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“I say to you: One must have chaos in oneself to give birth to a dancing star"
F. Nietzsche, Thus spoke Zarathustra





Abstract

Nanodisordered ferroelectric perovskites belong to the family of relaxor ferro-
electrics, and have long been attracting considerable attention in view of their unique
physical properties. The introduction of compositional disorder on the nanoscale
leads to the appearance of a broad temperature and frequency dependent peak in the
dielectric susceptibility that manifests thermal, electric field, and strain hysteresis
and is associated with anomalous relaxation. The presence of different compounds
introduces, for specific composition concentrations, competing structural phases
leading to unique polarization properties, such as the anomalous large capacitance
and the giant piezoelectric effect. Recently, a new ferroelectric phase of matter, the
spontaneous super-crystal phase (SC), has been discovered in bulk solid-solution of
nanodisordered ferroelectric perovskite, several degrees below the Curie point. In
this phase, domains, instead of locking into a disorganized pattern of clusters, form
a 3D regular lattice of spontaneous polarization with micrometer lattice constant
across macroscopic samples. This phase mimics standard solid-state structures but
on scales that are thousands of times larger. The work presented in this thesis is an
experimental investigation, through several photonics techniques, of the SC phase.
In order to investigate the properties of the underlying ferroelectric domains, we
first analyze the light-polarization dynamics which emerge from the interplay of
mesoscopic domain ordering and anisotropy. Results indicate that polarized light
propagating through the SC spatially separates in its polarization components, of
mutually orthogonal linear polarization states. Furthermore, performing diffraction
and refraction experiments, we discover that the SC phase is also accompanied by a
broadband giant refraction (GR). Here the effective index of refraction is greater
than 26 across the entire visible spectrum, even though no optical resonance is in
place. The result is a material with no chromatic aberration and no diffraction. The
discovery of GR opens up a wholly new realm of study, allowing us to expand our
investigation to the field of nonlinear optics. Enhanced response causes wavelength
conversion to occur in the form of bulk Cherenkov radiation with an arbitrarily
wide spectral acceptance, more than 100 nm in the near infrared spectrum, an
ultra-wide angular acceptance, up to ±40◦, with no polarization selectivity. From a
more fundamental point of view, trying to understand the behavior and physics of
complexity-driven GR, in particular the role played by ferroelectric clusters, using a
3D orthographic cross-polarizer projection technique, we provide for the first time,
direct imaging of fractal cluster percolation. We also study the effect that the SC, of
micrometer-scale, has on the average atomic structure, using several results, obtained
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through different experimental techniques, from X-ray diffraction, to calorimetry.
What we have found, is that the emergence of the SC is accompanied by a large
scale and coherent anomalous lattice deformation. Alongside the investigation of
the SC phase, we have exploited the strong nonlinear optical response of disordered
ferroelectric crystals at the phase transition, which makes these materials suitable
to study the physics of nonlinear waves. In our study, we focus principally on the
exploration of applications in electro-optic integrated circuits, based on linear and
nonlinear waves, and on the analysis of the physical origin of so-called soliton rogue
waves.
After a brief introduction on the general context of nanodisordered ferroelectric
perovskites, the work is organized as follows. The first part, is focused on the study
of nanodisordered ferroelectric crystal, using light as the main probe in the under-
standing the SC phase. The main experimental findings are presented according to
the following chapters.
Chapter 1 is a brief introduction on ferroelectric crystals. Focus is on the peculiar
properties of nanodisordered ferroelectric perovskites and the SC phase, highlithing
the different properties of the engineered and the spontaneous SC in different ferro-
electric systems.
Chapter 2 is an experimental analysis on how the domain structure of the SC affects
the propagation of polarized light.
Chapter 3 contains one main result of this Thesis. We use both laser light and white
light, to demonstrate a giant index of refraction.
Chapter 4 describes the nonlinear response of the system in conditions of GR, a
second main result of the Thesis. We performed Second-Harmonic-Generation ex-
periments, where the giant response allows us to achieve constraint-free wavelength
conversion.
Chapter 5 is an experimental and computational analysis of the ferroelectric cluster
dynamics under the effect of a bias electric field. We perform, for the first time,
direct cluster imaging in the volume achieved using high-resolution orthographic 3D
projections based on giant refraction, identifying two distinct percolative processes
that occur in the 3D volume.
Chapter 6 is an indepth structural investigation of bulk ferroelectric KTN. We ob-
serve average structure anomalies through redundant X-ray diffraction experiments,
corroborated by optical diffraction, calorimetry, dielectric measurements and second
harmonic generation results.
In the second part, light assumes a principal role through the study of nonlinear
waves dynamics, supported by these media. The main experimental findings are
presented according to the following chapters.
Chapter 7 gives an introduction to the basic physical mechanisms and methods on
which the phenomena investigated rely. In particular, photorefraction and nonlinear
wave equations leading to photorefractive solitons are derived, with a brief discussion
on the formation of rogue waves.
Chapter 8 illustrates the use of Bessel beams to optically write patterns unaffected
by diffractive distortions able to guide and route light, in the form of localized modes,
through a volume. In particular the writing technique based solely on linear waves
allows us to build a scalable and rewritable network of waveguides inside the bulk
ferroelectric medium.
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Chapter 9 reports an experimental and numerical analysis of the possible mecha-
nism behind the formation of the soliton rogue waves. In particular, in section 9.1
we illustrate the experimental identification of soliton amplification and rectifica-
tion, whereas in section 9.3 the observation of chaotic dynamics. These are basic
ingredients in the physical understanding of rogue wave formation.
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Chapter 1

Ferroelectric Perovskites and
domain superlattice: an

overview

In this Chapter, we introduce the peculiar properties of nanodisordered ferro-
electric perovskites, highlithing the role of temperature and compositional disorder,
that have an important impact on the response of the system. These are then
instrumental in the discussions and experiments describing the emergence of the
super-crystal phase, a 3D lattice of polarization vortices, which emerge in different
systems and geometries, and forms the heart of the original contribution of this
Thesis.

1.1
General description

The materials that are extensively studied in this thesis are zero-cut polished
solid solution of potassium-tantalate-niobate KTa1−xNbxO3 (KTN) and lithium-
enriched solid solution KαLi1−αTaβNb1−βO3 (KTN:Li), which belong to the class
of perovskites. These are oxides with a chemical structure ABO3, where A is an
alkaline metal, or a rare earth, and B is, in general, a transition metal. In Fig. 1.1
(a) is reported the elementary cell: there is one oxygen per each six face centres, the
element A occupies the eight vertexes and the element B is placed in the center of the
cube [1]. The chemical bonding is ionic with oxygens as anions and A-B as cations.
Perovskites play a relevant role in optics because they are transparent ferroelectric
media, dielectric or semiconductor, that manifest a strong electro-optic and nonlinear
response [2–4]. Ferroelectricity is the property of materials to have a spontaneous
and reorientable electric polarization. A peculiar aspect is the dependence of the
crystal symmetry on temperature which sets out two main phases. Defining the
Curie temperature, TC, as the temperature of the phase transition, for temperature
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1.1. General description 2

T > TC, the system is in the the paraelectric (disordered) phase while for T < TC
is in the ferroelectric (ordered) phase [5]. The ferroelectric polar phase manifest
hysteresis, for which a residual polarization persists when the external electric field
is null, while in the paraelectric phase the crystal behaves like a common isotropic
dielectric, e.g. without hysteresis. From a microscopic point of view, the phase
transition corresponds to a structural rearrangement of the elementary cell from the
centrosymmetric cubic paraelectric phase to a noncentrosymmetric orthorhombic
ferroelectic phase with a non-zero dipole moment in the cell. (Fig. 1.1 (b)).

𝑇 > 𝑇𝐶 𝑇 < 𝑇𝐶

Paraelectric Phase Ferroelectric Phase

O−2

A+2

B+4

(a) (b)

𝑃

Figure 1.1. Three-dimensional structure of the perovskite unitary cell. (a) Structure for
the paraelectric phase. (b) Structure for the ferroelectric phase with the displacement of
the central cation that causes the spontaneous polarization ~P .

Generally, the transition from a disordered phase (high temperature), compared
with the order parameter, to an ordered phase (low temperature), can be described
as the transition of a system with some group symmetry invariance for T > TC, to
another system with spontaneous symmetry breaking for T < TC. These can be
described using the Landau-Devonshire theory [6], where the free energy is expanded
in terms of a single component of the polarization. We assume, for simplicity, that
the free energy of the unpolarized, unstrained, crystal is equal to zero. Hence we
can write

F = 1
2αP

2 + 1
4βP

4 + 1
6γP

6 − EP, (1.1)

where we have truncated the power series at the sixth power term. The equilibrium
configuration is determined by finding the minima of F , ∂F

∂P
= 0. We obtain an

equation for the electric field E as a function of polarization

E = αP + βP 3 + γP 5 − EP. (1.2)

To determine the dielectric susceptibility above the transition, we can differentiate
Eq. (1.2) with respect to P and then setting P = 0, we obtain
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ε0χr = ∂P

∂E

∣∣∣∣
P=0

= 1
α
. (1.3)

The Landau-Devonshire theory assumes that around the Curie point only α is
temperature dependent , i.e.,

α(T ) = (T − TC)
ε0C

. (1.4)

Substituting the expression (1.4) for α into Eq. (1.3), we find that the suscepti-
bility χ follows the Curie-Weiss law:

χr = C

T − TC
, (1.5)

where C is a material-specific Curie constant.

The paraelectric-ferroelectric phase transition can be ascribed as both first and
second order transition (according to Ehrenfest classification) depending on the sign
of β [7]. For our aims, we consider the case in which β > 0, i.e. a second order
phase transition. From a microscopic point of view, consider the interatomic forces
acting on different ions: for example, for the B+ ion, there is a free energy profile
dependent both on position with respect to O− ions and on temperature. In the
paraelectric phase, with zero applied electric field, that potential shows a minimum
corresponding to a centrosymmetric configuration of the primitive cell with zero
dipole moment (Fig. 1.2, blue curve). At the critical temperature, the shape of the
potential varies (Fig. 1.2, green curve), in such a way that for T < TC the symmetric
position of the ion becomes a local maximum of the energy: the potential has two
minima for each direction, and between them a local maximum (Fig. 1.2, orange
curve).

Figure 1.2. Second order phase transition. The order parameter begins to grow
continuously just below the critical point. In the inset there is a representation of the
free energy in the disorder phase (blue), the critical point (green) and the order phase
(orange).
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The B+ ion occupies one of the possible minima with a consequent asymmetry of
the charge distribution in the elementary cell that yields a local dipole momentum.
Now, dipole-dipole interactions force the orientation of the dipoles in every cell of the
crystal, reaching the global lowest energy configuration with all these dipoles aligned
in the same direction. This process leads to the formation of ferroelectric domains,
in which polarization is well defined and such that a macroscopic spontaneous
polarization arises (Fig. 1.1 (b)).

Figure 1.3. Curie-Weiss law. Electric Susceptibility χr as a function of temperature T
exhibits a very pronounced peak approaching the transition temperature TC.

Considering the electric susceptibility χr, as expected, it diverges as the temperature
approaches TC from the paraelectric phase according to Eq. (1.5). The Curie-Weiss
Law (1.5) states that for T � TC the polarization of the system is globally zero. For
T ∼ TC, χr diverges (see Fig. 1.3) and values of χr > 105 are actually measured;
the phenomenon is associated with the divergence of correlation length ξ, that is the
system has a strong collective response. An important consequence of this is that
the material, at the transition, manifest the so-called critical opalescence, i.e. a huge
scattering caused by strong domain fluctuations, that do not allow light to propagate.
For this reason, experiments are usually performed several degrees above TC, as this
leads to a homogeneous medium with a high χr [8–11]. Crystals characterized by
compositional disorder such as KTN, furthermore prevent the long-range correlation
of ferroelectric domains, which can be constrained to nanometric scales ξ << λ
even at the phase transition, allowing light propagation with no scattering. Lattice
disorder, introduced by chemical substitutions inABO3 perovskites, can furthermore
lead to the formation of polar nanoregions at T > TC that influence statistical and
dynamical properties of the medium [12].



1.2
Nanodisordered ferroelectrics

1.2.1
Polar Nano Regions and Relaxors

Disorder can turn an ordinary ferroelectric crystal into a relaxor ferroelectric (or
relaxor), a class of disordered crystals possessing peculiar structure and properties
[12, 13]. From a microscopic point of view, disorder is produced by the chemical
substitutions of ions of different valences than the host ions leading to the formation
of lattice defects, or substituting ions with ones different in size but with the same
valence, generating an asymmetry of the cubic cell that causes a dipole moment.
Relaxor have complexity. At high temperature T � TC relaxors behave like ordinary
ferroelectrics in their non-polar paraelectric phase. Upon cooling, polar regions of
nanometer scale with randomly distributed directions of dipole moments appear.
This transformation, which occurs at the so-called Burns temperature (TB) cannot
be considered a structural phase transition because it is not accompanied by any
change of crystal structure on the macroscopic or mesoscopic scale. Nevertheless, the
polar nanoregions (PNRs) affect the behaviour of the crystal, giving rise to unique
physical properties. For this reason the state of crystal at TC < T < TB is often
considered as the new phase different from the paraelectric one [13]. It is a glassy
state, with randomly distributed directions of dipole moments, and non-ergodic
behavior [14]. PNRs are known to form the basis for remarkable optical responses
of both fundamental and technological interest, such as randomly-matched second
harmonic generation [15–17], the giant photorefractive nonlinearities [18–23], giant
quadratic electro-optic coefficients [2, 24–27], strong electromechanical coupling [28],
and the anomalous electro-optic effect [3, 29, 30].

1.2.2
Enhanced dielectric response

A signature of this new phase is that, for T < TB, the material does not follows
the Curie-Weiss law (1.5) and this fact is used to define TB itself (Fig. 1.4). As
previously mentioned for ordinary ferroelectrics, at the Curie point we observe values
of χr > 9× 103. For relaxors this peak is of the same order of magnitude, but in
contrast to ordinary ferroelectrics, it is highly diffused and frequency dependent. A
typical behaviour of the χr vs T obtained through dielectric spectroscopy performed
on a relaxor sample, specifically a sodium-potassium-tantalate-niobate (KNTN)
crystal is reported in Fig. 1.4.

5
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TB

Figure 1.4. Experimental measurements of εr = χr + 1 through dielectric spectroscopy for
a relaxor ferroelectric KNTN. The real part of the dielectric constant manifests marked
thermal hysteresis (arrows indicate cooling/ heating curves) below TB and a breaking
of Curie–Weiss law (dashed line) in the region Tmax < T < TB. The position of the
temperatures TC, TB, Tmax are in agreement with the definitions provided in text. In
the insets, the detected dispersion in εr near Tmax and a photograph of the specific
KNTN sample. (Adapted from ref. [26]).

The broad phase transition makes it possible to exploit the high χr in the
transparent paraelectric phase. However, presenting a diffused ferro-paraelectric
phase-transition, a critical temperature TC (the value estimated from the Curie
law in paraelectric phase) cannot be defined easily and a glassy dynamic transition
temperature Tmax is introduced, as illustrated in Fig. 1.4. The temperature Tmax
is only approximate. As reported in the inset, measurements taken with different
electric field frequencies change the peak χr value and the actual Tmax. This
phenomenon is described by the Vogel-Fulcher law (VF):

f = (2πτ0)−1 e
−Ea

kB(T−TV F ) , (1.6)

where f is the measurement frequency and τ0, Ea and TV F are fitting parameters
[31]. The VF law is well known in spin glasses. When revealed in relaxors, it became
one of the main reasons to postulate the existence of a dipole glass phase at T <
TV F [13]. Moreover, Eq. (1.6) can imply a similar relation for typical time scales
of dipole relaxation processes: the dipole relaxation time τ is strongly temperature
dependent and the modified Arrhenius law holds [13]

τ = τ∞e
Eb

kB(T−Tf ) (1.7)

where τ∞ and Eb are parameters and Tf is the so-called freezing temperature [13],
with TC . Tf < TB, that is the temperature under which the ergodic regime ceases
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and PNRs remain in a frozen state. Eq. (1.7) establishes that τ grows when T ∼ Tf
and diverges for T = Tf . This means that the system at T < Tf cannot reach
an equilibrium state, and remains in a metastable state. We remark that this
metastable state is not always the same but is correlated with the previous history
of the sample, i.e. thermal cycles, electric field application or observation time. A
direct consequence of this is, in Fig. 1.4, the existence of a thermal hysteresis loop,
that is, different values of χr are obtained in cooling and in heating. We note that
although Eq. (1.6) and Eq. (1.7) have a similar structure, the connection between
them is not straightforward and still debated [13]. A percolation mechanism of
PNRs has been proposed to derived Vogel-Fulcher equation for the temperature
dependence of τ [32, 33].

1.2.3
Anisotropic response

A last noteworthy feature of many relaxors is their peculiar anisotropic response,
that is, different behaviors for fields applied along the three crystalline axes. An
example of this is reported in Fig. 1.5, here the dielectric spectroscopy of a KNTN
crystal shows directional anisotropy also in the nominally cubic phase. These
observations are attributed to the alteration of polarization and internal strain
induced during the sample growth. Moreover, the slightly different transition
temperature is associated to a hysteretic effect [34].

Figure 1.5. Relative permittivity as function of the measured temperature for several
electric field frequencies (we recall that εr = χr + 1). The experiment is performed
during the heating stage along the three crystalline axes: a (a), b (b) and c (c). (Adapted
from ref. [34]).



1.3
Ferroelectricity and cluster distribution

Textbook models of global symmetry-breaking include a low-symmetry low-
temperature state with a fixed infinitely extended coherence. In contrast, the
spontaneous polarization observed as spatial inversion symmetry that is broken
during a paraelectric-ferroelectric phase transition generally leads to a disordered
mosaic of polar domains that permeate the finite samples [6]. Coherent and ordered
ferroelectric states with remarkable properties of both fundamental and technological
interest [35–38] can emerge when ferroelectricity is influenced by external factors,
such as system dimensionality [39], strain gradients [40–42], and electrostatic coupling
[43, 44].

1.3.1
Engineered ferroelectric supercrystal

Multiaxial ferroelectrics are especially responsive to strain. These naturally
self-organize into ordered domain structures over a wide range of length scales [45].
Domain walls in these materials bring new macroscopic functionality to ultrathin
films, where extremely high domain wall densities can be generated [46]. When
artificially confined electrostatically in superlattice geometries, strained ultrathin
ferroelectrics can exhibit unusual polarization textures, such as flux-closure patterns
and polar vortices. The response of such systems to applied fields may lead to greatly
enhanced susceptibilities and unusual behaviour, including a negative capacitance
[47, 48]. Domain structures with similar energies can give rise to the coexistence of
different polarization textures and their interconversion on electrical, mechanical or
optical stimulation, as has recently been explored in ferroelectric-dielectric PbTiO3-
SrTiO3 (PTO/STO) superlattices [49]. An optically induced supercrystal phase
arises when the heterostructure is illuminated with light above the bandgap i.e.,
with a λ that allows direct absorbtion [49]. Here the system grown on DyScO3
substrates, is initially a two-phase mixture of ferroelectric–ferroelastic domains (FE)
and polarization vortices (V) (see Fig. 1.6 (a)).
Using a sub-picosecond optical pulse excitation, the electrostatic landscape is manip-
ulated with a reduction of the depolarizing field via photocarrier excitation, enabling
the formation of a stable structure with long-range nanoscale polar order consisting
of polar vortices that are meshed in three dimensions (Fig. 1.6 (b)). Both phases
were experimentally mapped using X-ray scattering. The results show the two
superlattice reflections of the pristine state collapse into a single vertical superlattice
reflection (Fig.1.6 (c)), with the simultaneous appearance of strong peaks in the
off-specular part of the spectrum resulting from a fully coherent 3D modulation
of the lattice with a well-defined periodicity of approximately 30nm×25nm in the
y–z plane. This phase captures and stores the light-activated carriers in a highly
3D charge-ordered state, which could be a potential strategy for charge storage
and highly tunable capacitors. A different supercrystal phase has been observed in

8
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metal-ferroelectric superlattices consisting of alternating layers of PbTiO3 and a
correlated metal SrRuO3 without the need for optical excitation [50].
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Figure 1.6. (a)-(b) Supercrystal formation. A two-phase mixture of in-plane ferroelec-
tric–ferroelastic and polar vortex (a) is converted to a single 3D supercrystal phase
by sub-picosecond optical pulses in a PTO/STO superlattice (b). Thermal annealing
reverses this transition. (c) Supercrystal observation by X-ray diffraction. Diffraction
along the qy–qz plane near the 004pc peak for the mixed phase shows evidence of order
only along the z direction, with distinct peaks due to the FE and V phases, as noted
by the horizontal lines (Pristine). Upon optical excitation with light above the PTO
bandgap, a periodic two-dimensional diffraction pattern appears due to spatial ordering
in the y–z plane (Converted). (Adapted from Ref. [49]).

Synchrotron three-dimensional reciprocal space mapping reveals a diffraction
pattern corresponding to a highly ordered 3D domain structure with an in-plane
periodicity of 26 nm that is and an out-of-plane period of 12.7 nm (see Fig. 1.7 (a)-
(c)). In this case, the observed 3D domain structure consist in vertical and flux-closure
components (Fig. 1.7 (d)). Here a PbTiO3-SrRuO3 superlattice is deposited on
DyScO3 substrates and elasticity will favour the ferroelastic domain formation, with a
and c domains running through the entire thickness of the multilayer. The conductive
layers introduce a depolarizing field, as even structurally perfect SrRuO3–PbTiO3
interfaces have a finite screening length. Thus, the imperfect screening at the
interfaces in PbTiO3-SrRuO3 superlattices lead to energetically costly depolarizing
fields within the PbTiO3 layers, forcing the PbTiO3 layers to split into vertical
and horizontal flux-closure domains to eliminate the macroscopic polarization and
reduce the electrostatic energy. For the vertical and horizontal flux-closure structures
observed in this work, this requires the ferroelectric layer to be sufficiently thick. For
thinner PbTiO3 layers with finer domain periods such structures become increasingly
less favourable, in part due to the increased energy cost associated with the many
domain walls, and therefore other polarization configurations may appear.
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Figure 1.7. (a-c) Reciprocal space view of the 3D domain structure. (a) Synchrotron XRD
reciprocal space map in the Qy-Qz plane around the 002pc (220o) substrate reflection for
a PTO27-SRO5 superlattice showing the periodic satellite peaks arising from a highly
ordered domain lattice with long-range coherence along the [001]pc direction. (b), (c),
2D cuts through reciprocal space in the Qz = 3.042 Å (b) and Qz = 3.017 Å (c) planes
detailing the arrangement of in-plane and out-of-plane ordering, the long-range coherence
of the domains along <100>pc and the streaky diffuse scatter along <110>pc. (d) A 3D
sketch of the overall domain pattern deduced from XRD, PFM and TEM studies (not
reported in this thesis). (Adapted from Ref. [50]).

A different scenario emerges in the nominal ferroelectric phase of specifically
grown potassium-lithium-tantalate-niobate (KLTN) crystal [9]. Here an extended
coherent three-dimensional (3D) superlattice spontaneously forms, few deegrees below
the Curie point [51]. Visible light propagation reveals a polarization pattern with
a micrometric lattice constant, a counterintuitive mesoscopic phase that naturally
mimics standard solid-state structures but on scales that are thousands of times
larger. The phenomenon is achieved using compositionally disordered ferroelectrics.
At one given temperature, these have the interesting property of manifesting a single
perovskite phase whose dielectric properties depend on the specific composition.
A compositional gradient along the pull axis leads to a position-dependent Curie
point TC (r), so that for a given value of crystal temperature T a phase separation
occurs, where regions with T > TC are paraelectric and those with T < TC have
a spontaneous polarization. Specifically tailored growth schemes are even able to
achieve an oscillating TC along a given direction. Under these conditions, we can
expect that, at a given T in proximity of the average (macroscopic) TC, the sample
will be in a hybrid state with alternating regions with and without spontaneous
polarization. Crossing the Curie point, under conditions in which perovskite polar
domains pervade the volume forming 90◦ configurations to minimize the free energy
associated with polarization charge, this oscillation can form a full 3D periodic
structure. In the next section we illustrate the first observation of the super-crystal
phase (SC) in KLTN and the first model proposed.
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1.3.2
Observation of a spontaneous ferroelectric super-crystal phase

The experiment was conducted using a KLTN sample with a periodically oscil-
lating niobium composition of period Λ = 5.5 µm along the x axis (see Figs. 1.8
(a)-(d)). When the crystal is kept at T = TC− 2 K, i.e., in proximity of the spatially
averaged room-temperature Curie point TC = 294 K, laser light propagating through
the sample suffers relevant scattering with strongly anisotropic features.
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Figure 1.8. Super-crystal phase. (a) Sketch of visible-light diffraction from micrometric
structures through a periodic KLTN. (b–d) 3D superlattice probed at T = TC − 2 K
along the principal symmetry direction of the crystal. (e) Crystallographic analysis
reveals the elementary cubic structure of lattice constant Λ shown. Scale bar, 1.2 cm.
(From Ref. [51]).

Typical results are reported in Fig. 1.8 (b)-(d), and appear as an optical analogue
of X-ray diffraction in low-temperature solids. This optical diffractometry provides
basic evidence of the 3D SC at micrometric scales. Probing the principal crystal
directions reveals several diffraction orders that map the entire reciprocal space. The
large-scale SC, that permeates the whole sample, overlaps along the x-direction with
the built-in compositional oscillating seed. The SC extends in full three-dimensions,
with the same periodicity Λ = 5.5 µm of the x-oriented compositional oscillation,
also along the orthogonal y and z-directions. In particular, Fig. 1.8 (d) indicates
that in the plane perpendicular to the built-in dielectric microstructure Γ vector, i.e.,
where spatial symmetry should be unaffected by the microstructure in composition,
the ferroelectric phase-transition leads to a spontaneous pattern of transverse scale Λ.
The corresponding elementary structure on micrometric spatial scales is reported in
Fig. 1.8 (e); it can be represented as an fcc-cubic structure in which the occupation
of one of the three faces (z − y face) is missing [52]. The structure can be reduced
to an simple cubic structure with a three-fold basis and lattice parameter a = Λ.
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Figure 1.9. Light diffraction above and below TC. (a) Reciprocal space probed at
T = TC + 2 K (hot paraelectric phase), showing the first diffraction orders due to
the one-dimensional sinusoidal compositional modulation. Cooling below the critical
point results at T = TC − 2 K (super-crystal ferroelectric phase) in (b) a supercooled
(metastable) 1D superlattice with the same diffraction orders that relaxes at the steady
state into (c) the cold (stable) super-crystals. In both (b, c) the direction of incident
light is othogonal to Γ, as in (a). (d–h) Corresponding transmission microscopy images
revealing (d) unscattered optical propagation, (e, f) scattering at the phase transition, (g)
unscattered optical propagation in the metastable superlattice and (h) periodic intensity
distribution underlining the 3D superlattice. Metastable and stable (equilibrium) phases
are inspected, respectively, at times t ≈ 1 min and t ≈ 1 h after the structural transition
at T = TC. Bottom profiles in a–c are extracted along the red dotted line. Scale bars
(a–c), 1.2 cm, (d–f), 100 µm and (g, h), 10 µm. (From Ref. [51]).

