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Abstract 

Estimation of the Young’s modulus of structures in the nanometer size range is a difficult task. A reliable 

determination of this parameter is of significance in both basic and applied research. In this study, by combining 

the molecular dynamics (MD) simulations and continuum shell theory, we design a new approach to determine 

the Young’s modulus of different spherical fullerenes. The results indicate that the Young’s modulus of the 

fullerene molecules decreases nonlinearly with increasing the molecule size and understandably tents to the 

Young’s modulus of an ideally flat graphene sheet. To the best of our knowledge, a combined atomistic-continuum 

method which can predict the Young’s modulus of the fullerene molecules with high precision has not been 

provided hitherto. We believe that the present study is likely to fill the gap. 
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1. Introduction 

Carbon-based nanoscopic structures have occupied the center stage in pure and applied research due to their 

extensive applications in various fields of nanoscience, nanotechnology and biotechnology [1]. Fullerene 

molecules are one of the earliest discovered carbon-based nanoscopic structures and they have promoted a 

revolution in science and technology, and they are utilized in making new devices as well as leading to new 

technologies. Understanding the mechanical properties of these nanoscopic structures is a necessary requirement 

for an efficient and accurate design of nanodevices with a predictable behavior [2]. Accordingly, the development 

of well-understood theoretical, computational and experimental frameworks for characterizing the mechanical 
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structure and behaviour of the fullerene molecules is very desirable, and it poses a huge number of challenges for 

researchers in this field. 

Since measurement of the mechanical properties of the carbon-based nanoscopic structures is a time 

consuming and rather expensive endeavour, significant efforts have been invested to explore their properties and 

behavior through various types of simulation models including molecular dynamics (MD) simulation, continuum 

models and combination of atomistic simulations with continuum theories [3-7]. 

Compared to the mechanical properties of carbon nanotube and graphene sheet, Young’s modulus of the 

fullerenes is much less studied. Furthermore, most researchers have utilized the mechanical properties of the 

graphene sheet to explore the mechanical characteristics of the fullerenes [8-11]. A noticeable gap in current 

research has been the lack of a model to determine the Young’s modulus of the fullerene molecules. The first 

contribution to predict the bulk modulus of C60 was made by Ruoff and Ruoff [12, 13]. Compressive mechanical 

properties of C60 fullerene molecule at different temperatures have been studied by Shen [14] using Tersoff-type 

potential-based MD simulation. He also investigated the compressive mechanical properties of different fullerene 

molecules including C20, C60, C80 and C180 using a quantum MD simulation [15]. Giannopoulos et al. [16] studied 

the radial elastic stiffness of different fullerene molecules on the basis of structural mechanics spring-based 

method. They found that the radial Young’s modulus decreases non-linearly with increasing the radius of 

fullerene. Recently, the elastic modulus of C60 molecule has been calculated by Jamal-Omidi et al. [17] using the 

finite element method. They modeled the fullerene structures by shell elements and the elastic properties of shell 

elements was adopted from graphene sheets.  

Based on the above literature review, it is clear that the values of the Young’s modulus of the fullerene 

molecules are not predicted systematically. Therefore, it is a key issue to propose a useful method which can 

predict the Young’s modulus of different fullerenes. Motivated by this idea, in this paper, we use a combination 

of MD simulation and continuum shell theory to predict the effective Young’s modulus of nine different spherical 

fullerenes, ranging from C60 to C2000. In this connection, to find the effective Young’s modulus of the fullerene 

molecules, the strain energy due to uniform tensile load is calculated from the MD simulation. Then, a continuum 

spherical shell model, according to the Flugge-type shell equations [18], is implemented to find the relation 

between the strain energy and tensile load. Based on the energy equivalence between the MD simulation and the 

continuum spherical shell model, the effective Young’s modulus of the fullerenes are computed. Here, we use the 

large-scale atomic/molecular massively parallel simulator (LAMMPS) software [19] and Adaptive Intermolecular 
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Reactive Empirical Bond Order (AIREBO) force field to model the internal interactions among carbon atoms in 

our MD simulations to obtain the strain energy.  

The organization of this paper is as follows. Details of the continuum shell model and MD simulation are 

discussed in Section 2. The numerical results and discussion are explained in Section 3 and Closing observations 

are provided in Section 4. 

 

2. Modeling and simulation 

2.1. Continuum shell theory 

The mechanical behavior of a spherical fullerene can be modeled by a thin-walled shell. The spherical shell is 

assumed to have mean radius a and effective wall thickness t. To develop an elastic shell model, we assume that 

the thickness of shell remains constant during the deformation. Furthermore, it is assumed that the shell is 

homogeneous and isotropic with Young’s modulus E and Poisson’s ratio ν. The atomistic structure of C60 molecule 

and its equivalent continuum-based model subjected to uniform tensile load are shown in Fig. 1. As depicted in 

Fig. 1, the uniform tensile load is applied by uniform displacement on the upper hexagonal face (red color), while 

the lower hexagonal face (yellow color) is kept fixed. These two hexagonal faces should be exactly opposite of 

each other to avoid asymmetric distortions. 

