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Abstract

Stem cell therapy is a promising treatment for the regeneration of
myocardial tissue injured by an ischemic event. Mathematical model-
ing of myocardial regeneration via stem cell therapy is a challenging
task, since the mechanisms underlying the processes involved in the
treatment are not yet fully understood. Many aspects must be ac-
counted for, such as the spread of stem cells and nutrients, chemoat-
traction, cell proliferation, stages of cell maturation, differentiation,
angiogenesis, stochastic effects, just to name a few. In this paper we
propose a 3D mathematical model with a free boundary that aims
to provide a qualitative description of some main aspects of the stem
cell regenerative therapy in a simplified scenario. The paper mainly
focuses on the description of the shrinking of the necrotic core dur-
ing treatment. The stem cell and nutrients dynamics are described
through coupled reaction-diffusion problems. Proliferation, chemoat-
traction, tissue regeneration and nutrient consumption are included in
the model.

Keywords: Convection-diffusion-reaction equations, Free bound-
ary problem, Stem cell therapy, Myocardial regeneration.



1 Introduction

Stem cell-based therapy for the treatment of myocardial infarction and heart
failure has received great attention in the last decades for its potential to re-
duce infarct size and improve cardiac function [1,2]. Many types of stem cell
populations have been considered for their self-renewing and multi-lineage
differentiation capabilities [3–5]. Both preclinical and clinical studies seem to
confirm the beneficial effects in many cases, even if the effectiveness of the
treatment is still controversial [6–8]. The mechanisms that induce the ob-
served improvements have also been debated. The evidence seems to suggest
that the stem cells produce both direct effects, due to transdifferentiation
into cardiac and vascular lineages, and indirect effects, due to the secretion
of growth factors and molecules that induce paracrine actions [9]. As a re-
sult, the presence of the stem cells in the damaged tissue can activate the
endogenous stem cells, inhibit apoptosis, induce angiogenesis, enhance car-
diomyocyte proliferation, prevent ventricular remodeling, modulate immune
and inflammatory response [10–12]. Nevertheless, the success of the therapy
can depend on several factors, such as the type of cell population used for
the therapy, the pre-treatment of the stem cells before implantation [13], the
protocol of stem cell delivery in the injured tissue [14–16], the cell dose and
the number and timing of administration. These factors can affect the stem
cell survival, motility, proliferation and long-term engraftment [17,18].

In such a complex scenario, a comprehensive mathematical model of the
stem cell therapy for the myocardial regeneration is still far from being
achieved. Many works can be found in the literature that assess some key as-
pects of the therapy and attempt to describe and quantify selected behaviors
of the stem cells, some of which based and tuned to in vitro experiments (see,
for example, [19] for a nice review). Mathematical models describing stem cell
peculiarities can be found not only in myocardial regeneration related works,
but also in studies related to the employment of stem cells in the treatment of
tumors or wound healing [20]. The main described aspects are: proliferation,
self-renewal and differentiation [21–31]; motility and migration [32–35]; cell
behavior on artificial scaffolds [36–38]; chemotaxis [39–42].

In this paper we are mainly interested in the description of the evolution
of the geometry of the regenerated tissue and, consequently, of the shrinking
of the necrotic core. Diffusion-reaction equations are widely used to describe
a great variety of chemical and biological processes [43–47]. In this paper we
aim to investigate the possibility of employing a free boundary problem for a
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convective-diffusion-reaction equation to describe the stem cell dynamics in a
regeneration therapy framework [48,49]. We consider the phase of the therapy
where the stem cells have been already delivered to the heart with a single
administration, for example via injection, or by means of different protocols,
as those ones described in [14–16], and start permeating the inflamed region
around a necrotic portion of the cardiac tissue. The regeneration of the tissue
is achieved due to the arrival of the stem cells attracted by chemotaxis around
the necrotic tissue. The structure of the partial differential equation stated
in the model allows to describe cells migration, proliferation and death. The
free boundary conditions allow to describe the shrinking of the boundary of
the necrotic core during treatment.

We also consider another aspect of the therapy strictly linked to the pres-
ence of stem cells in the tissue, that is the diffusion and consumption of
nutrients [50–54]. To this aim, we couple the differential problem describ-
ing the stem cell dynamics with an initial-boundary value problem for a
diffusion-reaction equation describing the dynamics of nutrients in the con-
sidered domain. We analyse how the coupling between the two differential
problems enables to describe the two concomitant processes and their mutual
interactions.

