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1 Introduction

In this paper we consider the derivative nonlinear Schrodinger equation (DNLS) in
the space periodic setting:

ive =" +iB (VIv?) (1.1)
V¥ (x,0) = Yo (x), '

where ¥ (x,1) : T x R — C, ¥o(x) : T — C, ¥'(x, t) denotes the derivative with
respect to x, and B € R is a real parameter.

The DNLS is a dispersive nonlinear equation coming from magnetohydrodynamics.
It describes the motion along the longitudinal direction of a circularly polarized wave,
generated in a low-density plasma by an external magnetic field [23,31] (see also
[36]). It is known to be an integrable system [20] (see also [13]) in the sense that there
is an infinite sequence of linearly independent quantities (integrals of motion) which
are conserved by the flow of (1.1) for sufficiently regular solutions. The integrals of
motion are functionals defined on Sobolev spaces of increasing regularity.

The aim of this paper is to construct an infinite sequence of functional Gibbs
measures associated to the integrals of motion. These measures turn out to be
absolutely continuous with respect to the standard Gaussian measures with covariance
(I 4 (—2A)%)~1; thus, different measures are disjointly supported (see “Appendix™).

The program of statistical mechanics of PDEs begins with the seminal paper by
Lebowitz et al. [21]. The authors study the periodic one-dimensional NLS equations
and introduce the statistical ensembles naturally associated to the Hamiltonian, as in a
classical field theory. Successively, Bourgain completed this study: in [3] by proving
the invariance of the Gibbs measure for the cubic periodic case and in [6] extending the
results to the real line. Similar achievements have been obtained with different methods
in [26] for cubic NLS, in [25] for the wave equation, and in two dimensions in [4] for
defocusing cubic NLS equation, in [7] for the focusing case, in three dimensions for
the Gross—Pitaevskii equation in [5].

For integrable PDEs one can carry out the same study by profiting from an infinite
number of higher Hamiltonian functionals. This was originally noted by Zhidkov [47],
who analyzed the Korteweg—de Vries (KdV) and cubic nonlinear Schrodinger (NLS)
equation on T. The main idea, already contained in [21], is to restrict the measure
associated to a given integral of motion to the set of solutions with fixed values for all
the other integrals of motion involving less regularity (in a sense that will be clarified
below). The invariance of such a set of measures gives interesting informations on
the long-time behavior of the regular solutions, for instance through the Poincaré
Recurrence Theorem (see [8,47]). In the last years this approach has been adopted in
a series of papers by Tzvetkov et al. [11,12,39-42] for the Benjamin Ono equation
on T. In this case a more careful construction of the measure is required compared to
KDV and NLS. We find similar difficulties in studying the DNLS equation.

Despite the extensive investigation in the past decades on integrable PDEs, a limited
attention has been given to the integrability properties of the DNLS equation. An
infinite sequence of integrals of motion for this equation has been found in [20] using
the inverse scattering method. More recently, another proof of the integrability of the
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DNLS equation has been achieved using the so-called the Lenard—Magri scheme [22]
within the framework of (non-local) Poisson vertex algebras [13].
The first few integrals of motion of the DNLS equation are:

/ho— S,
/m = —/W+ﬁ||w||‘{4, (1.2)

/hz——llllfllHl-F 28 [ v +’3 115,

[ra=5 [oar+ 5 [ (W) o +svdwi + 92 @))
+ Zﬂz/w%zv}’ + Rﬁnwnis,
1 5i T N,
/h4 = IVl + Zﬂ/ WIv'd" — i)
5 _ I o
+ —ﬁ2 / (i (v))* + swzwzw’ +920 (0)?)
20 [0 B (13)

Here and further, we denote by [ f = % f?l‘ f. Note that, while for k even the term

of highest regularity in the integral of motion [ /y is the HS (T) norm, for odd & this
term is not definite in sign. This prevents us to associate an invariant Gibbs measure
to every integral of motion [hy, k € Z.. The same does not occur for KdV, NLS or
Benjamin—Ono equations.

The DNLS equation has been shown to be locally well posed for initial data in
H*Z1/2 for both periodic and non-periodic settings (see [19] and, respectively, [37]).
The global well-posedness has been proven for H*=!/2(R) in [24] and in H*>!/?(T)
in [44]. The global results hold for initial data with small L?(T) norm. For instance, a
standard procedure (see [19]) allows to globalize the local H 1(T) solutions provided
that [[¥ollz2(T) < & with § small enough, by using the conservation law [ h> and the
Gagliardo—Nirenberg inequality

1
”u||L6(T) =< ||u||H|(’]I‘)||u||L2(’]I‘) + ”u”LZ(T) (14)

On the other hand, this approach does not give the best possible value for §, which is
still unknown. In particular, in the case of DNLS on R the sharp Gagliardo—Nirenberg
inequality

2
lull3 s g, < ||u||H1(R)||u||L2(R),

proved in [43], gives the value § = /27 /|B] for global well-posedness [17,18], which
has been actually improved to § = 2./7/|B]| in [45,46] by different techniques. We
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point out that § = 24/ /|B] is also sufficient on T [27]. All these results are originally
stated for B = =*1, and the case of general B can be easily deduced by using the
transformation u (¢, x) — |8~ 2u(t, |%lx).

The lack of well-posedness at low regularity makes hard to construct an invariant
measure associated to the lowest order integrals of motion. For [/, the main issue is

that there is no well-posedness in (). o H 3¢ (T') which is the support of the Gaussian
measure with covariance I — A. A very delicate analysis is necessary to deal with this
problem. In [28] the authors constructed a functional measure in the Fourier-Lebesgue
space FL*"(T), r € (2,4),s € [1/2, 1 — r~1), for which there is a local existence
theorem [14]. They are able to prove the invariance of this measure with respect to
the DNLS flow (studying in fact the gauged DNLS equation). Then in [29] the study
is completed, by proving the absolute continuity of this measure with respect to the
Gibbs measure constructed in [38], which would be a more natural candidate for
the invariant measure associated to the energy functional /5. Similar results for the
DNLS equation have been obtained, with different methods, in [8]. To the best of our
knowledge, so far these are the sole known results for Gibbs measures associated to
the DNLS equation.

1.1 Setup and main result

The main goal of this paper is to construct Gaussian measures supported on Sobolev
spaces with increasing regularity, associated to the integrals of motion of the DNLS.
Let us introduce now the main objects we are going to deal with.

As usual we denote by H*(T), k € Z,, the completion of C*°(T) with respect to
the norm induced by the scalar product

(U, V) gr = Z(l + |n|)2k UpVy.

neZ

where u,, are the Fourier coefficients of u. For every k € Z.., H*(T) is a separable
Hilbert space, and we note that H 0(T) = L2(T). A function in H*(T) is represented as
asequence {uy }yez, suchthat 3y (1+|n)* |u, | is finite uniformly in N € Z.

We also use the homogeneous Sobolev spaces H¥(T), defined as the completion
of C°°(T) with respect to the norm induced by the homogenous scalar product

(u, v) gr = Zn%ﬁnvn.

nez

Now we consider the Hilbert space L*(T). For any k € Z,, let us denote by

k
I+ (—A)* the closure in L2(T) of the operator 1 + (—% acting on C*°(T). As it

is well known this is a positive, self-adjoint operator with a trivial kernel. Therefore,
its inverse (I — A¥)~! is bounded, and moreover, it can be shown that it is of trace
class.
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In virtue of this last property we can construct a Gaussian measure on L2(T) as
follows. We denote by e, = ¢™™ the eigenvectors of I 4+ (—A)*:

(]1 + (—A)k) . (1 T n2k) .

Since I 4 (—A)* is self-adjoint the set of its eigenvectors spans the space L?(T), and
so each function u(x) € L%(T) can be written as

u(x) = Zunen,

nez

that is nothing but Fourier series. We consider at first finite dimensional truncations,
looking only at the components of the expansion for |n| < N. We define

[T<n V1 +n#*

ykN(A) = (27)2N+1

1 2k 2
/du_Ndﬁ_N...duNdﬁNeffz\"\ﬁN(H" i
A

to be the complex Gaussian measure of a set A C C2N+1. This measure can be
extended in infinite dimensions following a standard method [33,47]. For any Borel
subset B C C*N*! we introduce the corresponding cylindrical set in L*(T) as

My(B) = {u € LA(T) | [u_nrii . ..., uy, iin] € B}.