As the crystal is brought below the average Curie point, it manifests a metastable
(supercooled) and a stable (cold) phase, as analyzed in Fig. 1.9 both in the reciprocal
(Fourier) and direct (real) space. In the nominal paraelectric phase, at T = TC + 2K
(Fig. 1.9 (a)), we observe the first Bragg diffraction orders (±1) consistent with
the presence of the seed microstructure, a one-dimensional transverse sinusoidal
modulation acting as a diffraction grating; the distance from the central 0-order fulfils
the Bragg condition,that is, scattered light forms an angle θB = λ/2n0Λ ' 7◦ with
the incident wavevector k. Crossing the ferroelectric phase-transition temperature TC
we detect a supercooled metastable state that has an apparently analogous diffraction
effect (Fig. 1.9 (b)) that is dynamically superseded by the stable and coherent cold
SC phase (see Fig. 1.9 (c)), in which spatial correlations are extended to the whole
crystal volume. In real space, transmission microscopy shows unscattered optical
propagation through the paraelectric sample at T = TC + 2 K (Fig. 1.9 (d)), that
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turns into critical opalescence and scattering from obliques random domains at the
structural phase transition (Fig. 1.9 (e)-(f)), and in unscattered transmission in
the metastable ferroelectric phase at T = TC − 2 K (Fig. 1.9 (g)). After dipolar
relaxation has taken place, the cold SC appears in this case as a periodic intensity
distribution on micrometric scales, as shown in Fig. 1.9 (h).

1.3.3
Super-crystal Model

In standard perovskites, equilibrium configurations are mainly those involving a
180◦ and 90◦ orientation between adjacent polar domains, as schematically shown in
Fig. 1.10 (a).

(b)

(a) (c)

180° 90°

x

y ΓΛ

Λ

Figure 1.10. Polar-domain configuration underlying the 3D superlattice. (a) Typical
180◦ and 90◦ domain configurations in perovskites ferroelectrics. (b) Planar domain
arrangement scheme in the stable super-crystal phase obtained with elementary blocks
of 90◦ configurations (green cell). In this periodically-ordered ferroelectric state the
compositional modulation, other domain walls ruling optical diffractometry (black lines),
and periods along x,y and xy-axis (white bars) are highlighted. Vertical polarizations
have a lighter color to stress their weak optical response in our KLTN sample. (c)
Extension of the single unit-cell (green cell in (b)) in three dimensions. (From Ref. [51]).

To explain the 3D polar-state and its periodical features underlying the SC, we
consider the 90◦ configuration, which is characterized by 45◦ domain walls that we
observe in a disordered configuration during the ferroelectric phase transition at TC
(Fig. 1.9 (f)). Due to the periodic constraint along the x-axis, this arrangement has
the unique property of reproducing our observations, minimizing energy associated
to internal charge-density, and transferring the built-in 1D order to the whole
volume with the same spatial scale Λ. We illustrate the domain pattern in Fig.
1.10 (b) for the x− y plane, whereas in Fig. 1.10 (c) the elementary cell is shown
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in the three-dimensional case, where it maintains its stability features in terms of
charge-density energy. In particular, in Fig. 1.10 (b), domain walls resulting in
the diffraction orders of Fig. 1.8 (b) are marked, as well as the 45◦ correlation
period, that agree with optical observations of the reciprocal space. We further
stress that vertical domains (light blue in Fig. 1.10 (b)) are optically analogous to
paraelectric regions; moreover, 180◦ rotations in the polarization direction in each
polar region has no effect on the optical response. In view of the symmetry of this
arrangement, the observed diffraction anisotropy (Fig. 1.8 (d)) is then associated
to the absence of grating-planes in the y − z face. So the effect of the composition
profile is here crucial in triggering the spontaneous formation of the macroscopic
coherent structure, as it sets the typical domain size along the x direction and so
rules the whole dynamic towards the equilibrium state. A different amplitude and
period of the modulation may affect the formation, stability, time and temperature
dynamics of the super-crystal; indeed, the parameters of the compositional gradient
may be important in determining the interaction between polar regions. The effect
not only opens new avenues in the optical exploration of critical properties and
large-scale structures in disordered systems, but also suggests methods to predict
and engineer new states of matter. It can also have an impact on the development
of innovative technologies, such as nonvolatile electronic and optical structured
memories [35–37], microstructured piezo devices and spatially resolved miniaturized
electro-optic devices [29, 53, 54].



Part I
Experimental Investigation
of the super-crystal phase
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Chapter 2

Evolution of the optical state of
polarization below the Curie

temperature

In this Chapter we experimentally investigate the super-crystal phase studying
the evolution of the optical polarization state through the measurements of both
global and local Stokes parameters, varying the input light polarization and the
temperature. Results indicate that, in contrast to pure depoled ferroelectrics, light
propagates fully polarized for a linear polarization along the super-crystal principal
axes. This analysis sheds light on the proprieties of the underlying ferroelectric
domains.

2.1
Polarization-maintaining light propagation in

depoled nanodisordered ferroelectrics

2.1.1
Light Polarization in Anisotropic Media

The polarization of light is strongly affected by anisotropy, the paradigm being
the birefringence observed in non-centrosymmetric crystals, such as ferroelectrics [6],
where the index of refraction depends on the polarization and propagation direction.
In a full three-dimensional scenario, birefringence can also affect wave propagation,
not only introducing coherent scattering [55], but even engendering localized guided
modes. More exotic polarization phenomena can be observed in systems where the
anisotropy emerges on periodic structures, as occurs in metamaterials [56–59], in
periodically-poled multiferroic media [60] and in organic ferroelectrics [61]. Elaborate
anisotropic states are also found in nanodisordered ferroelectrics in proximity of the
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Curie point, signaling the paraelectric-ferroelectric phase transition, where polar
nanoregions (PNRs) emerge. Polar nanoregions, in relaxor materials, generally form
a disordered three-dimensional mosaic for which optical birefringence experiments
indicate average local symmetry breaking, providing a tool for the study of possible
non-ergodic behavior and dipolar-glass dielectric relaxation [62–65]. In turn, the
presence of large polar domains below the Curie point or in the paraelectric phase
under high electric field [24], causes complete depolarization of propagating optical
fields, a result of multiple interference of random scattered waves. As discussed in
Chapter 1.3.2, conditions have been found in which the polar nanoregion mosaic
spontaneously settles into a three-dimensional coherent and periodic structure, a
ferroelectric super-crystal (SC) with intriguing optical diffraction properties [51].
A question naturally arises: how is optical polarization affected by a SC? Polari-
metric experiments indicate that, in distinction to pure depoled ferroelectrics, light
propagates fully polarized for a linear polarization along the SC principal axes.

x

y

ferroelectric super-crystal(b)

zx

y

z

disordered ferroelectric(a)

Figure 2.1. Schematic of different spontaneous ferroelectric states. (a) Three-
dimensional disordered distribution of polar domains. (b) Example of a volume polar
structure underlying a ferroelectric SC.

Analyzing the wave spatial distribution, we found the effect to be associated with
the formation of speckle distributions of alternating orthogonally polarized states
that spatially separate the input polarization into its linear polarization components
parallel to the principal SC axes. Precursors of the phenomenon are observed also
above the Curie point, where the ferroelectric SC vanishes, thus indicating preferred
orientations of polar-nanoregions. To grasp the physics underlying the polarization
dynamics reported, we note that a three-dimensional disordered mosaic of anisotropic
domains, as schematically shown in Fig. 2.1 (a), dephases the components of an
incident optical field according to the local random optical axis, so as to scatter
and depolarize the transmitted light irrespective of its input polarization state. In
turn, an ordered volume pattern of polar domains, such as the one encountered
in a ferroelectric SC and illustrated in Fig. 2.1 (b), where each lattice cell may
host a so-called Kittel-like vortex [51], leads to a qualitatively different polarization
evolution. In fact, in this case ferroelectric anisotropy is inhomogeneous but the
local optical axis is on average aligned along the SC structure.
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2.1.2
Materials hosting the super-crystal

In our experiments we used SC formed in two different composite ferroelectrics
to demonstrate the generality of the polarization-maintaining scenario.
The sodium-potassium-tantalate-niobate (KNTN) super-crystal was obtained al-
lowing a KαNa1−αTaβNb1−βO3 (α = 0.85, β = 0.63) solid-solution crystal to
equilibrate for approximately 30 minutes below its ferroelectric-paraelectric Curie
point T = Tc− 3 K, with Tc = 293.5 K. The crystal is grown through the top-seeded
solution method by extracting a zero-cut optical-quality 2.1 mm by 2.5 mm by
2.6 mm specimen (along the x,y,z axes). The lithium-potassium-tantalate-niobate
(KLTN) super-crystal emerged from the equilibration of a 2.4 mm by 2.0 mm by 1.58
mm KαLi1−αTaβNb1−βO3 (α = 0.96, β = 0.62) with Tc = 294 K. Dielectric response
for both samples is detailed in Refs. [34, 66] and the super-crystal formation process
is reported in Ref. [51].

2.1.3
Stokes Parameter Measurements

Polarization evolution in ferroelectric SC is investigated through conventional
Stokes parameter measurements [67, 68], performed using the setup shown in Fig.
2.2.

LP QWP KNTN

CCD

x

y

LPQWP

HWP

PM

y

Figure 2.2. Sketch of the experimental setup: linear polarizer (LP), quarter-wave plate
(QWP), half-wave plate (HWP), power meter (PM) and imaging camera (CCD). The
inset shows the optical diffraction pattern observed for the KNTN super-crystal: discrete
spots fill the Fourier space and signal a periodic micrometric order on large scales (≈ 25
µm) in the sample volume. Scale bar is 5 mm.

A beam from a Nd:Yag laser (λ = 532 nm, 150 mW) is expanded so as to form
a plane wave propagating along the z direction and whose input polarization state
is fixed using a linear polarizer and a half-wave plate. The output polarization
state is analyzed using a half-wave plate, quarter-wave plate, and a linear polarizer
placed after the sample. This allows the decomposition of the field into its Stokes
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components, i.e., horizontal (parallel to the x axis) SH , 45 degrees S45 and right-
circular SR from the optical intensity detected through a power meter and a CCD
camera. Results for the KNTN SC are reported in Fig. 2.3 varying the input
polarization state along different trajectories on the Poincaré sphere. In Fig. 2.3
(a) is shown the behavior of a linear polarization; the degree of polarization ν =√
S2
H + S2

45 + S2
R is observed to strongly depend on the polarization direction θ of

the field.
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Figure 2.3. Light-polarization dynamics in the KNTN SC. (a-c) Stokes parameters
measured varying the input polarization state along equators of the Poincaré sphere
through the angular coordinate θ. Blue squares indicate the horizontal component of
the polarization, red circles the 45◦ one, orange and green triangles are, respectively, the
right-handed part and the degree of polarization ν. Solid lines are fitting functions (see
main text) and dashed lines serves as guides. Insets show the corresponding input (red
cubes) and output (blue spheres) states in the Poincaré space.

In particular, light remains fully polarized and ν is maximum for a field parallel
to the x or y axis (θ ' 0◦, 180◦), whereas complete depolarization occurs in the
conjugate points (θ ' 90◦, 270◦). For intermediate values of θ, evolution of the
horizontal component is well fitted by SH(θ) = cos θ (blue line in Fig. 2.3 (a, b)).
Moreover, the transmitted light maintains a polarized fraction that almost coincides
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with SH , that is, ν(θ) = | cos θ| (green line in Fig. 2.3 (a, b)). An analogous evolution
is observed for an elliptical input state oriented along the x axis (Fig. 2.3 (b)). In this
case, the circular components completely depolarize whereas the linear horizontal
and vertical ones propagate unaffected in the spatially inhomogeneous ferroelectric
structure. Moreover, the output field is always depolarized (ν ' 0) along a trajectory
on the Poincaré sphere orthogonal to the H axis (Fig. 2.3 (c)). The whole picture is
observed in both SC, is found to be independent of the laser wavelength (532-633
nm) and crystal orientation, and occurs equally for light propagating along the x and
y directions of the sample. This suggest a strong connection between the observed
depolarization and the one reported in electro-optic experiments in similar crystals
in proximity of TC under large electric field [2, 23, 24, 26], an effect that has been
only partially understood.

2.1.4
Spatially Resolved Experiments

To pinpoint the underlying mechanism we perform spatially-resolved Stokes
parameter maps of the transmitted light. In Fig. 2.4 (a) we report the detected
SH for the significant case of a linearly polarized (θ = 90◦ in Fig. 2.3 (a)) input
wave from a He-Ne laser (λ = 633 nm, 15 mW) propagating along the z direction of
the KLTN SC. We observe a speckle-like distribution arising from scattering during
propagation. However, in contrast to what is expected for depolarized light from
scattering, speckles distribute on a periodic lattice with approximately 6 µm lattice
constant that coincides with the super-crystal structure.

(a) (b)

(c)

Figure 2.4. Evidence of a locally-polarized speckle lattice. Stokes parameter maps
showing the transmitted (a) SH (b) S45 and (c) SR local components for a linear input
polarization with θ = 90◦. Scale bar is 20 µm.

A similar speckle lattice is found for the S45 and SR map, Fig. 2.4 (b) and
Fig. 2.4 (c), respectively. Interestingly, while the global degree of polarization is
ν ' 0, the degree of polarization measured averaging on each spatial point is ν ' 0.7.
Therefore, the output polarization state consists of a mixture of spatially-separated
polarized states. This indicates how inhomogeneity of the medium introduces a local
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phase difference between orthogonal polarization components that strongly varies in
space. A macroscopic Stokes measure (Fig. 2.2) averages out these local phases so
that the field appears as depolarized although horizontal and vertical components
are maintained during propagation. The optical polarization lattice closely follows
the SC, and this demonstrate a principal role played by the underlying ferroelectric
state (see Fig. 2.1 (b)).

2.1.5
Temperature Varying Measurements

To further test the role of ferroelectric domains, we perform polarimetric trans-
mission experiments varying the crystal temperature, so as to introduce strong
fluctuations in SC order, ultimately crossing the Curie temperature to restore global
inversion symmetry in the paraelectric phase.
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Figure 2.5. Partial depolarization from polar-nanoregions. (a) Stokes parameters
measured in the nominal paraelectric phase (T = Tc + 6 K) for propagation along the
x direction of the KNTN crystal. Inputs are linearly polarized, that is, θ varies along
the equator of the sphere in Fig. 2.3 (a). (b) Minimum degree of polarization νmin for
measurements as in (a) versus T − Tc.

As reported in Fig. 2.5 (a) for the dynamics of a linearly polarized input state
in KNTN (see Fig. 2.3 (a) for a comparison), the average depolarization of the
input wave appears less pronounced at T = TC + 6 K. Although ν still depends on θ,
its minimum at θ ≈ 90◦ no longer vanishes. Although the main Stokes component
remains SH , other components become significant. Polarization evolution now is
found to depend on the length of the sample along the propagation axis and on λ,
suggesting a macroscopic birefringence of the hosting paraelectric medium. This is
consistent with the fact that above the Curie point the super-crystal is superseded
by a disordered distribution of PNRs [3, 27–30] that acts as a precursor of the
macroscopic phase transition, so that no macroscopic index of refraction periodic
lattice emerges. As reported in Fig. 2.5 (b), the corresponding minimum degree
of polarization (νmin) increases as temperature moves away from the critical point,
an order parameter further underlining the role of the ferroelectric inhomogeneous
structure. At T = TC + 20 K, where the crystal appears no longer affected by
polar-nanoregions (proper paraelectric phase), ν = 1 for all input polarizations.



2.2
Ordered polar-domain configuration

In conditions for which an ordered three-dimensional polar-lattice is embedded
in the material, the interplay between ferroelectric anisotropy and inhomogeneity
leads to a new scenario in which the propagating wave can maintain its degree of
polarization. Specifically, the field is separated into its linearly polarized components
parallel to the SC principal axes in the form of two spatially distinct periodic
speckle patterns. Experiments above the Curie temperature, then, suggest that polar
nanoregions have preferred orientations along the crystal axes, a fact that may play
a crucial role in phenomena involving the giant electro-optic and giant piezoelectric
effect. Our results demonstrate how ordered polar domains can coherently modify
the polarization of light, possibly enabling the use of the unconventional ferroelectric
properties in photonic applications based on polarization control.
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Chapter 3

Optical propagation in a
super-crystal phase

In principle, materials with a broadband giant index of refraction (e.g., n > 10
in the visible) overcome chromatic aberration and shrink the diffraction limit down
to the nanoscale, allowing new opportunites for nanoscopic imaging [69]. They
also open new avenues for the management of light to improve the performance
of photovoltaic cells [70]. Recent advances have demonstrated the feasibility of
a giant refractive index in metamaterials at microwave and THz frequencies [71,
72], however, the highest reported broadband index of refraction in the visible is
n < 5 [73]. In this Chapter, we report a ferroelectric perovskite with an index of
refraction n > 26 across the entire visible spectrum and demonstrate its behaviour
using white-light and laser refraction and diffraction experiments. The sample, has
a natural-occurring room temperature phase that propagates visible light along its
normal axis without significant diffraction or chromatic dispersion, irrespective of
beam size, intensity, and angle of incidence.

3.1
Giant broadband refraction in the visible in a

ferroelectric perovskite

3.1.1
Diffraction and Refraction

In conditions of validity of the macroscopic Maxwell Equations, the optical electric
field E obeys ∇2E− (n/c)2∂ttE = 0, where n is the wavelength-dependent index of
refraction of the material and c the speed of light. Light entering a material with
index of refraction n suffers refraction according to Snell’s law, i.e., sin θ1 = n sin θ2,
where θ1 and θ2 are the angles formed by the beam with the normal to the boundary
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of the material. Once inside the material, diffraction causes the beam to have an
angular spread ∆θ ∝ λ/nw0, where λ is the wavelength and w0 is the input size of
the beam, and this limits the spatial resolution of transmitted waveforms. Since n is
wavelength-dependent, both refraction and diffraction are chromatic, i.e., different
wavelengths follow different paths (chromatic aberration) and have a different
angular spread. A giant refraction (GR) with n � 1 across the visible spectrum
implies that refracted beams propagate along the normal to the material boundary,
with a vanishing θ2 = sin−1 ((1/n) sin θ1), and a vanishing chromatic aberration
dθ2/dλ ' − sin θ1(1/n)2(dn/dλ). Furthermore, since each spectral component of
wavelength λ obeys a different Helmholtz Equation ∇2Eλ + (k0n(λ))2Eλ = 0 [74],
where k0 = 2π/λ = ω/c and ω is the corresponding angular frequency, each plane-
wave component of wave-vector k obeys k2

x + k2
y + k2

z = k2
0n

2. Angled components
with kx, ky 6= 0, fixed by their values outside the material, manifest a different
phase-velocity along the propagation axis kz =

√
k2

0n
2 − k2

x − k2
y.
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Figure 3.1. Giant Refraction (GR). Left; In a conventional material, light under-
goes wavelength-dependent refraction (i.e. θ2 = θ2(λ)) and diffraction occurs with a
wavelength-dependent angular spread ∆θ(λ). Right: In a material with n� 1 we would
observe giant refraction, that is, light is projected through it with θ2 ' 0 ∀ λ, while no
diffraction occurs (∆θ ' 0), forming an ideal imaging material.

The dephasing of these components, i.e., diffraction, is thus associated with
the value of ∂kz/∂kx = −kx/

√
k2

0n
2 − k2

x − k2
y ∼ (1/n) that vanishes, along with
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∂kz/∂ky, as n � 1. Analogously, also the angular spread vanishes for n � 1,
∆θ = |k⊥|max/kz ∼ 1/w0k0n, where |k⊥|max = |

√
k2
x + k2

y|max ∼ 1/w0 is the size of
the transverse angular spectrum at the boundary. In other words, for all wavelengths,
θ2 ' 0 for all launch θ1, (no chromatic aberration) and we have a vanishing angular
spread ∆θ ' 0 for all beam sizes w0 (no diffraction). In terms of imaging, GR causes
the material to project the input optical field directly to the output of the sample as
if the space occupied by the material itself were absent (see Fig. 3.1). While GR is
generally inaccessible in an isotropic material because an n � 1 implies that the
Fresnel reflection coefficient at the input (and output) boundary is R ' 1 [75], i.e.,
no light ever enters or leaves the material, it becomes accessible in an anisotropic
material. Strong anisotropy together with a giant dielectric response is found in
critical disordered ferroelectric perovskites [2, 3, 34].

3.1.2
Experimental setup

The key ingredient of our experiment is a nanodisorder ferroelectric perovskite,
a zero-cut polished lithium-enriched solid-solution of potassium-tantalate-niobate
(KTN:Li) with an average composition K0.997Ta0.64Nb0.36O3:Li0.003. It measures in
the three directions 6.0(x) x 2.6(y) x 3.0(z) mm and has a pale green hue (with an
absorption of 2 cm−1 in the visible) caused by a small component of Cu impurities.
The unit cell manifests random substitutions, a compositional-disorder that, on
consequence of the structural flexibility typical of perovskites, leads to locally
modified polarizabilities and temperature-dependent nanoscale dipolar structures
(nanodisordered ferroelectricity).
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Figure 3.2. Sample and apparatus. (a) Side-view and (b) top-view of the experimental
setup. (c) Image of the KLTN crystal during GR experiment. Strongly diffracting
white-light from a projector is focused onto the sample, propagates through it, and
appears to exit as if it had been focused directly onto the output facet, 3mm away. The
sample projects the input light beam to the output as if not only the sample is absent,
but also the space occupied by it.

The result is a modified ferroelectric behavior dominated by so-called polar-
nanoregions (PNRs), characterized by dielectric dispersion and out-of-equilibrium
behavior (relaxor ferroelectricity) [5, 76] (see section 1.2.1). In our present case,
this disorder is itself not homogeneous, manifesting a spatially-periodic micrometric
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oscillation along a specific crystal axis. This is because the sample is grown into a bulk
through the top-seeded method, a technique that entails a slight time oscillation in
the temperature of the solidifying melt that, in turn, translates into a characteristic
periodic pattern along the growth (or pull) axis. This pattern conditions the
nanoscale dipolar structures that, at the room-temperature Curie point (TC=288
K), form a three-dimensional mesh of spontaneous polarization, the super-crystal
(SC) [51, 77], as discussed in section 1.3.2 and Chapter 2. The experimental setup is
sketched in Figs. 3.2 (a-b). The source is a commercial projector (NEC-VE281X,
XGA, 2800 lumens). Light exiting a bright screen image is sent through a linear
polarization filter (POL) that allows the passage of light polarized along the x axis
(TM mode) or along the y axis (TE mode). Light is collected using a high-aperture
long-working distance microscope objective (OBJ, Edmund Optics, 100X, 3mm
working distance, achromatic, NA =0.8) positioned approximately 30 cm from the
output lens of the projector. An important parameter in experiments is the rotation
angle of the KTN:Li sample around the vertical y axis, θ1 (see Fig. 3.2(b)), i.e.,
the angle between the normal to the sample input facet (z) and the experiment
propagation axis (z’). A typical example of a GR experiment is reported in Fig.
3.2 (c). Images are obtained using an Apple iPhone7 either directly or through one
eyepiece of a high-aperture optical microscope (Nikon, NA=0.8) positioned on top
of the sample, along the y axis. Higher resolution images are attained placing in
the eyepiece a high-resolution black-and-white charged-coupled-device CCD (PCO
Pixelfly, 14 bit, 1392×1060 pixels). Transmitted light is collected by an imaging lens
with numerical aperture 0.35 and focal length 75 mm. This lens forms an image of
a desired plane onto the front-view CCD (Thorlabs BC-106VIS, 12 bit). Sample
temperature is fixed by a current-controlled Peltier junction and is positioned and
rotated using micrometric stages.

3.1.3
White Light Propagation
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Figure 3.3. Low resolution white-light experiments. Low resolution color images
of the GR inside the KLTN sample. (a) Top view of the behavior of light inside the
sample and (b) the manifestation of GR as the sample thermalizes at the Curie point. (c)
Achromatic nature of GR compared to colored scattering from the bottom alluminium
support.
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In Fig. 3.3 (a) the top view image shows light undergoing GR: the beam is
transmitted orthogonal to the sample facets, irrespective of the actual tilt angle.
In fact, for T = TC, a distinct white beam forms that extends from the input of
the sample to the output. This beam propagates with θ2 = 0, is white, and does
not spread, even though it originates from a white incoherent focused spot from
the microscope objective. We underline that, normally, the white beam diffracts so
as to engulf the entire sample and chromatic aberrations appear. The GR beam
forms on consequence of thermalizing the crystal to TC, as can be appreciated in
Fig. 3.3 (b), where the sample originally at 303 K is brought to T = TC = 288K and
progressively thermalizes in time. Intervals of time measure the delay between the
moment in which the image is captured and that for which the sensor measuring
the temperature of the sample first reaches TC. The phenomenon depends solely on
T and is independent of beam intensity, size, launch angle θ1, and position in the
sample.

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0.0

0.2

0.4

0.6

0.8

1.0

Input    Output    50 µm

Tc+15KTc+15K T=Tc

Output    

(a) (b) (c)

(d) (e)

TE 

x2 
x2 

0 50 100 150 200 250 300 350 400 450
0.0

0.2

0.4

0.6

0.8

1.0

0 50 100 150 200 250 300 350 400 450
0.0

0.2

0.4

0.6

0.8

1.0

0 50 100 150 200 250 300 350 400 450
0.0

0.2

0.4

0.6

0.8

1.0

x

1

z

z’
x

y

x

TM TM 

z(mm)   

I (
a.

u
.)

   
 

x(µm)   x(µm)   x(µm)   

I(
a.

u
.)

   

Tc, TM

Tc-3K, TM
Tc-3K, TE

T=Tc T=Tc-3K
T=Tc-3K

1

z

z’
x

1

z

z’
x

Figure 3.4. High resolution white-light experiments (a) High resolution top-view of
the beam suffering GR at T = TC and (b) at T < TC, an increased scattering is evident.
(c) GR for the TE mode (T < TC). (d) Intensity of scattered light along propagation for
different polarization states and temperatures. (e) Input and output transverse intensity
distribution when the sample manifests standard refraction (T > TC) and GR (T = TC).
The broad background at T = TC is the original diffracting Snell component that is, in
the present case, angularly superimposed with the GR beam.

As expected, GR also occurs when the white-light is focused before and after
the input facet, but with a correspondingly larger width in the GR component.
Specifically, in Fig. 3.3 (b), the focus is formed inside the sample and, as the GR
regime emerges, the actual focus disappears and leads to a slightly enlarged GR
transmission. The GR beam does not manifest the chromatic dispersion that can,
in turn, be directly observed in conventional scattering from the crystal support,
as reported in Fig. 3.3 (c). Higher-resolution images of the effect are reported in
Figs. 3.4 (a)-(c). Figure 3.4 (a) reports the GR effect as the sample is kept at the
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ferroelectric Curie point, while Fig. 3.4 (b) reports the phenomenon when the sample
is kept at a lower temperature (TC − 3 K). Compared to the GR case, increased
scattering causes light to decay along the normal to the input facet. Enhanced
scattering appears in the path of the beam. At this same temperature, also light
polarized in the orthogonal TE mode suffers GR, along with a similar scattering
(Fig. 3.4 (c)). The intensity of scattered light, as deduced from scattered intensity,
is reported in Fig. 3.4 (d) (where background noise has been subtracted). Orange
squares refer to data from the T = TC GR and indicate an exponential decay with a
decay rate of 3.8 cm−1 while blue and green curves refer, respectively, to the TM
and TE modes at T = TC -3K, with a decay rate of 11.2 cm−1. Front images of the
projector light are reported in Fig. 3.4 (e) at the input and output at T = TC + 15K
and T = TC. Light is focused to a 52 µm spot, and the sample is rotated by an angle
of θ1 = 35◦. When GR emerges, the output Full-Width-at-Half-Maximum (FWHM)
is 35 µm, while without GR the FWHM is larger than 142 µm (the input FWHM is
52 µm), as the output diffraction image is a convolution of the actual spread out
beam with the limited optical transfer function of the output imaging lens. Because
no refraction and diffraction are observed at TC (Fig. 3.4), the estimated value
of n across the visible spectrum descends from the experimental uncertainty. In
terms of the angle of refraction, spatial resolution is limited by the width of the
beam (∼ 50 µm) and the length of the sample (Lz = 3 mm), so that the minimum
observable θ2 is δθ2 = 50/3000 = 0.017. Consequently, the minimum observable
index of refraction is δn = sin θ1/ sin δθ2 = 34 (θ1 = 35◦), hence n > 34 for the
spectrum of the projector lamp.

