € Ga,, the dynamic programming principle (see e.g. [65, Theorem
12.1.5]) implies that {Uy; |k € Zas, © € Za,} satisfies (HJBgy). Since the latter
has a unique solution, we deduce that Uy ; = U/“ for all k € Za; and @ € Ta,.

Remark 68. Scheme (HJBg.) can thus be interpreted as a Markov chain
discretization of an stochastic control problem with oblique reflection in the
boundary (see e.g. [22)]).

3.3 Properties of the fully discrete scheme

In this section, we establish some basic properties of (HJB,.).

Proposition 69. The following hold:
(i) (Monotonicity) For all u,v: Ga, — R with u < v, we have

Skilu] < Skilv] fork € I, and i € Ta,.
(ii) (Commutation by constant) For any ¢ € R and u: Ga, — R,

Skilu+c =Skilul + ¢ forkeIx, and i€ Ia,.
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Proof. Both assertions follow directly from (3.24)) and (HJBg..). O

We show in Proposition 70| below a consistency result for (HJB,..|). For this
purpose, let us set

1
H(t,z,p,M,a) = —5 Tr (U(t,x,a)a(t,x,a)TM) — (u(t,z,a),p) — f(t,x,a)
for (t,x,p, M,a) € O x RT x R¥*" x A,

‘c(t,xvpvb) = <’Y(l‘ab)7p>7g(ta$ab)
for (t,z,p,b) € [0,T] x 9O x R? x B,

and for all k € T3, 1 € Ins, s €L, q € R? a € A, and b € B, define
0 if yz,z(a) € @a

s . (3.30)
L (tk,p% (Y5.i(a)), g, b) otherwise.

‘éz,i((b a, b) = {

Proposition 70 (Consistency). Let ¢ € C3 (@) and denote by ¢|g,, its re-
striction to Ga,. Then the following hold:

(i) Forallk € IT{,, 1 € Ing, a € A, and b € B, we have
Sk,i[¢|gmc](aa b) - Qb(l‘z) = _AtH(tkv L, D¢($1)7 D2¢(:Ei)v (I)

- LS (0.) (£ (Dol 0.b) - VALK (a.b))

seT

+0 (AtVAL+ (Az)?), (3.31)

where the set of constants {K,ii(a, b)|k €I}, i €Ipng, SEL,a€ A bE
B} is bounded, independently of (At, Ax).

(i) For allk € I}, and i € Ta,, we have

Sk,ilPlga,] — ¢(xi) = — sup {AtH(tk7xi7D¢(xi)aD2¢($i)aa)
a€A, beB

b S 0s0) (£ (Do) 0.0) — VBTKE (0.) |
sel

+0 (AVAL+ (A2)?) . (3.32)

Proof. In what follows, we denote by C' > 0 a generic constant, which is
independent of k, i, s a, b, At and Az. Since assertion (ii) follows directly from
(i), we only show the latter.

For every s € Z, (3.18) and (3:21) imply that 0 < d5 ;(a,b) < Cv/At. Thus,
by , , and a second order Taylor expansion of ¢ around x;, for every
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{=1,...,r, we have

o (7 (b)) = ¢ () +AKDG(w:), ulty, 3, )
+%M<D2¢(xi)0€(tk, zi,a), 0 (ty, x5, a))
im<D¢(l‘l)7 Ug(tkv Zi, CL)>
—~d;; (a,0) (Do(:), 7} (a,b) )
PO D25 0,0). 55 D)
FVrAtd ! (,b) (D)7 (a,), 0 (te, i, )
+0 (At\/Kt) ,

where, for every s € 7,

0 if yj ;(a) € O,

Yrila,b) ==
Vb (p% (y,‘zl(a))) otherwise.

This implies that

36 (57@.0) + 36 (51 (a.D))

= () + At (D (), p(ty, @i, a))
+558 (D2(:)0" (ty, @i, @), o (tr, w1, 0))
~d(a,0) ((Do(w:), 751 (a,0)) — VALK, (a,1))
—dif(a,b) (Do), 3} (a,b)) — VALK, [ (a,0)) + O (AtV/AT)
(3.33)
where
dt a,b
Kpif(a,b) = = ( ><D2¢<mi>ﬁf<a, b), Ar; (a,0))

2V At
FVr(D*¢(2:)75 1 (a,), 0 (th, 71, a)).

Multiplying by 1/r and taking the sum over s € Z, we obtain
o Z¢(ykz( )) = Qb(fl‘) +At<D¢($i)vu(tkv$i7a)>
—l—% Tr (a(tk, xi,a)o(ty, i, a)Tngb(:Ei))
35 S a0 t) (Do), 77.4(0:0))
— VALK, (a, b)) +0 (At@) ,
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which, by Lemma [67] yields
& 10l )0 0.D) = 0(a) + MDY, it 71, 0)
+% Tr (U(tk, X, a)o (g, T4, a)TDng(xi))
~3 S dii(a,b) ((Dol@), Ti(a.b))
—VALK} (a,b)) + O (AVAE+ (Az)?) .
The result follows from the previous expression, , (3.30) and . O

For k € Iy,, and a € A, let us define
(VkeIy,, YacA) Tila):={ricGar|Is€Z, y;,(a) ¢ O}, (3.34)

and recall from Section [3.2.3] that given x; € Ga, and a policy 7 € Iy,,, the
Markov chain {X,, |m =k, ..., Na;} is defined by the transition probabilities

(3-27). As in Section we denote by a,, and B, (m = k,...,Nay — 1),
respectively, the first N4 and the last Np coordinates of 7,,(X,,). Finally, given

D c R%, we denote by Ip the indicator function of D, i.e. Ip(z) =1, if 2 € O,
and Ip(z) = 0, otherwise.
The following technical result will be useful to establish the stability of

(HJBused).-
Lemma 71. The following holds:

k€Th,, i€Th, melly,,

Np—1 C
sup Eprair | Y I (am) (Xm) | € —=, (3.35)
m=k \/E

where C > 0 is independent of (At,Ax) as long as At is small enough and
(Ax)? /At is bounded.

Proof. The argument of the proof is inspired from [83, Lemma 1]. Let € > 0, set
D.={x € O|d(x,00)>¢}, 00.={xe€O|d(x,00)=c¢},
L. ={x €O |d(z,00) < e},

and define O 3 x — we(x) = d? (z, D:) € R. By Lemma (v) in the Appendix,
there exists n > 0 such that w, € C3(0 \ 60,) with bounded third order
derivatives on the connected components of O \ 0,. Let us fix this n and, for
notational convenience, let us write w = w;,. Let M > 0 and, for any k € Zxy,
define

M(T —t) +w(z) if k eIy,

eR. (3.36)
0 lf k’ — NAt

OB:L’HWk(x):{

By (3.24)), with f =0 and g =0, for all a € A and b € B, we have
SkilWht1lga, (@, b) = Wi(z;) = —MAt + Sy 5[w|g,, | (a,b) — w(x;), (3.37)

_ _MAt+ % S Tl (34(a,b)) — w(a). (3.38)
sel
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Moreover, assumption (H2) implies the existence of C' > 0 such that

sup {]y,ii(a) —xi| |k €Tx, i €Tng, a €A, s E I} < CVAL. (3.39)
Now, let us fix k € T,, i € Zas, a € A, and b € B. We have the following cases.

(i) z; ¢ Tx(a) and d(z;,00,) > CvV/At. The first condition implies that
yii(a) € O, for any s € Z, and, hence, yields gj ;(a,b) = yi ;(a). The
condition d(z;,00,) > CVAt, , and standard error estimates for P;
interpolation (see for instance [39]), imply that

I[w](5; i(a, b)) = w(@ i(a, b)) + O((Az)*) = w(yi ;(a)) + O((Az)?).

Since, by second order Talyor expansion, 5= .7 w(yy ;(a)) —w(x;) = O(At),

(B33) yields

SkilWtlga,)(a,0) = Wi(wi) = —=MAt + O (At + (Ax)?). (3.40)

(i) #; ¢ Tx(a) and d(z;,00,) < Cv/At. Condition d(x;, 00,) < Cv/At and
imply that w(x;) = O(At) and, for any s € Z, d2(y;§’i(a),8(’)n) = O(At).
Since the cardinality of J := {j € Za,|¢;(y;,(a)) > 0} is independent of Az
and, for all j € 7, |y ;(a) — x| = O(Ax), we deduce that

Hwl(yii(a)) = Xjer ¥ilyii(a)w(z))
< Jej %(yli,z(a)) (%780 )
Yjeq Viyi () d? (yf (a), 00) + O((Ax)?)
= O(At+ (Ax)?).
Thus, since g ;(a,b) = y; ;(a), implies that still holds.

(iii) z; € Tk(a). Let 0 < § < n. Since p and o are bounded, there exists
At > 0, independent of k, 7 and a, such that

,?

T'(a) C Ls C Ly, (3.41)
if At < At. By and Proposition (i), with f =0 and g = 0, we have
Sk,iWh+1lga,l(a,b) — Wi(2:) =
- ML o S dt(as0) (Dt 0 (o7 (1140))
+0 (At+(Az)?). (3.42)
By Lemma (v) in the Appendix, for any = € L,, we have d(z,00,) =

1 — d(z,00). Thus, Lemma (ii) implies that Dd (z,00,) = n(pao(x)), and
hence

Dw(x;) = 2d (x;,00y) Dd (x;,00y) = 2d (x;, 00,) n(pso(x))- (3.43)
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On the other hand, in view of [63, Proposition 1.1(v)], there exists C' > 0 such
that |d"(x;)| < Cd(x;,00). Thus,
™ (i) — poo(wi)| < [p™(2i) — @] + [@i — poo (@)
= |d"(x;)| + d(x;,00) < (C + 1)d(x;, 00).
Since x; € I'y(a), we have d(z;, 00) = O(vV/At) and hence |[p?(z;) — pao(zi)| =
O(\/E) Proposition |75| implies that 7, and p? are Lipschitz. Therefore, for
any s € Z,

Yo (p% (y,il(a))) = (p"(x;))+ O (\/ At) = (pso(zi))+ O (\/ At) . (3.44)
Since, for all s € Z, J;Z.(a, b) = O(VAt), from (3.42)-(3.44) we obtain
Ski[Wir1lga,l(a,0) = Wi(xi) = —MAt

- % Z d (wiv 6077) Czli,z‘(a’ b)<n(p8(9($i)), Yo (pa@(xi)) >
s€l

+0 (At +(Az)?) . (3.45)

Since z; € T'x(a) there exists Z“ C T # 0 such that d~z7i(a, b) > 0 for any s € f;“
In addition, (3.41) implies that d (x;,00,) > n—4§ > 0. Thus, assumption (H3)
implies that
o%(n—9§ -
SeilWielga. (@, 0)-Wie) < ~MA-TV =0 S g (0010 (At + (A0)?)
SE%]CJ'

and hence (3.21) yields the existence of C' > 0, independent of k € Z},, i € T,
a € A, and b € B, such that
SkiWit1lga,(a,b) = Wi(z;)) < —MAt — CVAt+ O (At + (AIIZ)2) . (3.46)

As long as (Ax)?/At is bounded, we have that O (At + (Az)?) = O(At). Thus,
from cases (i)-(iii) we can choose M large enough such that
SkilWi1lga, (@, b) = Wi(2:) < —CV AL, (o) (@) (3.47)

Now, set gi(x;,a,b) = Wi(x;) — Sk,i[Wkt1lga,)(a,b). Then the probabilistic
interpretation of the operator Sy ; (see Section [3.2.3|) implies that, for any policy
S HNM,

Nr—1
Wk(.%’z) = Epk,zi,w ( Z Qm(Xmaamaﬁm) + w(XNT))

m=k

Since (3.47) implies that qx(wi,a,b) > CV ALy, (o) (7;) for k € T}, i € Tag,
a € A and b € B, we deduce that for any policy 7 € IIy,, we have

Np—1
_ 1 Z
Epk,a;,n (Zﬁiklﬂrm(am)(Xm» < WEPWM ( E Qm(vaaWHBm))

m=k
Wi(2i) — Epraym (0 (X Ny )
CVAt '
Finally, using that W} and w are bounded, (3.35] follows. d
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Proposition 72. (Stability) The fully discrete scheme (HJBy..)) is stable, i.e.
there exists C > 0 such that

< 3.48
kgggﬁézmlu/f,zl_ : (3.48)

where C'is independent of (At, Ax) as long as At is small enough and (Ax)? /At
is bounded.