Since I 4 (—A)F is of trace class, we can extend the Gaussian measure ykN to L2(T)
functions by setting yx (My) 1= ykN (My) and then using Kolmogorov reconstruction
theorem. It can be verified that this defines a countably additive measure on L>(T).
We refer to [2,33] for a more detailed presentation (see also “Appendix” for some
properties that will be used in the paper). We denote by Lf,’k the Banach space of
functionals F : L2(T) — C such that

/dyk(dtﬂ)lF(lﬁ)l” < oo.

For the ease of notation we simply denote as E[-] (instead of E,, [-]) the expectation
value w.r.t. the measure y;. Anyway the particular y; considered will be always clear
from the context.
For N > 1,weset Ey = spanc{einX | |n| < N}, and we denote by Py : L>(T) —
E the projection map onto the space Ey. Namely, foru =, _, upe™ e L2(T),
we have _
Pyu = Z uye™. (1.5)

[n|<N

When there is no confusion, we simply denote

uy = Pyu. (1.6)
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For ¢ € L?(T), we show in Sect. 2 that

1
/hzmm = S I¥ 1% +/qk[w1, keZy,

where [y is a sum of terms of the form

/W““...1/7(“1)1p</31)...1/r(ﬂ”,

with [ < 2k 4+ 2, «;, Bi € Z4 and Ziflai +Bi <2k —1.
Let now R > 0, and let xg : R — [0, 1] be a smooth function such that y =
0 € R\[-R,+R]and x = 1in [—R/2,+R/2]. For k > 2, let us fix R,,, > O, for

m =0, ...,k — 1. Thus, we can define the density
k—1
Gin () = (H XRo ( / hzm(w)))e—f wWN) (1.7)
m=0

The associated measure dpi, y is

Pk, N(AY) = Gy () yr(dy).
The main result of the paper is the following:

Theorem 1.1 Letk > 2 and Ry < /ﬁ sufficiently small. The sequence G n ()

defined by Eq. (1.7) converges in measure, as N — 00, w.r.t. the measure yy. Denote
by G () its limit. Then, there exists po(Ro, ..., Rk—1,k, |8]) > 1 such that, for all
1 < p < po, Gk(¥) € LP(yx) and Gy, N () converges to G () in LP (yx).

Remark 1.2 The best range one should expect to obtain for Ry is the same of the
global-well-posedness problem, which at the moment is Ry < 2 % The fact that

we only get Ry < ﬁ is, as we have observed above, a limitation of the Gagliardo—

Nirenberg inequality approach. Therefore, one could presumably obtain the widest
range [O, 2./ I%I by using different techniques. We point out that this could improve

the absolute constant, while the behavior >~ 1/,/| 8| seems to be a peculiar feature of
the equation.

As a consequence of Theorem 1.1, we obtain that the measures p;, y weakly con-
verge, as N — 00, to the Gibbs measures pix on Lz(T):

pr(dy) = G (Y)yr(dy).

Since each Gy is supported on a set of positive measure w.r.t. y,, for every k > 2, pi
is non-trivial and absolutely continuous w.r.t. to yx. We choose the class observables
associated to each of these Gibbs measure to be the functionals in L;:.
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1.2 Strategy of the proof

The first part of our proof relies on an accurate inspection of the algebraic struc-
tures of the integrals of motion of the DNLS equation. This has been done in
Sect. 2. We use the Lenard—Magri scheme of integrability for non-local Pois-
son vertex algebras to find out the following general structure of the integrals of
motion:

1 1 - -
/th = §||¢||§k + %,B(Zk + 1)/1ﬂ(k)1ﬂ(k_1)1//1/f + aremainder, k € Zy,

where we consider as remainder all the terms that we can estimate with a certain power
of the H*~! norm. Note that this quantity is finite in the support of the Gaussian mea-
sure k.

In Sect. 3 we show, under the L2 smallness assumption, that the Sobolev norm
H* of the solutions of the DNLS equation (1.1) stays bounded by a constant
depending on the values of f hom, m = 1,...,k, integrals of motion. There-
fore, when we introduce the cut off functions x in (1.7), we know that the H*
norms, s < k — 1, are bounded a.s. in the support of the Gibbs measure pi n
uniformly in N. This allows us to prove in Sect. 4 that all the remainder terms con-
verge point-wise in the support of px y as N — oo, thus also in measure w.r.t.
Vk-
The terms f Y © g &=Daryr are estimated by the H*(T) norm, which is not finite
in the support of y;. Therefore, they need to be treated separately. This is done by
using a method outlined by Bourgain [4] (see also [7]), which is reminiscent of the
works in quantum field theory in the ‘70 [15,34]. Successively this approach has been
exploited by Tzvetkov and collaborators in [38] for DNLS equation and in [39,40] for
the Benjamin Ono equation.

In Sect. 4 we prove the convergence in L?(y;) of these terms as N — oo, employ-
ing essentially the Wick theorem. L%(v) convergence yields L? (yx) (p € [1, 00))
convergence by a standard hypercontractivity argument. This is enough to prove con-
vergence in measure of the density. In Sect. 5 we ultimate our strategy showing L? ()
boundedness of the density Gy for p € [1, 00), provided that [y is sufficiently small.
Here we follow the nice ideas of [39], making use of some helpful properties of the
measures Yy reviewed in “Appendix”.

From the L?(y,) boundedness the convergence in L (yx) (and so the weak con-
vergence) of the density easily follows.

In the whole paper (except for Sect. 4) we are not concerned about the dynamics.
However, the measures that we construct are naturally expected to be invariant under
the flow of DNLS. To prove this result, a careful analysis is required (as, for instance, in
the case of the Benjamin—Ono equation [12,41,42]) which we leave to a forthcoming
work.

Throughout the paper we write X < Y to denote that X < CY for some positive
constant C independent on X, Y.
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2 Structure of the integrals of motion of the DNLS equation

In this section we recall briefly the theory of Poisson vertex algebras aimed at the
study of the integrability properties of bi-Hamiltonian equations using the so-called
Lenard—Magri scheme (see [1,13,22]). We use this formalism to describe explicitly
the structure of the integrals of motion of the DNLS equation which will be used
throughout the paper.

2.1 Algebras of differential polynomials

Let V be the algebra of differential polynomials in £ variables: )V = (C[uﬁ”) liel,ne
Z4], where I = {1, ..., ¢}. (In fact, most of the results hold in the generality of
algebras of differential functions, as defined in [13].) It is a differential algebra with

derivation defined by 8(u§")) = uE"H) . We also let C be the field of fractions of V (it
is still a differential algebra).
For P € V! we have the associated evolutionary vector field

0
Xp= 3, (0R) G
iel,neZy i
This makes V¢ into a Lie algebra, with Lie bracket [X p, Xg] = X|[p, 0], given by
[P, Ql=Xp(Q)— Xo(P)=Dg@)P —Dp(d)0,

where Dp(9) and Do (9) denote the Frechet derivatives of P, O € V¢ (we refer to [1]
for the definition of Frechet derivative).

For f € V its variational derivative is % = (ﬁ) € VO, where
iel

Su;
sf n Of
= 2 0 ol @1

nely

Given an element £ € V®, the equation £ = % can be solved for & € V if and only
if D¢ (0) is a self-adjoint operator: Dg (0) = D;(a) (see [1]).

For f € V, we denote by [ f = f + 9V, where 0V = {0h | h € V}, the image of
f in the quotient space VV/9V, and we call it a local functional. Note that the integral
symbol is motivated by the fact that '/9d) provides a universal space where integration
by parts holds, namely

/fag:—/gaf, forevery f, geV.

It is possible to show that Ker 5% = 0)Y @ C. Hence, % = szuf = 0. Recall also that

we have a non-degenerate pairing (-|-) : V¢ x V¥ — V/3V given by (P|€) = JP-&
(see [1]).
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Given f € V\C, we say that it has differential order n, and we write ord( ) = n,

ifaa% 0 for some i € Iand% = Oforall j € I and m > n. We also set
Mi u:;

the differential order of elements in J(C equal to —oo. Let us denote by V), the space
of polynomials of differential order at most n. This gives an increasing sequence of
subalgebras C = V_o, C Vo C V| C --- C Vsuch that 3V, C V,41.

We extend the notion of differential order to elements in P € V¢ as follows:

ord(P) = max {ord(Py), ..., ord(Py)}.

We also define two gradings on V in the following way. First, we let deg be the
usual polynomial grading of V defined by

degugn) =1, foreveryiel, neZy.

On the other hand, we define the differential grading on V), which we denote dd, by
ddufn) =n, foreveryiel, neZs.