The model is a three-dimensional one on a simple geometry. Moreover,
as a first step toward the understanding of these processes, we simplify the
model, making some arbitrary assumptions on the amount of cells that enter
the inflamed region, the migration of the cells in the tissue, the way the
stem cells are attracted toward the necrotic tissue, the proliferation rate,
the deformation of the necrotic core and the consumption of the nutrients.
Our purpose here is to analyse how the differential problems that we have
established can capture some characteristic features of the stem cell therapy
and verify how the simulations can help to interpret the behaviors described
by the model.

The remainder of the paper is organized as follows: Section 2 describes
the proposed model; Section 3 explains the methods used to implement the
model; in Section 4 the simulation results in two different cases are presented;
Section 5 is devoted to the discussion of the results and conclusions.
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2 Model description

The main features of the proposed model are the diffusion and convection
of stem cells through the inflamed region and the growth of the regenerated
region into the necrotic core, or regeneration. Other important effects would
be incorporated in the model in a future work, but we believe that the afore-
mentioned features are essential to the very idea of a spatially distributed,
diffusion based model of myocardial regeneration through stem cells.

The domain of the diffusion phenomenon is a small portion of the inflamed
cardiac tissue and is represented by a subset D(t) of an ellipsoid E, to be
deformed by regeneration. The complement of D(t) in E is the necrotic core
N(t); at the initial time t = 0, N(0) is a smaller concentric ellipsoid inside
E. In the prototypical problem considered here the stem cells are implanted
in a portion A of the external boundary of D, which is also the boundary
∂E of E (Figure 1); the concentration of the implanted cells is assumed to
vanish with a prescribed law.

As already pointed out in the Introduction, we consider the phase of the
therapy where the stem cells have been already delivered to the heart with a
single administration, by means of a suitable protocol (injection, implantation
etc.) and enter the inflamed region D. Obviously, the way the stem cells enter
D could change depending on the protocol, but in this preliminary model we
suppose that the cells, starting from the same part of the boundary ∂E, i.e.,
A, move toward the necrotic core, passing through the inflamed zone. Of
course other delivery protocols can be considered by adjusting the boundary
conditions.

Due to diffusion and convection caused by chemoattraction, the stem cells
migrate toward the necrotic area and arrive on its external surface Γ(t). In
this compartment of the model, the coupling of the transport equation for
stem cells with the one for nutrients is of course of great importance. Here
we lump all the nutrients in one species n, though in a more realistic scheme
one would need more (oxygen, glucose, . . . ).

The presence of stem cells on the boundary of the necrotic core promotes
the regeneration of heart tissue. As a result, the necrotic zone contracts
and its boundary Γ(t) moves inward. In fact the process of deposition and
differentiation of the stem cells is far from being trivial (see, for example,
[55,56]); however, we think that in a model taking into account the geometry
of growth of regenerated tissue into the necrotic one, we necessarily must have
a device explicitly linking the differentiation of stem cells to the volume gain
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against the necrotic core. In our present scheme, we neglect in practice all
differentiation steps, and assume that deposition and differentiation coincide
(a possible fraction of unsuccessful differentiation is accounted for by the
choice of the parameter λ, see below). By the same token, we assume that all
stem cells arriving at Γ(t) are removed from diffusion by deposition. In this
way we preserve the basic interplay between the stem cell concentration and
the regeneration process. In a future model, this module will be expanded,
leading to the coupling of the law for the growth rate of Γ(t) with the local
cascade of differentiation.

Since in this paper we are mainly interested in the description of the first
phase, consisting in the evolution of the geometry of the regenerated tissue,
we don’t yet consider the successive phase, when the stem cells differentiate.
The simplification proposed above leads us to gather all stem cells in a single
cell population, without distinguishing between the different stages of cell
maturation [27,28].

The unknowns of the model are the stem cell concentration s and the
nutrients concentration n within the domain. They are functions of space
and time (refer to Table 1 for a list of the symbols). The stem cell dynam-
ics is described by a free boundary problem that accounts for cell diffusion,
chemoattraction, proliferation, death and tissue regeneration. In parallel, nu-
trients dynamics is described with an initial-boundary value problem for a
diffusion-reaction equation, coupled to the previous one, that accounts for
nutrients diffusion and consumption. A condition on the nutrient flow from
outside can also simulate the effect of angiogenesis in the considered domain.

Figure 1: Schematic 3D representation of the inflamed and necrotic portion of cardiac
tissue. D: inflamed region; N : necrotic core; E = D∪N . N and E are supposed ellipsoidal.
∂E: external boundary of D; Γ: external boundary of N , interface between N and D;
∂D = ∂E ∪ Γ; A: stem cell implantation zone on the external boundary of D.
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Symbol Description

E Portion of cardiac tissue
D Inflamed region
N Necrotic core
∂E External boundary of D
A Stem cell implantation site on ∂E
Γ Interface between D and N
s Stem cell concentration
n Nutrient concentration

Table 1: List of the symbols;here all objects depend on time, excepting ∂E
and A.