Proof. Let us fix k € I}, and i € Zp,. Then the probabilistic interpretation of
the scheme in Section and the definition of A in (3.29) imply the existence
of a constant C' > 0 such that

mellny, m=k

Na,—1
luk,i| < sup Epka,n ( Z [AL] f(tm, X, )|

Na;—1
< |¥loo + Tl flloo + CVAt|g|leo sup Epk.a;.x ( Z HFm(am) (Xm)) .
m=k

TFGHNAt

(3.49)
Thus, (3.48) follows from Lemma O

3.4 Convergence analysis

In this section we provide the main result of this article which is the convergence

of solutions to (HJB,.|) to the unique viscosity solution to (HJB]). The proof is

based on the half-relaxed limits technique introduced in [9] and the properties

of solutions to investigated in Section

Let At > 0, let Az > 0 and let (Uk)ivjé be the solution to associated
to the discretization parameters At and Axz. Let us define an extension of
(U2 to Op by

(V (t,x) € Or)  uapaz(t,z) = I[U}y/a](2), (3.50)

where we recall that the interpolation operator I[-] is defined in (3.16). Now,
let (Aty, Ay )nen € (0, +00)? be such that lim,, oo (Aty, Azy,) = (0,0) and the
sequence (Az, /Aty )nen is bounded. For every (¢,x) € Or, let us define

u(t,z) := lim sup UAL, Azn (SnsYn),

. n—oo

OTB(S’myn)_)(tvx) (351)
u(t,z) ;= liminf  uat, Az, (S0 Yn)-

6T 3(511 »yn)*)(t’m)

From Proposition we deduce that w: Op — R and u: Op — R are well-
defined and bounded. Moreover, from [5, Chapter V, Lemma 1.5], we have that
w and u are, respectively, upper and lower semicontinuous functions.
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Proposition 73. Assume that (Ax,)?/At, — 0, as n — co. Then U and u
are, respectively, viscosity sub- and supersolutions to (HJB).

Proof. We only show that @ is a viscosity subsolution to , the proof that
w is a viscosity supersolution being similar. Let (¢,7) € O and ¢ € C*°(Or)
be such that u(t,z) = ¢(t,7) and u — ¢ has a maximum at (¢,7). Then by
[5, Chapter V, Lemma 1.6] there exists a subsequence of (uat, Az, )nen, Which
for simplicity is still labeled by n € N, and a sequence (s, Yn)nen < O7 such
that (ua¢, Az, )nen is uniformly bounded, uay, Ag, — ¢ has a local maximum
at (sn,yn), and, as n — 00, (sp,yn) — (t,Z) and uay, Az, (Sn,Yn) — (L, T).
Moreover, by modifying the test function ¢, we can assume that ua, Az, — @
has a global maximum at (s, y,), i.e. setting &, := uat, Az, (S, Yn) — O(Sns Yn),
we have

(V (t,z) € Or) uat, Az, (t,2) < d(t,x) + &,  with &, — 0. (3.52)

We distinguish now the following cases.

(i) (¢,z) € [0,T) x O. In this case, for all n large enough, by (3.15]), we have
Yn € Opg,- Let k: N = T3, be such that s, € [tym), tin)+1). As n — oo, we
have ty(,) — t and, from m and (3.52), with ¢ = ty(,)41, we have

(Vo eO) IUkm+1)() < 0(temy+1,2) + n- (3.53)
From Proposition we obtain
(Vi €Taz)  SknilUk(m)+1] < Sk il Ph(n)+1] + &ns (3.54)

where, for all k € Za¢, we have denoted @y := ¢(tk,)|g,,, - In particular, by

(HJBai)) we get

The monotonicity of the interpolation operator (3.16|) yields
(V T € @> UALy Az (51 T) < Y Bl (DA, (@) Sk, il @riny 1] + &ns (3.56)
ZEIAzn

and, hence, by taking x = y, and using the definition of &, we get

¢(Sn7yn) < Z le(yn)‘s’kn,z[q)k(n)—&-l] (3'57)

€A,

Since (t,z) € [0,7) x O and A, B are compacts, if n large enough, for all
a € A,b e B and for all s € T we have dimi(a, b) = 0 for all i € Za, such that

B} (yn) > 0. Using Proposition [70|fii) and inequality (3.57), we get

&(SnsYn) Z 5 Yn) [ tk n)—i—laxl)

’LGIAZ”

_Atnsug H (tk(n)7 L, D¢(tk(n)+17 xi)v D2¢(tk(n)+1’ l'i)y CL>‘|
ac

O (Atuv/AtL, + (Az,)?) .
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Then following the same arguments than those in [30, Theorem 3.1] (see also
[49, Theorem 4.22]) we conclude that

— 00(t, %) + H(t,Z, Do(t, ), D*¢(1,7)) < 0, (3.58)

and, hence, (3.5)) holds.
(i) (t,z) € [0,T) x 00. If

L(t,z,D$(,7)) <0 or —d(t,7) + H(t,z, Dé(t,7), D*(f, 1)) < 0,
holds, then (3.6) holds. Thus, let us suppose that

L(t,z,Dé(t,z)) >0 and — d,p(t, %) + H(t, &, Do(t, %), D*¢(t, %)) > 0.
(3.59)
Letting k : N = {0,..., Ny — 1} as in (i), we have t;(,) — ¢, (3.56) holds true,
and, hence,

G(Snyn) <Y B (Paw, (Un)) Sk il Prny1])- (3.60)

ieIAzn

On the one hand, from Proposition we get

0 < Z /Bil(prn(yn))(Atnat(ﬁ(tk(n)vxﬂ

€Ay,

—sup {Ath(tk(n)a i, DOty 415 %), DGt p(ny11, i), @)

a€A,
beB
+% Z Ji,i(av b) (Ei:(n),i(Dd)(tk(n)Jrla xi)? a, b) -V AtnK;(n),z (CL, b)) }
sel

+0 (Atn VAL, + (Az,)?).

Therefore, for all a € A and b € B, we have

Z /811 (pAzn (yn)){ - Atnat¢(tk(n)a ml)

iGIAiL'n
+ At H (s Tir DO(tiny+1, Ti)s DG (tp(ny 41, 1), @)

+% Z Cii,z (a7 b) (Ez(n),z) <D¢(tk(n)+1a xi)a a, b) -V AtnKz(n),z (a7 b)) }

seT

+0 (Aty VAL, + (Az,)?) <0.

(3.61)
On the other hand, since A is compact, there exists a € A such that
H(t,z,D¢(t,7), D*6(t, 7)) = H(t,7, Do(t,7), D*¢(t,7), a)
and
> Bl paw, W) (—06(tigay, )
Z'EIA:EH
(3.62)

+H (t(ny» Tis DO(tny15 i), D2P ()41, i), a))

— —0up(t,T) + H(t,z, D(t, &), D*¢(t, %)), asn — oco.
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Let us set d* = max{ o si (@a)|s€eZ, ic IAmn} and take a = a and an arbitrary

b € Bin (3.61). If there exists a subsequence, still labelled by n, such that
d* = 0, then dividing (3.61]) by At,, and letting n — oo, - 3.62)) yields

—&s(b(t z) + H(t,z, Do(t, 1), D*(t, 1)) < 0,

which contradicts . Otherwise, by - for all n E N large enough we
have d* > e/ Aty,. Notlce that the second relation in and (3.62) imply
that, for n € N large enough,

0< > B (Pac,(n) (—0(tym), )

iel—Aazn
+H by Tis DOyt i), D*G(tigny+1, 1), @)) . (3.63)

Therefore, inequality (3.61]) with a = a implies that for all b € B

> Bl (pa. (yn) {stn,- (a,b (ﬁkn, (Do (tk(n)+1,Ti), @, b)

€T A0y, s€Z (3.64)

—VALK}, (a,b)) } + 0 (At VAL, + (Az,)?) < 0.

Since the set 7 = {+,—} x {1,...,d} is finite, there exist § € Z, {¢° | s €
Z\{s}} € [0,1], and i(n) € Zaq, such that, up to some subsequence, d, =
dk(n),( )(7) and, for all s € 7'\ {8}, d )(@)/d’fl — ¢°. Recall that d} >
e/ At, and (Ax,)%/At, — 0 as n — oo. Dlviding (3.64) by d¥ and taking the
limit n — oo yields

(Vb€ B) ( S ¢+ 1) L(t,z, D¢(t,z),b) <0
seT\{3}

and hence
(Vbe B) L(t,z,Dé(t,z),b) <O0.

Thus, L(t,z, Dg(t,z)) < 0, which contradicts (3.59).

(iii) (¢,z) € {T} x O. Let us first assume that (¢,z) € {T'} x O. Thus, for
n € N large enough, we have y, € O. By taking a subsequence, if necessary, it
suffices to consider the cases s, € [0,7T), for all n € N, and s, = T for all n € N.
In the first case, proceeding as in (i), we get

— 0y0(t, %) + H(t,Z, Dp(t, &), D*¢(t, %)) < 0. (3.65)

In the second case, (3.50) implies that ua¢, Az, (Sn,Yn) = I[¥]g,,](yn) and
hence letting n — oo we get

a(t, @) = U(z). (3.66)

Now, assume that (¢,z) € {T'} x dO. As before, it suffices to consider the
cases s, € [0,T), for all n € N, and s, = T for all n € N. If s, € [0,T), then,
proceeding as in (ii), we get

L(t,z,Dé(t,7)) <0 or —0¢(t,z)+H(t, 7, Do(t,z), D*¢(t, 7)) < 0. (3.67)
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Finally, if s,, = T for all n € N, we have ua¢, Az, (Sn;¥n) = I[V]|g,,](yn) and

hence holds.

Altogether, and imply that holds if (¢,z) € {T} x O,
and and imply that holds if (¢,z) € {T'} x 9O.

Thus, from cases (i)-(iii) and Remark |64 we obtain that @ is a subsolution
to (HJB)). O

Theorem 74. Assume (H1)-(H3) and that (Ax,)?/At, — 0, as n — oo.
Then

UAL, Az, — U uniformly in Or,

where u is the unique continuous viscosity solution to (HJB]).

Proof. By we have u < @ in Op and, by Propositionand the comparison
principle for sub- and super solutions to (HJB)) (see Remark [66](i)), we obtain
that u > % in Op. Thus, u = u = u and the result follows from [5, Chapter V,
Lemma 1.9]. O

3.5 Numerical results

In this section, we present some numerical experiments in order to show the
performance of the scheme. We consider first a one-dimensional linear parabolic
equation, with homogeneous Neumann boundary conditions, and both the first
and second order cases. In the former, the boundary conditions are not satisfied
in the pointwise sense at every point in the boundary, but they hold in the
viscosity sense (see Definition [63)). The second example deals with a degenerate
second order nonlinear equation on a smooth two-dimensional domain. We
consider both non-homogeneous Neumann and oblique boundary conditions.
In the last example, we approximate the solution to a non-degenerate second
order nonlinear equation with mixed Dirichlet and homogeneous Neumann
boundary conditions on a non-smooth domain. Because of the presence of
Dirichlet boundary conditions and corners, the scheme has to be modified and
the convergence result in Section [3.3] does not apply. However, the scheme can
be successfully applied to solve numerically the problem.

The problems in the first two tests have known analytic solutions. This
will allow to compute the errors of solutions to the scheme and to perform a
numerical convergence analysis. In the examples dealing with two-dimensional
domains, we have considered unstructured triangular meshes, constructed with
the Matlab2019 function initmesh.

In the simulations we have chosen time and space steps satisfying At = Ax
or At = Ax/2, which are in agreement with the assumption in Theorem
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3.5.1 One-dimensional linear problem

Let € > 0, set AT = (1 £ /1 + 4¢)/2¢, and define

ekj“” (6)‘; — 1)

Flta) =2 (1+

(1—5)@) —|—6AE$(1_6/\E> (1—5)\;))

e —_— g
+ - - +
1 N (e,\g _ 1) e (1 _ M )
+- |z + — + =
2 M _ e N e ’

- +
3t et —1 A\t 1— e -
t — e L e T
ue(t, 7) 2 (er AT (eAj _eAE)e + AT (eA: _eA;)e ’

for (t,z) € [0,1]2. Then u,. is the unique classical solution to

—Ou —ed2u+0yu=f in[0,1) x (0,1),
Opu(-,0) = dpu(-,1) =0 in [0,1), (3.68)
u(l,) =uc(1,-) in [0,1].

Similarly to [43, Example 7.3], we have

5 (x+e), uniformly on [0,1]?

ue(t, ) = uo(t,x) ==

and ug is the unique viscosity solution to

—Ou+ O0yu=f in[0,1) x (0,1),
Bpu(-,0) = dyu(-,1) =0 in [0, 1), (3.69)
u(l,:) = up(l,-) in [0,1].

