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Abstract: We assess the ODE/IM correspondence for the quantum g-KdV model, for a
non-simply laced Lie algebra g. This is done by studying a meromorphic connection with
values in the Langlands dual algebra of the affine Lie algebra g1, and constructing the
relevant W-system among subdominant solutions. We then use the W-system to prove
that the generalized spectral determinants satisfy the Bethe Ansatz equations of the
quantum g-KdV model. We also consider generalized Airy functions for twisted Kac—
Moody algebras and we construct new explicit solutions to the Bethe Ansatz equations.
The paper is a continuation of our previous work on the ODE/IM correspondence for
simply-laced Lie algebras.
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1. Introduction

The ODE/IM correspondence is a rich and surprising link between the theory of quantum
solvable integrable models and the spectral analysis of linear differential operators. The
origin of the correspondence goes back to [4, 13], where it was proved that the spectrum of
certain Schroedinger operators is encoded in the Bethe Ansatz equations of the quantum
KdV model. Such a discovery has boosted a remarkable research activity, especially in
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the physical literature, that did not result in a general theory but produced large number
of generalizations—see e.g. [1,3,6,10-12,19,24,31,32,39,40]—Ilinked with a variety
of deep theories, such as generalized quantum KdV, Drinfeld—Sokolov hierarchies [14],
the geometric Langlands duality and N =2 SYM.

The crucial step in our construction of the ODE/IM correspondence is based on the
idea of Feigin and Frenkel [19] that the differential operator corresponding to quantum
g-KdV should be an affine oper with values in the Langlands dual of the affine Lie
algebra g(). Following this idea, as well as some further developments contained in
[39], we proved in [33] the ODE/IM correspondence in the case when g is simply laced.
In the present paper we study the ODE/IM correspondence for quantum g-KdV models
for a non simply-laced simple Lie algebra g.

The integrability of the quantum g-KdV model [18] is encoded in a set of n =
rank g commuting non-local conserved quantities known as Baxter Q operators (which
were originally introduced for the s/> case in [5] and later generalized in [2,21,25,29]).
The eigenvalues of the Q operators are n entire functions QU (E), ..., Q"™ (E) of the
spectral parameter that are expected! to satisfy the g-Bethe Ansatz equations [10,38]:

C.:
noo Q= E*
I I Qci.iﬂjLi) =1, (1.1)

for every E* € C such that O0WD(E*) =0.In Eq.(1.1), Q2 and the 8, j =1, ...,n, are
free parameters and C = (C; i j=1 is the symmetrized Cartan matrix of the Lie algebra

g. Note that in the simply-laced case C = C and thus (1.1) generalizes the simpler ADE
Bethe Ansatz [10,33,42].

In order to establish an ODE/IM correspondence for the Lie algebra g, the object
to study is a meromorphic connection on the complex plane, introduced in [19] (see
also [39]), with values in the Langlands dual Lie algebra Lg(!) of the untwisted affine
Kac—Moody algebra g(). The algebra £ g(! is an affine Kac—Moody algebra of type g,
where g is a simply-laced simple Lie algebra and r = 1, 2, 3 is the order of a diagram
automorphism of g, see Table 1. The connection reads

£
L(x,E)=0y+—+e+ p(x, E)eo, (1.2)
x

where € is a generic element of the Cartan subalgebra EO of the simple Lie algebra
o C g7 (see Table 2), and e = > ei, where eg, eq, ..., e, are the positive
Chevalley generators of “ g1 Finally, the potential p has the form p(x, E) = x™ W _E
where M > 0 and /" is the dual Coxeter number of g"). The choice of a potential of
this form is expected to correspond to the ground state of quantum g-KdV [10,19].

As shown in Table 1, when g is simply-laced then the algebra gV is self-dual:
LgM = g Therefore, in this case we have r = 1 and § ~~ g, and the connection (1.2)
coincides with the one we studied in [33]. Otherwise, r > 1 and Lg") is a twisted affine
Kac—Moody algebra.

The g-Bethe Ansatz will be obtained by choosing suitable finite dimensional rep-
resentations of “g(1). Indeed, for every finite dimensional representation of “g(!), the
connection (1.2) yields the linear differential equation

L(x, E)Y(x,E) =0, (1.3)

)

1 Applying some ideas from the present paper and from [33] to the representation theory of affine quantum
algebras, the Bethe Ansatz equations for a general simple Lie algebra g were recently proved in [20].
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Table 1. Langlands correspondence for untwisted affine Lie algebras

g Lgl) — g nv
A n>1 AD n+1
(l) (2)
BV, n>3 AR -1
C,(,l), n>2 b n+l
piV.n=>4 p{" -2
EV n=678 gD 32 — 11n +34)
(D (2)
F41 563 9
Gs" py’ 4

which has two singular points: a regular singularity in x = 0 and an irregular singularity
in x = oo. The existence of a subdominant (at co) solution to Eq. (1.3) depends on
the choice of the representation, but if a subdominant solution exists, then a natural
generalization of the spectral problem for the Schrodinger operator arises by considering
the behavior at 0 of the subdominant solution. Since the g-Bethe Ansatz will be obtained
from the study of the generalized spectral problems, a first criterion to select the correct
representations of Lg(!) is to require the Eq. (1.3) to admit a subdominant solution in
that representation.

A second crucial role in the construction of the Bethe Ansatz is played by the so-
called W-system [10,33]. This is a system of quadratic relations among the n = rank g
subdominant solutions W) (x, E) defined on distinguished representations V@, i =
1,...,n,of Lg Tt reads

m; (Ri(lﬂii) w“) X ® 1/f5,/>_1 v i=1,...,n, (1.4)

jel (=0

where D; is the i-th element of the symmetrizing matrix D = diag (D1, ..., Dy),
namely C = DC, where C is the Cartan matrix of g, and B = 21,, — C denotes the
incidence matrix of g. In addition, R; is a certain isomorphism of representations of
LgM | which reduces to the identity map if D; = 1. In the simply-laced case, the W-
system (1.4) coincides with the one studied in our previous paper [33]. The existence of
the W-system was conjectured in [10] (and there proved in the case A, ) and proved for a
simply-laced Lie algebra in [33]. The construction of the W-system for non simply-laced
Lie algebras was unknown before the present paper.

Although the problem considered in the present work shares some similarities with
the simply-laced case, we stress that the extension of the ODE/IM correspondence to
the case of a non simply-laced Lie algebra g is highly non trivial, as the appearance
of the twisted Kac—-Moody algebra Lg(D' = §) provides new difficulties. First, in
the simply-laced case we chose the representations V@ of the untwisted Kac—Moody
algebra Lg) = g i = 1,... »n = rank g, to be some evaluation representations of
the fundamental representations of g. To construct the W-system and the Bethe Ansatz
for a non simply-laced Lie algebra g, we need to properly select the representations V )
of the twisted Kac—Moody algebra L g(l) = ﬁ(’), fori =1,...,n = rank g, among the
evaluation representations of the rank g > n fundamental representations of g.

Another problem arises in the study of the element A = >} je; € LgM whose
spectrum in the representations V #)’s plays an extremely important role in the proof
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of the ODE/IM correspondence. In our previous work [33], we were able to explicitly
diagonalize A due to the fact that in the case of an untwisted Kac—Moody algebra
A is the eigenvector of a Killing—Coxeter element. However, for twisted Kac—Moody
algebras, A is not the eigenvector of a Killing—Coxeter element (nor a twisted Killing—
Coxeter element), and the study of its spectrum requires a different approach. Finally, the
Langlands duality, which was hidden in the simply-laced case, has now to be explicitly
taken in account, and the whole construction of the correspondence from the connection
(1.2) to the Bethe Ansatz (1.1) has to be modified accordingly.

For the sake of completeness, and to provide a unifying presentation to the ODE/IM
correspondence, the results of the present paper are stated for an arbitrary simple Lie
algebra. However, the proofs are provided in detail for the non simply laced case only,
as in the simply laced case they were already obtained in [33].

The paper is organized as follows. In Sect. 2 we review some basic facts about
the theory of Lie algebras, diagram automorphisms of Lie algebras, Kac-Moody Lie
algebras and their finite dimensional representations.

In Sect. 3 we review the asymptotic analysis of Eq. (1.3), following [33]. The main
result is provided by Theorem 3.2 about the existence of the subdominant solution of
the Eq. (1.3). It states that if in a finite-dimensional representation the element A has
a maximal eigenvalue (see Definition 3.1), then Eq. (1.3) admits a unique subdominant
solution ¥ (x, E).