2.1 Stem cells dynamics

Here and in the sequel we omit to denote the dependence of the variables on
the position ~x and time t. The center of the ellipsoids is assumed to be the
origin of the spatial coordinates. The dynamics of stem cells in D over the
time interval [0, T ] is governed by the diffusion-convection-reaction equation

∂s

∂t
− div

(
Ds

~∇s− sχx̂
)

= µmax
n(1 +K)

nmaxK + n
s

(
1− s

smax

)
−Rds. (1)

The diffusion term describes cell motility. The diffusion coefficient Ds is an
index of the ability of the cells to move in the surrounding tissue. The con-
vective term sχx̂ describes the chemotaxis, that is the motion of the cells
in response to chemical signals. Chemotaxis is commonly modeled with a
convective term depending on a chemical gradient. We do not include the
dynamics of the attractive chemical substances in this model and choose a
radial attraction term instead. In principle, chemoattraction could depend
on the distance from the necrotic core, but we simplify this condition and
consider a constant attraction. The parameter χ represents the sensitivity of
the stem cells to the inward attraction. It is set up so that the chemotaxis
dominates over diffusion. x̂ denotes the unit vector.

The reaction term has two contributions. The first one describes cell pro-
liferation depending on the nutrients concentration n. The term in brackets
prevents the stem cell concentration from growing beyond the maximum pos-
sible cell concentration in the tissue smax: if s reaches the maximum value, the
term in brackets becomes zero and proliferation stops. The remaining factors
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can be written as µ(n)s where µ(n) is the proliferation rate. A Monod (or
Michaelis-Menten) function, which classically describes saturation phenom-
ena, is considered to define it: µmax and nmax are the maximum proliferation
rate and the maximum nutrients concentration, respectively, while K is the
half-saturation constant [50, 52, 57]. Finally, the second reaction term de-
scribes the cell death. The parameter Rd is the death rate.

In order to solve Equation (1), a set of initial and boundary conditions is
imposed.
A null initial condition is set on the domain D(0), as there are no stem cells
inside D at the beginning of the process:

s(~x, 0) = 0 on D(0). (2)

On the implantation site A we define a time dependent boundary condition
BC(t) that describes the way the stem cells are implanted on the external
boundary:

s(~x, t) = BC(t) on A. (3)

We define the function BC as a smoothed decreasing step function from
an initial concentration s0 to 0. The initial stem cell concentration on A
gradually disappears in a limited initial interval of time.
We consider a Neumann condition on the rest of the external boundary:

Ds
∂s

∂ν̂
(~x, t) = 0 on ∂E \ A (4)

where ν̂ is the outer normal unit vector.
Finally, a null boundary condition is set on Γ:

s(~x, t) = 0 on Γ(t). (5)

According to this condition, stem cells are absorbed by deposition on Γ and
thus they do not reach the necrotic core, whose surface is made up of non-
necrotic cardiac tissue. However, their presence induces the tissue regener-
ation and the consequent movement of the boundary. The inward normal
velocity ~V of the free boundary Γ is given by

~V (~x, t) = λ(−Ds
~∇s · ν̂ + sχx̂ · ν̂)ν̂ on Γ(t) (6)

that reduces to
~V (~x, t) = −(λDs

~∇s · ν̂)ν̂ on Γ(t) (7)
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as we prescribed s(~x, t) = 0 on Γ (Eq. (5)). The velocity is proportional to the
stem cell gradient on Γ. The parameter λ represents essentially the volume of
a single myocardial cell, averaged by the probability that a stem cell arriving
at Γ differentiates into such a cell.

In a more refined model the link between ~V and s could not be as simple
as in (7); however, the velocity of the interface should still be prescribed as a
function of the local flux of differentiated stem cells. The latter flux, though,
should be determined by a reaction-diffusion system controlling differentia-
tion.

