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Abstract

There currently exist two methods for analysing an explosive mode introduced by chemical
kinetics in a reacting process: the Computational Singular Perturbation (CSP) algorithm
and the Chemical Explosive Mode Analysis (CEMA). CSP was introduced in 1989 and
addressed both dissipative and explosive modes encountered in the multi-scale dynamics
that characterize the process, while CEMA was introduced in 2009 and addressed only the
explosive modes. It is shown that (i) the algorithmic tools incorporated in CEMA were
developed previously on the basis of CSP and (ii) the examination of explosive modes has
been the subject of CSP-based works, reported before the introduction of CEMA.
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1. Introduction

The realization of the multi-scale character of the dynamics that develop in combus-
tion processes, and the use of appropriate analysis methodologies, lead to significant find-
ings. Among them are the hydrodynamic limit (small flame thickness), small Mach number
asymptotics, Damköhler number asymptotics and activation energy asymptotics; see review
papers [1–3]. The pioneering work of Peters, Kee, Williams and Jones extended the multi-
scale analysis in the field of reduced chemical kinetic modeling, by exploiting the fast dy-
namics and by implementing the quasi-steady state and partial equilibrium approximations
[4–7]. This work allowed for the identification of (i) the constraints in which the reacting
process is bound to evolve (in the form of steady state or partial equilibrium relations) and
(ii) the reduced model that governs the evolution within the established constraints. The
dominant dynamics of the reduced model could be of either dissipative or explosive nature;
i.e., dynamics that lead the system towards or away from equilibrium, respectively [8].

The construction of large chemical kinetic mechanisms necessitated the development of
algorithmic methodologies for multi-scale analysis; see Refs. [9–15] for a review of these
methods.
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One of these methodologies is Computational Singular Perturbation (CSP), which was
introduced in 1989 as “The basic idea of CSP is that the large number of physically meaningful
elementary reactions in a complex reaction system can be grouped into separate reaction
groups, each identified with a single characteristic time scale” [8]. CSP has been employed
for the development of a solver for stiff ODEs, the construction of reduced and skeletal
mechanisms, and the acquisition of all relevant physical understanding; e.g. [16–22]. The
usefulness of the method in analyzing multi-scale systems was examined and it was concluded
that it can generate, order by order, the results of asymptotic analysis [23–26]. Concepts
introduced by CSP were later employed for the development of other multi-scale algorithmic
methodologies for the analysis of combustion processes, which all introduced new concepts
and algorithmic tools; i.e., ILDM [27, 28], G-Scheme [29, 30] and TSR [31, 32].

The Chemical Explosive Mode Analysis (CEMA) was first introduced in 2009 in two
conference papers [33, 34]. Regarding journal papers, CEMA was first introduced in the
2010 Combustion and Flame paper by Liu et al. [35] and later in the same year in the
Journal of Fluid Mechanics paper by Lu et al [36]. Since its introduction, CEMA has been
employed for the analysis of a large number of combustion processes, including autoignition,
flames and turbulent reacting flows; e.g., [37–43].

CSP examines the explosive mode in the context of multi-scale (fast/slow) dynamics, as
one among the slow modes. Therefore, its influence is frequently assessed (i) by examining
the proximity of the explosive time scale to the fastest time scales of the slow modes and (ii)
by comparing the amplitude of the explosive mode with the amplitude of all slow ones [44–
46]. In addition, the conclusions reported are validated by perturbing the pre-exponential
factor of the reactions deemed responsible for the development of the explosive time scale
[44, 46, 47]. In contrast, the multi-scale character of the governing equations is not discussed
in the CEMA literature. Therefore, CEMA does not allow for the possibility that an explosive
mode might not influence the evolution of the reacting process, promoting thus the notion
that the action of an explosive mode is significant under all circumstances. This notion is
advocated by a number of statements distancing CEMA from CSP. For example, although
CSP is based on the chemical source term and was introduced by analyzing homogeneous
mixtures [8, 48, 49], Ref. [33] states that “Compared to the classical CSP theory based on
the full Jacobian matrix, the present method utilizes the Jacobian matrix of the chemical
source term and is therefore simple to implement, even for many complex flow fields” and
Ref. [34] states that “Compared with CSP modes, which may be affected by transport, CEM
was defined on the chemical Jacobian, such that CEM is purely a chemical property. Therefore
major differences exist in the application of CEMA and CSP modes”. Finally, Ref. [36],
states that“It is, however, important to emphasize at the outset of this study that, while
some concepts from CSP were adopted in the formulation of CEMA, this new formulation is
mathematically and fundamentally distinctive from CSP.” However, the fact is that reacting
processes are multi-scale in character. In contrast to CSP, CEMA overlooks altogether this
feature and focuses on the possible existence of an explosive mode, without considering its
relation to the other modes [44–46, 50, 51].