This means that, given a monomial (i1, ...,ix € I, ny,...,nx € Z4)

_ (n1)  (n2) (ng)
f=u""u'? "‘“ikk eV,

i M
we have
deg(f) =k, dd(f)=ni+---+nk.
Note that, for a homogeneous polynomial f € V), we have

deg(df) = deg(f), dd(af)=dd(f)+ 1. (2.2)

2.2 Rational matrix pseudodifferential operators and the association relation

Consider the skewfield C((3~!)) of pseudodifferential operators with coefficients in
IC, and the subalgebra V[0] of differential operators on V.

The algebra V(9) of rational pseudodifferential operators consists of pseudodif-
ferential operators L(3) € V((3~!)) which admit a fractional decomposition L(d) =
A®)B(d)~ ", for some A(d), B(d) € V[d], B(3) # 0. The algebra of rational matrix
pseudodifferential operators is, by definition, Mat, ¢ V(9) [10].

A matrix differential operator B(9) € Mat, ¢ V[d] is called non-degenerate if it is
invertible in Mat,,, C((371)). Any matrix H(3) € Maty,, V(d) can be written as a
ratio of two matrix differential operators: H(d) = A(d)B~'(d), with A(d), B(d) €
Maty ¢ V[d], and B(d) non-degenerate.

Given H(d) € Maty,, V(9), we say that £ € V¥ and P € V' are H-associated,

and denote it by

& op, (2.3)
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if there exist a fractional decomposition H = AB~! with A, B € Matyy, V[9] and B
non-degenerate, and an element F € KCE, such that E = BF, P = AF [13].

2.3 Non-local Poisson structures
A non-local Poisson vertex algebra is a differential algebra 1V endowed with a A-
bracket {-;-} : V x V — V((A71)), where V((A~!)) denotes the space of Laurent
series in A1 with coefficients in V), satisfying sesquilinearity (f, g € V):
{0figh=—A{fagh, {fidg} = (A +0){figh
the Leibniz rule (f, g, h € V):
{frgh} = {/figth+ {frh} g,
skewsymmetry (f, g € V):
{figt=—{g-r-a/},

admissibility (f, g, h € V):
{filguht} eV [[Fl,u’l, (L + M)”H (A, 1],
and Jacobi identity (f, g, h € V):

{f{guh}} —{eu (i)} = {fighisn ).

We refer to [13] for the details on the notation.

To a matrix pseudodifferential operator H = (H;;(9));,jer € Matgxg V(@) we
associate a A-bracket, {;-}g : V x V — V(A1) given by the following Master
Formula (see [13]):

- 98 g y _qym —1
{fighn = i,,ze:, u;n)(/wa) Hji(h 4 3)(=h — ) ) ev((x )) 2.4)
m,nely

For arbitrary H, it is proved in [1,13], that the A-bracket (2.4) satisfies sesquilin-
earity and the Leibniz rule. Furthermore, it has been shown that skewadjointness of
H is equivalent to the skewsymmetry condition, and that, if H is a rational matrix
pseudodifferential operator, then the admissibility condition holds.

Definition 2.1 A non-local Poisson structure on V is a skewadjoint rational matrix
pseudodifferential operator H with coefficients in ) such that the corresponding A-
bracket (2.4) satisfies Jacobi identity; namely, } endowed with the A-bracket (2.4) is
a non-local Poisson vertex algebra.
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Two non-local Poisson structures H, K € Matg., V(9) on V are said to be com-
patible if any of their linear combination (or, equivalently, their sum) is a non-local
Poisson structure. In this case we say that (H, K) form a bi-Poisson structure on ).

2.4 Hamiltonian equations and integrability

Let H € Maty¢ V(9) be a non-local Poisson structure. An evolution equation on the

variables u = (u;);ey,

W p eyt 2.5)
e ' '
is called Hamiltonian with respect to the non-local Poisson structure H and the Hamil-

tonian functional [h € V/9V if (see Sect. 2.2)

Sh
o p
Su
Equation (2.5) is called bi-Hamiltonian if there are two compatible non-local Pois-
son structures H and K, and two local functionals f ho, f h1 € V/9V, such that

Sh Sh
% A2 and o <L> P

2.6
Su A Su (2.6)

An integral of motion for the Hamiltonian equation (2.5) is a local functional [ f €
V/dV which is constant in time, namely such that (P| %) = 0. The usual requirement

for integrability is to have sequences{fhn},,ez+ cV/oaVand{Py},ez, C V¢, starting
with [hg = [h and Py = P, such that

(Ch) ‘Z‘—u” <i> P, foreveryn € Z,

(C2) [Py, P,]=0forallm,n € Z4,

(C3) (Pu|%2) =0forallm,n € Zy.

(C4) The elements P, span an infinite dimensional subspace of 1%

In this case, we have an integrable hierarchy of Hamiltonian equations

du

— =P, ne’ly.
dtn n +

Elements [h,’s are called higher Hamiltonians, the P,’s are called higher symmetries,

and the condition (P, | aah; ) = Osaysthat f h,, and f h,, are in involution. Note that (C4)

implies that element ‘Sshu” span an infinite dimensional subspace of V¢. The converse

holds provided that either H or K is non-degenerate.

Suppose we have a bi-Hamiltonian equation (2.5), associated to the compatible non-
local Poisson structures H, K and the Hamiltonian functionals f ho, f h1, in the sense
of Eq. (2.6). The Lenard—Magri scheme of integrability consists in finding sequences
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{[hulnez, C V/OV and {Pu}yez, C V¢, starting with Py = P and the given
Hamiltonian functionals [hq, [h, satisfying the following recursive relations:

Sh, H K Shy
<« P, «—>

forall neZ;. 2.7
Su Su

In this case, we have the corresponding bi-Hamiltonian hierarchy

du ¢
— =P, eV, nely, (2.8)
dt,

all Hamiltonian functionals f hy, n € Z, are integrals of motion for all equations
of the hierarchy, and they are in involution with respect to both non-local Poisson
structures H and K, and all commutators [P,,, P,] are zero, provided that one of
the non-local Poisson structures H or K is local (see [13, Sect. 7.4]). Hence, in this
situation (2.8) is an integrable hierarchy of compatible evolution equations, provided
that condition (C4) holds.

2.5 A bi-Hamiltonian structure and integrability for the DNLS equation

Let V = Cla™,b™ | n € Z,] be the algebra of differential polynomials in two
variables a and b. Sometimes we will also use the notation a’ = a", a” = a® and
so on (and similarly for the bms),

Let H, K € Maty, V((d~")) be pseudodifferential operators with coefficients in
V defined as follows:

(9 0 _ (2Bbd ' ob —1-28b3"'oa
H‘(o a) and K‘(1—2ﬁaa—lob 28ad ' oa ’

where 8 € C. Note that H(d) € Mat,; V[d] is in fact a differential operator.
The following result have been proved in [13].

Theorem 2.2 (a) There exist A(3), B(0) € Maty 2 V[3], with B(0) non-degenerate,
such that K = A(d)B(9)~". Explicitly:

b 1
A(a)=(1_Z EBO“_Zﬂ“b) and B(a)=(2 0 )

2pa* b 1304

(b) (H, K) is a bi-Poisson structure on V.
(¢) There exist infinite sequences {fh,l},,EZJr C V/3V and {Py}yez, C V2 such that
the Lenard—Magri recursive relations (2.7) hold.

Su
the elements f h,’s and P,’s are linearly independent (see Sect. 2.4).
In conclusion, by the discussion in Sect. 2.4, we get an integrable hierarchy of
bi-Hamiltonian equations (2.8) and all the Hamiltonian functionals [hy, n € Z., are
integrals of motion for all equations of the hierarchy.

(d) ord (M") = n, for every n € Z. In particular, since H is non-degenerate, all
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The first few elements in the series of the integrals of motion are

/h():%/(a +0?), /h1 /(ab’ (a*+0?) ) 2.9)

The corresponding Hamiltonian equations, given by (2.8), are

g—[‘(l)za’ g—t‘jzb”+,3(a(a2+b2))/
P =y’ P = —a"+B(b(a®+1%)

Let us write ¥ = a + ib. Then, the first non-trivial equation of the hierarchy is the
DNLS equation:

i = ip (vivP)

Let us consider 8 € C as a formal parameter, and let us naturally extend the notion
of polynomial degree and differential degree of V to the field of fractions A and to k2.
The following result is a consequence of the Lenard—Magri recursive relations (2.7)
and the explicit form of the differential operators A and B.

