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number z € [0, M/(q — 1)] over the alphabet A ={0,1,..., M} is a sequence (¢;) €
AN such that z = > c;q~". Generalizing many earlier results, we investigate in
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consisting of their corresponding expansions. We also provide shorter proofs of the
main results of Baker in [3] by adapting the method given in [12] for the case M = 1.
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1. Introduction and statement of the main results

Starting with a seminal paper of Rényi [22] many papers have been devoted to representations of real

numbers z of the form
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where the base ¢ > 1 is a given real number, and (¢;) is a sequence of integers with 0 < ¢; < M (i €
N := Z>;), where M is a given positive integer. The sequence (¢;) is often called an expansion of z.
Such representations of real numbers have many intimate connections to combinatorics, number theory,
probability and ergodic theory, topology and symbolic dynamics. See, e.g., the review papers [23,15,8].

In the 1990’s, Erdés, Horviath and Jo6 [10] found bases ¢ € (1,2) such that z = 1 has exactly one
representation of the above form with digits ¢; belonging to {0, 1}. Following this discovery, the combinatorial
and topological structure of (the set of) all numbers z having exactly one representation of the form Y .-, ¢;-
¢~ " with digits ¢; € {0,1,..., M} — and the corresponding set of sequences (c;) — was eventually clarified in
[17,19,6,7] under the additional assumption that M < ¢ < M + 1. Later developments led to the necessity
to relax this assumption. This was done in [9] for the expansions of # = 1. Building on the results of [9]
here we clarify the structure of the set of real numbers x with a unique expansion for any choice of M > 1
and ¢ > 1. Although the general research strategy is the same as in [6], some new arguments are needed
and several new properties are uncovered.

In order to state our results we introduce some notation and terminology. In this paper we fix a positive
integer M, and we consider the corresponding alphabet A := {0,1,..., M}. The elements of A are often
called digits. Since M is fixed, we usually do not indicate the dependence on M of the notions we are going
to introduce.

A sequence always means an element of the set AN it will often be written in the form (¢;) or cico - .
By a block or word we mean an element of UpcnA®. A block or word has length n if it belongs to A™. We
will also use the conjugate or reflection of any digit ¢, word ¢; - - - ¢, or sequence (c¢;), defined by

ci=M—c, G Cni=0C1Cy and GG =G0

Finally, if ¢ € A, then we set ¢t :=c+1ifc< M, and ¢™ :=c—1if ¢ > 0, so that ¢ € A and ¢~ € A.
More generally, if w = ¢ -+ - ¢, is a word of length n > 2, then we write

wh=(c1-en)t i=cren1c)
if ¢, < M, and

w-=(c1 ) =010 Cpo1Cyy
if ¢, > 0.

We will use systematically the lexicographical order between sequences: we write (a;) < (b;) or (b;) > (a;)
if there exists an index n € N such that a; = b; for i < n, and a,, < b,. We also equip for each n € N
the set A™ of blocks of length n with the lexicographical order. We apply the usual notation from symbolic
dynamics. For example, 0°° would indicate the sequence ¢ with ¢; = 0 for all ¢ > 1, (10)*° would indicate
the sequence ¢ with cg;—1 =1 and ¢g; = 0 for all ¢ > 1, and so on. A sequence (¢;) is called

e finite if it has a last nonzero element, and infinite otherwise;
e co-finite if its conjugate is finite, and co-infinite otherwise;
e doubly infinite if it is both infinite and co-infinite.

This unusual terminology enables us to simplify the statements of many results. Note that 0°° does not
have a last nonzero element and is thus infinite, hence doubly infinite. Similarly, M°° is a doubly infinite
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sequence. The other doubly infinite sequences are those sequences that have both infinitely many digits
¢; > 0 and infinitely many digits ¢; < M.

Given a real number ¢ > 1, an ezpansion in base q over the alphabet A (or simply expansion in base g or
expansion if there is no risk of confusion) of a real number z is a sequence ¢ = (¢;) satisfying the equality

We sometimes write mg(c1ca -+ ) or mq((c;)) in place of m4(c).
If ¢ > M + 1, then there exist numbers x satisfying the inequalities

M 1
q q

and they have no expansions: for any sequence (¢;) we have mg(cico---) <z if ¢ =0, and mg(cica---) > @
if ¢; > 0. The inequalities (1.1) also imply that each ¢ € AN is the unique expansion of mq(c). The
topological structure of the set 7, (AN) consisting of numbers with an expansion (which is always unique
as we just observed) is in this case rather straightforward and resembles that of the classical triadic Cantor
set C := {Z;ﬁl a;-37":a; € {0,2},i > 1}. The finite sequences in AN should be compared with the right
endpoints of the connected components of [0,1] \ C' and the co-finite sequences with its left endpoints.
For this reason, we restrict ourselves in the sequel of this paper to bases ¢ € (1, M + 1] in which case
Jg = mq (AN) = [0,M/(q — 1)]; see [22,21,12,2]. Moreover, every € J, has a lexicographically largest
expansion b(x,q) and a lexicographically largest infinite expansion a(z,q), called the greedy and quasi-
greedy expansions of x in base g, respectively. For example, in the case of the classical binary expansions
(so ¢ = 2 and M = 1), the fractions 2 = £ € (0,1) with positive integers m and k have exactly two
expansions: a finite and an infinite one; they are the greedy and quasi-greedy expansions of x, respectively.
All other numbers « € J; = [0, 1] have a unique expansion.

Of course, whether an expansion is greedy or quasi-greedy depends on ¢ and M. However, when ¢ and
M are understood from the context, we simply speak of (quasi-) greedy expansions.

Let us give some examples, by describing the expansions of 1 in various bases over the alphabet A = {0, 1}
(so M = 1); see [12,9] for details.

Examples 1.1.

(i) There exists a base 1 < g < 2 such that 74(1(10)°°) = 1. In this base 1(10)*° is the unique expansion
of 1, and it is doubly infinite.

(ii) In the Tribonacci base q ~ 1.839, defined by the equation ¢® = ¢+ ¢+ 1, 1 has Ry expansions: (110)°°,
and the sequences

(110)*(111)0*°, k=0,1,....
Here (110)*° is a doubly infinite expansion, and all other expansions are finite.
(iii) In the Golden ratio base ¢ = (1++/5)/2, defined by the equation ¢ = ¢+ 1, 1 has Ry expansions again:
(10)°°, and the sequences

(10)%(11)0* and (10)*01°, k=0,1,....

Here (10)*° is a doubly infinite expansion. There are many infinite expansions, but (10)*° is the only
doubly infinite expansion.
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(iv) Inevery small base 1 < q¢ < (14++/5)/2, 1 has 2% expansions; hence it has 2% doubly infinite expansions
as well.

The choice of the alphabet A in the examples above and in general is pertinent. For instance, if M = 2,

then 1 in the Golden ratio base has 2%° expansions including all expansions (c;) satisfying capy1 - Cansa €
{1010,0120} for all k£ > 0.
In [9] we investigated the set of univoque bases

U :={¢g>1 : 1 has a unique expansion in base ¢}
and the larger set
V:={g>1 : 1 has a unique doubly infinite expansion in base ¢} .

It was shown that V is closed and that the closure U of U is a Cantor set, i.e., a nonempty closed set having
neither interior nor isolated points. Moreover, I can be characterized as follows:

U={g>1 : 1has a unique infinite expansion in base q} .

In the following table we illustrate these notions by showing the number of doubly infinite expansions,
infinite expansions and all expansions of 1 in the above four examples:

Examples 1.1 d.i. expansions . expansions  all expansions ¢ belongs to

(i) 1 1 1 u

(i) 1 1 00 u\u

(iii) 1 oo 00 v\uU

(iv) oo o oo (1, (1 +v5)/2)

The purpose of this paper is to carry out a similar study of the univoque set
Uy, :={z € J; : z has a unique expansion in base g}

for each fixed base ¢ > 1. We will prove for example that U, is a closed set if and only if ¢ ¢ U. In
order to state the main topological properties of the sets U, we introduce the related sets V, as follows: for
g€ (1,M+1), we set

Vq :={z € J; : z has a unique doubly infinite expansion in base ¢},
and for ¢ = M + 1 we set V, := J, = [0,1]. If ¢ = M + 1, numbers = € J, with a finite expansion have
no doubly infinite expansion, while for 1 < ¢ < M + 1, the quasi-greedy expansion a(z, ¢) is always doubly
infinite; see Proposition 2.1 (ii). Hence,
V, ={z € J; : z has at most one doubly infinite expansion in base ¢},

for each g € (1, M +1].

The most important relations between the sets U, and V, are described in the following Theorems 1.2,
1.4 and 1.5:

Theorem 1.2.

(i) If g€ U, thenUy =V,.
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(il) If g €U, then |V, \Uy| = Rg and V, \ U, is dense in V.
(i) If ¢ € U, then each element x € V, \ Uy, has exactly 2 expansions.
(iv) If g € U\ U, then each element x € V, \ U, has exactly Ny expansions.

The proof of Theorem 1.2 will lead to some strengthened forms of (ii), (iii) and (iv). In order to state it
we denote by A, and B, the elements z of V, \ U, whose greedy expansions b(z, ¢) are finite and infinite,

respectively, so that
Vo \U; = AgU By.
Given a base ¢ € (1, M + 1], we also introduce the reflection map ¢ : J, — J,, given by

M
Ux) = ﬁ—m, x € Jg.
In Part (iv) of the next proposition we refer to the expansions of 1 in a given base ¢ € U \U. They are listed

in Theorem 3.2 (vi).
Proposition 1.3. Let ¢ € (1, M + 1] and write (o) := a(1,q).

(i) Ifg=M+1, then V, = J, =[0,1], B, =@, and Ay =V \ Uy is dense in V,.
(i) If g €U\ {M + 1}, then both A, and B, are dense in V,. Moreover,

B, = ((A,), (1.2
and the greedy expansion of each x € By ends with @.
(i) If ¢ €U, then every x € Vi \ Uy has exactly two expansions:
(a) ifx € Ag and b(z,q) = by - - 5,0 with b, > 0, then (by---b,) aiag--- is the other expansion of
x;
(b) if x € By, then the expansions of x are the reflections of the expansions of £(x) € A,.
(iv) If g € U\ U, then every x € V, \ Uy has exactly No expansions:
(a) if x € Ay and b(z,q) = by --- 5,0 with b, > 0, then the other expansions of x are of the form
(by -+ bp) dnt1dpso -+, where dpy1dpio- -+ is one of the expansions of 1 in base ¢;
(b) if x € By, then the expansions of © are the reflections of the expansions of {(x) € A,.

In Part (iv) of our next theorem we refer to the expansions of 1 in a given base ¢ € V \ U. They are
listed in Theorem 3.3 (vi). We recall that if ¢ € V \ U, then there is a smallest integer k¥ > 1 such that
Q41Qpt2 - -+ = 10z -+ see for instance Proposition 3.1. We also denote by ¢ = (M) the smallest element
of V (see Theorem 3.3 (ii)). We will use these notations in the statement of the following theorem.

Theorem 1.4. Let ¢ € V \ U.

(i) The sets Uy and V, are closed.

(i) [Vy \ Uyl = Ro and V, \ Uy is a discrete set, dense in V,.

(i) Each element x € Vy \ Uy has ezactly Ry expansions and a finite greedy expansion.

(iv) Let x € V4 \ Uy, and let by, be the last nonzero element of (b;) := b(x,q). Then = has exactly Ng other

expansions of the form

(bl e bn)idn+1dn+2 R
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where dpy1dy42--- is one of the expansions of 1 in base q.
Furthermore, if ¢ = G, M is even and b, > 2, then by -+ by,_1(b, — 2)M® is also an expansion of x.
Finally, if

n>k byr>0 and byp_gy1-by= (a1 )7,
then x has one more expansion:

(by - bpi)” M™.

