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their impact on vulnerable areas. Here we investigate the performance of the Generalized
Extreme Value (7 & 77) distribution, using a fine-resolution satellite-based gridded product, to
analyze 13,247 daily rainfall annual maxima samples. A non-extreme value distribution with a
power-type behavior, that is, the Burr Type XII (.Z-XII), is also evaluated and used to test the
reliability of the 2°# 7" in describing extreme rainfall.

New hydrological insights for the region: (1) in 44.9 % of the analyzed samples the 2 & 7 predicts
an upper rainfall limit; we deem this is an artifact due to sample variations; (2) we suggest the
% & 7t distribution, that is, the & & 7" with shape parameters restricted only to positive values
as a more consistent model complying with the nature of extreme precipitation; (3) & 77,
g & 7, and %,XII performed equally well in describing the observed annual precipitation, yet
all distributions underestimate the observed sample maximum; (4) the .%,XIl, for large return
periods, predicts larger rainfall amounts compared to % # 7 indicating that £ # 7~ estimates
could underestimate the risk of extremes; and (5) the correlation between the predicted rainfall
and the elevation is investigated. Based on the results of this study, we suggest instead of using
the classical & & 7" to use the & 7" and non-extreme value distributions such as the %,XII to
describe precipitation extremes.

1. Introduction

Designing flood protection and hydraulic infrastructure requires the use of high return periods (or low probability levels) associated
with extreme rainfall values. Describing the statistical behavior of extreme events is crucial to limit the risk of failure of civil engi-
neering works and, consequently, to limit the loss of human lives. Deterministic long-term predictions of rainfall are not feasible, thus,
using probabilistic methods is a necessity (Papalexiou et al., 2013); however, finding a suitable probability distribution to describe
rainfall extremes can be challenging. Choosing a wrong distribution or misfitting it may lead to estimation errors of rainfall quantiles
and, consequently, underestimate (or even overestimate) flood risk.
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According to the extreme value theory (EVT), the largest values extracted from a set of independent identically distributed random
variables tends to an asymptotic distribution that depends on the tail of the distribution of the parent variable (Fisher and Tippett,
1928; Gnedenko, 1943; Gumbel, 1958). EVI (Gumbel), EVII (Fréchet) and EVIII (reversed Weibull) are the three possible asymptotic
laws that can be unified into the single expression known as the Generalized Extreme Value (£ & 77) distribution (von Mises, 1936).
The © & 7 is widely used worldwide, even though some authors showed a certain skepticism to use it for modelling daily rainfall (De
Michele and Avanzi, 2018; Zorzetto et al., 2016).

Coles et al. (2003) suggested the use of the 2 & 7" model, over the Gumbel distribution, for accounting of the uncertainty in the
analysis of daily rainfall in Maiqueta (Venezuela). Lee and Maeng (2003) selected the & & 7" as the appropriate probability distri-
bution to describe 38 annual maximum daily rainfall samples in Korea. Chu et al. (2009) suggested the use of the Gumbel distribution
to describe annual maximum daily rainfall series since, by fitting the & & 7" to 158 Hawaiian samples, the shape parameter resulted
close to zero. Smith et al. (2011) fitted the 2 & 7 distribution to annual maximum daily rainfall series recorded in the central section
of the eastern United States, showing a positive shape parameter, and thus heavy tails for extreme rainfall. Villarini (2012) analyzed
annual and seasonal rainfall samples recorded by 44 rain gauges located in East Europe (Ukraine, Moldova, and Romania), using the
© & 7 distribution to examine the upper tail properties at both time scales. The author shows that the Fréchet distribution performed
better than the other two distributions, highlighting a heavy-tail behavior. In a global analysis of 15,137 records Papalexiou and
Koutsoyiannis (2013) investigated which of the three limiting types of the & # 7" best describes the annual daily maxima rainfall. The
study revealed that the Fréchet distribution performs best, while bounded from above distributions (e.g., the reverse Weibull) emerge
as artifact from sample variation and are justified. Yang et al. (2013) found a correlation between extreme rainfall and elevation in
northern China, by fitting the 2 & 7 to seasonal extreme rainfall samples. Nguyen and Nguyen (2016) considered the & & 7" as the
most suitable model to describe annual maximum rainfall series for 21 stations located in Ontario (Canada).

The previous studies use rain gauge records. However, many regions around the globe remain ungauged or have a sparce gauge
network (Bertini et al., 2020; Mishra and Coulibaly, 2009); also, in some countries, retrieving such data may be difficult due to strict
regulations and bureaucracy. For example, the Italian peninsula has a dense rain-gauge network comprising 5265 station over 301,000
km?, yet an open dataset is not available (Libertino et al., 2018; Mazzoglio et al., 2020). Over the last decades, to overcome the limited
data availability, the use of satellite precipitation datasets offering global coverage, high resolution and accessibility, has become
popular (Rajulapati et al., 2020; Sun et al., 2018).

