VECTORIAL CRYSTALLIZATION PROBLEMS
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ABSTRACT. We propose and analyze a class of vectorial crystallization problems, with ap-
plications to crystallization of anisotropic molecules and collective behavior such as birds
flocking and fish schooling.

We focus on two-dimensional systems of “oriented” particles: Admissible configurations
are represented by vectorial empirical measures with density in S*. We endow such con-
figurations with a graph structure, where the bonds represent the “convenient” interactions
between particles, and the proposed variational principle consists in maximizing their num-
ber. The class of bonds is determined by hard sphere type pairwise potentials, depending
both on the distance between the particles and on the angles between the segment joining
two particles and their orientations, through threshold criteria.

Different ground states emerge by tuning the angular dependence in the potential, mim-
icking ducklings swimming in a row formation and predicting as well, for some specific values
of the angular parameter, the so-called diamond formation in fish schooling.
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INTRODUCTION

The crystallization problem consists in understanding periodic configurations of atoms or
molecules; self organization in ordered configurations is a general issue in nature and a central
problem in biology [24]: birds flocking and fish schooling are typical examples of collective
behavior and formation of ordered structures [25, 12, 17].

Variational principles are transversal in nature, and in view of their predictive properties
and ability to synthesize modeling perspectives, they have been a sound and fruitful reading
key of many complex phenomena; relevant configurations of particles in ordered structures
can be detected as ground states of energy functionals: Classical potentials adopted in the
variational formulations involve pairwise interactions depending on the mutual distances be-
tween the particles; among them, short range repulsive/long range attractive potentials are
very relevant, predicting in particular regular triangular lattices [26] (see also [5] for a crystal-
lization result in the square lattice and [20, 21] for crystallization results in the square lattice
and in the honyecomb structure in presence of a three-body potential).

In this paper, we consider systems composed by elements, referred to as particles, endowed
with an orientation that affects their interactions, and in turn the specific ground states.
This is the case of anisotropic, e.g., elongated molecules (as proteins often are), where the
orientation is given by the shape of the molecule, as well as the case of collective behaviors,
where each individual is oriented according with its visual cone, or (mostly equivalently) with
its velocity. Such orientations may induce highly anisotropic structures: Patchy particles
with tetrahedral symmetry form diamond lattices [23] and diamond formations turn out to
be energetically efficient for swimming of schooled fish [6, 28, 19, 17]; ducklings move in a row
formation, while the so called V-formation is convenient for ducks as well as for many other
birds migration [12].

Although this kind of interactions, depending on mutual positions and orientations, at-
tracted much attention in modeling and simulation issues, their mathematical analysis re-
ceived until now only occasional interest. Also the theory of boids [25], developed to replicate
birds flight, while having a big impact also for entertainment purposes, to the best of our
knowledge, still lacks of a rigorous theoretical analysis.

The purpose of this paper is to provide a solid mathematical ground to describe and attack
this kind of problems, and to propose and analyze in details a basic simple model in two
dimensions able to predict diamond formations. The model is based on classical variational
approaches to crystallization problems, but dealing with vectorial (rather than scalar) em-
pirical measures with densities on the unit circle S!, taking into account the orientation of
the particles. Optimal configurations are assumed to maximize the number of convenient
interactions between particles, where the notion of convenience is determined by the mutual
position and orientation between pairs of particles. Loosely speaking, our model is based
on representing the admissible configurations as graphs, where the bonds are determined by
the vectorial empirical measures, while the variational principle consists just in maximizing
the number of such (convenient) bonds. A relevant issue of the proposed model is that, in
defining the graph structure, and, in turn, the class of bonds, the positional and orientational
variables are coupled; in this respect our model is also able to predict, rather than assume,
alignment of orientations (the latter is a classical modeling issue in collective behavior; we
refer the interested reader to [8, 27] for models of population dynamics predicting alignment
of velocities). Clearly, the specific rules determining the favorable interactions should rely on
specific modeling considerations: for instance, in a pair of caudal swimmers the energy spent
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by the follower depends on the vortices in the fluid produced by the leader, and hence its
energetically saving position depends on the angle between the direction of swimming and
that of the line joining the two swimmers [12, 7]. The terrific simplification we introduce in
these modeling issues consists in assuming that both positional and orientational variables
determine the class of convenient interactions only through threshold criteria, tuned by only
two parameters, one acting on the mutual positions and the other one on both mutual po-
sitions and orientations. The positional short range repulsive/long range attractive behavior
is mimicked by the hard sphere formalism as in the Heitmann-Radin model [16] (see also
[3, 10, 11, 18, 14]): particles are represented as discs with fixed radius that cannot overlap
and that may interact only if they are tangent each other. Such interaction is switched on
only if the angle formed by the orientations of both particles and the segment joining them is
smaller than a given angular parameter, acting as a threshold. Therefore, renormalizing the
hard disc radius, the model depends only on the angular parameter representing for instance
the amplitude of the visual cone of each particle.

Varying such a parameter, we find different ground states (see Subsection 2.3). Clearly,
the O-angular visual cone enforces one-dimensional ground states where particles have all
the same orientation and are aligned on a row oriented accordingly, mimicking cyclist and
ducklings formations. On the other hand, tuning off the dependence on the orientation
variable, the proposed model gives back the Heitmann-Radin model and the corresponding
regular triangular lattice. Remarkably, for a specific choice of the angular visual cone, we
prove that diamond configurations minimize the energy (Theorem 3.7); however, ground states
are in general not rigid in the sense that not all the minimizers are subsets of the rhombic
lattice and “boundary defects” could take place. An open problem is the characterization of
all minimizing configurations (see Remark 3.8). Finally, in the thermodynamic limit as the
number of particles diverges we show that all configurations with suitable energy bounds from
above, consist in patched configurations of diamond formations with bounded perimeter.

While the specific model analyzed in details is very basic, the proposed methodology seems
to be robust and could be enriched and generalized in many directions. As for instance,
one could relax the threshold criteria seeking for other relevant configurations, like the V-
formation. Further restrictions of our model are the two-dimensional setting and the fact
that long range interactions are neglected. Moreover, our purely variational and static ap-
proach could be compared with richer models [4] accounting for topological rather than metric
distances, fluctuations and dynamical aspects. In particular, we remark that the orientational
variable in our model has only a purely ideal interpretation in terms of the velocity of the par-
ticles; a justification of such an interpretation and rigorous connections with true dynamical
models [8, 27] could deserve further investigation.

The paper is organized as follows. In Section 1 we collect some preliminaries on planar
graphs that will be used throughout the paper. Section 2 is devoted to the description of
our model and to the analysis of the qualitative properties of the ground states. In Section 3
we prove the minimality of the diamond formation and the compactness properties of quasi-
minimizers of the energy. In Section 4 we propose a model for fish schooling based on the
maximization of a suitable notion of school efficiency; under simplifying assumptions, such a
model fits in our general theory and reduces to the vectorial crystallization problem introduced
in Section 2. In view of the results proved in Section 3 we obtain that our approach is able
to predict diamond formation of fish. Finally, some technical lemmas and their proofs are
collected in Appendix A.
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1. PRELIMINARIES ON PLANAR GRAPHS

Here we collect some notions and notation on planar graphs that will be adopted in this

paper.
Let X be a finite subset of R? and let Ed be a given subset of E(X), where

(1.1) E(X) = ({25} CR? : 2,y €X, 2 £y}
The pair G = (X, Ed) is called graph; X is called the set of vertices of G and Ed is called the
set of edges (or bonds) of G.

Given X' C X we denote by Gy the subgraph (or restriction) of G generated by X, defined
by Gy = (X, Ed’) where Ed" := {{z/,y'} € Ed : 2/, € X'}.

Definition 1.1. We say that two points z,z € X are connected and we write * ~ z if
there exist M € N and a path x = yo,...,ym = z such that {ym—1,ym} € Ed for every
m=1,...,M — 1. We say that Gx,,...,Gx, with K € N are the connected components of
G if {Xi,..., Xk} is a partition of X and for every k, k' € {1,..., K} with k # k' it holds

Tp ~ Yk for every xg, yr € Xg,
Tp A Tp for every xp € X, g € X .
If G has only one connected component we say that G is connected.

We say that G is planar if for every pair of (distinct) bonds {z1,z2},{y1,y2} € Ed, the
(open) segments (z1,x2) and (y1,y2) have empty intersection.

From now on we assume that G = (X, Ed) is planar, so that we can introduce the notion of
face (see also [10]).

By a face f of G we mean any open, bounded, connected component of R?\ (XUU{x’y}eEd [z, y]),
which is also simply connected; here [z,y] is the closed segment with extreme points = and
y. We denote by F*°(G), or simply by F(G), the set of faces of G. Moreover, we denote by
F5¢(G) the set of open, bounded, connected components of R? \ (XU Uz yreeals y]), which
are not simply connected. We warn the reader that, in standard literature, also the elements
of F"¢(G) are called faces. Moreover we set

0(G) == [ J dos(f).

J€EF(G)

With a little abuse of language we will say that an edge {x,y} lies on a set £ C R? if the
segment [z,y] is contained in E . We classify the edges in Ed in the following subclasses:

e Ed™ is the set of interior edges, i.e., of edges lying on the boundary of two (distinct)
faces;

o EdVireext ig the set of exterior wire edges, i.e., of edges that do not lie on the boundary
of any face;

e EdVeint js the set of interior wire edges, i.e., of edges lying on the boundary of
precisely one face but not on the boundary of its closure (or, equivalently, of O(G));

e Ed? is the set of boundary edges, i.e., of edges lying on 00(G).

Analogously, for every face f € F(G) one can define the following subclasses of edges
delimiting f:

o Ed™reint( f) is the set of edges lying on the boundary of f but not on the boundary
of the closure of f;

. Eda( f) is the set of edges lying on the boundary of the closure of f.
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Finally, we define the Euler characteristic of the graph G = (X,Ed). To this purpose, set
Io(G) = 15U (G) := X, 11(G) = IFUer(G) := HEd, I2(G) := #F(G), and 5" (G) := I»(G) +
4F75¢(G). Then, we introduce the standard Euler characteristic y®""(G) of G, together with
a slight variant x(G) of it that will be useful for our purposes:

2 2
(12) Euler Z klEuler X(G) — Z(_

k=0 k=0

In the next result we recall the classical Euler characteristic formula for planar graphs together
with its analogous for x(G).

Lemma 1.2. For every planar graph G the Buler characteristic ™' (G) is equal to the
number of connected components of G. Moreover

(1.3) x(6) =1,
and the equality in (1.3) holds true whenever G is connected.

Proof. The first sentence in the statement is the classical Euler formula. As for the proof of
formula (1.3), we observe that xy®U'(G) — x(G) = #F™°(G) and that for every f € F"¢(G),
each “hole” of f “contains” at least a connected component of G; by an easy induction
argument on the number §F"°(G) of non simply connected faces one can get (1.3).