Theorem 1.5. If g € (1, M + 1]\ V, then U, = U, = V,.

Remarks 1.6.

(i)
(i)

(iii)

While U, U and V are three different sets, we infer from Theorems 1.2, 1.4 and 1.5 that at least two of
the three sets Uy, U, and V, coincide for each q € (1, M + 1].

The set ¥ has Lebesgue measure zero and Hausdorff dimension one, because V \ U is countable by [9]
and U is a Lebesgue null set of Hausdorff dimension one by [11, Theorem 1] and [16, Theorem 1.6].
Theorem 1.5 implies that U, = LTq =V, except for a set of bases ¢ € (1, M + 1] of Lebesgue measure
zero and Hausdorff dimension equal to one.

If g = M +1, then U, = [0, 1], and U, has Lebesgue measure one. Suppose next that ¢ € (1, M +1) is a
non-integer. If « € U, has unique expansion (¢;) # M, then there exists an index N such that (cy1;) =
CN+1CN42 - -+ is the unique expansion of a number belonging to [0, 1), whence cy; < ¢ for each ¢ > 1.
It follows from Proposition 4.1 in [7] (see also [14]) that U, can be covered by countably many sets of
the same Hausdorff dimension less than one. Hence the sets U, U, and V, have Hausdorff dimension
less than one and are also nowhere dense because V; \ U, is (at most) countable and V, is closed. If
q € (1, M +1) is an integer and M < 2¢ — 2, then the unique expansion of a number = € U, has a tail
belonging to {0°°, M }U{M — q+1,...,q — 1}*° as follows, for instance, from Lemma 4.1. Conversely,
a sequence belonging to {M —q+1,...,q— 1} with no tail equal to (M — q+ 1) or (¢ — 1) is
the (unique) expansion of an element in U,. Straightforward alterations in the usual calculation of the
Hausdorff dimension of the triadic Cantor set C' show that dimy (U,) = log(2¢ — M —1)/log(q), see for
instance [13]. Hence, also in this case, Uy, U, and V, are nowhere dense and have Hausdorff dimension
less than one. Finally, if ¢ € (1, M + 1) is an integer and M > 2¢ — 2, then U, = {0, M/(q — 1)}. More
precise information about the Hausdorff dimension of ¢, and the behavior of the function ¢ — dim g (Uy)
on (1, M + 1], albeit at the cost of a much more elaborate analysis, can be found in [16] and [1].

We mention two corollaries of Theorems 1.2, 1.4 and 1.5:

Corollary 1.7. Let g € (1, M + 1]. Then U, is closed if and only if ¢ ¢ U.

Corollary 1.8. Let g € (1, M + 1]. The following equivalences hold:

geEU =1clU,,
geEU = 1€lU,,
eV =1¢cV,

Let us denote by Llé and thz the sets of quasi-greedy expansions in base g of all numbers x € U, and

r € V,, respectively. Note that U, is simply the set of unique expansions in base q. Elements of U, are

frequently referred to as univoque sequences (in base q).
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If we endow the collection of subsets of AN with the partial order C, then the maps g — Z/I(; and g — V(’Z
are non-decreasing by Lemma 4.3. However, on some intervals these maps are constant. We say that an
interval I C (1, M + 1] of bases is a stability interval for Uy (resp. for V,) if Uy = U] (resp. V; = V) for all
q,r € I. We call a stability interval I mazimal if any interval J C (1, M + 1] that properly contains I is
not a stability interval. The following theorem completes the investigation of stability intervals started by
Daréczy and Kétai ([4,5]):

Theorem 1.9.

(i) The mazimal stability intervals for U, are given by the singletons {q} where q € U, and the intervals
(g1, q2] where (qu,q2) is a connected component of (1, M + 1]\ V.

(ii) The mazimal stability intervals for V, are given by the singletons {q} where ¢ € U, the interval (1,§),
and the intervals [q1,q2) where (q1,q2) is a connected component of (1, M + 1] \'V with ¢; # 1.

In [19,6,9] we have clarified the topological structure of the complements (1, M + 1]\ and (1, M +1]\ V.
The following theorem describes the topological structure of J, \ U, and J, \ V, for all ¢ € (1, M + 1]. We
recall that U, = Z/Tq =V, if ¢ ¢ V, and that U, C V, if ¢ € V. Moreover, if we write the open set (1, M +1]\V
as a disjoint union of open intervals, then the set of left and right endpoint of these intervals are given by
{1} U (Y \U) and V \ U, respectively; see Theorem 3.3 (iii).

Theorem 1.10. Let g € (1, M + 1] and write («;) := a(1,q).

() Ifg=M+1, thenUy, =V, = J, = [0,1].

(i) If g €U\ {M + 1}, then J,\ U, = J; \ V, is the union of infinitely many disjoint open sets (v, TR).
Furthermore, xy, and xr Tun over A, and By, respectively. More precisely, if b(xr,q) = by ---b,0%
with b, > 0, then b(xgr,q) = by -+ byagag - .

(iii) If g € V\U, then J,\U, = J; \Uy is an open set. Furthermore, each connected component (xr,zg) of
Jg \ Uy contains infinitely many elements of V,, forming an increasing sequence (xx)3 satisfying

— 00
Ty —x as k— —00, X —Tr as k— oo. (1.3)

Moreover, the relation between two subsequent numbers T,, and Tpym41 in the sequence (xy)7> .. s
described as follows:

if b(Tm,q) =by---b,0°  with b, >0, then a(xmy1,q9) =01 -b,agaz - (1.4)

(iv) If g € (1,4], then J,\ U, = (0, M/(q — 1)).
(v) Let (q1,q2) be a connected component of (1, M + 1]\ V with ¢ # 1 and q € (q1,q2]. Then Uy, =V,
and the open sets Jg \ Uy and Jg, \ Vg, are homeomorphic.

Remarks 1.11.

(i) If ¢ € V\U and q # §, then J, \ U, has infinitely many connected components. Indeed, there exists
a connected component (qq,¢z2) of (1, M + 1)\ V such that ¢ € V\ U and ¢ = ¢o. Then J, \ U, is
homeomorphic to Jg, \ Vg, by Theorem 1.10 (v), and Jy, \ V,, has infinitely many connected components
by Theorem 1.10 (ii) and (iii).

(i) If ¢ € V\U and (z1,xR) is a connected component of J, \ Uy, then all numbers in (zr,zr) NV,
have a finite greedy expansion, according to Theorem 1.4 (iii). The greedy expansion b(x,+1,q) of the
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number z,, 1 occurring in Theorem 1.10 (iii) equals (a1 (Zm+1,9q) - - 6k (Tmt1, q))+ 0 where k > 1 is
the smallest index such that ax(@m11,q9) < M and (ag+i(Tm+1,q)) = (;); see Lemma 2.6 (ii).

(iii) For ¢ € (1,§), we provide in Examples 4.4 (ii) a short proof of the following strengthening of Theo-
rem 1.10 (iv): each = € (0, M/(q — 1)) has 2% expansions. This result was first established by Baker
([3]) using different ideas. We extract from our proof some other results of Baker ([3]) in Examples 4.4
(iii) and (iv).

We recall that a nonempty closed set is called perfect if it has no isolated points, and that z is a
condensation point of a set F' C R if every neighborhood of x contains uncountably many elements of F'.
By the Cantor—-Bendixson theorem, the condensation points of an uncountable closed set F of real numbers
form a perfect set P, and F'\ P is (at most) countable. In the following theorem we determine the isolated,
accumulation and condensation points of the sets U, Z/Tq and V,, and we list explicitly all cases where U,
U, and V, is a Cantor set. We recall from Theorems 3.2 (iv) and 3.3 (iii) that if (go,¢g) is a connected
component of (1, M + 1] \ U, then ¢y € {1} U (H\U), g € U, and V N (qo, q3) is formed by an increasing
sequence q; < g2 < ---, converging to ¢j. We use this notation in the following theorem. We also recall
that if go = 1, then ¢1 = ¢ = ¢(M) and ¢ is the Komornik—Loreti constant which we will denote by
adrxr = qrr(M); see [17,18]. The precise value of i, (M) is given in Theorem 3.2 (ii).

Theorem 1.12.

(i) LetgeU.
(a) If g= M + 1, then V, = U, = [0,1] is a perfect set.
(b) If g eU\ {M + 1}, then V, = U, is a Cantor set. B
(ii) Consider the connected component (1,qxr) of (1, M + 1]\ U.
(a) If g € (1,q1], then U, is a two-point set.
(b) If ¢ € (Gn, gn+1] for some n > 1, then Uy is countably infinite. Furthermore, its accumulation and
isolated points form the sets

U, ) and w(V, \U; ),

respectively, and the isolated points of U, form a dense subset of U,.
(iii) Consider a connected component (qo,qg) of (1, M + 1) \U with qo €U\ U.
(a) If q € (qo, 1], then U, = U, is a Cantor set, and (Vg \Uy,) is dense in Uy,.
(b) If g € (qn,qn+1] for some n > 1, then the condensation points, further accumulation points and
isolated points of U, form the sets

my(Vh). Uy, \VL,) and m(Vl, \Uy,),
respectively, and the isolated points of Uy form a dense subset of Uy.

We recall (see, e.g., [20]) that a set S C AN is called a shiftspace or shift if there exists a set F(S) C
20:1Ak such that a sequence (¢;) € AN belongs to S if and only if none of the blocks ¢ii1 - -+ Ciyn (i >
0,n > 1) belongs to F(5). A shift S is called a shift of finite type if one can choose F(S) to be finite. We
endow the alphabet A with the discrete topology, and the set of expansions AN with the Tychonov product

topology, so that the corresponding convergence in AN is the coordinate-wise convergence of sequences.

Theorem 1.13. Let g > 1 be a real number. The following statements are equivalent.

(i) ge (1L, M+ 1]\ U
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(ii) U, is a shift of finite type.
(iii) U; is a shift.
(iv) U! is a closed subset of AN.

Finally we consider the two-dimensional univoque set U, formed by the couples (z,q) € R? where ¢ > 1
and z has a unique expansion in base ¢ over the alphabet A:

U := {(x,q) cR? : ge(1,M +1] and = EUq}.
Setting
Vi={(z,q) eR* : g€ (1,M + 1] and z € V,},
we have the following result:
Theorem 1.14. The set U is not closed. Its closure U equals V U {(0,1)}.
Hence, UNJ =V, where the set
J:={(z,¢):qe (1,M +1] and z € J,}

consists of all couples (z, ¢) such that z has an expansion in base q.

The rest of the paper is organized as follows. In Sections 2 and 3 we recall various properties of the greedy
and quasi-greedy expansions and of the sets of bases U, i and V. In Section 4 we deduce some elementary
properties of the sets U, and V, and we reprove the main results in [3]. In Section 5 we prove two density
results that will be important in the proof of our main theorems. In Section 6 we prove Theorem 1.2 and
Proposition 1.3. Section 7 is devoted to the proof of Theorems 1.4, 1.5 and Corollaries 1.7, 1.8. We also give
an intrinsic characterization of Z/Tq in Theorem 7.2. Our final Theorems 1.9, 1.10, 1.12, 1.13 and 1.14 are
proved in Section 8. For the reader’s convenience, a list of principal terminology and notations used in this
paper is given in the final Section 9.

2. Greedy and quasi-greedy expansions

In this section we recall from [2,18,7,9] some results that we shall use very frequently in the sequel.