Notice that for ¢ € [0,1] we have —dsu(t,1) + Oyu(t,1) — f(¢t,1) < 0 and
Oyu(t,1) > 0. Thus, at (t,1) the boundary condition is satisfied in the viscosity
sense but not in the pointwise sense.

Using , we approximate u. for € = 0.05, ¢ = 0.03, and € = 0. For
these choices, we plot in Figure respectively the approximations of u.(1,-)
and u.(0,-), computed with the steps sizes Az = 3.125 - 1073 and At = Ax/2.

We show in Tables 1 and 2 the errors

Eoo = max |U071' — U(O,.CEZ')|, E1 = Ax Z ’U(),Z‘ — u(O,xi)|,

7
N 1€LAL

and the corresponding convergence rates p,, and pi, for € = 0.05 and € = 0,
respectively. In all cases, an order of convergence close to 1 is obtained.

In the simulations, we have chosen ¢ := 0.025 + /2, where o = /2¢ is the
diffusion parameter. With this choice, the larger the value of o, the more the
characteristics are reflected further into O.
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A At = Ax
Ey Eq Doo | D1
5.00-1072 [ 3.99.-1072 | 2.57-1072 | - -
2.50-107% | 2.25-107% | 1.06-10"2 | 0.83 | 1.28
1.25-107% | 1.17-1072 | 6.13-1073 | 0.94 | 0.79
6.25-10~° [ 5.38-1073 [ 2.49-1072 [ 1.12 | 1.30
3.125-1073 | 2.15-1073 | 1.77-1073 | 1.32 | 0.49
At = Ax/2
Az Ey Eq Poo | D1
5.00-1072 | 2.16-1072 | 2.03-1072 | - -
2.50-1072 [ 1.26-1072 | 6.22-1072 | 0.78 | 1.71
1.25-107% | 5.87-1072 | 5.64-1073 | 1.10 | 0.14
6.25-1073 | 3.17-1073 | 2.95-1073 | 0.89 | 0.93
3.125-1072 | 1.62-1073 | 1.50- 1073 | 0.97 | 0.98
Table 3.1. Errors and convergence rates for problem ([3.68) with & = 0.05.

At = Ax

A Fr EL e | 2
5.00-1072 [ 2.83-1072]1.95-107%2| - -
2.50-1072 [ 1.42-1072 | 1.01-1072 | 0.99 | 0.95
1.25-1072 | 7.08-1073 | 5.39-1072 | 1.00 | 0.91
6.25-1073 [ 3.54-1073 [ 2.91-1072 | 1.00 | 0.89
3.125-1073 | 1.77-1073 | 1.59-1073 | 1.00 | 0.87
At = Az/2

A Fr Ei 1w | 2
5.00-1072 [ 2.26-1072 | 1.86-1072 | - -
2.50-1072 [ 1.15-1072 [ 9.97-1072 | 0.97 | 0.90
1.25-1072 | 5.88-1073 | 5.42-1073 | 0.97 | 0.88
6.25-1073 [ 3.04-1072 [ 2.97-1072 | 0.95 | 0.87
3.125-1073 | 1.68-1073 | 1.63-1073 | 0.86 | 0.87
Table 3.2. Errors and convergence rates for problem with € = 0.

3.5.2 Nonlinear problem on a circular domain

Let T=1,0 = {z = (v1,22) € R?| |z < 1}, o(t,x) = /2(sin(x1 +x2), cos(z1 +
1'2)), and

flt,x) = (% - t) sin(zq) sin(z2)
(% - t) (\/cos2(a:1) sin?(z2) + sin?(z1) cos?(z2)

—2sin(zy + x2) cos(x1 + z2) cos(z1) COS(:E2)>,

_|_

Q
—~
o+
8
N—
I
/N

3 - t) (21 cos(x1) sin(x2) + w2 sin(xy) cos(xz)) .
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Figure 3.2. Exact final condition u.(1,-) (left) and numerical approximations of u. (0, -)
(right) for ¢ = 0.05, ¢ = 0.03, and € = 0, with step sizes Az = 6.25 x 1072 and
At = Az/2.

Then Or > (t,z1,22) — u(t,x1,72) = (% - t) sin(z1) sin(ze) is the unique
classical solution to
du— 1Tr(oo"D?*u) 4+ |[Du| = f in Or,
(n,Du) = ¢ in]0,T) x 00, (3.70)
w(0,2) = u(0,z) inzeO.
In Figure we show the numerical solution at the final time T'= 1 com-
puted on an unstructured triangular mesh Ga, with mesh size Az = 1.25-1071.

On the left, we plot the result together with the contour lines. On the right, we
plot the approximation together with the mesh used to compute it.

YAVAYA'S
AT

4VAVavs
VA

Figure 3.3. Numerical solution at time T = 1 of problem in subsect with
Neumann boundary condition, computed with Az = 0.125 and At = Az/2.

Given an element T of the triangulation, we denote by x; its barycenter
and by |T| its area. We show in Tables 3 and 4 the errors

Eoo = max|Ung,i — ultny, 2:)l, Er= > TN Ung, o)) (24) — @ltng, 24)],
aw TGTAm
(3.71)
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and the corresponding convergence rates po and p;. In each table, we specify in
the first column the mesh size Ax. To obtain the results shown in Tables 3 and
4, we have chosen ¢ in (3.20) and (3.21)) as ¢ = 0.25 and ¢ = 0.5, respectively.
For both choices of ¢, we observe similar errors and an analogue behavior of the
convergence rates. As in the previous example, an order of convergence close to
1 is obtained.

Az At = Ax

Eo E, Poo b1
2.50-10~! | 2.73.1071 [ 2.95-1071 | - -
1.25-107t | 1.24-107' | 1.12-107 | 1.14 | 1.40
6.25-1072 | 5.55-107° | 4.72-1072 | 1.16 | 1.24
3.125-1072 | 249-1072 [ 2.16-10°2 | 1.16 | 1.13
A At = Ax/2

Foo Eq Poo b1
2.50-1071 [ 1.22-107' | 1.07-1071 | - -
1.25-1071 | 554-1072 | 457-1072 | 1.14 | 1.24
6.25-1072 | 2.39-107° | 2.11-1072 | 1.21 | 1.11
3.125-1072 | 1.22-1072 | 1.10- 102 | 0.97 | 0.94

Table 3.3. Errors and convergence rates for the approximation of (3.70]) with ¢ = 0.25.

A At = Az
Fo Ey Poo P1
2.50-10"" [ 2.65-1071 [ 2.55-1071 | - -
1.25-1071 | 1.23-10°t | 1.12-107 | 1.11 | 1.19
6.25-1072 | 5.74-1072 | 5.06-102 | 1.10 | 1.15
3.125-1072 | 2.70-1072 | 2.39-1072 | 1.09 | 1.08
At = Az/2
A Fr EL 1w | 2
2.50-10~" [ 1.18-1071 [ 1.02-107 1 | - -
1.25-107" | 5.60-1072 | 4.72-1072 | 1.08 | 1.11
6.25-1072 [ 2.64-1072 | 2.27-1072 | 1.08 | 1.06
3.125-1072 | 1.22-1072 | 1.10- 102 | 1.11 | 1.05
Table 3.4. Errors and convergence rates for the approximation of with ¢ = 0.5.

Next, we consider the same problem but with oblique boundary conditions.
More precisely, for z = (x1,x2) € 00 we set

~v(x) = (x1 cos(mw/6) + xa sin(m/6), x2 cos(m/6) — 1 sin(7/6))

g(t,z) = (% — t) [ (@1 cos(m/6) + z2sin(m/6)) cos(x1) sin(za)
+ (wg cos(m/6) — 1 sin(7/6)) sin(z1) cos(xe)] in [0,T) x JO.
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Then w is the unique classical solution to the Neumann boundary condition in

(3.70]) is changed to
Ou— 3Tr(oo " D?u) +|Du| = f inOr,
(v,Du)y = g in[0,T) x 00, (3.72)
w(0,z) = u(0,z) inze€O.

The solution u is approximated by using the same unstructured meshes as in the
previous case. We show in Tables and the errors computed with
¢ = 0.25 and ¢ = 0.5, respectively. As in the previous case, we observe similar
errors and an analogue behavior of the convergence rates for both choices of c.
We also observe a slight degradation of the errors and the convergence rates in
the more complicated case of oblique boundary conditions.

Az At = Ax
E Ey Poo D1
2.50-10"1 [ 3.06-1071 | 4.38-1071 | - -
1.25-1071 | 1.56-10" | 2.25-10"1 | 0.97 | 0.96
6.25-1072 [ 8.10-1072 | 1.21-1071 [ 0.95 | 0.89
3.125-1072 | 4.47-1072 | 7.17-1072 | 0.86 | 0.75
At = Azx/2
A B . | e | &
2.50-10~1 [ 1.50-10"1 [ 2.08-1071 | - -
1.25-107" | 7.96-1072 | 1.17-10~' | 0.91 | 0.83
6.25-1072 [ 4.36-1072 | 6.84-1072 | 0.88 | 0.77
3.125-1072 | 2.58-1072 | 4.26-10"2 | 0.76 | 0.68

At = Ax

A Fre E. e | &
2.50-10~1 [ 294-1071 [ 3.81-1071 | - -
1.25-107" | 1.49-10t | 1.88-10~' | 0.98 | 1.02
6.25-1072 [ 7.55-1072 ] 9.33-1072 | 0.98 | 1.01
3.125-1072 | 3.95-1072 | 5.02-1072 | 0.93 | 0.89

At = Az/2

A Ey Ey Doo | D1
250-1071 [ 142-10°T[1.69-1071 ] - -
1.25-107" | 7.22-1072 | 8.56-1072 | 0.98 | 0.98
6.25-1072 [ 3.79-1072 | 4.63-10"2 | 0.93 | 0.89
3.125-1072 | 2.12-1072 | 2.75-1072 | 0.84 | 0.75

Table 3.5. Errors and convergence rates for the approximation of (3.72)) with ¢ = 0.25

Table 3.6. Errors and convergence rates for the approximation of (3.72)) with ¢ = 0.5.
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3.5.3 Nonlinear problem on a non-smooth domain with mixed
Dirichlet-Neumann boundary conditions

In this last example, we deal with a problem of exiting from a bounded rectan-
gular domain with an circular obstacle inside of it. We model this problem by
considering a modification of including mixed Dirichlet-Neumann boundary
conditions, with a large time horizon 7" in order to reach a stationary solution.
We consider the space domain

0= ((_1, 1) (—0.5,0.5)) \{z € R2||z — (~0.5,0)] < 0.2},

a control set A = {a € R?||a| = 1}, a drift u(t,r,a) = a, a diffusion coefficient
o(t,z,a) = 0.115, where I is the identity matrix of size 2, a running cost
f =1, and an initial condition ¥ = 0. We impose constant Dirichlet boundary
conditions on some parts of 00, representing the exits of the domain, in order
to model some exit costs. More precisely, Dirichlet boundary conditions (or
exit costs) u = 0 and u = 0.2 are imposed on 001 = {x = (z1,x2) € 00 | x| =
—1, |x2| < 0.2} and 002 = {z = (x1,22) € 00 |z1 = 1, |z2| < 0.2}, respectively.
We also consider homogeneous Neumann boundary conditions on the remaining
part of the boundary.

We treat the Dirichlet boundary conditions by using an extrapolation tech-
nique. This approximation has been proposed in [17] and has been shown to
be more accurate with respect to the methods proposed in [86) 19]. We show
in Figure [3.4] the numerical approximation computed on an unstructured mesh
with mesh size Ax = 0.01, a time step At = Az and final time T' = 3. Figure
[3-5] diplays the quiver plot of —Du at time T' = 3.

] * N 4 @

<
0. "

Figure 3.4. Solution at time 7' = 3 for Az = 0.01 and for At = Az.

3.6 On the existence of the oblique projection

In this section we first study the existence of the projection of x onto 0O
parallel to 7, in a neighborhood of 9O and for b € B. These projections play an
important role in the construction of our scheme in Section The following
result is an extension of a result in [63, Section 1.2] to the regularity that we
assume in this paper and, more importantly, to the dependence of v on b. Recall
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Figure 3.5. Quiver plot of —Du at time T = 3.

that in (H3) O is assumed to be of class C3. However, the result in Proposition
below is also valid if O is only of class C2.