In this paper we analyze extreme daily rainfall in Italy using a satellite-based fine-resolution gridded product, that is, the Climate
Hazards Group InfraRed Precipitation with Station (CHIRPS) dataset (Funk et al., 2015b, a). This dataset has been already tested and
evaluated in Italy (Duan et al., 2016) and in many other countries such as Argentina (Rivera et al., 2018), Brazil (Paredes-Trejo et al.,
2017), China (Bai et al., 2018; Tang et al., 2020), India (Prakash, 2019), and Cyprus (Katsanos et al., 2016). Such studies corroborate
the reliability of the CHIRPS dataset to reproduce different characteristics of precipitation, depending on the applied region. For
instance, Duan et al. (2016) compared daily data recorded by 101 rain gauges in Italy with eight gridded products in the Adige Basin
(North-East). Despite inconsistencies found in all the eight products in the frequency of occurrence of daily precipitation, especially in
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Fig. 1. Elevation map of Italy (a), and the Kdppen-Geiger classification based on the 1976-2000 period observations (b); the grey lines identify the
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the winter months, CHIRPS, TRMM 3B42 (Huffman et al., 2006), and CMORPH_BLD (Xie and Xiong, 2011) provided the best per-
formances in terms of overall statistics metrics. Also, Caroletti et al. (2019) compared gridded data with ground data for the Calabria
Region (South-West of Italy) using monthly rainfall data collected by rain gauges. Their findings confirm that the satellite-based
CHIRPS product provides the best performances in terms of Pearson correlation, error metrics and extreme events.

Here, we use the CHIRPS product to investigate the spatial variation of the &' # 7" distribution and its performance in describing
annual maxima over Italy. We compare its performance with a non-extreme value distribution, that is, the Burr type XII (,XII) (Burr,
1942) to show that the 2 & 7" distribution should not be used blindly. Specifically, we investigate the exceedance probability related
to the upper limit predicted by the & & 7~ distribution when it converges to the reverse Weibull. Using a distribution bounded from
above stands contradicts the nature of many hydrological variables and might lead to severe risk underestimation. Instead, we propose
fitting the & & 7 distribution excluding the reverse Weibull case. The fitting results show that the shape parameter of the & & 7~
distribution forms coherent spatial patterns. We use these results to build rainfall depth maps for different return periods, that could be
useful both for research and engineering practice.

2. The data
2.1. Study area

Italy is in southern Europe, between latitudes 35.475 ° N and 47.125 ° N and longitudes 6.625 °E and 18.525 °E. The Mediterranean
peninsula is characterized by a complex orography that affects the climate (Fig. 1).

Italy’s climate, based on the Koppen-Geiger (KG) classification (Beck et al., 2018; Kottek et al., 2006; Peel et al., 2007), is mainly
temperate (C), and cold (D) or polar (E) at higher altitudes. The climate of west coast and of the two major islands, Sicily and Sardinia,
is the so-called Mediterranean (Csa-KG), while parts of the inland have dry and warm summers and rainy winters (Csb-KG). Most of the
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Fig. 2. Spatial representation of the estimated statistics calculated for the 13,247 time series. Except for the probability dry, all these statistics were
calculated on the continuous part of the marginal distribution of daily rainfall. The boxplot in each panel represents the statistic’s variability. The
box lines represent the 25th, 50th (or median) and 75th percentile, while the fences are 1.5 times the interquartile range.
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Adriatic coast, the Po valley and parts of the central Apennines have humid sub-littoral climate (Cfa-KG) with no dry season, which is
characterized by two peaks of rainfall (fall and spring), hot summers and moderately cold winters. The sub-continental climate
(Cfb-KG) characterizes the Apennine and the foothills of the Alps, with wet and warm summers. At higher altitudes, the climate is
boreal, with no dry season and warm (Dfb-KG) and cold (Dfc-KG) summers, very cold winters, and snow between November and
March. Along the Alps there is also the tundra climate (ET-KG) with low temperatures (below 10 °C) all the year.

The various climates of Italy indicate diverse monthly and annual precipitation but do not characterize differences in extremes. It is
rational, however, to assume that such climatic conditions can affect the behavior of extremes. Here, we focus on the evaluation of
extreme precipitation in Italy which often occurs as thunderstorms. For example, Telesca et al. (2008) identify three thunderstorm
types in Italy: large fronts, generally coming from the North-West; local convective cells, typical of the summer season, and orographic
thunderstorms. However, to classify the thunderstorms is out of the scope of this study and needs fine temporal resolution data (e.g.,
hourly); here we focus on the extremes at the daily scale.

2.2. Dataset

The Climate Hazards Group InfraRed Precipitation with Station data (CHIRPS) is a quasi-global (50 °S-50 °N and all longitudes)
precipitation dataset (Funk et al., 2015b, a). CHIRPS provides fine spatial resolution daily rainfall at 0.05 ° (approximately 5 km) in the
1981-present period; it calibrates infrared cold cloud duration observations with the Tropical Rainfall Measuring Mission
Multi-Satellite Precipitation Analysis version 7 (TMPA 3B42 v7) and then incorporates ground data. Literature studies show that
CHIRPS provides a fine-resolution precipitation measurements and is reliable for Italy (Caroletti et al., 2019; Duan et al., 2016). At the
5 km spatial resolution there are 13,247 grid cells covering Italy, and thus, we extracted and analyzed 13,247 time series in the period
1981-20109.