Proposition 2.3 For every n € Z., the variational derivatives 3 og are polynomials
P ry + Su poly

in B (with coefficients in V?) of order n. Let us write

8hy z (8h) '
= —) B~
u pard du J

Then, for every 0 < k < n, we have

Sh
0rd< n) =n—k.
Sl/l k

Shy,

Moreover, the components of ( ) are homogeneous polynomials with respect to

the polynomial grading (respectively, differential grading) of degree:

8h Sh
deg ( n) =2k+1 (respectively, dd ( ") =n— k) .
Su k Su k

Proof The fact that the variational derivatives %’s are polynomials in 8 (with coef-

ficients in V?) of order n is true for n = 0, 1 using Eq. (2.12) and the definition
of variational derivative (2.1). Let us assume that ‘Ssh” has order n as a polynomial
in B, and let us write explicitly the Lenard—Magri recursion relations (2.7) using
the formulas for the differential operators A and B. We get the following system of

equations
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d(ag) = —ad i — py
Bl — o —2Ba%g (2.10)
Vst — 3 _2gabg,

where g € K and 5}’5”;‘ , ‘Shg’b“ € )V have to be determined [we know the system can be

solved by Theorem 2.2(b)]. From the first equation in (2.10) and inductive assumption,
it follows that g is a polynomial of order n in 8. Then, by the second and third equation
in (2.10), it follows that M’(S’—‘u“ is a polynomial of order n + 1 in 8.

Moreover, by Theorem 7.15(c) in [13], we have that ord (51?_;1) = ord(P,).Recall

that P, = H %) Hence, equating the orders of the coefficients of powers of 8 we
ou

get
Sh Sh
ord( "-H) zord(H( n)):n—i—l—k.
8“ k 81/[ k

In the last equality we used the fact that 91, C V1. The last part of the proposition
follows by a simple inductive argument using Egs. (2.2) and (2.10). O

Remark 2.4 By the first part of Proposition 2.3, we can write %, as a polynomial in
B. By the second part, using the definition of variational derivative and Eq. (2.2), we
get that

n
hy = > hiB*. 2.11)
k=0

where h, ; € )V are homogeneous differential polynomials such that deg(h, x) =
2k +2and dd(h, k) =n — k.

2.6 Explicit structure of the integrals of motion of the DNLS equation

Let us define a sequence {§,},cz, C V2 as follows:

_(a B b + Ba (a® + b?)
S0 = (b) - B = (—a’ + Bb (a® + b2)) ’ 2.12)

and, forn > 1, we set

6y — iy (12— Gt DB (@ 57 b0
" b2 + 2n+ DB (a® +b*)a® D 415 )

. — 1y p@*D 4284 (aa(z") + bb(z”)) + 2n+ 1B (a2 + b2) a® 4 ré‘nH
2n+1 = _a(2n+1) +2ﬂb (aa(Zn) +bb(2n)) + (2}1 + 1)ﬂ (a2 +b2) b(zn) +r2bn+1 s

where r5, € V5,2 and V§n+1 € Vo1, forx =aorb.
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a

Lemma 2.5 Let us denote &, = (

n

(a)
aégnJrl - bggnJrl - (_])n+la (aa(Zn) + bb(zn))
— (—1)"n+ 1)Bd ((a2 + %) (@b — a@"—l)b)) € V1.
(b)
agh, — b, — (1" (ab®=D —a@=Vp)
—(—1)"Qn+ 1) ((a2 + bz) (aa<2”—2> n bb<2n—2>)) € Vano.
(@)
5,11 — 965, — (=1"2Ba (aa® + 6@ € V2,
£,1 + 085, — (—1)"28b (aa® + bb®P) € Va1,
(d)

£ —9gb | — (=1)"128a (ab<2"—1>b - a(z"_l)b) € Van_o,
g0 4 aES | — (—1)"H12pb (ab@"*” - a@”*‘)b) € Vanos.

Proof Straightforward.

Let us also define a sequence { P} ez, C V2 as follows:

8 a
Fo = 16 = (a?’l’) '

Lemma 2.6 For every n € Z, there exists F, € K? such that:

(@) Py, —AFy, € V22n—1 and &,41 — BFy, € V22n—1;
(b) Pany1 —AFp,41 € V3, and &y,45 — BFyy i1 € V3,

Proof For every n € Z, let us consider

a
Fo=( 1 ) ek,
" (fn +gn)

where

EZ) € V2, for every n € 7. Then we have:
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(2n) (2n) 2 2 @n=1) _ ,(@2n—1)
aa + bb a~+ b)) (ab a b
le:(—1W+14444;4444—+<—1f<m1+1>ﬁ( ) - )

pntD) _ ,@n+1)y,

a
St = (=D -
2 2 (2n) (2n)
+0b + bb
+ (—1)”+1(2n—|—3)ﬂ (Cl ) (aa )’
a

and g, € V,—». Then, using the definition of the differential operators A and B given by
Theorem 2.2(a), it is straightforward to check that part (a) follows from Lemma 2.5(a)
and (c), while part (b) follows from Lemma 2.5(b) and (d). O

Proposition 2.7 Let { [hy},ez . C V/3V be the sequence in Theorem 2.2. Then, for
everyn € Z4, we have

Shy,
Su

— g eV,

Proof By Eq. (2.9) and the definition of variational derivative (2.1) it follows that
88}’7" = §,, forn = 0, 1. Hence, by Theorem 2.2(d), in order to prove the proposition
we need to show that the sequence {§, },cz, C V2 satisfies the Lenard—Magri recursive
relations (2.7) up to elements in V,_>. This follows by definition of the association
relation (2.3), the definition of the sequence {P,},ez, C V2 and Lemma 2.6(a) and
(b). O

Corollary 2.8 Foreveryn € Z. we can assume that the conserved densities hy, € V,
defined by Theorem 2.2, have the form:

hon = % ((a<">)2 + (b(">)2) +@n+ DB (a® +52) a" Db + Ry,

where Ry, € V,_1.

Proof 1t follows by Proposition 2.7 and the definition of the variational derivative
(2.1), using the fact that 9V C Viy1, for every k € Z,, and that the variational
derivative of a total derivative is zero. O

2.7 Changing variables

Let VC be the algebra of differential polynomials in two variables v and . We have
a differential algebra isomorphism V S)C given on generators by

vty o, _v -y
27 2i

Clearly,the inverse map is given by ¢ = a+ib and / = a—ib. (In the usual analytical
language, if a and b are real functions, then we want to consider them as the real and
imaginary parts of the function .)
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The differential order, the polynomial grading and the differential grading of V and

VC are compatible under this isomorphism. Hence, all the results in Sect. 2.5 hold true

for % e (v6)? (by an abuse of notation we are denoting with the same symbol an

element in V and its image in VC) Moreover, we can restate Corollary 2.8 as follows.

Corollary 2.9 For every n € Zy we can assume that the conserved densities hy, €
Ve, defined by Theorem 2.2, have the form:

2n + i

1 . . -
hon = Sy Y + =——pY Yy + Ra,

where Ry, € V,ic_l.
Proof Clearly, (a™)? 4+ (b™)? = ™™ for every n € Z.. Moreover, we have
i /- . - _ . _ -
(az + bZ) am=Dpm _ : (¢<n>w(n—1)ww A ONAUE I AD AT
—y Oy gy ). 2.13)

Note that, integrating by parts, we have

YOG =Dgy — =Dy (1;(”_1)&1//) mod 9V
_ (—Ww("—”w + f) mod 9V, (2.14)

where f € VE_I. Moreover, again using integration by parts, we have

y Oy gy = —y Do (v Vgy) mod 9y
= (—v™ v DGy +2g) mod av,

with g € VC |. Then,

YDy =Dy = F mod 9. (2.15)
Similarly, we get that o .

YYDy = b mod 9. (2.16)
for some h € Vf_l. Combining Eqgs. (2.13)—(2.16) the proof is concluded. O

We want to give a description of the conserved densities h», € VC which will be
used throughout the rest of the paper.
Let V be the algebra of differential polynomials in one variable u. Let us denote by

VP (2.17)
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the differential algebra homomorphism defined as follows: Given f € VC, we denote
by f € V the differential polynomial obtained by replacing ¥ and ¥ by u (and their
nth derivatives by u™). Note that V) inherits the polynomial and differential grading
of VC.

Recall, by Remark 2.4, that we can write the conserved densities as in Eq. (2.11).
Then, by Corollary 2.9, we have that

1 _
hano = zw“”w(”), (2.18)

and
2 1
hoy = 2 + Gt Digmy =05y + 3 o, (2.19)

peP

where c; (p) € C (they can be possibly 0) and

P = {p e VC | p=u Dy 2 ) s gy =,
0<n3<ny<n <n-—1}. (2.20)
3 Control of the Sobolev norms
The goal of this section is to show the persistence of regularity of small solutions of

DNLS equation (1.1), using the higher Hamiltonians introduced in Theorem 2.2.
For every k € Z, we denote
E, = / hog.