3.1.4
Physical origin of Giant Refraction
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Figure 3.5. Monochromatic experiments and the physical origin of GR. (a) Optical
characterization of the ferroelectric SC (the correlation coefficient C(d) is calculated
between a portion of the intensity distribution transmitted by the sample 35×35 µm2

and a portion shifted by d along the up axis). (b) Spontaneous polarization mesh in the
perovskite tetragonal SC phase with a blow-up of the regions (red) supporting TM GR.
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To further investigate the GR effect we have performed experiments with laser
light substituting the projector with a 5 mW He-Ne laser operating at λ = 632.8 nm
and linearly polarized along ut. The monochromatic light transmission is reported
in Fig. 3.5 (a) for T > TC (303 K), T = TC (288 K), and T < TC (283 K). At TC
the emergence of a coherent spatial structure, typical of the ferroelectric SC [51, 77],
leads to a finite correlation in the intensity distribution, absent in the paraelectric
transmission and in the subcooled ferroelectric state, where relevant domain disorder
is observed. Optical diffraction experiments indicate that the SC is compatible with
the three-dimensional mesh of spontaneous polarization (blue arrows) illustrated in
Fig. 3.5 (b) (left). Here the anisotropy required for GR occurs on a subset of regions
in the sample that forms a characteristic lattice illustrated in Fig. 3.5 (b) (right)
(red-shading). In detail, the blue-shaded regions contain spontaneous polarization
prevalently along ut and up, while the red-shaded regions also contain spontaneous
polarization along un. In conditions in which the optical susceptibility is enhanced
along the direction of spontaneous polarization, these regions have the principal
components of the index of refraction tensor that allow TM GR, i.e., nnn � ntt, npp
along un, ut, and up, respectively. GR for the TE mode, in turn, is supported by
the regions with a prevalently up directed spontaneous polarization (not illustrated).
Only the component of the input beam that impinges on the regions that allow the
correct anisotropy can actually manifest GR, while the remaining component of light
suffers standard Snell refraction.

3.1.5
Laser Light Propagation

The presence of the two components is confirmed using low-aperture laser light,
as reported in Fig. 3.6 (a). For low-aperture experiments (Figs. 3.6 (a-c)), the beam
is first expanded using two confocal lenses to a plane-parallel 10 mm radius beam.
The beam is then focused using a 150 mm focal length lens onto the input facet
of the sample. The beam numerical aperture is NA=0.1 (in air). The input beam
has a FWHM of 18 µm and is TM polarized. Top view images are captured in a
fashion similar to that used for white-light (scattered light leads to an estimated
monochromatic 632.8 nm decay rate along propagation at TC of 4.6 cm−1 for the
steady-state of Fig. 3.6 (c). Thanks to this procedure, we are able to study the
component of the light beam that undergoes standard refraction and diffraction, not
observable in the white-light experiments of Figs. 3.3 and 3.4. Moreover, as expected
from the wholly three-dimensional nature of the SC, the effect occurs along all three
directions of the underlying SC (see Fig. 3.6 (b) for GR with un along the 6mm
long side of the sample). Front view images and intensity profiles of transmitted
light reported in Fig. 3.6 (c) indicate that the GR suffers a filamentation with a
characteristic scale of tens of micrometers, compatible with the scale of the SC. Close
inspection reveals that this filamentation is also marginally visible in the top-view
images of the output facet, but at lower resolution, as caused by the coherent speckle
dominated laser scattering (indicated as "Filaments" in the top-view image). The
image is further distorted by the finite depth of focus of the imaging system, as this
only allows a portion of the filaments (dashed yellow box in Fig. 3.6 (c)) to be in
focus at a time in the strongly tilted geometry.
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In Figs. 3.7 (a-c) we analyze laser light propagation in high-aperture conditions
where the expanded laser light is strongly focused onto the input facet using the
microscope objective (NA=0.8). The experiments are carried out with θ1 = 35◦ and
the two reported sequences in Figs. 3.7 (a-c) differ in the actual position of the
sample relative to the fixed input launch beam. In high aperture experiments, the
component not undergoing GR diffracts to 81 µm, so that its intensity is too low to
be detected when the GR component forms with its highly localized spots (Figs. 3.7
(a-c)). This means that, as the sample thermalizes at T = TC, only the GR beam
is visible. Front-view images reported in Fig. 3.7 (b) indicate a spatial structure
that reproduces the GR supporting structure (red-shaded regions) illustrated in Fig.
3.5 (b) (right). Congruently, the GR pattern is rigidly locked to the sample, it is
found to move and rotate following the sample itself. In fact, while the SC (see Fig.
3.5 (a)) for θ1 = 0 is isotropic in the x and y directions, the images of the guided
tilted cases for θ1 = 35◦ manifest an anisotropy compatible with a rotation of the
SC structure of Fig. 3.7 (b) by θ1 ' 35◦.
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along with the standard refraction component (see text). (b) The top-view snapshot
reports GR along the long 6 mm side of the sample. (c) Detailed analysis of laser light
propagation seen from a top-view (top) front view (central) and as a profile along the
dashed line (bottom) as the sample relaxes to T = TC. Time intervals are measured
starting from when the temperature gauge reaches TC.

The consequence is that the whole GR process can even be confined to a single
micrometric section of the sample, corresponding to a single vertex in the red-shaded
region of Fig. 3.5 (b) (right), if the input launch beam is sufficiently focused down
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and appropriately aligned, as reported in Fig. 3.7 (c) ("Position B" as opposed to
the generic input "Position A" in Fig. 3.7 (b)). As expected, not only does the
beam propagate along the normal of the input facet irrespective of the launch angle,
but the beam itself does not spread on consequence of diffraction. Experiments in
Fig. 3.7 allow an estimate of n (at the laser wavelength) analyzing beam diffraction.
Comparing the output intensity FWHM in the steady-state case of Fig. 3.7 (c),
where only one polarization-vertex is involved and the distortion associated with
filamentation is absent, to the input FWHM (Fig. 3.7 (a)), we find that the beam
spreads from 4.7 µm to 6.8 µm after a Lz = 3mm propagation, leading to an estimate
of n > 26 as explained in section 3.1.7.
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Figure 3.7. GR for high aperture laser light. (a) Input and output beam distribution
for T > TC. (b, c) Output intensity distributions as the crystal settles to TC for
two different launch positions, Position B corresponding to a GR that involves only a
micrometric section of the sample that coincides with a single polarization vertex.

This confirms the huge values of n already encountered in the white-light refrac-
tion experiments, huge values that suggest that at TC local fields play a principal
role. We point out that, physically, in a system where the dielectric susceptibil-
ity is dominated by weakly-interacting atoms or molecules, an n � 1 across the
visible spectrum appears incompatible with the constraints on atomic/molecular
polarizability. In these conditions, GR would require operation in proximity of
a resonance, where, however dispersion and absorption make imaging unfeasible.
In turn, in the strongly correlated perovskite where susceptibility is dominated
by local fields, n can be anomalously enhanced through self-action. In a simpli-
fied isotropic approximation, a description is given by the Lorentz-Lorenz relation
n2 = (1 + (8/3)πNα)/(1 − (4/3)πNα), where N is the density of atoms and α is
the atomic polarizability: conditions in which (4/3)πNα ∼ 1, as would occur in
proximity of a phase-transition, then allow GR [75, 78]. The giant index value here
reported is noticeably lower than giant refraction reported at microwaves [71], as
the longer wavelengths involve more components to the susceptibility and lead to a
larger linear response. Numerical simulations indicate that rescaling a microwave
giant index of refraction to the near-visible spectrum leads to a giant refraction
comparable with the one reported here, and what is termed giant will depend on
the region of the spectrum investigated [71].
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3.1.6
Giant Refraction and Anisotropy

Giant Refraction implies refraction along the normal to the boundary of the
medium, no chromatic aberration, and no diffraction. In turn, the boundary condi-
tions for an isotropic material with GR also imply that very little light can actually
enter or leave it, as rendered explicit by the standard Fresnel equations. For example,
in the case of normal incidence, the coefficient R = |(1−n)/(1 +n)|2 → 1 as n→∞.
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Figure 3.8. Numerical analysis (using an FTDT algorithm) of refraction and reflection in
various conditions (see text). The wave has λ = 632.8 nm, an input width of 1.75 µm,
θ1=45◦, and is allowed to propagate in the refracting material that is 6 µm in length
along un.

An analogous anomalous reflection also occurs on exiting the material, where
now the relative index of refraction is (1/n)� 1. Fresnel reflection, in turn, does
not hamper GR in anisotropic systems [79]. In Fig. 3.8 we report 1+1D FDTD
numerical results for reflection and refraction for the TM and TE modes, where ut is
the unit vector parallel to the boundary in the incidence plane, un is the unit vector
normal to the boundary, and up is the one normal to the incidence plane. In Fig.
3.8 (a) standard refraction and reflection can be found for a homogeneous n = 2
TM case, while, as reported in Fig 3.8 (b), for n = 5, both refraction and reflection
are stronger. In Fig. 3.8 (c), (d) we report the cases with ntt = 2, nnn = 5, npp = 2
and ntt = 2, nnn = 2, npp = 5, respectively. The picture is radically modified in Fig.
3.8 (c) where the diagonal index matrix has ntt = 2, nnn = 5, npp = 2: enhanced
refraction is found without the enhanced reflection. The TE case is reported in Fig.
3.8 (e-h), where enhanced refraction is observed in the case of ntt = 2, nnn = 2,
npp = 5 (Fig. 3.8 (h)) and, as for the homogeneous case of Fig. 3.8 (h), also enhanced
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reflection is found. In the TM case refraction is associated to the matching of the
wave-vector across the boundary along ut, and this involves the component of the
optical electric field that oscillates along un so that, in order to have GR, nnn � 1
is required. In turn, the Fresnel equations involve the susceptibility along ut, so that
a standard ntt leads to standard reflection. In the TE case, GR involves the optical
component of the electric field that oscillates along up, so that npp � 1 is needed.
Since, however, in this case the Fresnel equation involves npp, GR is accompanied
by strong reflection.

3.1.7
Index of refraction evaluation from diffraction

Experiments in Figs. 3.7 (d-f) report beam propagation in conditions of elevated
numerical aperture where non-paraxial corrections become relevant. However, if we
self-consistently assume that n� 1, then the non-paraxial regime ceases to exist, as
the effective wavelength λ/n shrinks far below any reasonable transverse size of the
beam. Applying the standard diffraction laws of Gaussian beams, we then have that
the width of the beam at a given position z along propagation w(z) is related to
the input minimum spot size w0 by the relationship w(z) = w0

√
1 + (z/z0)2, where

z0 = nπw2
0/λ is the Rayleigh length, so that n = (Lzλ/πw2

0)(w(Lz)2/w2
0 − 1)−1/2.

The residual spreading from the 4.7 µm input to 6.8 µm output reported in Fig.
3.7 (f) indicates that two 4.7 µm spots displaced by less than 3.4 µm at input will
manifest strong overlap and cannot be fully distinguished at output.



3.2
Broadband giant index of refraction

GR suggests a solution to overcome chromatic dispersion in image transmission
that sides other recent pioneering solutions, such as those based on metasurfaces [80],
while offering new flexibility to presently available micro and nanoscale photonics
for applications in optical components, lithography [81], and transformation optics
[82]. The very idea that white-light is transferred, irrespective of its launch direction,
along the normal to the sample can play a role in developing self-aligning white-light
photonics, as would be required to harness, for example, sunlight during a day.
The vanishing effective wavelength (λ/n) → 0 (n � 1) implies at once that the
laws of achromatic geometrical optics hold and that light energy can be localized to
presently inaccessible submicrometric scales. For example, a microscope housed inside
a medium manifesting GR will be able to detect features down to a vanishing Abbe
limit d = λ/(2NA), as the numerical aperture NA ∝ n diverges [75]. Furthermore,
ultra-tight transverse localization of light, that scales with (λ/n)2, can potentially
reduce the active material required in detectors or solar-panels, reducing the costs
associated to the use of innovative materials, such as photovoltaic perovskites [1]. In
terms of subwavelength quantum photonics, strong localization can also form the
ideal setting for photon-by-photon nonlinear optics [83, 84].

36



Chapter 4

Nonlinear response in the
super-crystal phase

Nonlinear response in a material increases with its index of refraction as n4.
Hence giant broadband refraction, i.e., an index of refraction n� 1 across the visible
and near infrared spectrum, emerges as a direct route to strongly enhanced nonlinear
response. In this Chapter, we report second-harmonic-generation experiments in a
ferroelectric super-crystal manifesting giant refraction. Enhanced response allows
the process to occur through bulk nonlinear Cherenkov radiation even for highly
focused non-phase-matched beams, a method to achieve constraint-free wavelength
conversion.

4.1
Constraint-free wavelength conversion
supported by giant optical refraction

Frequency conversion and parametric amplification are fundamental ingredients
for a wide family of applications, including light sources, detection, optical processing,
and quantum-state-generation [85–88]. For quantum technology, a versatile and
super-efficient nonlinear process is the key to photon-based quantum computing
[83, 89, 90]. In most schemes, optical nonlinearity can only be effectively harnessed
when the coupling mechanism is driven by a cumulative wave interaction based
on constructive interference. This imposes specific constraints on the available
conversion schemes, so-called phase-matching conditions that depend both on the
polarization, wavelength, and direction of propagation of the interacting waves and
on the specific nonlinear susceptibility of the medium [85]. These constraints can be
overcome in engineered ferroelectric crystals with a full 3D periodic spontaneous
polarization distribution through quasi-phase-matching [49, 91–94] and Cherenkov
phase-matching [95–102]. As mentioned in section 1.3.2 and in Chapter 3, a super-
crystal (SC) is also accompanied by a giant broadband optical refraction [103]. This
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has a direct effect on nonlinear scattering. Considering material polarization P
in terms of the Taylor series expansion in the propagating optical field Eopt, i.e.,
P = ε0

(
χ(1)Eopt + χ(2)E2

opt + ...
)
[85, 104], the first term describes linear response

through the first order susceptibility χ(1) = n2 − 1, while higher-order terms de-
scribe nonlinear effects. The validity of the expansion implies χ(m+1)/χ(m) ∼ 1/Eat,
where Eat is the scale of the atomic electric field of the substance. It follows that
the intensity of an arbitrary allowed nonlinear scattering processes scales with
(χ(m))2(Eopt)2m ∼ (χ(1)Eopt)2(Eopt/Eat)2m, and the intensity of any higher order
scattering processes scales with n4 [87]. In these terms, giant refraction opens up a
new avenue to strongly enhanced nonlinear response.

4.1.1
Giant refraction Cherenkov Phase-matching
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Figure 4.1. Giant refraction Cherenkov Phase-matching. For n ∼ 1, a finite
Cherenkov phase-matching θ′C leads to a limited beam interaction region associated to
a finite beam width and chromatic walk-off. For n� 1, chromatic walk-off θ′C ' 0, so
that the interaction region is expanded.

In the paradigm nonlinear optical process, second-harmonic-generation (SHG),
waves are generated at wavelength λ/2 (and angular frequency 2ω) by the anharmonic
response of dipoles driven by the pump at wavelength λ [105]. The process occurs
most efficiently when the converted signal interferes constructively with the pump
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itself, a phase-matching condition that embodies momentum conservation for the
interaction. For any given material, dispersion causes phase-matching to occur
naturally in the direction of the pump only for converted light (signal beam) whose
wavevector k2ω forms a finite angle θ′C relative to the pump itself kω. This leads
to wavelength-dependent constraints on the process geometry while the wavevector
mismatch ∆k = k2ω − 2kω is accompanied by chromatic walk-off [86] (see Fig. 4.1
top panels). Collinear phase-matching (∆k = 0) can, in turn, be achieved using
material birefringence, which introduces wavelength and polarization constraints
[85], and quasi-phase-matching, that requires periodic material microstructuring
and is also wavelength-selective [106, 107]. In a material with giant broadband
refraction, nω, n2ω � 1, and at the sample input facet the plane-wave components of
the pump refract according to the Snell law θr = arcsin (sin θi/nω) ' 0, where θi, θr
are the incidence and refraction angle. Cherenkov phase-matching occurs for SHG
wavevectors at an angle relative to the pump θ′C = arccos (nω/n2ω) ' 0, insomuch
that ∆n = (n2ω − nω)/nω � 1, even for a finite n2ω − nω. Thus, the angle at which
Cherenkov phase-matching occurs is greatly reduced (θ′C ' 0) so that chromatic
walk-off does not intervene (see Fig. 4.1 (bottom panels)).

4.1.2
Giant refraction Cherenkov SHG
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The specific geometrical structure of Cherenkov SHG combined with giant
refraction is illustrated in Fig. 4.2. The pump propagates inside the sample along the
normal to its input facet irrespective of launch angle θi (left panels) and the Cherenkov
SHG copropagates with the pump inside the sample (θ′C ' 0, central panels). At the
output facet the pump and signal separate at a now finite angle θC , as illustrated for
the two cases of transverse electric (TE) and trasverse magnetic (TM) polarizations
(central and right panels, respectively). SHG polarization is P 2ω

i = dijkE
ω
j E

ω
k , where

Eω is the pump field and dijk is the nonlinear optical susceptibility tensor, that has
nonzero components d31, d33, and d15 for the tetragonal 4mm symmetry of KTN:Li
[108]. Considering the TE case for a spontaneous polarization parallel to the optical
polarization (along the y axis), P 2ω

y = d33(Eωy )2. The emitted Cherenkov radiation
must then have a k2ω in a plane orthogonal to P2ω, i.e., in the incidence plane (xz)
(central panels in Fig. 4.2). So, while the pump exits with an angle to the normal
θ0 = θi, the Cherenkov SHG forms two beams angled with respect to the pump by
θ0 ± θC . Analogously for the TM case, in which, for a spontaneous polarization
parallel to the optical polarization (along the x axis), the nonlinear polarization is
dominated by the x component P 2ω

x = d33(Eωx )2, so that Cherenkov SHG occurs in
the yz plane (right panels in Fig. 4.2). In the TM case, a SHG contribution arises also
for a domain with a spontaneous polarization along the z axis, i.e., P 2ω

x = 2d15E
ω
x E

ω
z

and P 2ω
z = d31(Eωx )2 + d33(Eωz )2. The emitted Cherenkov SHG will then be TM

polarized and have a k2ω orthogonal to P2ω in the incidence plane xz (i.e., along
the y axis). In turn, the SHG Cherenkov radiation separates at the output in the
orthogonal plane (the yz plane).

4.1.3
Materials and super-crystal preparation

The SHG experiments are performed in two samples of nanodisordered oxide
ferroelectric perovskites manifesting GR with record-high broadband index of re-
fraction (n > 26) at visible wavelengths. The two samples (sample 1 and sample 2)
are zero-cut polished lithium-enriched solid-solutions of potassium-tantalate-niobate
(KTN:Li). They have the same composition K0.997Ta0.64Nb0.36O3:Li0.003, while in
the flux of sample 2 traces of Mo impurities are introduced. Sample 1 measures along
its three axes 4.62(a) x 3.86(b) x 1.6(c) mm while sample 2 is 6.96(a) x 3.86(b) x 1.6(c)

mm. The samples form perovskites with room-temperature cubic-to-tetragonal (m3m
to 4mm) ferroelectric phase-transition temperatures TC,1 = 315 K and TC,2 = 333
K. Both are grown through the top-seeded method that causes them to have a
built-in spatially periodic oscillation in composition along the growth axis (the a
axis) that translates into an approximately periodic Λ = 50 µm striation grating (for
sample 2) that then determines the lattice constant of the underlying super-crystal
[51]. To better achieve the super-crystal phase, each sample, initially equilibrated
at T = 298K and unbiased, is heated to ' 373 K at a rate of 0.6 K/min and is
DC-biased by an electric field that increases at a constant rate from 0 to 4 kV cm−1.
The sample is then cooled back down to T = 298K while the bias field remains
constant at 4 kV cm−1. The DC field is applied between the two parallel faces
along the a axis (growth axis). To minimize the temperature gradient, the sample is
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dipped into a Teflon holder that contains temperature resistant mineral oil. The
super-crystal can now be further modified having the sample undergo successive
thermal cycles, composed of a first stage in which the unbiased sample is heated
to TC + 10K at a rate of 0.35Ks−1 immediately followed by a second cooling stage
tp TC − 35K at a rate of 0.1 Ks−1. Once the thermal protocol in completed, each
sample is used for optical experiments at a given temperature T < TC.

4.1.4
Experimental setup and SHG conversion efficiency

SHG experiments (see scheme and photo of apparatus in Fig. 4.3 (a-b)) are
carried out in the 790-880 nm range using a Tsunami Spectra Physics Ti:Sa CW
mode-locked laser (maximum output power of 0.6W at λ = 810 ± 7 nm), with a
repetition rate of 80 MHz and a pulsewidth of 190 fs. Laser beam linear polarization,
TM or TE, or a superposition of the two, is set using a λ/2 waveplate. The beam is
focused onto the input facet of the θ0-rotated sample using a 50-mm-focal-length
lens. The pump beam is focused to an input FWHM ' 15µm.

0 100 200 300 400 500 600

0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

P
2

(

W
)

P

(mW)

Lz=4.62mm

Lz=1.60mm

3 mm

z

x

y

c

z

o

z’

z

iz’

KLTN

Lz

SHG

810 nm



Mode-locked Ti:sa

2

HWP

405 nm

pulsed
t=190 fs

KLTN

z

i

z’

a
3 mmb

0 100 200 300 400 500 600

0.00

0.25

0.50

0.75

1.00

1.25

 

 

P
2

/L

2
  

 

z
(

W
 m

m
-2
)

P

(mW)

d

Figure 4.3. Experimental setup and SHG conversion. (a-b) SHG is observed using a
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The SHG pattern is detected on a white screen placed at d= 7.0 cm from the
output facet of the sample using a Canon EOS 50d. In Fig. 4.3 (c) we report output
SHG power versus pump input power. The observed scaling P2ω ∝ (Pω)2L2

z , where
Lz is the length of the sample in the z direction, is reminiscent of the undepleted
pump regime of standard SHG [85, 104]. The P2ω/Pω ratio is independent of
input polarization, and output polarization is found to coincide with the input.
Furthermore, SHG power P2ω is measured filtering and focusing converted light
onto a power meter for a TM pump (and SHG). We also provide a comparison
of the wavelength conversion in the two samples to identify possible growth and
composition related effects. We found that sample 1 and 2 manifest the same
geometrical behavior as regards to giant refraction and Cherenkov SHG, while their
net SHG conversion efficiency is considerably different, as reported in Fig. 4.3 (d).
This may be connected to the different values of Curie temperature and/or different
values of Λ (70 µm for sample 1 and 50 µm for sample 2).

4.1.5
3D nonlinear lattice

Wavelength conversion is mediated by the second-order nonlinear susceptibility
response χ(2) of the KTN:Li perovskite in its noncentrosymmetric tetragonal 4mm
state. In distinction to single-domain or to quasi-phase-matching schemes, the
nonlinear process is mediated by a super-crystal with its specific 3D geometry, giant
refraction, and underlying ferroelectric domain structure [99, 109]. Hence, while giant
refraction causes conversion efficiency to be essentially independent of polarization,
input angle, and wavelength, the details of the SHG output strongly depend on
input parameters and the super-crystal structure. As illustrated in Fig. 4.4 (a), the
structure of the 3D super-crystal is a volume lattice of 3D polarization vortices that
emerge as the cubic symmetry is broken and polarization charge is screened [51,
103]. The super-crystal forms from the periodic compositional disorder along the
growth direction (the a axis). Each domain has its spontaneous polarization along
one of the 6 principal directions (the direction of the spontaneous polarization is
labeled using different colors, see white arrows and colored solids in Fig.4.4 (a)). In
each domain (of a given color), the corresponding nonlinear susceptibility tensor d
depends on its orientation. Consider now the pump focused into a vortex site on
the a, b facet of the super-crystal (Fig. 4.4 (b-c)). For a TM polarization, most of
the component solids lead to a net zero χ(2) effect, as light experiences a sequence
of oppositely polarized tetrahedrals. The tetrahedrals that dominate χ(2) response
are those with a spontaneous polarization in the a direction, if light propagates
along the c direction shifted in the b direction above and below a single polarization
vortex. Here conversion occurs through a sequence of solids with identically oriented
polarization (see Fig. 4.4 (b)). In the TE case, the situation is analogous, but the
SHG signal is now produced for light propagating in the c direction in regions shifted
in the a direction in proximity of the vortex (see Fig. 4.4 (c)). Focusing the pump
on the ab facet into a polarization vortex leads to the output intensity distribution
reported in Fig. 4.4 (d-f).
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Figure 4.4. SHG in a super-crystal. (a) Illustration of a specific realization of a super-
crystal. The spontaneous polarization, the white arrows, determines the specific χ(2)

response of each composing tetrahedral (a color coding is implemented). The actual
structure of a fundamental Λ× Λ× Λ cube is illustrated through a sequential build-up
adding groups of tetrahedral domains. The lattice constant Λ (' 50µm) is fixed by
the built sample growth process (see section 4.1.3). The super-crystal can have many
different chiral realizations. The one illustrated here serves to explain the specific results
found, relative to the crystal growth axis a. Indicated are the regions leading to strongest
SHG, i.e., the core of polarization vortices in the ab facet and the core of anti-vortices in
the ac and bc facets. (b), (c) Non-zero contributions to χ(2) are illustrated for the TM
(b) and TE cases (c). (d-f) Output spatial distribution and polarization distribution
for a pump polarized at 45 degrees (d), TE (e), and TM (f). (g) Schematic illustration
of the experiments for a pump focused into a single polarization-vortex in the ab facet
and into an anti-vortex both in the bc and ac facets. (h) SHG for a pump focused in an
anti-vortex in the ac facet. As illustrated in the inset, the only finite contribution to
SHG is mediated by b polarized domains through the d15 component for TM. (i) SHG for
a pump focused in an anti-vortex in the bc facet. Results are analogous to the ac facet,
while here a full angle Cherenkov emission is clearly visible (2θC = π). Note how, in
distinction to random-phase-matching, no lateral emission is observed [16, 17, 110], and
all SHG is originating, as expected, solely from the output facet (see inset photographs).
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For a λ =810 nm pump beam polarized at 45 degrees with respect to the crystal
a and b axes, a signature SHG Cherenkov output peaked at λ/2 = 405 nm is detected
formed by two TE components in the a direction and two TM components in the
b direction, the pump beam being at the center of this diamond-like distribution
(Fig. 4.4 (d)). For a TE pump, two TE components in the a direction are dominant
(Fig. 4.4 (e)), while for a TM pump, two TM components along the b axis form
(Fig. 4.4 (f)). Similar results are observed in both samples 1 and 2. An illustration
of the SHG experiments for a pump focused into a single polarization-vortex in the
ab facet and into an anti-vortex both in the bc and ac facets is reported in Fig. 4.4
(g). The situation for a pump focused onto the ac facet is reported in Fig. 4.4 (h).
Here, only the b oriented ferroelectric tetrahedrals can contribute to giant refraction
Cherenkov SHG, and this only for the TM polarization, a condition that is achieved
focusing the pump on an anti-vortex as opposed to a vortex. The output structure
preserves the TM polarization and has a greatly enhanced output angular spectrum
that no longer manifests localized peaks. A similar situation occurs also for light
focused onto the bc facet, as reported in Fig. 4.4 (i), where the output SHG is
emitted at all available angles (see Fig. 4.4 (i) inset photographs). The observed
SHG follows the basic giant refraction SHG Cherenkov mechanism illustrated in
Fig. 4.2. In particular, for results reported in Fig. 4.4 (h) and Fig. 4.4 (i), the
spontaneous polarization is oriented orthogonal to the input facet, so that while
the pump is prevalently experiencing a standard index of refraction nω, the SHG is
dominated by d33 and has a stronger component along the direction of spontaneous
polarization. The result then is that nω/n2ω � 1, so that θ′C inside the sample
remains finite, while all waves still have their Poynting vectors along the normal to
the input facet (giant refraction). This causes this angular amplification caused by
the angular spectrum of the focused pump to populate in a continuous manner a
wide angle of SHG emission around the pump average propagation direction that,
on output, can ever occupy the entire angular spectrum (2θC = π, Fig. 4.4 (i)).
Results on Cherenkov SHG reported in Fig. 4.4 , these including conversion for light
propagating along all three principal crystal axes, provide a nonlinear corroboration
of evidence of a 3D ferroelectric lattice associated to transmission microscopy [51,
103] and polarization transmission microscopy [77].