Finally, if G is connected, then #F**°(G) = 0 so that x(G) = x*"*'(G) = 1. O

Remark 1.3. Notice that inequality in (1.3) is strict whenever G is made of a finite union of
simply connected faces not connected to each other, while we could have equality also for not
connected graphs, as for instance whenever G has only one face which is not simply connected.

We define the graph-perimeter of G as
(1.4) Perg,(G) := #Ed? + 2Ed™ireext
Analogously, the graph-perimeter of a face f is defined by
(1.5) Perg(f) := tEd”(f) + 24Ed""(f).

Now we show how a planar graph can be triangulated, controlling the number of the
required additional bonds. Since the triangulation procedure is local, we will focus on graphs
having only one face.

Lemma 1.4. Let G = (X,Ed) be a planar graph having only one face f. If Perg(f) > 4, then
there exists a planar graph G = (X, Ed) such that

(1) Ed C Ed;

(2) all the faces of F(G) are triangles;
(3) (z,y) C f for every {z,y} € Ed \ Ed;
(4) ﬂEd = fEd + Perg (f) — 3;

(5) #F(G) = Perg(f) — 2.

Proof. We proceed by induction on Perg (f). If Perg(f) = 3,4, the claims are clearly true.
Assume now that Perg,(f) > 5 and that the claims are satisfied for every graph whose only
face g satisfies Perg,(g) < Perg (f). We can always split f into two simply connected sets fi, fo
by cutting f with a segment [z, y] joining two points x,y € X such that (z,y) is contained in
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[ (see for instance [22]). Setting Ed’ := Ed U {x,y}, we have that the faces of G’ = (X, Ed")
are exactly fi1 and fo. Moreover, we have that

(1.6) Perg,(f1) + Perg(f2) = Perg (f) + 2.

As a consequence, Perg (f;) < Perg(f) for i = 1,2. By induction, we can triangulate both f;
and fy adding Perg (f1) — 3 and Perg,(f2) — 3 edges respectively. In view of (1.6) this implies
that the number of additional edges used to triangulate f is

1+ Perg (f1) — 3+ Perg (f2) — 3 = Perg (f) — 3.
Moreover, again by the inductive step and by (1.6) we have that

ﬁF(C) = Pergr(fl) -2+ Pergr(fQ) —-2= Pergr(f) -2

2. THE VARIATIONAL MODEL

In this section we describe our model, introducing the energy functional, and we study
qualitative properties of its minimizers and almost minimizers.

2.1. Vectorial empirical configurations and their energy. Let AC be a given subset of
C:={X,V): X=(z1,....,2n5) € RHN, V = (vy,...,o5) € (SHN, N e N},

where S! denotes the set of unitary vectors of R?. Here and throughout the paper N denotes
the set of positive integers. In the following we will refer to AC as the set of admissible
(vectorial empirical) configurations.

For every (X,V) € C with X = (z1,...,2nx) we set X := {z1,...,zn}; we will adopt such
a notation also for a generic subset of R? with N elements. Moreover if (X,V) € AC, for
every x € X we denote by v(z) the orientation associated to the point x, i.e., if z = z; for
some i =1,..., N, then v(z) = v;.

We assume that there exists a given map Ed that at each element (X, V) of AC associates
a subset Ed(X, V) of E(X) (defined in (1.1)), referred to as the set edges (or bonds) of (X, V).

We call energy any given functional £ : AC — R of the form £(X,V) = &(X,V,Ed(X,V));
in this paper we consider energies of the following type

(2.1) E(X,V) := —$Ed(X, V).

Such a choice of energy is very specific and of course it could be generalized in many perspec-
tives; nevertheless, it leaves enough freedom in the choice of the criteria that determine the
class AC of admissible configurations and the class of edges.

In this paper we focus on threshold criteria for defining both AC and Ed. We set

AC :={(X,V)eC : |x—y| > 1 for every z,y € X with = # y}.

( F)r;\[/env € [0,1], for every (X, V) € Cwith X = (z1,...,2x) € R)N and V = (v1,...,vn) €
S for some N € N we define

Ed"(X,V) :={{xs,z;} € E(X) : |z; — ;| =1, and

2.2

(2:2) either (x; — ;,v) > v for k =14, j or (x; — xj,v;) >y for k =14,j}
and we set

(2.3) EN(X,V) = —Ed" (X, V).

We notice that, being v € [0,1], for every {z;,z;} € Ed7(X,V) we have (v;,v;) > 0.
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In Section 3 we will focus on the value of the parameter v = g corresponding to the
relevant case where ground states crystallize in the rhombic lattice; in Subsection 2.3 below,
we briefly discuss what happens for different values of . The main purpose is to show
the variety of ground states emerging from the only minimization of the basic energy £7,

depending on the choice of the edges in (2.2), i.e., on 7.

2.2. Discrete graph representation. Fix v € [0,1]. For every (X,V) € AC, we consider
the graph GY(X,V) = (X,Ed"(X,V)), referred to as the bond graph of the configuration
(X, V). Since (X,V) € AC, we have that G7(X,V) is planar.

From now we will use the notions introduced in Section 1 for G = G7(X,V) and Ed
Ed7(X, V). To ease the notation we set F7(X, V) :=FG"(X,V)), 0" (X,V) :=0(G"(X,V)
and so on. Moreover, we denote by Ed"?(X, V) the set of boundary edges of G (X, V)

We define the perimeter Per”(X, V) of G7(X, V) as the perimeter of O7(X, V), i.e

(2.4) Per? (X, V) := 4Ed79(X, V).

Notice that, since the edges have unitary length, Per”(X,V) is the standard perimeter of
OY(X,V), whereas Perg, (X, V) := Perg, (G7(X,V)) represents the relaxation of Per”(X,V)
with respect to outer approximations of O7(X, V') with open sets.

Definition 2.1. For every (X,V) € AC we denote by 97X the subset of X made by points
which lie either on (at least) one boundary edge or on (at least) one exterior wire edge or on
no edge. In the following, we will call interior points of (X, V) the elements of X \ 97X.

2.3. Basic qualitative properties of the ground states of £7. We first recall that the
Heitmann-Radin energy defined in [16] is given by the number of pairs of tangent hard spheres.
Such a model fits our formalism: the energy can be written as in (2.1) where the bonds are
determined by the only hard sphere tangency condition, being independent of the orientations.
More precisely, for every (X, V) € C the Heitmann-Radin energy can be defined by

—tEdyr(X) if (X,V) € AC

+00 otherwise ’

Enr(X,V) = {

with
Edyr(X) := {{z,y} cE(X) : [z —y[=1}.
As proven in [16] (see also [10]), for every fixed N € N the minimizers of the functional Egpr
in
ACx = {(X,V) € ACN ((R2)N X (sl)N)}.

are, up to a rotation and a translation, subsets of the unitary triangular lattice

(2.5) T! = { (1; 0)+b<1 f) : a,bEZ}.

For every v € [0,1] and for every (X,V) € AC, we clearly have fEd"(X,V) < tEdyr(X) or
equivalently,

(2.6) EV(X,V) = —tEd" (X, V) > tE€nnr(X, V).

Now, we briefly discuss some qualitative properties of the ground states and of almost
minimizers of the energy £7, for v varying in the range [0, 1]. The significant case v = @
will be further analyzed in more details in Section 3.
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The case v = 0. This case is a slight generalization of the Heitmann-Radin model, being the
dependence on the orientations only fictitious. Indeed, for every given N € N and v € S?, let
V := {v}" be a constant (arbitrarily chosen) orientation field. Then, for every (X, V) € ACy,
we have that Ed®(X, V) = Edyr(X), or, equivalently, £9(X,V) = Eyr(X, V). In particular,
for configurations with constant orientation, the class of minimizers (resp. almost minimizers)
of £Y coincides with the class of minimizers (resp. almost minimizers) of £gr, analyzed in
[16, 10, 9, 3, 11, 14].

1

The case 0 < v < 5. In such a range, for suitably chosen constant orientations, the
ground states are the same as in the Heitmann-Radin model; in particular, they are subsets
of the unitary triangular lattice. Indeed, let N € N and let (X,V) be a minimizer of Expr
in ACy; by [16], up to a rigid motion, X C 7'. Therefore, setting V := {(1;0)}, we
have that Ed?(X,V) = Edyr(X), which, in view of (2.6), yields the claim. Notice also that
not all constant orientations do the job: Indeed, taking (X,V) as above and (X, V) with
V := {(0; 1)}V, we have that all the “horizontal bonds” in Edyx(X), namely, the bonds
{x;,x;} with z; — 2; = A\(1;0) for some A € {—1,1}, do not belong to Ed”(X, V) and hence
EVX,V) > Exr(X,V) (see Figure 1).

A natural question is whether, in the range (0, 3], for every configuration (X,V) € AC
there exists a configuration (X, V) (where V is a minimizer for fixed X) such that £7(X,V) =

&

FIGURE 1. The unique, up to rotation, minimizer X of the Heitmann-Radin
energy for N = 19. On the left: the configuration (X, V). On the right: the
configuration (X, V).

The case % <y < § In such a case we have that the maximal number of nearest neighbors
of a point is equal to 4. Indeed, let (X, V) € AC and let z € X; without loss of generality we
can assume that £ = 0 and that the orientation of z is given by (1;0). Notice that if y € X is
such that {z,y} € Ed"(X, V), then y = (cos;sin6) for some 6 € (—%,%) U (27, 37). By the
very definition of AC, we immediately have that there can be at most two nearest neighbors
of x of the type y = (cosf;sin ) with 0 € (—%, 5) as well as with 0 € (%ﬂ, %w); in particular,
the claim follows.

Now, we show that the asymptotic (as N — +00) energy per particle for minimizers equals
to —4; more precisely,

(2.7) AN < min &V(X,V)< -4N+CNz,
(X, V)eEACN
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for some C' > 0 independent of N. Notice that the first inequality in (2.7) is a direct
consequence of the fact that 4 is the maximal number of nearest neighbors; for what concerns
the second inequality, for every N € N let Viy = {(0;1)}"V and let Xy be a subset of 7!
with cardinality equal to NV such that the graph G(Xy, Viy) is connected, the elements of

FY(Xn, Vn) are all unitary rhombuses, and 07 Xy < CN 3 for some C' > 0 independent of N.
Such configurations can be easily constructed (see, for instance, the configurations (Y, Wx)
provided by Definition 3.5 and Figure 3 below) and satisfy

(2.8) £(Xn, Vi) < —44(Xy \ OXy) < —4N +4CN2,

from which the second inequality in (2.7) follows.
Notice also that small perturbations of the configuration (Xx, V) constructed above still
yields almost minimizers for £7 satisfying (2.8). Indeed, for all p > 0 set

1+p O
0= 0 m ’
V3

and notice that, for p small enough, 7° maps 7' into a unitary rhombic lattice. Now, for all
p>0let X8 = (T°(z1),...,T?(xn)), and notice that, for p small enough, (X%, Vy) € ACn.