Given a base ¢ € (1, M + 1] and a real number z > 0, we define the greedy sequence b(z,q) = (b;(z,q))
and the quasi-greedy sequence a(z,q) = (a;(z,q)) in AN as follows. If for some n € N, b;(z, q) is already
defined for every ¢ < n (no condition if n = 1), then let b, (z,q) be the largest element of the digit set A
such that

i: bz(xia q) <

q

i=1

Similarly, if « > 0 and if for some n € N, a;(z, q) is already defined for every ¢ < n (no condition if n = 1),
then let a,(z,q) be the largest element of the digit set A such that
n
Z az(x" q) <
ql

i=1

Furthermore, we set a(0, ¢) := 0. It follows from the definitions that
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sl

=1

S xaq) < i bl(:c,q) <
¢ g 7
i i=1

for all 2 > 0. Moreover, (b;(x,q)) is the lexicographically largest sequence in AN satisfying

pe

>

=1

and (a;(z,q)) is the lexicographically largest infinite sequence in AN satisfying

ai(wa Q) <

1 ql

I

K2

If x € Jg, then the sequences a(x, q) and b(z, ¢) are indeed expansions of = and are thus the quasi-greedy
and greedy expansion of z respectively, as introduced in Section 1:

Proposition 2.1. Let (z,q) € J. Then

(i) a(z,q) and b(x,q) are expansions of x, i.e.,

Z ai(;"ia q) _ Z

i=1 i=1

bi(

;c; Q) _ o

(ii) If g # M + 1, then a(x,q) is doubly infinite.
The expansions b(x, ¢) and a(z, q) have the following semi-continuity properties:
Lemma 2.2. Let (z,q) € J and (Yn, 1) €I, n € N. Then
(i) for each positive integer m there exists a neighborhood W C R? of (x,q) such that
bi(y,r) - bm(y,r) <bi(x,q) - by(x,q) forall (y,r)€eWNJI; (2.1)

(ii) if yn 4 = and v, | q, then b(y,, ) converges (coordinate-wise) to b(x,q).
(iii) for each positive integer m there exists a neighborhood W C R? of (x,q) such that

ar(y,r) - am(y,r) = ar(z,q) - am(x,q)  forall (y,r) € WNI; (2.2)
(iv) if yn T @ and r, T q, then a(yn, ) converges (coordinate-wise) to a(x,q).

Proof. (i) By definition of b(x, ¢), we have the strict inequalities

"=~ > — — whenever b,(z,q) < M.

— g q"

i=1

Hence, if (y,r) € J is sufficiently close to (z,q), then the finitely many inequalities

ZM>y7i;n§mandbn($,q)<M7
,,«77,

rt
i=1
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also hold. These inequalities imply (2.1). Note that the inequality (2.1) can be strict even if (y,r) is very
close to (x,q) because it may be the case that

l‘7
iq)>y

£ r
=1

for some n < m.

(ii) If y,, > « and r,, > ¢, we deduce from the definition of greedy sequences that

b(x,q) < b(yn,rn)

for every n. Equivalently, we have

bl(xa q) e bm(xa Q) S bl(yna Tn) T bm(ynvrn)

for all positive integers m and n. It remains to notice that by the previous part the converse inequality also
holds for each fixed m if n is large enough.

(iii) We may assume that « # 0. By definition we have
n
Zm <zgforaln=12,....
o ¢
If (y,r) € J is sufficiently close to (x,¢), then
n

Zaz’($7Q)<y n=1 m

T'Z
i=1
These inequalities imply (2.2).
(iv) If y,, <z and 1, < ¢, we deduce from the definition of quasi-greedy sequences that
a(x,q) > a(yn, )
for every n. Equivalently, we have
a1(x,q) - am(z,q) 2 a1 (Yn,n) - m(Yn,Tn)

for all positive integers m and n. It remains to notice that by the previous part the converse inequality also
holds for each fixed m if n is large enough. O

Let ¢ € (1, M + 1]. Observe that for any fixed = € J,, the map (¢;) — (M — ¢;) is a strictly decreasing
bijection between the expansions of = and ¢(x). Therefore every x € J; has a lexicographically smallest
expansion, given by (M — b;), where (b;) = b(£(z), q). We often call this expansion the lazy expansion of .

Lemma 2.3. If g € (1, M + 1], then the lazy exzpansion of every x € J, is infinite.

Proof. Write (a;) := a(l,¢). If an expansion (¢;) of z € J, has a last nonzero digit c,, then
(c1-+-cp) @iag--- is another expansion of x, smaller than (¢;). O
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Since we will often use the greedy and quasi-greedy expansions of 1, we introduce for brevity the notation

B(q) = (Bi(q)) =b(1,q) and a(q) = (a;i(q)) == a(l,q).

We will often write (3;) and (o) when the base ¢ is known from the context. It will also be convenient to
define

B(1) = (B:(1)) :=10° and a(1) = (a;(1)) := 0.
Proposition 2.4.

(i) The map q — B(q) is a strictly increasing bijection from [1, M + 1] onto the set of all sequences (5;),
satisfying

Bnt1Pnao--- < P1B2--- whenever [, < M. (2.3)

Furthermore, in case ¢ € [1, M + 1) the inequality (2.3) holds for alln > 1.
(ii) The map q — «(q) is a strictly increasing bijection from [1, M + 1] onto the set of all infinite sequences

(o), satisfying
1Otz < aqae -+ whenever o, < M. (2.4)

Furthermore, the inequality (2.4) holds for all n > 0.
(iii) a(q) is doubly infinite for every q € [1, M + 1].

Proposition 2.5. Let ¢ € (1, M + 1], and write (o) = a(q).

(i) The map x — b(x,q) is a strictly increasing bijection from J,; onto the set of all sequences (b;),
satisfying

bni1bnio - < ayag---  whenever b, < M. (2.5)

Furthermore, the inequality (2.5) holds whenever by ---b, # M™.
(ii) The map x + a(x,q) is a strictly increasing bijection from Jy onto the set of all infinite sequences

(a;), satisfying
Opt10n+2 - < ajag -+ whenever a, < M. (2.6)
Furthermore, the inequality (2.6) holds whenever ay ---a, # M™.

We call a sequence (¢;) periodic if (¢;) = (Ck4i) = Ckt1Ck+2 -+ for some k > 1. The smallest positive
integer k for which a periodic sequence satisfies (cxy;) = (¢;) is called the smallest period of (c;).

Lemma 2.6. Let (z,q) € J, and set
(bi) = b(z,q), (ai) = alz,q), (Bi) =B(g), ()= alg).

(i) If b(x, q) is infinite, then a(x,q) = b(x,q).
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(if) If (b;) has a last nonzero element by, then
(ai> — (bl e bm)_a1a2 e,

(iii) If (B;) is infinite, then (B;) = (ay) is periodic only for g = M + 1.
(iv) If (B;) has a last nonzero element f3,,, then

(i) = ((Br-+- Bm) "),
and m is the smallest period of (o).

Lemma 2.7. Let q € (1, M + 1], and let (d;) = dyda--- be a greedy or quasi-greedy sequence. Then for all
N > 1 the truncated sequence dy - - - dn0°° is greedy.

Proof. The statement follows at once from Proposition 2.5. O
Lemma 2.8. Let g € (1, M + 1], and write (o;) = a(q). Let (b;) # M be a greedy sequence. Then
(i) There exists a sequence 1 <nj < ng < --- such that for each i > 1,
b, <M, and bpy1--by, <01 --ap,—m if 1<m<mn; and b, <M.
(ii) For every positive integer N, there exists a greedy sequence (c;) > (b;) such that
el --cny =by---by.

Proof. (i) See [9, Theorem 2.1].

(ii) This is a consequence of Lemma 2.2 (ii). O
3. A review of the sets of bases U, U and V

In this section we recall several results from [9]. They generalized for 1 < ¢ < M +1 a number of theorems
proved in [19] for M < ¢ < M + 1.

The three sets U, U and V (which are clearly all contained in (1, M +1]) have the following lexicographic
characterizations (the first one was proved in [12] for M = 1):

Proposition 3.1. Let ¢ € (1, M + 1], and write (o) = a(q), (8i) = B(q). We have

< (B;) whenever 8, > 0;
(il) ¢ € U <= (an+i) < (o) whenever a,, > 0;
< (o) whenever a, > 0.

Moreover, in each case the inequalities are satisfied for all n > 0.

The main properties of I/ and I are contained in the following theorem. In its statement we use the
Thue-Morse sequence (7;)$2,, defined by the formulas 7y := 0, and

vy =1—7 for i=0,....,2%8 -1, N=0,1,2,....
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We call a set X C R closed from above (below) if the limit of every bounded decreasing (increasing) sequence
in X belongs to X. Alternatively, X C R is closed from above (below) if for each z € R\ X, there exists a
0 = d0(x) > 0 such that
[T,x+0)NX =2 ((z-4z]NnX=29).
Theorem 3.2.
(i) The set U is closed from above but not from below.

(ii) The smallest element qir, = qrr (M) of U (called Komornik—Loreti constant) is determined by the

formula

@) m—14+7; ifM=2m—-1, m=1,2,...;
ai =
m+7—Ti—1 fM=2m, m=12....

(iii) The closure U of U is a Cantor set. Moreover, U \ U is a countable dense set in U.

(iv) We have a disjoint union
(1, M + 1]\ U = U (g0, 45)

where qo Tuns over {1} U (U \U) and ¢ runs over a proper subset U* of U.
(v) Ifq € U and (a;) = alq), then there exist arbitrarily large integers m such that for all k with 0 < k < m,

ak+1...am <a1...amik.

(vi) If g € U\ U, then (o) = alq) is periodic. Furthermore, all expansions of 1 are given by (o) and the

sequences
(1 ap)N(ay---a)T0°, N=0,1,...,
where k is the smallest period of («;).
Next we list the main properties of the set V:
Theorem 3.3.

(i) V is compact, and V \U is a countable dense subset of V.
(ii) The smallest element § = G(M) of V (called generalized Golden ratio) is given by the formulas

- m+1 if M =2m,
q:
(m+vVm?+4m) /2 if M =2m—1

form =1,2,.... Furthermore,

o0 if M = 2m,
) if M =2m — 1.

)
=
Il
3

B(q) =mm0>® and «f

)=

=}
3
3

{ﬁ((j):er()oo and o



(iii)

(iv)
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The set V \ U is discrete. Moreover, we have

VN(q,9%) ={a : n=12,...}

for each connected component (qo,qi) of (1, M + 1]\ U, where (g,) is a (strictly) increasing sequence
converging to qi. It follows from Theorem 3.2 (iv) that we have a disjoint union

(L, M+ 1]\ V=U"(ro,75)
where ro runs over {1} U (V\U) and r§ runs over V\U.
Given qo € {1}U (U\U), the greedy expansions of the numbers q, in (i) have the form B(q,) = 8,0

with a sequence of words s, defined recursively as follows. If qo € U \ U, then (B;) := B(qo) has a last
nonzero digit B,,, and we define

S0:=p1Bm, and Spt1:=5,5,, n=0,1,....

If qo = 1, then q1 = §, and we define sp := 1,

mT  if M = 2m,
51 1=
' mm if M =2m—1,

and

Sp4l 1= S8pSn, n=12....
Let g €V and (o;) = a(q). If for some k > 1,
Gt Ok = 01 ° - O, (3.1)
then
ap >0 and (o) = (a1 agag - ag)™.
In particular, ¢ € V \ U. Let, moreover, n be the smallest index k in (3.1). Then 2n is the smallest
period of («;), except if M = 2m is even and g = m+1 (see (ii)).
If ¢ € V\U, then (o) = a(q) is periodic.
If M = 2m is even and ¢ = m + 1, then all g-expansions are given by (a;) = m™ and the sequences
m¥m*T0*® and mVm~M>, N=0,1,....
Otherwise all g-expansions are given by («;) and the sequences
(ag - Oégn)N(Otl cagy)t0®, N =0,1,...
and

(oq-~-a2n)N(al--~an)7M°°, N=0,1,...,

where 2n is the smallest period of (o) (see (v)).
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4. Preliminary results on U, and V,

Given a base g € (1, M +1], there is a very useful lexicographic characterization of L{(’], essentially obtained
in [21,12,18]:

Lemma 4.1. Let ¢ € (1, M + 1] and (o;) = a(q). A sequence (c;) € AN belongs to U, if and only if the
following two conditions are satisfied:

Cn+1Cnt2 - < aiag--+  whenever ¢, < M, (4.1)

CntiCnt2 - < ajag--- whenever ¢, > 0. (4.2)
Furthermore, these inequalities hold whenever ¢y ---c, # M™ and ¢y - - - ¢, # 0™, respectively.