4.1.6
Cherenkov SHG Experiment

Results on Cherenkov SHG also provide, through a direct measurement of θC ,
an estimate of the super-crystal 2∆nn2ω = (sin θC)2. The phase-matching scheme
requires in the case of Cherenkov emission that cos (θ′C) = (2kω/k2ω) = nω/n2ω. For
normal dispersion (n2ω > nω) nω = n2ω−∆n, so that since θ′C � 1, θ′C '

√
2∆n/n2ω.

Outside the sample, sin (θC) = n2ω sin θ′C ' n2ωθ
′
C . Measuring θC leads to an esti-

mate of ∆n = (sin (θC))2/(2n2ω). For light focused on the ac facet in Fig. 4.4 (h)
and bc facet in Fig. 4.4 (i), SHG is generated from tetrahedral domains oriented
along the b and a axis, respectively, i.e., with a spontaneous polarization orthogonal
to the input facet. Involving both d31, d33, d15, the result is a TM SHG in the bc
and ac plane, respectively. The observed θC ' π/2 (see detailed photos in the
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inset of Fig. 4.4 (i)), corresponding to a
√

2∆nn2ω ' 1. A similar contribution
associated to d15 in the case reported in Fig. 4.4 (b-c), where d33 contributions are
dominant, and leads to the “spurious" SHG scattering in the TM case (Fig. 4.4
(f)) as opposed to the TE case (Fig. 4.4 (e)). For a pump focused on the ab facet
in Fig. 4.4 (b), for both the TE and TM cases, the two SH beams emerge in the
x-z (i.e., ac) and y-z (i.e., bc) planes at an angle θC ' 0.28 rad with respect to
the pump (for all accessible values of θi). According to the Cherenkov model, this
implies that

√
2∆nn2ω ' 0.28, so that 2∆nn2ω ' 0.08. Snell refraction experiments

in this direction provide n2ω > 26, so that we expect a ∆n < 0.001, corresponding
to an ultra-low approximate dispersion of dn/dλ < −0.002µm−1. The prediction
fits in well with our understanding of the super-crystal phase, for which chromatic
dispersion is expected to be strongly reduced.

4.1.7
Super-crystal chromatic dispersion

To further investigate our predictions, we directly measured super-crystal chro-
matic dispersion using group-velocity dispersion [111] for T > TC, where no super-
crystal forms, and T < TC, where the super-crystal forms. Results are reported
in Fig. 4.5. As expected, the onset of the super-crystal structure is accompanied
by a sharp reduction in average values of dispersion, from dn/dλ ' −0.10µm−1 to
dn/dλ ' −0.06µm−1.
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Figure 4.5. Chromatic dispersion. Super-crystal versus cubic phase chromatic dispersion
measured using group velocity dispersion experiments in sample 2.

This, in turn, is not sufficiently small to circumvent the need for Cherenkov
phase-matching (θC ' 0.28 in Figs. 4.4 (d-f)). Strong SHG conversion does not
allow a local vortex and anti-vortex dispersion measurement.
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4.1.8
Spectral and angular acceptance

The angle at which Cherenkov phase-matching is achieved is wavelength-dependent
(θC(λ)). To characterize this we report in Fig. 4.6 (a) measurements of spectral
acceptance (θ0 = 0) for a detector able to collect light only from a limited cone at
two fixed angles θ1 (yellow dots) and θ2 (magenta dots). The result is a spectral
bandwidth whose peak follows θC(λ) and whose width is in agreement with the
angular acceptance. To test this we maximized SHG efficiency, i.e., Cherenkov
phase-matching is established for the specific pump wavelength λ, and the SHG
signal detector is placed so as to capture a single output diffraction-limited mode.
As reported in Fig. 4.6 (a), changing the pump wavelength without altering the
crystal and detector geometry leads to a relative spectral acceptance ∆λ/λ ' 0.047
that is in agreement with the input pump numerical aperture 2λ/πw0 ' 0.05.
Since giant refraction allows no diffraction or pump-signal walk-off, Cherenkov
phase-matching will occur for all wavelengths. In turn, not all Cherenkov SHG
can actually leave the output facet of the sample, as total internal reflection occurs
for wavevectors that have an internal incidence angle θ′i > 1/n2ω with the output
facet. Hence, for a θi = 0, θ′i = θ′C = arccos (nω/n2ω), a zero emitted SHG will
result for arccos (nω/n2ω) > 1/n2ω. The effect can be appreciated from the full
angle-integrated measurement, reported in Fig. 4.6 (a) (blue circles), where the
output SHG is collected by a lens and focused onto a power meter. For a given pump
wavelength, the same effect will occur as a function of θ0 (θi). Total internal reflection
of the SHG signal occurs at the output facet when approximately θ′C + θr > 1/n,
where θr = sin (θ0)/n.
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Figure 4.6. Cherenkov spectral and angular acceptance. (a) Spectral acceptance
for a detector placed at two fixed angles (yellow and magenta circles) compared to the
super-broad spectral acceptance capturing all emitted light (blue circles). (b) Observed
Cherenkov angle versus wavelength. (c) Angular acceptance considering the two TE
Cherenkov radiation beams separately (magenta and violet circles). (d) Illustration
of the geometry leading to SHG suppression caused by total internal reflection of the
Cherenkov radiation.
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Since θ′C =
√

2∆n/n2ω, we have that total internal reflection occurs for | sin (θ0)| >
1−
√

2∆nn2ω. Assuming the previously evaluated
√

2∆nn2ω ' 0.28, we expect to
observe a total internal reflection for an input |θ0| > 46◦. Measured values of θC(λ)
are reported in Fig. 4.6 (b) and are in agreement with chromatic dispersion results
of Fig. 4.5. In Fig. 4.6 (c) we report SHG output, for a λ = 810nm pump, for
different pump launch angles distinguishing between the two Cherenkov components
+θC (violet circles) and −θC (magenta circles). SHG suppression is observed for
|θ0| > 25◦. Illustration of the geometry leading to SHG suppression caused by total
internal reflection of the Cherenkov radiation is reported in Fig. 4.6 (d). Once again,
the broad spectral and angular acceptance underline how the Cherenkov mechanism
in action is not Bragg in nature nor does it relate to quasi-phase-matching.

4.1.9
Limitation caused by the Enhanced Fresnel reflection

The n � 1 regime leading to SHG (as discussed in Fig. 4.4) is accompanied
by strong Fresnel reflection at the input and output facets. This does not allow a
direct evaluation of enhanced wavelength conversion occuring inside the sample by
detecting the converted light transmitted outside the sample. Fresnel reflection can be
measured directly for the pump, that experiences a conventional R ' 0.2, compatible
with an average index of refraction ∼ 2.6, as expected for light focused onto the vortex
and antivortex core [103]. By aligning the pump in different positions, a maximum is
observed R ' 0.45 compatible with an average n ∼ 5. In these conditions, conversion
can be analyzed through the observation of beam dynamics along the propagation
direction. In a standard system, this leads an evolution governed by the so-called
Manley-Rowe relationships [85, 104].

In Fig. 4.7 (a-b) we report scattered SHG light from the body of the sample.
Observed scattering in our experiment disappears altogether only when the sample
is heated above the Curie point TC (Fig. 4.7 (c)) and for T < TC leads to an
almost constant SHG signal from the input facet of the sample to the output facet.
Analysis of the scattered light versus propagation distance in the sample for different
temperatures is reported in Fig. 4.7 (d). The transition from SHG to supercontinuum
generation is achieved by doubling the input pump numerical, as reported in Fig.
4.7 (e-f). Experiments are carried out replacing the 50mm lens with a 25mm one.
The pump is now focused in proximity of the input facet of sample 2 (Fig. 4.7 (e))
and a characteristic white plume is detected. The origin of this broadband emission
and its relation to specific nonlinear processes is still unclear.
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Figure 4.7. Strong SHG conversion versus limited net conversion efficiency. (a),
(b) Top view of pump and SHG signal scattered light (T = TC − 35K, sample 2). (c)
Scattered light from the body of sample 2 of SHG signal, almost constant for T < TC
from the input facet of the sample to the output facet, while disappears when the sample
is heated above the Curie point TC. (d) Analysis of the scattered light versus propagation
distance in the sample for different temperatures indicates a characteristic absence of
propagation dynamics for the ferroelectric case (T = TC − 35K, magenta full circles),
for the Curie temperature on heating from the ferroelectric phase (T−C , heating from
TC−35K to TC) and on cooling from the paraelectric phase (T+

C , cooling from TC +10K
to TC). (e) Evidence of supercontinuum generation. (f) Spectrum and multispectral
images (∼ 10 nJ/pulse pump at input).

We recall that SHG with remarkably wide angular and spectral acceptance can
be observed in multidomains ferroelectrics [110, 112]. The enhanced tunability in
these studies is associated to phase-matching supported by the underlying disor-
dered domains structure, while in our experiments, phase-mismatch (the transverse
component ∆k in Fig. 4.1) persists. The tunability here is then a product of giant
refraction that does not involves Bragg scattering. It serves to further compare our
findings to highly versatile SHG in nonlinear photonic crystals [113, 114]. Here the
physical origin of efficient SHG is phase-matching mediated by vector components of
the reciprocal lattice in the linear or nonlinear response. It follows that the extent
of the pump beam must be larger than the lattice constant. In our case the 15 µm
beam hardly occupies even a single lattice site (Λ ' 50 µm).



4.2. Future developments 49

4.1.10
Extreme nonlinearity

To provide an estimate of the effective nonlinear susceptibility χ(2)
GR we can make

use of the simplified plane-wave model (diffraction is absent in the GR regime)
described in Ref. [85], pages 77-79. For sample 1, the time averaged powers at
the output are Pω = 510mW and P2ω = 2µW for the 190 fs pulse train operating
at 80 MHz repetition rate, while the beam waste is taken to be w0 ' 15µm. For
the purpose of the evaluation of peak intensity and Fresnel reflection, the regions
leading to SHG for the TM case have nω ∼ n2ω ∼ nGR, where nGR �1. Of the
input pump beam, only a portion actually interact with the tetrahedral structures
allowing SHG (the d33 solids in Fig. 4.4 (b)). The fraction of active area can be
evaluated measuring the Fresnel reflection at input and output facets, comparing it
to what expected for regions with standard reflection (i.e., for n ' 2.2) and those
regions that have d33 and hence an enhanced reflection associated to nGR. While
longitudinal phase-matching is guaranteed by the Cherenkov-like geometry (Fig.
4.1), the aperture of the pump and SHG beams remains finite (∆θ′ ∼ ∆θext/nGR,
where ∆θext ' 0.07). This introduces a residual longitudinal mismatch. The trans-
verse wavevector mismatch can be evaluated considering θc ' 0.28 rad measured
outside the sample, leading to ∆k ' 4.4µm−1. The result is χ(2)

GR ' 5.2 pm V−1

n2
GR. Considering even the minimum value of nGR as measured from diffraction

and Snell refraction (nGR ' 26), we obtain an effective χ(2)
GR ' 3.5× 103 pm V−1, to

be compared to the measured value of standard KTN, i.e., χ(2)
KTN ' 168 pm V−1

(n' 2.3) [115].

4.2
Future developments

The n� 1 regime forwards a wide range of hereto unobserved and highly versatile
nonlinear effects that side other pioneering experiments, such as mismatch-free
nonlinear propagation in zero-index materials [116]. In our investigation of SHG in
conditions of giant refraction, the converted light appears in the form of Cherenkov
radiation even in the presence of phase-mismatch. This reduces constraints on
launch angle, a feature that can considerably mitigate alignment requirements in
nonlinear-based light sources. Furthermore, the SHG manifests increased tolerances
in wavelength and polarization, a property that can be implemented to support
multiple simultaneous nonlinear processes, with specific impact, for example, in the
conversion of infrared images to the visible spectrum. While preliminary findings in
ferroelectric KTN:Li indicate a route to strongly enhance nonlinear response, this
goal is curtailed in present schemes by the residual presence of a strong transverse
wave-vector mismatch. This limitation not only reduces the overall achievable SHG
efficiency, but more importantly hampers the exploration of the more general class
of nonlinear processes, these including parametric and even higher-order effects.





Chapter 5

Dynamics of the super-crystal
phase: clustering and
percolation analysis

In order to investigate the physical mechanisms allowing GR in nanodisordered
perovskites, especially the role played by ferroelectric clusters and polar-nanoregions,
in this Chapter we experimentally explored the ferroelectric cluster dynamics during
a structural transition. In particular, using giant broadband optical refraction, we
performed 3D orthographic projection imaging in ferroelectric KTN:Li to provide,
for the first time, direct evidence of fractal percolation.

5.1
Observation of Fractal-Dimensional Percolation

in the 3D Cluster Dynamics

A basic open question is if there exist a general class of dynamics at the micro-
scopic scale that characterizes the transition of a system from one macroscopic state
to another. While continuous phase-transitions are macroscopically characterized by
universal power laws that can be deduced from scale-invariance in their statistical
field description, no analogous universality is known to exist in the microscopic
details of how the transition occurs, i.e., in its underlying space-time dynamics
[117]. The issue has been investigated in ferroelectrics where the transition is from
a non-polar or paraelectric crystal state to a polar ferroelectric one [6, 118]. One
candidate microscopic process driving the transition is polar cluster percolation [32,
33], a mechanism that being self-similar, has intruiguing and hereto unexplored
analogies to statistical scale-invariance [119]. Ferroelectrics form an ideal setting for
the study of percolation. For one, the process is triggered by changes in the average
cluster size and can therefore be activated by changes in temperature, pressure

51



5.1. Observation of Fractal-Dimensional Percolation in the 3D Cluster Dynamics 52

and external electric fields. Furthermore, since ferroelectrics naturally form also
bulk macroscopic crystals, percolation can be analyzed in a full 3D environment,
that is, for clusters that interact and reorient in all three spatial directions [120–
124]. Dielectric spectroscopy has allowed the indirect identification of percolation
in ferroelectric transitions of bulk crystals [125]. Direct evidence of percolation
dynamics in a full 3D geometry is yet unavailable. The basic experimental difficulty
lies in extracting geometrical cluster data from a volume, and this for different
external parameters. While microscopic details of a percolation can be observed
from a volume by sectioning the sample and scanning the surface [126, 127], a
full statistical analysis as a function of temperature and electric bias requires a
non-invasive imaging approach. Ferroelectric clusters can be optically imaged using
crossed-polarizers [29], a technique based on the fact that a polar cluster can change
the state of polarization of propagating light due to its birefringence. The problem
is that each single cluster can form in a volume with a size that can range from
tens to hundreds of nanometers. This makes direct wide-area imaging generally
unfeasible, as the clusters can occupy any position in the volume and transmitted
light will normally pass through different arbitrarily oriented domains. As we have
seen in section 1.3.2, recent studies have shown that some ferroelectrics form highly
organized three-dimensional cluster distributions, ferroelectric super-crystals (SCs)
[51, 128, 129]. Furthermore, as mentioned in Chapter 3, light propagating through
these suffers a GR, where waves travel along the principal axes of the crystal without
diffracting and separating into polarization maintaining components (see Chapter 2),
amounting to a natural 3D orthographic projection. This opens up the possibility of
observing optically the microscopic details of SC cluster percolation even though it
is taking place on the micrometer scale in a full 3D volume.

5.1.1
3D orthographic cross-polarizer projection

The experimental setup is illustrated in Fig. 5.1 (a). Laser light (λ =532 nm) is
made to propagate along the z axis through the zero-cut KTN:Li crystal sandwiched
inbetween two crossed polarizers (P1 and P2). The 2.33(x)× 1.96(y)× 2.03(z)mm3

sample has an average composition K0.997Ta0.64Nb0.36O3:Li0.003 and is biased by a
time-constant electric field E along the x axis.
Crystal temperature T is set by a current-controlled Peltier junction in contact with
one of the y-facets. Light from the crystal output facet is imaged by lens (L1),
which forms an image of the output crystal plane onto the front-view CCD (Charge
Coupled Device) camera. The 3D orthographic cross-polarizer projection technique
that allows the observation of cluster percolation is illustrated in Fig. 5.1 (b). The
fundamental cell of the SC is illustrated in Fig. 5.1 (b) (top left panels): a total of
24 ferroelectric domains are interlocked together forming a cubic structure, where 4
domains have a spontaneous polarization (Ps, white arrows) oriented along one of
the 6 specific directions compatible with the tetragonal phase.
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Figure 5.1. Direct imaging of SC ferroelectric cluster dynamics. (a) Experimental
setup. (b) 3D Orthographic crossed-polarizer projection technique (see text). (c-k)
Crossed-polarizer transmission microscopy images in various conditions of temperature
and bias electric field (see text).

The domains can then be classified into three different classes, those with
spontanous polarization parallel to the x axis (blue), to the y axis (yellow), and to
the z axis (light blue). As illustrated in the central panel, light propagating with
a linear polarization (green double-arrow) at 45 degrees with respect to the x and
y axes (as transmitted by polarizer P1) will suffer GR only for the component of
the polarization parallel to the local spontaneous polarization Ps. For each SC cell,
this field component will propagate with negligible diffraction along the z axis of
the sample normal to the input facet (dark-green component), while the component
of the field with a polarization orthogonal to the local SC spontaneous polarization
will suffer standard diffraction and refraction [77] (light-green component). The
transmitted light at output will then be a checkerboard-like polarization pattern,
with an alternating linear polarization parallel to the x and y axes, superimposed
on a diffracted background component with a polarization parallel to the input
polarization. The output linear polarizer P2, oriented so as to allow light polarized
orthogonal to the input linear polarization to pass, will then block the component
not suffering GR and allow the transmission of 50 % of the component suffering
GR. The situation is altered when the sample is subject to an external electric
field E directed along a crystal principal axis (bias field red arrow in Fig. 5.1 (b)).
The vortex structure, now subject to a directional (x-directed) stimulus, undergoes
a characteristic distortion (SC Defect in Fig. 5.1 (b)) [130]. The result is that
the specific portion of the field undergoing GR that encounters the defect in the
volume finds itself with a polarization that no longer supports GR, diffracts, and
leads to a dark region in the transmission pattern. The region is, in turn, still
well defined in the transmission image as the cells supporting GR that surround
it allow light to proceed undistorted and unaffected to the output (right panel in



5.1. Observation of Fractal-Dimensional Percolation in the 3D Cluster Dynamics 54

Fig. 5.1 (b)). Basic phenomenology is reported in Fig. 5.1 (c-k), where polarization
transmission images through the sample are shown for various temperatures below
TC = 294K. As reported in Fig. 5.1 (c-e), for temperatures deep into the ferroelectric
phase (T = TC − 4.5K), crossed polarizer images indicate the existence of a single
bias-induced transition at Ec = 2.85 kV/cm, with no specific anisotropic features.
At this critical field, the crossed polarizer image becomes wholly opaque, an hence
the SC structure, that generates an overall unpolarized transmitted beam, is lost. A
very different picture emerges at T = TC − 2.5K, as reported in Fig. 5.1 (f-h). Here
at the field value Ec∗= 2.45 kV/cm crossed-polarizer transmission begins to decrease
along specific directions at 45 degrees with respect to the crystal x and y axes. The
SC structure appears to suffer bias-induced distortions preferentially along these
slanted directions. The overall picture still allows light transmission (Fig. 5.1 (g)).
Increasing the bias field further, the dark regions grow along the oriented directions
and ultimately expand to encompass the entire transmitted image at Ec= 2.80
kV/cm (Fig. 5.1 (h)). In turn, even closer to the Curie point, at T = TC− 1.0K, the
two-step dynamic is no longer discernible (Fig. 5.1 (j)), and a single anisotropic/fully
dark transmission intervenes above Ec= 2.40 kV/cm (Fig. 5.1 (k)).

5.1.2
Percolation analysis

Percolation analysis of the transition from a regime of light transmission to one
of no-light transmission through the cross-polarizers, associated with the breakdown
of the SC structure, is reported in Fig. 5.2. Observed images (Fig. 5.2 (a-c))
are processed for analysis. In order to delineate the percolative region, we first
binarize the collected images selecting a threshold intensity: a pixel is considered
in state 1 if it has an intensity lower than the threshold and in state 0 otherwise.
The threshold intensity is taken to be the background intensity of the unbiased
SC pattern (average intensity of the dark regions in Fig. 5.2 (a)). To identify the
clusters size in the binarized transmission images, we define connected pixels that
make up a cluster using the Von Neumann neighbourhood criterium: square-shaped
pixels are considered connected when they share their binarized state along an edge,
while pixels that share a vertex, i.e., are adjacent and have the same state along the
diagonal of the pixel lattice, are not considered connected.

The processed images thus partitioned into clusters are reported in Fig. 5.2
(d-f). Now the mean cluster size S (system susceptibility) is defined as S =

∑
swss,

where ws is the probability that an image pixel belongs to a cluster of size s (the
ratio of the number of pixels belonging to clusters of size s divided by the total
number of pixels). A cluster is taken to be percolating (the infinite cluster) when it
is found to spread from one external boundary of the processed image to another, as
occuring in the x-y direction for the anisotropic dynamics of Fig. 5.2 (e) and Fig. 5.2
(f). For this cluster we then determined its so-called strength P∞ = n∞/N , where
n∞ is the number of pixels in state 1 that belong to it and N the total number of
pixels in the processed image. Dynamics are analyzed in terms of the composition p,
i.e., the probability that a site in the lattice is in the 1 state. In these terms, the
average cluster size will diverge following the power law |pc− p|−γ at the percolation
threshold pc, and P∞ will grow for a composition above pc as (p− pc)β [119]. The
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exponents γ and β depend on the dimensionality and type of underlying lattice
[119]. Results for S are reported in Fig. 5.2 (g) as a function of bias electric field E.
Fitting the data with a |Ec −E|−γ law gives a critical exponent γ = 1.24± 0.10 and
Ec = 2.82 kV/cm. Cluster strength P∞ versus E is reported in Fig. 5.2 (h). Data
can be fitted for fields E > E∗c by (E − E∗c )β, with β = 0.67± 0.05 and E∗c = 2.45
kV/cm, i.e., with a threshold field E∗c 6= Ec.
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Figure 5.2. Percolation analysis of SC breakdown. (a)-(c) Crossed polarizer wide-area
transmission images for different bias electric fields at TC − 2.5K and (d-f) binarization
(see text). (g-i) Critical exponent analysis (see text).

This signals the existence of two distinct percolative transitions, the lower field
transition occuring at E∗c preferentially along directions at 45 degrees relative to the
principal x and y axis (Fig. 5.2 (e)), and the isotropic transition occuring at the
higher field Ec. In Fig. 5.2 (i) we report the mean cluster S at the critical value Ec
as a fuction of the length scale L. Results are fitted by a power law for L > 20µm
(1 pixel=0.5 µm), with an exponent γ/ν = 1.94± 0.10. The result is in agreement
with predictions for finite-system susceptibility at the percolation critical point, that
scales as S ∝ Lγ/ν , where L is the size of the system [131]. Percolation analysis is
consistent with results obtained in [33] for electric field-induced percolation in Ba(Zr,
Ti)O3 and also with values assumed in [32] for temperature-induced percolation in
Pb(Mg, Nb)O3.



5.2
Self-similarity

A basic consequence of the appearance of critical exponent behavior is that
the field-induced transition from the SC state is characterized by scale-invariance,
a feature it shares with conventional phase-transitions. In turn, percolation also
manifest self-similarity, by which the actual geometry of the percolating cluster is
the same as seen on different magnification scales. In these terms, the size of the
largest cluster will in general scale ∝ LD, with D < d, i.e., smaller than the spatial
dimension of the hosting space (d = 3). Since we are observing the 2D projection
of the cluster percolation, we can measure the fractal dimension of the percolating
cluster only for D < 2 [132–134]. In Fig. 5.3 we provide a Kolmogorov capacity
analysis of the transmission images using the box counting method [132, 135]. As
reported in Fig. 5.3 (a), while for fields above and below the threshold field Ec∗ the
local slope changes for different box scales, for E ' Ec∗ it has an almost constant
value, as expected for a fractal-dimensional percolation.
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Figure 5.3. Fractal dimensional nature of the percolation transition. (a) Local
slope versus box-size. (b) Number of boxes needed to cover the set as a function the size
of the boxes of L (see text).

As reported in Fig. 5.3 (b), fitting the number of boxes n(L) ∝ L−D needed
to cover the infinite cluster P∞ versus the length scale L gives a fractal dimension
D = 1.65 (D < 2). Interestingly, observed fractal dimension is in agreement with
interprepative models of dielectric spectroscopy response in analogous materials and,
indeed, with numerical simulations of other complex relaxor materials [125, 136]. In
turn, fractal-dimensional analysis of the second percolative process associated to Ec
yields D = 2, so that the fractal nature of this second transition cannot be detected
in our (projective) setup.
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5.2.1
Role of the 3D vortex structure

The interpretation of results can be formulated assuming the 3D vortex structure
of a ferroelectric SC, as originally formulated in Chapter 3.
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Figure 5.4. Percolation picture in a biased SC. (a),(b) Illustration of directional
percolation and (c-d) its effect on crossed-polarizer transmission (see text).

In the 3D SC matrix, illustrated in Fig. 5.4 (a), the application of an external
bias electric field will then distort the domain mosaic in a domino-like effect: the
defect will propagate along the diagonal direction, as schematically illustrated in
Fig. 5.4 (b). Since the defect in general enucleates inside the unperturbed SC in a
random position in the volume along the z axis, this will cause a dark region in the
crossed polarizer images (Fig. 5.4 (c-d)). Hence, once the first percolation transition
is reached at Ec∗ the diagonal defects, that cause dark regions in the transmitted
image, expand from one edge of the investigated volume to the other. In turn, the
second percolative transition occurs as all the tassels in the mosaic align with the
external field, a condition in which the entire transmitted image becomes darker.
The percolative chain, as in Fig. 5.4 (b), forming at a given position z∗ along the
propagation axis z, will halt GR at that z∗ and cause the light originally transmitted
by that specific SC cell to diffract and be blocked by the output polarizer (Fig. 5.4
(d)). This interpretation is corroborated by experimetal results on the observation
of the behaviour of the GR under the effect of an external electric field, as we will
see in the next section.

5.2.2
Effects of super-crystal breakdown on giant refraction

The effects of SC percolative-breakdown on GR for focused light beams is
analyzed using a high-aperture long-working distance microscope objective (OBJ,
Edmund Optics -100X- 3mm working distance -achromatic- NA= 0.8).