Proposition 75. There exists R > 0 such that, for any x € R? satisfying
d(z,00) < R and for any b € B, there exist a unique p"(x) € 00 and a unique
d"(x) € R such that

x=p"(z)+d"(x)w(p"(x)). (3.73)

The mappings (x,b) — p(x) and (z,b) — d(x), called respectively the projec-
tion onto 0O parallel to v, and the algebraic distance to 0O parallel to vy, are
of class C".

Proof. We use the same outline and, as much as possible, the same notations

than those in [63].

Let us fix (s,by) € 00 x B. Let g°: U® — 0O be a C? parameterization of
90 in a neighborhood of s, with U® being an open subset of RN~1 2, € U*,
and ¢®(z9) = s. By (H3) the function

Us xR x V3 (z,\b) = G(2,\,b) = (¢°(2) + Mp(g°(2)),b) € R? x RVB
is of class C1. The Jacobian matrix of G* has the form

Joa(2,A,0) ‘ Jp(z, A\, )
OngN | Ing ’

J%(z,\,b) = (

where J, x(z, A, b) coincides with J(z, ) of the Appendix A of [63], that is

Jaoa(z, A\ 0) =

9219°(2) + A0 1(9°(2)) | -+ | Doy 19°(2) + Aoy W(9°(2)) | W(9°(2))
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In particular, for A = 0,

Jz,)\(zyoyb): azlgs(z) azN,lgs(z) Vb(gs(z))

is invertible since its N — 1 first columns span the tangent space to 0O at g°(z)
and, since
(n(g°(2)), w(9°(2))) > 0,

its last column is non tangent to 0O. It follows that J*(z,0,b) is also invertible,
and we can therefore apply the inverse mapping theorem to G* at (z,0,bp) to
obtain the existence of a neighborhood V*% of (s,bg) and C' mappings V% 3
(z,b) = p(z) € 0O and V% 3 (z,b) — d(z) such that holds for
every (x,b) € V5%, The compactness of 00 x B C U(&bo)eag)gi&bU enables to
consider a finite number of (s;, (bg);), 1 < i < k, such that JOx B C UE_, V5i:(bo)s
Then there exists R > 0 such that {y € RY | d(y,00) < R} x B C Uk_ V5i-(bo)i
In particular for any z such that d(z,00) < R and any b € B, there exist a
least a point p? (z) and a scalar d”(z) such that holds. We claim that
there exists R € (0, R) such that for any z satisfying d(z,90) < R and any
b € B, p”(x) is unique (and as a consequence d(x) is also unique). Assume
that this is not the case. Then (considering for example R = 1) one can build a
sequence (z, by )ken converging (after extraction a subsequence) to some point
(8, l;) € 00 x B and such that for all k¥ € N, z; has two distinct projections
pzb’“ (x) with associated algebraic distances dzb’“ (), © = 1,2. At the limit point
3, we consider G* which is a local diffeomorphism on a neighborhood of (2,0, IA))
(with ¢%(2) = 5). Since z;, — 5 € 90, then pzb’“ (rx) — § and dzbk (zx) — 0,
i =1,2. Let 2, be such that ¢°(z; ;) = p?b’“ () and N\ = dzb’“ (xg), 1 =1,2.
Then (2; i, Aik, b))k, @ = 1,2, are distinct sequences that both converge to (2,0, B)
and have the same image G§(2i7k, ik, br) = (2, bx). This contradicts that G*
is a local diffeomorphism on a neighborhood of (2,0, b). O

For any € > 0 let us define

D. ={x € O|d(z,00) > ¢}, (3.74)
00, ={z € O | d(x,00) = €}, (3.75)
L.={zx €0 |d(z,00) < e} (3.76)

Now we focus on the existence of projections of x € L. onto 00, and the
regularity of L. 3 = +— d(x,D,) € R. These results are important in order
to show Lemma [71] which is the key to obtain the stability of the scheme in
Proposition [72]

Lemma 76. The following hold:

(i) There exists n > 0 such that on L, the projection ppo onto 0O is well-
defined and C*.

(ii) The distance function L, > x + d(z,00) € R is C3, and Dd(-,00)(z) =
—n(poo(x)).
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Let 6 € [0,m]. Then the following hold:

(iii) 005 is of class C* and, denoting by ns(z) the unit outward normal at
x € 005, we have ng(x) = n(pgo(x)).

(iv) For every x € Ls, p = pgo(x) — dn(pao(z)) is a projection of x onto 0Os.

(v) The function x — d(x,005) is of class C3 on Ls and d(x, 00)+d(z,005) =
0 for every x € L.
Proof. (i)&(ii) See [62, Lemma 14.16].

(iii) This follows from (ii) and (3.75]).

(iv)&(v) Let us first show that p € 00s5. We have d(p, 00) < |p — pso(x)| = 6.
Thus, p € Ls and, by (i), pao(z) = pso(p), which implies that d(p, 00) = ¢ and
hence p € 00;. Since

x = poo () — d(z, 00)n(pao(x)),

we obtain d(z,00s) < |p — x| = 0 — d(x,00). Assume that d(z,d0;s) <
§ — d(x,00). Then there exists p’ € 00; such that |z —p/| < § — d(x,00). This
implies that

6 =d(p',00) < |p' — poo(@)| < |p' — z[ + |z — pao(z)] <,
which is impossible. Thus
lp — x| = d(z,005) = 6§ — d(z, 00).

The first equality above implies that p is a projection of z onto d0;s. Since
x € Lg is arbitrary, the second equality above and (ii) imply that (v) holds. [
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Chapter 4

A second order
Lagrange-Galerkin scheme for
Fokker-Planck equations and
applications to MFGs

In physics, chemistry, or electrical engineering it is very important to study
the microscopic qualitative changes of systems, for example in state transitions.
When a transition takes place, fluctuation (modelised as random processes) have
an important role, and Fokker-Planck equations can be used in order to model
such problems. In general, problems wich involve a noise can be treated using
Fokker-Planck equations. In this chapter, after a brief presentation of an already
existing SL method for the FP equations, we present a novel LG approach for
the numerical approximation of such equations. We also show how to use this
method to numerically solve a Mean Field Games problem.

4.1 A first order semi-Lagrangian scheme for the
Fokker-Planck equation

We briefly recall a first order scheme for the nonlinear Fokker-Planck equation
presented in [34]. This scheme, coupled with an approximation method for the
Hamilton-Jacobi equation, can be implied for a first order approximation scheme
for Mean Field Games. We consider the equation

d 92
om — 3 Jz:: Jidz, (aijm) +div(um) =0 in (0,7] x R? (4.1)
m(0,-) = mo(z) in R?,

where g € P2(RY), a;; = (o(z)o(x)T);;, with o : RT — R¥". Suppose that:
(FP1) the coefficients b and o are Lipschitz continuous;

(FP2) the initial measure mg has a density, which we still denote by my.
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Given x € R? and s € [0,T), consider the stochastic differential equation

{dX(s’) = pu(X(s)ds' + o(X(s"))dW (s), (4.2)
X(s) ==,

for s € (s,T) and denote X** its unique solution. For ¢ € (s,7T] the flow
D,y R?% x O — R? is defined as
O, (2, w) = X" (¢, w), (4.3)

where ®,; is continuous and differentiable. Given a measure p on R? and a
function v : R — R%, for all A € B(R?) we denote by i the measure given
by tu(A) = u(1p~1(A)). The scheme is based on a representation formula for
the solution of .

Lemma 77. Under assumptions (FP1), (FP2), suppose that m is the unique
solution to (4.1)). Then, for each t € [0,T],

m(t)(A) = E[®g(-)tmo(A)]  for all A € B(RY), (4.4)
and for0 < s<t<T
m(t)(A) = E[®s4(-)m(s)(A)] for all A € B(RY). (4.5)

The proof can be found in [34]. First of all, the time interval [0,7] is
discretized using a step At > 0 and we set t, = kAt for k = 1,..., | N/At|.
Differently than Section the diffusion here is a matrix, with possible not
full rank. Then, the flow is approximated using a forward weak Euler method
as in Section so that for £ =1,...,r there are two time discrete fluxes

y,':’z = & + Atp(ty, z) + VrAte' (t, ),

Y, =+ Atu(ty, x) — VrAte (t, x).

Given Az > 0, define the uniform triangulation with vertices in the lattice
o= {x; = jAx,j € 2%},

We define the fully-discrete characteristics as

l
Uas =y + Atp(ty, ;) + VrAte (ty, ), “n
) .
Ypj = x5 + Atp(ty,zj) — rA&to (ty, ;).
Setting
E; = [le — %Am,x} + %Am] X - X [m — an: a: + 1A$}

and defining ;(x) the basis of Py defined on the standard triangulation with
vertices in Ga,, the scheme results in

= o JEZngzl Bi( yk] + Bi( ykj )]mk37 (4.8)

mo; = [, mo(x)da.
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Using the sequence {my,;} computed in (4.8)) it is possible to define the discrete
measure

dm(ty) :== Z my,iBi(x)d.
i€z
Calling A = (At, Ax), we define its extension, interpolating linearly in time, as
lot1 — 1 t—tg .
t) = ——m(t ——m(t 4.9
mat) = = Sinn) + ), (19)
which is a continuous measure. The following convergence result has been proved
in [35].

Theorem 78. The measure t € [0,T] — ma(t) defined in (4.9) converges to
the solution m of ({4.1) in the weak sense.

Remark 79. The basis functions (8;);cza of P1 are nonnegative; this implies
that the scheme preserves nonnegativity. In addition, since Y ;cza Bi(x) =1 for

all z € R, we get
Z M1, = Z M = Z mo,; = 1,
i€z i€Z% i€Z4

meaning that the scheme is conservative.

4.2 A second order Lagrange-Galerkin scheme for
the Fokker-Planck equation

We propose a second order accurate numerical method for linear Fokker-Plank-
Kolmogorov equations, based on the coupling of Lagrange-Galerkin techniques
with semi-Lagrangian methods. The method is conservative, explicit and stable
under rather large steps. We develop a convergence analysis for the exacted
integrated scheme, and we propose an implementable version with non-exact
integration. We consider application for time dependent Mean Field Games

problems, and we show numerical simulations.
In this section, we consider the following linear FP equation
{atm - %QAm +div(um) =0 in (0,T) x R?,
(FP)

m(0, -) =mpy in RY,

where o € R\ {0}, pu: [0,T] x R* = R? and 7g : R — R.

In the following, for p € NU {00}, C5(R?) denotes the sets of functions ¢ of
class CP with support supp(¢) being compact.
(H1) We assume that:
(i) Mo is nonnegative, continuous, has compact support, and [ga Mo(z)dz = 1.
(ii) p is bounded, u € C*([0,T] x R?), and there exists C,, > 0 such that

|M(S,IIZ‘) - N(t7y)’ < CM(‘S - t‘ + “T - y’) for s, te [OaT] and T,y € Rd'

In the following result, we summarize some important properties of equation

[EP).
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Theorem 80. Assume (H1). Then the following hold:
(i) Equation admits a unique classical solution m* € CY2([0,T] x R%).
(ii) m* > 0.

(ili) fgam*(t,z)dz =1 for allt € [0,T].

(iv) m* is the unique solution in L([0,T] x RY) to in the distributional

SENSE.

Proof. We refer the reader to [I3, Theorem 6.6.1, Chapter 9.1] for the proofs of
(i)-(ii) and to [56, Proposition 4.4 and Theorem 4.3] for the proofs of (iii)-(iv). O

Let us recall the probabilistic interpretation of the solution m* to ,
which will be useful in order to construct a LG scheme. Let W be a d-dimensional
Brownian motion defined on a probability space (Q, F,P) and let X : Q — R¢
be a random variable, independent of W, and whose distribution is absolutely
continuous with respect to the Lebesgue measure in R, with density given by
mmo. Given (t,z) € [0,T] x R%, we define X’ as the unique strong solution to
the stochastic differential equation

dX(s) = p(s,X(s))ds+odW(s) forse (t,T)
X(t) = =

Denote by E(Y') the expectation of a random variable Y :  — R. Assumption
(H1) implies that X%X0(¢) is well defined for all ¢ € [0,7] and its distribution
is absolutely continuous with respect to the Lebesgue measure in R¢, with
density given by m*(t,-) (see e.g. [56]). From the P-a.s. equality X%Xo(s) =
XHX0¥0 (t)(s) for every 0 <t < s < T, we deduce that for every continuous and
bounded function ¢ : R* — R, we have

[ oy’ (s, z)dz = /R E (¢(Xt@(s))) m*(t, z)dz. (4.10)

4.2.1 A space-time Lagrange-Galerkin approximation

Let focus on the numerical approximation of (FP)|). Notice that, under (H1),
equation (FP)) can be written as

2
oum — T-Am 4, Dm) + div(wym =0 in (0,T) x B,

m(0,-) = myo in RY.