Proof. The sequence (¢;) is the unique expansion of a number z € J, if and only if it is both the greedy and

the lazy expansion of x. Moreover, (¢;) is the lazy expansion of z if and only if (¢;) is the greedy expansion
of £(z). Proposition 2.5 (i) yields at once the desired characterization of U;. O

Note that sequences satisfying (4.1) and (4.2) are always doubly infinite.
Motivated by Lemma 4.1, it will be convenient to change our definition of V; and V;:

Definition 4.2. Let ¢ € (1, M + 1] and a(gq) = (a;). We denote by V, the set of infinite sequences (c;) € AN
satisfying the following two conditions:

Cnt1Cnt2 - < ajag---  whenever ¢, < M, (4.3)

CntiCntz - < ajag--+ whenever ¢, >0, (4.4)

and we define

Vg = {mg((ci)) : (ei) € Vi}.

We will show later in Theorem 7.2 that Definition 4.2 is equivalent to the former one, given in the
introduction. Note that sequences satisfying (4.3) and (4.4) are always doubly infinite, unless ¢ = M + 1.
Moreover, if (¢;) € V,, then by Proposition 2.5 (ii), the inequalities (4.3) and (4.4) hold whenever ¢ - - - ¢, #
M™ and ¢ -+ - ¢, # 0™, respectively.

Lemma 4.3. If 1l <p<qg< M + 1, then
U, CUy, V,CV, and V,CU,.

Proof. The inclusions UI’, - Z/l,; and V]’) C V(’] follow from Lemma 4.1, Definition 4.2 and Proposition 2.4 (ii).
Moreover, since the map g +— «a(q) is strictly increasing, the inclusion V,, C U, holds as well. O

The sets U, and V,, only have a nontrivial structure if p € (g, M + 1) and p € [§, M + 1) respectively.
Here § is the generalized Golden ratio whose exact value (depending on M) is given in Theorem 3.3 (ii).
We will illustrate this in the following examples. The results of Examples 4.4 (ii), (iii) and (iv) are already
established by Baker ([3]). We provide short alternative proofs of these results by refining an idea contained
in the proof of Theorem 3 in [12].
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Examples 4.4.

(i)

First, let M = 2m and ¢ = m+1 = G for some m > 1, so that a(q) = m®. It follows from Definition 4.2
that

Vi ={0%°,M>*}U{km™ :0<k<M}uU{0"m>® M"Im> : n>1, 1<l <m}.
If M =2m —1 and ¢ = § for some m > 1, then a(q) = (mm ™). Definition 4.2 yields in this case that

e = {0, M=} U {k(mm™)® k(m m)>® :0<k<M}
U {0™(mm™)>®,0"r(m ™ m)>* :n>1,1<l<m, 1 <r<m}
U{M™M(mm ), M "r(m ™ m)>® : n>1m—-1<I<M, m<r<M}.

In both cases (i.e., for all M > 1), we infer from Lemma 4.1 that
!
Uy = {0, M>}.

Hence, by Lemma 4.3, U, = V;, = {0,M/(¢—1)} if ¢ € (1,4) and V; D U, 2 {0,M/(¢—1)} if
q€(q,M+1].

In the remaining Parts (ii), (iii) and (iv) of this example, M > 1 and ¢ € (1, §) are fixed but arbitrary,
and m is defined as before: m = (M +1)/2 if M is odd, and m = M /2 if M is even. We deduced in (i)
that U, = {0, M /(¢ — 1)}. We now strengthen this result by proving that each z in the interior of J,
has 2% expansions. Let 2 be a number in the interior of J,. From Theorem 3.3 (ii) and (vi) we infer
that

m—1 M
+

Hence there exists a positive integer £ > 2 such that

m—1 M M
1< + =+t (4.5)
¢ q*
Let nq,n9,n3, ... be the strictly increasing sequence consisting of positive integers which are not mul-

tiples of k, i.e., {n, : ¥ > 1} = N \ kN. Furthermore, choose k large enough so that the inequalities

i%gx and x<§:M (4.6)

hold as well. Let (8;) = 6102 --- be an arbitrary sequence in {0, m}N7 and let

0 0
. _ J
xr =X E —qkj'

j=1

Note that 2’ > 0 by the first inequality of (4.6). We now define recursively an expansion (g;) = g1€5 - - -
of #’ by applying a variant of the greedy algorithm as follows. If for some n > 1, the digits e1,€2,...,&,_1
are already defined (no condition if n = 1) and n is not a multiple of k, then let €, be the largest digit
in the (whole) alphabet A such that
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(iii)

(iv)
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n—1
PO e (4.7)
=14 q

If n is a multiple of k, then let ¢,, be the largest element in {0,...,m — 1} for which (4.7) holds. By
the second inequality of (4.6), there exists an index ¢ which is not a multiple of k& such that g, < M.
By (4.5), not a single block &,41 - - - £,4 of length & in the sequence eyy16¢42 -+ can be mazimal, that
is, it cannot be the case that both €,;, = m — 1 for ¢ such that r + ¢ is a multiple of k£ and €,4; = M
for the remaining indices r + i (1 <4 < k). Hence there are infinitely many indices s such that

S

1 €5
x’——<Z—J.§a:’.

¢ O

Letting s — oo along these indices, we see that (g;) is indeed an expansion of /. The expansion (c;)
with ¢; = ¢; if 7 is not a multiple of k and with ¢x; = 0 +ex; (j > 1) is an expansion of . It remains to
observe that distinct sequences (8;) € {0,m}” give rise to distinct expansions (¢;) of 2 because §; = 0
if and only if ¢x; <m (j > 1).

Let & (z) be the set of all possible expansions of x € J;, and let £ (z) be the set of all possible prefixes
of length n (n > 1) of sequences belonging to &;(x):

& () == {(cl, oy Cn) €A™ 3 (Cny1, Cngo, .. .) € AN so that (¢;) € Sq(x)} .

Finally, let NV, (z,q) := [€;(z)|. The analysis of (ii) can be used to show that N, (z,q) grows expo-
nentially fast as a function of n for x in the interior of .Jy, in the rather strong sense that there exists
a constant ¢ = ¢(g, M) > 0 that does not depend on z so that for each z in the interior of J,, the
inequality

lim inf log s 1 (Na(z,q))

n—00 n

>c

holds. Indeed, fix « in the interior of J,, and let (¢;) and (d;) be two distinct expansions of . Thanks
to (ii), we can assume that (¢;) and (d;) do not end with M. If r = r(z) is the smallest index such

that ¢, # d,., then ¢,¢,11¢p42 -+ and dpd,41d,42 -+ must be expansions of a number belonging to
1 M-1 M
L,R) := |-, + ) .
I R) {q q q(qg—1)

Hence, it is sufficient to show that the assertion holds for each z in [L, R). It follows from the proof
of (ii) that one may take ¢ = log2/(k - log(M + 1)), where k is the smallest positive integer such that
(4.5) and the two inequalities

o0 o0
1 M—-1 M M
> s, and + <> (+8)
—dv g q q(g—=1) ~ = qv
hold, where, as before, n1,n2,n3,... is the strictly increasing sequence of all positive integers which

are not multiples of k.
The Tychonov product topology on AN is induced by the metric d defined as follows:

d((ci), (di)) =

(M+1)" if (¢;) # (d;) and n is the first index such that ¢, # d,,
0 if (i) = (di).
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We want to show that in the metric space (AN, d), the Hausdorff dimension of the subset &,(z) is, for
each x in the interior of J,, bounded below by the same constant c(g, M) that we found in (iii). We
may (and will) again assume that x belongs to the interval [L, R) that we defined in (iii).

Let k be a positive integer satisfying (4.5) and both inequalities in (4.8), and define the Lipschitz map
f: AN 5 AN by

0 if n is not a multiple of k&,
(f(ci))n :== 40 if nis a multiple of k and ¢, < m,

1 if n is a multiple of k£ and ¢, > m.

We have seen in Part (i) that f (£,(z)) = f (AY). The bi-Lipschitz map g : f (AN) — [0,1] given by
g(f(e) =302 1 (f(ci))n - (M +1)~™ maps f (AN) onto the attractor of the iterated function system
that consists of the similarities 7 : [0,1] — [0,1] and S : [0,1] — [0, 1], defined by T'(y) =y - (M +1)7%
and S(y) = (M +1)"%4+y- (M +1)7%, 0 <y < 1. By Propositions 9.6 and 9.7 in [13], the Hausdorff

dimension of this attractor equals the solution of the equation 2 - (M + 1)~** = 1. Hence

log 2

dimyy (£(2) 2 dimyy f (&()) = dimyy  (A) = dimp g (7 (AV)) = 10 80

We infer from Definition 4.2 the following useful characterizations of V; which were already obtained in
[7] in case g € (M, M + 1]

Lemma 4.5. Let (x,q) € J, and write (a;) = a(q), (Bi) = B(q) and (a;) = a(x,q). The following conditions
are equivalent:

x € Vg; (4.9)
Gpi10n12 - < aq) whenever a, > 0; (4.10)
Gni10nt2 - < B(q) whenever a, > 0. (4.11)

Proof. Assume (4.9). If (¢;) € V, and = = m,((c;)), then (c;) = a(x, q) by (4.3) and Proposition 2.5 (ii), and
then (4.10) follows from (4.4).

Conversely, if a(z, q) satisfies (4.10), then (¢;) := a(z, q) satisfies (4.4) by (4.10), and (4.3) by Proposi-
tion 2.5 (ii). Hence (4.9) is satisfied because a(z, ¢) is always infinite.

Since a(q) < B(q), (4.10) implies (4.11). In order to show the converse implication, it suffices to show
that if there exists a positive integer n such that

anp >0 and Gpyi1Gpte--- > arag---,
then there exists also a positive integer m such that

am >0 and Gmi1Gmaz- - > P1f2- - .

If the greedy expansion (3;) is infinite, then (5;) = (;) and we may choose m = n. If (8;) has a last nonzero
digit B, then (a;) = (a1 -+~ ag)® with oy -+~ = (B1--- k), and thus ap < M. Since we have

an+1an+2...> (al.ak>oo

by assumption, there exists a nonnegative integer j satisfying
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Tt Gnigr = (1 ar)’ and  Topgigt Gur ok > 010 o
Putting m := n + jk it follows that
am >0 and Tpr1 Gk > P10 Bk

It follows from our assumption GpyiGpiz- - > aiaz--- that (o) < M*> and (a;) < M. By Proposi-
tion 2.1, (a;) has no tail equal to M, so that @ rr1Gmarrz - > 0°°. We conclude that

1 Gmy2 - > P1fe---. O

Lemma 4.6. Let ¢ € (1, M + 1].

(i) We have Uy C V.
(ii) The sets Uy and V, are symmetric in Jg, i.e., {Uy) = Uy and L(V,) = V.
(i) The set Vy is closed.

Proof. (i) If = € U, then its unique expansion (¢;) is equal to a(z, ¢), and (4.10) follows from (4.2).

(ii) The set U, is symmetric because (¢;) is an expansion of z if and only if (M — ¢;) is an expansion of
().

If g € (1, M+1) and = € Jg, then a(z, ¢) is doubly infinite by Proposition 2.1 (ii), and hence the sequence
a(x, q) is also infinite. Using (4.10) and applying Proposition 2.5 (ii) hence we infer that a(¢(z), ¢) = a(z, q),
and then £(z) € V, by (2.6) and (4.10). If ¢ = M + 1, then V, = J, = [0, 1] is symmetric.