The explosive mode was first introduced in the combustion community in 1989, in the
context of a homogeneous autoignition of a H2/O2 mixture study, reported in the first CSP
paper [8]. A more detailed study of an explosive mode was published in 1997, in the study
of ignition of counter-flowing methane versus heated air [52]. The analysis was based on
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CSP and it was concluded that “CSP provides an ordering of the elementary reactions
within the explosive mode, based on their respective “participation index”, a measure of the
contribution from individual reactions to the amplitude of the mode”. CSP was employed in
2005 for the investigation of the explosive modes developing in homogeneous ignition and
premixed flames [53]. The 2006 paper titled “Computational Singular Perturbation Analysis
of Two-Stage Ignition of Large Hydrocarbons” examined the explosive mode in the dynamics
of a homogeneous n-heptane/air autoignition [54]. Similar CSP-based investigations were
reported in 2007 and 2008 for the analysis of the explosive mode in the dynamics of a
model exploring the combustion enhancement by DME addition to methane/air mixtures
and the DME autoignition at elevated pressures, respectively [55, 56]. In 2006 a mathematical
model of the circadian cycle was investigated with CSP, by exploring the development of an
explosive mode in parts of the cycle [57]. Another study of the explosive mode was reported
in the 2008 paper titled “Analysis of a turbulent lifted hydrogen/air jet flame from direct
numerical simulation with Computational Singular Perturbation” [58].

Following the introduction of CEMA in 2009, the role of the explosive mode was the
subject of investigations, in which the method employed was referred as either CSP [22, 59–
66] or CEMA [37–43, 67, 68]. Naturally, the co-existence of the two acronyms CSP and
CEMA for the same method generated confusion. For example, there are papers claiming
that exactly the same methodology is CSP-based in 1997 [52] and CEMA-based in 2010
[35]. In addition, there are papers claiming to use CEMA, but in fact they cite CSP as its
origin [35, 41]; i.e., they cite the paper titled “Analysis of a Turbulent Lifted Hydrogen/Air
Jet Flame from Direct Numerical Simulation with CSP” [58]. Moreover, in the paper [67]
the CSP-based algorithmic tool “Importance Index” [20, 48] is correctly referred as a CSP
tool, but the “Participation Index” [18, 69] is referred as a CEMA tool. Finally, CSP-based
papers are characterized as CEMA-based ones [68].

It is the aim of this paper to resolve this confusion by comparing the algorithmic tools
incorporated in CEMA with those developed previously by CSP. First, the CSP tools will
be briefly presented and the cases in which these tools were employed for the analysis of
explosive dynamics before the introduction of CEMA will be stated. Then, the CEMA tools
will be presented and their relation to the CSP ones will be established. The present work
aims at clarifying the relation of CSP and CEMA, since both are employed for the analysis
of explosive modes that develop in reacting processes.

