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Abstract—This article presents the inspection of a Transparent
Radially Anisotropic (TRA) cylinder with permittivity dyadic,
in the electrostatic settings. The quasistatic polarizability of
the TRA cylinder with the values and signs of permittivity
components offering different interesting features, involving,
absorbance, anomalous losses, resonant singularities, invisibility.
In this manuscript, we have a special focus on the electrostatic
response of a circular cylinder with a certain condition of
anisotropic parameters. We study the stimulating behaviour of
polarizability of a TRA cylinder in quadrant (plane geometry).
We have also computed the TRA cylinder behavior as a cloak
using suitable choices of the anisotropic parameters.

Index Terms—Anomalous losses, resonant singularities, invisi-
bility

I. INTRODUCTION

Countless research work has been done in the field of
electrostatic problems involving a TRA cylinder in the recent
year [1], [2], [3], [4], [5]. The electromagnetic invisibility
using the anisotropic material distribution of the constitutive
parameters were initially suggested by Pendry et. al. [6]. Alu
et. al. [7] purposed the isotropic plasmonic coatings to make
invisible objects involving the Spatial Transformation Process
(STP). Since, the cloaking invisibility using anisotropic ma-
terials [8] and scattering from metamaterials [9], [10], have
also been considered in several papers [11]. The full-wave
electromagnetic scattering by infinitely long cylinders with
anisotropic coatings has been inspected in a metamaterials
research work [12]. Tarn et al. reported the realization of heat
conduction in a cylindrically anisotropic circular tube. They
studied the limits of the effective (heat) conductivity with the
anisotropic materials [13].

Kettunen et. al. found the use of positive permittivity
only extreme anisotropic components, which would design
an invisible Faraday shield that could easily hide any objects
regardless of their geometry or material properties [14]. Hy-
perbolic metamaterials are usually defined as simple Cartesian
geometries. The hyperbolic RA cylinder shows anomalous
lossy responses in both dynamic and static cases. Qiu et. al.
have also described the anomalous enhancement of absorption,
or damping effects [15]. In the theory, anomalous resonances
entirely assemble plasmonic nanostructures, can lead to an
infinite efficiencies of absorption or gain over the transmission

Fig. 1. Anisotropic cylinder is present in a free space

capacity. Alu et. al. studied the analogous absorption efficiency
using an analytical solution of conjoined half-cylinder [16].

In this manuscript, we study the authentic description for
finding anomalous absorption, resonances, and invisibility
cloaking in a static case of a TRA cylinder. We have also
visualized the imaginary losses and cloaking of a TRA cylin-
der using COMSOL Multiphysics 5.4.

II. METHODOLOGY

A. Electrostatic solution

The generalized Laplace’s equation for anisotropic source
free medium is [14]

∇.(ε.∇ϕ) = 0 (1)

whose solution can be obtained for any usual coordinate
system using separation of variables. Permittivity that is given
in 2D polar coordinates is

ε = ε0(ερuρuρ + εϕuϕuϕ) (2)

where the permittivity of the tangential and azimuthal com-
ponents are ερ, ερ. In the case of circular/axial symmetric
RA cylinder shown in Fig. 1, general solution to the above
equation is

ϕ(ρ, φ) = R(ρ)T (φ) (3)
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where the component functions are

R(ρ) = Aργ +Bρ−γ (4)
T (φ) = C cos(mφ) +D sin(mφ) m=0,1,2,.... (5)

and
γ =

√
εt
εr

(6)

Generally, constants A, B, C, and D can be determined using
boundary conditions at the interface and an infinite sum over
m = 0, 1, 2... . For the isotropic case (εt = εr), we get γ = 1.

B. Intact RA cylinder

Let us derive the solution for an intact RA cylinder assuming
positive permittivity. For this, consider a circular RA cylinder
of radius a placed in an external uniform x-polarized electric
field. The corresponding external potential is [17], [18]

ϕo(ρ, φ) = −Eo
ρ

a
cosφ (7)

The required solution in our case is

ϕ(ρ, φ) =

{
ϕin(ρ, φ), ρ < a

ϕs(ρ, φ) + ϕi(ρ, φ), ρ > a
(8)

where the internal and scattered potentials are

ϕin(ρ, φ) = A(
ρ

a
)γ cosφ (9)

ϕs(ρ, φ) = B(
ρ

a
)−1 cosφ (10)

Applying boundary conditions at ρ = a yields

A =
−2Eo

γεr + 1
B =

(γεr − 1)Eo

γεr + 1
(11)

Let’s define here 2D normalized polarizability as the ratio
between induced dipole moment p and the external electric
field Eo. The scattered potential ϕs is equivalent to potential
given rise by x-polarized line dipole having dipole moment
p = 2πaεoB at the origin. We can obtain the polarizability
using coefficient B given by Eq. 10 as

α = 2
B

Eo
(12)

The normalized polarizability of RA circular cylinder can be
written as

α = 2
εeff − 1

εeff + 1
(13)

C. Numerical results and Discussion

Let us define the solution of effective permittivity of RA
cylinder [3].