(iif) We prove that V; is closed by showing that its complement in J, is open. If (a;) is the quasi-greedy
expansion of some z € J, \ V,, then there exists an integer n > 0 such that

an >0 and @pi1Gpi2-- > Q1o - .

Let m be such that

Grntl OGntm > OO0 Qi (4.12)
and let
n+m
a;
Y= -
=1 q

According to Lemma 2.7 the greedy expansion of y is given by aj - -+ ap+m0°°. Therefore the quasi-greedy
expansion of each number v € (y, z] starts with the block a1 - - - @p4m. It follows from (4.12) that

(y,z] NV, = 2.
Since x € Jg \ Vg is arbitrary and V, is symmetric, there also exists a number z > & such that
[z,2)NV,=0. O

Lemma 4.7. Let g € (1, M + 1], (a;) = a(q), and let (b;) be the greedy expansion of some x € J,. Suppose
that for somen > 1,
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b, >0 and bn+1bn+2 e > gttt
Then:

(i) there exists a number z > x such that [z, 2] N\Uy = @ and (z, 2] NV, = D;
(if) if b; > 0 for some j > n, then there exists a number y < x such that [y, z] NU; = @.

Proof. (i) Choose a positive integer M > n such that

b7z+1"'bM > Q1 QM —n-

Applying Lemma 2.8 choose a greedy sequence (¢;) > (b;) such that ¢1---cpr = by -+ bpr. Then (¢;) is the
greedy expansion of some z > z. If (d;) is the greedy expansion of an element in [z, 2] or the quasi-greedy
expansion of an element in (x, z], then (d;) also begins with b; - - - bys and hence

dp, >0 and dpt1---dy > a1 apr—n.

The assertion follows from Lemmas 4.1 and 4.5.

(ii) Suppose that b; > 0 for some j > n. It follows from Lemma 2.7 that (¢;) := by - - - b,,0% is the greedy
expansion of some y < z. If (d;) is the greedy expansion of some element in [y, x], then (¢;) < (d;) < (b;)
and dy ---d,, = by - - - b,,. Therefore

d, >0 and dn+1dn+2 R bn+1bn+2 e > gt
Invoking Lemma 4.1 again, we conclude that [y, z] NU, = &. O
5. Two lemmas on density

The two results of this section are crucial for the proof of our main theorems. Their proofs are based on
the construction of special convergent sequences, interesting in themselves.
Let g € (1, M 4 1] and (o;) = a(q). We recall that
Qnt1Qpyz- - < ajag--- forall n>0. (5.1)
Furthermore, if ¢ € U, then
Upi10nte - < aqag--- forall n>0; (5.2)
moreover, by Theorem 3.2 (v) there exist arbitrarily large integers m such that
Ut O < Q1 Qpeg, k=0,....,m—1. (5.3)
We recall from Section 1 that A, denotes the set of elements V, \ U, having a finite greedy expansion.

Lemma 5.1. If ¢ € V, then |4, = No. Furthermore, for each x € U, there exists a sequence (x;) of elements
in Aq such that x; — x and a(z;, q) — a(z,q). Moreover, one may choose the sequence (x;) to be increasing

if x € Uy \ {0}.
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Proof. Let x € U, \ {0}, and denote by (¢;) the unique expansion of x. Since ¢1¢z -+ # M is greedy, we
infer from Lemma 2.8 (i) that there exists a sequence 1 < nj; < ng < ---, such that for each i > 1,

Cn; >0 and Cpiyr-Cn, < Q1 Qp—m  if m < n; and ¢, > 0. (5.4)

Now consider for each i > 1 the sequence (b;-), given by

and define the number z; by

Since (¢;) has infinitely many nonzero digits, we have z; 1 z. According to Lemma 2.7 the sequence (b;) is
the finite greedy expansion of the number z;, ¢ > 1. Moreover, the increasing sequence (;);>1 converges to
x as 1 goes to infinity. We claim that a; € A, for each ¢ > 1. Note that z; ¢ U, because the quasi-greedy
sequence (aé-), given by

(cl . C’I’Li)_ala2 ceey
is another expansion of x;. By Lemma 4.5 it remains to prove that
a; > 0= a; a5, - <o . (5.5)

If j < n; and ag- > 0, then

i i = . ... - ... .
alyq o ay, = (g1 Cn)” <1y

by (5.4), and
Uy 10pq = Q1O < Q10— 42

by Proposition 3.1. If j > n;, then (5.5) follows directly from Proposition 3.1. Finally, note that ¢—™ — 0 as
n — oo, and that ¢=" € A, for each n € N because a(¢~") = 0"a(q). Since there are only countably many
finite expansions, we conclude that |[A,] =Ro. O

Lemma 5.2. If ¢ € U, then for each x € A, there exists a sequence (x;) of elements in U, such that x; 1T x.
Proof. Let x € A,. If b,, is the last nonzero element of (b;) = b(z, ¢), then

a(z,q) = (a;) = (by - bp) arag -+ .
Since ¢ € U by assumption, there exists a sequence 1 < m; < mg < --- such that (5.3) is satisfied with

m = m,; for all ¢ > 1. We may assume that m; > n and m;+1 > 2m; for each ¢ > 1. Consider for each ¢ > 1
the sequence (b}), given by

and define the number z; by
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K3 q‘]
i=1

Note that the sequence (x;) converges to x as i goes to infinity. Next we show that x; € U, for all i > 1.
According to Lemma 4.1 it suffices to verify that

b 1blin - < aias---  whenever bl <M (5.6)
and

bl 10l io - <aiag---  whenever by, > 0. (5.7)
According to (5.2) we have

Q1 Qom, S Q1 Q-

Note that this inequality cannot be an equality, for otherwise it would follow from Theorem 3.3 (v) that

(1) = (001~ BT

However, this sequence does not satisfy (5.2) for k = m;. Therefore
ami+1 . '052m,i < al . .ami
or equivalently

T T, < 1+ O - (58)

If m > n, then (5.6) and (5.7) follow from (5.1), (5.3) and (5.8). Now we verify (5.6) and (5.7) for m < n.
Fix m < n. If b}, < M, then

in+1"'b; = (byg1bp)” <bpmi1- by <1 Qp_m,
where the last inequality follows from the fact that (b;) is a greedy expansion and b,, = b%, < M. Hence
biﬂ+1b£71+2.'. < g
Suppose that b%, = a,, > 0. Since
Umt1Gmt2 - S oy -+
by Lemma 4.5, and b, 1 -+ b}, = @1 -+ - an, it suffices to verify that
m < 10—tz - - -

This is equivalent to

Ot 10n—mt2 - < (@1 QO - Qi) ™° (5.9)

Since n < m; for all i > 1, we infer from (5.3) that



24 M. de Vries et al. / Topology and its Applications 312 (2022) 108085

Op—m+1 " Qm, <01 A —(n—m)>

and (5.9) follows. It follows from (5.8) and the assumption m;1q1 > 2m; (¢ > 1) that the sequence (x;) is
strictly increasing. 0O

6. Proof of Theorem 1.2 and Proposition 1.3
First we prove the relation (1.2) between A, and By as stated in Proposition 1.3 (ii):
Lemma 6.1. If ¢ € U \ {M + 1}, then
By =U(Ay),

and the greedy expansion of each x € By, ends with a(q).

Proof. First suppose that x € A, has a finite greedy expansion (b;) with a last nonzero element b,,. Since
q # M + 1, the sequence

(Ci) = (bl . bn)—a1a2 .

is an infinite expansion of ¢(x). In order to show that (¢;) is the greedy expansion of £(z), we verify that (¢;)
satisfies the inequalities (2.5) of Proposition 2.5. By Proposition 3.1 it is sufficient to show that if 1 <k <mn
and by > 0, then

(bk+1...bn)_a1a2... <a1a2... .

Since z € V, and a(z,q) = (b1 - -bn) a1 - -+ by Lemma 2.6 (ii), we have (see (4.10))

(bpy1+bp) g < arag - .

We cannot have an equality here because it would imply &, %110 _ki2 - = a10q - - -, contradicting ¢ € U
(see Proposition 3.1 again). It follows from the symmetry of U, and V, (see Lemma 4.6) that ¢(z) € B,.

Conversely, suppose that z € B, and let (b;) be its infinite greedy expansion. Since = ¢ U, there exists
a smallest positive integer n for which

b, >0 and bn+1bn+2"° > ajag . (61)
By Lemma 4.5, we have necessarily b, 410,42 -+ = agag---. We claim that
(ci) = (br-+-bn)~0%
is the greedy expansion of {(z) € A;. We have to show that if 1 <k < n and by > 0, then
(bk+1 s bn)—0°° < apQg -

Since (o) has infinitely many nonzero digits, it suffices to show that

bk+1...bn<a1...an_k_

By the minimality of n we have



M. de Vries et al. / Topology and its Applications 312 (2022) 108085 25

bryibrto--- < orag---
Hence
bht1 - bp < Q1+ Qnp,
and it remains to exclude the equality. However, in case of equality we would obtain the impossible relations
a1 - > m: (o S TN o T We 2 Ko SR Z Q1 OOy b 1O — 2 " * - O

Now we are ready for the proof of Theorem 1.2. The following proof will also establish the stronger
properties stated in Proposition 1.3.

Proof of Theorem 1.2. (i) and (ii) Suppose that ¢ € U \ {M + 1}. Since U, C V, and V, is closed by
Lemma 4.6, we have Z/T C V,. Conversely, it follows from Lemmas 5.2, 6.1 and the symmetry of U, and V,
that V, \U, C U,, and this implies V, C U,. We infer from Lemmas 5.1, 6.1 that both A, and B, are dense
inU, =V, and |A,| = |By| = No. Therefore |V, \U,| = |A, U B,| = No. If ¢ = M + 1, the properties stated
in Theorem 1.2 and Proposition 1.3 are well known.

(iii) and (iv) Fix ¢ € U and let (b;) be the greedy expansion of a number z € V, \ U,. Let n be the
smallest positive integer for which (6.1) holds and let (d;) be another expansion of x. Then (d;) < (b;), and
hence there exists a smallest integer j > 1 for which d; < b;. First we show that j > n. Assume on the
contrary that j < n. Then b; > 0, and by minimality of n we have

bj+1bj+2"'>0[1a2"'

From Proposition 3.1 (ii) we know that agag -~ is the greedy expansion of ¢(x), and thus

}:J“ d+§:J“>1+§: e 2L M

q—1 q—1

which is impossible. If j = n, then d,, = b,,, for otherwise we have

2<Z n+z el

q—l

which is also impossible. Indeed, the last condition would imply ¢ < (M + 2)/2, while ¢ € U implies
q >G> (M+2)/2 by Theorem 3.3 (ii). Now we distinguish between two cases.
If j = n and

brsibnrz -~ > arag - (6.2)

then by Lemma 4.7 and (i) we have b, = 0 for all » > n, from which it follows that (d,4;) is an expansion
of 1. Hence, if ¢ € U and (6.2) holds, then the only expansion of x starting with (by---b,)~ is given by
(¢;):= (b1---bp)"arag---. If g€ U \ U and (6.2) holds, then any expansion (c;) starting with (by ---b, )~
is an expansion of x if and only if (c,4;) is one of the expansions listed in Theorem 3.2 (vi).

If j =nand

bnyibpyo- - =arag---, (6.3)
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then
o0 o0 o0
s bryi M
St gy e 3
i=1 =1 =1

Hence, if (6.3) holds, then the only expansion of z starting with (by - --b,)~ is given by (by - - - b, )~ M°.

Finally, if j > n, then (6.3) holds, for otherwise b, = 0 for all r > n again, and d; < b; is impossible.