Figure 2 shows the corresponding spherical coordinate system, though only a semicircle is considered due to 

symmetry of geometry and loading. Hence, the meridian angle, φ, is employed as the only independent variable. 

The axisymmetric governing equations for the thin-walled spherical shell are given by [18] 
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where N  and N  are membrane resultants, M  and M  are resultant bending moments and Q  is resultant 

shear force. The stress resultants are defined as integrals of stress over the thickness of a shell element. The 

membrane and bending moment resultants are defined as 
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in which u and w are meridional and radial displacements respectively, and χ is defined as 
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Equations (1)-(7) must be solved simultaneously to obtain the stress resultants N , N , M , M , Q , and 

the displacement u, w, χ. This set of equations are reduced to the following equations for Q , and χ. 
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The details of mathematical derivations have been reported in Ref. [18]. The appropriate solution for coupled 

equations for Q  and χ is [18] 
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where the four constants Ci (i = 1, 2, 3, 4) can be evaluated uniquely by applying four proper boundary conditions. 

The following boundary conditions were imposed:  

a) The motion of the upper hexagonal face is restricted in the z direction and the radius of mentioned hexagonal 

ring is fixed. This leads  

0 0 0 0( ) ( )cot ( ) 0a u w    = + =  (13a) 

b) At 
0 =  the bending stress resultant must be zero because of the free circular cutout. Therefore, the condition 

is given by 

0)( 0 ==M  (13b) 

c) The symmetry with respect to the x-axis imposes the following boundary conditions 
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It should be noted that the value of 0  is obtained on the basis of fullerene’s geometry. Furthermore, z1, z2, z3 

and z4 are the solutions of hypergeometric equations (9) and (10). The parameter μ is defined by 
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The total strain energy for a spherical shell can be divided into stretching and bending contributions, 

bs UUU += . The stretching energy can be written as 
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where N  and N  are induced by uniform tensile load P. The membrane resultants can be expressed in terms of 

resultant shear force, Q , i.e., 
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In addition, the bending energy is given by 
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It is clear that the total strain energy can be calculated when two parameters Q  and χ are appropriately 

obtained from equations (11) and (12). By using equations (11), (12), (15) and (18), and after very lengthy 

derivations, the total strain energy can be obtained as 
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The function H can be defined as 
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Furthermore, for small deformations, the total strain energy of the system is expressed as  
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wherein δ is deformation and K denotes elastic stiffness and it can be determined from the MD simulations. 

Therefore, the Young’s modulus of the spherical fullerene is obtained as  

=

S
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2.2. Molecular dynamics simulation 

In this paper, MD simulations are carried out using LAMMPS code [19], a massively parallel MD simulator 

from Sandia National Laboratories and the results are visualized using VMD package [20]. It has been shown that 

the Adaptive Intermolecular Reactive Empirical Bond Order (AIREBO) potential can accurately compute the 

bond-bond interaction, bond breaking, and bond reforming in the carbon atoms [21]. Furthermore, this force field 

has been proven to be reliable for reproducing the mechanical behavior observed experimentally in the fullerenes 

[22, 23]. Hence, the AIREBO potential is used here to model the interactions among carbon atoms in the fullerene. 

According to this model, the total potential energy of the system is given by [24, 25] 
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where EREBO shows the second generation of REBO potential proposed by Brenner et al [25], ETor is torsional 

potential due to dihedral rotation of bonds and ELJ is potential associated with the long range non-bonded 

interaction among atoms. Detailed explanation about the terms of the AIREBO potential can be found in Refs. 

[24, 25].  

We first create the initial geometries of several near-spherical fullerenes including C60, C180, C240, C540, C720, 

C980, C1280, C1620 and C2000. Prior to deformation, the geometric structure of the fullerenes must be relaxed to 
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achieve stress-free state. Since all fullerenes are not perfectly sphere, a fullerene may be treated as a sphere with 

the equivalent radius a. It was shown that, for the fullerenes with more than 100 atoms, the difference between 

the area of the fullerene and its equivalent sphere is less than one percent [26]. Table 1 gives the equivalent radius 

for the fullerenes based on the position of atoms after relaxation. To ensure quasi-static deformation, rate of 

deformation should be small. In this way, we implement the deformation-control method by applying the velocity 

0.01 Å/s to the upper hexagonal face of the fullerene.  

The velocity Verlet algorithm [27] is used to integrate the equations of motion with a time step 1 fs. This time 

step guarantees good conservation of energy [28]. The Nosé–Hoover thermostat [29] is used to maintain the 

simulation temperature at T = 300 K. The use of this thermostat leads to less fluctuations in the temperature [30]. 

Furthermore, to ensure constant volume and temperature, we apply a NVT ensemble for the MD simulations with 

a shrink-wrap boundary condition at a constant temperature. The conjugate gradient algorithm is applied to 

determine the stress-free minimum-energy prior to dynamics simulation. 