L (b) SD

0.1 0.15 0.2 0.25

Latitude (°N)

36+ (c) ‘L—varilation o ‘ ot (d)‘L—ske\lvness P ‘ ot (e) ‘L—kurtlosis B . ‘ l
8 10 12 14 16 18 8 10 12 14 16 18 8 10 12 14 16 18
Longitude (°E)

Fig. 3. Spatial representation of the estimated statistics calculated for the 13,247 annual maxima samples. The boxplot in each panel represents the
statistic’s variability. The box lines represent the 25th, 50th (or median) and 75th percentile, while the fences are 1.5 times the interquartile range.
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2.3. Main statistics of the CHIRPS product

The marginal distribution of daily rainfall is mixed having thus a discrete and a continuous part describing, respectively, the
probability dry and the non-zero values in wet days (Papalexiou, 2018). For each of the 13,247 grid cells we calculate the probability
dry (ratio of dry to total days), the mean value, the standard deviation (SD), and the three L-ratios (L-variation, L-Skewness and
L-kurtosis) (Hosking, 1990). The mean daily value and the standard deviation represent, respectively, measures of central tendency
and dispersion, while the three L-ratios are dimensionless and represent measures of distributional shape. The west coastal areas and
the two major islands are dry, with a probability dry ranging from 0.83 up to 0.89, while the greatest values of the mean daily rainfall,
that is, greater than the 75th percentile of 14.3 mm, are spread at higher altitude, with some spots on the west coast (Fig. 2). A high
amount of daily precipitation in dry areas could be due to unstable weather conditions, especially during the summer, which cause
several convective storms (Davini et al., 2012; Telesca et al., 2008). The east coast, the Po valley and some parts of Trentino, Piedmont,
Sicily and of the east coast of Sardinia register the lowest values of the mean rainfall (smaller than the 25th percentile of about 11.7 mm
per day). The standard deviation presents the same spatial patterns observed for the mean rainfall (with a Pearson correlation coef-
ficient of 0.93). The L-variation, which is a standardized measure of variance given by the ratio of the L-scale and the central tendency,
shows high values (greater than the median of 0.416) in all the Alpine and sub-alpine zones and in the south, especially in Sicily and in
the south of Apulia. Same patterns are observed for the L-Skewness and L-kurtosis, with high values (greater than the median) observed
also in Tuscany and Lazio.

To summarize and assess the statistical behavior of extreme precipitation, we evaluate those statistics also for daily annual maxima
samples (AM) extracted from each 13,247 grid-cells (Fig. 3). The mean daily rainfall exhibits the lowest values (less than the median of
about 53.7 mm) on the east coast and in the two major islands, and in some spots of Piedmont, Trentino Alto Adige, and central Italy.
The resulting standard deviation shows the minimum values (less than the median of about 14.7 mm) in the south-east areas, and in
some parts of Lombardia, Lazio, Tuscany and north of Sardinia. Essentially, at lower values of mean daily precipitation are associated
low values of the standard deviation. The spatial variability of the three L-ratios provides a first view of the statistical behavior of the
extreme events, because both the magnitude and the frequency of these events are controlled by the shape characteristics of pre-
cipitation distribution (Papalexiou and Koutsoyiannis, 2016). The variability of the L-variation presents the lower values (less than the
25th percentile of about 0.13) in the centre of Italy and in Lombardia, while the heavier values are spread in Piedmont, in south Apulia
and in south Sardinia. L-Skewness shows a wide variability; indeed, we notice both negative and positive values. The variability of
these main statistics evaluated on the annual maxima samples all over Italy may imply the presence of spatial patterns of precipitation
extremes.

3. Methodology
3.1. Extreme value theory and generalized extreme value distribution

The & 7 distribution, firstly introduced by von Mises (1936), is widely adopted to study extreme events; its cumulative dis-
tribution function (cdf) is given by

—1/r
x—a x—a
Fgy a, = — (1 —_— 1 —_—> 1
ver(xa,by) eXp< (1+:5°) ) +E 20 W
where a € R, # > 0,and y € R are, respectively, location, scale, and shape parameters. Depending on the value of the shape parameter,
the & & 7 distribution encompasses the three limiting distributions of the Extreme Value Theory (EVT): the type I or Gumbel (%), the
type II or Fréchet (.7), and the type III or reverse Weibull (- 7). Their cdfs are given by

Fz(x;a, ﬂ)zexp(—exp(—%))xeﬂ% )
_a\ 7V
va(x;a7/))1]/)_exp<<xﬁa) 7),)(2(1, (3)
_ 1y
F,m/(X;mﬂJ)—eXp(—(—xﬁa> >,x<a- )

The three distributions have a location parameter @ € R and a scale parameter $ > 0, and the Fréchet and the reverse Weibull have
also a shape parameter y > 0. The Gumbel distribution is defined for x € R, Fréchet distribution is bounded from below and reverse
Weibull is bounded from above. These three distributions are special cases of the 2 & 7" depending on the values of its shape
parameter 7, that is, for y tending to zero, positive and negative, the Gumbel, Fréchet, and reverse Weibull laws emerge, respectively.