While the sample is optically transparent above TC (absorption coefficient α '
2cm−1), scattering associated to ferroelectric clustering increases below TC (α '
10cm−1 at TC − 4.5K). This allows the observation of beam dynamics inside the
sample through top-view images of stray scattering, as reported in Fig. 5.5. An
important parameter to separate light undergoing GR from the one not suffering
GR in top-view experiments is the rotation angle of the KTN:Li sample around the
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Figure 5.5. Top-view images of scattered light across the percolative transition (see text).

vertical y axis, θ (see Fig. 5.5, first panel), i.e., the angle between the normal to the
sample input facet (z) and the experiment propagation axis (z′). The breakdown of
GR for E > 2.50 kV/cm coincides with the onset of cluster percolations.

5.3
Microscopic origin of self-similarity

Findings shed light on the nature and susceptibility of ferroelectric super-crystals
[51, 77, 93, 103]. They suggest a specific role of organized 3D polarization structures
below the Curie temperature [14, 63, 137]. In more general terms, the direct
observation, in the transparent volume, of percolating cluster dynamics sheds light
on the microscopic origins of self-similarity in natural 3D systems. Furthermore,
3D polarization vortices can have profound repercussions on our understanding
of volume samples and the development of future energy and information storing
technology [53, 138].



Chapter 6

Characterization of bulk KTN

While numerous results are found on the super-crystal phase associated with
the macroscopic optical, dielectric and piezoelectric response, little is known about
the effect that the coherent mosaic of micrometer-scale domains has on the average
atomic structure. In this Chapter we report an indepth 3D structural investiga-
tion of bulk KTN cooled below its Curie point using X-ray diffraction data. To
correlate average atomic structure data to macroscopic (micrometer and above) SC
patterns, we also performed optical diffraction, optical second-harmonic-generation,
dielectric measurements and calorimetry measurements. Results indicate that the
emergence of the ordered 3D ferroelectric cluster patterns is accompanied by a
previously unreported large scale and coherent lattice deformation. The signature is
that the standard perovskite sequence of lattice symmetries on cooling, i.e., cubic-
to-tetragonal, tetragonal-to-orthorhombic, orthorhombic-to-rhombohedral [7], is
transformed to cubic-to-orthorhombic, orthorhombic-to-tetragonal, and tetragonal-
to-rhombohedral. In our modeling, we describe how this unconventional deformation
in the average atomic structure is compatible with the strain field caused by the
vortex polar domain distribution typical of a super-crystal.

6.1
Observation of an exotic lattice structure

6.1.1
Experiments

Materials
The investigated sample is a single-crystal solid-solution KTN (KTa1−xNbxO3,

x = 0.36) compound was grown through the top-seeded solution method. The
concentration of Potassium, Tantalum and Niobium in the crystal was determined by
electron microprobe analysis. Two c-direction-pulled zero-cut samples are extracted
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from the original rod, a 1.8×1.8×2.3 mm specimen to perform dielectric spectroscopy
measurements, and a 0.5× 0.5× 1.6 mm specimen that formed the starting batch
material for X-ray diffraction (XRD) and calorimetry (DSC) measurements.

X-ray diffraction
A 100+ Bragg-peak X-ray 3D structural investigation of a single-crystal KTN

is reported in Fig. 6.1 (a-c). The starting batch consisted of a transparent, hard
and brittle mm-long rod of the freshly synthesized KTN material. The opposite
extremities were cut with a stainless steel microblade. Irregular crystals of micrometer
dimensions were obtained. Twelve of them were discarded after preliminary checks
due to heavy twinning. Eventually, one high-quality non-pleochroic specimen was
selected for the data collection. The linear size does not exceed 100 µm to alleviate
the very high absorption of KTN (µ ' 29 mm−1) at the X-ray wavelength here
employed (λ = 0.71073Å).
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Figure 6.1. Coherent lattice disortion in ferroelectric KTN. (a) Cell edge lengths
(Å), a (red dots), b (green dots) and c (black dots) of KTN as a function of T . Each point
was estimated by single-crystal X-ray diffraction from a least-squares fitting against
∼ 110 reflections within 2θ ' 34◦. Error bars correspond to one estimated standard
deviation (e.s.d.). Vertical dashed lines mark the first-order phase transitions that were
detected by differential scanning calorimetry (DSC) and dielectric spectroscopy (see Fig.
6.3 (a-b) in section 6.1.1). (b) Volume (Å3) of the crystallographic unit cell of KTN as
a function of T . Due to the anisotropic response of the cell axes, the overall thermal
expansion is zero down to the low-T transition at 182 K. (c) Reconstructed precession
images of three equatorial sections of the KTN reciprocal lattice at room temperature,
as viewed down the a∗, b∗ and c∗ reciprocal cell edges. Changes in the positions of the
peaks as the sample is cooled down are not appreciable by the naked eye.

Each crystal was mounted on the top of a glass capillary fiber with bicomponent
epoxy glue and placed in very close proximity of the cold nitrogen nozzle. A
three-circle Bruker AXS Smart diffractometer equipped with an APEX II CCD
detector and an Oxford Cryosystem N2 gas blower was used throughout. Graphite-
monochromated Mo Kα radiation (λ = 0.71073 Å) at a nominal power of the
generator of 50 kV × 30 mA was employed. Diffraction amplitudes were collected
in the ω-scan mode from the hemisphere up to a maximum Bragg angle of ' 37◦
(area detector fixed at 2θ = 0◦, sample rotating around the goniometer z-axis by
varying ω) and the temperature was changed stepwise from 295 K to 100 K, with
∆T= 5 K; before starting any data acquisition, the sample was equilibrated in the
cold N2 stream for ' 10′. Possible hysteresis phenomena were excluded by repeating
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data collections at specific temperatures after having warmed back the specimen at
room temperature [139–142]. Data integration and reduction were carried out by
the SAINT+ suite of programs. The 0.5 mm diameter probe is positioned 50 mm
from the sample: illuminating the whole sample gives an average lattice analysis on
the entire sample. The diffraction data were uniformly distributed in the reciprocal
lattice up to max[sin (θ)/λ] = 0.45◦Å−1 (see below), and each of them represents
the scattering output from the entire volume of the bulk material. We were thus
able to measure very precisely the cell edge length down to 100 K, obtaining for the
first time reliable estimates of the T-driven lattice distortions in KTN. Eventually,
we collected a total of 100+ X-ray Bragg peaks at each temperature. The lattice
constants were computed by minimizing the average square deviations between
the measured reflection centroids and those predicted on the basis of the lattice
model. In the standard least–squares procedure, lattice constants are varied together
with instrumental parameters, which include possible detector misplacements and
centering errors of the crystal. In KTN, T -driven distortions of cell edge lengths
are very small (≤ 0.1%), and of the same order of magnitude as the least-squares
estimated adjustments affecting the instrumental parameters. This results in high
correlations, which imply an odd dependence of the instrumental parameters on the
cell edges and vice-versa, as well as very high estimated standard deviations of the
final least-squares variables. To limit these problems, we measured the positions of
the Bragg peaks in the reciprocal reference frame using a very small scan width in ω
(∆ω = 0.15◦). Possible systematic errors in the position of the instrumental zero were
minimized by collecting reflections at both positive and negative 2θ. Fast exposure
times (3 s/frame) were used to ensure that counting statistics always remain in the
linearity region of the CCD detector device. Finally, instrumental parameters were
optimized at RT and then kept fixed in least-squares refinements at lower T (more
details in the Supporting Information). This way, the diffraction maxima can be
accurately located, even for the most intense reflections. The very low (< 0.001)
cell microstrain (Fig. 6.1 (a-c)) implies that transition-induced crystal twinning,
if any, is not detectable. This is because the associated reciprocal space splitting
of the Bragg peaks would be lower than 0.002 rad, corresponding to a deviation
comparable with the detector pixel size (0.12 mm). Cell volume across the entire
range of inspected temperatures is reported in Fig. 6.1 (b) [13, 143–149].

Optical diffraction
The macroscopic formation of extended 3D ferroelectric cluster patterns below

TC in the KTN sample are observed using visible light propagation, as reported in
Fig. 6.2 [51]. While domains in KTN can be directly observed using transmission
polarization microscopy in thin plates [150], periodic domain patterns in the volume
can be optically detected using coherent scattering, as originally demonstrated in
KTN by Bouziane et al. [151].
We note that the patterns occur spontaneously, i.e., without fabrication or post-
processing protocols (such as laser-induced domain pattern orientation), on cooling
through TC. Light transmission is analyzed illuminating the sample with a polarized
plane-wave from a frequency-doubled Nd-YAG laser (λ =532 nm). Transmitted light
parallel to a specific crystal axis is collimated and imaged onto millimeter paper placed
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Figure 6.2. Output of light scattering experiments close to the Curie point.

after the sample. Different directions are inspected rotating the sample. Crystal
temperature in the range 265-300K is fixed through a water-cooled current-driven
Peltier junction placed below the sample holder. Temperatures are measured relative
to TC that is evaluated optically through cross-polarizer transmission microscopy. To
avoid strong water condensation, optical diffraction is investigated for temperatures
down to 270 K. Optical diffraction patterns are evident for two directions, while
the diffraction peaks are accompanied by background scattering. Far-field images
provide the angular scale of the Bragg diffraction. The angular peak-to-peak distance
identifies a spatial scale Λ ' 5.2µm, which is in agreement with scale of the growth
striations associated to the standard bulk sample pulling process [51]. Results are
incompatible with propagation through a disordered mosaic of ferroelectric clusters
and in agreement with the slow metastable relaxation into the fully ordered 3D SC
cluster mosaic previously observed in other samples in proximity of the Curie point
[51].

Calorimetry and dielectric measurements
Calorimetric measurements of the KTN sample are reported in Fig. 6.3 (a).

Differential scanning calorimetric (DSC) measurements were carried out in the 143
K-room-temperature (RT) range using a Mettler Toledo DSC1 apparatus with Stare

software (version 11.0). The entire crystal was placed into a 40 µl aluminum pan,
carefully positioned flat on the bottom in order to maximize heat transfer with the
instrument. The sample is thermalized 5 minutes at 143 K, heated to 323 K, and
finally cooled back to 143 K at 2, 5, 10 and 15 K/min rate. Sharp transitions were
located by averaging the onset temperature measured during heating and cooling
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ramps at various rates [152–154].
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Figure 6.3. Macroscopic response. (a) DSC thermogram of KTN in the 143 K-RT
range of T ; (1), (2) and (3) indicate endothermic first-order phenomena at 285, 228
and 182 K. Insets represent a close up of the transitions when studied at 2 K/min. (b)
Dielectric response as a function of T along three orthogonal main crystalline axes at
the sample frequency of 10 kHz. (c) Total entropy calculated through the sum of the
induced Fröhlich entropy SE = SE(T ) along the three crystalline axes [155, 156] as a
function of T .

Dielectric response for the KTN sample in the 228-285 K range is reported Fig.
6.3 (b). The real part of the permittivity versus temperature T is measured by a
precision LCR meter (Agilent-4284A) applying a probing electric field of 1 V/cm
between plane parallel electrodes deposited on the sample facets. Temperature
variation in the 75-320 K range is obtained employing a closed two-stage helium
cryostat. The thermal variation rate is 1 K/min and monitored through a calibrated
silicon diode sensor (0.01 K in precision). The dielectric response is measured along
the three crystalline main directions a, b, c, in three different consecutive scan stages,
keeping all experimental parameters constant, especially the thermal variation rate
and the strength of the probing field. Each set of measurements is carried out for
the frequencies 1, 10, 100 and 1000 kHz and the acquisition rate is two measurement
points for 1 K [5, 34].

Second-Harmonic generation experiments
Second-harmonic-generation (SHG) experiments are performed in a 7.0× 3.9× 1.6

mm sample designed to have a higher TC (TC = 333 K) adding a small concentration
(<0.01) of Li to the melt (KTN:Li). The details of the local polar domain structure
of the SC are analyzed using SHG experiments reported in Chapter 4.

6.1.2
Discussion of the X-ray experiments results

Cell-size analysis for the KTN sample reported in Fig. 6.1 (a) indicates that
while the standard cubic to tetragonal transition is observed in cooling the sample
below TC = 285 K, this symmetry is superseded at 270 K by a stable orthorhombic
distortion that persists to lower temperatures, down to ' 230 K. Here, cooling
below T =228 K, symmetry is found to increase as a low-T tetragonal phase
emerges from the high T orthorhombic one. Since the statistical significance of
the observed distortion of the unit cell refers to a redundant analysis of Bragg
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peaks, each collecting the scattering contribution from the whole sample, this implies
that the lattice distortion, which includes the anomalous increase in symmetry on
cooling, coherently pervades the entire bulk material. An increase in symmetry on
cooling is not forbidden on absolute grounds. In fact, according to Group Theory,
it is only required that low-symmetry phases lie both in a symmetry subgroup of
the high-T prototype one [157]. Even so, while short-range distortions are known
to locally lower the symmetry, it is unusual to observe an increase in long-range
symmetry upon cooling in the context of perovskite research. In detail, mainstream
theories, including the Landau theory, describe non-reconstructive structural phase
transitions in homogeneous systems identifying an order parameter. Experimentally,
such transitions imply the occurrence of a symmetry relationship relating the involved
phases. In ferroic transformations, like in ferroelectrics, this relationship is strictly
a point group-subgroup one. According to Aizu [158] (and references therein),
the crystal structures of transition-related phases must all be described by slight
distortions of a prototype reference structure, necessarily the most symmetric one.
A distortion here means that the ferroelectric phase (the low-T one, i.e. that
existing below the Curie temperature) is expected to bear a lower symmetry, i.e.
to belong to a point group of lower order. Mixed perovskites, in turn, such as
the Mg/Pb niobates that have attracted continued attention in recent years, are
known to be chemically and structurally heterogeneous on different length scales
at the same time [13]. This leads to an anomalous physical response, over a broad
range of temperatures, that cannot be fully described by a Landau-like approach.
For one, no obvious order parameter can be identified. As regards specifically to
our results in KTN, the phase sequence from RT to 100 K (Fig. 6.2 (a)) is cubic-
orthorhombic-tetragonal-tetragonal-rhombohedral, which corresponds to an alleged
sequence of point groups m3m ⊃ [mm2 ⊂ (4mm = 4mm ⊃ 3m)]. All the low-T
phases thus belong to a subgroup of the prototype m3m one, a circumstance that
apparently agrees with the Aizu paradigm. In fact, two fundamental differences
emerge: First, a non-ferroic transition occurs at low T , which relates two different
tetragonal ferroelectric phases; Second, all the phases below ∼ 230 K are supergroups
of mm2, the one appearing just below the Curie point. To the best of our knowledge,
this phenomenon has never been reported for BaTiO3 and BaTiO3-type single-
crystal ferroelectric materials, which rather follow the expected sequence m3m ⊃
[4mm ⊃ (mm2 ⊂ 3m)]. That is, in ordinary perovskite ferroelectrics the low T
mm2 and 3m phases can also be rationalized as small distortions of a prototype
ferroelectric phase (4mm). Rather, in KTN, the only meaningful prototype is the
paraelectric cubic one (m3m), implying that, below the Curie point, a very strong
and unexpected cubic to orthorhombic symmetry-breaking occurs. Unexpected
XRD findings can arise as artifacts of apparent pseudo-symmetries generated by a
crystallographic multidomain structure. To exclude this and ensure that we were
observing an actual spontaneous symmetry breaking at the atomic-scale (followed
by the significant symmetry gain on cooling), we took great care in selecting true
single crystals, that is, crystallographically homogeneous (single-lattice) specimens.
For sure, grain boundaries and extended defects exist in our specimens, but in
a much lower concentration than in a multidomain system (twinned, powdered).
Moreover, X-ray diffraction outcomes (Fig. 6.1 (c)) confirm that lattice parameters
have the same orientation throughout the whole bulk sample, that is, defect-bounded
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crystallites are all iso-oriented. Anomalous symmetrization could be associated
to a so-called reentrant transition, a thermodynamic characterization that is, in
our case, not applicable. First, it is not obvious what order parameter should be
defined in the allegedly “ordered” orthorhombic phase, as KTN is an intrinsically
disordered solid solution already at high T . The disorder in KTN is occupational and
temperature-invariant. Moreover, the very small distortions of the cell parameters
(Fig. 6.1) ensure that atomic displacement is too small to produce a significant
entropic drive for the transition. As we will see in the next sections, DSC results
(Fig. 6.3) point out that the first-order transitions we detect upon cooling are all
endothermic (∆H > 0). Accordingly, this implies that some “hidden mechanism”
should exist to allow for the spontaneity of the process (∆G < 0) [159].

6.1.3
Origin of the anisotropic strain field

Model
While theoretically possible, the switching of orthorhombic and tetragonal phases

upon cooling is anomalous and bears deep physical and chemical significance. In what
follows we discuss how the 3D SC model is able to provide an interpretative picture
of XRD data corroborated by the optical diffraction, dielectric spectroscopy, and
calorimetry measurements. Ferroelectric perovskites suffer a spontaneous symmetry
breaking from the cubic phase to the polar tetragonal phase at TC. Here a strong
spontaneous polarization emerges along one of the six principal crystal axes [7, 66,
160]. As a textbook example of a solid-solid phase-transition, the passage from the
nonpolar or paraelectric phase to the polar or ferroelectric phase has always been
thought to spontaneously gives rise to a disordered distribution of polar domains in
which free-energy is minimized taking into account both defects, inhomogeneities,
and the actual finite size and shape of the sample [13, 45]. Optical scattering
experiments in bulk KTN:Li samples suggest an entirely different picture [51, 77]. To
explain what can best be described as the optical equivalent of X-ray diffraction from
a crystal lattice, polar clusters appear to spontaneously organize into a macroscopic
coherent 3D mosaic with a micrometric periodicity, the ferroelectric SC. A model for
the phenomenon is based on the formation of a superlattice of polarization vortices.
A polarization vortex is a topological defect that emerges in reaching a state of
equilibrium from the non-polar to the polar phase (see illustration in Fig. 6.4 (a)).
In detail, the reduction of volume/surface charge and strain leads to two basic
polarization domain patterns, the 180◦ alternate domain sequence with a domain
wall parallel to the crystal axes, and the 90◦ pattern, in which the wall is at 45◦ to
the crystal axes. These two types of patterns will in general combine into complex
patterns with a rich and varied phenomenology [45, 161]. The vortex is now a
combination of four separate domains with a spontaneous polarization that wraps
around a localized singularity where the four 45◦-oriented domain-walls meet. Even
though strain compatibility reduces stress at each domain wall [162], the vortex
structure can cause a rotational stress associated to a finite toroidal moment that
can dominate response close to the Curie point [163].

Polarization vortices in the bulk, in thin and layered geometries are known to
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remain stable even below the Curie point, both as single isolated defects and in
large arrays of stacked two-dimensional super-lattices [49, 51, 103, 164]. In these,
they appear as reconfigurable localized domain structures for electrically controllable
energy and information storage and processing (see illustration of the 2D SC in Fig.
6.4 (b)). As a result of a combination of tetragonal units, each vortex has an equally
elaborate associated strain configuration that also depends on its surroundings, a
phenomenon typically used to encode ferroelectric memory devices [53].
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Figure 6.4. The 3D SC model and a possible origin of the anisotropic strain
field. (a) Spontaneous polarization (black arrows) is formed as the Gibbs potential
G vs P (dark red curve) passes from having a single minimum (top row) to having a
characteristic double-minimum below the Curie point at T = TC (center). The resulting
multidomain structure expands and preserves an unpolarized state in the form of a
topological defect vortex (bottom). Since spontaneous polarization can only form along
the crystal principal axes, the physics resembles that of Heisenberg magnets. (b) In 2D,
topological defects inherit a higher-dimensional 3D vortex structure (left) that can then
form a 2D SC (right). The red vector v represents the local vorticity of the polarization
field. (c) In the volume, defects inherit a 4D structure, forming a 3D hypervortex (left),
that can then form 3D SCs (right). (d) Each unit hypervortex (left) is formed by 6
independent vortices that wrap around the central point. These can combine to form
SC unit cells with a resulting strain field (boxed panels) that can be both Cubic (left,
zero strain along a, b, c), Polar (center, +2 strain along a, zero strain along b, c), and
Orthorhombic (right, +4 along a, +2 along b, zero along c). Since each component
vortex has an associated strain principally in the plane orthogonal to its vorticity vector,
in the orthorhombic case we expect a larger lattice distortion along one specific axis (i.e.,
the c direction).

Numerical studies of perovskites in the tetragonal phase indicate that vortex



6.1. Observation of an exotic lattice structure 67

structures are stable also in volume systems with no dominant external stimuli [124].
The formation of the 3D SC is then modeled as the 3D generalization of the 2D SC
to 3D, as illustrated in Fig. 6.4 (c). The screening of volume and surface charge
causes the tetragonal domains to combine into a cube-like structure formed by 6
independent vortices. In these terms, each unit cell of the 3D SC has an associated
stress field caused by the specific combination of the single component vorticities.
Combining different types of unit cells, it is possible to design cubic, polar, and
even orthorhombic strain fields from a single tetragonal building-block (see Fig.
6.4 (d)). Hence, the exotic lattice structure can arise as a result of the anisotropic
3D stress field that accompanies the specific 3D polar cluster configuration. The
effect also dominates the cell structure below the second phase-transition, at 228
K, where the perovskite passes from an orthorhombic to a tetragonal phase. Here
the natural orthorhombic phase [7, 148] is superseded by an anomalous tetragonal
phase below 210 K. This anomaly, that persist down to the third phase-transition
temperature at 182 K, would then be the result of the stress field associated to
having the single constituent parts of the SC pass from the tetragonal to the or-
thorhombic phase. In other words, the SC leads to an orthorhombic strain field
when it is made of orthorhombic unit solids. The average distortions we report
are smaller than the uncertainty of previous studies [148, 165, 166]. These have,
congruently, failed to identify the structural anomaly reported in Fig. 6.1 (a). While
this may reflect a strain-stress mechanism specific to the family of KTN samples
inspected, or even the specific composition of our samples, it could equally repre-
sent a general trait common to other perovskites. This is because previous studies
performed XRD monitoring a limited number of reflections, and if single-crystal
X-ray and neutron detection is limited to the monitoring of a small number of
reflections, no significant evidence of a shift from the basic high-temperature cubic
lattice can be observed [166–168]. In other words, the lattice distortions reported
in Fig. 6.1 (a-b) are detected only when the number of accurately measured Bragg
peaks is radically increased. In any case, the distortions here discussed are also
composition-dependent to some extent, as the phase sequence in perovskite solid
solutions often changes with composition. The present results should thus encourage
to perform accurate single crystal X-ray diffraction experiments to check whether and
to what extent these structural transitions are common in the KTN class of materials.

Experimental corroboration of the physical picture
As reported in Fig. 6.1 (b), the exotic orthorhombic phase from 270 K to 228 K and

the exotic tetragonal phase from 210 K to 182 K are accompanied by an anomalous
compressibility. The macroscopic thermal response is strongly anisotropic, as one
unit cell vector undergoes a large negative thermal expansion (αp(c) = −1.95(1)·10−5

K−1). The result is a material with an overall negligible thermal expansion (αp(V ) =
+1.78(1) · 10−8 K−1) over the whole 100 K range, and a zero thermal expansion
in the 182-285 K region. In terms of the 3D SC strain-stress field, this may be a
manifestation in 3D of the negative linear response observed in layered 2D systems
where the inverted potential at the vortex core (see Fig. 6.4 (a), bottom) leads
to negative capacitance [48, 169]. The physical picture is corroborated by the
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optical diffraction experiments reported in Fig. 6.1 (d) and the SHG experiments
in Fig. 4.4 (b-c). In fact, for temperatures slightly above and below the point at
which the lattice anomaly occurs, the characteristic optical Bragg diffraction that
accompanies the emergent SC is found. In turn, the SHG emerges as highly structured
and polarization-dependent Cherenkov radiation [97, 99], a direct signature of an
underlying organized polar cluster structure specific to the 3D SC [128]. The picture
is further supported repeating the XRD analysis for different portions of the original
bulk crystal. Cell edge vs T anomalies are found to have different onset temperatures
[170–173], indicating that the effect is driven by defects and inhomogeneities specific
to the sample, as expected to occur in the formation of the 3D SC [51]. On a
macroscopic scale, the idea that a strain field associated to the 3D SC drives the
anomalous cell behavior implies that the underlying perovskite suffers a standard
sequence of phase transitions at the three critical temperature T1, T2, T3. This
is confirmed through calorimetric measurements of the material reported in Fig.
6.3 (a), that show a standard sequence of three solid-solid transitions typical of
pervoskites. Specifically, no latent heat is found in the regions between 285 and
228 K and 210 and 185 K, where the anomalous lattice structure emerges (see Fig.
6.1), thus excluding a first-order phase transition. The absence of a temperature
resonance in the dielectric response in the 285-228 K range reported Fig. 6.4 (b)
also excludes a second-order type transition [76]. In other words, the passage below
285 K from the tetragonal to the orthorhombic structure does not occur through
a transition, but through an ordering of tetragonal clusters into the model 3D SC
(and equally for the second orthorhombic to tetragonal anomaly below 210 K) [174].
Dielectric measurements further reveal strong differences along the three principal
perovskite axes a, b, and c in the relative real permittivity ε = ε(T ) (Fig. 6.3 (b)).
Since permittivity for polydomains samples is strongly affected by domains size,
orientations, by domain walls, and even domain wall motion [165], this macroscopic
anisotropy corroborates the idea of an anisotropic ferroelectric domain distribution
typical of the 3D SC. The response analyzed in terms of dielectric or Fröhlich Entropy
(see Fig. 6.3 (c) and [175–181]) indicates a temperature interval that overlaps with
the 3D SC hypothesis (230− 250 K) in which the reorientational entropy changes
sign far from the critical points T1 and T2 [155, 156]. This agrees with the scenario
described in Fig. 6.4 (d) (right) where two directions, a and b, have a finite resultant
vorticity while the third c direction does not. Congruently, the a and b directions
have a positive reorientational entropy, while a negative entropy is found in the c
direction. What happens at lower temperatures, i.e., for T < T3, is still under study.
For example, while we expect the system to naturally proceed towards an isotropic
lattice through what should be a rhombohedral phase, an unexpected structural
change occurs at T ' 125 K, a rearrangement that is also detected in dielectric
spectroscopy data (see Fig. 6.3 (b-c)).



6.2
Role played by topological defects

Since KTa0.64Nb0.36O3 (KTN) is a variant of other solid solution potassium-based
perovskites that are relaxors, our study sheds light on the role played by topological
defects in determining complexity-driven phenomena and non-ergodicity. In the
language of relaxor physics, the average ordered high T perovskite structure can host
a population of uncorrelated polar nano-regions (PNR) [13]. Upon cooling, different
PNRs start to interact persistently with each other and, below the Curie temperature,
they can produce self-organized macroscopic polarization domains. The 3D vortex
pattern is then that PNR structure that screens volume and surface charge and
minimizes stress, while different vortices can self-organize into the SC that eventually
occupies the whole bulk volume. It is this meso-scale structure of polarization
domains that ultimately lowers the average lattice symmetry at the atomic scale,
producing an anisotropic chiral stress field that induces the detectable orthorhombic
distortion deep in the tetragonal phase, a remarkably strong microscopic-macroscopic
correlation that binds X-ray data to dielectric spectroscopy data.
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Chapter 7

Beam propagation in
photorefractive media

Ferroelectric KLTN crystal is also a fundamental material to study the physics
of nonlinear waves. In this Chapter, we introduce the basic physical concepts
on which rely part of the phenomena investigated in the following chapters. In
particular, the general concept of nonlinear wave is briefly introduced and applied
in detail to optical spatial propagation in photorefractive media. First, we will
focus on the photorefractive effect, a nonlinear optical mechanism due to the local
self-modulation of the refraction index. Then, we highlight the role of the paraxial
Helmholtz equation in describing propagation and including a nonlinearity, we obtain
the nonlinear Schrödinger equation. Finally, we introduce some of the main nonlinear
phenomena: solitons and rogue waves.