In the form above, a semi-Lagrangian scheme can be implemented to approximate
m* (see e.g. [17]). However, such a scheme is not conservative, i.e. the discrete
solution does not satisfy the discrete analogous of Theorem [80|(iii). The scheme
that we consider, which will be built from , will allow us to preserve this
property (see Theorem [59(ii) below).

Let us fix Na; € N, set Za; = {0, e ,NAt}, :Z’-Zt = IAt\{NAt}7 At = T/NAt7
and ty, = kAt (k € Zpy). For k€ I}, and = € R?, we denote by y'*** a one-step
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second order Crank-Nicolson approximation of X% (t;,1) (see [0, Section 15.4]
and also [52, Section 2]). More precisely, for all At small enough, we define y'*®
is the unique solution to

yzm—i—%(u(tk,x)+u(tk+1,y))+@05, (4.11)

where ¢ is a R%valued random variable with i.i.d. components such that
P& =0)=2/3 and P(&=4V3)=1/6 for i=1,...,d. (4.12)

Let Zy = {1,...,3%}, define {e’|¢ € Z;} C R? as the set of possible values of &,
set w! = P(¢ = ), and denote by yf(z) the unique solution to for £ = e’
(¢ € Z,). By standard estimates for the weak approximation of X (5. 1) (see
e.g. [70, Theorem 14.5.2]), if the space derivatives of p up to order six have
polynomial growth, for all ¢ : R* — R smooth enough, we have that

| ok (@)we — B (¢(X" " (t1) ) | = O ((A1)%). (4.13)

leZy

Thus, in order to obtain a second order scheme, it is natural to approximate
([4.10) by the equation

/¢ z)myer1 (@ dﬂ?—zwe/ ¢(yj,(x))my(z)da (4.14)

ey

for all ¢ smooth enough and k € Za;, with my = Ty and unknowns {my :
RY — R |k € Za; \ {0}}. Note that the boundedness of y and (4.11)) implies the
existence of La; = O(1/v/At) such that the solution ma; to (4.14]) satisfies

Supp(mAt’k) - [_LAh LAt]d for all k € Zx,. (4.15)

In order to construct a space discretization of -, let us fix p € N, set
q:=2p+1, and let B R — R be defined by

p+1
I " wcep
k#£0, k=—p
p+2
11 5__7’“ if € € (1,2,
k0, k=—p+1
(Ve e [0,00) B&) =4 (4.16)
2p+1 g K
k=1
0 ifée(p+1,00),
B(—¢€) if ¢ € (—00,0).
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Following [53], for Az € (0,00), we consider the symmetric Lagrange inter-
polation basis function {f;};cz« defined as

d
(V2= (21. o 2) €RY i = (in,. . i) € 2%)  Bi(2) i{ﬁ(fw ~ij).
For all i € Z%, let us set x; = iAz. Notice that §; has compact support,

Bi(x;) = 1ifi = j and B;(z;) = 0 otherwise, and, for all z € R, > jeza Bi(z) = 1.
Given f € Wt1°(R%), we define the interpolant I[f] : R — R by

(Ve eRY) I[fi(x) =Y fz:)Bi(x), (4.17)
1€Z?
By [39, Theorem 16.1], the following estimate holds
(3Cr>0) sup |f(z) = I[f](2)| < Cr(Az)™H| DI f| o, (4.18)
z€R4

with C7 > 0 independent of f and Ax. Notice that in the one dimensional case
(d = 1), I[f] restricted to a given interval (z;,z;+1) (i € Z) is the Lagrange
interpolating polynomial of degree ¢ constructed on the symmetric stencil
Li—(g—1)/25 > Tit14+(g—1)/2-

Let La; > 0 be as in , let Na, € N, and set Za, = {—Nag, ..., Nag %
From now on, we assume that Ax = La;/Na,, we set A = (At, Az), and we
consider the space domain Op = [~La; — pAz, La; + pAxz]?. We look for an
approximation ma of the solution m* to such that, for all k € Zx,,

ma (tg, ) = Z myiBi(x) for x € Oan, ma(ty,z) =0forz € R4\ On,
=
(4.19)
where my; € R (k € Zay, © € Ta,) have to be determined. Notice that, by
definition of Za,, for all k € Za; we have that supp{ma (tx, )} C Oa. Replacing
m by ma and taking ¢ = 5; (i € Za,) in yields the following explicit
iterative scheme for the unknowns my; € R (k € Zay, @ € Zay)

. . . — ) ol '
2 iy o, Piarsstoyte 2 3w |, k@) a)a

for k € Zny, @ € Taa,
> moy [ A@s@r = [ o).

VSN
(4.20)

Let A be the (2Na, + 1) x (2Na, + 1)? real mass matrix with entries given
by

A= [ BB @)e, for (i) €TarxTas (42D

For k € T}, and £ € Iy, let B: be the (2Na, + 1)4 x (2N, + 1)? real matrix
with entries given by

(Bis = [ BGR@)G@de for (1) €TayxTase  (422)
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Let mg A, be the (2Na, + 1)¢ dimensional real vector with entries
(mo,Az)i = /(9 mo(x)Bi(z)dx  for i € Ta,.
A

Calling my, = (mk,i)iez,,, the scheme (4.20) can be rewritten in matrix form:
find my (k € Za;) such that

Ampy, = Z wgBﬁmk for k € Ix,,
= (4.23)
Amy = mo, Az -

4.2.2 Properties of the space-time Lagrange-Galerkin scheme

We show below some properties of the scheme (4.20)) and we assume that (H1)
are satisfied in the rest of the paper.

Theorem 81. Assume that (H1) holds. For fived A = (At, Ax) € (0,00)2,
there exists a unique solution (Mmy;)kezn, icn, to (4.23) and, defining ma as in
(4.19), the following assertions hold true:

(i)[Initial condition] ||[mo — ma (0, )| r2rae) = O((Ax)t) if mg € HTTH(RY).
(ii)[Mass conservation] [, ma(ty, x)dz =1 for k € Ia.

(iif) [L2-stability] maxgez,, |[ma(te,-)||p2 is uniformly bounded with respect to A
for At small enough.

Proof. The well-posedness of follows from the positive definiteness of A
(see e.g. [96], Proposition 6.3.1]) and assertion (i) is a consequence of Assumption
(H1)(i) and [96, Section 3.5]. In order to prove (ii), fix k € Z}, and sum over
i € Z% in the first equation of to obtain

S iy Y /O Bi@)fila)dr =3 mi; 3w ) /O B () Bi (yi () d

JE€IA i€zd NSIN e iezd

Recalling that, for every y € R, >ieza Bi(y) = 1, the cardinality {i €
Z*|Bi(y) # 0} is bounded uniformly in y, and Y yc7, wy = 1, Fubini’s the-
orem Yyields
foA ma(tk1,z)de = D jE€Ta, Mk+1,5 foA Bj(x)dx
Y jeTa, Mk Jo, Bi(z)dz
YieTa, M0 Jo, Bi(T)dx

= Jo, ma(0,z)dz.

(4.24)

Analogously, using the second equation in (4.20) and summing over i € 74, we
get

ma(0,z)dx = mo(x)dz = 1. (4.25)
Oa On
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Assertion (ii) follows from (4.24]) and (4.25). Finally, let us show assertion
(iii). For k =0, (iii) follows from Assumption (H1)(i) and Theorem [81](i). For

k € I}, (4.20) implies that
4

[ma(tks1, ‘)||%2 = Zeezd we Zi,jeIAz M1,k 5 foA Bi(x)B;(yg(z))dz

= ez, Wi Jo, ma(ty, i (@))ma(tygr, z)da,

(4.26)
and hence, by the Cauchy-Schwarz inequality,
, 1/2
It o < max ([ fmatsi@)Pas) L @)
LeELy On

In order to estimate the right-hand-side above, fix z € R?, ¢ € 7, and notice
that

Dyf(w) = Ta+ 5t (Dt ) + Dt ko)D), (429)

where [; denotes the d x d identity matrix. Assumption (H1)(ii) implies the
existence of At such that for all k € 7}, and At € [0, At], yﬁ is one-to-one, and,
for all z € R?, the matrix Iy — %Du(tkﬂ, z) is invertible. Therefore, by (4.28)),

' At ' -1 At
Dy (x) = {1a — 7Dﬂ(tk+17yk(l’)) I+ TDM(%HC) ; (4.29)
from which we deduce that Dyﬁ(m) is invertible. Then, by the change of variable
formula, we get that

[ Imatt b @)Pde = [
Oa Y (O

I A

_ -1
I (1, ) det (Dyt(wi) (=) | dz.
(4.30)
On the other hand, by (#.29), Jacobi’s formula, and (H1)(ii), for all € R? we
have

-1 det(Iq— 4L Dpltpq1,vg (7))
4 _ d +
[det (Dyk(x))} o det([j—ir%Dp(tk;))

1- AT (Dplti 41,55 (2) ) +O((A)?)
1+ 8L Tr(Dp(ty, ) +O((At)2)
1—4tdiv(a(tes1.9f (2))+ O((A)?)
1+ &t div(u(te,r))+O((AL)2)

(4.31)

Thus, by assumption (H1)(ii), there exists a constant C' > 0, independent of z,
k, £, and At, such that

’ -1
[det (Dyk,(ac)ﬂ <1+ CAt. (4.32)
Combining the previous inequality and (4.30]) yields

L mattesi@)Pde < 0+ CADma E (439

A
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and hence, by (4.27)),

1
Ima(tirt, )z < (14 CADZ |lma (e, )| 2.
Thus,

cT

Nat/2 cT)2
||mA<tk+1,->||Lzs(1+M) Ima(0, Iz < €“T/2ma (0, ) 12,

from which assertion (iii) follows. O

Remark 82. Notice that Proposition |81(iii) and the Cauchy-Schwarz inequality
imply that, for any compact set K C R?, there exists Cx > 0, independent of
At and Ax, such that

ma ma(ty, z)|dz < Ck.
max [ |ma(ty,)lde < Cx

In the following, we still denote by ma its extension to [0,7] x Oa, defined

as
top1 — ¢

At

t—
mA(t,m) = TmA(tk—H?x) +
if (t,:ﬂ) S [tk,tk+1] x Op (/{7 S IZt)'

Notice that (4.34) and Theorem [p9|(ii)-(iii) imply that

ma(t,x)dr =1 forallt € [0,7] and max ||ma(t, )|z <C, (4.35)
Oa te[0,7

mA(tk,x) (4.34)

for some C' > 0, independent of A for At small enough.

Proposition 83. Under (H1), the following assertions hold true:
(i) [Equicontinuity] Let ¢ € C§°(R?) and Aty > 0. Then there exists Cy > 0 such
that for all A = (At, Ax) satisfying At < Aty and (Az)TH < At, we have

’/Rd p(x)ma(t, x)dr — /}Rd o(x)ma (s, z)dz

< CyAt  for all s, t € [0,T].

(4.36)
ii)[Consistency] Let ¢ € C°(RY), then for any k € T4, and (At,Az) €
0 At
(0, +00)?, we have

/Rd o(z) (ma(ter1, ) — ma(ty,v))de =

g1 o2
Lk <2A¢<~’C> + {uls, @), D¢<x>>> ma(s,a)dads + O((Ax)™ + (A1)?).
(4.37)

Proof. In the proof of both assertions, we fix ¢ € C§°(R?) and we will denote
by C a positive real number which can depend on ¢ but not on At and Ax. We
will also use the estimate

< C(At)?,

3 wrdvh(@)) - [¢<x> + At (”2A¢<x> + (o), D¢<x>>>

ey

(4.38)
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for z € R? which follows from the definition of yﬁ(w) and a Taylor expansion
(see for instance [17]).

(i) Let us first show the assertion for ¢t = ¢ and s = t;, for some k € Z3,.
Set € := ¢ — I[¢] and fix k € T},. Remark 82| yields the existence of C' > 0 such
that

<

o(z) (ma(thr1, ) — ma(ty, z)) de
]Rd
(4.39)

11¢](x) (ma (ths12) — ma(te, @) da| + Cllel| .