Summarizing, the free boundary problem (Eq.s (1) to (5) and Eq. (7))
describing the stem cell dynamics is given by

∂s
∂t
− div

(
Ds

~∇s− sχx̂
)

= µmax
n(1+K)
nmaxK+n

s
(

1− s
smax

)
−Rds D(t), t ∈ (0, T )

s(~x, 0) = 0 D(0)

s(~x, t) = BC(t) A× (0, T )
∂s
∂ν̂

(~x, t) = 0 (∂E \ A)× (0, T )

s(~x, t) = 0 Γ(t), t ∈ (0, T )
~V (~x, t) = −(λDs

~∇s · ν̂)ν̂ Γ(t), t ∈ (0, T )

(8)

2.2 Nutrient dynamics

The dynamics of the nutrient in D over the interval of time [0, T ] is governed
by the following diffusion-reaction equation:

∂n

∂t
− div

(
Dn

~∇n
)

= −δmax
n4

ϑ4 + n4
s. (9)

The diffusion term describes the spread of nutrients in the tissue. Considering
the values reported in the literature [58–61], and taking into account that the
molecules can move more rapidly than cells, the diffusion coefficient Dn can
be set at least an order of magnitude higher than the diffusion coefficients
of the stem cells. The reaction term describes the nutrient consumption de-
pending on the stem cell concentration. To describe the consumption rate
we decided to use a Hill function with exponent 4 and constant ϑ, where the
parameter δmax is the maximum consumption rate [62]. The Hill function
typically describes cooperative phenomena in enzyme kinetic, but is used
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also in models considering higher organisms [63]. The exponent (in this case
4) is in general deduced from experimental data and governs the steepness
of the sigmoidal shape of the saturation term. In our model, in absence of
experimental data, we arbitrarily decided to set the coefficient equal to 4.

Equation (9) is supplemented by initial and boundary conditions, as fol-
lows. A constant initial condition is set on the domain D(0):

n(~x, 0) = n0 on D(0)

where n0 is the nutrient concentration at the beginning of the process.
A Neumann boundary condition is imposed on Γ, as we assume that nutrients
do not permeate inside the necrotic core:

Dn
~∇n · ν̂ = 0 on Γ. (10)

Finally, a condition on the flux through the entire external boundary ∂E is
prescribed:

Dn
~∇n · ν̂ = F (n) on ∂E. (11)

We make two possible choices for the function F . The first one is to define
F (n) ≡ 0 that corresponds to imposing a null Neumann condition:

Dn
~∇n · ν̂ = 0 on ∂E. (12)

In this case we assume that stem cells feed on the nutrient initially available
in the domain. The second choice is to define F (n) = −H(n− n0), where H
is a positive constant. The resulting condition

Dn
~∇n · ν̂ = −H(n− n0) on ∂E (13)

prescribes an inward flux1 if the concentration decreases below n0 (n < n0)
and an outward flux if n exceeds the initial concentration (n > n0). Due to
this condition, additional nutrient is attracted from outside when the nutrient
is consumed by the stem cells in the domain, thus simulating the effects of
the angiogenesis promoted by the presence of the stem cells in the tissue.

1Note the change of sign in (13): the lhs is the incoming flux, so it must be positive if
n < n0.
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Summarizing, the initial-boundary value problem for the diffusion-reaction
equation describing the nutrients dynamics (Eq.s (9) to (11)) is given by

∂n
∂t
− div

(
Dn

~∇n
)

= −δmax n4

ϑ4+n4 s D(t), t ∈ (0, T )

n(~x, 0) = n0 D(0)

Dn
~∇n · ν̂ = 0 Γ(t), t ∈ (0, T )

Dn
~∇n · ν̂ = F (n) ∂E × (0, T )

(14)

where F (n) is given by Eq. (12) or Eq. (13).

3 Methods

The two differential problems have been non-dimensionalized with respect to
the concentrations by posing

s = smaxs, n = nmaxn, ϑ = nmaxϑ (15)

so that the new non-dimensional variables s and n are normalized to the
reference values smax and nmax. The systems of equations and the initial and
boundary conditions can be rewritten as

∂s
∂t
− div

(
Ds

~∇s− sχx̂
)

= µmax
n(1+K)
K+n

s (1− s)−Rds D(t), t ∈ (0, T )

s(~x, 0) = 0 D(0)

s(~x, t) = BC(t) A× (0, T )
∂s
∂ν̂

(~x, t) = 0 (∂E \ A)× (0, T )

s(~x, t) = 0 Γ(t), t ∈ (0, T )
~V (~x, t) = −(λDssmax~∇s · ν̂)ν̂ Γ(t), t ∈ (0, T )

(16)
∂n
∂t
− div

(
Dn

~∇n
)

= −δ n4

ϑ
4
+n4

s D(t), t ∈ (0, T )

n(~x, 0) = n0 D(0)

Dn
~∇n · ν̂ = 0 Γ(t), t ∈ (0, T )

Dn
~∇n · ν̂ = F (n) ∂E × (0, T )

(17)

where BC is the smoothed decreasing step function from s0 = s0
smax

to 0,

δ = δmaxsmax

nmax
, n0 = n0

nmax
and F (n) ≡ 0 or F (n) = −H(n− n0).
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The model has been implemented in the software COMSOL Multiphysics®

that is an integrated environment for solving systems of time-dependent or
stationary differential problems in one, two, and three dimensions with Finite
Element Method [64].