2. The CSP-based diagnostic tools and their use for the analysis of dissipative
and explosive modes

Consider for simplicity the governing equations for adiabatic autoignition of a homoge-
neous fuel/air mixture at constant volume:

dy

dt
= g(y) =

2K∑
k=1

Sk(y)Rk(y) (1)

where the (N + 1)-dim. state vector y = [y1, y2, · · · , yN , T ] incorporates N mass frac-
tions and temperature, while the vector field g(y) can be expressed as a sum of 2K prod-
ucts Sk(y)Rk(y) of the generalized stoichiometric vector of the k-th reaction and its reaction
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rate of progress; forward and backward directions are considered as separate reactions. Ac-
cording to CSP, the vector field g(y) is resolved in N + 1 modes, each one of which is
characterized by a distinct time scale, say τn [8]. Thus, Eq. (1) can be cast in the form
[8, 70]:

dy

dt
= g(y) =

N+1∑
n=1

an(y)fn(y) fn(y) = bn(y) · g(y) =
2K∑
k=1

(bn(y) · Sk(y))Rk(y) (2)

where an is the (N + 1)-dim. CSP column basis vector of the n-th mode, bn is the (N + 1)-
dim. row vector (bi · aj = δij) and fn is the related amplitude [8, 49]. When the dynamics
of the system in Eq. (2) exhibit M time scales that are (i) of dissipative nature (i.e. the
components of the system that generate them tend to drive the system towards a fixed
point) and (ii) much faster than the rest, then Eq. (2) simplifies to:

f r(y) ≈ 0 (r = 1, . . . ,M)
dy

dt
≈

N+1∑
s=M+1

as(y)f s(y) (3)

when these M fast time scales become exhausted. In essence, Eq. (3) states that the evo-
lution of the system depends only on the slow modes. The first relation in Eq. (3) is an
M -dim. system of algebraic equations and defines the manifold M (a low dimensional sur-
face in phase-space, where the system is confined to evolve), while the second relation is an
(N+1)-dim. system of ODEs that governs the slow evolution of the system on this manifold.

The basis vectors an(y) and bn(y) are approximated by a pair of refinement procedures,
which involve the Jacobian J of the chemical kinetic term g; one refinement providing higher
order accuracy and the other stability of the simplified model in Eq. (3) [8, 71]. For leading
order accuracy, the CSP vectors can be approximated by the right and left eigenvectors of
J; i.e., ai = αi and bi = βi, where αi and βi are the right and left eigenvectors of J,
respectively [8, 72]. Eigenvectors were employed as CSP vectors in numerous works from
1989 and on; e.g., [18, 19, 21, 23, 70, 73].

Although CSP was initially developed for the analysis of spatially homogeneous systems,
its use was later extended for the analysis of non-homogenous ones [71, 74] of the form:

dy

dt
= L(y) + g(y) (4)

where the L(y) represents transport and g(y) represents chemical kinetics, as in Eq. (1). In
this case, the CSP form of the governing equations and the reduced model is of the form of
Eqs. (2) and (3), with the amplitudes now defined as:

fn(y) = bn(y) · [L(y) + g(y)] (5)

The CSP basis vectors in this spatially inhomogeneous case are computed with the same
methodology as in the homogeneous one. However, the presence of the transport term al-
lows for leading order accurate basis vectors only; i.e., vectors approximated by one pair of
refinements or by the eigenvectors of J [21, 22, 71, 75].
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The availability of the CSP basis vectors led to the development of a number of algo-
rithmic diagnostic tools; among them are (i) the time scale, (ii) the CSP Pointer, (iii) the
Participation Index and (iv) the Time scale Participation Index.

The time scale of the i-th mode was introduced in the 1989 Symposium paper [8] as the
reciprocal of the modulus of the i-th eigenvalue λi of the Jacobian J; see also [16]. These
time scales were distinguished as dissipative (relaxation) or explosive, depending on whether
the real part of the related eigenvalue is negative or positive; i.e., depending on whether
the related mode is leading the trajectory towards a fixed point or away from it. It was
recognized that a positive eigenvalue characterizes an explosive mode, which by definition is
one of the slow ones [8, 72]. In particular, by considering homogeneous ignition of a simple
H2/O2 system, it was shown that a positive eigenvalue might develop at the early stages of
the process [8, 72]. Since then, explosive time scales have been examined in numerous works;
e.g., [22, 54–56, 60, 76, 77].