Rd

Recalling that supp{ma (tx, )} C Oa and using the definition of the scheme in

, we have that
/Rd I[¢)(z) (ma(tky1, z) — ma(ty, x)) dx

_ /OA Z o(zi)Bi() ( > (megry — mw)ﬁj(x)) dr

i€z J€IAs

= oxi) ( > (miyay _mk’j)/oA ﬁi(ﬂf)ﬁj(iv)dfﬁ)

i€z J€TAx

which leads to

o I[¢)(z) (ma(tht1, %) — ma(ty, x)) dz

= Y o[ S 3 mas( [ Atk [ Aia)ss)]

i€z el j€Ipg
~ Yo X my [ |16k @) - 16)(2) 8y (w)ds
(eI jEIn, Oa

Y], 10)(4(@) ~ T16)(2) [ma (14, )
(4.40)
On the other hand, since ¢ has a compact support, there exists C' > 0 such that
S (T8 — 6@hO))|| + 116~ Tollze < Cllellzm (.41

el L2

and, by (4.38)) and (H1)(ii), there exists C' > 0 such that

< CAt. (4.42)
L2
Thus, by the triangular and the Cauchy-Schwarz inequalities, Theorem (iii),
(4.39), (4.40), (4.41), and (4.42)), we get the existence of C' > 0 such that

> wr (6 () — )

lel

/Rd o(x) (ma(tes1, ) — ma(ty, ) dz| < C (]| + At)
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and hence it follows from and the condition (Az)9t! < At the existence
of C' > 0 such that holds for t = tx11 and s = ;. Using this relation
and the triangular inequality, we deduce that holds for every s = t; and
t = t,, with k, m € Za;.

Now, let us fix s,¢ € [0,7] and assume, without loss of generality, that ¢ > s.
Let ki, ko € T}, be such that s € [ty,,tk,+1] and t € [tg,, ty,+1]. By (4.34), we
have that

000 s .0) st 2 ] <

(4.43)
l -5
% d(x) (ma(tey+1,2) — ma(ty,, ) de| < tg, 11 — s.
Rd
Similarly,
/Rd ¢(@) (ma(thy, x) — ma(t,x)) dz| <t —tg,. (4.44)

Thus, (4.36]) follows from the triangular inequality, (4.43), (4.44]), and (4.36)

with t =t, and s = {5, 41.

(ii) By (4.18), Remark (82 and the definition of the scheme (4.20]), for each
k € 1}, we have

[, s@malta)de = wammmA@mbem+0«Awﬁ%

= Z¢$z Z karl,]/ Bi(x)Bj(x

’LGZd J EZAzn

+O((Az)**H)

= Z o(xi) Z m,j Z wf/ Bi( yk ))Bj(z)dz
i€z SN LET,
+O((Az)*)

= Z M, j Z wg/ Bj(x)dx

]EIAT LELy
+O((Az)*H)

_ 7]/(

JEIAzn

+O((Az)T*H).

we(yp(x ))) Bj(z)dx

lely

(4.45)
Using (4.38) and Remark we obtain

[, 6@ (ma(tinn.) = ma(te. o) do

0.2
_ At /R ) <2A¢(ac) + <u(tk,x),D¢>(:L')>> ma(ty, 2)de

+0((Az)TH + (At)?).
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By (4.34), Assumption (H1)(ii), and assertion (i), for every s € [tg, tx1+1], we
have

k+1 02
/t: /Rd <2A¢(w) + (u(te, x), D¢(x)>> (ma(s, ) — ma(tg, z))dzds
= O((At)?). (4.46)

Thus, by using Assumption (H1)(ii) again and Remark we obtain
@37). O

Let us denote by D'(R?) the space of distributions, which we endow with
the weak* topology. In the following, for every A € (0,00)? and t € [0,T], we
identify ma (t,-) with the regular distribution

C*(RY) 3 ¢ /]R S@)malt2)dz € R

For every A = (At, Ax) € (0,00)?, let us denote, with a slight abuse of nota-
tion, ma the map [0,7] 3 t +— ma(t,-) € D'(R%). Notice that Proposition [83{i)
implies that ma € C([0,T]; D'(R%)).

Lemma 84. There exists Aty > 0 such that the family M = {ma | At <
Atg, (Ax)7T! < At} is relatively compact in C([0,T]; D'(RY)).

Proof. In view of the Arzela-Ascoli theorem [69, Chapter 7, Theorem 18] (see
also [71], Section 4]) and Proposition [83(i), it suffices to show that the family
M is pointwise relatively compact. Let us consider the absolutely convex set
Up:={¢ € C*(R?) | ||¢]|z> < 1, supp ¢ C B(0,1)}. This set is a neighborhood
of 0 in the standard topology of C§°(R?) (see e.g. [107, Chapter 10]) and, for
any t € [0,7],

ma(t, z)o(z)dx
Rd

sup
9€lo

= sup
»€lo

L malta)élayda
B(0,1)

< lmat: )@y <7

where r := sup{||ma(t, ')HLl(E(o,l)) | A € (0,00)?} belongs to [0, +00) by (#.35).
This proves that {ma(t,-)| A € (0,00)2} € {T € D'(R) | supyeys, [T()] < 7}
which, by the Banach-Alaoglu-Bourbaki theorem (see e.g. [82 Theorem 23.5]),
is a compact subset of D'(R?). O

We now show a convergence result.

Proposition 85. Assume that g € HITY(R?) and that (H1) holds. Con-

sider a sequence (Ap), ey = ((Atn, Azy)),cn C (0,00)? such that, as n — oo,

(Aty, Azy,) — (0,0) and (Az,)TT/At, — 0. Givenn € N, set m"™ := mp,, the

solution to . Then, up to subsequence, m™ — m* in C([0,T]; D'(R?)) and
[0, 7]

weakly in L? X Rd) as n — 0o, where m* is the unique classical solution

to .
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Proof. By Theorem (iii), the sequence (m™),en is bounded in L2([0, 7] x R?).
Thus, there exists m in L2([0,T] x RY) such that, as n — oo and up to some
subsequence, m™ converges weakly to m in L([0,7] x RY).

Let us first show that for any ¢ € C5°((0,7) x RY), we have

0.2
/OT /Rd [at‘z’(tvx) — 5 Ad(t,z) = (uls, z), Do(t, x)>] m(t, x)dadt = 0. (4.47)

Let n € C§°([0,T]), ¥ € C5°(R?) and define ¢ = np € C5°(]0,T] x RY). Denote
by K C R? the support of 1. By (4.34) and Proposition (i), we have

Naty -1

/ / Op(t, z)m™ (t, v)dzdt = Z /t:k+1/ Orp(t, x)m™ (ty, x)dxdt

NAtn 1

dxdt (4.48)

tht1 t— 1
Oty x)(m" (tgi1, m"(ty, x
/tk / Vo (tr1,) = " (b, 2)

n
NAt 1

/ e / 0y b(t, 2)m™ (b, 2)dzdt + O(Aty).
tg

On the other hand, by Remark

NAtn 1

tet1
/ / O p(t, z)m" (t, x)dxdt
tk

NAtn 1

Z Aty, /3t¢ ti, z)m" (t, v)dz + O (Aty,)
NAtn

> Atil(e) / By (b 2)de + O(Aty)  (4.49)

Z N(ter1) — nte) /Lb "(ty, z)dz + O(Aty,)

N

_ n(tes) ( / (@) (b, 7) — "(tk+1,x)]dx)+O(Atn).

By (4.48]), (4.49) and using the fact that ¢ is equal to zero outside K we get

/ / Ocp(t, z)m" (¢, v)dzdt

NAtn (4.50)
_ n(tes) ( / (@) [ (b, 7) — "(tk+1,x)]da:)+0(Atn).
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Using (4.50) and Proposition [83|(ii) we have
T
/ / Orp(t, x)m" (¢, x)dxdt
0 R4

Nawn —1 tht1 o2
= kzz;) N(tk+1) /tk /Rd <2Aw(m) + <,U(8,.1‘),D¢(£L‘)>> m" (s, z)dxds

+O((Azy) T /AL, + (Aty))

T 0.2
:/ /d <2A¢(t7$) + (u(s, z), Do(t, ac)>> m™(t, 2)dzdt
0 R

+O((Azp) T Aty + (Aty)).
Thus,

T 2
I L [atas(t,x) - T Adt,x) - (u(s,x),Dd)(t,w))] m" (£, @) ddt
o Jr
= O((Ax,) T /AL, + (Aty))
and hence, passing to the weak limit in L2([0,7] x R%), we get

2
/OT /Rd laﬂﬁ(m) - SAg(tx) - (u(s,w),w(t,x»] m(t, )dedt = 0. (4.51)

Since the vector space spanned by {n¢ | n € CS°((0,T)), ¥ € C§°(RY)} is dense
in C3%((0,T) x RY) (as in [89, Corollary 1.6.2 of the Weierstrass Approximation
Theorem]), we get that holds for any ¢ € COI’Z((O,T) x RY).

Finally, let us show that for any ¢ € Cy(R%)

o ¢(z)(m(t,x) —mo(z))de -0 ast— 0. (4.52)

By Lemma we have that m € C([0, T]; D' (R?)). Moreover, by [56, Lemma
2.1], for any t € [0, 7] and for every ¢ € Cp(R?), it holds that

s~>t,hsr€ﬂ[0,T] /Rd o(x)m(s,z)dx = i o(x)m(t, x)dx. (4.53)

Since Theorem [BIi) implies that m(0,-) = mo(-), ([4.52) follows from (4.53)

with ¢ = 0.
The result follows from (4.47)), (4.52) and [56, Theorem 4.3]. O

Remark 86. The convergence of the sequence (m™),en to m* in the previous
proposition is rather weak. On the other hand, to the best of our knowledge this
is the first convergence result of a high order LG scheme for equation .
Notice that our proof does not depend on the smoothness of m* recalled in
Theorem (i), but it can be easily adapted to deal with equations whose second
order term are not uniformly elliptic (see e.g. [52,[31] and the numerical test in

Section below).
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4.3 Application to Mean Field Games

Mean Field Game problems, introduced by Lasry and Lions in [75), [76] [77],
characterize Nash equilibria of symmetric stochastic differential games with an
infinite number of players.

Let (P1(R%),d) be the metric space of Borel probability measures on R?
with finite first order moment, endowed with the 1-Wasserstein distance d (see
e.g. [4, Section 7.1] for the definition of d).

In this section, we focus on the numerical approximation of the following
time-dependent second order MFG with nonlocal couplings (see e.g. [77, [76]):

—0 — %QAU + H(z,Vv) = F(z,m(t)) in [0,T) x R4,
oym — %QAm —div (9pH(x,Vv)m) = 0 in (0,7] x RY,

U(Tv ) = G(a m(T))a m(O, ) =mp in Rd7
(MFG)
where o € R\ {0}, RY x R? > (x,p) + H(x,p) € R is convex and differentiable
with respect to p, F, G : RY x P;(RY) — R, and 77p : RY — R. Notice that
consists of a Hamilton-Jacobi-Bellman (HJB) equation, with a terminal
condition, coupled with a FP equation with an initial condition.
For the sake of simplicity, in what follows we will suppose that the Hamilto-
nian H is quadratic, i.e. H(x,p) = |p|>/2 for all z, p € RY,

(H2) We assume that:
(i) mp is Holder continuous and satisfies (H1)(i).

(i) £ and G are bounded and Lipschitz continuous. Moreover, for every
m € P1(R?), F(-,m) is of class C? and

sup  {IIDF(w,m)]loc + | D*F (2, m)|oo } < o0.
z€RL meP; (RY)

Under (H2) system (MFG| admits at least one classical solution (see
e.g. [28, Theorem 3.1]). Moreover, if the coupling terms F' and G satisfy a
monotonicity condition with respect to m, then the classical solution is unique
(see [77, Theorem 2.4)).

In the following, in order to obtain a second order scheme for , we
consider a second order Semi-Lagrangian (SL) scheme for the HIB equation,
which will be combined with the scheme for the FP equation.

4.3.1 A semi-Lagrangian scheme for the HJB equation

Given m € C(]0,T]; P1(R%)), we consider the HJB equation:
—ow — ZAv+ Vo2 = F(x,m(t in (0,7) x R%,
v — G 5|Vl (z,m(t)) in (0,T) (HIB)
v(T,-) = G(-,m(T)) inRY,

Standard results for quasilinear parabolic equations (see e.g. [73, Chapter IV
and V]) yield that (HJB)) admits a unique classical solution v[m]. Moreover,
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using that v[m] is the value function associated to a stochastic optimal control
problem (see e.g. [58, Chapters IV and V]), it is easy to check that (H2) yields
the existence of R > 0 such that

|Volm](t,z)| < R forallt € [0,T], z € RY, m € C([0, T]; P1(RY).