7.1
Introduction

Generally, the dynamics of a system near a stationary configuration is studied
expanding the relevant physical quantities around the equilibrium point. The
dynamics is thus modelled by linear differential equations, from which emerges the
fundamental physical concept of normal mode as a tool to describe the dynamics. The
linearity of the problem allows to express any solution as a superposition of its normal
modes. Exciting the system through a localized perturbation, the system will evolve
broadening its structure, since a specific eigenvalue or phase velocity characterizes
each mode. In optics this leads to the typical phenomena of diffraction and dispersion,
characteristic of any continuous system, linearly approximated. Conversely, when the
interactions in the system are such that the energy and momentum exchanged are
comparable to the energy that binds it to equilibrium, the system evolution cannot
be described in terms of oscillations around an equilibrium point, and nonlinear
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phenomenology emerges. Different modes can be made to interact and nonlinearity
can transfer energy and momentum from one mode to the other. In the case of
nonlinear optics, for example, we have the effect of second-harmonic-generation, or
more generally, the interaction between waves at different frequencies [85]. However,
when the anharmonic response is so strong, the concept of mode no longer applies.
The strong correlations make the system respond collectively, and its behaviour, to
be described, requires the introduction of new, qualitatively different constituent
objects without an analogue in a linear theory. Solitons are the most important ones.
Optical solitons are highly-localized electromagnetic perturbations that propagate in
the supporting medium without spreading their spatial or temporal structure [182].
In fact, nonlinear interaction exactly balances the dispersive character of the pulse.
They emerges as the optical intensity is able to change the index of refraction spatial
distribution of the medium, the so-called Kerr effect, governed in centrosymmetric
media by the susceptibility tensor χ(3) [85]. In what follows, the picture will be
described for waves interacting through a saturable nonlinearity, as the one occurring
in photorefractive media.

7.2
Photorefractive effect

The photorefractive effect is the self-local modulation of the refractive index
of a medium induced by an optical field proportional to the light intensity [183].
In particular, a process occurring in materials manifesting both photoconductivity
and electro-optic response [184, 185]. In these media interaction with optical
radiation leads to local charge separation, with the corresponding generation of
a space-charge field that modulates the index of refraction via an electro-optic
effect induced by the electromagnetic field. It is common in ferroelectrics with deep
in-band donor/acceptor impurities. Impurities energy levels must be sufficiently far
in energy from the valence and conduction bands so ionization is not dominant. The
nanodisordered ferroelectric perovskite samples described extensively in the previous
Chapters, support photorefractive effect through Copper and Vanadium impurities.
In the next paragraph, we briefly introduce the model that is commonly adopted to
describe the photorefractive effect.

7.2.1
Band-transport model

The basic phenomenology is reported in Fig. 7.1. We consider a dielectric
medium with in-band deep acceptors and photosensitive donor impurities, their
density are respectively Na and Nd and typically Nd � Na. When light propagates
inside the crystal with a non-uniform intensity distribution I(r), the charge carriers of
the donor sites in the bright areas are excited and, then, they drift and/or diffuse till
they recombine in the acceptor sites in the dark area. The result is a spatial charge
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field that depends on the light pattern [184]. The standard model of photorefraction
is based on semiclassical nonlinear rate equations and assumes a constant number of
impurities [186].

++ + ++ + ++ + ++ + ++ ++ +

Conduction band

Valence band

E0
Applied Field Photoexcitation

e− Recombination e−

ND
NA

Drift + Diffusion + Photovoltaic

Figure 7.1. Scheme of the band structure of a typical photorefractive material and sketch
of the charge carriers separation (recombination) in the illuminated (dark) zone of the
crystal (From Ref. [184]).

∂

∂t
N+
d = (β + sI(~r))(Nd −N+

d )− γNeN
+
d , (7.1)

where N+
d is the ionized donor density, Ne is the free electron concentration, β is

the thermal ionization coefficient, s is the photo-ionization coefficient related to the
absorption cross-section and γ electron-donor recombination constant according to
Langevin theory [184]. Under the hypothesis that the average carrier motion occurs
on temporal scales much larger than the ones related to the electron free path, drift
and diffusion processes gives the macroscopic electric current density

J = eµNeE + kbTµ∇Ne, (7.2)

where e is the electronic charge, µ is the carrier mobility, kbT is the thermal
energy and E= E(r, t) the quasi-static electric field distribution. The second term
in Eq. (7.2) represents the diffusive current according with the Einstein relation
D = (µkbT ) /e. The above relations are connected through the continuity equation

∂

∂t
ρ+∇ · J = 0, (7.3)

with the average charge density distribution ρ = e(N+
d − Na − Ne). Finally, the

electric field satisfies the Maxwell equations

{
∇ · (εE) = ρ

∇×E = 0.
(7.4)

The solution for the above set of nonlinear equations gives the field E that rules
the nonlinearity acting on the optical beam. However, the system is not analytically
solvable and a several approximations are needed. We address the issue in the next
section through the space-charge field approach [187, 188].
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7.2.2
Self-induced space-charge field

We start considering that two time scales intervene: the charge recombination
time τr, which takes into account local excitation events and the dielectric relaxation
time τd, related to the macroscopic dielectric response, that is the average time needed
to screen an arbitrary electric field distribution inside the material. Generally, τr �
τd, so that the microscopic process can be considered at equilibrium with ∂N+

d
∂t = 0

[188]. This statement, with also the consideration based on the typical experimental
conditions of low intensity regime, in which Ne � Na and α ≡ (Nd −Na)/Na � 1,
allows us to manage Eq. (7.1) and ρ to get:

Ne = (β + sI)
γ

[
Nd − p/e
p/e+Na

]
, (7.5)

and, substituting this to (7.3), we obtain

∇
[

γ

eµsα

∂(ε(0)E)
∂t

+ E(β/s+ I)
1− ∇·(ε(0)E)

αNae

1 + ∇·(ε(0)E)
Nae

+

+ kBT

e
∇ ·

(
(β/s+ I)

1− ∇·(ε(0)E)
αNae

1 + ∇·(ε(0)E)
Nae

)]
= 0,

(7.6)

where we use ε(0) to underline that the dielectric response is quasi-static for the
considered time scales. We can define the dark intensity Id ≡ β/s, which represents
the light-independent thermal contribution to the charge ionization. Id is part of the
more general background illumination Ib that takes into account all the secondary
intensities that intervene during the process. Since α� 1, the first term in Eq. (7.6)
is negligible, so that in the quasi-stationary case (∂E/∂t ≈ 0), Eq. (7.6) reduces to

E(Ib + I) 1
1 + ∇·(εE)

eNa

+ kbT

e
∇ ·

(Ib + I) 1
1 + ∇·(εE)

eNa

 = g, (7.7)

where g is a boundary-condition-dependent constant. For instance, the unbiased case,
V = 0 implies g = 0 and the the diffusive electric field reduces to E = −kbT

e
∇I
Ib+I .

A more complex picture arises if g 6= 0 which means that there is an external bias
electric field E0 6= 0. We start the perturbative treatment for one-dimensional waves
(1+1D), introducing the following dimensionless quantities:

Y ≡ |E|
E0

Q ≡ Ib + I

Ib
ξ ≡ x

xq
= x

eNa

εE0
, (7.8)

where xq is the saturation length. Typically the illuminated region of the crystal l is
much smaller than the whole crystal length L� l, consequently E0 ' V/L.Through
these variables, Eq. (7.7) can be rewritten as

Y Q

1 + Y ′
+ a

[
Q′

1 + Y ′
− Q

(1 + Y ′)2Y
′′
]

= G, (7.9)
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with a = NakbT/εE
2
0 e G = g/E0Ib and where the symbol ′ indicates d/dξ.

Explicating the equation (7.9):

Y = G

Q
− aQ

′

Q
+ GY ′

Q
+ a

Y ′′

1 + Y ′
. (7.10)

The first term indicates the local contributions whereas terms with the derivative
takes into account the nonlocal contributions. Assuming l� xq, the nonlocal effects
play a minor role and we can follow a perturbative approach. Since the derivatives
scale with η = xq/l ∼ 0.01 whereas a is typically of the order of units [188] we can
expand in orders of η. At the zero-th order we have

Y (0) = G

Q
+ o(η), (7.11)

and, iterating, we obtain the first order

Y (1) = G

Q
− aQ

′

Q
− Q′

Q

(
G

Q

)2
+ o(η2). (7.12)

The first term, which is dominant in biased conditions, gives the so-called Kerr-
saturated or screening nonlinearity and governs the soliton formation. It is a local
term since the field in a given position depends only from the optical intensity in that
position. Since the charges rearrange to screen the external field, typically G ' −1,
and this term makes |E| < E0. The second term is the diffusion field whereas the
third emerges from the coupling between the diffusion field and the screening field:
both are nonlocal terms and they give rise to asymmetrical contributions to the
space-charge field that can distort beam propagation, as for example the soliton
bending [189].

7.3
Electro-optic effect in photorefractive crystals

In the previous section, we derived the space-charge field ~E which leads to a
modulation of the index of refraction through the electro-optic effect. However,
in order to have significant variations of ∆n, a large electro-optic response of the
material is required. It can be obtained in non-centrosymmetric phases, such as in
poled ferroelectrics, and in centrosymmetric paraelectric phases in proximity of the
ferroelectric phase transition. The electro-optic response emerges from the coupling
between a low-frequency electric field, in our case the quasi-static photorefractive
E, and high-frequency electromagnetic field Eopt, i.e. the light beam. The physical
mechanism of the coupling can be explained assuming that the material reacts to the
presence of E changing locally its dielectric properties. This means a variation of the
high-frequency polarization that affects also the propagation of Eopt. To describe the
electro-optic effect, we consider the tensor ε = ε0n

2 or the strictly correlated tensor
1/n2 [188]. We define (1/n2) = (1/n2)|E=0 + ∆

(
1
n2

)
. The tensor variation ∆

(
1
n2

)
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is therefore caused by the low-frequency E via the nonlinear components of the
susceptibility of the medium, i.e., its polarization and electric displacement vector.
We note that ∆

(
1
n2

)
can be considered a local variation, if it is compared to the

spatial and temporal nonlocality of the charge migration [188]. The E-dependence
of ∆

(
1
n2

)
can be summarized by the following tensorial expression:

∆
( 1
n2

)
ij

= rijkEk + sijklEkEl, (7.13)

with rijk and sijkl, respectively, the linear and quadratic electro-optic coefficients. In
this section we focus our attention on the case in which the linear term in Eq. (7.13)
vanishes, i.e., we deal with centrosymmetric media. The quadratic electro-optic
effect can be observed only in crystals having a dielectric constant ε that strongly
depends on the actual temperature. In this situation, it is more appropriate to
consider polarization ~P instead of ~E. We can rewrite Eq. (7.13) as:

∆
( 1
n2

)
ij

= gijklPkPl, (7.14)

with gijkl the element of the electro-optic tensor referred to ~P . We point out that
gijkl is temperature independent since all the dependence in temperature is enclosed
in ε. From (7.14) we get the second order variation of the refractive index ∆n(E)

∆n(E) = −1
2n

3
0geffε

2
0 (εr − 1)2E2 (7.15)

where we have introduced geff , that is the effective electro-optic parameter.
Through the photorefractive effect, we have found the expression for |E| (Eq. (7.11))
and substituting it in (7.15), we obtain we the canonical Kerr-saturated nonlinearity:

∆n(I) = −∆n0
1

(1 + I/Ib)2 (7.16)

with ∆n0 = (1/2)n3geffε
2
0 (εr − 1)2E2

0 . The type of nonlinearity is governed by
the sign of geff , and may have a focusing or defocusing effect on the propagating
beam for geff > 0 and geff < 0, respectively. The fact that the intensity appears
only through the ratio I/Ib relies in the cumulative response and is the basis for the
low powers needed for nonlinear optics in photorefractive media.

7.3.1
Cumulative nature of photorefractive response

Under quite general assumptions, typical of most experimental conditions, and
in the accessible 1+1D case, that is, when the optical field depends only on one
transverse axis (say the x axis), the photo-excitation/migration/recombination
mechanism reaches a steady-state for an electric field that is well approximated by

E(x) = E0

1 + I(x)
Id

, (7.17)
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where I is the optical intensity and Id is the dark illumination. The dark illumination
is the intensity equivalent to the low residual thermal conductivity in the absence of
the optical field. It can be artificially increased illuminating the sample with a second
plane-wave optical field, the so-called background illumination. This model is termed
the steady-state screening model for photorefractive solitons. For a linear electro-
optic response, that is, in conditions in which ∆n(E) ∝ E, this leads to the saturated
response ∆n = −∆n0(1 + I/Is)−1, with Is ≡ Id while, for a quadratic electro-optic
response with ∆n(E) ∝ E2, to the saturated Kerr response ∆n = −∆n0(1+ I/Is)−2.
At steady-state, the small fraction of light absorbed by the donor impurities promotes
to the conduction band the same number of electrons per unit of time that recombine
throughout the sample, while on consequence of the space-charge field, diffusion,
and external bias, the net charge migration per unit time in all regions is zero. This
steady-state is reached only after a transient regime in which the space-charge is
built-up in time, or accumulated, ultimately to form the steady-state distribution.
In this transient, nonlinear response is accumulated, the crystal passing from being a
homogeneous system to one with a growing ∆n. The build-up process, in conditions
in which the crystal is subject to a constant external bias and is illuminated by a
constant optical field, involves a complex temporally nonlocal optical response [190].
A good approximation to the transient can be achieved on time scales larger than the
electron-recombination time, i.e., in conditions in which the excitation-recombination
process has reached locally an equilibrium. Here the transient is governed by the
charge relaxation process associated to charge conservation, ∂tρ+∇ · J = 0, where
ρ and J are respectively the charge and current densities. The build-up then obeys

td
∂E

∂t
+
(

1 + I

Id

)
E = E0, (7.18)

where td is the dielectric relaxation time. The model can be further simplified by
considering situations of weak diffraction, that is, conditions in which the build-up
is essentially constant along the propagation axis [188], so that

E = E0e
−
(

1+ I
Id

)
t
td . (7.19)

For a quadratic electro-optic response, the resulting nonlinearity is

∆n = −∆n0e
−
(

1+ I
Id

)
2t
td ' −∆n0e

− 2It
Idtd ≡ −∆n0e

− I
Is(t) (7.20)

as I � Id in the regions of interest for the propagation and having defined Is(t) ≡
Idtd/2t.



7.4
Nonlinear wave equation

To understand nonlinear waves dynamics, we show how an index variation
induced by photorefraction (Eq. (7.16)) modifies beam propagation. Consider a
monochromatic electromagnetic wave Eopt(r, t) = Eω(r)eiωt + c.c., with frequency
ω = 2πc

λ
. From Maxwell equations, its propagation in an homogeneous media on

scales of the order of λ, follows the scalar Helmholtz equation [75]

∇2Eω + k2
0n

2(r)Eω = 0, (7.21)

where k0 = ω/c and n(r) = n0 + ∆n(r), expressed as a small perturbation to
the linear index of refraction, which depends on the spatial coordinates via the
electro-optic effect.

In our experiments the longitudinal size of the beam lz is much lager than
its transverse size lxy, typically lz ∼ 1 ÷ 3 m and lxy ∼ 10 ÷ 1000 µm, thus the
beam is spatially localized in the transverse plane. In these conditions, the paraxial
approximation holds, and for a propagation along the z-direction, the field can be
expressed as Eω(r) = Aω(r⊥, z)e−ik(ω)z, with k(ω) = k0n(ω) = ω

c n(ω). Under the
Slowly Varying Envelope Approximation, that implies ∂zzA(ω) ≈ 0, from (7.21) we
thus obtain the paraxial Helmholtz equation:

∂Aω

∂z
+ i

2k∇
2
⊥Aω = −ik∆n(~r)

n0
Aω. (7.22)

This equation is known as generalized Nonlinear Schrödinger Equation (GNLSE)
and describes paraxial nonlinear wave propagation in the spatial domain. Formally
it is similar to the Schrödinger Equation, where the longitudinal length variable z
plays the role of time and the nonlinear term plays the role of an effective potential
for the light beam. The second term describes diffraction, i.e. the beam spreading,
and can be exactly balanced for specific values of the nonlinearity depending on
the external parameters. This compensation leads to an amplitude solution Aω

spatially-localized and stationary: a spatial soliton. In particular, with a nonlinearity
given by Eq. (7.16), we obtain photorefractive screening solitons.
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7.5
Photorefractive soliton

Solitons, in general, are localized waves that do not spread in time or space.
They are ubiquitous in nature and can be found in several systems such as optical
fibers [191, 192], semiconductor microcavities [193], Bose-Einstein condensates [194],
water [195], crystals [18] and lattices [9]. From a mathematical point of view, spatial
solitons emerge when the diffraction is exactly compensated by the nonlinearity so
that the beam is shape-invariant along propagation, namely the z axis. The solution
is analytic for pure Kerr nonlinearity and for (1+1D) soliton, that is a soliton with
only one transverse dimension, i.e. x-axis, that propagates along another dimension,
i.e. z-axis. The soliton, to preserve the shape of the beam during propagation, needs
that the z-dependent factor is confined only in a phase factor. We, therefore, look
for solutions of the form

A(x, z) = u(x)eiΓz
√
Ib + Id (7.23)

with Γ the solitonic propagation constant and, as discussed above, Id � Ib. We
renormalize the spatial coordinate x according to the following definitions

ξ ≡ x

d
d ≡ (±2kb)−1/2 b ≡ k

n

[
1
2n

3geffε
2
0(εr − 1)2l

(
V

L

)2
]
. (7.24)

Considering the focusing case (geff > 0), we obtain the dimensionless equation
for centrosymmetric bright screening (1+1)D soliton [8]:

d2u(ξ)
dξ2 = −

[
1

1 + u2
0
− 1

(1 + u(ξ)2)2

]
u(ξ) (7.25)

where d is called nonlinear length and u(ξ) is the soliton amplitude u(x) normalized
to the square root of the sum of background and dark irradiances. In the u0 � 1
limit, the pure Kerr model is recovered, which is integrable, and the solution takes the
shape of a hyperbolic secant [196, 197]. This means that for an input gaussian beam
some intensity is radiated away to get the right secant-profile [198]. This solution
represents an attractor to the system dynamics and it is stable to perturbations [199].
The main beam parameters that characterize the soliton solution are the normalized
width ∆ξ (associated to the FWHM of the input beam) and the normalized intensity
u0; the relation between these two is unique [199]. The full problem can be solved
integrating numerically Eq. (7.25) and the solution remains a bell-shaped function
but it is are neither a Gaussian nor a hyperbolic secant [199]. In this case the relation
between ∆ξ and u0 is no longer fixed but it is summarized by the so-called existence
curve (an example of this is reported in Fig. 7.2).

In the simplified 1+1D model, the low-frequency photoinduced electric field E
depends only on the transverse x-axis along which the bias field is applied. In a more
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Figure 7.2. Soliton existence curve for photorefractive spatial solitons. The solid line is a
theoretical prediction whereas the dots are experimental points. (From Ref. [8]).

general situation, as occurs for optical beams that are confined in two transverse
directions in the (x, y) plane, the situation is more involved since the external field is
delivered by two x-directed plane electrodes while the photoinduced electric field E,
obeying the quasi-static irrotational condition ∇×E ' 0, will also have a y-directed
component [188]. In typical experimental conditions, a prevalently x-directed field
E ' Eux emerges in a manner analogous to what occurs when a dielectric cylinder
(the illuminated region) is place in a uniform electric field. As for the polarization
charge in the dielectric, here the space-charge forms two lateral lobes along the
x-axis. The lobes break the rotational symmetry of the nonlinearity. The lobes, that
have been subject of intense debate and study, play a dominant role when diffraction
is strong. In the weakly diffracting case, as the one investigated in this Thesis,
they affect the finer details of the nonlinear dynamics. The anisotropy seems to
theoretically allow, at least, only (2+1D) elliptic soliton and to prohibit the existence
of perfectly cylindrical one [200]. In truth, circular soliton are also possible, where
the key is the lobes suppression that occurs for enough small transverse dimension
∆x and ∆y [200]. In turn, we have to note that the two-dimensional soliton is
unstable for pure Kerr nonlinearity but it is stable for the saturable nonlinearity
as our photorefractive one [182]. One of the thing that is connected to our present
study of photorefractive solitons, is the identification of the origin of the so-called
soliton rogue waves. In order to adress this issue, we provide in the next section a
brief introduction of rogue waves.



7.6
Brief introduction of rogue waves

Rogue waves are extreme events that can affect several wave-sustaining systems
[201]. In particular, our attention is focused on spatial rogue waves that emerge in
a photorefractive crystal due to the very strong cumulative nonlinearity. The first
observations of rogue waves were done in ocean [202]. Since they represent a real
danger for vessels, many efforts have been exercised to understand the phenomenon
but with little success due to the intrinsic difficult of observing in nature such rare
events [21]. The need of available controllable experimental conditions has driven
the search for rogue waves in different systems. In fact, despite they come from
different mechanisms, all extreme events respond to an universal statistics and they
fulfil the NLSE. The aim is to exploit more affordable systems as test benches for
their ocean counterpart and, of these, a very suitable choice are ferroelectric crystals
in proximity of the phase-transition due to their large photorefractive nonlinearity
and their intrinsic random distribution of ferroelectric domains of different size and
orientation [26]. The key signature of the extreme events is the presence of long-tail
statistics, which indicates, for spatial experiments, the existence of high intensity
peaks in the transverse profile. To clarify this point, we introduce the intensity
distribution function, e.g. extrapolating the peak intensities over more than one
thousand images. For a gaussian distribution we expect a decay following the function
P (I) = exp(−I/Ī)/Ī [203]. Large deviation from gaussian behavior means that the
intensity distribution is described by a stretched exponential P (I) = exp

(
−cIb − a)

)
with b < 1 that indicates the presence of long tail statistics. Furthermore, to recognize
a rogue wave, the hydrodynamic criterion is also commonly adopted, that is an
extreme event is identified if its intensity exceed at least by a factor of two the
mean amplitude of the highest one-third of the detected waves [204]. Both of these
criteria are well satisfied by photorefractive ferroelectric crystals close to the Curie
point. It is relevant, that the rogue phenomena disappear for crystals far above the
phase transition, demonstrating the relevant role of nonlinearity in extreme events
formation [21].
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Chapter 8

Using Bessel Beams to Induce
Optical Waveguides

An interesting aspect of our study is connected to possible applications. Pro-
grammable waveguides scalable into highly integrated photonic circuits are key
ingredients to the development of innovative optical technology in various rapidly
growing fields, including linear quantum computation and optical information pro-
cessing [205]. While present achievements are based on planar photonic circuits
[206–208], optical networks can in principle operate in a fully three-dimensional
volume, thus increasing the achievable number of interlinked gates and devices. Op-
erating in a volume requires specific fabrication tools, such as direct optical writing
[209–214]. At present, direct writing involves a step-by-step fabrication that becomes
increasingly cumbersome as design complexity grows. Furthermore, as the details of
the circuitry are scaled down to the optical wavelength, diffraction in the writing
beams limits the available volume, ultimately compromising scalability. Previous
studies have attempted to overcome diffractive distortion in optical writing through
nonlinear beam propagation, as occurs in self-writing and spatial solitons [215–219].
This, however, causes optical writing to be dominated by light-light interaction,
greatly complicating circuit design [220–223]. At present no scalable optical writing
technique based solely on linear waves has been demonstrated in a full macroscopic
volume. In what follows we demonstrate a scalable method to optically induce
waveguides deep in a volume using Bessel beams. The method is used to fabricate
waveguides in increasingly complex geometries, integrated multi-port splitters and
miniaturized functional electro-optic gates.
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8.1
Bessel Beam

In this section we briefly introduce one of the most significant non-diffractive
solutions of the paraxial Helmholtz equation, i.e., Bessel beam. In particular, we
limit our analysis to the linear part of Eq. (7.22), discarding all the nonlinear
contributions, obtaining the linear paraxial Helmholtz equation

∂ ~Aω
∂z

+ i

2k∇
2
⊥
~Aω = 0. (8.1)

Solutions of (8.1) are also plane waves, which have the property of being non-
diffractive. Indeed, non-diffracting beams are volume interference patterns of plane
waves and inherited their proprieties [10]. For example, these patterns exhibit self-
healing, i.e. they reform after an obstacle, since their parent plane waves permeate
all space. The Bessel Beam (BB), which belong to the category of non-diffractive
beams, is an interference pattern that forms from the coherent superposition of plane
waves at a fixed angle with the propagation axis [10, 224]. The conical distribution
of wave vectors implies that each plane-wave component has the same phase velocity
along the propagation axis, say, the z axis, so that no mutual phase slippage between
components intervenes. The result is a localized central peak along z that does not
diffract. Its equation is [225]

E(r, φ, z) = A0 exp(ikzz)Jn(krr) exp(±inφ), (8.2)

with A0 the amplitude, n is the order of the Bessel function J and φ is the azimuthal
component.

(a) (b)

Figure 8.1. Numerical simulation of the transverse intensity of (a) Bessel and (b) Bessel-
Gauss beam.
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This peak, however, is accompanied by an elaborate and extended oscillating
tail structure that actually contains most of the beam power [224, 226], as reported
in Fig. 8.1 (a). A consequence of this is that BB are not physically achievable
because they carry infinite energy. A realization consists in considering a BB with a
gaussian envelope. These new solutions, the so called Bessel-Gauss beam, maintain
the properties of BB but only for finite distances suitable for experiments [227, 228].
To achieve the Bessel-Gauss equation we consider Eq. (8.2) and a gaussian envelope
exp(−x2/σ2). Here we report the simplest case for z = 0 (the complete formula is
provided in Ref. [228]):

E(r, z = 0) = A0Jn(krr) exp(−r2/σ2) (8.3)

with σ2 the variance of the gaussian curve and smaller the σ, less the number of the
Bessel rings, as shown in Fig. 8.1 (b).

8.2
Guiding in a Bessel Index of refraction pattern

We thus begin by addressing the basic question of if and how an index pattern
that reproduces the intensity distribution of a BB, in its finite energy Bessel Gauss
realization [228], can actually guide light along the z axis. Consider, for paraxial
propagation, the inhomogeneous parabolic equation

∂zA−
i

2k∇
2
⊥A = ik

n0
∆n(I)A (8.4)

where z is the propagation axis, (x, y) is the transverse plane, ∇2
⊥ ≡ ∂2

xx+∂2
yy, A is the

slowly varying component of the optical field Eopt = A(r⊥, z) exp(−ikz), k = k0n0,
n0 is the unperturbed refractive index, and k0 = 2π/λ, with λ the wavelength. The
index of refraction is n = n0 + ∆n, with ∆n = ∆n0|J0(krr) exp[−(r/σ)2]|2, where
J0 is the zeroth-order Bessel function, r =

√
x2 + y2 the distance in the transverse

(x, y) plane, and kr and σ are fixed parameters (see the Bessel beam pattern in Figs.
8.2 (a), (b)). As demonstrated in Figs. 8.2 (c)-(f) through a numerical simulation of
Eq. (8.4), the z-independent BB pattern will guide a naturally diffracting Gaussian
beam focused on its input plane (i.e., A(r, z = 0) = A0 exp[−(r/σG)2]) for a specific
value of ∆n0.