Note that the previous extreme value laws are limiting laws emerging under specific assumptions. Particularly, given a set of in-
dependent and identically distributed random variables {Xi,.., X,} described by the distribution Fx(x), the distribution of the
maximum max{X, .., X} is given by Fx__(x) = (Fx(x))". The three EV laws emerge for n — co. However, the convergence to one of
these three asymptotic distributions should not be taken for granted, because the length n of observed samples is typically small
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(Papalexiou and Koutsoyiannis, 2013). The type of tail of Fx(x) (parent distribution) dictates to which one of the three limiting laws the
distribution of the maximum converges. The right tail represents the upper part of a probability distribution and governs the behavior
of extreme events (Moccia et al., 2021; Nerantzaki and Papalexiou, 2019); many tail classifications exist (El Adlouni et al., 2008;
Ouarda et al., 1994; Werner and Upper, 2002). In general, power-type tails converge to the Fréchet law, exponential ones to the
Gumbel, and bounded from above tails to the reversed Weibull. Thus, the Fréchet is a power-type distribution and all distributions with
right tail regularly varying in infinity (i.e., power type distributions) belong to its domain of attraction. In contrast, the Gumbel
distribution has exponential right tail that approaches to zero more rapidly than any power-type distribution.

Although 2 & 7 is widely used to describe extreme precipitation it has limitations; sample variations can lead to negative shape
parameter estimates resulting in an upper bound distribution. An upper bounded distribution, such as the ,- 77, assumes a maximum
precipitation value which cannot be exceeded while it is well documented that even probable maximum precipitation (PMP) estimates
have been surpassed (Salas et al., 2020). Precipitation is a natural process limited at zero but an upper bound cannot be justified since
there is always a probability to rain more.

Recently, several non-extreme value distributions were used in stochastic modelling to preserve the behaviour of extremes in
hydroclimatic variables (Papalexiou, 2018; Papalexiou and Serinaldi, 2020). In this study we propose the employment of the Burr type
XII (%X1I) distribution, from the Burr system (Burr, 1942), in the formulation of Papalexiou and Koutsoyiannis (2012), with cdf given
by

4l *ﬁ
Foxu(X;B71,72) =1 — (1 +72 (%) ) 6]

where > 0 is a scale parameter, and y; > 0 and y, > 0 are shape parameters controlling the left and right tails, respectively.
Equivalently to the & & 7 for y > 0, the asymptotic behavior of .2,XII is = x~/2, therefore it has the potential to model heavy tails.
The %Xl includes as special cases the Pareto type II (for y; = 1), the Weibull (for y, — 0), and the exponential distribution (fory; =1

and y, — 0). We explore the potential of this distribution to describe annual maxima of daily rainfall.
3.2. L-moments fitting

To estimate the 2 & 7" and .%.,XII parameters, we use the method of L-moments (Greenwood et al., 1979; Hosking, 1990). Hosking
et al. (1985) showed that L-moments estimators, especially for the & & 7" distribution, have small bias and a lower root-mean-square
error than the maximum likelihood method. Moreover, Vogel and Fennessey (1993) documented the advantages of L-moments over
the conventional product moments. Note that L-moments, since they are defined as linear combination of order statistics, have finite
values for all heavy-tailed (power-type) distributions with asymptotic behaviour x~!/7 and y < 1. This is in contrast to product mo-
ments where the p-th moment exists if y < p. In practice this is crucial as the parameters of a three-parameter power-type distribution
cannot be estimated for tails heavier than x~/3 while it can be easily done with L-moments. Therefore, the use of L-moments is highly
suggested in estimating parameters of heavy-tailed distributions. Here we fit both distributions to each of the 13,247 annual maxima
(AM) samples using L-moments. The spatial variability of the empirical estimates of the first L-moment A1, L-variation 7, and
L-skewness 73 are reported in Fig. 3. The £ & 7" can be easily fitted by using the first three sample L-moments, that are 11, 12, 23 (or
L-variation 7o = 12 /11 and L-skewness 73 = 13 /12) (Hosking, 1990). Specifically, the shape parameter can be numerically estimated
by 73 = =3+ 2(1 —37)/1 — 27, and the scale and the location parameters by a = 11 — A2(I'(1 —y) —1)/(2 — 1)I'(1 —y) and § =

—22/(27 = 1)T( — y), where T(-) is the gamma function.