Section 4 is devoted to the construction of the W-system (1.4). For every node
i =1,...,n of the Dynkin diagram of g, we define a distinguished finite dimensional
representation V@ of £g(), The construction of these representations relies on the de-
finition of a good vertex of a Dynkin diagram with respect to a diagram automorphism,
which we introduce in Definition 4.2. In Theorem 4.7 we claim that in each represen-
tation V© the element A has a maximal eigenvalue 1D where A1) = 1, and that the
following remarkable identity holds:

Bij—1 nf(B,j 1-20)

7/=1D; 7/=1D; .
(e_ e W )W—Z Ze " AW, (1.5)

Jj=1 =

As a consequence of these results we get the existence of the fundamental solutions
\Il(i)(x, E), foreveryi =1, ..., n, as well as of the W-system (1.4), which is provided
by Theorem 4.8.

We prove Theorem 4.7 for non simply-laced Lie algebras by a case-by-case inspection
in Sect. 5. In the simply laced-case a proof was given in [33, Proposition 3.4].

In Sect. 6 we derive the Bethe Ansatz equations (1.1). To this aim, as done in [33],
we study the local behavior of Eq. (1.3) close to the Fuchsian singularity x = 0, and we
define the generalized spectral determinants Q) (E; £) and Q(’)(E £). Using the W-
system (1.4) we prove Theorem 6.3, which gives the following set of quadratic relations
among the spectral determinants, known as Q Q-system

E)—w " 00T E) 0D (Q T E) (1.6)

H H Q(/)(Q

jel ¢=0
D;6; . D; . D;
—w 2 0Q TE)QVQTE), (17)

where 0; are some phases depending on £, explicitly defined in Theorem 6.3 below.



Bethe Ansatz and the Spectral Theory of Affine Lie algebra... 1067

In Theorem 6.5, evaluating the Q Q—systems at the zeros of the functions Q) (E; ¢),
we obtain the Bethe Ansatz equations (1.1). We also investigate the action of the Weyl
group of go on the space of solutions to the Bethe Ansatz, and this provides a set of new
solutions.

Remark 1.1. The Q Q- -system is a fundamental step in order to prove the Bethe Ansatz
equation and it was conjectured, on the ODE side of the correspondence, in [10]. We
notice that on the Integrable Model side the Q Q -system was already constructed for the
finite XXX chain in [35, eq. (4.2)], under the assumption of the validity of the Bethe
Ansatz equations. At the field theory level, the Q Q-system was constructed in [2,5] for
the cases sl», sl3, and in the recent paper [20] for a general Lie algebra. The construction
provided in [20] was inspired by the corresponding construction obtained on the ODE
side in [33] and in the present paper.

Finally, in Sect. 7, we study an integral representation of the subdominant solution
of Eq. (1.3), in the case of a non simply-laced Lie algebra g, with a linear potential
p(x, E) = x and £ = 0. Although this case is not generic, we can anyway define the
spectral determinants Q(i)(E ) = Q(i)(E 0) and we provide thelr expression in terms
of Airy functions associated to the twisted Kac—Moody algebra g In this way, we
provide new examples of exact solutions to the Bethe Ansatz equatlons others than the
ones already known in the literature [41].

Parameters of the ODE/IM correspondence. We conclude the introduction by showing
the exact relation among the parameters €2, 81, ..., B4, appearing in the Bethe Ansatz
equation (1.1) and the parameters M and £ € fjp of the connection (1.2). The first relation
is very simple, and reads

27TM

Q= el (1.8)

The relation between the phases 8;’s and the parameters of the connection is more in-
volved. On the integrable systems side, the phases 8;’s parametrize the possible twisting
of periodic boundary conditions, and from [38] we know that the latter can be described
in terms of elements of the Cartan subalgebra f of g. It then follows that the phases 8;’s
naturally belong to h* = C”, where n = rank g. Note that the element £ belongs to the
Cartan subalgebra hy C go € g, which also has dimension n. If we choose ¢ € ho
to be generic, namely to belong to the open convex dual of a Weyl chamber 2J,, then
such £ is associated with the element w, of the Weyl group of gy that maps the principal
Weyl chamber to 20,. For any £ in generic position we have

1

Bj = 2thwg(cuj)(é+h) (1.9)
where w; is the j-th fundamental weight of EO and 4 is the element that, under the
isomorphism of §) and h* provided by the Killing form, corresponds to the Weyl vector
(half sum of positive roots). The relation between 8;’s and £ is only piecewise linear,
due to the action of the Weyl group of gg. However, the Weyl group of g is isomorphic
to the Weyl group of g, and the latter naturally acts on the space of solutions of the Bethe
Ansatz equations (1.1), see Sect. 6.1.
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Table 2. Non-trivial Dynkin diagram automorphisms for simple Lie algebras

g g 90 o r Dy, ..., Dy

By, Aop_i Cn o) =2n—i 2 L1 1
o()=1i, 1<i<n-1

Cn Dyt By, o) =n+1 2 L O

on+1l)=n

c()=6 o) =1
Fy Eg Fy e =5 o5 =2 2 L1, 1
6c(3)=3 oc@d) =4

G Dy Gy o(l)=3 o(3)=4 3 1,
od)=1 o2)=2

2. Twisted Kac-Moody Algebras and Finite Dimensional Representations

As stated in the Sect. 1, the ODE/IM correspondence for a simple Lie algebra g requires
the study of a connection with values in the Langlands dual Lie algebra “g(!) of the
untwisted Kac-Moody algebra g1, As shown in Table 1, the algebra “g(!) is a Kac—
Moody algebra of type g, where g is a simply-laced Lie algebra and r is the order of a
diagram automorphism o. To any simple Lie algebra g we thus associate a unique pair
(g, r), as follows:

g — g(1) N Lg(1)=§m — @.r). (2.1)

For g simply-laced, which is the case considered in [33], we have Lg()) = g1, so that
the diagram automorphism has order » = 1 (the identity), and the above correspondence
becomes trivial: g —> (g, 1). For g non simply-laced we have r > 2, and the list of non-
trivial diagram automorphisms of g obtained by the correspondence (2.1) is provided in
Table 2.

In this section we review some facts about diagram automorphisms of simple Lie
algebras and we describe how the Cartan matrix and the Dynkin diagram of g can
be recovered by means of o from the Cartan matrix and the Dynkin diagram of g.
Moreover, we introduce those aspects of the representation theory of “g(!) which we
will use throughout the paper.

2.1. Simple Lie algebras and Dynkin diagram automorphisms. Let g be a simply-laced
Lie algebra, with Dynkin diagram as given in Table 3. Set / = {1, ..., n = rank g}, let
C = (C; j)i, jel be the Cartan matrix of g and B = 215 — C be the incidence matrix

of the Dynkin diagram of g. We denote by {¢;, E,-Lfi | i € I} C § the set of Chevalley
generators of g. They satisfy the relations (i, j € I)

(i, hj1=0, [hi,¢j1=Cijej, [hi, fi1=~Cijfj, (@, f;1=08ijhi.  (2.2)
Recall that a diagram automorphism o is a permutation on the set / such that 50(,-),0(./) =

C;j. Itis well known that a diagram automorphism ¢ extends to a Lie algebra automor-
phism (which we still denote by o) o : g — g defined on the Chevalley generators by
(iel

0@) =%y, o) =hewy, o(f) = foty-



Bethe Ansatz and the Spectral Theory of Affine Lie algebra... 1069

The diagram automorphism o, of order r, induces on g the following gradation

~ ~ —_~ —_~ 2mwik
i= @ 6. where § = {xegm(x):ﬁx}. 2.3)
keZ/rZ

It is well known that go—the invariant subalgebra under the action of o—is a simple
Lie algebra, see Table 2.

Let 19 denote the set of orbits in I3 under the action of the permutation o, and let
I ={minjcy j},;c50 C 1. For everyi € I we also denote by (i) € Z, the cardinality of
the orbit under the action of o containing i and we set

D; = —. (2.4)

The following elementary result is crucial for our purposes.

Proposition 2.1. Let g be a simple Lie algebra with Cartan matrix C, and let B be the
incidence matrix of its Dynkin diagram. Let g be the simply-laced Lie algebra and o
the diagram automorphism of order r corresponding to g through the map (2.1). The
following facts hold:

1) I ={1,...,n}, where n = rank g.
(i) The Cartan matrix C can be obtained summing over the rows of C along the orbits
of o. Namely,

(-1

Cij= D Cigt(jy foralli, jel. (2.5)
=0

(iii) The incidence matrix B can be obtained summing over the rows of B along the
orbits of 0. Namely,

B = B

ial(j)’ fOr all l,] el. (26)

(iv) Let D = diag (Dy, ..., Dy), where Dj, i € I, is defined by Eq. (2.4). Then the
matrix C = DC is symmetric.