Note that in this case ¢ ¢ U, because otherwise (b,;) is the unique expansion of Y o, @q " and thus

(dn+i) = (bn+i) which is impossible due to j > n. Hence, if ¢ € U, then (b;) is the only expansion of x

starting with by ---b,. If ¢ € U \ U and (6.3) holds, then any expansion (c;) starting with b - --b,, is an

expansion of x if and only if (¢,44) is one of the conjugates of the expansions listed in Theorem 3.2 (vi). O

7. Proof of Theorems 1.4, 1.5 and Corollaries 1.7, 1.8

Fix g € (1, M + 1] with (o;) = a(q). We recall from Proposition 2.5 that a sequence (b;) € AN is greedy

if and only if
bnt1bpyo - - < ajag--- whenever n>1 and b

We also recall from Proposition 2.4 that

Qpt1Qpi2- - < ajag--- forall n>0.

Lemma 7.1. Suppose that ¢ € (1, M + 1]\ U. Then

(i) a greedy sequence (b;) cannot end with (a;);
(i) the set Uy is closed;
(iii) each element x € V, \ U, has a finite greedy expansion.

by £ MM (7.1)

(7.2)

Proof. (i) Let g € (1, M 4 1], and assume that there exists a greedy sequence in base ¢ ending with ayag .

Then (7.1) implies that the sequence @yam - itself is also greedy in base

q, and therefore

Qn1Q0nt2 - < ajag---  whenever «, > 0.

By Proposition 3.1 (ii) this implies that g € U.

(ii) Let = € J, \ Uy and denote the greedy expansion of z in base ¢ by (b;). According to Lemma 4.1

there exists a positive integer n such that
bn >0 and bn+1bn+2 R 21 DRERER
Applying Lemma 4.7 and (i) we conclude that

[z, 2] NU; = &

for some number z > z. It follows that i, is closed from above. Since the set U, is symmetric it is closed

from below as well.

(iii) Assume on the contrary that a(x,q) = b(x,q) for some z € V; \ U,;. Then it would follow from

Lemmas 4.1 and 4.5 that for some positive integer n,
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bp(z,q) >0 and  bpi1(z,Q)bnt2(7,q) - = araz -+,
contradicting (i). O

Recall from Proposition 3.1 that the set V consists of those numbers ¢ > 1 for which the quasi-greedy
expansion («;) = a(q) satisfies

Qnii1Oni2 - < ajag--- forall n>0. (7.3)
If g € V\ U, then (q;) is of the form
(o) = (a1 oy )™, (7.4)
where k is the least positive integer satisfying

Ap 142" = Qg - -+ . (75)

In particular, such a sequence is periodic. Note that ai > 0, for otherwise it would follow from (7.3) with
n ==k —1and (7.4) that

Mo - -ag—1) < ag---ar_10,

which is impossible, because M > 0 and «; < o for all j > 1 by Proposition 2.4 (ii). Any sequence of the

form (M™0™)>°, where m is a positive integer, is infinite and satisfies (7.2) and (7.3) but not (5.2). On the

other hand, there are only countably many periodic sequences. Hence the set V \ U is countably infinite.
Now we are ready to prove Theorems 1.4 and 1.5.

Proof of Theorem 1.4. Throughout the proof ¢ € V' \ U is fixed but arbitrary, and k is the least positive
integer satisfying (7.5) with (o) = a(q).

(i) These are the statements of Lemmas 4.6 (iii) and 7.1 (ii).

(ii) |Vq \Uy| = |44| = No, by Lemmas 5.1 and 7.1 (iii). Lemma 5.1 also implies that A, is dense in V.
It remains to show that all elements of V, \ U, are isolated points of V,. Since the greedy expansion b(z, q)

of a number x € V, \ Y, is finite, by Lemma 4.7 (i) there exists a number z > x such that (z,z] NV, = @.
Since the sets U, and V, are symmetric, there also exists a number y < z satisfying

ly,z) NV, = 2.

(iii) and (iv) We already know from Lemma 7.1 that each z € V, \ U, has a finite greedy expansion. It
remains to show that each element = € V, \ U, has exactly 8y expansions. Let = € V,; \ U, and let b,, be the
last nonzero element of (b;) = b(z,q). If 1 < j < n and b; = a;(x,q) > 0, then

aj41(z,q) - an(®,q) = (bjt1-bp)” <1
by Lemma 4.5. Therefore
bjy1 b > Q1 Qpy. (7.6)

Let (d;) be another expansion of z and let j be the smallest positive integer for which d; # b;. Since (b;)
is greedy, we have d; < bj and j € {1,...,n}. First we show that j € {n — k,n}. Assume on the contrary
that j & {n — k,n}.
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First assume that n — k < j < n. Then b; > 0 and by (7.6),

bj+1 s bnO"O > an_j(a”_jH ce Oék)fooo.

Since (aq -+ - o)~ M is the smallest expansion of 1 in base ¢ (see Theorem 3.3 (vi)), (aq - - - ag)~0% is the
greedy expansion of M/(q — 1) — 1, and thus

o'}
i=1

dji Zbig M
¢ 7 ; ¢ g1

which is impossible.
Next assume that 1 < j < n — k. Rewriting (7.6) one gets

If we had
B B =on e on,
then
m < Q41 Oy
Hence

bjtrkt1bjpryo - > Q1o = Q-+ .

Since in this case bjy, = ar < M, the last inequality contradicts the fact that (b;) is a greedy sequence.
Therefore

bjt1-bjpr <ap--ag

or equivalently

bjp1- bk > (a1 o)~
Since n > j + k and b,, > 0, it follows that
bjtibjpa-- > (a1 ;) 0%,
which leads to the same contradiction as we encountered in the case n —k < j < n. It remains to investigate

what happens if j € {n — k,n}.
If j = n — k, then it follows from (7.6) that

bn—kt1 b = (a1 o)™

Equivalently,

b'rL—k+1bn—k+2 = bn—k+1 te bnooo > (al te ak)_ooo’
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and thus

(oo} oo
dp—k+i by kyi M
P e 7.7
o ¢ o ¢ ¢—1 77

where both inequalities in (7.7) are equalities if and only if
Aok =b, 4, bn—pt1-bp=(a1---op)” and dp_pp1dn_pt2---=M>.

Hence d;,—x < b is only possible in case b,_; > 0 and by, —g41 by = (1) ™.

If j = n and d,, = b;,, then (d,,4;) is one of the expansions of 1 in base ¢ listed in Theorem 3.3 (vi). It
follows from Theorem 3.3 (ii) that ¢ > (M 4 2)/2 and that ¢ = (M + 2)/2 if and only if M is even. Since
q > G, we have M /(¢ —1) <2 and M/(¢—1) =2 if and only if ¢ = § and M is even. Hence, if M is even,
q = G and b, > 2, the number = has one more expansion, namely (by ---b,_1)(b, —2)M>. O

Proof of Theorem 1.5. Fix g € (1, M + 1]\ V. Since U, C U, C V, and every z € V, \ U, has a finite greedy
expansion by Lemma 7.1 (iii), the required relation U, = U, = V, will follow if we show that a number
x € J, with a finite greedy expansion does not belong to V.

Let x € J,; be an element with a finite greedy expansion. Since ¢ ¢ V, by Proposition 3.1 (iii) there exists
a positive integer n such that

an >0 and @pii0ni2 > aiag .
Since a(z, ¢) ends with ajas -+, ¢ V, by Lemma 4.5. O

We recall that in Sections 4-7 we have used Definition 4.2 of V, and V; for ¢ € (1, M + 1]. Part (iii) of
our next theorem shows that this definition is equivalent to the earlier one given in the introduction:

Theorem 7.2. For (z,q) € J we have the following equivalences:

(i) = € Uy if and only if = has a unique expansion.
(ii) @ € U, if and only if at least one of x and M/(q — 1) — x has a unique infinite expansion.
(ili) = € Vg if and only if x has at most one doubly infinite expansion.

Proof. (i) This is the definition of U,.

(iii) If ¢ = M + 1, then V, = J, = [0, 1] and each number has a unique infinite expansion, hence at most
one doubly infinite expansion. Henceforth we assume that g € (1, M +1). Suppose that z € V,. If x € V,\U,
and g € V, then by checking the list of expansions of x in Proposition 1.3 (iii) and (iv) and Theorem 1.4 (iv)
we see that = has precisely one doubly infinite expansion. In all other cases we have x € U, by Theorem 1.5,
so that x has a unique expansion.

Conversely, assume that x € J; has at most one doubly infinite expansion. Since ¢ < M + 1, by Propo-
sition 2.1 (ii) the quasi-greedy expansion (a;) := a(z,q) is doubly infinite, so that it is the unique doubly
infinite expansion of x.

If (a;) is also the lazy expansion of x, then its reflection is a greedy sequence, so that in particular

ni10ni2 - < aiag--- whenever a, >0 (7.8)

by Proposition 2.5 (i), where (a;) = a(g). Hence x € V, by Definition 4.2.



30 M. de Vries et al. / Topology and its Applications 312 (2022) 108085

Otherwise, the lazy expansion (¢;) of z is not doubly infinite, and, since it is infinite by Lemma 2.3, it

has a last digit ¢ < M. Then
(c1---cp)Taman .-
is also an expansion of z. Since this expansion ends with the reflection of (o), it is doubly infinite by
Proposition 2.1 (ii). By our hypothesis it coincides with (a;):
(a;) = (c1---cp)Tagom . (7.9)

(Incidentally, (7.9) implies by Proposition 2.5 (ii) and Proposition 3.1 (iii) that ¢ € V, but we do not need
this in the sequel.) In view of Lemma 4.5 it remains to check the condition (7.8). Consider an index n such
that a, > 0.

If n < k, then ¢, = a, > 0, and therefore (¢,5;) < («;) because (¢;) is lazy. Hence G171 ¢x <
Q1 ...0,_n, and using (7.9) the condition (7.8) follows:

Uni1-- 0k = (Cng1- )T <Cpg1-Cr S Q1 Q.

The case n = k is obvious because then (@,1;) = («;). Finally, in case n > k we argue as follows:

an>0= 0, >0= ap_r < M = (n—k+i) < () = (@n17) < ().

(ii) For ¢ = M + 1 the equivalence follows by observing that every z € U, = J, = [0,1] has a unique
infinite expansion. Henceforth we assume that ¢ € (1, M + 1).

If z € Uy, then z has a unique expansion which must be infinite. If z € U, \ U, then ¢ € U, and the lists
in Proposition 1.3 (iii) and (iv) show again that = has a unique infinite expansion if and only if € A,. By
Lemma 6.1 exactly one of the numbers x and M/(g — 1) — z has a unique infinite expansion if x € U, \ U,.

Conversely, assume that either « or M/(¢ — 1) — = has a unique infinite expansion in base ¢ (or both).
Then z also has a unique doubly infinite expansion and therefore x € V, by the already proved Part (iii) of
the present theorem. If ¢ ¢ V \ U, then we conclude by noting that U, = V, in this case. If ¢ € V \ U, then
x &V, \U,. Indeed, if ¢ € V\ U, then for every = € V, \ U, both = and M/(q — 1) — x have infinitely many
infinite expansions by Theorem 1.4 (iv), contradicting our assumption. Therefore x € U, = LTq. O

Proof of Corollary 1.7. If ¢ € U, then U, is not closed by Theorem 1.2 (i), (ii). If ¢ € (1, M + 1] \ U, then
U, is closed by Theorems 1.4 (i) and 1.5. O

Proof of Corollary 1.8. The relation ¢ € U <=1 € U, is evident and the relation ¢ € V <=1 € V, follows
from Proposition 3.1 (iii) and Lemma 4.5. It remains to prove the relation ¢ € i <=1 € ZTq. If ¢ € U, then

an > 0= (anﬂ-) < (az)
by Proposition 3.1 (ii). In particular, we have
oy > 0= (@nti) < (),

so that 1 € V, by Lemma 4.5. We conclude by recalling from Theorem 1.2 (i) that V, = ZTq. If ¢ €
(1, M + 1]\ U, then q ¢ U, hence 1 ¢ U, and thus 1 ¢ U, because U, is closed by Lemma 7.1 (ii). O
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8. Proof of Theorems 1.9, 1.10, 1.12 and 1.13
We recall from Lemma 4.3 the following inclusions:
u,cu, V,CV, and V,CU; forall 1<p<qg<M+1. (8.1)

In the following lemma we exhibit some cases where these inclusions are not strict. For convenience, we
define V] := {0, M>}.