The .%,XII distribution can also be fitted with L-moments method. Here, we follow the approach of Papalexiou and Koutsoyiannis
(2012, 2016) which was later generalized in Zaghloul et al. (2020b) allowing to fit any distribution with two-shape parameters defined
for positive values. This method relies in estimating the two shape parameters by numerically minimizing the squared difference
between theoretical (z;) and empirical (7;) L-ratios based on the following expressions

A _ fo] Q(u; 1,71, 72)(2u — 1)du

9 = 6

2(71,72) Fr j")l O(u; 1,7y, 7,)du ()
A3 fol Q(u, Ly, 72)(6”2 —bu+ l)du

’ == |

w(rnr) =7 Jo Qs 171, 72)(2u = 1)du .

where Q(u; 1,7, 7,) is the quantile function of the .%,XII with a scale parameter f = 1. Then, the two shape parameters can be
estimated with:

3
(1,72) = argryn;n Z (@(r,7) =7 (8)
72 Ni=

Given the shape parameters, the scale parameter is estimated by
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with 21(8) = [y Qi B, 71,72)du.

To test if the .,XIl is a good candidate to describe the AM samples over Italy we use L-moments ratio diagrams (Papalexiou and
Koutsoyiannis, 2016; Vogel and Fennessey, 1993). By comparing the sample L-points (72, 73) with the .2, XII theoretical L-moments
space we assess if the tested distribution described well the observations. Results show that almost all empirical L-points lie inside the
theoretical L-space (Fig. 4), hence .%,XII is a competent model to describe the data. In the supplementary material we also depict the
observed L-points and the theoretical & & 7 line in the L-skewness and L-kurtosis space (Figure S1). Note that since the & & 7" has a
location parameter it cannot be represented in an L-skewness vs. L-variation space (L-variation is a function of all of its parameters).

3.3. Quantifying the fitting error

In order to perform a comparison between the fitted © # 7" and .%,XII distributions we use four different error measures
(Papalexiou and Koutsoyiannis, 2016; Zaghloul et al., 2020b):

1 n
ER =~ > |Ax; 1
1= ;‘ il 10
1 n
ER; = — i
i m_z |Axi] an
i=n—m+1
ERpr = max(|Axi], ..., |Ax,|) (12)
A n
ERyy = ; 100 (13)

n

where i is the rank of x; in the ordered sample {x; < ... <x,}, and Ax; = x; — X; is the difference between the predicted and the
observed values. Predicted values are estimated by using the quantile function of the fitted distribution with non-exceedance prob-
ability i/(n+ 1). ER; is the absolute error; ERy; quantifies the error in the highest m extreme values (here m = 10); ERyyy estimates the
maximum error between the fitted and observed values; and ERyy quantifies over- or underestimation percentage of the maximum
observed value by the fitted distribution.

4. Results and discussion
4.1. GEV Fitting artifacts

In the previous section, we showed that the .%,XII can describe almost all the 13,247 samples of daily rainfall annual maxima
recorded in Italy. Since for y > 0 the & & 7" distribution presents the same right-tail asymptotic behavior of the .2,XII, we expect that
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Fig. 4. L-ratio diagram of the .%2,XII distribution: mostly of the 13,247 observed L-points (99.8 %) fall inside the L-area. The theoretical L-moments
space was built with LMoFit R-package available at CRAN (Zaghloul et al., 2020a).
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our data would also lead to & & 7 distributions with a positive shape parameter. To compare the two distributions in terms of tail
heaviness, we focus on the estimated values of the shape parameters (i.e., y for the £ & 77, and y, for the .%,XII). For the £ & 7, y
shows a wide variation, ranging from —0.45 to 0.41 with a median value of 0.02 (Table 1); while, y, varies between 0 and 0.33, with a
median value of 0.17 (Table 1).

In general, a remarkable difference emerges from the comparison of the tail behavior as quantified by the shape parameters (Fig. 5).
The #,XII tails are typically heavier compared to the 2 & 7 tails, with most of the points arranged under the y .~ ,- = y, line (see
dashed line in Fig. 5). For y, > 0.2, the two distributions present a similar asymptotic behavior, thus the points scatter in corre-
spondence of the y, » - = 7, line.

The fitting reveals that 44.9 % of the samples result in y < 0 for the & # 7" corresponding, thus, to a bounded from above dis-
tribution. We deem that the use of a distribution with an upper bound to describe extreme precipitation is physically inconsistent and
the good performance of the .%,XII distribution strengthens this argument. The .%,XII is a power-type distribution with the same tail
asymptotic behavior as the & & 7, and yet the tail heaviness estimates for the two distributions differ profoundly with almost half of
the & & 7 tails being bounded from above. We deem that this is an artifact resulting by the mathematical formula of the & & 7~
distribution and sample variations. To highlight our statements, we perform a Monte Carlo experiment generating 10,000 samples, 40
values each, from a & & 7 distribution with a positive shape parameter equal to 0.05. Then fitting the & & 7" to those samples shows
that almost 38 % of them have a negative shape parameter, with a mean value of 0.04. This result confirms that allowing & # 7" to take
negative shape parameter is not justifiable as negative values emerge due to sampling variation.