εeff = εrγ =
√
εrεt (14)

This solution is straight forward, if both permittivity com-
ponents εr and εt are real and positive even when both
are real and negative as well. However, for the special case
εeff = −1, where the polarizability should be infinity. Fig.
2, represents the solution of anisotropic ratio γ as a function
of the positive and negative permittivity components. For the
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Fig. 2. The exponent γ as a function of ϵt/ϵr . The dashed line is the inverted
solution −γ.

case of real part, when the ratio of εt/εr < 0, the parameter
γ and −γ are equal to zero. Similarly, when εt/εr > 0
the imaginary part of γ and −γ are always zero. So for
our independent choice of singularity in potential function is
suitable at the origin. When anyone of the two permittivity
components is negative hence, the parameter γ is complex. The
anisotropy of γ and −γ having an opposite sign, which means
they are complex conjugates of each other, that undergoes
to complex conjugate pairs of εeff . In this way, we can
easily choose the passive (lossy) solution as compare to active
one. However, polarizability becomes complex, when the γ is
purely imaginary for the hyperbolic case of εt/εr < 0.

Let’s study the normalized polarizability α given by Eq
12, for any real values of εr and εt and observe interesting
behavior of εrεt in a (plane geometry). The polarizability is
singular, when εr < 0, corresponding to the III (-; -) quadrant
in a (plane geometry), Indeed, α = 0 implies the well defined
solution, which can be represented in the first I (+; +), quadrant
by taking positive real values of εr and εt in a plane geometry
illustrated in Fig. 3.

Let us study the remarkable role of the anisotropy ratio γ
with the corresponding radial and tangential permittivities. For
that, we deal with a single anisotropic cylinder present in a free
space using COMSOL (Multiphysics 5.4) illustrated in Fig. 4.
Let us consider the real positive values of εr = 5; εt = 3/5.
In this case, the value of γ = 0.346 is very small. We have in-
vestigated the response of electrostatic potential. The potential
is strong at the center of the cylinder. Field lines were easily
transmitted from the TRA cylinder. Similarly, When we have
also considered the negative values of εr = −5; εt = 3/5.
The value of anisotropy ratio is imaginary γ = 0.346i. We
have observed more dense lines and somehow losses shown
in Fig. 5.

So, the potential of the cylindrical core corresponds to the
element ργ , which allows an imaginary part does not approach
zero at the center of the cylinder. But we have inspected high
oscillation at γ → 0. At the origin, electric field becomes
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Fig. 3. Interesting behaviour of polarizability in a plane geometry with the
corresponding values of εr and εt.

Fig. 4. Electrostatic response of a TRA cylinder using real numerical value
of anisotropic ratio γ.

singular with the absence of the losses.

Fig. 5. Electrostatic response of a TRA cylinder using imaginary numerical
value of anisotropic ratio γ.

Meanwhile, a layer model with an anisotropic cylindrical
shell is used to cloak an inner isotropic core. We have taken
some parameters for the outer anisotropic shell such as εr =
0.1; εt = 5.5. The value of anisotropy is γ = 7.146. We

have visualized the inner core is invisible with a coating of an
anisotropic shell illustrated in Fig. 6.

A simple content can be utilized for hiding an inner core of
a cylinder. With a large value of εr, the field becomes active
in the origin presents in Fig. 4. Indeed, when the value of εr
close to zero, and the large value of εt, the field is strong on
the outer boundary of the cylindrical shell, but in the origin
potential becomes zero has been presented in Fig. 6.

Fig. 6. Invisibility or cloaking of a cylindrical isotropic core using radially
anisotropic cylindrical shell.

III. CONCLUSION

The electrostatic response of a TRA cylinder has been
inspected with the limiting case of the absorbance with negli-
gible losses and an invisibility of a cylinder. For this purpose,
The cylinder has been performed interesting behavior of TRA
cylinder with the distant choice of anisotropy ratio γ by adjust-
ing different values of radial and tangential permittivity of the
material. With radial permittivity close to zero and tangential
permittivity is large, the cylinder has been performed as a
cloak due to the potential inside the core of the cylinder is
almost zero.
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