The CSP Pointer (or Radical Pointer) was introduced in the 1992 Symposium paper [48]
as an algorithmic tool for the identification of variables related the most to the fast modes;
i.e., the variables that will respond the most to a perturbation along the fast directions
[21]. The physical significance of this tool was examined in a later study, where it was shown
that the variables identified by the Pointer of the i-th mode are those that are characterized
by the related time scale τi and participate in the expressions of the rates Rk that contribute
significantly to the expression of the related i-th fast amplitude f i ≈ 0 [21]. The use of the
Pointer was then extended in the 2006 SIAM paper [57] to the slow modes, characterized
by either dissipative or explosive dynamics. Considering the i-th mode, the CSP Pointer is
defined by the expression:

Di = diag
[
aib

i
]

=
[
a1i b

i
1, a

2
i b

i
2, . . . , a

N+1
i biN+1

]
(6)

where, due to the orthogonality condition bi · aj = δij, the sum of all N + 1 elements of Di

equals unity [48, 49]. A large value of ani b
i
n indicates a strong association of the n-th variable

with the i-th mode.
The Participation Index (PI) was introduced in the 1990 AIAA paper [69] and in a simpler

form in the 1999 CST paper [18], as an algorithmic tool to assess the contribution of the
various reaction rates to the occurring cancellations in the expression of the exhausted fast
amplitudes f i ≈ 0. The use of the PI was later extended for the analysis of slow amplitudes;
in particular, for the first time for explosive modes in the 1997 C&F paper [52], followed
by the 2006 JPCA paper [54], the 2007 Symposium paper [55] and the 2011 C&F paper
[22]. Considering the i-th mode, the PI is defined by the expression:

P i
k =

(bi · Sk)Rk∑2K

j=1
|(bi · Sj)R

j|
k = 1, . . . , 2K (7)

where by definition
∑2K

k=1 |P r
k | = 1 [18, 78]. A large value of P i

k indicates a significant contri-
bution of the k-th reaction to the i-th mode amplitude.

Finally, the Time scale Participation Index (TPI) was introduced in the 2006 SIAM
paper [57], as an algorithmic tool to assess the contribution of the various reactions to the
development of the time scale τi = |λi|−1. The TPI was used there in order to analyze fast
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and slow time scales, of either dissipative or explosive character. Considering the i-th mode,
the TPI is defined by the expression:

J i
k =

biJkai∑2K
j=1 |biJjai|

k = 1, . . . , 2K (8)

where bi and ai are the left and right eigenvectors, respectively, of the Jacobian J that relate
to λi = biJ1ai + · · · + biJ2Kai, Jk is the contribution of the k-th reaction to the Jacobian
J = J1 + · · · + J2K and by definition

∑2K
k=1 |J i

k| = 1. A large positive or negative value of
J i
k indicates a significant contribution of the k-th reaction towards the development of an

explosive or dissipative, respectively, i-th time scale.
The PI and CSP Pointer were first introduced in 1990 and 1992, respectively, by consid-

ering real basis vectors. In the 2006 SIAM paper [57], where the TPI was introduced and
the CSP vectors were approximated by the eigenvectors of J, the expressions in Eqs. (6)–(8)
were extended to the case of complex basis vectors.

3. The CEMA tools and their use for the analysis of explosive modes

Of all time scales in the dynamics of the model, CEMA concentrates on the explosive
time scale, which by definition is accounted among the slow ones [8]. Progressively, CEMA
incorporated notions and tools introduced by CSP, as follows.

In the two 2009 conference papers [33, 34] and the 2010 C&F and JFM papers [35, 36]
the explosive time scale and the CSP Pointer were assigned to CEMA. Regarding the explo-
sive time scale, it was stated “The eigenvalues therefore indicate the reciprocal characteristic
time scales of the modes. A positive eigenvalue of the chemical Jacobian indicates a chemical
explosive mode, which is a chemical property of the mixture” [36]. A similar concept was
introduced in the 1989 Symposium paper [8], in which the explosive time scale as the recip-
rocal of a positive eigenvalue was first introduced in the model reduction literature, along
with the term “explosive mode”.