By Egs. (2.11), (2.18), (2.19) and Corollary 2.9 it is possible to write

1
Be= 510+ [ o G.1)
where
2k +1
g o= + CEH DI g gty ”w+ﬂ2c2k(p>p+2ﬂ'"h2km (3.2)
pEP m=2

We recall that dd(hg ) = 2k — m and P is defined in (2.20).

Remark 3.1 Note that using Proposition 2.7 [and recalling Eq. (2.11)] it is possible to

write
2k+1

/h2k+1 /w‘%“‘*” + Z B" /h2k+1m
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Differently from the case of f hoy, the constant term in § of the above equation has no
definite sign and, in particular, it does not coincide with || ¥/ | gi/2.

The main result of the section is the following.

Proposition 3.2 Let k € Z,. For every 0 < m < k let us fix R,, > 0, assuming

Ro < /5. There exists C = C(Rq, ..., Ry, k, | B) such that if

|[En[¥]1l < Ry, forany m =0,...,k,

then
Il ge <C. (3.3)

To prove Proposition 3.2 we need some preliminary results.

Lemma3.3 Letk >2andu € H* 1. Forl >5anda; >0 (i = 1,...,1) such that
o]+ -+ ap <2k —2, we have

‘/u(al) )

Proof We reorder the terms in the integrand in the l.h.s. of (3.4), such that & > oy >
- -+ > «;. Furthermore, using integration by parts, we may assume that

S el s (3.4)

al,aa <k—1, and a; <k—2, i=3,...,1. (3.5)

By the Holder inequality and the first condition in (3.5) we get

‘/u(al)n_u(an

Using the embedding H I <5 L% and the second condition in (3.5) we have (for all
i=3,...,0:

1
< ey T 0 . (3.6)
i=3

@ oo < NN g1 < lall oo (3.7)

The inequality (3.4) follows combining the inequalities (3.6) and (3.7). O

Lemma 3.4 Letk > 2 andu € H* 1. Let also o1 > oy > a3 > ag > 0 be such that
oty t+az+ag=2k—1. Forag =k —1and oy, a3, a4 < k — 1, we have

V W00 0 e | < gt

Proof Same as the proof of Lemma 3.3. O
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Lemma 3.5 Let k > 2 and let u € H*. Then

‘/ L0, 6=1),2

2 6
< ellullye + CENullpi-r

forall e > 0.

Proof By using the Holder inequality and the embedding H' < L™ we get

‘/ L0, =) ,2

The proof is concluded by applying the Young inequality in the last expression. O

2 3
< Null grllall gl oo S Nuell g el g -

Corollary 3.6 Let k > 2 and c(k) > 0 a constant depending only by k. For every
Y € Hf and ¢ > 0, we have

‘/Qk(‘/f)

where C = C(I1V 1l go, 1 | gr-1. &, k. 1 BD).

< (el ¥l +C, (3.8)

Proof Let us focus on the representation (3.2):

2%k Di - ~ 2k
ak(Y) = (ZL”WW"—“W +B cupp+ D, B haim.
peP m=2

The Lemma 3.3 and the fact that [1/| = |v/| allow us to bound [through the homomor-
phism defined in (2.17)]

o

forallm = 2, ..., 2k. Similarly, Lemma 3.4 implies

/r

forall p € P. Finally, Lemma 3.5 gives

= CU Il gos 1l g1, k), (3.9

< C (¥l go, 1¥ 1l gt k) (3.10)

'/ FACIRCIN,

< ellull?y + C@)llull s (3.11)

Combining Eq. (3.2), the inequalities (3.9)—(3.11), the estimate (3.8) follows. O



Gibbs measures associated to the integrals of motion of the. . . 1683

Lemma 3.7 Let € H' and let us denote Ry = ||l ;2. Then

\ [

Proof By the Holder inequality

3 2 2 1 4
< ElelleO + WRO'

)@W\ <MWl 12 e = 1l g vl s (3.12)

Using the Gagliardo—Nirenberg inequaltity (1.4) we get

1 1
1l 1Y s < WG IV T2 + oIVl I 32 = 1 15 RS + 1l Ry

(3.13)

Furthermore, using the Young inequality we have
EIWIImRO < EIIWIIHIRoJrSn—zRo- (3.14)
Combining (3.12)—(3.14) the proof follows. O

Now we are ready to prove Proposition 3.2.

Proof of Proposition 3.2 'We prove (3.3) by induction on k. For k = 0, there is nothing
to prove, since Eo(¢) = 1/2||1//||i2 [Eq. (1.2)].
For k = 1, by Eq. (1.3) we can write E(¢) = 1/2||1p||1%11 + [q1(¥), where

3i R 2
/qm/f) = Z’ﬁ/w’w%%nwniﬁ.

Hence,

1 3i - -
SV = Ev@) - /qmm <E\(y) - Z’ﬁ/w’w? (3.15)

By Lemma 3.7 and choosing Ry < %ﬂ‘ we obtain

= 7Vl + 35 Ro (3.16)

%ﬁ / vy

Thus, by (3.15) and (3.16), it follows that

1 3
FIW 5 < 1E1l+ 35 R) =: C(Ro, Ry).

This proves (3.3) in the case k = 1. Let us assume that Eq. (3.3) holds for k > 2,
namely

[Vl gx = C(Ro, ..., Re, k. [BD),
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and let us show that it holds for £ 4+ 1. By Eq. (3.1) and Corollary 3.6 we have

1
s = 1Bl = [ an )

< Rest + el ¥l +C (10l go, 1¥llges .k, 1B1) . 3.17)

On the other by the inductive assumption we have

C (¥ llgo, 11l g, &,k 1B1) = C (Ro, ..., Ric, &, k, 1B]) .

Hence, from (3.17), choosing ¢ < 1/4c(k), we get

1
2V W < C(Ro, ooy R Rt K+ 1,181,

thus proving Eq. (3.3) and concluding the proof. O

4 Convergence of the integrals of motion

In this section we study the convergence of G y () defined in (1.7) with respect to
the Gaussian measure yx. The main result is given by the following.

Proposition 4.1 Letk > 2 and 1 <m < k. Then [ g, (Yn) converges in measure to
fqm () w.r.t. the Gaussian measure dyy. Furthermore, if | <m < k, then E,,(Y¥n)
converges in measure to E,, () w.r.t. yy.

As a consequence, by composition and multiplication of continuous functions, we
obtain

Corollary 4.2 The sequence G y () converges in measure, with respect to yi, as
N — o0, to a function which we (already) denoted G ().

We split the proof of Proposition 4.1 in several steps.

Lemma 4.3 Letk > 2, and let a1 > ar > a3 > a4 > 0 be such that a1 + ar + a3 +
oy =2k — 1. Fora; =k —1and ay, a3, a4 < k — 1, we have

. (k—=1)_ (a2) (a3) (as) __ (k=1), (a2), (@3), (4)
ngnoo uy uyunuy —/u 1\ @3y fa)

almost everywhere with respect to the measure V.

Proof We have

‘/uﬁ”uﬁz)uﬁ”uﬁ“ _/u<k—1>u<“2)u<“3>u<“4) <A+ A
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where

’

A= ‘/(u%c—n kDo) )

Ap = ‘/u(k_l) (uggz)ug\‘;@uﬁ“) - u(“2)u(“3)u(“4))'

by using the embedding H' < L® and uy — u in H*~!, yi-a.s. we immediately
see that A1 — 0, yx-a.s. Then we notice that

Ay < B+ B

where

’

By = ‘/u(k_l) (ug\‘;m - u(o‘Z)) w9300

By = ‘/u(k—l)u(az) (u(“3)u(°‘4) _ M;sts)uxm)‘

and as before By — 0, yx-a.s. We finally notice that

B, <Ci+C
where
Cp = ‘/ WD () ) |
Cy = ‘/ u(kfl)u(”)uggﬁ (u(‘”) - uﬁ\‘]x“))’ 4.1
and as before both C1, Co — 0, yx-a.s., which completes the proof. O

Lemmad4.4 Fork > 2,1 >5anda; >0(i =1,...,1)suchthat0 < a;+---+o; <
2k — 2, we have

lim uggl) .. ugsl’) = /u(al) coue)

N—oo
almost everywhere with respect to the measure V.

Proof As in the proof of Lemma 3.3, by reordering and integration by parts we can
reduce to the case

o, 00 <k—1, and o; <k—-2, i=3,...,1l.