Proof. 1f g is simply-laced then r = 1, o is the identity automorphism and there is
nothing to prove. In particular, in this case we have ] = I,C =C,B=Band D; = 1
forall i € I.1f g is non simply-laced, then parts (i), (ii) and (iii) have been proved in
[22], and part (iv) can be checked by a direct computation. O

Remark 2.2. In [22], the simple Lie algebra g whose Cartan matrix is obtained by the
Cartan matrix of g as in (2.5) was called the orbit Lie algebra of g with o. As already
noted in [22], g is not constructed as a subalgebra of g, and it does not need to be
isomorphic to the fixed point subalgebra g, see Table 2.
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2.2. Basic facts about representation theory of Lie algebras. As in Sect. 2.1, let g be a
simply-laced Lie algebra, and let us denote by ) C g its Cartan subalgebra. We denote
by R C bh* the set of roots of g and by A = {o; | i € I} C R the set of simple roots.
Also, we denote by P C b* the set of weights of g and by P* C P the set of dominant
weights. If @ € P*, we denote by L(w) the irreducible highest weight representation
with highest weight w, and we denote by P, C P the set of weights of L(w). Recall
that the fundamental weights of g are those elements w; € P*, i € I, satisfying

wi(hj) =8, foreveryjel. (2.7)

The corresponding highest weight representations L(w;), i € I, are known as funda-
mental representations of g, and for every i € I we denote by v; € L(w;) the highest
weight vector of the representation L (w;). Hence, we naturally associate to the i-th ver-
tex of the Dynkin diagram of g the corresponding fundamental representation L (w;) of
g. Let us consider the dominant weight

ni =Y Bijwj, iel. (2.8)
j el
Recall from [33] that we can find a unique copy of L(;),i € T, asirreducible component

of the representation /\2 L(w;) as well as of the representation (X) jer L(w )®Bii. We
can thus decompose the representation /\2 L(w;) as

2

N\ L) = L) @ U, (2.9)

where U is the direct sum of all the irreducible representations different from L(n;),

and the subrepresentation isomorphic to L(;) is generated by the highest weight vector
fivi A v;. It follows from this that for every i € I, there exists a unique morphism of
representations of g:

2
i = [\ L) — ) Lw;)®?, (2.10)
jel
such that Ker m; = U and rﬁ,(flv, AVi) = ® V)

We now consider the action of the dlagram automorphism o on g-modules. Let V
be a g-module, so that we have a Lie algebra homomorphism p : g — End(V). Then,
the composition p® = poo : g — End(V) is a Lie algebra homomorphism; we denote
by V? the vector space V with the g-module structure given by p®. Note that V is

irreducible if and only if V is irreducible. The following result shows that L(w;)? is a
fundamental representation of g.

Lemma 2.3. We have the following isomorphism of representations
L(w;)° =~ L(ws-13))-
Proof. By definition, the highest weight vector v; € L(w;) satisfies the conditions
p@pvi =0, phjvi =w;(hj)v; =8jvi, jel.
Hence, the representation p? acts on v; as follows (j € J ):

p° (€))v; = p(o(€))v; = p(eg(j))vi =0,
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and
0% (hj)vi = p(ho()Vi = @i (he())Vi = Sie(jyvi = So—1(i)jVi = wg—l(i)(ﬁj)vi-

This shows that v; is a highest weight vector for L(w;)?, of weight w, 1. Since L(w;)
isirreducible sois L(w;)?, and this implies that L(w;)? is isomorphic to the fundamental
module L(wa—l(l‘)). O

2.3. Twisted affine Kac—Moody algebras and finite dimensional representations. Let g
be a simple Lie algebra and (g, ) the pair associated to it by the map (2.1). In this section
we review the loop algebra realization of the affine Kac—Moody algebra L g1 = g and
we define its finite dimensional representations which will be of interest for this paper.
The presentation below is given for the twisted case, but it reduces to the untwisted case
when r = 1. We follow mainly [28], to which we refer for further details.

Let £(§) = § ® C[t, '] denote the loop algebra of §. The Lie algebra structure of
g extends to a Lie algebra structure on £(g) in the obvious way. We extend o to a Lie
algebra homomorphism (which we still denote by o) o : £(g) — L(g) given by

i

o ® f(1) =0(0)® fle T 1), 2.11)

for x € g, f € C[t,t™']. The subalgebra of invariants with respect to o is known as
(twisted) loop algebra and we denote it by

L@, r) =L@ ={yeL@loly=y}.

The gradation (2.3) of g, together with the action (2.11), induces on the twisted loop
algebra the following gradation

L@ r= P melcy
keZ/rZ

The twisted affine Kac-Moody algebra §) = L(g, r) @ Cc is obtained as the unique
central extension of L(g, r) by a central element c. The Chevalley generators {¢;, h;, f; |
i=0,...,n} C E(’) can be obtained as follows. The generators e;, h;, and f;, fori € I,
are obtained as linear combinations of the Chevalley generators of g:

(i)-1 (i)—1 (i)-1
e = Z Eaé(i), fl = z f(T{(i)’ h,‘ = Z hoé(i)' (212)
£=0 £=0 £=0

Moreover, they generate the simple Lie algebra go. The generator eg (respectively fp)
is of the form

ep=a®t (respectively fo =a ® t_l),
wherea € g (respectively a € g_1) is alowest (respectively highest) weight vector with

respect to the action of gg. Finally, the generator kg is obtained as a linear combinations
of the generators h;, i € I, and the central element c.
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Let o : g — End(V) be a finite dimensional representation of g. For k € C we define
a finite dimensional representation p; : g") — End(Vy) of g in the following way:
as a vector space we take V; = V, and the map py is defined by

pr(a ® p()v = @™ *)(p(a)v), fora e ¢ eClt,t N veV,
px(c)v =0, forvelV.

The representation Vj is known as an evaluation representation of g at r = 27k,

Remark 2.4. Since the central element c acts trivially on evaluation representations, these
are level zero representations. More precisely, evaluation representations are level zero
irreducible finite dimensional representations of ). Moreover, every level zero finite
dimensional irreducible representation of g can be obtained as a tensor product of
evaluation representations [37].

Note that (0r)° # (%) (we are using the same notation introduced in Sect. 2.2).
Since we will be interested only in evaluation representations of g-modules, and not in
their twisting by the action of o, we will always denote by V,7 the evaluation represen-
tation pf = (0 ).

Proposition 2.5. Let V be a finite dimensional representation of g, and let L(w;), i € I,
be a fundamental representations of §. We have the following isomorphisms of g
representations:

(i) For every k € C, we have V,f >~ V., 1, where r is the order of 0.
(ii) For everyi € T andk € C, L(a)aq(i))k >~ L(wj), 1.
(iii) For everyi € I and k € C, there exists an isomorphism of evaluation representa-
tions
R; @ L(wi)k — L(wi)k+D; (2.13)
where D; is defined in (2.4).

Proof. A generic element of g is of the form x,, ® r"*", where x,, € Gy. Then we
have that (v € V)

pg (xm ® er+m)v — eZnik(lr+m)pU (xm)v

o]
— eZm(k+;)(lr+m) Ir+m)v’

p(xm)v = pk+% (xm ® z

where in the second identity we used the fact that x,, € @,,. This proves part (i). Applying
part (i) to the evaluation representation L(w;); we get L(w;)7 =~ L(wi),;, 1. Hence, part
(ii) follows by Lemma 2.3. Part (iii) follows applying (i) times part (ii). O

Remark 2.6. Note that the isomorphism R; given in Eq. (2.13) reduces to the identity
when D; = 1.
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2.4. The cyclic element A. For any simple Lie algebra g, we define the element
A= Ze e Lgh, (2.14)

the sum of the positive Chevalley generators of L g = g, which will play an important
role in order to derive the main results in Sects. 3 and 4. Let 2" denote the dual Coxeter
number of g\ (equivalently, 7" is the Coxeter number of “g(1), and let i € f) be the
unique element such that (see e.g. [9,28])

[h,eil=e;, i€ I, [h,e]=—(h"—1)eo. (2.15)