Then, by an easy continuity argument, for all v € (%, @) there exists p > 0 (depending on 7)
such that £7(X{,Vn) = £Y(Xn, V) and hence (X4, Vi) still satisfies (2.8). Analogously,
one can easily see that the energy is invariant also under small perturbations of the orientation
field Viy. Finally, for N = 4 one can check that the configurations described above provide

all the minimizers of £7.

The case @ < v < 1. We first show that in this case the maximal number of nearest

neighbors of a point is equal to 2. Indeed, let (X,V) € AC and let x € X; without loss of
generality we can assume that z = 0 and that the orientation of z is given by (1;0). Notice that
if y € X is such that {z,y} € Ed"(X, V), then y = (cos;sin6) for some € (=%, Z)U(3n, In).

66
By the very definition of AC, we immediately have that there can be at most one nearest
neighbor y = (cos@;sinf) of z with 6 € (—%, %) as well as with 6 € (27, I7); in particular,

the claim follows.
For every N € N we have

—N< min &'(X,V)<-N+1,

T (X, V)EACN
where the second inequality follows by considering the competitor (X, V) € ACx with X =
((050), (10),...., (N;0)) and V = {(1:0)}*.

For such a range of the parameter -y, we can characterize the minimizers of the energy £7
for every N' € N. To this purpose, we set N, := [ =1, where [a] := min{m € NU {0} :
m > a} for every a > 0.

We first consider the case N < N,. Let (X,V’) be a minimizer of £7 in ACy. We claim
that, up to a relabeling, X = {z1,...,zn} where {z;,z;} € Ed"(X,V) if and only if |i—j| =1
and hence £7(X,V) = —N + 1. To prove the claim, assume by contradiction that there exist
3<J <N andyi,...,ys € Xsuch that {y;,yj+1} € Ed"(X,V) for every j =1,...,J — 1,
{y1,ys} € Ed"(X,V), and C := Uj;f[yj,yjﬂ] U [ys,y1] is a simple and closed polygonal
curve. Then, denoting by «; the inner angles of the polygon enclosed by C and setting
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aj = minjeqq, . 7y @y, by Euler formula, we have

J
Jag < Zozj = (J = 2)m,
j=1

so that

T — 2arccosy < a5 < <1— 72r >7T,
arccos vy
which yields the desired contradiction.

Now we consider the case N > IN,. Let X be the set of the vertices of a regular unitary
N-gon centered at the origin, and for every x € X let v(x) be the unitary vector orthogonal to
x, with orientation chosen so that either v(x) x x = +1 or v(z) x x = —1 for all € X. Since
N > N,, it easily follows that (X,V) € ACy; moreover, £7(X,V) = —N, so that (X,V) is
a minimizer. We easily conclude that if (X,V') is any minimizer of £7 in ACy, then every
x € X has exactly two nearest neighbors. It follows that every minimizer (X, V') of £7 in ACy
satisfies the following properties: there exist K € N, a partition {X1,...,Xg} of X and simple
and closed curves I'y,..., 'k such that ming, 4, dist(Xg,, Xg,) > 1, Xi is the set of nodes
of I'y and #X; = H!(I'x) > N, for every k = 1,..., K. Moreover, for every n = 1,...,N
the angles &, at the node x,, satisty |&, — m| < 2arccos~. Viceversa, all the configurations
above described, are admissible and have energy equal to —NN, and hence provide all possible
minimizers of £7 in ACy.

FIGURE 2. On the left: A minimizer for N > N,. On the right: A minimizer
for N < N,.

The case v = 1. As for the range (@, 1), we have that also in this case the maximal
number of nearest neighbors of a point is equal to 2. Moreover, given (X, V) € AC, we have
that {z,y} € Ed'(X,V) if and only if |2z — y| = 1 and v(z) = v(y) = £(z — y); it follows
that the ground states of £! in ACy are made of N aligned points forming a segment with
constant tangent orientation, while the corresponding minimal energy is equal to —N + 1.

Summarizing, for 0 < vy < % , the orientation dependence tunes off and the proposed model
essential reduces to the canonical Heitmann-Radin crystallization model. Increasing v, the
ground states move from triangular to rhombic configurations; in fact, for % <7< g, we
have that “almost all” faces are rhombic. Nevertheless, in this case the model is not rigid
enough to predict a specific lattice structure for minimizers. In fact, we have exhibited a

one-parameter family of perturbed rhombic configurations which are asymptotically optimal



VECTORIAL CRYSTALLIZATION PROBLEMS AND COLLECTIVE BEHAVIOR 11

in energy. On the contrary, the relevant case v = @ is much more rigid providing ground

states crystallizing in rhombic configurations with specific angles and orientations (see Section
3). In this respect, the range % <v< § is consistent with the so called diamond formation

in fish schooling, and in the limit case v = @ diamond crystallized schools turn out to be
true energy minimizers; in Section 4 we will discuss in more details these implications of our
general theory to a specific model for fish schooling. Further increasing v, we see another
“phase-transition”, passing from rhombic faces to chain-like configurations (see Figure 2),
which for the extremal case v = 1 consist in straight lines.

Row formations of ducklings are often observed (together with diamond formations) and

have shown to be energetically convenient in swimming [12, 13]. In this respect, for v > @
our basic model is able to mimic such configurations. Finally, closed path configurations
appearing on the left of Figure 2 could be somehow related to the so-called milling formations
[15] in fish schooling, the latter be a kind of superposition of the former. Specific models for
milling formations could be investigated enriching our proposed model with further nonlocal
effects favoring thick donuts rather than one dimensional cycles (see also Remark 2.2 below).

Remark 2.2. In looking at minimal configurations, one could first fix X and then minimize
with respect to all possible orientation fields V', obtaining a reduced energy only depending
on X, and eventually further minimize with respect to X. Notice also that further constraints
could be enforced on V' for instance, denoting by V the average of the elements of V', one
could plug some specific requirement on |V|. Notice that |V | = 1 enforces constant orientation,
while enforcing smallness conditions on |V| should favour cyclic-type configurations such as

in the case v € (@, 1) and large N considered above. Furthermore, in the energy functional
a term penalizing variations of the orientation field could be added. One of the purposes
of this paper is to show that, even in absence of such a penalization term, alignment of the
orientation could be induced by the only minimization of £7.

3. RHOMBIC GROUND STATES FOR 7y = @

This section is devoted to the detailed analysis of minimizers and almost minimizers of

the energy &7 defined in (2.3) for v = @ More precisely, we construct explicit rhombic

minimizers (mimicking diamond formations) of the functional £ 2 in ACy for every N € N

and we obtain a compactness result for almost minimizers of €72 .

Since v is fixed to be equal to @, in this section we omit the dependence on ~ in all

the notations introduced above, i.e., for every (X,V) € AC we set Ed(X,V) := Edg(X, V),

E(X,V) = £5(X,V), G(X,V) :i= G (X, V), X := 0% X, and 5o on.
We start by proving some geometric properties of the bond graphs of the configurations in

AC.

3.1. Geometric properties of admissible configurations. The following lemma pro-
vides geometric properties of the angles formed by two edges. Let (X,V) € AC. For every
xo, 21,72 € X with {xg, 21}, {0,272} € Ed(X,V), the symbol 21x¢Z>_ denotes the convex
angle formed by the segments [z¢, z1] and [z, z2] whereas #7z¢72, denotes the concave one.
Notice that #170Z2_ € (0, 7], £170Ta € [m,27) and

—_—
T1ToT2— + T1ToT24 = 2.
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Lemma 3.1. Let (X,V) € AC. The following properties hold true.
(i) If g, z1, 22 € X are such that {xg,x1}, {xo, 2} € Ed(X, V), then
4

(3.1) T1ToTa_ € {E} U [27&77}, T170T24 € {§7T} U |:7T, *7‘(’}.
3 3 3 3
Moreover, if T1x0Ts_ = g, then v(xg) is parallel to the bisector of T1xoTe_ whereas,

if T1xoTa_ = %7‘(‘ , then v(xq) is orthogonal to the bisector of Z1woTo_ .
(ii) Every z € X can lie on at most four bonds. Moreover, in such a case, the four
segments corresponding to the four bonds containing x form equal opposite angles 5

2
and ST

Proof. We start by proving (3.1). Up to a rigid motion, we can assume that zo = (0;0) =
0 and that v(zg) = (1;0) = 1. By the very definition of Ed(X,V’), we have that z; =
(cos¥1;sindy) = et and zy = (cos¥y;sinvy) = €2 where ¥; € [-Z, 2] U [, Ix] and by
the very definition of AC we get [J; — 2| > §. By combining the above conditions, (3.1)
follows.

Now, if [0 — ¥2| = §, then (J1;92) = £(—F; §), which immediately implies that v(zo) is
parallel to the bisector of the angle #;zoz2_. Analogously, the case |91 — Jo| = %77 follows.

Finally, we prove (ii). We use the same argument of Subsection 2.3. Without loss of
generality we can assume that x = 0 and that v(z) = (1;0) = 1. Notice that if y € X is such
that {z,y} € Ed(X,V), then y = " for some ¥ € [-Z, Z] U [27, Ln]. By the very definition
of AC, we immediately have that there can be at most two nearest neighbors of z of the type
y = e with ¥ € [—%, &) and if there are exactly two nearest neighbors in such an interval
(2

they should be 1 = ¢'s and 29 = ¢ '5. Similarly, there can be at most two nearest neighbors
5_ 7

of x for § € [gm, gm] and if there are exactly two nearest neighbors in such an interval they
should be z3 = e'6™ and Ty = eie .
O

Lemma 3.2. Let (X,V) € AC. Then Per(f) >4 for every f € F(X,V).

Proof. Assume by contradiction that there exists a face f € F(X, V) having perimeter equal to
3. By definition, f is an equilateral triangle with unitary side-length; in particular, denoting
by x1, x2, 3 the vertices of f and by Zj (j = 1,2,3) the inner angles of f, we have that
2= % for every j =1,2,3.

By the very definition of Ed(X, V') we have that (v(z;), v(zy)) > 0 for every j # k. Since, by
Lemma 3.1(i), v(z;) is parallel to the bisector of &; for every j = 1,2, 3, we get a contradiction.

(|
Lemma 3.3. Let (X,V) € AC and let f € F(X,V). If Per(f) =4 then f is a rhombus with

side-length equal to one and inner angles equal to %, %71'. In such a case, the orientations of
the vertices of f are all equal to each other. Moreover, such an orientation is orthogonal to
the shortest diagonal of the rhombus and hence parallel to the longest one.