Then the proof is the same of Lemma 4.3. O
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Let! € Z,. We denote by S; the group of permutations on / elements. In the sequel
we use the following version of the Wick formula (we refer to [9] or to [15,34] for
more details). Let (my, ..., m;,ny,...,n;) € Z2' Then we have

l
[T | = ST (42)
=1 ooy izt (1+ |”o(t)| )
Let us denote by

R = / Y OGED gy 4.3)

Proposition 4.5 Let k > 2. The sequence { fN} Nez. is a Cauchy sequence in L}’k’
foralls < k —1/2. Indeed, forall N > M > 1, we have

||fM fN”LZ T

Proof By an explicit computation we get

@) =i Dk m ™ o Yy Yin, Vs

ANn
where
. 4
Ay = {(lm,mz,nl,nz) e Z" | Imil, Inil <N, ni+ny=m +M2]~

According to our convention, the labels m; (respectively n;) are associated to the
Fourier coefficients of v (respectively ). Moreover, we define

Ay oy ={(m1,my,ny,n2) € Ay, max (|Imy|, |mal, [n|, |n2]) > M}.

Thus, B
N = £ @) =i D nkmy ™ o, oy Y, Yy - (4.4)

AN M

Taking the square of Eq. (4.4) we get

~

o) —rha[ = 3 bbbk H .

AN,M X A}V.M =
where

Ay = {(M3,M4,n3,n4)67é4||mi|, [ni] <N, M3+Wt4=n3+n4},

Aly = {Om3,ma, 3, na) € Aly | max (im3]. Imal. n3], Inal) > M},
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By definition of the measure y; we have
4
Iy = INllie = 20 nim) " mins T E H Y| @9)

AN,MXA}V_M =

By using the Wick formula (4.2) with / = 4, Eq. (4.5) becomes

| 7t - 1%

; = Z nlm1 m3n3 ZH O, e 4.6)
k

AN %Ay oeSyi=1 1+ |”a(z)| )

Let us consider the subgroup G = {1, (12), (34), (12)(34)} C S4 and its action on
S4 by left multiplication. For X C S4, wedenoteby G- X = {gx | g € G, x € X} the
orbit of the subset X. We have the following partition of S4 = W1 U W> U W3, where
Wi =G {1} = G, W, := G -{(13), (14), (23), (24)} and W3 := G - {(13)(24)}.
Hence, we can further rewrite Eq. (4.6) as follows:

-1 k

Z Z Z n} ”a(l)"3 5(3)27 @7

11At 06WH]11+| |k)

|4 - 1,

where the subsets of indices A’}\, »r Will be presented case by case.
We consider the three contributions to the sum in (4.7) separately.
First case: i = 1 We have

1 4
Al = {02 n3,n0) € 24 inil < N, max (], Inal) > M,

max (|n3l, [ng]) > M},

and the contribution to the sum in (4.7) is

2k—1_ 2k—1 k, k—1 2k—1 p2k=1 k=1 k
z( ny n3 n nn, nj + ny n3 ny
4 2 4 2 2
A\ (i)’ T () T (4 i)
K k=1, k=1, k
n n n
+— z 3 42). (4.8)
[TG=i (1 +1n1%)

The sum in (4.8) is zero. In fact, all the functions involved in the sum are odd functions
with respect to the transformation ny — —nj, np — —ny while the index set A}v, M
1S 1nvariant.

Second case: i = 2 In this case we have

AR ={ 01, m20n3) € 22 [ Ini <N, max(imal, Inal) > M, max (. Ins)) > M}
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Similarly to the previous case, the contribution in the sum (4.7) corresponding to a
permutation o € W» which fixes 1 (respectively 3) is zero since the summand is odd
with respect to the transformation n; — —ny (respectively n3 — —n3) while the
index set A?\,, s 1s invariant. The summands corresponding to the remaining elements
in W5 have the following form

ap a» as
Z n 1y ny 4.9)
(1 + 1K) (1 1n28)” (1+ | 0)?

2
AN,M

where ap, a3 € {0,k — 1, k}, a1 +ar + az = 4k — 2 (hence 2k — 2 < a; < 4k — 2).
So, by a straightforward computation, we have (we remind that we are considering
k>?2)

ap az as 1

n n n
4.9 < ! s < —.
max(lnll,znz)>M, (1+ |l11|k)2 (1+ Inzlk)2 (1+ Inslk)2 M

max(|nil,n3))>M

(4.10)

Third case: i = 3 We have
A = {02 m3,n9) € 2 | Il <N, max (n3+ny = mal, Inal, In3), Inah) > M}

Two summands in (4.7), corresponding to the elements (13) (24) and (1423) in W3,
have respectively the following form

> (s e o) 1 T L @
(1 I3 +ng ma ) (14 In2l%)” (1 + In316)* (1 + [nal¥)
> mtnom) 1 e T S
i (Ut Ins g — na ) (14 1n2l%)” (1 + n316)? (1 + [nal¥)’
We can bound these terms as
2(k—1)
@11 < > S
max(nalimaneh=nmy3 (14 128)7 (14 [n316)" (1 4 [nalk)” — M
(4.13)
1 nk—l nk—l 1
(4.12) < Z = A <.
max(nalmanen=nmy3 (14 128)7 (14 [n316)” (1 4 [nalk)” — M

(4.14)
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The other two terms correspond to the elements (14) (23) and (1324). They can be
estimated respectively as

Z (n3 +nq4 — ng)k ng n§71 n'j*l 1
o (U I g — na ) (14 nalk)® (14 n3l)? (1 + |nglk)® =~ M
(4.15)
k=1 n3 kD 1 1

A

Z (n3 + ng — na)* ny
(LI 4 =m0 (14 ng ) (14 In3 )7 (14 nal)* ™~ METH

3
ANnm

(4.16)

In conclusion, recollecting all the contributions given by (4.10) and (4.13—4.16) , we
see immediately that, for k > 2, we have

1

L2, < — 4.17
Ify = fulle < 57 (4.17)

thus concluding the proof. O

We can extend the estimate (4.17) to all the L? (H?®, yx)-norms, with p > 1. For
1 < p < 2itis trivial, since yi is a probability measure. For p > 2 we have to
use the properties of the Gaussian measure. For any r—linear form ¥” (v), a direct
application of the Nelson hypercontractivity inequality [30], as shown for instance in
[34, Theorem 1.22], yields

1970y = = D2 g, -

This leads us to the following.

Corollary 4.6 Forall p >2and N > M > 1, we have

<M_

4.18
L(HS )~ M (+18)

| = rhw)|

Corollary 4.7 Let k > 2, then [qi 2—1(Y'n) converges in measure to [ qi 2—1(¥),
W.EL. Yk

Proof Tt follows by the explicit form of f qk.2k—1 given in Corollary 2.9 and by Propo-
sition 4.5 and Lemma 4.3.

Finally, we can prove Proposition 4.1.

Proof of Proposition 4.1 The explicit form of [ g given by Corollary 2.9, Lemma 4.4
and Corollary 4.7 imply that f gm (¥ N) converges in measure to f qm () w.rt. yg, for
1 <m <k, k > 2. In addition, Proposition 3.2 ensures that as longas 1 <m < k we
have ||y || gm < C N-uniformly; thereby it converges to || ¢/ || g» a.e. w.r.t. yi. O
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5 Proof of Theorem 1.1
In this section we conclude the proof of Theorem 1.1. First, we state a useful technical

lemma that we borrow from [39, Proposition 4.5]. We report the proof for the sake of
completeness:

Lemma 5.1 Let ($2, S, ) afinite measure space. If there are C, r > 0, and an integer
po > 0, such that for every p > po we have

IFl, <Cp".

then there exist 0 < 8 < reY and a constant L = L(r, 8, po) such that

oo s (2)
pnexp|é | — <L. 5.1
Q C

Proof We expand

exp[S(%)}} 5 %(L?)n/r.

HEZ+

Thus,

[ 8] Lez5Y

nely
e S,
- L
ez, n! C
/r
8" ”F”Z/r 8" sn\n
=2 et 2 al?)
n<p0r an()r
/r
st IFIL"
= Z - +L1(r78’p0)7
el n! Cn/r

where the constant L1 (r, 8) is finite for 8 < re~!. For the finite sum we readily have

IFI < | FI </ pe,

n/r

hence

/r
8" IIFIIZ/r s
L = Z EPS =: Ly(r, 8, po).

n<por n<por
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The constant L, is always finite, so we can set L = L + L and the assert follows.
O

Remark 5.2 The exponent 1/rin (5.1) is optimal: The formula remains valid for each
o < 1/r and fails otherwise.

By using Lemma 5.1 and Proposition 4.5 we can deduce that we have a sub-
exponential tail for the convergence in probability of the Cauchy sequence f ]]f, defined
in Eq. (4.3).