 

3. Results and discussion 

In this section, we show the applicability of the present formulations and simulations for predicting the 

effective Young’s modulus of the fullerene molecules. During tensile test simulations, we recorded the 

deformation and the potential strain energy of the fullerenes. The potential strain energy versus deformation curves 

for C60 and C180 fullerene molecules are shown in Fig. 3. It is observed from Fig.3 that, for small deformation, the 

potential energy of simulated fullerenes increases almost quadratically with respect to deformation. By fitting 

equation (21) to the MD simulation results, we can obtain the equivalent elastic stiffness for different spherical 

fullerenes. The calculated equivalent elastic stiffness of the fullerenes with different radii is depicted in Fig. 4. As 

expected, the equivalent elastic stiffness is found to decrease as the number of atoms increases. Furthermore, the 

results from MD simulations can be well-captured by using the following relation 

1.59

2340
K

a
=  (24) 

Implementing the values of equivalent elastic stiffness from the MD simulation and using equation (11), the 

Young’s modulus of each fullerene is calculated. To obtain the value of the integral presented in equation (22), 

the Poisson ratio and effective wall thickness have to be chosen appropriately. In this study, it is assumed that the 

Poisson ratio remains constant for fullerenes with different radii, Therefore, all simulations are performed with 

the Poisson ratio of 0.3 [31]. The effective wall thickness is an ambiguous parameter and the exact value of the 

wall thickness of the fullerenes has not been completely clarified in the literature, and a set of values ranging from 
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0.06 to 0.34 nm have been adopted in the several studies. It is well-known that different values of this parameter, 

would lead to different values for the Young’s modulus. Here, we have proposed a necessary condition (but not 

sufficient) for justifying an effective thickness of fullerene. It is well known that the surface of a fullerene molecule 

contains only a number of atoms and that the forces in the fullerene are transmitted through these atoms. However, 

in a continuum shell model the same forces are transmitted through a continuous wall. Hence, the effective wall 

thickness of molecule cannot be greater than or equal to the atomic thickness (≈ 0.1 to 0.2 nm). Based on this 

point, the assumed value of 0.34 nm, as well as those larger than 0.2 nm should be excluded in future 

investigations. Therefore, in our numerical calculation, we use t = 0.182 nm which is satisfy the above criterion 

and also has been adopted in previous studies [32, 33].  

Figure 5 displays the calculated Young’s modulus as a function of the equivalent radii of the fullerenes. For 

the sake of comparison, the results given by Giannopoulos et al. [16] on the basis of structural mechanics are also 

presented in Fig. 5. We note that the comparison is reasonable. This indicates that the proposed method in this 

work provides accurate results. As expected, it is found that the Young’s modulus is a decreasing function of the 

radius and it converges gradually to the Young’s modulus of ideally flat graphene. However, the fullerene C60 

shows an irregular result. It is worth noticing that the appearance of irregularity in the Young’s modulus is 

attributed to the assumption of thin-walled shell theory. Therefore, it can be concluded that thin shell theory is not 

applicable for the case of small fullerenes. Furthermore, as can be expected, the Young’s modulus of fullerenes 

approaches to the Young’s modulus of graphite when the diameter is large. 

 

4. Conclusions 

In conclusion, a combination of molecular dynamics simulation and elastic shell theory was used to calculate 

the Young’s modulus of the spherical fullerenes. To our knowledge, this is the first time that the Young’s modulus 

of the fullerene molecules is predicted systematically on the basis of a combined atomistic-continuum method. It 

may be considered as a valuable task for modeling these nanoscopic structures in future works. To this end, both 

MD simulations and elastic thin shell theory were utilized to simulate the tensile test of the fullerenes. A quadratic 

relationship was obtained between the strain energy and the deformation in both MD simulation and continuum 

solution. Using this relationship, we obtained the equivalent elastic stiffness and Young’s modulus for different 

spherical fullerenes. Furthermore, our results compares reasonably with previous data. Finally, it is worth noticing 

that the proposed method is applicable to the investigation of the Young’s modulus of other shell-like spherical 

nanoscopic structures. 
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Table 1. Calculated Radius for Some Spherical Fullerenes 

atoms (N) Radius (Å) 

60 3.549 

180 6.042 

240 6.960 

540 10.361 

720 11.940 

980 13.921 

1280 15.896 

1620 17.873 

2000 19.853 
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Fig. 1. Molecular structure of C60 fullerene and its equivalent beam model subjected to uniform tensile load. 
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Fig. 2. Sketch of coordinate system for a spherical shell. 
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Fig. 3. Variations of the potential energy with the deformation. (a) C60 fullerene. (b) C180 fullerene.  
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Fig. 4. The equivalent elastic stiffness as a function of radius of the fullerene. Here, the solid circles 

correspond to the results calculated from MD simulations.  
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Fig. 5. Predicted Young’s modulus of fullerenes with different radii. 

 