Comsol Multiphysics® provides sophisticated tools for geometric model-
ing of the physical domain. The simulations have been performed on the 3D
geometry depicted in Figure 1. The semi-axes of the external and internal
ellipsoids are aext, bext, cext and aint, bint, cint, respectively. The implantation
site A has been obtained by the intersection of the external ellipsoid with a
sphere of radius rimp and position (aext cos(π/4)), 0, cext sin(π/4)).

The software also offers different methods and levels of domain tassella-
tion. In order to obtain a well detailed solution, we chose the tetrahedral mesh
at the highest level of mesh resolution, that is “Extremely fine” (Figure 2).
Complete mesh consists of 343239 domain elements and 13476 boundary ele-
ments with maximum element size 4·10−4m, minimum element size 4 · 10−6m
and maximum element growth rate 1.3.

Figure 2: Mesh of the domain D with tetrahedral elements. The “Extremely fine” mesh
resolution level results in 343239 domain elements and 13476 boundary elements.

The numerical solution gives the cell concentration s(x, t) at each mesh
point after each time unit. Many direct and iterative methods are available
in the software to evaluate the numerical solution. The problem has been
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solved with the direct solver MUMPS (multifrontal massively parallel sparse
direct solver) with relative tolerance 0.01 and absolute tolerance 0.001 [65].
Although direct methods require more memory and computational time than
iterative methods, they are more robust. Among them, the MUMPS solver
is more suitable for problems that have a large number of degrees of free-
dom. The implicit time stepping method used by the solver is the Backward
Differentiation Formula (BDF) with order of accuracy from 1 to 5.

Since in our study we intend to investigate the possibility of describing
some qualitative aspects of the therapy through differential problems, our
actual aim is not to validate the model with experimental data, which, how-
ever, are in general difficult to be determined. The parameters used in the
model have been chosen in accordance with what is known in the literature
on the aspects we are describing. Their choice is purely indicative but still
reasonable and compatible with known physiological values. Some of them
depend on the cell type and nutrient type. As we did not consider a particular
real situation, we fixed them in physiologically reliable ranges. For the cell
dynamics we referred in particular to the parameters related to mesenchymal
stem cells; for the nutrient dynamics we referred in particular to the param-
eters related to oxygen [50,54,66–70]. See Table 2 for the complete list of the
parameters used in the simulations, their value and unit.

The non-dimensionalized boundary condition BC(t) prescribed on the
implantation site A is shown in Figure 3. The initial stem cell concentration
in each point of A rapidly decreases to 0 within the first half hour of the
experiment and remains null thereafter.
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Parameter Description Value Unit

aext x semi-axis of external ellipsoid 1 · 10−2 [m]
bext y semi-axis of external ellipsoid 7 · 10−3 [m]
cext z semi-axis of external ellipsoid 5 · 10−3 [m]
aint x semi-axis of internal ellipsoid 5 · 10−3 [m]
bint y semi-axis of internal ellipsoid 3.5 · 10−3 [m]
cint z semi-axis of internal ellipsoid 2.5 · 10−3 [m]
rimp Radius of the sphere that defines the im-

plantation site
3 · 10−3 [m]

Ds Stem cell diffusion coefficient 2 · 10−12 [m2/s]
χ Sensitivity of the stem cells to chemoat-

traction
8 · 10−9 [m/s]

µmax Maximum proliferation rate 1 · 10−5 [1/s]
nmax Maximum nutrient concentration in the

tissue
8 · 10−2 [mol/m3]

smax Maximum cell concentration in the tissue 1 · 1012 [1/m3]
K Half saturation constant 5 · 10−2 [1]
Rd Stem cell death rate 3 · 10−7 [1/s]
s0 Initial stem cell concentration on the im-

plantation site
1 · 1012 [1/m3]

λ Cell volume conversion factor 1 · 10−9 [m3]
Dn Nutrient diffusion coefficient 2 · 10−11 [m2/s]
δmax Maximum nutrient consumption rate 8 · 10−16 [mol/s]
ϑ Hill function constant 4 · 10−2 [mol/m3]
n0 Initial nutrient concentration in the do-

main
4 · 10−2 [mol/m3]

H Proportionality constant in the nutrient
flux

1 · 10−2 [m/s]

T Duration of the experiment 96 [h]

Table 2: List of the parameters used in the simulations, their description, numerical value
and unit.
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Figure 3: Non-dimensionalized boundary condition BC(t) prescribed on A (Eq.(3)). It
defines the stem cell concentration in each point of A during time. It is a decreasing step
function from 1 to 0 with a smooth transition zone covering about the first half hour of
the experiment. It remains 0 out of that interval of time.
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4 Results

Two different cases have been considered in the simulations, according to the
definition of the function F that prescribes the flux of nutrients across the
external boundary.