Lemma 5.3 Let N > M > 1 be integer numbers and fll\‘, defined as in (4.3). Then for
any A > 0 and k > 2 we have

n (| 7k - s = 2) < exp(—?w”‘*). (52)

Proof By formula (4.18) in Proposition 4.5 we can apply the Lemma 5.1 with F =
&= fr.po=2,r=2,C=2/V/M and § = 2/3. We immediately obtain

/yk(dlﬂ)exp §(|fN ];M|\/_) < 0.

Formula (5.2) follows straightforwardly from Markov inequality:

n (| = fh| 222) =

\/_lfN AM LA
z NG

2 AM1/4 2 | M|fk
( )]E exp 2 VMIf - ]

Now we come to the most important result of this section, namely the integrability
of the density G, () w.r.t. the Gaussian measure yi. More precisely we state:

Proposition 5.4 Let C = C(Ry, .. Rk 1.k, |B|) be the constant appearing in

Proposition 3.2 and let us take Ry < such that

9\ﬂ|

—1
o ::min(2(3(2k+l)|,3| CRS) ,(4(2k+1)|ﬁ|ROC)_1)>l
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Then foranyk > 2,1 < p < poand N > (%L&f R8C2 we have
1Gr,.nW)lLr ) < C < 400,

where Gy, n () are the Gibbs densities introduced in (1.7).
The proof needs two accessory results:

Lemma 5.5 For every p > 1 and k > 2, we have

k—1
[T xx. ( / hm(w)) e INtN]
m=0

[Gin W) 1y = €€

LP(yx)

Proof The lemma follows as a direct consequence from Corollary 2.9, Lemmas 3.3,
3.4,4.3,4.4, and Proposition 3.2. O

Lemma 5.6 For A > R(z)\/ﬁ we have
Vi (SHP ‘Wz(\f)%') > )») < Nt
xeT

Proof The proof follows from Propositions 6.5 and 6.8 for quadratic forms in “Appen-
dix.” Expanding in Fourier series we see that

on ) i= v i) = | D ke Ty
ljl.|hI<N

is a quadratic form in the Fourier coefficients of ¢ and it fulfills the requirement (6.5)
in Proposition 6.5, with 7; < 1. Hence, for each x € T we obtain

7 (|l v z2) s et

for all A > 0. Moreover, for any x, y € T, by the Cauchy—Schwarz and Bernstein

inequality
QN (x) — ON(Y)| = / On(2)dz
g
<VIx =yll0on.2
<VIx = YINIOnNI2
< VIx — yIN3HRE,

Therefore, we can ap[;ly Proposition 6.8 with o = % and Ly = N3tk Ré to get for
any ¢ > O and A > NTH‘R(%ﬁ
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Vi ()s'up
eT

We recover the assert by setting € =

o4

P in )| A) <

N—2-2

Now we can give the

Proof of Proposition 5.4 Let us set for brevity o := 1'2"2—+1 B. By Lemma 5.5 we have

to estimate

o A © k=1, =
/ "y T %z, (/hzmom)) e U UN NN > ) (5.3)
0 m=0
We use

k—1
Vk(l_[ XRy ( / hm(n/w)) e~ SN i z)

m=0

k—1
k) 7 (k—1) 7
= Vk(H XR, (/hzmwm) e Ty 2
m=0

‘/hzm(I/fN)
= Yk (‘/w;\f)v_ﬁv

It is convenient to split the integral in (5.3) into three parts:

< Ry, Ofmfk—l)

hom(UN)| <Ry, 0<m <k — 1) )

exp(dzRgcz) exp(lo| R 3CV/N) +o0
(5.3) = / O+ / O+ / O, 64
0 exp(a2R§C?) exp(lo|R3C/N)

2 p62 . ..
Fort < e ROC” it suffices to use the trivial bound

Vi ('/ Tﬂg)‘/_fz(\icl)llfml_fzv) > |n— ‘/hzm(llfzv)

<|o |CR8\/N we define

<R, 0<m<k-1)<Il.
(5.5)

In the range 02R8C2 <lInt

2
N* = N*(1) = Int
N Tl JoleRy |
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noting that N > N*. We decompose

o (‘/ pOGED Y 5

> |_ ' / hom (W)

< R, 0<m<k—1)

0 _ 0 _ In

<n (‘ / N e / P OTED Y| = Taﬁ) (5.6)
a0 _ 1

- ('/ YOG e | > %) (5.7)

For the first addendum (5.6), we exploit formula (5.2) in Lemma 5.3, to obtain

-1
Int —(3|a| CR3)
= _|) S 7

Vi (‘/ N oY /w”‘)w T | 2 5 ) S
(5.8)
Since in (5.7) we have Int > |0|R8C«/N*, we can treat this term and the third

addendum in (5.4) (where we consider Int > |0|RSC\/N ) by the same method as
follows. We bound

'/ pOGED g G

.-
< 1¥ P InllooRoC,

whence
Int
> I '/hzm(wm
o]

Yk (‘/ %(\f)%z_
Int

*) 7 ’
< max RoC > —).
< % (xeﬁr‘%’ VN | RoC > |U|)

SRma Ofmfk_l)

Thus, to estimate the r.h.s. probability we use Lemma 5.6 with 1 = Jllnwf to get

k—1
Vk(H XRy (/ hzm(llfzv)) e LRI i > t) < N¥%mle (5.9
m=0

In particular for N = N* we have

yk(‘/w“‘) v UN

- 211|1 t|) < (N*)2+2ke*s\al\nﬁ_ (5.10)

Now we can estimate (5.3). We first notice that (5.5) gives

2R602

e? 10 k—1
(k) 7 (k—1) n
/ fle/k(H . (/ th(wN)) o JVPT ity < ,)dt = R
0
m=0
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Then by using (5.10) and (5.8) we obtain

exp(lo|R3CV/N) k—1 P
/2R6c2 tpilyk H XRy, (/ hzm(x/fN)) e~ JYNUN UNYN >t )dr
7 "o

m=0

(P=1=@lo|RO)™ ) 242k

exp(lo|RICV)
< / In¢
e

2 R62
UROC

-1
exp(lo|R{CV/N) p—l—(3|0‘| CRS)
e, |

2 p62
& ROC

We note that as p < min((3|o |, /CRg)_l, (8|0|RoC)~") both the functions on the

r.h.s. are integrable, so we can bound both terms by an appropriate constant.
Finally, using (5.9), we have

+00 k=1 i i

1 —o [yDFEDy g

T B I BT W20 AL AL ALY
exp(lo| RICV/N) m=0

+oo __Int
v [ g
exp(lo|R3C/N)

+00
_ N2+2k/ (p=1=@lo 1RO g
exp(lo|RICV/N)

N2+2k p—[p—(@o|RC) ' IVN

lp—1—(4lo|ReC)™" |

that vanishes for N — oo, provided that p < (4o |RyC)~ L. O
We can finally proceed to complete the proof of Theorem 1.1 as follows

Proof of Theorem 1.1 The first part of the statement has been proved in Corollary
4.2. We are left to show that G (¥) € LP(y) and that it is the L? (yx)-limit of the
sequence Gy y (V).

We start proving that G (¥) € LP(yx). Let p > 1 and let us choose Ry > 0 such
that Proposition 5.4 holds. Then there exists a subsequence Gy n,, (¥), m € Z,, such
that G n,, (V) = Gir(¥), yk-a.s. Hence, by Fatou’s Lemma, we have

/ GLW)IP 7 () < Timinf / |G, (WP 1) < 00,

thus proving that for 1 < p < po given by Proposition 5.4 G () € L?(yx). By the
uniform (for N large enough) L? (yx)-boundedness of G n (1) we also have

/IGk,N(W) — Gr(WIPdy () < oo.

We are now ready to prove the convergence in L” (yx) for p < po. Forall ¢ > 0, we
define
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Akne ={¥ € HY | [Grn(W) — Ge(¥)| < &),

and denote by Ay y  its complement. Then let p < g < po

/IGk,N(w) = Gr()1Pdye(Y) =/ |Gk,n (¥) — G P dyic (W)

Ak,N,s
+ / Gen () — G ()P dye (W)
A;{‘,N,E

< e’y (Ak,N.e)

+ 1GEN ) = Ge gy (e (A ) T4

Since G,y () converges to G () with respect to the measure y;, we have that, as
N — o0,

V(A ne) = 1, v (AE,N,e) -0,

Therefore, for a certain §, vanishing for N — oo, we have the inequality
[Gen @) = Ge L1 = 67 + 88 | Grn (W) = G Loy,

that concludes the proof. O
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6 Appendix: Gaussian measures in Sobolev spaces: a toolbox

We are here interested in giving a succinct but self-contained survey on the theory of
Gaussian measures in Hilbert Sobolev spaces. For a complete treatment we refer to
[2,33].