8.3
Waveguiding mechanism

8.3.1
Theory

We optically induce the BB pattern in a photorefractive crystal. Writing is
carried out using a Bessel-Gauss beam with Aw = Aw0J0(krr) exp[−(r/σ)2], with kr
and σ chosen so that Rayleigh length zR = πnσ2/λ� Lz and the diffraction-free-
distance zD = σ/(kr/k)� Lz [224], where Lz is the length of the sample along the
propagation axis [228]. The photoexcitation of deep in-band impurities and charge
transport leads to the formation of an optically-induced space-charge field Esc(Iw, t)
given by [188]

Esc(Iw, t) = E0w

(
e
−
(

1+ Iw
Id

)
t
td − 1

)
. (8.5)

Here Iw = |Aw|2 is the writing intensity distribution, t is the duration of writing
process, Id and td are constants, the dark-illumination (that can be changed by
also illuminating the sample with a plane wave) and the dielectric relaxation time,
respectively [188]. E0 = E0w is, in turn, the constant external bias field applied to
the sample along one transverse axis, say the x axis, during the writing phase. The
electric field E = E0w+Esc now changes locally the sample index of refraction through
the electro-optic effect. Since the sample is heated above its room-temperature
Curie point TC, in the paraelectric phase, it manifests a quadratic electro-optic effect
according to which ∆n = −(1/2)n3

0geff ε
2
0(εr(T )− 1)2E2 ≡ −∆n0,T (E/E0)2. Here,

geff is the effective electro-optic coefficient, ε0 is the vacuum dielectric constant, εr(T )
is the low-frequency sample relative dielectric constant at the writing temperature T ,
and ∆n0,T ≡ (1/2)n3

0geff ε
2
0(εr(T )− 1)2E2

0 is the characteristic scale of the response
for the given temperature and bias field E0. The presence of the dielectric anomaly
at T = TC implies that the dielectric constant in the paraelectric phase is strongly
temperature dependent, following the Curie-Weiss law εr(T ) = C/(T − TC) [187].
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(e) OUT (f) Diffraction (no waveguide，Δn=0）

(c) OUT

(a) BB pattern (b) BB pattern

Δn

(d) Guiding in the BB pattern

IN

IN

Figure 8.2. A Bessel beam waveguide. (a) ∆n(x, y, z = 0) and (b) ∆n(x = 0, y, z)
distributions for ∆n = ∆n0|J0(krr) exp[−(r/σ)2]|2 (BB pattern). Input and output
intensity distribution (c) and propagation dynamics (d) of a Gaussian beam focused
on the z = 0 plane, i.e., I(r, z = 0) = |A0 exp[−(r/σG)2]|2, propagating through the
pattern, as predicted through a beam-propagation-method simulation [229] for σ = 60
µm, kr = 0.28 µm−1, σG = 5 µm, λ = 532 nm, and n0 = 2.3. For ∆n0 = 4.5× 10−4, the
pattern is able to guide the beam that would otherwise diffract and spread for ∆n0 = 0
(e), (f).

Hence, heating the sample to a sufficiently high temperature Tw > TC causes the
electro-optic response to drop and renders nonlinear beam effects and self-writing
negligible [10, 230, 231]. The light-induced Esc of Eq. (8.5) can now be used as a
blue-print for the electro-optic activation of a waveguide. This is achieved by cooling
the sample closer to the Curie point to Tg (Tg < Tw), leading to a strongly enhanced
εr(Tg) > εr(Tw), and applying an appropriate bias guiding electric field E0 = E0g.
The resulting index pattern is

∆n(E0g) = −(1/2)n3
0geff ε

2
0(εr(Tg)− 1)2(E0g + Esc)2. (8.6)

This index pattern can be used to guide and route an optical field Ag (Eq. (8.4))
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with no further light-induced changes in Esc. This can be achieved either using
attenuated light (Ig ≡ |Ag|2 � Iw), effectively halting the build-up process, or using
longer wavelength light, for which the photoexcitation process becomes inefficient.
For E0g = E0w and for unsaturated conditions (i.e., t � td), Eqs. (8.5), (8.6)
give ∆n ∝ Iw, reproducing the process analyzed in Fig. 8.2 (with Ag(r, z = 0) =
A0 exp[−(r/σG)2]). More generally, E0g 6= E0w leads to a varied family of different
guiding, routing, and antiguiding structures described by Eqs. (8.4), (8.6). This
allows fast electro-optic control of the index of refraction pattern with no nonlinear
propagation and without involving the slow charge migration processes required to
alter the space-charge density [54, 232, 233].

8.3.2
Experiments

Experiments are carried out in a compositionally disordered photorefractive
KLTN crystal (Potassium-Lithium-Tantalate-Niobate - K0.95Li0.05Ta0.60Nb0.40O3)
with the setup illustrated in Fig. 8.3 (a). The crystal was grown through the
top-seeded solution method by extracting a zero-cut optical quality specimen that
measures Lx = 2.6 mm, Ly = 3.4 mm , Lz = 1.8 mm along the x-y-z axes.

During fabrication of the waveguides, the sample is kept at Tw = TC + 20 K
above its ferroelectric Curie point at TC = 292 K using a Peltier cell. The sample
manifests a quadratic electro-optic effect with n0 = 2.3, geff = 0.14 m4C−2, and
εr(Tw) ' 0.45 × 104. The bias field is obtained applying the voltage Vw to the
x-facets, Lx apart, so that during this stage E0w = Vw/Lx = 1.7 kV/cm. In these
conditions, the characteristic scale of the electro-optic response is ∆n0 ' 0.4× 10−4,
appropriately low to not affect the propagation of the writing field Aw [234, 235].
There are numerous ways of generating a BB from a standard Gaussian laser beam
[236, 237]. In our experiment, a continuous-wave λ = 532 nm frequency-doubled
Nd:YAG laser is enlarged and made to propagate through a Spatial-Light-Modulator
(SLM) that is programmed with an intensity mask that transmits a ring. Light
is then focused by a lens onto the sample, forming the BB. The Aw is then an
x-polarized zeroth-order Bessel-Gauss beam with kr = 0.16 µm−1 and σ = 110 µm
that is launched into the sample along the z axis. The input and output intensity
distribution in the transverse x,y plane are imaged onto a CCD camera and reported
in Figs. 8.3 (b) and (c), respectively. As expected, negligible diffractive distortion
is observed for the Lz = 1.8 mm propagation through the sample. For a specific
fabrication stage with a writing beam total input power of 1.1 µW and for an
exposure time t=360 s, the waveguiding effect is reported in Figs. 8.3 (d)-(g). In
the waveguiding stage, illustrated in Fig. 8.3 (d), Tg = TC + 6 K leads to a higher
εr(Tg) ' 1.5× 104, so that for a waveguiding bias of E0g = Vg/Lx = 1.2 kV/cm the
characteristic amplitude of the index modulation ∆n0 ' 2× 10−4 can now strongly
affect diffraction. Figs. 8.3 (e)-(g) reports the waveguiding of an input focused 40
nW Gaussian beam (so that the ratio of the peak intensities is Ig/Iw ' 0.07) (Fig.
8.3 (e)) that is trapped to its input 12 µm Full-Width-at-Half-Maximum (FWHM)
at the output (Fig. 8.3 (f)).
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Figure 8.3. Demonstration of a BB waveguide in photorefractive KLTN. Fab-
rication : (a) scheme of the optical writing stage; (b) input and (c) output intensity
distribution of the writing beam (kr = 0.16 µm−1 and σ = 110 µm). Waveguiding: (d)
scheme of the optical guiding stage; (e) input and (f) output of a Gaussian guided beam
(input FWHM = 12 µm, σG = 10 µm) compared to (g) the diffracted output distribution
with no waveguide (output FWHM = 39 µm). Output intensity distribution (h) for
different durations of the writing phase. Optimal guiding arises for t = 240− 360 s (see
panels t = 240, 360 s), while saturation introduces distortions for long exposure times
(see panels t = 420, 480 s).

For comparison, in Fig. 8.3 (g), we report the same output intensity distribution
if no fabrication stage is enacted and the BB waveguide is absent, where the beam
spreads to an output FWHM of 39 µm. As described in the model of (8.5) and
(8.6), for a given Iw, the peak index modulation and shape of the light-induced
waveguide also depends on the writing exposure time t, ultimately undergoing
complete saturation for t� td. In our specific case of peak Iw(0, 0) ' 0.7 W/cm2,
the transverse output intensity distribution Ig = |Ag(x, y, z = Lz)|2 for increasing
values of t is reported in Fig. 8.3 (h). For Vw = 450 V and Vg = 300 V, optimal
guiding is achieved for t = 240− 360 s. We note that each fabricated waveguide can
be optically erased using a plane-wave illumination at Tw with an erasure time that
is inversely proportional to the erasing intensity, allowing the optical reprogramming
of the guiding structures. In our case, a BB waveguide will be completely erased by
a low-intensity average 3 mW/cm2 plane-wave illumination at Tw after 15 h.
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8.3.3
Electro-optic control

In Fig. 8.4 we demonstrate the electro-optic control of a single BB waveguide.
The output intensity distribution for a fixed Tg and a fixed Ag is found to strongly
depend on Vg (E0g = Vg/Lx), indicating that the guiding properties of the single
waveguide can be activated through an external electric signal. For the present case
of Vw = 450 V, peak Iw(x, y, z = Lz), and t = 360 s, optimal waveguiding is achieved
for Vg = 300− 500 V (Figs. 8.4 (d)-(f)).
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Figure 8.4. Electro-activating the BB waveguide. (a)-(f) Output signal for different
values of Vg = 0− 500 V (for Vw = 450 V, t = 360 s). (g)-(i) Double waveguide structure
for (Vg/Vw) < 0. Launching the input signal with ∆x = ∆y = 0 causes it to scatter and
in part be trapped into two parallel beams (g), while each is found to operate as a single
waveguide by shifting the sample of ∆x = 9 µm (h) and ∆x = −9 µm (i), respectively.
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Interestingly, the simplified model of Eq. (8.5) does not capture all the details of
the physical processes that intervene during the writing stage. Principal among these
is the intrinsic anisotropy in the space-charge, associated to the fact that while the
writing intensity distribution Iw is approximately circular-symmetric with respect to
the propagation axis z, the external electric bias is delivered through parallel plates
on the x-facets of the sample [188]. As previously observed for negatively biased
soliton-induced waveguides [238], this anisotropy, for Vg < 0, causes the pattern
to morph into two parallel guiding structures shifted laterally that scatters and
partially splits an input beam launched in the position of the original BB waveguide
(Fig. 8.4 (g)), while each single lateral waveguide can itself guide independently
(Figs. 8.4 (h), (i)).

8.3.4
Multiple waveguides and beam-splitter

In Fig. 8.5 we demonstrate the ability to write different structures independently
in the same sample in close proximity. In our specific demonstration, we fabricated
two parallel waveguides at different distances. For a larger interwaveguide distance of
20 µm, each waveguide acts independently, and no mode coupling is detected for the
length of the sample Lz (Figs. 8.5 (a), (b)). For a distance of 15 µm, mode coupling
intervenes, and the waveguide pair acts as a more elaborate mutual phase-dependent
directional-coupler (Figs. 8.5 (c)-(e)).

(e) (d) (c) (b) (a) 

20 µm 20 µm 15 µm 15 µm 15 µm

Figure 8.5. Coupling between two closely-packed parallel BB waveguides. Output
signal intensity distribution for waveguides that are 20 µm apart when the signal input
is launched into the first BB waveguide (a) with ∆y = 10 µm and into the second (b)
with ∆y = −10 µm. For our Lz = 1.8 mm sample, coupling between waveguides is found
to be negligible. Reducing the interwaveguide distance now leads to coupling as shown
in (c) and (d) where the same experiment is performed for waveguides that are 15 µm
apart (∆y = 7.5 µm). Slight changes in Tg and Vg cause different coupling efficiency, as
expected for directional coupling ((c) and (d) are taken with ∆Tg ' 0.5 K). (e) Output
intensity distribution when the signal input is launched in between the two waveguides
(∆y = 0). In the insets, yellow points represent the BB waveguides while red points
indicate the input position of the signal Gaussian beam.

In Fig. 8.6 we demonstrate the use of BB waveguide writing to achieve 1×2,
1×3, and 1×4 splitters launching multiple angled BBs during the fabrication stage.
The BBs are rendered mutually incoherent using a specific SLM time sequenced
mask that turns on one BB at a time. This demonstrates how fabrication of complex
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circuitry can also be achieved in a single illumination stage without having to
mechanically shift and move the sample, as instead is required in direct writing
scanning techniques.

FABRICATION WAVEGUIDING

(a) (b)

(d) (e)

(g) (h)

(c)

(f)

(i)

Writing Input Writing Output Signal Input & Output

Figure 8.6. Multi-waveguide structures. (Left) Fabrication of a 1×2 (top), 1×3 (center),
and 1×4 (bottom) splitter. 1×2: (a) Input and (b) output intensity distributions of
an incoherent superposition of two BBs with a mutual angle of 8.9 mrad. Fabrication
writing input and output intensity distributions for a 1×3 (d),(e) and 1×4 (g),(h), where
three and four incoherent BBs are launched at the input forming splitters with angles
of 33.6 mrad and 35 mrad inside of the crystal, respectively. (Right) Output intensity
distribution indicating the splitting of an input launch Gaussian beam at the center of
the multi-beam pattern (see inset) for the 1×2 (c), 1×3 (f), and 1×4 (i) structures.

8.4
Reprogrammable optical networks

Previous studies have made use of diffraction-free Bessel beams to guide particles,
atoms, and for material processing [239–244]. In this work we have demonstrated
the use of single and multiple Bessel beams to optically write waveguides and electro-
optic circuits in a bulk crystal. Our method is the first scalable method to realize
reprogrammable optical networks in a full 3D setting.



Chapter 9

Soliton interactions

One of the featuring properties of solitons is how they behave after a mutual
interaction, a problem that is extensively studied for a great variety of different
soliton [245–247]. Solitons manifest elastic and inelastic collision, so that, despite
from their wave nature, they behave like particle. Furthermore, soliton interaction
has seen a growing interest as a possible explanatory model for optical turbulence
and rogue waves, one of the basic still-open questions in nonlinear wave physics [248–
251]. In this Chapter, we investigate both single soliton collisions and three-soliton
collisions, in photorefractive crystals, in conditions that can lead to RW formation.

9.1
Single soliton-soliton collisions

Long-tailed statistics and extreme phenomena observed in many different physical
systems still lack a general explanatory picture [117, 252]. One established fact is that
a microscopic nonreciprocal rectifying mechanism can cause anomalous fluctuations
and ultimately bring about macroscopic, statistically improbable, events. This is well
known for thermally agitated systems, where rectification is the driving mechanism
of Brownian motors [253, 254]. Rogue waves (RWs) are localized extreme perturba-
tions with impossibly high peak intensities and an associated long-tailed probability
distribution [201, 249, 255–260]. It follows that a possible breakthrough in the
understanding of RWs is the identification of an underlying dominant non-reciprocal
energy exchange mechanism that acts to rectify fluctuations. In optical fibers and
in photorefractive (PR) crystals, RWs form in time and in space, respectively, in
conditions where wave propagation is dominated by interacting solitons [21, 261, 262].
While soliton collisions are elastic in a system obeying an integrable model, mixed
systems [263] and non-integrable corrections allow energy and momentum exchange
[264, 265]. This has been widely studied in open systems, such as for pulses propa-
gating in externally pumped erbium-doped fibers [266, 267], and continuous-wave
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ytterbium-doped fiber lasers [268]. For systems with no distributed amplification,
typical of soliton and RW studies, local corrections, such as higher-order Kerr effects
associated to saturation, are reciprocal and do not allow microscopic rectification.
Non-reciprocal energy exchange between waves is mediated by the leading non-local
nonlinear correction associated to Raman Scattering (RS) in fibers [269–272] and its
equivalent in space, i.e., diffusion-driven two-wave-mixing (TWM) [273, 274]. Global
non-reciprocity emerges as a consequence of time-nonlocality paired with causality
in fibers and, equivalenty, to the space-nonlocality paired with the direction of an
external bias field. Previous studies into the effects of stimulated RS in soliton-soliton
collisions have shown theoretically and experimentally how a weaker soliton can feed
energy to a more intense one [275, 276]. Theoretical studies have generalized the
picture to also include a limited soliton-soliton energy transfer [277], but still to
date, no experimental evidence of a rectifying mechanism in soliton-soliton collisions
has been reported. In the next sections, we investigate soliton-soliton collisions in
PR crystals in conditions that can lead to RW formation [21].

9.1.1
Model

We consider light propagating in a biased crystal heated above the Curie tem-
perature T > TC, where anomalous dielectric response and structural metastability
leads to a strong electro-optic effect [2, 3] with modulational instability, spatial
solitons, and optical turbulence [21, 22, 278]. The system can be discussed in the
simplified paraxial one-plus-one-dimensional (1+1D) case, that is, for beams that
propagate along one axis, say the z axis, while they diffract and suffer self-focusing
only in one transverse direction (the x-axis). The slowly varying amplitude A of the
optical field obeys the Generalized-Nonlinear-Schrodinger-Equation (GNLSE)

i∂zA = − 1
2k∂

2
xxA+ k

n0
4n(Ī)A, (9.1)

where k = 2πn0/λ, n0 is the unperturbed crystal index of refraction, λ is the optical
wavelength, and Ī = |A|2/Ib is the optical intensity normalized to the homogeneous
background illumination. The quadratic electro-optic effect leads to a nonlinear
response ∆n(Ī) that reads [188, 279]

4n(Ī) = ∆n0

 1
(1 + Ī)2 + 2a ∂xĪ

(1 + Ī)2 + a2
(
∂xĪ

1 + Ī

)2
 , (9.2)

where ∆n0 = (1/2)n3
0geffε

2
0χ

2E2
0 , with geff the effective quadratic electro-optic coef-

ficient, ε0 the vacuum dielectric constant, χ = εr− 1 the low-frequency susceptibility,
E0 the bias electric field applied in the transverse x direction, and a = kBT/(qE0),
where kB is the Boltzmann constant, T the sample temperature, and q the electron
charge. The physical underpinnings involved are identified casting Eq. (9.2) in the
dimensionless form

i∂ζu+ 1
2∂

2
ξξu−

1
2

u

(1 + |u|2)2 = td
∂ξ|u|2

(1 + |u|2)2u, (9.3)
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with u = A/
√
Ib, |u|2 = Ī, ζ = 2k∆n0z/n0, ξ = kx

√
2∆n0/n0, td = ak

√
2∆n0/n0,

and the third term in Eq. (9.2), mediated solely by thermal charge diffusion, is
neglected. This reduces to the Raman-modified Nonlinear-Schrodinger-Equation
(NLSE) valid for conventional Kerr-like solitons in optical fiber in the unsaturated
limit (|u|2 � 1) [269]

i∂ζu+ 1
2∂

2
ξξu+ |u|2u = td∂ξ|u|2u. (9.4)

The first term in Eq. (9.2), mediated by the PR screening of the external bias
field caused by photoinduced charge drift, leads to the third term on the left-
hand-side of Eqs. (9.3) and (9.4) and acts formally as Kerr self-focusing [188]. In
turn, the second term in Eq. (9.2), mediated by the coupling of charge drift with
charge thermal diffusion, leads to the term on the right-hand-side of Eqs. (9.3)
and (9.4) and constitutes formally RS. In PR crystals both self-focusing and RS
are caused by indirect steady-state photoinduced space-charge effects that have
the same leading macroscopic nonlinear model of their counterparts encountered in
fiber pulse propagation, while the microscopic origin is different in the two cases.
Understandably, the unsaturated limit of Eq. (9.4) will be superseded by the full
saturated version of the model in Eq. (9.3) in conditions leading to extreme wave
amplitudes. The presence of a RS-like mechanism in Eq. (9.3) fundamentally alters
the integrable NLSE in that it allows coherent energy exchange, or TWM, between
solitons [280]. However, in distinction to other effects that break integrability, such
as saturation in the response [281], here the transverse inversion symmetry ξ → −ξ
is broken, and this introduces non-reciprocity in dynamics [273]. For example, in
optical fiber, this broken symmetry is associated to causality in the response (td > 0)
[269], so that RS is predicted to transfer energy to slower red-shifted giant-amplitude
solitons [249, 261].
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Figure 9.1. Strong non-reciprocal energy transfer in a soliton collision mediated
by an RS-like correction. Top row: top-view intensity along propagation; second
row: input (blue line) versus output (black line) transverse intensity profile. (a) Linear
propagation for mutually coherent beams. (b) Nonlinear Kerr propagation in a model of
negligible RS, compared to (c) and (d) where RS plays an important role.
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In our present case, the non-reciprocity is associated to the sign of the external
bias field E0, that determines the sign of a, and hence td, in Eq. (9.3). In Fig.
9.1 we show soliton TWM through a beam-propagation-method integration of Eq.
(9.3) in the conditions investigated experimentally (see below). Energy exchange is
associated to the RS-like correction (second versus third and fourth column) and
occurs efficiently only for coherent collisions, while for incoherent collisions negligible
energy transfer is found in all cases (see 9.1.4). The sign of td is determined by
the relative orientation of the external bias field E0, for the specific photoinduced
dominant ion charge q (electrons in our specific experiments), that then determines
the direction of the non-reciprocal energy transfer (third and fourth columns) [185].
Note in Fig. 9.1 (c) and (d) how the solitons also self-bend during propagation
in a direction fixed by td, a phenomenon associated to the RS-like correction that
naturally leads to a redshift in the pulse spectrum [269, 275, 282, 283].

9.1.2
Experiments

Experiments are carried out in a compositionally disordered photorefractive
KLTN crystal (Potassium-Lithium-Tantalate-Niobate - K0.99Li0.01Ta0.60Nb0.40O3).
The crystal was grown through the top-seeded solution method by extracting a zero-
cut optical quality specimen that measures Lx = 2.6 mm, Ly = 3.4 mm , Lz = 1.8
mm along the x-y-z axes. It has an n0 = 2.3 and a geff = 0.14 m4C−2 when the
optical polarization is parallel to one principal axis, say the x axis, also parallel to the
external bias field E0 = E0ux. The sample has a temperature-dependent quasi-static
susceptibility: operating at a temperature close to the Curie point, T = TC + 6 K,
we achieve a high εr ' 1.5× 104 that greatly enhances the electro-optic response.
Soliton collisions are observed using the setup illustrated in Fig. 9.2. A λ = 532 nm
continuous-wave 110 mW beam from a Nd:YAG laser is first expanded and made
to propagate through a liquid-crystal spatial-light-modulator (SLM), sandwiched
inbetween two crossed polarizers (POL1 and POL2).

A focusing lens (F1=60 mm) is used to image the transmitted light onto the input
facet of the sample, with its principal axes along the x, y, z directions, generating
the two colliding signal (Is) and pump (Ip) beams. A voltage V is delivered to the
opposite yz facets, so that E0 = V/Lx. Propagation along the z axis, through the
whole length of the sample Lz, is analyzed imaging the input and output facets
through a second lens (F2=50 mm) onto a CCD camera.
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Figure 9.2. Experimental setup. The signal and pump beams are prepared in the
transverse spatial wave-vector space using an intensity SLM. The inset shows temporal
modulation of input signal and pump light that allows the study of incoherent collisions.

For the study of coherent collisions, both beams are transmitted by the SLM
simultaneously (see the red and yellow illustrations in the inset of Fig. 9.2). For the
study of incoherent collisions, each of the beams is alternatively switched on (with
twice the intensity of the coherent experiment) and off so that at each instant in
time only the signal or the pump are propagating through the sample. This amounts
to an incoherent collision when the switching time (0.05 s) is much smaller than the
characteristic response time of the nonlinearity (100 s, in our case).

9.1.3
Results

Results are reported in Fig. 9.3. The angle between the two crossing beams is
θ =12 mrad (inside the sample) with their polarization parallel to the x-axis. The
beams have the same power (1 µW), while the background illumination is 5% of each
beam’s peak intensity. When the two beams are coherent, for linear propagation
(i.e., for V = 0), each 10 µm FWHM beam at the input (Fig. 9.3 (a)), spreads at the
output to 45 µm (Fig. 9.3 (b)). A characteristic interference pattern forms (with
a period 12 µm at input and 34 µm at output). For a V = 330 V (td > 0) a large
portion of the energy from one soliton is transferred to the other, even though the
two beams are only crossing for several hundred micrometers (Fig. 9.3 (c)).

Non-reciprocity is demonstrated by inverting the underlying asymmetry in the
RS-like response, associated to the direction of the bias electric field. Congruently, for
V = −330 V (i.e., td < 0), the same effect takes place but in the opposite direction
(Fig. 9.3 (d)). The role of coherence is tested having the very same experiment take
place but in conditions in which the two diffracting beams, and hence the resulting
solitons, are mutually incoherent (see section 9.1.4).
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Figure 9.3. Extreme wave amplification through non-reciprocal energy transfer
in a single soliton-soliton collision. (a) Input intensity distribution (top) and profile
(bottom); (b) output intensity distribution and profile for linear propagation (V = 0).
(c) Strong directional energy transfer for td > 0 and (d) td < 0. (e) TWM gain g
versus input pump-signal m intensity ratio for a collision angle of θ =12 mrad (black
squares). Red dot and green triangle are for θ =15 mrad and θ =9 mrad, respectively.
The continuous line is the analytical prediction from Eq.(5). Inset: transverse intensity
x-profiles for m = 1 and θ =12 mrad (black line), θ =15 mrad (red dashed line), θ =9
mrad (green dashed line). (f) TWM gain g versus interference grating period Λ for
different inspected angles (red dot for θ =15 mrad, black square for θ =12 mrad, and
green triangle for θ = 9 mrad.) compared to those predicted (white squares) from
numerical simulations.

Here the two solitons pass through each other with negligible exchange of energy
and negligible dependence on the direction of the external bias. A signature of TWM
is that the non-reciprocal amplification of the signal obeys the relationship [273]

g = Is(Lz)
Is(0) = 1 +m

1 +me−γLi
e−αLz (9.5)

where Li is the interaction length and m = Ip(0)/Is(0) is the input pump/signal
intensity ratio, γ is the two wave mixing gain coefficient, α is the absorption coefficient,
and Lz is the length of the sample. In Fig. 9.3 (e) we report the measured soliton
peak signal output-to-input intensity ratio g for different values of m (measured
for peak input intensities) and the best fit to Eq. (9.5), for Li = 420 µm, Lz = 1.8
mm, giving α = 2 cm−1 and a giant soliton gain coefficient γ = 80 cm−1. The same
experiment can be carried out with different collision angles θ, even if the available
angles are limited in our scheme by the numerical aperture of the focusing lens
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(NA=0.17). For comparison, in Fig. 9.3 (e) we include selected measurements with
θ = 9 mrad (green triangle) and 15 mrad (red dot), while in the inset of Fig. 9.3
(e) we compare the output soliton profiles for θ = 12 mrad (black line) in Figs. 9.3
(c) and (d) (m = 1) to the results for θ = 9 mrad (green dashed line) and 15 mrad
(red dashed line). Results indicate the direction of non-reciprocal energy exchange
(g > 1) is irrespective of m, so that on the sole basis of the sign of td (i.e., the
direction of the external bias field), energy is transferred to the signal even when
the signal itself is more intense than the pump. In Fig. 9.3 (f) we compare the
values of TWM gain coefficient g versus transverse grating period Λ for m = 1 in the
three measured cases of θ = 9 (green triangle), 12 (black square), and 15 (red dot)
mrad to the values predicted through numerical simulations (as in Fig. 9.1) (white
squares). Even though the model is 1+1D while the experiment is 2+1D, and the
TWM grating period is comparable to the transverse extent of the soliton collision
(see the limited number of fringes in Figs. 9.1(c) and (d)), a good agreement is
found.