Proof. Since f is a rhombus, the sum of two consecutive angles equals to 7 ; hence, by Lemma
3.1(i), we have that the inner angles of f should be equal to %, %W.

Moreover, by Lemma 3.1(i) we deduce that all the orientations should be parallel to the
bisectors of the § angles, that in turns are parallel to the longest diagonal of f. Finally, since
by the very definition of Ed(X, V'), the scalar product between any pair of such orientations
should be non-negative, we get that they are all equal to each other.
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In view of Lemma 3.3, it is reasonable to denote by F®(X,V) the set of faces f with
Per(f) = 4. Note that in this case also Perg (f) = 4. Moreover, again by Lemma 3.3, we can
define the orientation v(f) of a face f € F(X,V) as the orientation of its vertices.

3.2. Geometric decomposition of the energy. Here we decompose the energy £ in (2.1)
into the sum of a volume term (which actually depends only on the number of points of the
configuration) and a perimeter type term.

Proposition 3.4. For every (X,V) € AC, it holds
(3.2) E(X,V)=—26X+ %defgr(X, V) + %Pergr(X, V) +2x(X, V),
where we have set defg (X, V) := 3 repuaa x ) (Perge(f) — 4) and

FPd(X, V) = F(X, V) \ FO(X, V).

Proof. The proof relies on the strategy of [10, Theorem 2.1], with relevant differences due to
the rhombic lattice we are dealing with. By triangulating each of the faces in FP24(X, V) as
in Lemma 1.4, one can construct a new planar graph G(X,V) = (X,Ed(X,V)), all of whose
faces are either triangles or rhombuses (the latter with unitary side-length). We denote by
F(X,V) the set of the faces of G(X, V). Therefore,

(3.3) F(X,V) = FO(X,V)UF (X, V),

where FA(X , V) denotes the set of triangular faces of G(X, V). Note that, in view of Lemma

3.2, (= (X, V) accounts only for the triangles obtained by triangulating the faces in Fhad(X V).
Moreover, we denote by Add(X,V) := Ed(X,V) \ Ed(X,V) the set of the additional edges
due to triangulation and by Ed™ (X, V) the set of the interior edges of G(X, V); thus, in view
of Lemma 1.4, we have

——int

Ed™ (X, V) = Ed™(X, V) U EdV™nt (X V) U Add(X, V);

fAdd(X, V) = (Perge(f) — 3);
(3.4) FeFbad(XV)

FEXV) =Y (Perg(f) - 2).

feFPad(X,V)

By construction, the set of the boundary edges and the set of the exterior wire edges do not
change under the triangulation procedure, and hence the graph perimeter of G(X, V') coincide
with the graph perimeter G(X, V). Moreover, the same holds for the Euler characteristic of

G(X,V) in the sense of definition (1.2) , i.e., x(G(X,V)) = x(X, V). Notice also that, by the
classification of the edges in Section 1, we have

(3.5)  $EdY(X, V) + 4EAVESIY (X V) = $Ed(X, V) — fEd" TS (X, V) — $EdY (X, V).

We note that every exterior wire edge in G(X, V') participates to no face, every boundary
edge participates to one face, and all other edges participate to two faces. As a consequence,
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using (3.3), (3.4) and (3.5), we thus find
4FO(X, V) + 3F2 (X, V)
= Y Peg(f)+ Y. Perg(f) =24Ed"(X,V) + tEd?(X, V)
(3.6) FEFO(X,V) FEFS(X,V)
= 2HEd™ (X, V) + 28EdVSINY (X V) + 26Add(X, V) + $Ed? (X, V)
= 2Ed(X, V) — 28EdVeSN (X V) — tEd? (X, V) + 28Add (X, V).
Moreover, by (3.4), we get

AAA(X, V) —F (X, V) = 3 (Perg(f) — 4) = defg (X, V).

(3.7)
feFPad(X V)

By (3.6) and (3.7), we obtain
MF(X, V) =48F (X, V) + 3F° (X, V) + tF° (X, V)
=24Ed(X, V) — 28Ed™ e (X V) — $EdY(X, V) + 24Add(X, V)
+ 26Add(X, V) — defg (X, V)
=2Ed(X, V) — Perg (X, V) — defg (X, V) + 44Add(X, V),
where the last equality follows by (2.4). By (1.2) and (3.8) we deduce that
4x(X, V) =48X — 44Ed(X, V) + 44F (X, V)
=4fX — 44Ed(X, V) — 44Add(X, V)
+ 28Ed(X, V) — Perg, (X, V) — defg (X, V) + 44Add(X, V)
—4fX — 2Ed(X, V) — Perg (X, V) — defg (X, V),

(3.8)

which yields
1 1
—Ed(X, V) = —26X + Sdef (X, V) + SPerg (X, V) + 2x(X. V),
whence the claim follows since, by definition, £(X,V) = —fEd(X, V). O

From now on, for every (X, V) € AC, we set
1 1
(3.9) F(X,V):= idefgr(X, V) + §Pergr(X, V) +2x(X, V),
so that by (3.2), we get £(X,V) = 28X+ F(X, V).

3.3. Diamond formations. Here we provide rhombic minimizers of the energy £ in ACxn
for every N € N; more precisely, for every N € N we construct a minimizing configuration
(Yn,Wy) in ACy, referred to as canonical configuration, such that Yy is a subset of the
triangular lattice 7' defined in (2.5) and F24(Yy, W) = 0.

In order to define (Yy,Wy), we preliminarily note that for every N € N there exists a
unique pair (I;7) € (NU{0}) x (NU{0}) with 0 <n < 2]+ 3 such that

N=(@1+1)72+7.
For every £ € N, let R, be the closed thombus with inner angles equal to 7, %77, and whose
longest diagonal is {0} x [0,v/3¢]. Givenl € N, let I'; := R, 1 N{(z,y) € R? : y > @(l—l—l)}.



VECTORIAL CRYSTALLIZATION PROBLEMS AND COLLECTIVE BEHAVIOR 15

Notice that I'; has length equal to 2I+2, and hence it is the support of a curve ~; parametrized
on [0,2! + 2] and with unitary velocity.

Definition 3.5. We set Yo :=0, Y1 := {(0;0)}, Y2 := Y1 U{(3; @)}, Y3 :=YoU{(0;v3)}.
If N = (I+1)? for some | € N we define the Yy := R; N T!, while if N = (I + 1) + 5, for

some I,n € Nwith 1 <n<2[+2weset Yy:=(RNTHU{vO0)}...u{vmn—-1)}. We set
Wy = {(0; 1)} and we call (Y, Wx) the canonical configuration in ACy.

FIGURE 3. The graphs G(Yx, W) of the configurations (Yx, Wy) for N =9,...,16.

Note that Perg, (Y, Wy) = 0 and for every N € N

41 if N=(+1)2,
(3.10) Perg (Yn,Wn) =<4l +2 i N=(I+1)>2+npwith1<n<Ii+1,
4l+4 fN=(I+1)2?+nwithl+2<n<20+2.

Moreover, by construction, defg (Yn, W) =0 and G(Yy, Wy ) is connected, so that
1
(3.11) F(Yn,Wy) = EPergr(YN’ Wn) + 2.

Now, we fix some notations that will be useful to prove that the configurations

—

YN, WN)
are minimizers. We recall that 0.X is defined according to Definition 2.1 for v = 5°.

S

Definition 3.6. For every N € N and for every (X,V) € ACy, we set N := N — $0X |
X' := X\ 90X and we denote by (X', V') the configuration in ACy+ satisfying the following
property: for every j = 1,..., N’ there exists a unique k € {1,..., N} such that x; = xp,
vé-:vk, xp ¢ 0X .
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Notice that, for every N, N, P € NU{0} with N > N’ there exists a unique pair (k; ) €
(NU{0}) x (NU{0}) with § < P + 8(k + 1) such that

N=N+(P+8)+...+(P+8k)+¢

(3.12) ,
=N"4+k(P+4(k+1))+9.

We are now in a position to state and prove the main result of this section; the proof relies
on some auxiliary lemmas provided in Appendix A.

Theorem 3.7. For every N € N, it holds

(3.13) EVn,Wy)= min_ E(X,V).
(X,V)eACN

Proof. The result is true for N € {1,...,7} by Lemma A.2. Let N > 7. We will proceed by
induction on N and assume that (Y, Wy) is a minimizer of F in ACy for every N = 1,..., N.
Let now N = N + 1(> 8) and let (X, V) be a minimizer of F in ACy . In view of (3.2) we
have that £(X,V) = —2X + F(X,V), where F is defined in (3.9). It follows that (X, V)
minimizes F in ACy.

By Lemma A.1 and by the inductive assumption, we have that G(X,V) is connected so
that by Lemma 1.2 we have

1 1
F(X,V) :§Pergr(X, V) + idefgr(X7 V)+2

:éﬁax + %(Pergr(X, V) — 40X) + %defgr(X, V) 42> %ﬁax +2,

(3.14)

where the last inequality follows by Lemma A.4 and by the fact that defg (X,V) > 0. Let
(X', V') be defined as in Definition 3.6. Then, (X’,V’) € ACyNs with N' = N —0X < N.
Now, in view of (3.12) applied with P = Perg (Y, Wx), there exists a unique pair (k;J) €
(NU{0}) x (NU{0}) with ¢ < Perg (Yns, Wns) + 8(k + 1) such that
(3.15) 80X = N — N’ = k(Perg (Yn/, Wnr) + 4(k+ 1)) + 4.
We consider three different cases.
Case 1: k> 2. By (3.14) and (3.15) we have
1 1
(3.16) FXV) 2 40X +2= 5 (k(Perg,(YN/, W) +4(k + 1)) + 5) +2.
By Lemma A.3, since k > 2, we have
Perg, (Y, W) < Perg (Y, W) + 8(k + 1),
so that, using again that k£ > 2, we obtain

(3.17) Ek(Perg (Yn:, W) +4(k + 1)) + 0 >Perg (Yn, Wyr) + 8(k + 1) > Perg (Yy, W)

in view of (3.16), (3.17), and (3.11), we deduce that F(X,V) > F(Yn, Wx) which implies
(3.13).
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Case 2: k=1. By (3.14), (3.15), Lemma A.3 and (3.11), we have

1 1

1 1
(3.18) > (Pergr(YN/, War) + 8 + TN,VN) +2-3

1

1 1
:§Pergr(YN, Wn)+2— 5 =F(Yn,Wn) — 9

Since F takes values in N, by (3.18) we deduce (3.13) also in this case.
Case 3: k=0. By (3.11) and by Lemma A.3 we have

F(Yi, W) = 5 Perge(Viv, W) +2 < o (Perge(Vao, Wao) +8) +2 = F(¥r, W) + 4
therefore, by Lemma A.5 and by the inductive assumption, we obtain
FX,V)>F X' V)Y +4>F YN, Wni)+4 > F(Yy,Wn),
which by minimality of (X, V') implies (3.13) also in this case. O

Remark 3.8. A general rhombic crystallization result for all the minimizers does not hold.
Indeed, for all N of the form N = (I4+1)?2+1or N = [(I+1)+1 with [ > 1, one can construct
a minimizer having a face f with Perg,( f) =5, as shown in Figure 4 below. Notice also that
for such minimizers the orientation is not constant. Nevertheless, although at the present we
do not have a proof, we believe that all minimizing configurations are subsets of the rhombic
lattice up to a finite number of “boundary defects”; more precisely, we think that all faces are

rhombic up to (at most) one penthagonal face touching the boundary, exactly as in Figure 4.