We now describe a variation of the scheme in [17] to deal with the nonlinearity
of the Hamiltonian in (HJB)) with respect to Vv (see also [85], 92] for related
constructions). For a given m € C([0,T]; P1(R%)), let us define {vy;|k €
Zat, @ € Ia,} C R as the solution to

v = S[m](v.gq1,k,i) forall k € IX,, i € Ta,,

(4.54)
UNai = Gl mltny,)) foralli € Ia,,

where, for a given f = {fi}icz,, CR, k € I},, and i € Tp,,

SIm|(f,k,i) = inf

a€A

> w (I[fl(w: — Ata + VAtoe!)
(=¥ (4.55)
At

At At
+ 5 F (i~ Atact \/Ataee,m(tk_,_l))) + Qaﬂ + SR, m(t),

with A = {a € R?||a| < R} and I[f] being defined by (4.17). The following
consistency result for S[m| follows from (4.55) and (H2).
Proposition 87. Let (At,, Azp)nen C (0,4+00)2, (kn)nen €N, (in)nen C Z,
(Mn)nen € C([0,T); P1(RY)), and m € C([0,T); P1(RY)). Assume that (H2)(ii)
holds and, asn — oo, (Aty,, Axy,) — (0,0), (Az, ) /At, — 0, ky € Iy, , in €
IAg, s tk, = t, zi, = x, and my, — m. Then for every ¢ € C’;’g ([O,T] X Rd>,
satisfying |V ¢l oo o, xrey < R, we have

. 1 .

lim —— [Qs(tkna xzn) - S[mn] (¢kn+17 kna Zn)] =

n—oo At,,
2
~0u0(t, ) — T ) + 5 Vo(t, ) — Fla,mlt),

where ¢ = {P(t, i) tieTa, -

Proof. Let At >0, Az > 0, and a € A. In the computations below, the big O
terms are uniform with respect to oo € A. Let us apply to ¢(tgs1,-), with
b(t,z) = —«, to obtain

S (th1, 2 — Aot VAtoe) =
LeTy

2 (4.56)

O (thi,m) + At (‘;Awm,m — (Vo (trs1,72), a>) +0((a?).

By (H2)(ii) and using the first-order Taylor expansion of F'(-, m(t)) around z;,
we get

N | —

(ngF(:vi — Ata + VAtoe, m(tps1)) + F(xg, m(tk))) =

= (4.57)

F(xl-, m(tk+1)) + O(At + d(m(tk+1), m(tk)))
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Thus, by (4.55)), (4.56)), (4.57), and (4.18), we obtain

Sm)(ks1,k,1) = ¢ (tgs1, ;) — Atsup

a€A 2

Yy o
<v¢<tk+17 xl)v a>

2
+At%A¢(tk+1, x;) + AtF (i, m(tpy1))

+0 (A2 + (Az)™! 4 Atd(m(ter1), m(t)) )
= Gt ) — 5 V(a0

AL AG(tpr, wi) + ALF (35, m(tei1))

+0 ((At)? + (Az)TT + Atd(m(tg41), m(t))) -

Finally, we get

L ) — Salinl(Bnsa, k)] =
2

1
Ot 2) = 5 Al 20) + 5|V ltgn,20) = Flai,m(ts1))

+0 <At + (AZ):H + d(m(tk+1),m(tk))> )

from which the result follows. O

4.3.2 The scheme for MFG

For m € C([0,T]; P1(R%)), let us define
valm|(t, ) == Ivpg/agl(z)  forall (t,x) € [0,T] x O, (4.58)

where vy ; is given by (4.54). In order to get a differentiable function with
respect to x, given € > 0 and a non-negative function ¢ € C*°(R%) such that
Jra @(z)dz =1, let us set ¢-(-) = aid (-/¢) and define

va[m](t,-) = (¢ xva[m])(t,) forall te[0,T]. (4.59)

For £ € 1y and k € Z},, let us define y£75[m] () the unique solution to

At
y=x— ?(vag[m] (th, ) + Voa o [m](tri1,y) + VAtoet, (4.60)

where Voa ([m](t, z) is the gradient of va .[m] with respect to z.

We propose the following scheme for (MFG]): find {(vy;, my;) € R? |k ¢
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TInt, © € Ing} such that, for all k € I, and i € Zp,,

Uky = SA[mA](Uk+17k7i)7
ONpi = Glaim),
> meny [ @@ = Y miy S [ B mal@)8 (),
JEIA Oa FETAL ey Oa
S moy [ A@s@ar = [ o).

JE€LA
(4.61)
System is solved by a fixed point method as in [32]. The iterations are
stopped as soon as the L'-norm, approximated by the Simpson’s Rule, of the
difference between two consecutive approximations of m is less than a given
tolerance 7 > 0.

4.4 Numerical results

In this section, we show the performance of the proposed scheme on three
different problems: a linear FP equation in two spatial dimensions, a MFG
with non-local couplings and a explicit solution and, finally, a MFG with local
couplings and no explicit solutions. For each test, we measure the accuracy of
the scheme by computing the following relative errors in the discrete uniform
and L? norms

maxiez,, [ha (T, zi) — MT, z;)|

maxiez,, |P(T, z;)|

Jo Into, (|ha(T,z) — h(T,2)|?) 1/2
2 = Into, (|h(T, x)[?) ,

by =

)

where h = m, v, ha = ma, va, and Intp, denotes the approximation of the
Riemann integral on Oa by using the Simpson’s Rule. We denote by ps and po
the rates of convergence for E,, and F», respectively. For these error measures,
the tables show rates of convergence greater than 2 in most of the cases. For
the exactly integrated scheme , the local truncation error is given by the
contributions of and , which yields a global truncation error of order
(Az)9HL JAt+(At)2. Asin [52], we get that the order of consistency is maximized
by taking At = O((Az)tD/3). With respect to the space discretization step,
the previous choice suggests an order of convergence given by 2(¢ + 1)/3. In all
the simulations we take ¢ = 3, which yields an heuristic optimal rate equal to

8/3.

4.4.1 An implementable version of the scheme (4.20)) in dimen-
sion one

In order to obtain a implementable version of (4.23), an approximation of
the integrals therein has to be introduced. For simplicity, we consider the
one-dimensional case, we use Simpson’s Rule on each element [z}, z; + 2Az]
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(j = 2m, m € Z) and cubic symmetric Lagrange interpolation basis functions 3;
(p=1in (4.16)). Recalling that 8; has support in [z;_9, 22|, letting §; ; = 1
if i = j and d; ; = 0 otherwise, the entries of the mass matrix A (see (4.21))) are
approximated by

z; Tjy2 2A
/O Bi(x)B;(a)dr = /x " B+ /x RCICEEEE =6
(4.62)
and the entries of B,é (see (4.22))) are approximated by
Tj+2 2A
(Bii= [ BB @de = " Bk (463)

We observe that, as usual in Lagrange-Galerkin methods, the integrands in
and have not the necessary regularity in order to guarantee the standard
accuracy order of the quadrature rule. This can lead to fluctuations in the order
of convergence, as can be observed in some instances of the numerical tests
below. However, in those tests we will see that the aforementioned quadrature
rule provides an overall order of convergence close to 8/3.

Using (4.62)) and (4.63)), the scheme (4.23) is approximated by

M1 = Zfezdwﬂéimk for k € IR, (4.64)
mo = My,

where éf; isa (2Na; + 1) X (2Na, + 1) matrix with entries given by
(Bi)ij = Bi(yi(z))
and my is vector of length 2N, + 1 given by
T?L(),i = Wo(wz) for i € Ta,.

Remark 88. Applied to a linearization of equation (HJB)), scheme (4.64) is
the dual of the semi-Lagrangian scheme [52] when a Crank-Nicolson method

is used to discretize the characteristic curves, together with a cubic symmetric
Lagrange interpolation to reconstruct the values in the space variable. Moreover,
scheme is also a natural higher-order extension of the scheme proposed
in [33, [31] to approzimate second order MFGSs.

4.4.2 Linear case: damped noisy harmonic oscillator

We consider the numerical approximation of a FP equation modeling an noisy
harmonic oscillator with damping coefficient v > 2 and noise coefficient o > 0.
For T > 0 and an initial condition zy € R?, the dynamics is described by the
following SDE in the interval (0,7)

dYi(t) = Ya(t)dt
dYa(t) = (=Yi(t) —Ya(t)) dt + odW (¢), (4.65)
Y(0) = =xo.
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The associated (degenerated) FP equation is given by

2
o
orm — ?822@2771 + Oy (xam) — O, ((x1 +yx2)m) = 0 in (0,7] x R2,
m(0) = & inR?
(4.66)
where 0, denotes the Dirac measure at zg. It is shown in [IT1I] that (4.66]) has
a unique solution m™* such that, for all ¢ € (0,7, m*(¢) is absolutely continuous

with respect to the Lebesgue measure, with density m*(¢,-) given by

eYt—Sag (t,x)/2D(t)

2my/D(t)

(4.67)

t
m*(t,x) = &, for all z € RY, where v(t,z) =
Jrav(ty)dy

with
szo(t, ) = a(t)(Y(t,x) — (0, 20))* + 2H(t) [ (t, 2) — (0, 20)] [1(t, z)

—n(0,20))] + b(t) (n(t, ) — 1(0, 20))?,
D(t) = a(t)b(t) — H(t)%,

[ A2 2
v v v Y
251 2+ 1 y M2 5 1 )

a, ¥, H, n, and b are respectively given by

and, setting

CL(t) = %(1 - 6_2u1t)7 w(tJ) = (xl,ufl - x2)6_#2t)

o2 —
H(t) = _mﬂu(l — e~ (mtp2)ty,

n(t,x) = (w1pz — x2)e ™1t and  b(t) = £ (1 — e 2421),

We apply scheme to approximate m*(t,-) for t € [to, T] = [1.5,3].
We take v = 2.1, two values for 02/2 given by 0.1 and 0.05, respectively, and
xo = (1,1). Since the SDE is autonomous, it is sufficient to apply
to approximate in [0, 1.5] with initial condition m(-) = m*(1.5,-), the
latter being computed by using . Since the diffusion term in can be
written as (0,0)dW(t), the scheme cannot be directly applied, but, as in
[52], it can be simply modified by setting

() o (2) o) (1)

and considering the discrete characteristics yi(z) (¢ = 1, 2, 3), defined as the
unique solutions to

At
y=a+ Az +y)+ VAtoe!,

with corresponding weights wy (¢ =1, 2, 3) given by w; = 1/6, we = 2/3, and
ws = 1/6. Since most of the support of the exact solution m is contained in
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Oa = (—2,2)%, we consider the solution of our scheme restricted to this domain
in order to obtain an implementable method. We consider homogeneous Dirichlet
boundary conditions, which are approximated by taking (Eﬁ)” =0in if
the characteristic yi(xj) exits from Oa. Tables and show the errors and
convergence rates in both norms. We have performed the simulations by taking
At = (Az)*3/8 in the case of 62/2 = 0.1 (Table , and At = (Az)*/3/4
in the case of 02/2 = 0.05 (Table . As for semi-Lagrangian schemes, the
scheme performs better in the hyperbolic regime case (small diffusion).
In some simulations, the optimal rate of convergence 8/3 is reached.

Az Errors on the FP equation

E Es Do | D2
2.00-1071 [ 1.83-1071 | 1.74-1071 - -
1.00-107F [ 5.57-1072 [ 3.86-10"2 | 1.72 | 2.17
5.00-1072 ] 838-1072 | 5.51-1073 | 2.73 | 2.81
250-1072[1.14-1073 | 6.67-10"1 | 2.88 | 3.05
1.25-1072 [ 3.18-107% [ 1.07-107* | 1.84 | 2.64

Table 4.1. Errors and convergence rates for the approximation of (4.66) with o2/2 =
0.1.

Az Errors on the FP equation

Eo Eo Poo b2
2.00-107" [ 3.05-1071 [ 3.22.1071 | - -
1.00-1071 | 1.21-1071 [ 1.04-1071 | 1.33 | 1.63
5.00-1072 [ 254-1072 | 1.79-1072 | 2.25 | 2.54
2.50-1072 | 3.07-1073 | 2.34-1073 | 3.05 | 2.94
1.25-1072 [ 6.25-107% | 3.36-10~* | 2.30 | 2.80

Table 4.2. Errors and convergence rates for the approximation of (4.66|) with 0%/2 =
0.05.