Lemma 8.1. If (¢1,¢2) is a connected component of (1, M + 1]\ V, then
U; = V;l for all q€ (q1,q2],
and
V,'I ZZ/{,;Z for all q € |q,q).

Proof. The case (q1,¢2) = (1, q) follows from Examples 4.4 (i). Henceforth we assume that ¢, € V \ U; see
Theorem 3.3 (iii). Let us write

a(ﬂh) = (041 e OpQy - "Oék)oo

where k is chosen to be minimal; then «y > 0 by Theorem 3.3 (v). Due to (8.1), it is sufficient to show that
U,, €V, . Suppose that a sequence (c;) € AN is univoque in base ¢s, i.e.,

Cnt1Cntz - < (a1 apag—ag)™ whenever ¢, <M (8.2)
and
Cntilniz < (a1 -apag---ag)™ whenever ¢, > 0. (8.3)
If ¢, < M, then by (8.2),
Cnal  Cog < O - Ot
If we had
Cnal " Cogk = O« v,
then
Crtht1Cntk+2 < (@ ko - o)™,
and by (8.3) (note that in this case ¢p1r = ap > 0),
Crthk+1Cntk+2 > (@ agkon - o)™,
a contradiction. Hence

Cnt1 - Cntk < (01 -+ - )
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Note that ¢,4x < M in case of equality. It follows by induction that
Cng1Cny2 - < ((on - ag) 7)™,

Since a sequence (¢;) satisfying (8.2) and (8.3) is infinite, we conclude from Proposition 2.5 (ii) and The-
orem 3.3 (iv) and (v) that (¢;) is the quasi-greedy expansion of some z in base ¢;. Repeating the above
argument for the sequence ¢ics - -+, which is also univoque in base g3, we conclude from Lemma 4.5 that
(ci) €V,,. Hence U,, €V, . O

Proof of Theorem 1.9. It follows from Theorems 1.2 and 1.4 and the inclusions (8.1) that
VeCQU, SV, CU, if geV and 1<s<qg<r<M+1.

Hence the stability intervals (g1, g2] of Lemma 8.1 for U, and the stability intervals (1,q) and [q1,g2) with
q1 € V\U for V,, are maximal. By Theorem 3.3 (iii), these stability intervals for U, and V, cover (1, M +1]\U
and (1, M+1]\U, respectively. We conclude the proof by recalling that &/ has no interior points, and therefore
U and U do not contain any non-degenerate interval. O

Proof of Theorem 1.10. (i) This is immediate from Theorem 1.2 (i) and Proposition 1.3 (i).

(ii) Since V, is a closed set that contains the endpoints of J,, the components of J, \ V, are open intervals
(xr,zgr) indeed, and their endpoints belong to V,. By Lemmas 4.6 (ii) and 5.1 the elements of I, cannot
be endpoints, hence the endpoints belong to V, \ Uy = A, U B,. Note that |A,| = |By| = Xg by Theorem 1.2
(ii), and Proposition 1.3 (ii).

If ¢ € A,, then z is a right isolated point of V,; by Lemma 4.7 (i), and a left accumulation point of V,
by Lemma 5.2, so that z is a left endpoint x;, but not a right endpoint zg. Applying Lemma 6.1, we infer
that every x € By is a right endpoint xz but not a left endpoint x.

It remains to show that if b(xr,q) = by ---b,0° with b, > 0, then b(xg,q) = by - bnm First we
show that (d;) := by ---bya(q) is a greedy sequence that belongs to V; \ U, Since the sequence ends with
bna(q) and b, > 0, it does not belong to U, by Lemma 4.1. Since (d;) is infinite, it remains to verify that
diy < M = (di+) < aq) and d, > 0 = (di4.) < a(q). These implications hold true if k& > n because
q € U. Suppose that 1 < k < n. Assume first that dy = b, < M. Since b(zr,q) = by - - - b,0 is greedy, we
have bgy1 -+ 0,0 < a(g), and hence bgt1 -+ b, < @y -+ @y—k. It remains to observe that @ < (Qp—k+i)
by Proposition 3.1 (ii). Now assume that dj, = by > 0. Since 1, € V, and a(zr,,q) = (b1 -- - bn)~a(q), we have

(bk41 -+ bn)~alq) < a(g) by Lemma 4.5. This implies in particular the required relation by41 - - bpa(gq) <
a(q).

Since by - - - bya(q) € Vi \U, and ay(wg,q) - - - an(Tr,q) > by -+ - by, it remains to observe that if (c;) € V;
starts with by - - - by, then (¢;) > by - - - bya(q), which follows from (4.10) and the fact that b, > 0.

(iii) Since q & U, U, is closed and contains the endpoints of .J;, so that J, \U, is the union of disjoint open
intervals (v, zg). Since ¢ € V\ U, V, \ U, is a discrete set by Theorem 1.4 (ii). The relation (1.3) follows
from Lemmas 4.6 and 5.1. The relation (1.4) is the same as the relation between b(x,q) and b(zg,q) in
(ii) and can also be proved along the exact same lines, except that we now have to invoke Proposition 3.1
(iii) in place of Proposition 3.1 (ii).

(iv) This follows from Examples 4.4 (i).

(v) We already know from Lemma 8.1 that U, = V; . Write the set J, \ U, = U*(zL,7r) as a disjoint
union of open intervals (zr,,xg), and define the map h : J, — J,, as follows:

h(z) = 2= (h(zg) — h(zr)) + h(zy) ifx € (xp,zR).

TR—TL

{h(x> R if @ =377 ciq™" € Uy,



M. de Vries et al. / Topology and its Applications 312 (2022) 108085 33

The map h is strictly increasing by Proposition 2.5. It is clear that h restricted to each closed interval [z, zg]
is continuous. It remains to observe that h cannot have a jump discontinuity at an accumulation point of
U, by Lemmas 2.7 and 2.8. Hence h is a strictly increasing bijection (and therefore a homeomorphism) that
maps J, \ U, onto Jg, \ V. O

Lemma 8.2. Let g € (1, M + 1]. The set V, is a compact subset of AN if and only if ¢ # M + 1.

Proof. If ¢ # M + 1, then a sequence (¢;) € AN belongs to V, if and only if (4.3) and (4.4) hold. Hence
AN\ V, is open, whence V; is closed and thus compact. For n > 1, the sequence 10"1%° belongs to V), ;.
If n — oo, then 10™1°° converges to 10°° which does not belong to V1/\4+1a i.e., Vi;4q is not closed. O

Proof of Theorem 1.12. (ia) This is the classical integer base case.

(ib) If V, had an interior point, then by Lemma 2.7, V, would also have an interior point with a finite
greedy expansion, contradicting Lemma 4.7. By Theorem 1.2 (ii), V; \U, is dense in V,. Hence every x € U,
is an accumulation point of V,. Since the accumulation points of a set form a closed set, we infer that every
x € U, =V, is an accumulation point of V,.

(iia) See Examples 4.4 (i); here we have ¢; = q.

(iib) Theorem 1.4 (ii), Lemma 8.1 and induction on n show that U, is countably infinite for each ¢ €
(G, qr ). Suppose that ¢ € (¢n, ¢n+1]. According to Lemma 5.1, for each element x € U, , there is a sequence
(z;) of elements in Vy, \U,, such that a(x;,¢n) — a(z,q,) as i — oo. Since Uy, =V, , all elements of 7, (U4 )
are accumulation points of U, and can be approximated arbitrarily closely by elements of 7,(V, \U, ). A
number z € V,, \ Uy, is isolated in V,, by Theorem 1.4 (ii). Lemma 2.2 implies that 74 (a(z, ¢,)) is isolated
in U, because univoque sequences are in particular greedy and quasi-greedy.

(iiia) The set Vg, is perfect by Theorem 1.2 and hence consists entirely of condensation points. Suppose
that a sequence (¢;) is univoque in base ¢, and let W be an arbitrary neighborhood of Y .2, ciqg b If
N is large enough, then each sequence starting with ¢y ---cy is the expansion in base ¢ of a number in
W. If (¢;) also belongs to U, , then, since univoque sequences are in particular greedy and quasi-greedy,
applying Lemma 2.2 and using the fact that V; \ U, is countable (see Theorem 1.2), we conclude that
there are uncountably many sequences in L{éo starting with ¢; - - - ¢y. Since, moreover, Uéo - L{é, each number
belonging to m,(Uy, ) is a condensation point of U,. It follows easily from Lemmas 2.2, 5.2, 6.1 and 8.2 that
U}, =V, because qo € U \ {M + 1}. Since 7, is continuous and since the condensation points of ¢, form
a closed set, each element in U, = Wq(Véo) is a condensation point of U,;. The set U, has no interior points
because V, has none; see the proof of (ib). Hence U, is a Cantor set. It follows from Lemma 5.1 that
mq(Vy, \Uy,) is dense in U,.

(iiib) One shows exactly as in (iib) that elements of m,(V, \U, ) are isolated points of U, and form a
dense subset of U,. Hence, elements of 7 (U, ) are accumulation points of U, = m,(V;, ). Since 7 (V;, ) is
compact by Lemma 8.2, and since U, \V, is countable, elements of 7 (U \V, ) are not condensation
points of U, Numbers belonging to m,(V, ) are condensation points of U, as follows from the reasoning in

(iia). O
Proof of Theorem 1.13. Since we have always (ii) = (iii) = (iv), it suffices to show that U is a shift of

finite type for every ¢ € (1, M + 1]\ U, and that U, is not closed if ¢ € U. Fix g € (1, M + 1]\ U. Consider
the connected component (g1, ¢g2) of (1,00) \ V, satisfying ¢ € (q1, ¢2]. Let us write

a(q) = () = (o - - agaq - ag) ™,
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where k is minimal, and set
F = {ja1~oak e Al . <M and ai---ap Zalu'ak}.
It suffices to show that a sequence (c;) € AN belongs to U, = U, if and only if
cj-citr € F and ¢ ---¢jpx ¢ F forall j>1. (8.4)

It follows from the proof of Lemma 8.1 that (c;) € Uy, if and only if

¢ <M= cjt1-cjpx < (a1--ag) and ¢; >0 =Cq1- - CGyr < (1 -ap)”,

and this is equivalent to (8.4).
Finally, if ¢ € U, then U(; is not closed as follows from Lemma 5.2. O

Proof of Theorem 1.14. First we show that V. C UNJ. Fix (z,q) € V. If ¢ = M + 1, then (z,q) € U
because U, = V,. If 1 < ¢ < M + 1, then by Lemma 4.3, a(z,q) € U, for every r € (¢, M + 1], so that
7 (a(z,q)) € Uy. Since T, (a(z,q)) — m4(a(z,q)) = = as r | q, we conclude that (z,q) € UNJ.

Since U C V, the converse inclusion UNJ C V will follow if we show that V is (relatively) closed in J,
ie., if (x,q) € I\ V, then (2/,¢") ¢ V for all (z/,¢’) € J close enough to (z, q).