FIGURE 4. Two minimizers of £ in AC17. On the left: the canonical minimizer.
On the right: A minimizer having a non-rhombic face.

3.4. Compactness of quasi-minimizers. This section is devoted to a compactness result

for quasi-minimizers of £ = £72 . We start by considering the class of empirical measures
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associated to the configurations in AC. To this purpose, let M denote the class of vectorial
Radon measures from R? to R?; for every N € N we set

=1

N
EMy = {MGM : H:ZW(S% for some (X,V)EACN}.
N

Fix N € N. Since there is a natural one-to-one correspondence Zy from EMpy to the class
AC n, we can re-define the energy (2.1) on M introducing the functional &y : M — (—o0, +00]
given by

+o00 otherwise.

En(p) = {S(IN(N)) if e EMy

In the following, with a little abuse of notation, for every u € EMpy we will write all the
objects introduced in Subsection 2.2 in terms of y, namely, we set Ed(p) := Ed(Zn(p)),
F(u) :== F(Zn(p)) and so forth. In all this subsection, the symbol Per® will denote the De
Giorgi’s perimeter; recalling the notation introduced in (2.4), (1.4) and (1.5), we have

Per() =Per(Zy (1)) = Per®(O(u),
(3.19) Perg, (1) =Perg (Zy (1)) = Per®™(O(p)) + 24Ed™ ™t (1),
Perg, (f) =Per®®(f) + 24Ed™ ™™ (f)  for every face f € F(yu).

Moreover, setting

f
= for ever € F(u),
In i y f€F(w
we have P 5
ereu
Per®" = —7 for every f € F(u),
so that
)

3.20 Per®" > — for every f e FPad(p);
(3.20) () > = v [ e P
furthermore, setting On(u) := ﬁO(u) = Uferqu fn, it holds

Per®(O(1))
Per®*(O = ——77,
Therefore, by (3.2) and (3.19), the functionals £y can be decomposed
VN o 4
En(p) + 2u(R?) = > (Per (fn) — W)
(3.21) fEFbad (1)

N .
+ fPerewoN(u)) B (1) + 2x(11)
We can finally state the desired compactness result.
Theorem 3.9. Let {un} C M be such that

(3.22) En(un) + 2 un(R?) < CVN for some C € R.

Then, up to a subsequence, %,U,N X for some € M. Moreover, p = >

JCN, v €8t for every j € J, and 3" . ; Per®™(w;) < +00.

jeg Vi ]le dx where

jedJ
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Before providing the proof of Theorem 3.9 we state the following compactness property
which is a corollary of Ambrosio compactness result [1] and of [2, Theorem 4.23].

Proposition 3.10. Let {u} C SBV(R?,R?). If there exists p > 1 and C > 0 such that
(3.23) / \Vaup|P dz + H(S.,) + [unllpoorey < C for all h € N,
RQ

then, up to a subsequence, there exists u € SBV (R?) such that for every open bounded set
A C R? it holds

up — u in LY(A;R?),

Vuy, — Vu in L' (A; R¥*?)

lim inf H1(S,, N A) > H (S, N A).

—00

Moreover, if Vu = 0, then u = ZjeJ vjl,; dz where J C N, v; € R? for every j € J, and
> jes Per®(w;) < +oo0.

In the following we say that a sequence {uy, }, converges to some function u in S BVi,.(R?; R?)
if up, — win L (R?;R?) and {uy};, satisfies (3.23) for some p > 1.

loc

Proof of Theorem 3.9. The proof is divided into two steps.
Step 1. Let {pn}nen be the sequence defined by

PN = Z v(f)Lsy for every N € N;
fEFC (un)

we first claim that, up to a subsequence, py — p in SBWy.(R?;R?) for some function p of
the form p := ZjeJ vl where v; and w; satisfy the claim of the theorem.
In view of (3.22), (3.21), (3.20), and (1.3), we have

1 oo 1 1
> > > Peret 2 eu
¢z \/N(EN(,UN) +2un(R%)) 2 SPer®™(On (1)) + 15 ferEd( )Per (fn)
A (N

1 1
> eu — eu
> —1OPer ( U fN) —wPer (Qn(un)),
fEFC (un)

(3.24)

where we have denoted by Qn(pn) the interior of (scpo () clos(fn) . By the very definition

of py we have that [|py|/ze < 1, Vpn =0, and H'(S,,) < Per®™ (Qn(pn)) < 10C.
Then, the claim directly follows by Proposition 3.10.
Step 2. Now we prove that, up to a subsequence,

(3.25) ;/]\gf,u]v A opde as N — 400,

with p provided by Step 1. To this purpose, for every f € F¥(un) we denote by a;(fn)
(j = 1,2,3,4) the vertices of fy, and we define

4

. 1 -

(3.26) = e D0 DD s v = pxde,
FEFC (un) J=1
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By (3.24) and by the isoperimetric inequality, we obtain
L loxlde = vl (B) = 2 (ux) < -

We now show that @/ZN — iy = 0. Let ¥ € CO(R?); for every f € FO(uy), let Yy, be the
average of ¢ on fy . Then

(\fﬂN - ﬂNﬂ/))‘ = Z <\£§ﬂ1\f — i, pLlclos(fn))
JEFO (un)
= > <\é§ﬂzv — iy, (% — 9y ) Lclos(fn))
(3.27) FEFO ()
< > OfﬂN — AN, (= ¢y ) Lclos(fn))
FEFC (uN)

1 1
< 27N (R? <7) < <7)
< 2[un|(R7) ry( ) < Cryl ) = 0
where 7y, is the modulus of continuity of 1.

Now we prove that |%un — fin|(R?) = 0 as N — +o0o. We set Zy 1= {z € supp un :
x does not lie on four rhombic faces} and we claim that

(3.28) 17y < VN,

for some positive constant ¢ € R (independent of N).
In order to prove (3.28) we first notice that, in view of Lemma 3.1(ii), Zy = ZyUZ3",

where
Z3% ={x € Zy : x lies on four bonds} and

ZxY :={x € Zy : = lies on k bonds with k < 3}.
By (3.21) and (3.22), we have
2k < VNP (Ox () + HEQ"(ux) + VN Y Per(fy) < OV,
fEFPad(puy)
which, setting ¢; := 4C, implies that
(3.29) tZ% < c1VN.
Moreover, again by (3.22) we get

CVN > Ex(un) + 2un (R?) = % S (d-t{ecEd(uy) : mEe}) > %ﬁz<4,

TESUPP pN
which, setting co := 2C, implies that
(3.30) #Z5% < VN,
By summing (3.29) and (3.30) and setting ¢ := ¢1 + c2, we get (3.28). By (3.28), we get
1 1 c
3.31 —pun — an| (R?) < —4Zy < —= — 0.
(331 s — | (B < 2w <

By combining (3.27) and (3.31) we obtain (3.25). O
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Remark 3.11. A natural question arising from Theorem 3.9 is what is the limit (in the
appropriate sense of I'-convergence) of the energy functionals Ex (un) + 2y (R?) divided by
the surface-like scaling v/ N. For single oriented configurations, i.e., for limit measures p of
the type p = vl, we expect that the I'-limit is proportional to the anisotropic perimeter
whose Wulff shape is a rhombus oriented according with v. In fact, a similar result has been
obtained in the Heitmann-Radin model in [11] (and in [14] in the more general case of limiting
polycrystals). This kind of asymptotic energy expansion in our setting does not follow directly
by [11, 14] and would require a specific analysis beyond the scope of this paper.

4. A VARIATIONAL MODEL PREDICTING DIAMOND FORMATION IN FISH SCHOOLING

Here we present a general variational model for fish schooling; after some simplifying as-

sumptions, such a model reduces to the minimization problem for the energy functional £ %
analyzed in Section 3.

4.1. The model for schooling. The problem of understanding fish schooling attracted much
attention in the scientific community, and several models have been proposed to understand
the positional order of fish in the school and the shape of the school itself (see, for instance, the
review [17]). Such models are based on different considerations involving several mechanisms
such as, for instance, hydrodynamics and energetics of swimming driven by visual perception
and other sensory devices. Among them, one of the most important is the so-called lateral line
(see for instance [15]), which is sensitive to variations of water pressure around the body of the
fish, and hence provides informations about orientation of close neighbors. Even neglecting
the nature of such mechanisms, that are still source of much controversial discussions, it is
quite agreed that convenient configurations depend on mutual positions of the fish in the
school, and on their mutual orientations.

Here, we model this type of interactions, ignoring how they result by specific (such as
hydrodynamics) considerations. We assume that the school is composed by N € N fish,
modeled as points x1, ..., x N, representing their positions, endowed with vectors vy, ..., o5 €
S!, representing their orientations. The model can be described as follows:

(i) Each fish interacts, in principle, with any other fish through pairwise interactions.
The interaction between the i*" and the ;' fish is modeled by a function f(z;, z;, vi, v;)
depending on mutual positions and orientations. This function expresses the conve-
nience of the interaction; to higher values of f correspond more convenient interac-
tions.

(ii) The school of fish maximizes convenient interactions; more precisely, it maximizes
the quantity

School Efficiency := Z [z, x5, v, v5).
i#]
Now, we enforce modeling assumptions on the specific interaction potentials f. We assume

that a first contribution in the interaction between the ™" and the j*" fish depends on the
mutual distance |z; — |, through a function ~ mimicking short range repulsion/long range

attraction. A second contribution g, depends on the direction é’:z] B and on the angles
1T
between the orientation of both fish and such a direction. Moreover, the strength of such

interaction is modulated through a function S, depending on the distance |x;—x;|. Specifically,
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we assume that f is of the form

Ty — T4 Ty — T4
F(@is s, vis05) = hls = 2]) + S(ls — 23D (e, i), () ).
e ’ TN g — i — @]

4.2. The basic model. Here, we consider some further simplifying assumptions determining
specific functions h, g, S and leading to a basic toy model: nothing but the variational model
analyzed in Section 3.