As a first experiment we focus on stem cell dynamics. We are interested
in observing how diffusion combined with chemoattraction causes cells to
move and reach the boundary of the necrotic zone. Through the simulation
we are able to follow the trajectories of the cells by observing their concen-
tration in the tissue. The quantity of cells arriving on the boundary and their
arrangement around the necrotic zone makes us appreciate the progressive
deformation of the domain, confirming the model’s ability to describe this
aspect. Nutrient consumption is present but is limited only to the amount of
nutrient initially present in the domain. Proliferation is also present, and is
proportionate to that quantity.

To test the potential of the coupling between the dynamics of cells and
nutrients, in a second experiment we also consider how the supply of new nu-
trients modifies the dynamics of stem cells, all other conditions being equal.
We then add a flow of nutrients from the outside. Through the simulation
we can observe how the model reacts to a non-static condition of nutrients,
apart from the diffusion. In this way we can simulate the effect of angiogen-
esis in view of a more detailed model of the formation of new blood vessels.
The results confirm us in the prediction of a greater proliferation and con-
sequent greater recovery of the necrotic area, underlining the importance of
the interaction between the two differential systems.

These preliminary experiments confirm the model’s ability to describe the
therapy in different situations. Other experiments could be done by changing
the boundary conditions or parameters values. For example, other boundary
conditions could be defined that describe stem cell implantation to simulate
different cell delivery protocols (not shown here). In any case, the model
turns out to be a versatile tool capable of adapting to fit the desired aspects
of the therapy.

4.1 Experiment 1

In the first experiment, the Neumann boundary condition for the nutrient flux
Dn

~∇n · ν̂ = 0 is prescribed on the external boundary ∂D in the system (17).
Stem cell and nutrient concentrations evolve according to Eq.s (16) and (17)
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in the time interval [0, T ]. A 3D representation of the non-dimensionalized
stem cell concentration dynamics is shown in Figure 4. The values of the
concentration are represented through five iso-surfaces from 0.15 · 10−4 to
5 · 10−4 after 4, 24, 48, 64, 80 and 96 hours. To better appreciate the time
evolution of the stem cell concentration and the tissue regeneration, the same
sequence is shown on the xz section plane through a continuous color range
from 0 to 1 ·10−3 in Figure 5. The simultaneous non-dimensionalized nutrient
concentration dynamics is shown in Figure 6. The nutrient concentration is
represented on the same xz plane through a continuous color range from 0.36
to 0.5 in the same instants of time.
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Figure 4: Experiment 1: 3D representation of the non-dimensionalized stem cell con-
centration in the domain D during time. The concentration is represented through five
iso-surfaces of different colors on a fixed scale from 0.15 · 10−4 to 5 · 10−4. The panels from
left to right, from top to bottom, show the cell concentration in a sequence of 6 instants
of time: after 4, 24, 48, 64, 80, 96 hours from the beginning of the experiment.

17



Figure 5: Experiment 1: non-dimensionalized stem cell concentration on the xz section
plane of the domain D during time. The concentration is represented through a continuous
color range from dark red to dark blue on a fixed scale from 0 to 1 · 10−3. The panels from
left to right, from top to bottom, show the cell concentration in a sequence of 6 instants
of time: after 4, 24, 48, 64, 80, 96 hours from the beginning of the experiment.
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Figure 6: Experiment 1: non-dimensionalized nutrient concentration on the xz section
plane of the domain D during time. The concentration is represented through a continuous
color range from white to dark purple on a fixed scale from 0.36 to 0.5. The panels from
left to right, from top to bottom, show the cell concentration in a sequence of 6 instants
of time: after 4, 24, 48, 64, 80, 96 hours from the beginning of the experiment.
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The profile of the stem cell concentration along a suitable cut line can
also give a quantitative idea of the shrinking of the necrotic core at the end
of the experiment due to an increasing gradient of the concentration on the
internal boundary Γ. Let us consider the segment γ connecting the center of
the implantation region A on the external boundary ∂E with the boundary
Γ of the necrotic core along the radial direction (Figure 7). Figure 8 shows
the same sequence of the stem cell concentration restricted to the considered
segment γ versus the arc length that changes over time.