We remark that, under the isomorphism between h and h* provided by the Killing form,
the element / corresponds to the Weyl vector (half sum of posmve roots). Then, A is an

ei genvector with eigenvalue e W " of the inner automorphism e i adh .Indeed, introducing
the g1 -automorphism M, which fixes § and ¢ and sends 1 — ¢>"¥¢, then we have

2wi
pRuah A = kM (A), y = e, (2.16)

for any k € C. Denoting by spec (A, Vi) the spectrum of A in an evaluation represen-
tation V;, we have that

spec (A, Viws) = v* spec (A, Vi),

from which it follows that in any evaluation representation the spectrum of A is invariant
under multiplication by y. Moreover, using Proposition 2.5 (iii) we easily see that, for
any i € I, we have

spec (A, L(wi)x) = yPispec (A, L(w)) , 2.17)

where L(w;) is the i-th fundamental representation of g and D; is defined by Eq. (2.4).
Hence, the spectrum of A in the evaluation representation L(w; ) is invariant under the
multiplication by y i

3. LgM.Valued Connections and Differential Equations

Let {e;, hi, f; | i =0,...,n} c LgV = ﬁi’) be the set of Chevalley generators of
LgM and let us denote by e = > ei. Let ho C go denote the Cartan subalgebra of
the simple Lie algebra go and let us fix an element £ € ho. Recall that #" is the dual
Coxeter number of g(l), as in Table 1. Following [19] (see also [33,39]), we consider
the £ g(V-valued connection

£
L(x,E)=0y+—+e+ p(x, E)eg, (3.1
X

where p(x, E) = *Mh" _ E with M > 0and E € C. Let k € C and introduce the
quantities

_ 2mi 2wiM v
w=eVMs) Q=M = a)h M
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The automorphism M of Lg(1) defined in Sect. 2 can be extended to an automorphism
of g _valued connections (leaving d, invariant), which we denote in the same way.
Then from Eqs. (3.1) and (2.15) we get

M, (a)kadhﬁ(x, E)) = " L(fx, Q°E). (3.2)

We set Ly (x, E) = My (L(x, E)), for every k € C. Let C be the universal cover of
C*. If we consider a family - depending on E - of solutions ¢(x, E) : C — Vj to the
(system of) ODE

L(x, E)p(x, E) =0, (3.3)

and for k& € C introduce the function
oe(x, E) = o Mpofx, QVE), (3.4)
then by Eq. (3.2), we have that
Li(x, E)pr(x, E) = 0. (3.5)

In other words, ¢k (x, E) : C— Vi is a solution of (3.3) for the representation V.

3.1. Fundamental solutions. For any evaluation representation of the Lie algebra L g1,
the connection (3.1) defines a linear differential equation with a Fuchsian singularity at
x = 0 and an irregular singularity at x = oco. We are interested in a solution—known
as fundamental solution—uniquely specified by a prescribed subdominant (WKB, ex-
ponential) behaviour in a Stokes sector containing the positive semiaxis. In order to
construct the fundamental solutions we follow [33], where the case of g simply-laced
was considered.

Definition 3.1. Let A be an endomorphism of a vector space V. We say that a eigenvalue
A of A is maximal if it is real, its algebraic multiplicity is one, and A > Re u for every
eigenvalue p of A.

We let V be an evaluation representation of “g(!) such that A defined by Eq. (2.14)
has a maximal eigenvalue A. Defining C = C\R < the complement of the negative real
semi-axis in the complex plane, we consider solutions ¥ : C — V of

L(x, E)¥(x) =¥ (x)+ (é +e+ p(x, E)eo) Y(x) =0. (3.6)

From WKB theory we expect the dominant asymptotic to be proportional to

L

eI PO BN g y. Therefore, we need to study the asymptotic expansion of the function
1 1

p(x, E)#7 : this is of the form p(x, E)#7 = q(x, E) + O(x~'7?%), where

v M+1
S=MME'(1+5) =D =1>0. s=| o], (3.7)
and ;
q(x. E) = xM 4+ ¢;(E)xMI=D. (3.8)

j=1
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For every j =1, ..., s, the function ¢;(E) is a monomial of degree j in E. We define
the action S(x, E) to be the integral of ¢ (x, E), and we distinguish two cases. In the
generic case % ¢ Z.., the action is defined as

S(x, E) :/xq(y,E)dy, xeC, (3.9)
0

where we chose the branch of g(x, E) satisfying ¢ ~ |x|M for x real. In the case

%;}1 € Z, we set

s x v M+1
_ . M(1=h"j) _
S(x,E) = ;/O ¢;(E)y dy +co(E)logx, 5=
We notice that if M(hY — 1) > 1 the actions S(x, E) coincides with ’ICWM—:; We are now
in the position to state the main result of this section.

Theorem 3.2. Let V be a finite dimensional representation of © gV, such that the ma-
trix representing the action of A € “gV on V is diagonalizable and has a maximal
eigenvalue A. Let W € V be the corresponding unique (up to a constant) eigenvector.
Then, there exists a unique solution V(x, E) : C — V to Eq. (3.6) with the following
asymptotic behaviour:

W(x,E) =e B g(x, E)_h(l/f +0(1)) as x — +oo.

Moreover, the same asymptotic behaviour holds in the sector | arg x| < m that is,
for any § > 0 it satisfies

W(x,E) =e 0B g(x, E)*h(w +o(l)), inthe sector |argx| < % -
(3.10)
The function ¥V (x, E) is an entire function of E.

Proof. The proof coincides with the proof of Theorem 2.4 in [33]. Indeed, the latter does
not depend on the choice of the affine Lie algebra, and holds for every finite dimensional
representation satisfying the hypotheses of the theorem. Without entering into the details,
we recall here that the proof is based on two subsequent gauge transformations that
bring the original ODE into an almost diagonal form. The first transformation is given
by L(x, E) = q(x, E)*"L(x, E), where

L—Mh

L(x,E) =0, +q(x, E)A + + 0179,

and where § was defined in (3.7). For the second, letting £ = Zie, Lih; and h =
> ies aihi, and introducing the quantity N = >, ., ({; — Ma;) f; € Lg( then we have
a transformation of the form

COUNF By =0, +q(x, E) A+ O(x~ ™M), (3.11)

where ¢ (x) = (x g(x, E))_l. Finally after the change of variable x — S(x, E), Eq.
(3.6) is eventually transformed to

dsD(S) + (A + O(S™ T ) B(S) = 0. (3.12)
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Since, by hypothesis, A is diagonalizable, then Eq. (3.12) defines a system of ODEs
in constant diagonalizable form modulo a L' remainder. Standard tools of asymptotic
analysis, see e.g. [15, Theorem 1.8.1], show the existence of a basis of solutions of the
form e~ *5*-E: (1 + o(1)), x > 0 for any eigenpair (A;, ¢;) of A. The uniqueness
of the subdominant solution W (x, E) is a direct consequence of the maximality of the
eigenvalue . The extension of the asymptotic formula to the sector | arg x| < m -6
requires some more work, for which we refer to the cited Theorem 2.4 in [33]. O

Remark 3.3. If V is an evaluation representation or a tensor product of evaluation rep-
resentations, the matrix representing A € “g!) in V is diagonalizable, because A is a
semisimple element [28].

We conclude this section recalling that for any k¥ € R such that |k| < w, the
function
Y (x, E) = 0 "W (ofx, Q°E), x e Ry (3.13)

defines, by analytic continuation, a solution Wy : C > Vg of Eq. (3.6). Using the
expansion (3.10) we obtain that on the positive real semi axis

k
Y(x, E) = eV MSEEg(e By 'y My 1 0(1)), x>0,

2mi
where y = eV was defined in (2.16).

4. The ¥-System

In this section we prove a system of quadratic relations—known as W-system—among
n = rank g fundamental solutions W) of Eq. (3.6) in certain distinguished evaluation
representations of Lg(", to be introduced below. The W-system for arbitrary classical
Lie algebras has been first conjectured in [10].

Remark 4.1. In our previous paper [33], starting from a simply-laced Lie algebra g we
considered a g(1-valued connection as well as suitable evaluation representations of
g, and we proved the validity of the W-system conjectured in [10] for the Lie algebra
g. Using that W-system, we obtained the g-Bethe Ansatz. We remark that a W-system
for arbitrary simple Lie algebras g can be obtained following precisely the same steps -
thus considering a connection with values in g‘!) rather than in £ g"). However, it is easy
to check that this W-system does not lead to the g-Bethe Ansatz equations (Q-system)
if the algebra g is non simply-laced.