(a) fish are modeled as hard discs: There is a minimal distance (renormalized to be
equal to 1) allowed for pairs of fish; for larger distances, the attraction between fish
vanishes. This corresponds to setting h(r) = —oo for r < 1, h(r) =0 for r > 1.

(b) fish interact only if they are at the minimal allowed distance: This corresponds to
setting S(r) =1 if r =1 and S = 0 otherwise.

(c) The interaction g takes only the values 0 and 1, the last corresponding to convenient
interactions. Moreover, g = 1 if and only if: (¢;) The i*! fish is beyond and can
see the j* fish; (co) the i*" fish takes some positional (e.g., energetic) gain. These
conditions are modeled as follows:

(c1) The j** fish lies in the cone flap pointed at z;, with axis parallel to v; and angle
amplitude Oyigyal-

(ca) The i'h fish lies in the cone flap pointed at z;, with axis parallel to —v; and
angle amplitude Oy ake-

As a further simplification, we assume yisual = Gwake =: 0.

Under these assumptions, the efficiency of the school is nothing but —£7 (defined in (2.3)),
where ~ is determined by the parameter 6. For § = 60° we have v = @, so that maximizing

the school efficiency corresponds to minimizing the functional &£ 2 studied in Section 3.

4.3. Diamond formation. In Theorem 3.7 we have shown that, for any N € N, the diamond
formation maximizes the school efficiency. Moreover, the optimal school has been obtained
by filling a rhombus, whose size clearly depends on the number N of fish, showing that the
rhombus is an optimal macroscopic shape of the school. An open question is whether there
are other minimizing formations (a partial answer has been given in Remark 3.8).

Furthermore, in Theorem 3.9 we have shown that all configurations of fish, with high
enough efficiency, form schools, in the sense that (in the limit as the number of population
diverges), almost all fish fill a cluster of connected sets, each of them composed of fish in
diamond formation and coherent orientation.

Let us also mention that we have considered a specific type of interaction potentials between
fish, involving threshold criteria and hard disc constraints, expressed through discontinuous
coeflicients. We believe that such a model could be approximated with interaction potentials
described by continuous functions, depending on few parameters. Tuning these parameters,
small perturbations of the obtained diamond formation could arise. In particular, while the
angle of the diamond formations obtained in this paper is 60°, we believe that modeling fish
as hard ellipses, instead of discs (and possibly tuning also the parameter ), smaller angles
would turn out to be optimal.

Notice that, in diamond type formations, each individual interacts with four nearest neigh-
bors. In topological models for describing collective behavior in birds flocking [4] it is predicted
that each individual interacts with almost six-seven nearest neighbors. Although we have no
reason to believe that such a behavior applies also to fish schooling, in order to compare such
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a number of nearest neighbors to the case of diamond formation, one should first understand
which are the corresponding three dimensional configurations. Natural candidates would be
the configurations obtained considering many copies of the diamond formations one on top of
the other, with possible mutual horizontal translations (in crystallization such configurations
are usually referred to as ABABAB or ABCABCABC according to the vertical periodicity
of the lattice). One can check that for such three dimensional configurations each individual
would interact with six nearest neighbors, according with the predictions of [4].

The specific modeling assumptions adopted in this paper have mainly expository purposes
and are for sure questionable, the main goal being to propose a solid theoretical framework
to describe and analyze the school efficiency by means of variational methods inspired by
crystallization models in mechanics, with the novelty of the important role played by the
orientation of the particles (specifically, of fish) of the system.

APPENDIX A. AUXILIARY LEMMAS
This appendix is devoted to the results used in the proof of Theorem 3.7.

Lemma A.1. Let N € N. If (3.13) holds true for every N < N, then every minimizer
(X,V) of € in AC .y is such that G(X,V) is connected.

Proof. Let (X, V) be a minimizer of 7 in AC ;. We argue by contradiction: Let Gy, ..., Gx,
with K > 2 be the connected components of G(X, V) according to Definition 1.1 and set
Gx, = G(Xk, Vi) and Ni := fXy for every k = 1,..., K. Then, N +1 = Zle N}, and
1< N;<Nforevery k=1,...,K.

By the very definition of £ in (2.1)

K K
(A1) E(X, V) == HEd(Xi, Vi) = D E(Xi, Vi) -
k=1 k=1
By (A.1) and by the assumption (3.13) for Ny < N, we deduce
K K
EX, V) =) E(Xi, Vi) =D E(Yn,, Wy,).
k=1 k=1

Now we will glue all the configurations (Yx,, Wy, ) creating new bonds and hence decreasing
the energy. To this purpose, for every k = 1,..., K and for every 7 € R? let Yy, (1) := Yy, +7
and let (Y, (1), Wn,) be the corresponding configuration. By construction, £(Yy, , Wi, ) =
E(Yn, (T),Wn,). Since Wy, = {(0; 1)}k for every k = 1,..., K, it is easy to see that there
exist translations 7i,...,7; € R? such that the configuration (Y, Wyq) with Wy, =
{(0; DN and Yy,q = UK Y, (1) is in AC ., and satisfies that G(Yy,,, Wy) is
connected (so that new bonds have been formed). It follows that

K

5(YN+1,WN+1) < Zg(YNk’ WNk) < g(Xa V)7
k=1

thus contradicting the minimality of (X, V). O
Now we show that (3.13) is satisfied for small number of particles.

Lemma A.2. For every N € {1,...,7}, (3.13) holds true.
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Proof. The claim is trivially satisfied for N =1 and N = 2.

Note that for N = 3, a minimizer (X, V') of £ in ACy cannot have three bonds, since such
three bonds should form an equilateral triangle with unitary side-length, which contradicts
Lemma 3.2. Therefore, we get

—2< min &(X,V)<E(Ys, W3) =-2.
(X,V)EACs

Now we focus on the case N = 4. Let (X, V) be a minimizer of £ in AC4. By Lemma A.1
G(X,V) is connected. Let P be the maximum among the perimeters Perg,(f) of the faces f
of (X,V). If P =0, then (X, V) has no faces and hence by Euler formula X —$Ed(X,V) =1
so that

(A.2) EX,V)=—-(tX=-1)=-3> -4 =&Yy, Wy),

thus contradicting the minimality of (X, V). It follows that P > 3 and in fact, by Lemma 3.2,
P > 4. Therefore, P = 4 and by Lemma 3.3, X is the set of the vertices of a rhombus with
unitary side-length and v(z) is the same for every x € X. It follows that (X, V) coincides -
up to a rigid motion for X and up to flipping the orientation field V' - with (Y, Wy).

As for N =5, let (X, V') be a minimizer of £ in AC5. By Lemma A.1 G(X, V) is connected
and by Lemmas 3.2 and 3.3, G(X,V) can have at most one face. Moreover, if (X,V') has
no faces, i.e., only wires are present, by arguing as in (A.2) we get a contradiction. As a
consequence, (X, V') has exactly one face f and either Per(f) = 5 and there are no further
edges or Per(f) = 4 and there is a wire edge. In both cases we have

E(X,V) =—5=E(Ys, Ws).

Now we consider the case N = 6. Let (X, V) be a minimizer of £ in ACg. By Lemma A.1
G(X,V) is connected. Since (Y5, Wg) is a competitor for the minimum problem in (3.13), we
have

E(X,V) < E(Ye, We) = —T.
As in the previous cases, we can immediately exclude that (X,V’) has no faces. Moreover,
(X, V) cannot have only one face; indeed, if there is a unique face then by Euler formula

(A.3) E(X,V)=—fX=—6> —T,

thus contradicting the minimality of (X,V). In view of Lemma 3.2 we have that the only
possibility is that (X, V') has exactly two faces fi and fo with Per(f;) =4 (j = 1, 2); therefore,
(X, V) has no wires and, by Lemma 3.3, f; and fo are rhombuses with unitary side-length.
Moreover, since G(X, V') is connected we have that df; and Jf2 share at least one vertex and
actually, since N = 6, f; and fy share one bond. It follows that (X, V') coincides - up to a
rigid motion for X and up to flipping the orientation field V' - with (Y, Wg).

We conclude by proving (3.13) for N = 7. Let (X,V) be a minimizer of £ in AC7. By
Lemma A.1 G(X,V) is connected. Since (Y7, W7) is a competitor for the minimum problem
in (3.13), we have

EX,V) < &(Y7,Wr) = 8.
By arguing as in (A.2) and (A.3) we deduce that (X, V') has at least two faces.

Notice that, by the hard sphere condition, it easily follows that if a face f € F(X, V) has
Per(f) < 5, then f is convex and Perg (f) = Per(f). If a face f; with maximal perimeter
has Per(f1) = 5 then, by Lemma 3.2, the only possibility is that (X, V') has no wires and one
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further face fs such that Per(fo) =4 and f; and f2 share one edge. In such a case, we have
that £(X,V) = —8 = &(Y7, Wr). Now, if a face f; with maximal perimeter has Per(f;) = 4
then, by arguing as above we have that there exists one further face fo such that Per(f2) = 4.
Since the graph is connected, we can have either that f; and f» share only one vertex and
that there are no wires or that f; and fo share one edge and that there is a wire. In both
cases we deduce that £(X,V) = —8 = £(Y7, Wr) which implies the claim also for N = 7 and
concludes the proof of the lemma. ]

By the very definition of (Y, W) we have the following result.
Lemma A.3. Let N,N' € NU{0} with N > N'. Let (k;¢) € (NU{0}) x (NU{0}) be the
pair provided by (3.12) for P = Perg (Yn/, Wn+). Then
(A.4) Perg (Yn, Wn) = Perg (Y, Wn') + 8k + 7y v
where rn' v € {0,2,4,6,8} and ry/ n =0 if 6 = 0. Moreover, if k > 1, then ry/ n < 2[%1
Proof. We preliminarily note that - n is even since Perg (Yy, Wy) is even for every N € N.

We first prove that if 6 = 0, then (A.4) holds true with rn v = 0, i.e., we show that if
N = N’ + k(Perg (Yn/, Wnr) + 4(k + 1)) for some k € N, then

(A5) Pergr(YN, WN) = Pergr(YN,, WN’) + 8k.

We proceed by induction on k starting from k = 1.

Let ¥k = 1. If N' = 0 then N = 8 and, by (3.10), we get Perg(Yn,Wyn) = 8 =
Perg, (Y, Wnr) + 8. If N’ > 1, then N’ = (I + 1)® + 5 for some [, € N U {0} with
0 <n<20+2. We prove (A.5) (with £ = 1) only for n = 0, the other cases being fully
analogous. Since 7 = 0, we have N’ = (I + 1)? for some [ € N U {0}; then, by (3.10),
Perg, (Yn+, W) = 4l so that

N = N’ + Perg, (Ynr, Wnr) +8 = (1 + 1) + 4l + 8 = (1 + 3)%,
which, in view of (3.10) yields
Pergr(YN, WN) = 4(l + 2) =4l +8 = Pergr(YN/, WN/) + 8,
ie., (A.5).