The spatial variability of both the estimated shape parameters (i.e., y and y, respectively for & & 7" and .%.,-XII) for the 44.9 % of
grid-cells with y < 0 is spread all over Italy (Fig. 6). For all these samples the £ & 7~ distribution implies an upper daily rainfall limit
(RL), given by a — f/y (Zaghloul et al., 2020b). We use the .%2-XII distribution, that is unbounded, to estimate the return period related
to these upper limits assumed by the 2 # 7, with the expression Ty, = (1 — F. /,),.XH(RL))’I. Results reveal that 8% of the AM samples
presents an RL with a return period less than 1000 years (Fig. 7b). As these return periods are commonly used in engineering practice,
for example, in spillway design, choosing the % ¢ 7" distribution might lead to risk underestimation.

We test the previous findings using daily ground data provided by NOAA (https://www.ncdc.noaa.gov/cdo-web/datasets). We
select 13 Italian stations with more than 40 years of observation (locations are depicted in Figure S2 of the supplementary material).
Then, we fit the & & 7" distribution to the extracted AM samples using the L-moments method (summary statistics are provided in
Table S1 of the supplementary material). For the selected stations, only one returns a negative & & 7" shape parameter, that is Brindisi
with 60 years of observation. Comparing between these results and those in Table 1, we observe a slight reduction in the variability of
the shape parameters between the two datasets; also, the mean value in ground stations (0.14) is slightly larger from the CHIRPS mean
(0.09). Even though the two datasets are not directly comparable, because point observation can have heavier tails which are
smoothed out in gridded products due to areal averaging (~25 km? for the CHIRPS data), the results confirm the mathematical artifact
affecting the & # 7 distribution.

4.2. The GEV* approach

We argued that the reverse Weibull is not a reasonable choice to describe the upper tails, thus, we suggest fitting the £ & 7~
distribution by constraining its shape parameter only to positive values. This essentially implies using a Gumbel distribution instead of
a & & 7 with negative shape. Hereafter, we denote this version of the &% 7" as & & 7. The Gumbel distribution does not have a
shape parameter, and thus, its L-skewness is fixed and equal to 73 = In(9/8)/In2. Consequently, if an AM sample has 73 < In(9/8)/In2

we fit the Gumbel distribution (Eq. (2)), with scale and location parameters, respectively, given by f = A2 /In2 and a = - ;//}, where

;/ is the Euler-Mascheroni constant; otherwise we fit the & & 7 distribution. Clearly, the & & 7"t approach results in fitting the
Gumbel distribution for 44.9 % of samples with y < 0 (Fig. 6b) and fitting the Z & 7" to the rest 55.1 % (Fig. 8).
Although the median value of the shape parameter is moderate (0.084, see Table 2), in some regions high values are spotted (light

Table 1
Main statistics of the fitting results of the estimated parameters of both the .%,XII and the 2 # 7~ distributions to the 13,247 AM daily rainfall
samples.

#,XII parameters 5 & 7" parameters
g n 72 a s Y
Min 18.95 3.41 0.00 22.54 4.51 —0.45
Ps 27.16 4.96 0.08 33.04 7.34 -0.20
P2s 34.73 6.11 0.13 42.10 9.80 —-0.07
Pso 38.97 7.10 0.17 47.11 11.54 0.02
P7s 43.29 8.35 0.20 52.36 13.58 0.09
Pos 54.83 10.95 0.24 66.33 18.12 0.19
Max 86.82 55.79 0.33 106.26 31.74 0.41
Mean 39.51 7.43 0.16 47.83 11.98 0.01
SD 8.23 2.03 0.05 9.95 3.38 0.12
Skew 0.90 291 —-0.32 0.93 1.25 —-0.29
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Fig. 5. Comparison based on the tail heaviness of .%,XIl and 2 & 7" distributions when fitted to annual maximum rainfall. Each point is related to
an annual maximum sample, while the dashed line represents y, =y . The color scale is proportional to the density of points (blue: low, yellow:
high) (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.).
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Fig. 6. Representation of the grid-cells with a negative Z" & 7" shape parameter. (a) Spatial variability of y, that governs the heaviness of the right
tail of the .%,XII distribution. (b) Spatial variability of the & & 7s shape parameter: white cells are representative of y > 0, instead colored cells are
characterized by y < 0.

colours in Fig. 8), denoting heavy-tails. Many regions, for example, the North-West area (Aosta Valley and Piedmont) is characterized
by high values of y (especially in the Alpine area). Other clear patterns are observed in Friuli-Venezia Giulia, in the Po valley, in
Tuscany, in some parts of the Apennine, in Apulia and Basilicata, in the north part of Calabria and in south Sardinia. In Table 2 we
provide summary statistics of the estimated parameters for the % & 7" distribution.

We compare the potential of the .4,XII, £ & 7, and & & 7" to describe the observed annual maxima in terms of the four error
measures Eq.s (10-13) (Fig. 9). Their performance is almost identical. An important finding is that although are in general heavy-
tailed, still they under-estimate the observed rainfall maximum for the 74 %, 78.5 % and 69.3 % of the analyzed samples (Fig. 9d),
respectively. Such under-estimation in the observed sample’s maximum might imply a more severe underestimation for larger return
periods.