We now provide a W-system valid for an arbitrary simple Lie algebra g, and reducing
to the one considered in [33] when g is simply-laced. Moreover, we prove in Sect. 6
that this W-system leads to the g-Bethe Ansatz. Let g be a simple Lie algebra and let
(g, r) be the pair associated to it through the map (2.1). Recall that L gD =g, that we
denoted by L(w;), i € I, the fundamental representations of g, and that for every iel
there exists a morphism of representations of g defined by Eq. (2.10). Foreach i € I we
consider representations V) of Lg(l) defined as evaluation representation of the form

VO = Lo, (4.1)

where the numbers k; € C will be chosen so that in the representation V) the element
A defined by Eq. (2.14) has a maximal eigenvalue. As proved in Theorem 3.2, the
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Table 3. Dynkin diagrams of simple Lie algebras of ADE type

©)
‘4
A; O—O— - —0—0 EgE O—0—0—0—0
1 2 n—1 n 1 2 3 5 6
O O
n ‘5
D O—O0— -+ —O0—0 B, O—0—0—0—0—0
1 2 n—2 n-—1 1 2 3 4 6 7

latter condition ensures the existence of a fundamental solution to the ODE (3.3) in the
evaluation representation V@

In order to find the values of the k;’s we proceed as follows. Given the set T of the
vertices of the Dynkin diagram of g numbered as in Table 3, we introduce a bipartition
[7] of the form / = Iy U I> such that 1 € I, 1 and all edges of the Dynkin diagram of g
lead from I to I». Then, we define the function p: 1 — 7Z/27 as

p(z‘)=[° e

1 i€l

It is easy to check u51n&Table 2 that we always have p(i) = p(o (i)). In addition, we
set s; = (—1)P® i e I. We then consider the morphism of g-modules (2.10), which
extends to the following morphism of evaluation representations of L g = g:

/\ V(’)i — ® V(”®B” . 4.2)

ki k+s,

Assume now that A has a maximal eigenvalue in V@) for each i € I. By Eq. (2.17) we

expect A to have maximal eigenvalue also in the representation /\ V(l) Requiring in
Si 2
addition A to have a maximal eigenvalue also in the tensor product representation

® V(j)®BlJ b, - (43)

ki—kj+si 5

jel
appearing in (4.2), provides a way to choose the values of the k;’s. Indeed, it is clear

that A has a maximal eigenvalue in a representation of the form ®; V), provided the
indices j appearing in the tensor product belong to different o -orbits. Otherwise, since

by (4.1) and Proposition 2.5 (ii) we have V (0 (/) = Vﬂ, an extra twisting appears. Due
to the above argument, and looking at the morphism (4. é) it seems reasonable to impose
the conditions k; — k; + s; 2 = 0 for any node i € I satlsfymg the property that for
every j € I such that J#Fao(j) then at least one between B;; ; and Bm( j is zero. These

are precisely those nodes i € T such that at most one node j for each orbit appears in
the tensor product representation (4.3). We are led therefore to the following definition.
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Table 4. The values of the scalars k;. The number r is the order of o

g r ki, iel

ADE 1 k= 2D

Agp—1 2 ki = 250

D41, neven 2 ki:@,lfign—l, k,,:k,,+1:%
Dps1, 1 odd 2 k=22 1<i<n—1, ky=kys1 = —14
Eg 2 k=202 4 k=1

Dy 3 ki = 22

Definition 4.2. Let o be a diagram automorphism of g. A vertex i, i € T, of the Dynkin
diagram of g is called good (with respect to o) if for every j € I such that j # o (j),
then we have B;; Bis(j) = 0.

The above condition can be recast into an equivalent condition on the incidence matrix
B of the Dynkin diagram of g: i € I is good if and only if B;; € {0, 1} forevery j € I.
Moreover, see Eq. (2.6), if i, j € I and i is good, then B;; = 1§,~ j- With the above
notion of a good vertex of a Dynkin diagram of g we define inductively the numbers ;
appearing in Eq. (4.1).

Definition 4.3. Set k; = 0. If the index i € I is good and j € I is such that B;; # 0,
we define kj =k; + %SiD,‘.

For any pair (g, r) of a simply-laced Lie algebra g and diagram automorphism o of order
r given by the correspondence (2.1), there is at most one index which is not good. Since
the Dynkin diagram is connected, the inductive procedure in Definition 4.3 uniquely
defines the values of all the k;’s. We write them explicitly in Table 3. Note that we
always have k; = k(;), and that in the case » = 1 we recover the values of the twists

obtained in [33].
The following result will be useful later.

Lemma 4.4. For every i, j € I such that B;; # 0, we have
Bij —1

1
kj—ki—ESiDiZ—Sj >

Proof. 1fi is good, thenk; = k; + %s,- D; foreveryi, j € I such that E,- j # 0. Therefore
there is nothing to prove since B;; = B;; = 1. Suppose now that i is not good. Then,
every j € I\{i}is good and we have k; = k; + %sj D;j if B;; # 0. Therefore, we get

1 1 1 1
kj —ki - ESiDi = _ESij - §SiDi = _Esj (Dj - Di) s
where in the last identity we used the fact that s; = —s; if B; j # 0. From the definition

of the matrix B, it follows that if i is not good and B;; # O, then B;; = (j). This
concludes the proof. 0O

Using Lemma 4.4, for every i € [ we define a morphism m; of representations
constructed using wedge products as well as tensor products of the V) (or their twists),
with j € I. This is nothing than the morphism (4.2), for i € I, and with the choice of
the k;’s as in Table 3.
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Proposition 4.5. For every i € I, there exists a unique morphism of representations of
LgD =" given by

2 Bij—1
mi: AV — Q@ QQ V. el (4.4)
2 .
jel ¢=0 r

®B[ j . . .
and such that m; (fivi Av;) = ®jer v; ! andKerm; = U. Here, v; is a highest weight
vector of the fundamental representation L(w;) of g, and U is the subrepresentation

defined in the direct sum decomposition (2.9).

Remark 4.6. Since v; is a highest weight vector of the fundamental representation L (w;)
of g, then by (2.12) we have that fjv; = f;jv; forevery i € I and f; the corresponding
Chevalley generator of g.

Proof. Recall by Eq. (4.1) that V) = L(w;)y; and that we are assuming k; as in
Definition 4.3. We consider the morphism m; given by (4.2). Due to Eq. (2.6), the
following isomorphisms of = g(!)-representations hold:

Bij—1
(j)®BIJ ~
RV, =@ @) L)y “s)
jei jel =0

Furthermore, by Proposition 2.5 (ii), we get the following isomorphism of representa-
tions of Lg(D:

Bij—1 Bij—1
X ® L(Wol(j)y 0y, 2 =X ® k " +v,———‘. (4.6)
jel ¢=0 jel =0 "

Hence, combining Eqgs. (4.5) and (4.6), using Lemma 4.4 and permuting the terms in
the tensor product in the right hand side of (4.6), we get the following isomorphism of
representations:

B,j—l
. 17 )®Bi ~ ) '
5i-® kjk+ij ®®VBJ—12151 iel
jel l jel =0
It can be easily checked that
®B ®B;;
& @} = ®jer vy @7)

In addition, since s; = =£1 and using the isomorphism of representations given by Eq.
(2.13) with k = k; — 2, we get the isomorphism

2 2
gi:/\vsf’g;/\vgj, iel
12 2

Then, for every i € I, the homomorphism in (4.4) is defined as m; = & om; o g‘l._l,
where m; is as in Eq. (4.2). Note that ;i_l(fivi AV;) = fivi A v;. Hence, by Eq. (4.7)

re ®B;j . ..
we get m; (fivi Av;) = ®jg[Uj !, This proves the Proposition. O
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With the choice of the numbers k; as in Table 3, the element A has a maximal eigenvalue
in the representations V®, i e I, defined by Eq. (4.1). More precisely, we can prove
the following result.

Theorem 4.7. Let g be a simple Lie algebra and let V) = L(wi);,i € 1, with the k;’s
as in Table 3, be representations of “g(V. Then, we can always normalize A in such a
way that the following facts hold true.

() In any representation VO i € I, the element A has a maximal eigenvalue 1)
and, in particular, \V) = 1. We denote by ) the corresponding unique (up to a
constant factor) eigenvector.