Assume now that (A.5) holds true for every k =1, ..., l;:, and let us show that it is satisfied
also for k = k+1. Let N' € NU{0}, k = k+1 and, in turn, N = N'+(k+1)(Perg (Ynr, W)+
4(k +2)). We set N’ := N’ + k(Perg (Yn/, Wn+) + 4(k + 1)); applying the inductive step to
N', k =k and N = N’ we have

(A.6) Perg, (Y, W) = Perg (Y, W) + 8k.
It follows that
N =N+ (k + 1)(Perg (Y, Wi ) + 4(k + 2))
=N’ + k(Perg Y/, War) 4 4(k + 1)) + 4k + Perg, (Yar, W) + 4(k 4 2)
=N’ 4 Perg, (Y, Wy') + 8k + 8 = N + Perg, (Y, W) + 8.
By the step k = 1 applied to N’ replaced by N’ and, in turn, N = N and by (A.6) we get
Perg, (Y, W) = Perg (Y, W) 4+ 8 = Perg, (Yar, War) + 8(k + 1),
thus implying the claim and concluding the proof of (A.4) for 6 = 0 with rn y = 0.
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Now we prove (A.4) in the general case. Let N = N’ + k(Perg(Yn/, Wn/) +4(k+ 1)) + 6
with ¢ < Perg (Y, Wy/) + 8(k +1). We set Ny := N’ + k(Perg (Yn/, Wnr) + 4(k + 1)) and
Ny := N'+ (k+1)(Perg (Yn/, Wn/) +4(k+2)) we have that N; < N < Ny; by applying (A.5)
with IV replaced by N; and Nj respectively and using the monotonicity of Perg (Yy, Wy)
with respect to N we obtain

Pergr(YN/, WN/) + 8k :Pergr(YNl, WNl)
<Perg (Yn, Wn) < Perg(Yn,, Wn,) = Perg (Yn/, Wns) + 8(k + 1),
which concludes the proof of (A.4).

Finally we show that 7y n < 2[%] if k > 1. Let N € NU{0} and let ¥ > 1. Let
N := N’ + k(Perg (Yn:, Wn/) + 4(k + 1)) + 6 and set

N := N’ + k(Perg (Ynr, W) + 4(k + 1))

so that N = N + 4. Since we are assuming that £ > 1, we have that N > 8. By (A.4) and by
applying (A.5) with N’ = N’ k =k and N = N we have

(A?) Pergr(YN, WN) = Perg,(YN/, WN’) + 8k + 'N/'N = Pergr(Yﬁ, Wﬁ) + TN/ N-
For every 6 € NU {0} we set
(A.S) p((S) = Pergr(Yﬁ+5, WJV—}—(S) — Pergr(Yﬁ, Wﬁ)

Note that p(6) € 2N U {0} for every 6 € NU {0} and p(0) = 0. We denote by J, := {§;} CN
with ¢; < d;41 the set of the “jump discontinuities” of p, i.e., such that p(d;) > p(d; — 1).
Since N > 8, in view of (3.10), for every d; € J, we have

p(di) —p(di—1) =2, [0ip1 — i = 3.

This fact together with p(0) = 0 yields p(d) < 2[%1 for every 6 € N and hence in view of
(A.7) and (A.8) we obtain that ry y = p(6) < 2[$] for every § € N.
O

Lemma A.4. Let N € N with N > 2 and let (X, V) € ACy be such that G(X, V) is connected.
Then

(A.9) Perg (X, V) > 0X.
Proof. Set X := 8X, Ed := Ed?(X, V) U EdV™*(X V) and G = (X, g) According to

Section 1, F(G) denotes the set of faces of G.

Since G(X,V) is connected, we have that G is connected too, so that by Lemma 1.2 we
have

#X — HEd + #F(G) = 1,
i.e.,

(A.10) 10X = 1 — #F(G) + HEd?(X, V) + $Ed™ e (X, V).

If ﬁF(a) — 0, then $Ed?(X,V) = 0 and, since N > 2 and G(X,V) is connected, we have
FEdVTXE (X V) > 1, so that

#0X = 1 4+ fEd™V (X, V) < 24EdV (X, V) = Perg (X, V).
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If #F(G) > 1, by (A.10) we get
H0X < HEd?(X, V) + 4EdVIeY (X V) < 4Ed?(X, V) + 20Ed" (X, V) = Perg, (X, V).
In both cases we have proven (A.9). O

Lemma A.5. Let N € N with N > 8. Let (X,V) € ACn with G(X,V') connected. Then
FX, V) =2 F(X, V') +4,

where (X', V') is as in Definition 3.6.

Before proving Lemma A.5, we need some auxiliary lemmas. We start by fixing some
notations.

Let N > 8 and let (X,V) € ACy be such that G(X,V) is connected, O(X, V') has simple
and closed polygonal boundary and fEd""®***(X V) = 0. For every = € 90X, we set
(A.11) 2(z) == t{e e Ed™(X,V) : z € e}.

Moreover, for every x € 0X we denote by & the inner angle spanned by the two boundary
edges containing z. Here by inner angle we mean the angle that is “interior” to O(X, V). In
view of Lemma 3.1 we can classify the points € 0.X in the following subclasses:

Yi = {:UE@X : @:jg}, j=1,...,5,

yhitl = {xeax L de (j%,(j—i—l)g)}, =23,

ie.,
5
(A.12) ox = JY/uy»Puy3
j=1
By Lemma 3.1(ii) every point in X can lie on at most four bonds, so that 7z(x) < 2 for every
x € 0X . Therefore, for every k = 0, 1,2 we can set

ij ={zcY’ :i(z) =k} for j =1,2,3,4,5,
ij’jﬂ ={z c YT . 3(z) =k} for j =2,3.
By Lemma 3.1 we have
(A.13) yl :}/01’ y?2 :}/02, y2:3 :}/02,3’ y3 :Y'O3Uy13,
34, 134
V3 =yt uvyt, Yi=yvjuvtuys, YP=YiuyPuyy.

Definition A.6. Given two boundary particles /,z” € YIUY2UY23UY4UY® = 90X \
(Y3 U Y34 we say that o follows z" and we write 2/ — z” if there exist M € N and a

path 2’ = zg,...,2y = 2” in X, oriented according to the counter-clockwise orientation of
00(X,V), such that {zn—1,2m} € Eda(X, V) and z, € Y2UY3 forevery m =1,..., M —1.

Note that the case M = 1 in Definition A.6 corresponds to {z/,z"} € Ed?(X,V). Notice
also that for every point 2’ € 90X \ (Y3UY?34) there exists a unique point 2" € X\ (Y3UY34)
such that z’ — z”. Moreover, we set

(A.14) ij —Yri={d € ij . 2’ — 2" for some 2" € Y},

and Y] — {Y2, ... Yhy =, V) - YD

a1 rtay
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For every x € 0X and for every zj, 22 € X with {z, 21} {z, 22} € Ed(X,V), we denote by
Z1223 the angle formed by [z, 21] and [, 2] that is “interior” to O(X, V). Notice that, if also
21,729 € 0X, then {z, 2} {x, 20} € Ed?(X,V) and & = Z1225 .

As a consequence of Lemma 3.1, we have the following result.

Lemma A.7. Let (X,V) € AC be such that G(X,V) is connected, O(X,V') has simple and
closed polygonal boundary and EdV"*Y(X, V) = 0. The following facts hold true.

(i) If x,y,21,22 € X are such that x € Y U Y13’4, {z,21},{x, 2} € Ed?(X,V) and
{z,y} € Ed™(X, V), then either zizy = & or yzz = 5. Moreover, v(z) is parallel
to the bisector of the 5 angle.

(i) If z,y1,y2, 21, 22 € X are such that x € Y5+, {w, 21}, {w, 20} € Ed?(X,V),
{1}, {z, 2} € Ed™(X,V) and 21,22, y0,y1 are counter-clockwise oriented, then
Tyl = 5, YTy = %7‘(’ and Yaxzs = 5 . Moreover, v(x) is parallel to the bisector of
the angles zZixyi and yax2s .

(iii) If =, y1, Yo, 21, 22 € X are such that x € Yy , {x, 21}, {x, 22} € Eda(X, V),
{1}, {z, 2} € Ed™(X,V) and and 21, 20, y2,91 are counter-clockwise oriented,
then zizy1r = 57, jixys = 5 and ypxzg = %71’. Moreover, v(x) is parallel to the
bisector of the angle y1xys .

Lemma A.8. Let (X,V) € AC be such that G(X,V) is connected, O(X,V') has simple and
closed polygonal boundary and Ed""*™Y(X, V) = 0. Let z,y € 0X.

If x,y € YO1 and x — y, then M > 2 in Definition A.6 and there exists z,, as in Definition
A.6 such that z,, € Y03 U Y03’4.

The same statement holds true also if v,y € Y3t orifx € YOI L yEYS orifreYs, ye Yol.

Proof. We prove the claim only for x,y € Y}, being the proof in the other cases fully
analogous. By Lemma 3.2, we immediately get M > 2. Assume by contradiction that
Zm € Y13UY13’4 for every m = 1,...,M — 1. For every m = 1,...,M — 1 let w,, be the
only point in X such that {z,,w,} € Ed™(X,V). By Lemma 3.2 we have that the points
wy, are all distinct. Moreover, by Lemma 3.2 and by Lemma A.7(i) we get w1212 = o
analogously, it follows that wazo23 = 7 and in fact, by induction, that Wyn Zm 21 = 7 for
every m=1,...,M — 1. In particular, wy_12zp-12m = %, thus contradicting Lemma 3.2.
O

Proof of Lemma A.5. We preliminarily prove the clajm under the assumptions that O(X, V)
has simple and closed polygonal boundary and fEd""****(X V') = 0; in such a case
(A.15) Perg (X,V) = Per(X,V) = 40X .
Set .
I:={ec Ed™(X,V) : 3z € 0X such that = € e};
recalling (A.11), we have

(A.16) i< ) ).

x€0X
In view of (2.1), (3.2), and (3.9), we have

—Per(X,V) — I = E(X,V) — E(X, V') = — 26X + F(X, V) + 28X’ — F(X', V')
— — 20X + F(X,V) - F(X",V'),
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whence, together with (A.15) and (A.16), we deduce
FX, V)= F(X'\V)=10X —4I > > (1—1(x)).
redX
Therefore, in order to prove the claim it is enough to show that
(A.17) > (1—a(z) = 4.
re0X
Recalling (A.12) and (A.13) we have

| > (1 —a(x)) =Yy — 45 + Y5 — '
(A.18 reOX

Y R ) IR AuE ) ()

Since O(X, V) is connected, the Gauss-Bonnet formula gives 2m = >° (7 — Z), where &
denotes the angle at x interior to O(X,V'); therefore,