(a) Input (b) Linear (c) Raman (td>0) (d) Raman (td<0)

KLTN
Signal

Pump ±330 V

z

y

x
×

Figure 9.4. Absence of TWM when signal and pump solitons are physically
not distinguished. (a) The input beams across inside the sample in the y direction
and diffract for a linear propagation (V = 0) (b), leading to soliton formation with no
non-reciprocal energy transfer for td > 0 (c), and td < 0 (d).

In Fig. 9.4 we report result for a collision that occurs in the yz plane, orthogonal
to the x directed bias field. Since the geometry does not physically distinguish the
signal and pump solitons, no TWM is observed. The comparison of collision in
the xz and xy plane also indicates that the anisotropy that naturally accompanies
two-dimensional PR solitons plays a negligible role in our experiments [238] (see
section 9.1.4). In Fig. 9.5 we report the observation of reciprocal soliton fusion, i.e.,
the formation of a single output beam irrespective of the sign of td. The passage
from a non-reciprocal to a reciprocal coherent interaction is achieved by matching
the asymmetry introduced by the orientation of the external bias field along the x
direction with a second asymmetry, achieved by shifting in the x direction the two
transmitted spots on the SLM, thus rigidly rotating the two colliding beams around
the y axis inside the sample.
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Figure 9.5. Soliton TWM and reciprocal fusion. For a colliding soliton-pair rigidly
rotated around the y axis, pump and signal fuse into a single beam with (a) td > 0 (+6
mrad) and (b) td < 0 (-6 mrad). During the build-up of the nonlinear response, the
originally crossing and diffracting beams at t = 0 fuse together at t = 3 min.

9.1.4
Numerical simulations

For each numerical and experimental result reported in the main text we carried
out a comparative simulation and experiment using mutually incoherent pump and
signal solitons. This allows us to identify the role of soliton TWM mediated by the
nonlocal Raman-like mechanism, that can only intervene in the coherent case, and
the role of conventional soliton-soliton energy exchange resulting from non-integrable
corrections to the Kerr nonlinearity. Results are summarized in Fig. 9.6.



9.1. Single soliton-soliton collisions 103

-120 -60 0 60 120
0.0

0.4

0.8

1.2

I 
(A

rb
. 

U
n

it
s
)

x (m)

 

-120 -60 0 60 120
0.0

0.4

0.8

1.2

x (m)

 

I 
(A

rb
. 

U
n
it
s
)

-120 -60 0 60 120
0.0

0.4

0.8

1.2

I 
(A

rb
. 

U
n
it
s
)

x (m)

 

-120 -60 0 60 120
0.0

0.2

0.4

0.6

0.8

1.0

I 
(A

rb
. 

U
n
it
s
)

x (m)

 

Input

Output

(a) Linear (b) Kerr (c) Raman (td>0) (d) Raman (td<0)

-120 -60 0 60 120
0.0

0.2

0.4

0.6

0.8

1.0

x (m)

 

I 
(A

rb
. 

U
n

it
s
)

-120 -60 0 60 120
0.0

0.2

0.4

0.6

0.8

1.0

x (m)

 

I 
(A

rb
. 

U
n

it
s
)

-120 -60 0 60 120
0.0

0.2

0.4

0.6

0.8

1.0

x (m)

 
I 

(A
rb

. 
U

n
it
s
)

-120 -60 0 60 120
0.0

0.2

0.4

0.6

0.8

1.0

x (m)

 

I 
(A

rb
. 

U
n
it
s
)

(i) Input (j) Linear (k) Raman (td>0) (l) Raman (td<0)

(e) Input (f) Linear (g) Raman (td>0) (h) Raman (td<0)

Figure 9.6. Incoherent soliton collisions. (a-d) Numerical 1+1D simulation of collisions
between mutually incoherent solitons. (a) Linear propagation intensity distribution
in the xz plane (top) and input/output x-profiles (bottom) compared to (b) Kerr, (c)
Raman with td > 0, and (d) Raman with td < 0 models. (e-h) TWM experiments with
mutually incoherent signal and pump solitons. (e) Input intensity distribution (top)
and x-profile (bottom), (f) linear output, (g) and (h), nonlinear output for td > 0 and
td < 0, respectively. (i-l) Incoherent soliton collisions in the yz plane, as for (e-h) but
with y-profiles superimposed on the intensity distribution.



9.2
Microscopic rectification mechanism

Nonlinear waves can bounce off each other, spiral, and even fuse together. This
leads to a rich wave phenomenology that includes counterintuitive effects such as
optical turbulence [284] and wave condensation [285]. A basic hereto unsolved puzzle
of nonlinear wave dynamics is the emergence of rogue waves, that in some systems
form from a mixture of wave interaction, noise, and extreme nonlinear response,
where dynamics are dominated by solitons [182, 286–289]. Our investigation indicates
that in conditions where rogue waves form, soliton-soliton collisions are dominated by
a non-reciprocal energy exchange with a giant two-wave-mixing gain up to 80 cm−1.
This provides a microscopic rectification mechanism, an asymmetric amplification,
that can then explain out-of-equilibrium statistics not only in optics, but also in
other wave systems such as sound and water waves.

9.3
Evidence of chaotic dynamics in three-soliton
collisions

In the previous section we have seen that soliton-soliton nonreciprocal energy
exchange mediated by the nonlinear Raman effect appears to play a key role in
forming anomalously large red-shifted waves, amounting to a rectification mechanism
for standard wave fluctuations [290, 291]. A missing trait in this explanatory picture
is the absence of chaotic dynamics, a feature that, in turn, accompanies extreme
wave formation [21, 262, 292–294]. The question naturally arises if chaos might arise
out of three-soliton collisions in a manner that retraces what happens in classical
mechanics, where chaos can emerge from collisions of three or more bodies [295, 296].
In fact, pioneering numerical [297] and experimental [298] studies into multi-soliton
collisions have reported unusual output soliton behaviour and dependence on input
parameters. Numerical evidence of a rich collisional soliton physics was also found
in the interaction of so-called multi-soliton complexes, where coherence was found to
play a dominant role [299–301]. An actual transition to chaos mediated by soliton
interaction was first proposed for matter waves [302]. For these, solitons of the
Gross-Pitaevskii Equation [303] were numerically found to manifest chaos in the
aftermath of a three-soliton collision, while standard dynamics were found for a
two-soliton collision. At present, such a transition to solitonic chaos in passing from
two- to three-soliton collisions has not been reported. In the next sections we provide
the experimental evidence of three-body-physics and a transition to chaos in the
aftermath of a three-soliton collision in photorefractive KLTN. Chaotic behavior
appears as the wave-system explores different soliton states, a solitonic chaos that is
driven by coherent interaction mediated by the nonlinear Raman effect.

104
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9.3.1
Experiments

Soliton collisions are investigated in a compositionally disordered photorefractive
KLTN crystal (Potassium-Lithium-Tantalate-Niobate - K0.99Li0.01Ta0.60Nb0.40O3).
The crystal was grown through the top-seeded solution method by extracting a
zero-cut optical quality specimen that measures Lx = 2.6 mm, Ly = 3.4 mm ,
Lz = 1.8 mm along the x-y-z axes.

Cu and V impurities give it a slight green color and cause a photorefractive
response for visible light. The sample is kept in the paraelectric phase at T = TC + 6
K, in proximity of its room-temperature Curie point TC = 292 K, so that the
resulting large εr ' 1.5× 104 enhances the generally weak quadratic electro-optic
response. In these conditions, it has an unperturbed index of refraction n0 = 2.3 and
an effective quadratic electro-optic coefficient geff = g11 = 0.14 m4C−2 when the
optical polarization is parallel to the externally applied bias electric field E0 = V/Lx,
delivered along the sample x direction. Experiments are performed using the setup
illustrated in Fig. 9.7 (a). A laser beam from a doubled Nd:YAG laser (λ = 532 nm,
CNI, model: MSL-FN-532-150mW) is first expanded and then made to propagate
through a liquid-crystal spatial-light-modulator (SLM). The SLM is sandwiched
inbetween two crossed polarizers (POL1 and POL2) so as to act as a 1024 by 1280
pixel computer-controlled intensity modulator. Modulation patterns are sent to
the SLM to produce three separate Gaussian-like beams, illustrated in Fig. 9.7 (a)
as beam 1, 2, and 3. These are then focused by a focal lens F1 (of focal length
75 mm) onto the input facet of the crystal, crossing inside it. The crystal is also
illuminated with a background beam (not shown in Fig. 9.7 (a)), an expanded
plane wave component from the laser of intensity Ib and polarization orthogonal to
the soliton beams and bias field. It undergoes negligible nonlinear dynamics (the
associated g12 � g11), and serves to fix the saturation of the nonlinearity (see Ref.
[188] for details). The intensity ratio between the peak intensity of each beam and
the constant background illumination is Ip/Ib ' 8. Beam propagation along the
z axis is analyzed imaging the input and output facets through a second lens (F2,
50 mm focal length) onto a CMOS camera (Thorlabs, DCC1545M). The resulting
input and linear output intensity distributions are reported in Fig. 9.7 (b).



9.3. Evidence of chaotic dynamics in three-soliton collisions 106

0.0

0.5

1.0

I 
(a

.u
.)

1- Soliton 2-Soliton Collision 3-Soliton Collision

Input

0

2000

1000

200

400

600

800

1200

1400

1600

1800

Ti
m

e 
(s

)

-150       0        150 -150      0       150
x (μm)                   x (μm)                       x (μm)

0.0

0.5

1.0

I 
(a

.u
.)

b

c

a

Time Dynamics of Soliton Output

-150       0        150

4 Solitons

1 Soliton

Linear Output

I (
ar

b
. u

n
it

s)
I (

ar
b

. u
n

it
s)

I (
ar

b
. u

n
it

s)
I (

ar
b

. u
n

it
s)

τs

I (
ar

b
. u

n
it

s)

3 Solitons

I (
ar

b
. u

n
it

s)

2 Solitons

-100 0 100 200 300 400 500 600 700

0

50

100

150

200

x

Chaos States for
3-Soliton Collision

x
z

x

y

ND:YAG
LASER

Expander

POL 2

Lens
F1

SLM

POL 1 1 2

3

Lens
F2 CMOS

TV

KLTN

Lx

Lz

1.0

0.0
0.5

1.0

0.0
0.5

1.0

0.0
0.5

1.0

0.0
0.5

1.0

0.0
0.5

1.0

0.0
0.5

y 

y 

y 

y 

y 

y 

x

d

Figure 9.7. Chaotic behavior of 3-soliton coherent collisions. (a) Experimental setup.
The three signal beams are prepared in the transverse spatial wave-vector space using an
intensity SLM. (b) Top: input intensity distribution of three coherent beams colliding at
the same position inside of the crystal at the input facet. Bottom: diffraction image at
the output after linear propagation (V = 0). (c) The transverse intensity x-profile is
analyzed versus time for a single soliton (Left), for a 2-soliton collision (middle), and for
a sample 3-soliton collision (right). τs '80 s is the soliton formation time. (d) Observed
nonlinear soliton states, including a 1-soliton, 2-soliton, 3-soliton, and 4-soliton output.
Images include the intensity distribution and a normalized intensity x-profile. The scale
bar is for 50 µm.
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Coherent collisions
Steady-state spatial solitons, localized in the transverse xy-plane and propagating

without spreading along the third z-axis (2+1D solitons) form with a 10µm FWHM
after a τs ' 80 s transient for E0 = V/Lx = 135V/mm. In Fig. 9.7 (c) we compare
soliton output time dynamics, i.e., the intensity profile along x-axis, for a single-
soliton (left panel, only beam 2 is launched), a two-soliton collision (central panel,
beams 1 and 3 launched), and a three-soliton collision (right panel, beams 1, 2,
and 3 launched). While both the 1-soliton and 2-soliton time dynamics are regular,
the 3-soliton collision manifests an irregular chaotic time process. Specifically, the
1-soliton and 2-soliton collisions lead to approximately the same output distribution,
starting from very close initial conditions, with one soliton always forming at almost
the same position and, for the 2-soliton case, with the same soliton-soliton energy
transfer. In turn, in the 3-soliton collision, even starting from close initial conditions,
the space-time dynamics are very different, manifesting 1-soliton, 2-soliton, 3-soliton,
and 4-soliton distributions erratically at different time intervals. Fig. 9.7 (d) reported
the discrete set of soliton states of the output intensity distribution taken from
different time of 3-soliton collision time dynamics, switching erratically between
1-soliton, 2-soliton, 3-soliton, and 4-soliton output.
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Figure 9.8. (a) A sample of six independent observed output intensity distributions
(x-profile) versus exposure time t. (b) Lyapunov exponent analysis of the output time
dynamics. The plot of |δZ(t)|/|δZ0| in logarithmic scale demonstrates the ratio between
divergence at time t and initial divergence. Here, an average of the divergence over all
nearby initial trajectories is fitted by eλLt = |δZ(t)|/|δZ0|. The right panel shows the
exponent fitting result of λL ' 0.0078/s.
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The chaotic nature of the associated time process is analyzed in Fig. 9.8.
The transverse intensity x-profile dynamics are recorded versus time for different
experiments, performed in the same initial setup conditions (see Fig. 9.8 (a) for a
sample set of trajectories). The ratio between input peak intensity of each beam and
the background illumination is Ip/Ib = 8.0 ± 0.1 for all the subfigures in Fig. 9.8
(a). The uncertainty is associated to the fluctuation of the background scattering
and, along with fluctuations in temperature (±0.5K), acting as the initial small
divergence | δZ0 | of the trajectories of different events. The exponential divergence
of a chaotic system is quantified by the so-called Lyapunov exponent λL, used to
estimate the amount of chaos in a system [304].

For time series produced by dynamical systems, a λL > 0 signals chaos. Quanti-
tatively, two trajectories in phase-space with initial separation vector δZ0 diverge at
a rate given by | δZ(t) |= eλLt | δZ0 |, where | δZ(t) | is the divergence at time t.
In our analysis, |δZ(t)| = (

∑n
i,j Dij(t))/n is an average divergence of the considered

trajectories. Dij(t) is the divergence of two trajectories of the output intensity
distributions Dij(t) =

∑
x,y |Aixy(t)−Ajxy(t)|, where |Aixy(t)| is the output intensity

distribution of realization i at position (x,y). The resulting average divergence
of 3-soliton collisions is analyzed in Fig. 9.8 (b). The trajectories manifest an
exponential divergence with Lyapunov exponent λL ' 0.0078/s (standard error
1×10−4/s), followed by saturation (for t> 70 s) as expected for a system governed
by a chaotic (strange) attractor, because the trajectories will not depart from the
attractor during the evolution [304].

Incoherent collisions
Multiple collision for mutually incoherent beams is investigated having each beam

(i.e., beams 1, 2, and 3 in Fig. 9.7 (a) and Fig. 9.9 (a)) alternatively switched ON
and OFF, so that at each instant in time only one beam is propagating through the
sample. The SLM programming of the incoherent beams (solid lines) compared with
coherent beams (dashed lines) is demonstrated in Fig. 9.9 (a) lower panel.

Each incoherent beam is three times more intense when ON relative to the
coherent case, achieving an overall equal exposure to the coherent case. Furthermore,
the switching cycle period (0.15 s) is taken to be much smaller than the characteristic
response time of the nonlinearity (τd ' 100 s, as shown in Fig. 9.9 (e)). Fig. 9.9 (b),
(c) and (d) shows the input, linear output, and nonlinear output of the 3 incoherent
beams, respectively. The resulting intensity pictures are achieved by adding up
the frames of one switching cycle. In distinction to the coherent collision case of
Figs. 9.7 and 9.8, here no transition to chaotic behavior is observed in passing from
a 2-soliton to a 3-soliton collision, as shown in Fig. 9.9 (e) for time dynamics of
incoherent 3-soliton collisions.
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Figure 9.9. Incoherent soliton collisions. (a) Experimental scheme: the SLM is
programmed to allow only one of the three input soliton beams to propagate at one
time, alternating between beam 1 (labeled by red) beam 2 (labeled by blue) and beam 3
(labeled by yellow). Note that the colors are used to distinguish different beams that
all have the same wavelength (λ=532 nm). (b) Input intensity distribution, (c) output
after linear propagation (V = 0), and (d) nonlinear 3-soliton output state in an electric
field of V =350 V (the resulting intensity frames were added to create the images in
b-d). The scale bar is for 50 µm. (e) Time dynamics of incoherent 3-soliton collision, in
which no chaotic behavior is observed.

9.3.2
Model

To address the physical mechanisms involved in the transition to chaos observed
in the coherent 3-soliton collision, we consider the simplified 1+1D nonlinear paraxial
equation governing optical propagation.

i∂zA = − 1
2k∂

2
xxA+ k

n0
4n(I, t)A. (9.6)

Here z is the propagation axis, x is the transverse plane, A is the slowly varying
component of the optical field Eopt = A(x, z) exp(−ikz) along the x axis, k = 2πn0/λ,
n0 is the unperturbed crystal index of refraction, λ is the optical wavelength, and
I = |A|2 is the optical intensity. ∆n(I, t) is the photorefractive nonlinearity that has
accumulated after an exposure time t, and reads in the paraelectric phase [188, 279]

∆n(I, t) = ∆n0Y
2, (9.7)

where ∆n0 = (1/2)n3
0geffε

2
0χ

2E2
0 , with geff the effective quadratic electro-optic coef-

ficient, ε0 the vacuum dielectric constant, χ = εr− 1 the low-frequency susceptibility,
E0 the time-independent bias electric field applied in the transverse x direction, and
Y = E/E0. The accumulated Y obeys [188]
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∂Y (ξ, τ)
∂τ

+Q(ξ, τ)Y (ξ, τ) + a
∂Q(ξ, τ)
∂ξ

= G. (9.8)

Here ξ = x/xq, where xq = ε0E0/(Naq) is the saturation length, Na is the concen-
tration of acceptor impurities, τ = t/τd, where τd = ε0γ/(qµsαIb) is the dielectric
relaxation time, γ the recombination constant, µ the charge mobility, and s is
connected to the absorption cross-section. Moreover, α = Nd/Na, Nd is the concen-
tration of donors, Q = (I + Ib)/Ib, a = kBT/(qE0xq), kB is the Boltzmann constant,
T the sample temperature, and q the electron charge. In these conditions,

Y = e−
∫ τ

0 Qdτ ′
(
G+G

∫ τ

0
dτ ′e

∫ τ ′
0 Qdτ ′′

)
+

− e−
∫ τ

0 Qdτ ′
∫ τ

0
dτ ′a

∂Q

∂ξ
e
∫ τ ′

0 Qdτ ′′ . (9.9)

Inserting Y into Eq. ((9.7)) and taking the steady-state limit (i.e., τ � 1) leads to

∆n(I)/∆n0 = 1/Q2 − 2a∂ξQ/Q2 + a2(∂ξQ)2/Q2, (9.10)

where the first term physically embodies the saturated Kerr self-focusing nonlinearity,
the second is the saturated nonlinear Raman-like effect [269], while the third term is
negligible [290].

9.3.3
Numerical results

Numerical results of 3-soliton collisions are reported in Fig. 9.10 for a subset of
experimental conditions (coherent/incoherent, input peak intensity ratio Ip/Ib, ∆n0,
and Raman coefficient a 1). Time dynamics for specific realizations are reported in
Figs. 9.10 (a-d) and (j). In qualitative agreement with experimental findings, the
simulation on coherent 3-soliton collisions demonstrates time evolution trajectories
of the output with the formation of a 1-soliton (Fig. 9.10 (e)), 2-soliton (Fig. 9.10)
(f), 3-soliton (Fig. 9.10 (h)), and 4-soliton (Fig. 9.10 (g)) state at specific instants of
time.

13-soliton collisions are simulated using 3D matrix, i.e., one time dimension (t) plus two space
dimensions (x and z). A time loop is set up in which the xz propagation is calculated numerically
solving Eq. ((9.6)) by means of the beam propagation method (BPM) [305]. For each i-th time
step, ∆n is determined by Eqs.((9.7)) and ((9.9)) for a fixed time ti, as τd is much larger than the
propagation time. The (i+ 1)-th step is then calculated with ∆n evaluated at ti+1 = ti + ∆t from
Eqs. 9.7 and 9.9 unsing the Q evaluated in the i-th step.
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Figure 9.10. Simulating a 3-soliton collision. (a-d) Output time evolution for mutually
coherent solitons in various conditions of input intensity ratio Ip/Ib, nonlinear response
∆n0, and Raman coefficient a (a = kBT/(qE0xq)), including 1-soliton (e), 2-soliton (f),
4-soliton (g), and 3-soliton (h) outcomes. (i) Divergence (in logarithm scale) analysis of
coherent 3-soliton collisions fitted by eλLt = |δZ(t)|/|δZ0| (red dashed line). (j) 3-soliton
output time evolution for mutually incoherent solitons and (k) corresponding 3-soliton
outcome. In distinction to the coherent case, here no chaotic dynamics is observed, and
different input conditions have a minimal effect on the output state.

As in experiments (see Fig. 9.8 (b)), divergence analysis of numerical trajectories
manifests an exponential stage followed by saturation in the attractor (Fig. 9.10
(i)). While the chaotic nature by the 3-soliton collision means that simulation will
not reproduce the exact details for single trajectory (i.e., Fig. 9.8 (a)), it does
allow the prediction of the set of observed output soliton states (Fig. 9.7 (d)) of
the underlying strange attractor. The strong output soliton-state dynamics in time
become negligible as ∆n0 is lessened (the onset of a regular behavior that can be
appreciated in Fig. 9.10 (d)). The ∆n0 threshold value (∼ 2.1× 10−4) of the 1+1D
simulation is in agreement with the threshold observed for the 2+1D experiments
(∼ 2 × 10−4). As reported in Fig. 9.10 (j-k), in agreement with experimental
findings, a 3-soliton incoherent collision leads to regular behavior, with a soliton-
number-preserving 3-soliton output, in direct analogy to standard 2-soliton collisions
(coherent/incoherent).



9.4
Evidence of chaotic dynamics

Both experimental and numerical results indicate that a 3-soliton coherent
collision manifests irregular dynamics (Fig. 9.7, Fig. 9.8, and Figs. 9.10 (a-i)) while
an incoherent one does not (Fig. 9.9 and Figs. 9.10 (j,k). The basic difference
between the coherent and incoherent collision is that in the coherent collision the
nonlinear Raman interaction (the second term in Eq. (9.10)) causes strong energy
exchange mediated by soliton-wave-mixing 2, while in the incoherent case, it only
causes the single solitons to self-bend [175, 188], the spatial equivalent of the Raman-
induced soliton red-shift observed in optical pulses in fibers [269]. It follows that
the irregular exploration of the multi-soliton output states observed after a 3-soliton
collision is driven by coherent energy exchange mediated by the nonlinear Raman
effect, a feature it shares with spatial rogue wave formation [290]. The driving role
of the Raman correction now explains why the simplified 1+1D simulation is able
to capture the salient features of the strange attractor. In fact, since the Raman
correction is the result of the coupling between the diffusion space-charge field and
the external bias field, which is along the x direction, the energy exchange and
hence chaotic behavior is relegated to the single transverse x direction. We further
note that numerical results highlight how the specific output soliton state depends
strongly on the input intensity ratio and on the specific value of ∆n0 and a (see
selected examples in Fig. 9.10 (a-d)). This helps explain why chaotic dynamics
arise readily observed in proximity of the sample Curie point. In fact, since the
quasi-static susceptibility follows the Curie-Weiss law, ∆n0 ∝ χ2 ∼ 1/(T − TC)2,
even minimal thermal fluctuations allow the system to explore the entire family of
available soliton-ouput states. Our system is modeled by a nonintegrable nonlinearity,
not only because of the Raman correction, but more fundamentally because it is
saturated (see Eq. (9.10)). An interesting development may be to experimentally
analyze multi-soliton collisions in systems whose leading model is an integrable
nonlinearity [306, 307].

9.4.1
Applicative perspective

Chaotic soliton behavior is observed when more than two solitons are made to
collide and in conditions in which soliton-soliton coherent energy exchange is efficient.
Since these are also the conditions in which rogue waves and optical turbulence are
observed, our findings suggest that multi-soliton collisions may play a key role in
extreme wave formation. From an applicative perspective, the ability to access chaos
directly from soliton collisions can form the basis for all-optical random number
generators and chaos-based secure optical transmission schemes.

2We note that while coherence is found to play a major role, the actual relative phase of input
beams does not alter soliton-soliton wave-mixing (see Eq. (9.8) and Ref. [290]), and hence hardly
affects chaotic behavior.
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Conclusions

The first part of the work presented in this Thesis reports several new findings in
nanodisordered ferroelectric crystals in the super-crystal (SC) phase. Starting with
the characterization of this new phase, studying the optical polarization dynamics,
we find that the ordered polar domains can coherently modify the polarization of
light, forming a checkerboard-like polarization pattern, with an alternating linear
polarization parallel to the SC principal axes. Results suggest the possibility of
using ferroelectric SC in photonic applications, for example, based on polarization
control. The most surprising novelty of this new phase is that it is accompanied
by a giant index of refraction (n>26) for the whole visible spectrum, without ab-
sorption. The result is a material able to project visible light, of any color, and
even white incoherent light, from its input to its output, without diffraction and
chromatic dispersion, irrespective of beam size, numerical aperture, wavelength,
coherence (from single-mode laser to white projector lamp light), intensity, and
input direction. Moreover, the achromatic and diffraction-free nature of optical
propagation in the material makes an ideal setting for nonlinear optical processes,
such as second-harmonic generation. We demonstrate how the presence of giant
refraction allows the wavelength conversion process to occur with a broad angular,
spectral, and polarization acceptance, even without the fulfillment of phase-matching
conditions. All these findings open up a route for the development of a new platform,
based on giant refraction, to achieve miniaturized achromatic light manipulation.
Moreover, the enhanced nonlinear functionality opens hereto unexplored applications
in imaging. The specific 3D geometry of the SC, with its spatially ordered and
periodic birefringent polar clusters and its giant optical refraction, allows us to
explore ferroelectric cluster dynamics under the effect of a bias electric field, using
a 3D orthographic projection technique. In this case, the electric field is able to
switch off the effect of giant refraction, through a percolative transition, by causing
the ferroelectric sample to form a disordered array of polar nanoregions, effectively
causing critical opalescence. Findings shed light on the nature and susceptibility of
ferroelectric SC. They suggest a specific role for organized 3D polarization struc-
tures below the Curie temperature, which can have profound repercussions on the
development of future information storing technology. From a structural point of
view, an interesting point on SC phase arises from the X-ray diffraction experiments.
We found an unconventional deformation in the average atomic structure compatible
with the strain field caused by the vortex polar domain distribution of our SC model.
We then corroborate the results obtained on the atomic scale through calorimetry,
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optical diffraction, dielectric, and second-harmonic generation experiments. Albeit
all these findings have led to a better understanding the this new ferroelectric phase
of matter, the physical mechanism allowing giant refraction remains a still open
question. Experimental and theoretical investigation are still on going.
In the second part of this thesis, we used nanodisordered ferroelectric crystals to
study nonlinear waves dynamics, due to their strong optical properties. From an
applicative point of view, we demonstrate the feasibility of Bessel beam writing to
build a scalable and a rewritable network of waveguides inside the bulk ferroelectric
medium. While studying experimentally both single and three solitons collisions,
we have identified a soliton amplification and rectification in the first case and a
chaotic dynamics in the second one. These findings represent a possible response to
a still open question regarding the mechanism leading to the formation of rogue waves.
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