In addition, the “Explosion Pointer” was introduced in [36] as:

EP = diag [aexpb
exp] =

[
a1expb

exp
1 , a2expb

exp
2 , . . . , aN+1

exp b
exp
N+1

]
(9)

where aexp and bexp are the right and left eigenvectors of J that relate to the explosive
mode. The similarity of EP with the CSP (Radical) Pointer in Eq. (6) is obvious. This is
acknowledged in [36], but it is stated that “To avoid confusion with the radical pointer, EP
will be referred to as the ‘explosion pointer’ in the following”. In addition, the “Explosion
Index” was introduced in the same paper as:

EI =
|EP|∑N+1

n=1 |EPn|
=

1∑N+1
n=1 |anexpb

exp
n |

[
|a1expb

exp
1 |, |a2expb

exp
2 |, . . . , |aN+1

exp b
exp
N+1|

]
(10)

which is a scaled EP; i.e., a scaled CSP Pointer. Both EP and EI were employed for the
identification of the variable related the most to the explosive mode; i.e., the same use as
the CSP Pointer, which addressed both explosive and dissipative modes.
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In the 2010 C&F paper [35] a “Participation Index” for the explosive mode is employed
with the statement “An explosion participation index, associated with the chemical explo-
sive mode, is defined analogous to the concept of the participation index in the theory of
CSP.” However, no mathematical expression for this index is provided, but only a figure dis-
playing positive and negative indices. A mathematical formula for the “Participation Index”
PI is provided in the 2012 C&F paper [38] along with a new expression for the“Explosion
Index” EI as:

EI =
|aexp ⊗ bexp|
sum|aexpbexp|

PI =
|(bexp · S)⊗R|

sum|(bexp · S)⊗R|
(11)

where S = [S1, S2, · · · , SK ] is the stoichiometric matrix, R = [Rnet,1, Rnet,2, · · · , Rnet,K ]
is the vector of the net reaction rates and the symbol ⊗ denotes element-wise product of
two vectors. It is stated in [38] that “The definitions of EI and PI are similar to the
radical pointer and the participation index, respectively, in the CSP theory”. Indeed, the
expression of EI in Eq. (11) is similar to that in Eq. (9), which was shown to be a scaled
CSP Pointer. Regarding PI, its elements are:

PIk =
|(bexp · Sk)Rnet,k|∑K
i=1 |(bexp · Sk)Rnet,k|

k = 1, . . . , K (12)

i.e., now the indices are by definition all positive, in contrast with the results displayed
in [35]. Later on, the absolute value in the numerator was removed, so that PIk could be
positive or negative [42], as with the equivalent CSP quantity P i

k in Eq. (7). According to
[38], PIk was introduced in order to assess the contribution of the k-th reaction to the
amplitude of an explosive mode; i.e., the same use as the CSP index PI, which addressed
both explosive and dissipative modes, as discussed in the previous section. The similarity of
the “Participation Index” PIk in Eq. (12) to the CSP index P i

k in Eq. (7) is obvious. The
only difference is that in PIk the contribution of the net rate of each reaction is considered,
while in P i

k the contributions of the forward and backward directions of each reaction are
considered separately.