Figure 7: Cut line γ along which we follow the evolution of the stem cell concentration
in Experiment 1 (see Figure 8). γ is the segment connecting the center of the implantation
region A on the external boundary ∂E with the boundary Γ of the necrotic core along the
radial direction. Its length changes over time according to the domain deformation.

4.2 Experiment 2

In the second experiment, the condition for the nutrient flux Dn
~∇n · ν̂ =

−H(n − n0) is prescribed on the external boundary ∂D in the system (17).
The non-dimensionalized stem cell and nutrient concentrations dynamics are
shown in Figure 9 and Figure 10, respectively, in the xz plane representation.
The instants of time and the color ranges of the sequences are intentionally
kept the same as in Experiment 1, in order to allow a direct comparison of
the results.
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Figure 8: Experiment 1: non-dimensionalized stem cell concentration on the points of
the cut line γ (see Figure 7) during time. The panels from left to right, from top to
bottom, show the cell concentration in a sequence of 6 instants of time: after 4, 24, 48,
64, 80, 96 hours from the beginning of the experiment. The origin of the arc length on the
horizontal axis coincides with the central point of the stem cell implantation site A. The
other extreme of the segment lying on the internal boundary moves right according to the
domain deformation resulting in a final elongation of the segment (compare the last panel
with the first one).
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Figure 9: Experiment 2: non-dimensionalized stem cell concentration on the xz section
plane of the domain D during time. The concentration is represented through a continuous
color range from dark red to dark blue on a fixed scale from 0 to 1 · 10−3. The panels from
left to right, from top to bottom, show the cell concentration in a sequence of 6 instants
of time: after 4, 24, 48, 64, 80, 96 hours from the beginning of the experiment. The dark
blue points correspond to a concentration higher or equal to the maximum of the scale.

22



Figure 10: Experiment 2: non-dimensionalized nutrient concentration on the xz section
plane of the domain D during time. The concentration is represented through a continuous
color range from white to dark purple on a fixed scale from 0.36 to 0.5. The panels from
left to right, from top to bottom, show the cell concentration in a sequence of 6 instants
of time: after 4, 24, 48, 64, 80, 96 hours from the beginning of the experiment.
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4.3 Results description

The results of the simulations show the expected qualitative behavior of
the system. Referring to the first experiment, the stem cells diffuse in the
domain starting from the site of implantation and move toward the necrotic
core due to chemoattraction (see the sequence in Figure 4). As a consequence,
the initial peak in the concentration near the implantation zone gradually
decreases as the stem cells spread around in the tissue (see the results in
Figure 5 after 4, 24 and 48 hours). Thereafter, as cells thicken around the
necrotic zone and due to their proliferation, the concentration rises again
around the boundary of the necrotic core. When the concentration gradient
gets high enough, the boundary begins to move and the necrotic core begins
to contract. The shrinking of the necrotic core is slightly visible after 64 hours
and becomes more evident after 80 and 96 hours.

During the entire process, stem cells feed on the nutrient that is already
present in the domain. The light areas in Figure 6 indicate the decrease in
nutrients with respect to the initial value due to the passage of the stem cells.
At the end of the experiment, a lighter area is observed in correspondence
with the points where there is the greatest concentration of stem cells, and
hence a greater nutrient consumption. The different shapes of the areas where
the nutrient is consumed with respect to the actual location of the stem cells
and their smoothed edges are due to the nutrient faster diffusion (compare
Figure 5 and 6 at the same instants of time).

The functioning underlying the process can be better appreciated by fol-
lowing the concentration profile along the cut line γ (Figure 8). The peak
in concentration is initially close to the left extreme of the segment that co-
incides with the origin of the arc length on the horizontal axes in Figure 8.
It gradually decreases over time moving to the opposite extreme and then
rises again after about half of the experiment. The increase in the extent
of the area under the graph reveals an increase in the cell population due
to proliferation. Condition (5) makes the concentration always be zero on
the second extreme of the segment lying on Γ. The increasing in the absolute
value of the slope of the graph in that point causes the movement to the right
of the extreme. As a consequence, the segment stretches during the process
since the cells begin to thicken around the extreme. The initial arc length is
3.99 · 10−3m. It starts increasing at about the middle of the experiment and
its final value after 96 hours is 4.30 · 10−3m. The elongation 3.10 · 10−4m
indicates the amount of regenerated tissue along the radial direction at the
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end of the experiment.
In the second experiment, a nutrient flux from outside is allowed whenever

the concentration inside the domain decreases. The behavior of the system
is similar to that observed in the first experiment, but some remarkable
differences have to be highlighted. Comparing the stem cell concentration in
the same instants of time (Figures 5 and 9) we find out that the concentration
is higher in the second experiment. At 96 hours the peak exceeds the fixed
threshold of the color range used for the representation in a fairly large area
close to the necrotic core, while in the first experiment that threshold is
never reached. Furthermore, a much more marked narrowing of the necrotic
area is observable at the end of the second experiment. In fact, the supply
of nutrients from outside promotes cell proliferation and a higher number of
cells reaching the necrotic area promotes tissue regeneration.