The previous findings show that the .%2,XIl and % & 7 versions perform equally well but underestimate the observed largest value.
A reasonable assumption then could be that the distribution predicting higher values for larger return periods would underestimate
less the actual future magnitudes. To quantify the difference between the rainfall predictions, we evaluate the percentage difference PD
between the .#,XIl and £ & 7~ estimates as
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and similarly for £ & 7", by applying several return periods T commonly used for engineering purpose (i.e., 50, 100, 200, 500 and
1000 years). Our results show that the .%,XII predicts larger values compared to the other two distributions (Fig. 10). Indeed, the
median PD values are positive for all return periods. The predicted rainfall values by the ., XII, for the 50-years return period, are
comparable with those of the © & 7" and & & 7, yet as return period increases up to 1000-years the PD becomes much larger with
median higher than 15 %. Notably, a larger variance is observed in the PD values evaluated for the & & 7t compared to £ & 7,
which also increases with the return period. This greater variance is explained because when 2 # 7" hasy < 0 it predicts always lower
rainfall values than .%.-XII and thus the PD is positive; in contrast, it seems that in the & & 7"+ when essentially the Gumbel is used to
describe the negative shape parameter cases, the .%,XII can predict less and this even creates negative PD values and the larger

~i-
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Table 2
Basic statistics of the estimated parameters for the & & 7" distribution.

& 77" parameters

a p /4
Min 22,18 4,51 0.00001
Ps 32,94 7,10 0.008
Pas 41,97 9,46 0.041
Pso 46,84 11,12 0.084
p7s 52,02 13,05 0.135
Pos 65,90 17,53 0.222
Max 106,26 31,55 0.410
Mean 47,58 11,55 0.094
SD 9,87 3,25 0.067
Skew 0,94 1,28 0.804
4 T T T 8 T T
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Fig. 9. Box plots of the four error measures evaluated for %,XII, & 7" and % & 7"t distributions when fitted to the AM samples.
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variance.

4.3. Rainfall maps for fixed return periods

Here, we evaluate the spatial variation of the predicted precipitation for different return periods. Indeed, the knowledge of rainfall
patterns for particular return periods is a necessity for flood mapping and for designing hydraulic structures (Van De Vyver, 2012).
Based on the previous results we estimate the rainfall amount that, on average, is exceeded once every T years. Rainfall depths h are
evaluated with the quantile functions of the three tested distributions, that are, %,XIl, £ & 7" and & & 7"*. Differences in terms of
rainfall values predicted by the three distributions for three representative return periods are shown in Fig. 11. For a clear repre-
sentation of the differences previously discussed in Fig. 10, we grouped the rainfall values in six percentile classes (see the legend in
Fig. 11) that were evaluated for each return period.

As anticipated the three tested distributions exhibit, in general, the same spatial patterns (Fig. 11). The highest rainfall values,
greater than the 95th percentile, are in the Alpine zone, in Liguria, in the north of Tuscany, and in specific parts of Calabria and Apulia.
The same areas have been previously recognized as the ones with the highest values of mean daily rainfall (Fig. 2b). Most of the
Adriatic coast is characterized by predicted values lower than the 25th percentile. The extension of the Apennine plays a crucial role for
this behavior: the occidental winds from the Tyrrhenian Sea are blocked by the mountain chain causing orographic rainfall. The same
behavior is found nearby the Alps, as the mountain chain blocks the winds from the north and protect the Po valley. In the south and in
the two major islands we observe that the highest values of the rainfall depth are characteristics of the highest elevation.

The identified patterns remain roughly constant for smaller return periods, yet careful inspection shows strong differences for the
1000-years period. We further investigated the differences emerged in Fig. 11 by analysing the subdivision of the cells into the six
percentile classes (Fig. 12). At 50-years of return period, the behavior is approximately the same for the three distributions, consis-
tently with the results obtained for ERyy (Fig. 9d). The higher variance already emerged in Fig. 10 for the & & 7" is reflected in a
greater number of cells falling in the higher percentile classes. By increasing the return period, the potential large under-estimation by
the & & 7 distribution is found in many cells belonging to the first two percentile classes. These results indicate that for many regions
in Italy the 2 & 7" distribution could potentially severely underestimate the magnitude of extremes for large return periods.

4.4. Relationship between rainfall depth and orography

The spatial patterns emerged in the rainfall maps (Fig. 11) seem to follow the orography of the country (Fig. 1a). To investigate this
aspect, we show in Fig. 13 a bivariate choropleth map to evaluate the correlation between the elevation above the sea level (hereinafter
q) and the classes of rainfall depths. To perform this comparison, we choose the 2 & 7" to estimate the rainfall depths for several
return periods (i.e., 39, 50, 100, 200, 500 and 1000 years).