In the 2014 C&F paper [40], the “Bifurcation Index” BIk was introduced for the analysis
of a homogeneous model involving K + 1 processes (K reactions and mixing) as:

BIk =
Re(λ∗k)

max
k=1,K

|Re(λ∗k)|
k = 1, . . . , K + 1 (13)

where Re(·) denotes the real part of a complex number and Re(λ∗k) denotes the contribution
of the k-th process to the real part of the eigenvalue λ∗ of the Jacobian J, which involves
both kinetics and mixing:

Re(λ∗) = Re(b∗Ja∗) =
∑K+1

k=1
Re(b∗Jka∗) =

∑K+1

k=1
Re(λ∗k) (14)

where b∗ and a∗ are the left and right eigenvectors, respectively, of the Jacobian J that
relate to λ∗ and Jk is the contribution of each of the K + 1 processes in J; i.e., J =
J1 + J2 + · · ·+ JK+1. The quantity BIk in Eq. (13) can thus be cast as:

BIk =
Re(b∗Jka∗)

max
k=1,K

|Re(b∗Jka∗)|
k = 1, . . . , K + 1 (15)
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Considering the case of a real eigenvalue, a comparison of the expression for BIk with the
equivalent CSP quantity J i

k in Eq. (8) reveals that BIk is a rescaled J i
k. The same conclusion

can be drawn in the case where the eigenvalue is complex [57]. This similarity is acknowledged
in the 2014 C&F paper [40]. However, it is stated that “while the definition of BI is similar
to that of the timescale importance index in CSP, the two concepts carry distinct physical
meanings and differ in two major aspects.” The first aspect is that “the timescale importance
index was defined based on the timescales of CSP modes, while BI is defined for the specific
mode leading to the limit phenomenon at a bifurcation point, where Re(λ∗) = 0 and the
concept of timescale does not apply.” This assertion is not correct because the eigenvalue
with Re(λ∗) = 0 is one of those computed in the context of CSP. Moreover, the time scale
- as introduced in 1989 - is the inverse of the eigenvalue modulus [8, 16], not simply as the
inverse of its real part. The second aspect is that “BI is defined on eigenmodes that may
involve complex eigenvalues and eigenvectors, while the timescale importance index in CSP
was defined in the real space.” This assertion is not correct either, since the the CSP time
scale participation index was introduced in both the real and complex plane in the 2006
SIAM paper [57].

4. Comparison of the two methods

The previous discussion established the following regarding the various concepts and
algorithmic tools introduced in the model reduction literature by CSP that were later incor-
porated in CEMA:

• The concept of the “mode” (reaction group) and of its “time scale”, either explosive
or dissipative (relaxation), was introduced by CSP in 1989 [8].

• The terms “explosive eigenvalue”, “explosive time scale” and “explosive mode”, were
introduced by CSP in 1989 [8, 57, 70, 72, 76] .

• The selection of the right and left eigenvectors of the Jacobian of the chemical kinetic
source term as basis vectors and their duals, respectively, was introduced by CSP in
1989 [8, 18, 19, 21, 23, 70, 72, 73] and were used in all CSP investigations of the
explosive mode [8, 22, 52–66].

• The “Explosion Pointer” introduced in 2009 and 2010 by CEMA [33, 36] is the same
as the CSP (radical) Pointer, introduced in 1992 [48], while the “Explosion Index”
[34, 36] is a rescaled CSP (radical) Pointer.

• The “Participation Index” introduced in 2012 by CEMA [38] is similar to the CSP
Participation Index (PI) introduced in 1990 and 1999 [69, 78]. The difference is that
in CEMA the net reactions rate is considered, while in CSP the forward and backward
directions are considered separately.

• The “Bifurcation Index” introduced in 2014 by CEMA [40] is a rescaled expression of
the CSP Time scale Participation Index (TPI) introduced in 2006 [57].
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5. Conclusions

There are currently two acronyms for identifying and analyzing explosive modes, using
similar tools: CSP (first used in 1989 [8] and in more detail after 1997 [52, 54–56]) and
CEMA (first used in 2009 [33, 34] and in more detail after 2010 [35–37]).

The comparative analysis of CSP and CEMA carried out here reveals that the theoretical
foundation and the algorithmic tools employed in CEMA follow those already developed in
the CSP framework. It clarifies the relationship between various CSP and CEMA definitions
and provides useful guidelines to the community.

Recognition of the origin of the CSP algorithmic tools incorporated into CEMA is im-
portant in understanding the multi-scale context (fast/slow dynamics), which is essential in
conducting an explosive mode analysis.
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