(il) The following linear relations among the eigenvalues ), i € I, hold

i = (V’% +y7 ) 20 = Z( Z y )W) (4.8)
jel =

Bij—

(iil) For everyi € I, in the representation ) : jel X V,(;l{/_),l,z[ , A has the maximal

2r
eigenvalue |1; and the corresponding eigenvector is

Bij—1

Vs = Q) & Vi e

jel (=0

(iv) In the representation /\2 V(il_), we have that u; is a maximal eigenvalue for A and
a

the corresponding eigenvector is

(v) We can normalize the eigenvector ¥ ©) in such a way that the following (algebraic)
W-system holds

mi (R (wi)%) “)) 0% ® wS,J),l o i€l 4.9)

jel =0

If g is simply-laced, then Zg(! is an untwisted affine Kac-Moody algebra and A defined
by (2.14) can be characterized as an eigenvector of a Killing—Coxeter transformation.
The proof of Theorem 4.7 in the simply-laced case was obtained in [33] using this fact
and a related result by Kostant [30]. For g non simply-laced, “g(!) is a twisted affine
Kac—Moody algebra and some of the properties of the element A used in the proof in the
simply-laced case fail to hold. In particular, A is not the eigenvector of a Killing—Coxeter
transformation (nor of a twisted Killing—Coxeter transformation), and the study of its
spectrum in the fundamental representations V@ of £ g(1 requires a different approach.
We prove Theorem 4.7 for a non simply-laced Lie algebra g—by a direct case by case
inspection—in Sect. 5.

By Theorem 4.7 (i), for any representation V@, i e I, there exists a maximal
eigenvalue A) and a maximal eigenvector ). It follows from Theorem 3.2 that there
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exists a fundamental solution W@ (x, E) : C — V@ with the following asymptotic
behavior

WO (x, E) = e *"SEE) (4@ 4 (1)), in the sector | arg x| < ﬁ (4.10)

We are now in the position to establish the W-system.

Theorem 4.8. Let g be a simple Lie algebra and let the solutions WV (x, E) : C— v,
i € I, have the asymptotic behaviour (4.10). Then, the following identity, known as V-
system, holds for everyi € I:

m; (R( v, (x. E)) A\D(l)(x E)) (1% ® \p5,!>_1 L (x, E). 4.11)

jel ¢=0

Here, the morphism m; is defined by Eq. (4.4) and the isomorphism R; is defined by Eq.
(2.13).

Proof. Due to Theorem 4.7 (iii) and Theorem 3.2, the unique subdominant solution to
Eg. (3.6) in the representation ), ®ij0— ! Véfj)_ 12¢ 18

2r

Bij—1

_ @ _ 1
R \If%”_. 2 (6 E) = e S0 B0 Y (yd o), x>0,

jel (=0

© B,,-—l Bjj—1-2¢
where ' =3 | 202 "

4.7 (iv) we have that

) A Moreover, by Eq. (3.13), and Theorem

Ri (lIJ(l)Dl (X, E)) A \Ijgl) (X, E) = g_u(i)S(x,E)q(x’ E)—h ( (w(l) ) A 1p.(l) +0(1)) ,
- 2

for x > 0. The proof follows by Theorem 4.7 (i) and (v) and the uniqueness of the
subdominant solution. O

Example 4.9. For a simply-laced Lie algebra g Eq. (4.11) becomes i = 1,...,n =
rank g)

mi (‘-IJ(_i),(x, E) AW (x, E)) =X u (x, E)®, (4.12)
: : jel
where I = {1,...,n}and B = (B; J) P =1 is the incidence matrix of the Dynkin diagram

of g (see Proposition 2.1). This W-system coincides with the one obtained in [33].

Example 4.10. For g of type B,,, n > 3, Eq. (4.11) becomes

m; (\11(_")1 /\\yﬁ”) =wiDeuith i1 a1,
2

2

- (Rn (W??) A \Vﬁ")) =w" N eut
7 7 7 7

where we set WO = 1.

(4.13)
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Example 4.11. For g of type C,,, n > 2, Eq. (4.11) becomes

m; (Ri (\p(”l) A \11(1"’) D Quih = . a2,
7

P

M1 (Rnl (xp(_"l‘)) A \yﬁ’”)) v Qu @u™), (4.14)
7 7 7 7
m, (qj(n? A ‘I’(ln)) = yh=D,
) 2

where we set W@ = 1.

Example 4.12. For g of type Fu, Eq. (4.11) becomes

m; (‘If(_i’l A ‘I’(f)) — i@l =12,

2 2

m3 (R3 (\y(_?) A \1153)) —vP v @u®, (4.15)
7 g

7

my (R4 (\I-’4)1) A \11(14)) =y®,
7 i

where we set WO = 1.

-

Example 4.13. For g of type G2, Eq. (4.11) becomes
mi (\11“3 A \IJE“) =v®,
-2 2

ma (Rz (\I/(z}) A xy?)) vV guh gyl
1 i ! O

6 6

(4.16)

For every simple Lie algebra, the W-system provided in the examples above coin-
cides with the one conjectured in [10] (for the highest weight component of the vectors
W@ (x, E)). In this direction some partial results were already obtained by [39] in the
case of classical Lie algebras.

Remark 4.14. The authors of the paper ODE/IM correspondence and Bethe Ansatz equa-
tions for affine Toda field equations, Nucl. Phys. B. 896 (2015), whose arXiv version
appeared after [33], claim to have obtained the W-system for an arbitrary simple Lie alge-
bra. However, that paper contains no derivation of the W-system, for instance, the repre-
sentations V& are not even defined. In addition, except that in the case A,(Q]) (which was
already known, [10,33]) the W-system proposed is not correct. We point out some major
inconsistencies in the proposed W-system. First the authors claim that there is an embed-
ding ¢ (that should correspond to our morphism 77;) of A? L(w;) into Qi L(w;j)®Bi.
Such embedding does not need to exist. In fact, for example in the case D,,, n > 5, the
dimension of /\2 L(wy) is larger than the dimension of L(w,—>). Second, the alleged
W-system is written using expressions of the kind ¢ (\W_ LA W), which are meaningless
as W_ 1 and W; belong to distinct representations and thus the action of the algebra on
their wedge product is not defined. Third, the asymptotic behavior of the W function,
equation (2.22) or (A.3) of the above mentioned paper, is valid only if M(hY — 1) > 1
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or E = 0, in which case it coincides with the asymptotic behaviour already proved
(in general) in [33] (see also Theorem 3.2 above). We finally note that the important
relations among maximal eigenvalues of A in different representations, equation (3.8)
of the above mentioned paper, was verified there “for many cases”. However, a complete
proof of these identities was already available [33, Proposition 3.4 (a)].

5. Proof of Theorem 4.7

We first state some preliminary results, that will be used in the proof of Theorem 4.7.
The following result is well-known.

Lemma 5.1. Let A be an endomorphism of avector space V with eigenvalues A1, A2, . .. Ay.
Let us assume that

Rel; > ReAy > --->ReAr > ReAgy1 = Rerpp > --- > Rea,.

Then,

is a maximal eigenvalue for the action of A on /\k V, provided that i € R.

Lemma 5.2. Let V = C" be the standard representation of sl,,. Foreveryi =1, ..., n—
1, there exists an embedding (that is, an injective morphism) of representations

2 i i—1 i+1
/\(/\v)q(/\v)qg(/\v), (5.1)
where N°V = \" V = C is the trivial one-dimensional module.

Proof. Recall the standard decomposition
i i i 2 i
(Av)e(AV)=sm(Av)e A(AV)
By a special case of [23, Exercise 15.30] there is a natural homomorphism of represen-
tations

o (AV)e(AY) = (AV) e (A)
explicitly given by

WA AV ® (W1 A Awj)
i
|—>Z(—l)"(vl/\~-~/\ﬁk/\-~-Avi)®(vk/\w1/\-~-/\w,-),
k=1

and the kernel of ¢; is the highest weight representation with highest weight 2 w;, where
w; the i-th fundamental weight. Since 2 w; is a highest weight vector of Symz( /\i V) ,

it follows that Ker ¢; C Symz( /\i V) and this implies the existence of the embedding
.. O
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Lemma 5.3. Let g be a simple Lie algebra and let V be an irreducible finite dimensional
representation. Let {uy, ..., un} be a basis of V consisting of weight vectors such that
u1 is the highest weight vector, and we denote by ht(i) the height of the weight vector
uj, fori =1,...,N.

Let y () = ZIN=1 ciu; € Vand w,gl) =y "y k e C. Foreveryl e Cand M < N
define

UM =AY A A A € /\ v,
and write
1//1(M) = Z iy, iy Wiy N ANy,
I<ij<--<iy<N
IfF - {1,...,M} — {1,..., N}isastrictly increasing function, then o g (1), .. F(M) =

0 only if at least one of the two following conditions hold:

(@) crGy =0 forsomei =1,...,M;
(b) ht(F(i)) = ht(F(j)) mod 1" for some i # j.