4.4.3 Non local MFG with analytical solution

Consider a non-local Mean Field Game given by

—0w— G Av+ 3 |Do]* = Lz — fpa(m(ty)y)dyl® in [0,T) x RY,
Oym — %ZAm —div(Dvm) = 0 in (0,7] x R%,

v(T,-) =0, m(0,-) =mg in RY.
(4.68)
The analytical solution of can be computed as tensorial product of one
dimensional solutions. In what follows, we explicitly compute the analytical
formula for the couple (v, m), solution of the system in space dimension
d = 1. Let us denote Z(t) = [gpa(m(t,y)y)dy. The analytical solution to the HJB
in has the form v(t, z) = $II(¢)2? + s(t)z + c(t) with II(¢), s(t) and c(t)
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time dependent functions solving the following ODEs:

=310t + 3T(1) = 3 te (0,T),

—$(t) + ( )s(t) = —x(t) te(0,7),

—e(t) = FI(1) + 357(t) = 3 (@(2)* e (0,T), (4.69)
I(T) =0, ¢T)=0, s(T)=0.

The first one is a Riccati equation whose analytical solution has the following
expression

2Tt _ ot

62T—t + et :

Then the gradient of v is Dv(t,z) = —II(t)x — s(t) and the optimal state solves

I0(t) =

dz(r) = (=1I(t)x(r) — s(r)) dr + edW (r),
which implies
(1) = 2(0) + /0 () — s(r) dr + oW (1),

Taking the expectation and z(0) = z, we get

z(t) = E[2(t)] = /R admg () + /0 (I — s(r)) dr,
which implies that Z(t) solves

{:}:(t) = —I(t)Z(t) — s(t) te (0,T),
Z(0) = [ga zdmg () .

Therefore the couple (Z(t), s(t)) solves the following boundary value problem

z(t) = —I(t)z(t) — s(t) te(0,7),
—$(t) + TI(¢t)s(t) = —=(t) te(0,7), (4.70)
Z(0) = Jga zdmg (z), s(T) =0.

The solution to (4.70) is unique (see for instance [64]) and is given by

(t) = /]R admo (2), s(t) = - ( /]R adm (:c)) ().

The last equation in (4.69) can be now explicitly solved, and c(t) gets

c(t) =12 (/Rd xdmy (x)>2H(t) - U;log (%cj> : (4.71)

e2T—t 1 ot

The solution m(t,z) of the FP equation in (4.68)) is a gaussian function with
mean Z(t) and variance Var (z(t)). To compute Var (z(t)), we observe that
Var (z(t)) = E (2%(t)) — 7%(t) and we recall 1td’s formula, for a given f: R — R

Fa®) = f(wo) + / Fa(r))dr + / £ ()2 (). (4.72)
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Now, choosing f(z(t)) = x2(t), we get that z2(t) solves

22(1) = a2 — / o) (T(r)e(r) + 5(r)) dr + / (M) odW (r) + 0% (4.73)
0 0

Taking the expectation and xy = x, we get

E(*(1)) = /R 22dmg (z) — 2 / 2(r)) + s(r)E(r)) dr + 0. (4.74)
Calling M (t) = E (z%(t)) we have that M () solves the following ODE

{M(t) = 20M()M(t) — 2s(t)T(t) + 0>  t € (0,T),
M(0) = [ga 2*dmy ().

with exact solution given by

2 (g x2dmg (z) — 272 o2 (2T 41
M(t):(em+et)2( o) 20 (7 + ))

2

_ <€2T—t + €t)2 (M) —1—52(75).

Finally, we have that Var (x(t)) = M(t) — #2(t). Let us now solve system
in a bounded domain in dimension d = 1,2. We choose [0,T] x Op =
[0,0.25] x (—2,2)¢, with Dirichlet boundary conditions on dOx, choosen equal
to the exact solution of for the HJB and homogeneous for the FP. The
numerical approximation of the boundary conditions for the HJB is based on
the technique proposed in [17], and for the FP we apply the same method used
in the previous test. In this and the following test, to compute , we have
used a fourth-order finite difference approximation of the gradient of va[m], and
we have not introduced the mollifier ¢..

For d = 1 we consider two cases, one with 02/2 = 0.005 and one with o2 /2 = 0.05.
In all the simulations we choose At = (Ax)*/3/4. Tables 4.3 and [4.4] show the
errors and the convergence rates for the approximation of the HJB and the FP
equations. In Table the convergence rate tends to be close to the theoretical
optimal rate 8/3.

Table shows errors and convergence rates for problem with d = 2
and 02/2 = 0.05, and Table shows errors and convergence rates for the
approximated gradient of the value function in with d = 2 and 02 /2 = 0.05.
In both Tables the order of convergence is mostly much larger than 2.

The tollerance 7 for the stopping criterion is 107°. In Fig. we show the
solution to on [0, T]|x O = [0,0.25] x (=2, 2) with 62 /2 = 0.005, computed
with Az = 1.25-1072 and At = (Az)*/3/4. Fig. displays the zoom of initial
condition, numerical and exact density of , computed with Az = 6.25-1073
and At = (Az)*/3/4.
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Az Errors on the HJB equation
Eoo Eo Poo P2
2.00-1071 [ 6.20-107° | 7.40-107° | - -
1.00-10~t | 1.09-107° | 1.43-107° | 2.51 | 2.37
5.00-1072 | 2.13-107°% | 3.41-107° | 2.36 | 2.07
2.50-1072 | 5.42-1077 | 1.00-107% | 1.97 | 1.77
1.25-1072 [ 1.67-1077 | 3.20-1077 | 1.70 | 1.64
6.25-1073 | 6.45-107% | 1.11-1077 | 1.37 | 1.53
A Errors on the FP equation
Eoo Eo Poo P2
2.00-1071]222.-1072 | 232-107%2 | - -
1.00-107t | 5.43-1073 | 5.10- 1072 | 2.03 | 2.19
5.00-1072 [ 9.32-107* [ 8.90-10"* | 2.54 | 2.52
2.50-1072[1.33-107% [ 1.26-107* | 2.81 | 2.82
1.25-1072 [ 1.22-107° | 1.17-107° | 3.45 | 3.43
6.25-1073 | 6.04-1077 | 6.08-10"7 | 4.33 | 4.27
Table 4.3. Errors and convergence rates for problem with 02/2 = 0.05.

Az Errors on the HJB equation

Eo Ey P P2
2.00-1071 | 1.68-107* [ 1.70-107% | - -
1.00-1071 | 3.56-107° | 3.48-107° | 2.24 | 2.29
5.00-1072 | 5.86-107% | 5.75-1075 | 2.60 | 2.60
2.50-1072 [ 1.06-107% | 1.04-1076 | 2.47 | 247
1.25-1072 | 1.80-1077 | 2.13-1077 | 2.56 | 2.29
6.25-107° | 3.75-107% | 5.24-1078 | 2.26 | 2.02

Az Errors on the FP equation
B Es Poo D2
2.00-107" | 881-1073 [ 1.01-1072 | - -
1.00-1071 [ 3.06-1072 | 2.53-1073 | 1.53 | 2.00
5.00-1072 | 8.01-10~* | 5.56-10~* | 1.93 | 2.19
250-1072 [ 1.81-107* | 1.14-107* | 2.15 | 2.29
1.25-1072 | 3.62-107° | 2.05-107° | 2.32 | 2.48
6.25-1072 | 5.75-107% | 3.27-107° | 2.65 | 2.65
Table 4.4. Errors and convergence rates for problem ([4.68) with ¢%/2 = 0.005.

4.4.4 Local MFG with reference solution

We consider a smooth problem, as in [94, Section 5.2]. We choose in (MFG)
the following data:

4sin?(2m(z) — %) T e [ia %]

0 otherwise,

mo(z) = {

v(T,z) =0, F(x,m(t,x)) =3mo(z) — min(4, m(t, x)).
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Figure 4.1. Solution to (4.68) on [0,7T] x Oa = [0,0.25] x (—2,2) with ¢2/2 = 0.005.
Terminal condition, numerical and exact value function (left). Initial condition,
numerical and exact density (right).

Figure 4.2. Zoom of initial condition, numerical and exact density of (4.68]) at time

T = 0.25.
A Errors on the HJB equation
Ey Eo Doo | D2
2.00-10711]393-1072|485-1072 | - -
1.00-10~1 [ 8.62-10=* ] 1.01-1072 | 5.51 | 5.59
5.00-1072 ] 2.30-107° | 3.37-107° | 5.23 | 4.91
250-1072 | 3.76-107% | 7.67-107° | 2.61 | 2.14
Ax Errors on the FP equation
Es Es Do | D2
200-1071 [ 1.20-1071 | 1.40-107 | - -
1.00-1071 [ 427-1072 [ 3.53-10"2 | 1.49 | 1.99
5.00-1072 ] 880-1072 | 3.75-1073 | 2.28 | 2.62
250-1072 ] 3.77-107* | 2.53-10~* | 4.54 | 3.89

Table 4.5. Errors and convergence rates for problem (4.68)) with d = 2 and 02 /2 = 0.05.

The domain is [0,7] x Oa = [0,0.05] x (0, 1), the volatility ¢?/2 = 0.05. We
suppose homogeneous Neumann boundary condition for both HJB and FP,
implemented as in [29]. We compute a reference solution, using Az = 6.67-10~*
and At = (Az)3/2/3. In Tables and we show errors and convergence
rates, with respect to the discrete infinite and 2 norms, for the value function v,
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Az Errors on the first component
Ey Eo Doo | D2
2.00-1071 [ 464-10"1 | 1.41-107"F | - -
1.00-107t | 1.65-1072 | 3.52-1073 | 4.81 | 5.32
5.00-1072 [ 4.45-10~* | 1.04-10~* | 5.21 | 5.08
2.50-107219.12-107° | 2.32-107° | 2.29 | 2.16
Az Errors on the second component
Ex Eo Doo | D2
2.00-1071 [ 464-107"1 | 1.41-107F | - -
1.00-1071 | 1.65-1072 | 3.52-1072 | 4.81 | 5.32
5.00-1072 [ 4.45-10~* | 1.04-10~* | 5.21 | 5.08
2.50-1072 ] 9.12-107° | 2.32-107° | 2.29 | 2.16

Table 4.6. Errors and convergence rates for the gradient of the value function in
system (4.68) with d = 2 and 02/2 = 0.05.

its gradient Vv and the density m, computed with At = (Az)%/2?/3. We observe
an order near two in most of the cases in both norms. The mass error is of the
order of 10713 in all tests, this fact confirms that the scheme is mass preserving.
Fig. shows the numerical density at time 7', the numerical value function
and its gradient at time 0, computed with Az = 3.13- 1073,

A Errors on the HJB equation

E Eo Doo | D2
5.00-1072 | 5.38-1072 [ 3.80-1072 | - -
2.50-1072 | 1.43-1072 | 1.29-1072 | 1.91 | 1.55
1.25-1072 | 4.25-1073 | 3.24-1072 | 1.74 | 1.99
6.25-1073 | 8.84-107% [ 7.99-10~* | 2.27 | 2.01
3.13-107% [ 3.76-107* [ 3.72-107* | 1.23 | 1.10
1.56-1073 [ 4.99-107° | 3.60- 10~ | 2.90 | 3.37
Az Errors on the gradient of v

E Eo Poo | D2
5.00-1072 | 8.09-1072 | 4.96-1072 | - -
2.50-1072 | 1.37-1072 | 1.19-1072 | 2.53 | 2.05
1.25-1072 | 3.94-1073 | 2.79-1072 | 1.80 | 2.09
6.25-107% | 834-107* | 7.07-107* | 2.37 | 1.98
3.13-1073 | 3.72-107* [ 3.25-107% [ 1.16 | 1.12
1.56-1073 | 5.25-107° | 3.16- 107" | 2.82 | 3.36
Table 4.7. Errors and convergence rates for problem in Subsection
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A Errors on the FP equation

FEoo Eo Pco P2
5.00-1072 [ 9.07-1072 | 4.82-107% | - -
250-1072[181-1072]6.79-1073 | 2.32 | 2.82
1.25-1072 [ 4.81-1072 [ 1.36- 1073 | 1.91 | 2.32
6.25-1073 | 7.64-107% | 2.06-107% | 2.65 | 2.72
3.13-1073 | 1.82-107* [ 6.96-107° | 2.07 | 1.55
1.56-1073 | 6.28-107° | 1.24-107° | 1.53 | 2.49

Table 4.8. Errors and convergence rates for problem in Subsection M

Figure 4.3. Deunsity m(T,z) (left), value function v(0,z) (center) and its gradient
Dv(z,0) (right) in the problem of Subsection m
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