The nutrient dynamics is also different in the two cases. In the first exper-
iment the consumption area, that corresponds to the light zones in Figure 6,
covers all the points occupied by the stem cells during the whole process,
from the implantation site to the necrotic core. In fact in this case the nutri-
ent is only consumed by the stem cells and diffuses. The blurring of the edges
and the smoothing of the values are the effect of the diffusion. In the second
experiment, instead, additive nutrients enter the domain from the external
boundary. This effect is mainly visible in the area close to the implantation
site that remains dark over time, indicating a high nutrient concentration
due to the additional flow (Figure 10). But if on the one hand the nutrients
attracted from the outside compensate the consumption of the nutrient in
the domain, on the other hand they favor the growth of the cell population
and therefore the consumption of nutrient itself. At the end of the experi-
ment a greater consumption is observed in the area near the necrotic core
(a greater light area) due to the greater number of cells that have arrived in
that zone compared to the first experiment.

5 Discussion and conclusion

In this paper we have proposed a 3D model describing stem cell and nu-
trient dynamics in a heart tissue regenerative therapy through two coupled
differential problems. We analysed the potential of the mathematical tools
used in the model in describing some fundamental aspects of the therapy. We
analysed the functioning of the model by performing the simulations in two
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different situations, where we tested how the supply of new nutrients modi-
fies the dynamics of stem cells, all other conditions being equal. The results
show the importance of the nutrient supply. This implies that, in particular,
the angiogenesis must be inserted in future developments of the model, in
order to guarantee the nutrient supply to the regenerated tissue.

Clearly, the model has many limitations, since we made some simplifica-
tions and arbitrary assumptions, as previously discussed. Moreover we did
not consider the effects of cardiac muscle movement during the heartbeat.

The model could be improved in various ways. Some ameliorations in-
clude: considering a different geometry of the spatial domain; defining a
more accurate diffusion term that accounts for the 3D motion of the cells
and nutrients in the cardiac tissue [71–74]; coupling the model with a dif-
ferential problem describing the dynamics of chemokines for a more reliable
description of chemoattraction; distinguishing the different stages of cell mat-
uration after their engraftment and different kinds of nutrients; modeling the
angiogenesis [75–80], just to list a few.

For a comprehensive description of all the processes involved in such a
complex biological framework, a multiscale approach should be adopted, ca-
pable of capturing the mechanisms that occur at inter-cellular, intra-cellular
and cell populations scales [19]. At present this task is challenging, due to
the number and complexity of the mechanisms that have to be accounted
for, some of which have not yet been fully clarified. But even in simplified
schemes, mathematical models and simulations can help observing, character-
izing and predicting natural processes, thus offering valid tools to consolidate
knowledge and shed more light on aspects that are not yet known.

Moreover, in biological models, stochastic effects should be in general
taken into consideration. For example, it is well known that the fate decision
of stem cells, as for all cells, is affected by stochastic events (see, for example
[81,82]), at the intracellular level in terms of signal transduction network, or
of the genetic and epigenetic networks.

Furthermore, while at inter-cellular level the application of diffusion equa-
tions is the natural simplification of the stochastic nature of diffusion phe-
nomena, stochastic effects due to fluctuations of environmental cues, which
influence the fate (proliferation/differentiation) of the cells can also be con-
sidered (see, for example, [19]). Models at this mesoscopical level (extracellu-
lar) have been formulated (see, for example, [83,84]). For nice review works,
see [85–87]. In a future version of our model, we will tackle these facets of
the process.
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The model follows the stem cells from the part A of the boundary ∂E, to
the boundary of the necrotic core, where they replace the necrotic cells with
regenerated tissue. On the one hand, in the future we can take into consid-
eration different protocols by which the stem cells arrive at the boundary of
the inflamed zone, for example adjusting the boundary conditions. On the
other hand, the module describing the growth of the regenerated tissue must
be expanded, leading to the coupling of the law for the growth rate of Γ(t)
with the local cascade of differentiation, which in principle may depend on
many chemical and physical factors (see, for example, [19,27,28]).

However, such improvements of the model will clearly imply the need of
much more detailed experimental data (which are, in general, difficult to be
determined in the literature), besides increasing the mathematical complex-
ity.
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