Proof. Since u1 is a highest weight vector we have that hu; = au, for some o € C.

For every i € I, we have the commutation relation [, f;] = — f; (see (2.15)), thus
we get huj = (a —ht(j))u;, forevery j =1, ..., N. Hence, y_khuj = yk(ht(j)_"‘)uj,
from which follows that

N
1 _ .
Il/l( ) =y al Zciyht(z)lui

By elementary linear algebra we get

i=1

Using the Vandermonde determinant formula the right hand side above becomes

M M
—q MOIZD ht(F (i) —a) (1 ht(F (i ht(F(j
y e (l Icfw)(HV( (F (i) —a)( ))H(V WE®) _ o FG)),
i=1 i=1 i

i<j

This term vanishes when one of the conditions (a) or (b) is satisfied thus concluding the
proof. 0O

5.1. Proof of Theorem 4.7 for g of type By, n > 3.. The dual Coxeter number of gV is

hY =2n —1thus wesety = e%. Recall that in this case L gV is of type Agl)fl. The
simple Lie algebra of type A>,—1, n > 1, can be realized as the algebra of (2n) x (2n)
traceless matrices

§ = sh, = {A € Maty,,(C) | Tr A = 0},

where the Lie bracket is the usual commutator of matrices.
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Let us consider the following Chevalley generators of g (i € I= {1,...,2n —1}):
fi=Eii. hi=Eij — Eiprints & = Eijal,

where E;; denotes the elementary matrix with 1 in position (i, j) and 0 elsewhere.

It is well-known that the representation L (w;) is given by the natural action of g on
L(wy) = Cc?,

Moreover, we have that

L) = \ L), i€l (5.2)

We denote by uj, j =1, ..., 2n, the standard basis of C2", and we have that

Vi=up AupAN---ANup, i€I,

is a highest weight vector of the representation L (w;).
Using the numbers k;’s for g given by Table 3, one gets

i
v = /\L(wl)%, iel. (5.3)

By Lemma 5.2 and looking at the values of the D;’s as in Table 2, we have the

following morphisms of representations of Agl)_l

2
AV s vy = -1,
2

) (5.4)

AV = viVevih,
4 1 g

In the last formula we used the relation L(w,4+1)x = L(w,—1) kel which was proved in
Proposition 2.5 (ii). A set of Chevalley generators for Aéi)_ | can be obtained as follows
@G=1,....,n—1)

1 -~ -~
ey = E(Eanl,l + Eoy 0)t, ej = e +exy—i, en = ey,
ho = Ezn—120-1+ E20n hi = hi +hon_i, hy = hy,
—E11—Ez» +2c¢,
fo =2(E1on—1 + Ez o)t ™, fi = fi + fani, =
Recall that A = eg +e1 +--- +e,. We set
2n—1
w(l) =2 Z uj+uy € v, (5.5)
j=1

Then, it is easy to check that Ay = ¢,

By Eq. (2.16), for every j = 0, ...,2n — 2, we have that y /"¢ e V(D js an
eigenvector with eigenvalue y/. Since the element A is semi-simple, a simple dimen-
sionality argument shows that 0 is an eigenvalue of multiplicity one. Hence, for the
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representation V), (D = 1 is a maximal eigenvalue with corresponding eigenvector
w(l). Furthermore, by Lemma 5.1, and due to (5.3), it follows that for every i € I,

A0 — y 7 Zyj — (5.6)

is a maximal eigenvalue of A in the representation V). This proves part (i). Note that,
in this particular case, Eq. (4.8) become

(2 a@ =20 @D o o1, AW =2 0h (57

where we set 20 = 0. Using (5.6), one checks directly that Eq. (5.7) are satisfied, thus
proving part (ii).
We prove part (iii) and part (iv) in the case i # n ﬁrst

Bii—1
In this case the representation ®J€I X0 VB 1 is simply V0~ @ v@+h,

2
and by part (i), it has the maximal eigenvalue AY~1 + A0+ with eigenvector w(')
=D @ ¢ @*+D This proves part (iii).
Part (iv) follows from part (iii). Indeed, using the embeddings (5.4) we can prove that
AG=D 4 .0+D gither is the maximal eigenvalue of > V(’) or it is not an eigenvalue of

the latter representation. Clearly, y’fhw(l) A yfhl/f(’) belongs to /\2 Vl(i) and it is an
2

eigenvector with eigenvalue (y =2 + 1 2)A@ which is equal to A'~! + A1 by (5.7).
Let us prove now parts (iii) and (iv) for i = n. Using the same argument as in the
case i # n, part (iv) follows directly from part (iii), which we prove here. Clearly

yiiht/f(”’l) belongs to Vi"l_l) and it is an eigenvector with eigenvalue yiik(”’l). To
7

conclude the proof it is sufficient to show that 71"~ is the unique eigenvalue with
maximal real part of Vinf]).
We prove this by contradiction. Suppose that there is another eigenvector ¢+ (not

1
proportional to yi%hw(”_l)) with eigenvalue x+ such that Rex: > ReyTap—1D,
Note that |x+| < [A®~ D] since |2~ D| maximize the modulus of the eigenvalues of

Vk(n_l) for any k € R. Therefore Re yi%xi > Re yi%)\(”_l). Since yi%h(pi belongs

to Vl("_l), it follows that (y% + y’%)k("’l) is not the (unique) maximal eigenvalue of
2
/\2 Vl(n_l). This contradicts part (iv) for i # n.
2

Finally, we prove part v). Recall by part (i) that for any eigenvalue A of A in v,
we have |A| < A(’),.and using Eq. (2.15) it can be easily checked that the eigenvector
corresponding to 1) is given by

pO =yl vl A ay Ayl e v

Moreover, noticing that ht(j) = j — 1,for j = 1,...,2n, (infact uj41 = fju;), we
can use Lemma 5.3, with F(j) = j, for 1 < j <, and the explicit expression for w(l)
given in Eq. (5.5) to get

v = civi +y;, (5.8)
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where ¢; # 0 and y; is a combination of lower weight vectors.
By the decomposition (5.8), we have that the vector

has a non-trivial component in the highest weight subrepresentation generated by the
. . Bij . . .
highest weight vector ® jejv ; /. By part (iii), the corresponding eigenvalue has multi-

plicity one and therefore 1//(%) belongs to this highest weight subrepresentation, which
coincides with the image of the morphism m;. By part (i), we have that R; (w (i)Dl_ ) AY 5;}
-2 2

is an eigenvector of A with the same eigenvalue as wg). Since this eigenvalue is unique
by part (iv), we have that

mi (Ri (I/f(")Dl.) A wg;) Bl iel
2 2

for some non-zero ;. We can always normalize all the )’s in order to obtain 8; = 1
foralli € I.

5.2. Proof of Theorem 4.7 for g of type C,, n > 2. The dual Coxeter number of g(!)

ishY = n+ 1 thus we set y = e#i . Recall that in this case we have Lgh — D(2)
Let n € Z, and consider the involution on the set {1, ..., 2n + 2} defined by i — i’

2n+3 —i. Given a matrix A = (A;; )2n+21 € Mat2n+2(C) we define its anti-transpose
(the transpose with respect to the antldlagonal) by

2n
AY = (AM , where A® = A,
ij ij=1 ij Ji

Let us set

n+l1

§=> (=D (En + Ep) .
k=1

Following [14], the simple Lie algebra of type D, can be realized as the algebra
§ = 02us2 = {A € Matg,42(C) | AS + SA™ = 0},

where the Lie bracket is the usual commutator of matrices.
For 1 <i, j <2n+2, we define

Fij = Eij+ (D™ Ejir, Gij = Eij+ (=)™ Ejny,
and we consider the following Chevalley generators of g:
fi = Fin, hi = Fii — Fis1,i1, e = Fii, i=1....n,

~ ~ - 1
el = 2G(n+l)’,m hpt1 = Fon+ Fosinel, ens1 = EGn,(n+l)’-
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It is well-known that the representation L(w;) is given by the natural action of g on
L(w)) = (C2n+2_
Moreover we have that

i
Lw)= L@, i=1....n—1,

while L(w,) and L(w,+|) are the so-called half-spin representations of g. For conve-
nience we introduce the irreducible but not fundamental representation A" L(wi) =
L(wy, + wp41)- Since the algebra D,y is a subalgebra of sl,12, by Lemma 5.2 we have
the embeddings

2

/\L(a)i)% Li—1) ® L(wit1), i=1,....,n—2, (5.9)
2 n

N\ L@n1) = Li@p2) @ \ Lo, (5.10)

where L(wp) = C. Moreover, we have the following decompositions (see [23] and [33,
Appendix A.2])

L@»@meoz(Ame)@Lw%ﬁ@wau@”” (5.11)
2 2
A L@) = N\ L) Z Ln-1) ® Ly—s) © Ly—) & ... (5.12)

Wedenoteby u;, j =1, ..., 2n+2, the standard basis of C2+2 and by v; the highest
weight vector of the representation L (w;). It is well-known that the highest weight vector
of the fundamental representation L(w;), fori =1,...,n —1,1s

Vi =uUy Nup N---ANUj, .