The highest values of elevation and rainfall depths, whose grid-cells are depicted with darkest purple-blue colours, are mostly
located along the Alps and the Apennine. Particularly, the Alpine and pre-Alpine areas present heavier rainfall values with respect to
the Apennine chain. At lower altitudes classes (with g close to its median value), a greater variability emerged in the distribution of
rainfall: with lower values (light orange colours on the left of the legend) along the Apennine, especially on the Adriatic coast, and
higher values in the North (purple values on the right of the legend). The same variability can be observed over the flat areas, mainly
located along the coasts and in the Po valley. The lowest rainfall values are located on the Adriatic and Lazio coasts (white cells). Blue
and light-blue cells are representative of greater values of precipitation over the plains (see the Po valley in Fig. 13). The relationship
between the elevation and the rainfall depth does not change with the return period. To highlight the above aspects, we provide six
different maps for each class of elevation in Figure S3 of the supplementary material.

5. Summary and conclusions

Catastrophic events in Italy, such as floods and landslides, have caused significant infrastructures damage an economic loss. A
robust estimation of rainfall depths for different return periods is crucial to plan and design hydraulic protection infrastructure to
alleviate the impact of extremes. The Generalize Extreme Value (£ & 7°) distribution is the most popular model to describe extreme
rainfall worldwide; yet it should be used with caution. Theoretical assumptions justifying the use of & & 7" are often violated in real-
world, and thus, we suggest using & & 7" with a priori restricting its shape parameter to positive values; we name this variant the
2 & 7. We believe that using a distribution bounded from above, such as the reverse Weibull (£ & 7" with negative shape
parameter), is not consistent with natural processes limited at zero, such as precipitation. To support our statements, we also used the
Burr type XII (%,XII) distribution, a non-extreme value distribution defined in [0, ), to describe annual maxima and to compare it
with & & 7. The .%,XII has the same asymptotic behavior with the & # 7" distribution which makes the comparison of the tail
behavior valid.

The fitting performance and the spatial variability of the & & 7" are tested on 13,247 daily rainfall time-series over Italy, using L-
moments. Our analysis reveals that:

1. The ¥ # 7 distribution in 44.9 % of the samples had a negative shape parameter implying an upper daily rainfall limit (Fig. 6).
Return periods related to these upper limits, however, are finite when estimated with the .%,XII distribution. This indicates that
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Fig. 11. Differences on the predicted rainfall values h (mm) by fitting the three distributions. To provide a clear representation, we divide the
rainfall quantiles in six percentile classes (i.e., 5th, 25th, 50th, 75th, and 95th) whose values are evaluated using the values obtained with the three
distribution for each return period.

upper bounds estimated by £ & 7" might be artifacts caused by sample variations. Thus, we suggest using the £ & 7" only with
positive shape parameters (£ & 7).

2. Comparison of the right tail between the 2 ¢ 7" and .%,XII distributions reveals notable differences. Although they have the same
asymptotic behavior when y > 0, the .%2,XII tails resulted heavier than the & # 7" tails, especially when the shape parameter y of
2 & 7" is lower than 0.2. Nevertheless, the spatial representation of & & 7”s positive shape parameter for the 55.1 % of the
samples allowed to identify many regions with heavy-tails (Fig. 8).

3. The %,/Xll, & 7", and & & 7" performed almost identically for the observed return period (i.e., 39 years, Fig. 9d). Although
these models are heavy tailed, they underestimate the observed rainfall maximum in 74 %, 78.5 % and 69.3 % of the analysed
samples, respectively.

4. The .%,XIl, for large return periods, predicts larger rainfall amounts compared to the & & 7" estimates (Fig. 10). This might
indicate that £ & 7 estimates could underestimate the risk of extremes.

5. The rainfall spatial patterns, emerged by fitting the three distributions, are similar for the selected return periods. The estimated
rainfall depth tends to follow the orography of the territory, with high rainfall at high altitude and moderate rainfall over the plains
(Fig. 13). This result confirmed the important role played by the high mountain chains on the rainfall distribution in Italy. These
maps might be useful to update and integrate the estimated rainfall depths for fixed return periods evaluated with the rain gauge
network.
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Fig. 13. Bivariate choropleth map of the rainfall depth h and the elevation q for different return periods. By grouping the two variables in six
percentile classes (5th, 25th, 50th, 75th and 95th) we identify 36 classes for the classification. Legend shows that the horizontal colours are related
to the variability of the rainfall depth (from lower values on the left to higher values on the right), while the vertical colours depict the variability of
the elevation (from lower values on the bottom to higher values on the top). p indicates the Pearson correlation values calculated between the
rainfall depth and the elevation of each grid-cell.

Based on the previous findings, we suggest using the £ & 7" instead of the classical & & 7~ distribution but also include in the
analysis non-extreme value distributions such as the ., XII to describe precipitation extremes. It is impossible to verify which model
predicts more accurately the extremes for large period; however, since the three models underestimate the observed sample maximum,
we could claim that the one underestimating it less might be a better choice.
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