Henceforth we assume that ¢ € (1, M + 1), and write (8;) = 5(q), (8) = B(¢), (a;) = a(z,q) and
(a}) = a(z’,q"). By Lemma 4.5 there exist two positive integers n and m such that

an >0 and Tny1-- Gngm > B1---Bm- (8.5)

It follows from the definition of quasi-greedy expansions that

+
e T et ST I
q e ¢t ¢ gt

>z whenever a; < M.

Hence, if (2/,¢’) € J is sufficiently close to (z,q), then, applying also Lemma 2.2 (i), (iii),

+
a aj— a; 1 )
q_}Jr"'Jr(q/J)jil+(q/j)j+(q/)j+m>ml whenever j <n+m and a; < M, (8.6)
Br .. B <Pi...Bm and aj...ap ., > ai...Gpim. (8.7)

Now we distinguish between two cases.
Ifa}...ap,,,, =ai...an4m, then we have

ap, >0 and al, y...al ., > 01 Bm =B 0B

by (8.5) and (8.7). This proves that (z',¢') ¢ V.
Ifay...a5 ., > a1...anim, then let us consider the smallest j for which a) > a;. It follows from (8.5),
(8.6) and (8.7) that

r o+ 7 _ / ’
aj=a; >0 and af,,...al, =M">pB ... Bn>PB... 5,

Hence (2/,q') ¢ V again. O
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9. List of principal terminology and notations

o Page 2

- N:={1,2,3,...}

— alphabet A :={0,1,..., M}

— digit: an element of the alphabet

— sequence: an element of AN

— block or word: a finite sequence of digits

— conjugate or reflection of a digit, word, or a sequence:

¢i:=M—c¢;, ¢ Ch:=0Cf " Cp, C1Ca~  :=0C1C3 "

—whri=c - cp1len+1)ifw=cy --ch_10, and ¢, < M

—w i=cpepi(en—1)ifw=e¢ -1, and ¢, >0

— lexicographical order between words and sequences

— finite, co-finite, infinite, co-infinite and doubly infinite sequences
o Page 3

— expansion (of a number x in base q over the alphabet A):

oo
(c;) € AN satisfying © = Z c—i
i1 4
— short notation:
mq(c) = mg(cica - -+ ) = Z q—;, c=(¢;) e AN
i=1
We assume after Page 3 and in the remainder of this list that 1 < ¢ < M + 1.

— Jg :=[0,M/(q — 1)]: the set of numbers having an expansion in base ¢

— b(x, q): the greedy (or lexicographically largest) expansion of = in base ¢

— a(x,q): the quasi-greedy (or lexicographically largest infinite) expansion of z in base ¢
e Page 4

— U is the set of univoque bases. A base q belongs to U if x = 1 has a unique expansion in base q.

— Vs the set of bases ¢ in which z = 1 has a unique doubly infinite expansion.

— A Cantor set is a nonempty closed set having neither interior nor isolated points.

— U is the topological closure of U.

— U, is the set of numbers x € J,; having a unique expansion in base g.

-V, is the set of numbers x € J; having at most one doubly infinite expansion in base g.

— U, is the topological closure of U,.
o Page )

— Ay is the set of numbers x € V, \ U, such that b(x, ¢) is finite.

— By is the set of numbers x € V, \ U, such that b(x, ¢) is infinite.

— 0: Jy — Jg is the reflection map defined by ¢(x) = M /(¢ —1) — x.

— The number § := minV is the smallest element of V; for M = 1, § is the Golden ratio; see also

Theorem 3.3.
o Page 6

- U, C AN: the set of expansions of the elements of U,
-V, C AN the set of quasi-greedy expansions of the elements of V,
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o Page 8
— The Komornik—Loreti constant qir, := minlf is the smallest element of I/; see also Theorem 3.2. For
M =1, qx;, ~ 1.787.
e Page 9
— The two-dimensional analogues of Uy, V, and J; are defined as follows.

{(z,q) €R® : g€ (1, M +1] and z € U},
{(z,q) €R? : g€ (1,M +1]and z € V,},
{(z,q) €R? : g€ (1,M +1)and z € J,}.

o < C

e Page 12
- B(q) :=b(1,q): greedy expansion of x =1 in base ¢
- a(q) := a(1, ¢): quasi-greedy expansion of x = 1 in base ¢
o Page 14
- X C R is closed from above (below) if the limit of every bounded decreasing (increasing) sequence in

X belongs to X.
Acknowledgement
We thank the referee for his/her helpful remarks.

References

] P. Allaart, D. Kong, On the continuity of the Hausdorff dimension of the univoque set, Adv. Math. 354 (2019) 106729.

] C. Baiocchi, V. Komornik, Greedy and quasi-greedy expansions in non-integer bases, arXiv:0710.3001 [math.NT].

] S. Baker, Generalized golden ratios over integer alphabets, Integers 14 (2014) A15.

] Z. Daréczy, I. Kétai, Univoque sequences, Publ. Math. (Debr.) 42 (3—4) (1993) 397-407.

[5] Z. Daréczy, 1. Kétai, On the structure of univoque numbers, Publ. Math. (Debr.) 46 (3—4) (1995) 385-408.

[6] M. de Vries, V. Komornik, Unique expansions of real numbers, Adv. Math. 221 (2009) 390-427.

[7] M. de Vries, V. Komornik, A two-dimensional univoque set, Fundam. Math. 212 (2011) 175-189.

[8] M. de Vries, V. Komornik, Expansions in non-integer bases, in: Combinatorics, Words and Symbolic Dynamics, in: Ency-
clopedia Math. Appl., vol. 159, Cambridge Univ. Press, Cambridge, 2016, pp. 18-58.

] M. de Vries, V. Komornik, P. Loreti, Topology of univoque bases, Topol. Appl. 205 (2016) 117-137.

| P. Erdés, M. Horvath, I. Jo6, On the uniqueness of the expansions 1 = 3 ¢~ ", Acta Math. Hung. 58 (3-4) (1991) 333-342.

] P. Erd8s, I. Jo6, On the expansion 1 = > ¢~ ™, Period. Math. Hung. 23 (1) (1991) 25-28.

] P. Erdés, 1. Jo6, V. Komornik, Characterization of the unique expansions 1 = »"°°, ¢~ and related problems, Bull. Soc.
Math. Fr. 118 (3) (1990) 377-390.

[13] K. Falconer, Fractal Geometry. Mathematical Foundations and Applications, 2nd ed., Wiley, Chichester, 2003.

[14] P. Glendinning, N. Sidorov, Unique representations of real numbers in non-integer bases, Math. Res. Lett. 8 (4) (2001)

535-543.

[15] V. Komornik, Expansions in noninteger bases, Integers 11B (2011) A9.

[16] V. Komornik, D. Kong, W. Li, Hausdorff dimension of univoque sets and Devil’s staircase, Adv. Math. 305 (2017) 165-196.

[17] V. Komornik, P. Loreti, Unique developments in non-integer bases, Am. Math. Mon. 105 (7) (1998) 636-639.

[18] V. Komornik, P. Loreti, Subexpansions, superexpansions and uniqueness properties in non-integer bases, Period. Math.
Hung. 44 (2) (2002) 195-216.

] V. Komornik, P. Loreti, On the topological structure of univoque sets, J. Number Theory 122 (1) (2007) 157-183.

] D. Lind, B. Marcus, An Introduction to Symbolic Dynamics and Coding, Cambridge University Press, Cambridge, 1995.

] W. Parry, On the S-expansions of real numbers, Acta Math. Acad. Sci. Hung. 11 (1960) 401-416.

] A. Rényi, Representations for real numbers and their ergodic properties, Acta Math. Acad. Sci. Hung. 8 (1957) 477-493.

|

vol. 310, Cambridge Univ. Press, Cambridge, 2003, pp. 145-189.


http://refhub.elsevier.com/S0166-8641(22)00087-6/bib734655D7006CB5084E7F8C597C7B0C17s1
http://refhub.elsevier.com/S0166-8641(22)00087-6/bib2ACFFB70649C35DD80D70A129BB4827Cs1
http://refhub.elsevier.com/S0166-8641(22)00087-6/bibE25D00A1FD0F18BE7FF0F07F53FABD8Es1
http://refhub.elsevier.com/S0166-8641(22)00087-6/bib2C43A150D3D95277A66AB4FB35D9F96As1
http://refhub.elsevier.com/S0166-8641(22)00087-6/bibADEAADA604A7FF65597350EA2C052F78s1
http://refhub.elsevier.com/S0166-8641(22)00087-6/bibC84A3F85C2ED0F5DF51F445E06120F1As1
http://refhub.elsevier.com/S0166-8641(22)00087-6/bibF23F72C35B4D43107B0C523C6EBA7DEBs1
http://refhub.elsevier.com/S0166-8641(22)00087-6/bib7BD245499FCFE6560BAF941D3313737Fs1
http://refhub.elsevier.com/S0166-8641(22)00087-6/bib7BD245499FCFE6560BAF941D3313737Fs1
http://refhub.elsevier.com/S0166-8641(22)00087-6/bibF222CDF39AEAA9DB2FA357B04A676CB9s1
http://refhub.elsevier.com/S0166-8641(22)00087-6/bibD2357BDBC55F5115085E819EFF5DF775s1
http://refhub.elsevier.com/S0166-8641(22)00087-6/bib74ECE31E8A6586D06A856E18210AFD5Bs1
http://refhub.elsevier.com/S0166-8641(22)00087-6/bib4413B5415434781CABCB64F77454FBDCs1
http://refhub.elsevier.com/S0166-8641(22)00087-6/bib4413B5415434781CABCB64F77454FBDCs1
http://refhub.elsevier.com/S0166-8641(22)00087-6/bib08D80A0B92F897208061C3154F2E090Bs1
http://refhub.elsevier.com/S0166-8641(22)00087-6/bib3AB9F4659CE249B0A44703F89BE679EFs1
http://refhub.elsevier.com/S0166-8641(22)00087-6/bib3AB9F4659CE249B0A44703F89BE679EFs1
http://refhub.elsevier.com/S0166-8641(22)00087-6/bib01D8B42E6AFF8706ED2F8161A3693E02s1
http://refhub.elsevier.com/S0166-8641(22)00087-6/bib0C4EA434D3E92C66364ABCE3341C4142s1
http://refhub.elsevier.com/S0166-8641(22)00087-6/bibCA6BDAABDCB3E08DF993D736A1A67EBAs1
http://refhub.elsevier.com/S0166-8641(22)00087-6/bibFA05AF7F42C3559F9AD17B9019420CC3s1
http://refhub.elsevier.com/S0166-8641(22)00087-6/bibFA05AF7F42C3559F9AD17B9019420CC3s1
http://refhub.elsevier.com/S0166-8641(22)00087-6/bib92B52A83B55661A69871739E27518669s1
http://refhub.elsevier.com/S0166-8641(22)00087-6/bib381EE940A579D98175E2F53D8FA22F30s1
http://refhub.elsevier.com/S0166-8641(22)00087-6/bibEAAB3CA5553B5281151AEA50D43F3A2As1
http://refhub.elsevier.com/S0166-8641(22)00087-6/bib17D779FAB1BA7A5D6532877EA264D20Es1
http://refhub.elsevier.com/S0166-8641(22)00087-6/bib7F8DDEC17D58F0290B73623586472F9As1
http://refhub.elsevier.com/S0166-8641(22)00087-6/bib7F8DDEC17D58F0290B73623586472F9As1

	Topology of univoque sets in real base expansions
	1 Introduction and statement of the main results
	2 Greedy and quasi-greedy expansions
	3 A review of the sets of bases U, U and V
	4 Preliminary results on Uq and Vq
	5 Two lemmas on density
	6 Proof of Theorem 1.2 and Proposition 1.3
	7 Proof of Theorems 1.4, 1.5 and Corollaries 1.7, 1.8
	8 Proof of Theorems 1.9, 1.10, 1.12 and 1.13
	9 List of principal terminology and notations
	Acknowledgement
	References