6.1 Concentration of measure in H* (T)

Here we study the concentration property of the Gaussian measure with covariance
(I + (—A)*)~1. The main feature is that the measure is concentrated on functions in
L*(T) having slightly less then k — % weak derivatives as regularity. This is stated
precisely in the following.

Proposition 6.1 For every k > 0 we have yk((),~¢ I-'Ik_%_s) =1



Gibbs measures associated to the integrals of motion of the. . . 1697

We will proceed by steps. At first we prove
Lemma 6.2 yk(Hk’%J“e) = 0 for every ¢ > 0.
Proof We take any function ¢ € H*(T) withs > k — % We have that ||@y || 5 is finite
uniformly in N, where we recall ¢y is the projection on the Fourier modes |n| < N
defined by (1.5) and (1.6). We show that for all A > 0
vi (lonllgs <4) —> 0, as N — oo.

To do so, we make use of the Markov inequality: For every u > 0

U 1+n2k _ 1 2k 2 251, |2
v (llpnllgs <A) < e? / H ( Wi dtpndwn)e 3 2 (140 ) lenl? o= 5 3 0% lenl
T
[nl<N

2(s—k) ‘(pr,l |2

et [ Gmmrdeidse il e Tun
T

uro 1 2
—_—— = In{1 ,
exp ) > n( + |n|")
[n|<N,

n7#0

where we have performed the change of variables ¢, = v/1 4+ n*g, and set —2(k —
s) =: k. Let us first consider negative «. In this case

S om(1+ ) = onm + .
|n|*

[n|=N,
n#0

and so we have an exponential decay in N for every choice of positive ji:
uro
Vo (lonllge <2) S ez e 2VIH (s > k), ©.1)

For k € [0, 1) the series >, In (1 + n%) diverges as N'=%_ Hence,

“2(k—s 1
Vi (lonlligs <4) < e iNTE (k >s5>k— 5) : (6.2)

Finally, for k = 1 we have a logarithmic divergence at exponent and therefore

L\ M
2 1
ve (lonllgs < 2) < (%) , (s ke 5) , 63)

for arbitrary n > 0. We obtain the statement by taking N — oo in (6.1)—(6.3). O
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Remark 6.3 The same strategy can be also used to show the stronger statement
1
Vk(”‘PN”ﬁxSIHN)—>OEISN—>OO, Szk_z )

Lemma 6.4 We have that for every s < k — % and . > 0

vi (lollgs = 1) S e/, 6.4)
Proof Let us take a function ¢ € H* for some s < k — % We look at its truncation ¢y
and again it is ||@y || s finite uniformly in N. We exploit the reverse Chernoff bound
at finite N: For every u € (0, 1) and A > 0, we get

ok 1+n2 _ 1 2%k 2 251, 12
Yk (||<PN||H5Z)») <e 2 / H ( = d@nd(ﬂn)e 2 20 (I ™lenl” o5 2 1 lenl
|n|<N

A

IA

o 1 1 /2 2s—k)|, |2
e 2 / Q)T—Hd(p’/’ld(p;le 2 Zn|‘pn| e“ Zn” |<Pn‘
T

ur o1 2
=exp —3 "3 Zln(l—m'K) ,

[n|<N,
n#0

where again we have used the same change of variables as before. Note that now it is
k > 1. Since %Zn In(1 — n%) is convergent for all © < 1 and ¥ > 1, we can choose
n € (0, 1) and take the limit N — oo. We get (6.4) by setting u = 1/2. O

Equation (6.4) implies that ||u|| 74 is bounded with probability 1 forevery k < s— %

This is sufficient to complete the proof of Proposition 6.1.

6.2 Quadratic forms

Then we present some results about quadratic forms of Gaussian random variables,
used in the paper.

Proposition 6.5 Let k > 2 and Q be a 2N + 1) x (2N + 1) matrix such that

| Ol
sup — =: Ty < 400 (6.5)
1,;? 1+ b2k ¢
Then for ). > 0
Vi (. Qp) = 1) S e M4k, (6.6)

Proof To begin with, we exploit the Markov inequality: For any ;& > 0

vk (@, Q@) > 1) < e MRl 09), 6.7)
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Now we compute

1(9,09) L+ - 1 - 2k
Eet @ Q9) — H 7Ed(ﬁnd(ﬂn exp —EZ%’((]‘F] )Sij—2MQu)<ﬁj

[n|<N i,j
1 -, _ 1 _
— W/d(pll\,...d(p}\,(p#v...d(p}vexp {_22"); (8ij — 210 (k) (p}:|
ij
— e—%lndet(]I—Zp.Q(k))' (6.8)

where we have performed the change of variables (p} = 1+ j%e;, <,Z>;. =

V1 + j?@; and we have introduced Q;; (k) := Q;;/+/(1 + j2)(1 + i%F). We claim
that

| Tr((Qij k)™ S T, m € Ly, (6.9)

so the expansion of the determinant

+00 m N m
—Indet(I - 2uQ(k) = > 2" Tr ((Qij (k))™)

m=1

m

is convergent provided that u < ﬁ We choose 1 = 4LTk’ so that (6.7, 6.8) imply the
desired inequality. It remains to show the (6.9).

Tr ((Q(k))m) = Z Qiyin (k) - .. Qi1 (k)i

seeeslm+1

. Qiri -+ + Liminy1 Sitims
Hoimit \/(1+if") (14i35) (1+i3%) .. (1+i2k) (14i2F) (1+i2K)

=7 D °

i1y \/(1 + l-12k) (1 + il%lk)

Isim+t1

=T (X —] 7"

i/ (1+i%)

where we have used the assumption (6.5) in the first inequality and k > 2 in the last
inequality. O

Remark 6.6 We observe that we can make different assumptions on the matrix Q and
obtain similar inequalities. For instance, if the trace norm of Q (k) is finite uniformly
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in N, we have (see, for instance, Lemma 3.3 in [35])

—Indet (I -2uQ k) < Q&)

and so for every N
Vi (9, Q@) = 1) S e /100l (6.10)

by the same argument of the last proposition. If we assume the Hilbert-Schmidt norm
of Q (k) to be finite uniformly in N, we obtain the Hanson—Wright inequality (see [16]
and more recently [32]), holding for any N

Vi (Var((p, 0¢) > )\2) < e—CmiH(Kz/HQ(k)HHSJL/llQ(k)H)’ 6.11)

where || A|| denotes the operator norm of A and c is a positive constant.

Remark 6.7 For any linear operator Ag := ZrI,V:1 a;g;, with

Jai |* : .
Ty = ———— < oo uniformlyin N,
Iilz<1:\/ (14 i%)

by using yx (|Ag| > 1) = i (JAp|?> > A?) we can infer
v (1Ag] = 2) S e/ 6.12)

Note that if Ap = ¢ we have T; < oo uniformly in N fors < k — % In this way
we can improve Lemma 6.4, obtaining a sub-Gaussian decay.

Proposition 6.8 Let Q(x) be a N x N matrix as before. Moreover, we assume Q(x)
to be Holder continuous w.r.t. x € T with exponent « and constant Ly, i.e.,

(@, Q(¥)9) — (9, Q)| < Lylx — y|%, foreveryp € RY. (6.13)

Then for any ¢ > 0 and A > 2L y&*

o M/AT

Vi (sup(w, Qyp) > /\) < (6.14)

Proof We exploit Proposition 6.5 along with an ¢-net argument. For ¢ > 0 we divide
the interval T in 1/¢ points at distance ¢. We denote by x; a point in the jth segment,
and by x* the point in which the maximum is attained. By Proposition 6.5 for each
x € T we obtain for A > 0

Y (0, Q(x)p) = 1) S e M4k, (6.15)

Let jjp be such that |x, — x*| < e. Therefore, it has to be

|((p, 0 (x*) (p) - ((p, 0 (xjo) go)| < Lyg*, forevery ¢ € RV,
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Then we use the union bound for the probabilities:
([0 ()2 4) = Zyk(|Q )z x| —xjl <)

<D n (|Q(X')| > 5)

= £ j| = )
j

A
+ Son(jeo - 0 )= 3l x| =)
J

We immediately see by (6.13) that the second addendum in the last formula is zero as
soon as A > 2L ye®. Therefore, we bound the first addendum by the total number of

terms in the sum, which is ¢!, times the estimate (6.15), so obtaining (6.14). O
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