_ A 2 1, Ty, Tovos Tooq 2 5
o = Z(W—x)ggﬂij + 8V Y - oyt - oy,

z€dX
which, in view of (A.13), yields
(A.19) 6 <21y — 4Y5) + Y5 — Yy — v
where
(A.20) ro=24YP + 24YY + £V + 1Y — g

We point out that we are making no claims on the on the sign of r.
Recalling the notation introduced in (A.14), for every (j; k) € {(1;0),(2;0), (4;2), (5;2)},

we set
. . . . . . 2.3
Ai} = ij - {}/627Y25}7 Bi = ij - {}/017Y24}7 C}Z; = Ylg - {YO 7%47Y147YE)57Y15}7
so that

(A.21) 1V = AL + 4B +4C]  for every (jik) € {(1;0),(20), (4;2), (5:2)}.
By construction

(A.22) HAD + 1AG + A5 + 145 < HYF + 1Y,

(A.23) HCY + 403 + 405 + £C5 < HY7° + Y + £Y1 + 47 + 87,

and, by Lemma A.8,

(A.24) 4B + 4B3 < Y5 + gt

By applying (A.21) with (j; k) = (1;0) and (j; k) = (4;2), summing such identities, and using
(A.22), we have

1Yy + 45 — (8Bg + 8C) + 483 + 1C3) =#A§ + A3

A.25
(4.25) <BAL + AL + 1A + 1AS < HYZ + 1Yy
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Moreover, in view of (A.23) and (A.24), we have
— (880 + 4C) + £B; +4C3)
(A.26) > — (#Bg +£B;3 +#C) + 405 + 405 +£C3)
L (R G (U (R G G T
which, by (A.25), yields
BYQ Y5+ 0 <Y Y5

Therefore

BYZ + 1Yy = 8Yg +4Ys 46 for some 6 > 4,
or, equivalently,
(A.27) BYZ — Y = #Y — Yy + 6 for some § > 4.
By (A.27) and by (A.19), we deduce that

6 <204y — 8Y5) +4¥y —4Y5 +0 -

so that

(A.28) A P N
and hence, by (A.27), we get

(A.29) Y2 YR > 2+ g + %5.

By (A.18), (A.28), (A.29), (A.20) and (A.26) we obtain

> (1 -1(x) >4+ 2,

)
PR R (R GRS R 1
z€0X

4 4 2 2 2
>4+ VP + oY) + S+ o - o
1 2,3 1,4, 1,4 1 1 1 1 3,4
= I — SHYG - oYY - D — oYY - Y - oG
YR 4 VS + 1Y + Y+ 1Y

2 2 4 1
=4+ BV + SO0 o+ 2000 o Y
>4

9

which implies (A.17) and hence the claim in the case that O(X, V) has simple and closed
polygonal boundary and fEd""****(X V) = 0.

If O(X,V) is connected and Ed™™**(X, V) =  (without assuming that O(X,V) has
simple and closed polygonal boundary), we argue in the following manner. By Lemma 3.1(ii),
every point x € X can lie either on two boundary edges or on four boundary edges. We set

Xpow := {z € 0X : z lies on four boundary edges}.

Let Ol(X, V),...,OAKLX, V) be the connected components of ~O(X, V) \ Xpow. For every
k=1,....,K we set Oy(X,V) := clos(Ox(X, V), X, := XN Ok(X,V) and we denote by

(X1, Vi) the corresponding configuration. Clearly, O(Xy, Vi) = Ok(X,V) has simple and
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closed polygonal boundary, G()ka, 17k) is connected and EdWire’eXt()zk,‘N/k) = (); therefore, by
the above proven result, we get

(A.30) F(Xp, Vi) > F(X,,V))+4  foreveryk=1,...,K.
Since Y1 | F(X},V]) = F(X', V'), by (A.30) we get

1 1
F(X,V) =5 Perg (X, V) + S defg(X, V) +2

K
Z ( Perg, (Xi, Vi) + defg,(f(’k, Vk)) +2

(A.31)
K K
Z (Xp, Vi) +2(1 — K Z(I X1, V) +4)+2(1—K)
k=1 k=
(X', V) +2K +2 > F(X', V’) 4.
Finally we treat the general case. Let O1(X,V),...,Or(X,V) be the connected compo-

nents of O(X, V). Forevery k =1,..., K we set X;, := XﬂOk( , V') and we denote by (Xg, Vi)
the corresponding configuration. Clearly, O(Xp, Vi) = Op(X,V) and EdV" (X, Vi) = 0,
so that, by (A.31), we have

(A.32) F(Xg, Vi) > F(X,, Vi) +4  forevery k=1,..., K.
Now, since Zszl F(X.,V))=F(X', V'), by (A.32) we obtain
K

1 1 1 1
FXV) =5 Perge(X,V) + 5defge(X,V) +2 = Y (5Pergr(Xe, Vi) + 5defer (X, Vi) ) +2
ki
K K
— N F(X Vi) +2(1- K Z( (XL, V) +4>+2(1— K) > F(X', V') + 4,
k=1 k=1

which concludes the proof of the Lemma.
O

REFERENCES

[1] L. Ambrosio: Existence theory for a new class of variational problems, Arch. Ration. Mech. Anal. 111
(1990), 291-322.

[2] L. Ambrosio, N. Fusco, D. Pallara: Functions of Bounded Variation and Free Discontinuity Problems,
Oxford University Press, Oxford, 2000 .

[3] Y. Au Yeung, G. Friesecke, B. Schmidt: Minimizing atomic configurations of short range pair potentials
in two dimensions: crystallization in the Wulff shape, Calc. Var. Partial Differ. Equ. 44 (2012), 81-100.

[4] M Ballerini, N. Cabibbo, R. Candelier, A. Cavagna, E. Cisbani, I. Giardina, V. Lecomte, A. Orlandi, G.
Parisi, A. Procaccini, M. Viale, V. Zdravkovic: Interaction ruling animal collective behavior depends on
topological rather than metric distance: Evidence from a field study, Proc. Nat. Acad. Sci. U.S.A. 105
(2008), 1232-1237.

[5] L. Bétermin, L. De Luca, M. Petrache: Crystallization to the square lattice for a two-body potential,
Arch. Rational Mech. Anal. 240 (2021), 987-1053.

6] C.M. Breder: Vortices and fish schools, Zoologica 50 (1965), 97-114.

7] C.M. Breder: Fish schools as operational structures, Fish. Bull. 74 (1976), 471-502.

8] F. Cucker, S. Smale: Emergent Behavior in Flocks, IEEE Trans. Automatic Control 52 (2007), 852-862.

9] L. De Luca, G. Friesecke: Classification of particle numbers with unique Heitmann-Radin minimizer, J.
Stat. Phys. 167 (2017), 1586-1592.

[
[
[
[



32
[10]
[11]

[12]
[13]

[14]
[15]

[16]
[17]

18]
[19]
[20]
21]

22]
23]

[24]
[25]

[26]
[27]

28]

L. DE LUCA, A. NINNO, AND M. PONSIGLIONE

L. De Luca, G. Friesecke: Crystallization in two dimensions and a discrete Gauss-Bonnet theorem, J.
Nonlinear Sci. 28 (2018), 69-90.

L. De Luca, M. Novaga, M. Ponsiglione: I'-convergence of the Heitmann-Radin sticky disc energy to the
crystalline perimeter, J. Nonlinear Sci. 29 (2019), 1273-1299.

F.E. Fish: Energetics of swimming and flying in formation, Comments Theor. Biol. 5 (1999), 283-304.
F.E. Fish: Kinematics of ducklings swimming in formation: consequence of position, J. Ezper. Zool. 273
(1995), 1-11.

M. Friedrich, L. Kreutz, B. Schmidt: Emergence of rigid Polycrystals from atomistic Systems with
Heitmann-Radin sticky disk energy, preprint (2020) available at https://arxiv.org/abs/2006.01558
J.Gautrais, C. Jost, G. Theraulaz: Key behavioural factors in self-organised fish school model, Ann. Zool.
Fennici 45 (2008), 415-428.

R. C. Heitmann, C. Radin: The ground state for sticky disks, J. Stat. Phys. 22 (1980), 281-287.

A. O. Kasumyan, D. Pavlov: Patterns and mechanisms of schooling behavior in fish: A review, J. Ichthyol.
40 Suppl. 2. (2000).

A. Kubin, M. Ponsiglione: Attractive Riesz potentials acting on hard spheres, Nonlinearity 34 (2021),
art. n. 350.

J.C. Liao: A review of fish swimming mechanics and behaviour in altered flows, Phil. Trans. R. Soc. B
362 (2007), 1973-1993.

E. Mainini, P. Piovano, U. Stefanelli: Finite crystallization in the square lattice, Nonlinearity 27 (2014),
T17-737.

E. Mainini, U. Stefanelli: Crystallization in Carbon Nanostructures, Commun. Math. Phys. 328 (2014),
545-571.

G.H. Meisters: Polygons have ears, Am. Math. Mon. 82 (1975), 648—-651.

E.G. Noya, C. Vega, J.P. Doye, A.A. Louis: The stability of a crystal with diamond structure for patchy
particles with tetrahedral symmetry, J. Chem. Phys. 132 (2010), 234511.

J.K. Parrish, L. Edelstein-Keshet: Complexity, pattern, and evolutionary trade-offs in animal aggregation,
Science 284 (1999), 99-101.

C.W. Reynolds: Flocks, herds, and schools: A distributed behavioral model, Comp. Graph. 21 (1987),
25-33.

F. Theil: A proof of crystallization in two dimensions, Commun. Math. Phys. 262 (2006), 209-236.

T. Vicsek, A. Czirdk, E. Ben-Jacob, O. Shochet: Novel type of phase transition in a system of self-driven
particles, Phys. Rev. Lett. 75 (1995),1226-1229.

D. Weihs: Hydromechanics of fish schooling, Nature 241 (1973), 290-291.

(Lucia De Luca) IAC-CNR, VIA DEI TAURINI, 19 I-00184 ROME, ITALY
E-mail address, L. De Luca: lucia.deluca@cnr.it

(Angelo Ninno) DIPARTIMENTO DI MATEMATICA “G. CASTELNUOVO”, SAPIENZA UNIVERSITA DI ROMA,
PiazzALE A. MoRro 2, 1-00185, ROME, ITALY
E-mail address, A. Ninno: angelo.ninno@uniromal.it

(Marcello Ponsiglione) DIPARTIMENTO DI MATEMATICA “G. CASTELNUOVO”, SAPIENZA UNIVERSITA DI
RowMmaA, P1azzALE A. MoRro 2, 1-00185, ROME, ITALY
E-mail address, M. Ponsiglione: ponsigli@mat.uniromal.it