Moreover U, = u1 A up A --- A uy is the highest weight vector of A" L(wy).
?2)

A set of Chevalley generators for D, is obtained as follows (i = 1,...,n — 1):
ey = %(an,l —2Gns2,1)1, ei =éej, en = en +ensl,
ho = —2Fy1 +2c, hi = h;, By = hy + hps1,
fo=€'QF1n1 — Gt ™" fi=Fi. fo = Fa+ fast,

where ¢, = 1l if nis even and ¢, = </—1 if n is odd.

Remark 5.4. Notice that if n is odd then eq is not real in V1), even though the spec-

trum is invariant under complex conjugation. The appearance of a non-real matrix A is

unavoidable: in fact, as shown below, we have V™ = L(w,) 1, and A cannot have a
7

real maximal eigenvalue in this representation if e is a real matrix in the representation
L(w1)o.
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Using the numbers k;’s for g given by Table 3, we have that

i
V(">=/\L(w1)%-, i=1,...,n—1,

where ¢;= 1 if i is even and ¢; = 0 if i is odd. We also define U™ = A" L(wi)e,.
Moreover, we have that

VW = L(wy)g, and V™Y = L(wa41)a,.

where d,, = % if n is even and d,, = —% if n is odd. In particular, v = €22 The
matrix R; that realizes the isomorphism Ry : V() — Vl(l) given in (2.13) is
2

n

1
Ry = Z (Exk + Exvw) + EEn+l,n+2 +2Ep42,n+1- (5.13)
k=1

Recallthat A = eg+ej +---+ey.

Let us set
n

PO =3 (it up) +

k=1

Then, it is easy to check that Ay = ¢,
By Eq. (2.16), it follows that 1,0/(.1) e VU is an eigenvector with eigenvalue y/, for

1
Upt1 + (1 — €)un2. (5.14)

every j =0, ..., n.Similarly Rl(xpgzj) e VU is an eigenvector with eigenvalue y/ 2

forevery j =0,...,n.

Hence, for the representation V (I, the eigenvalue A"’ = 1 is a maximal eigenvalue
with corresponding eigenvector v (1)

Furthermore, by Lemma 5.1, it follows that

s T
Mn=y4%§:y%=fiﬁﬂﬁ, (5.15)
4 sin ( )
j=0 2n+2
is a maximal eigenvalue of A in the representation v®, for everyi =1,...,n—1,and

the corresponding eigenvector is easily checked to be

1 1 1 1
VO = L nglianngl ngil e VO,
where
o — ", k=01mod1,
k Riw") k=13 mod 1.

The same formulas for i = n yield the maximal eigenvalue 2™ and the corresponding
eigenvector zp(") of U™ Since ht(j) = j — 1, for j = 1, ..., n (in fact wjr1 = fiuj
for j <n — 1), we can use Lemma 5.3, with F(j) = jJ, for 1 5 Jj <, and the explicit
expression for ¢ (1) given by (5.14) and for Ry given by (5.13) to get

v =i+, i=1,...,n—1, (5.16)
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where x; # 0 and y; is a combination of lower weight vectors. Similarly 1//;(”) =
KUy + Y, With i, # 0.

We note that the spectrum of A in the representations /\i L(w);,fori =1,...,n—1,
coincides with the spectrum of the element A of the Kac—-Moody algebra Agln)ﬂ in the
representations /\' L(w1) ,._, - This spectrum is well-known and was also analyzed in
our previous paper [33]. .

Thus,ifi =1,...,n—1,forany0 < o < %, the representation A’ L(w1) 1+(Zl)i o
h . . . . o, (i) () — Sin(ziﬁ)

as a unique eigenvalue with maximal real part, namely y*u'"’, where u'*) = )
2n+2
Furthermore, the ;u()’s satisfy the relation
(5 +y7p® = D 00, (5.17)

While for o = 4—11, the representation /\i L(wy) 1+(4_1),- i has two eigenvalues with

maximal real part, namely y %@,

Let us now prove part (i) of Theorem 4.7 for i = n.

(n+1) ~

Due to the decomposition (5.11) and the fact that V, V™ (using the morphism
2

R;+1), we have that

vf”£+a ® v}f’?a ~yMevirle. ... (5.18)

For0 <o < 4—1‘ the representation given in Eq. (5.18) has one eigenvalue with real

sin( YIS, )

sin(z02)
Therefore, it follows that in the representation Vj([",)m the element A has one maximal
i
eigenvalue of the form y“yi%, with yity 1= w'.
("1) ® Vl(") the element A has two complex
F+a Fta
conjugates eigenvalues with maximal real part, namely y** 1. Since the spectra of

A in the representations V) and Vl(”) are invariant under complex conjugation,” we

2
can conclude that in one of the two representations V™ and Vl("), A has a maximal

maximal part %", where ) =

Ifa= %, then in the representationV’

eigenvalue, while in the other representation, it has two complex C(Z)njugated eigenvalues
with maximal real part.

Therefore we can find a suitable normalization of A such that it has a maximal
eigenvalue in the representation V™.

In fact, if A does not have a maximal eigenvalue in the representation V| then
it acquires it after sending €, — —¢, in the choice of Chevalley generators for Dr(i)l.
However, this change in the choice of the Chevalley generators does not alter the spectrum

of A in the representations V(i), fori=1,...,n—1.

2 The matrix A is in fact real in the spin representations with our choice of €, ky, k1.
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1 ) . o
Hence, we have that y ;¥4 = A" is a real positive number and 17V = —&£——.
i -

ya+y 4
Using the identities (5.17) together with £ = 1 *? we arrive at the identity

w_ Y
AW = — - (5.19)
yit+y 2
Note that, in this particular case, Eq. (4.8) reads
(i +y 9D =200 126D o g2,
(=5 +y)0=D Z 3072 4 (=5 450 (5.20)

(72 4y HA® = 207D,

where we set A9 = 0.

Using Egs. (5.15) and (5.19) one can check directly that (5.20) is satisfied thus proving
part (ii).

Part (iii) and (iv) in the case i < n — 2 can be proved in the same way as done for
the analogue statement for the Lie algebra B, in the case i # n.

The details of the proof are therefore omitted.

Let us conclude the proof of part (iii). For i = n — 1 it follows from the fact that

V(”l) ® Vl(") has a maximal eigenvalue as it was proved in the proof of part (i).
1 1

For the case i = n we need to show that V"1 has a maximal eigenvalue which
also has already been proved in part (i).
Now we can conclude the proof of part iv). For i = n — 1 it follows by noticing that

A VIV isembedded in V=2 @ U™, cf. (5.10). Similarly, for i = n, it follows from
1
the decomposition /\ Vl(”_l) =ye-Dgye=S g cf (512).

We are then left to sﬁow part v).

The proof is analogous to the one for the B, case. Using the embeddings (5.9)
and the decompositions (5.11, 5.12), it is sufficient to show that the vector %(gl,) €
X jel ®f;0_ ! Vz(efj)quz has a non-trivial component lying in the highest weight subrep-

2
resentation generated by the highest weight vector (X) jel ®f;jo_ ' vj.

In turn, this follows from the fact that ¥ @ has a non-trivial component in the highest
weight vector of V). For i # n, this follows from the decomposition (5.16).

The case i = n is proved using the decomposition (5.18) for « = 0 as follows: Note
that, from (5.16), it follows that the vector w(”) € U™ has a non-trivial component
in the highest weight vector v, = u| A --- A u, which is the image of v, ® v, under
the decomposition (5.18). We have seen in the proof of part (i) that w(") is identified
under the decomposition (5.18) with the vector %) ® ¥, Hence ¥ must have a

1 7 1
non-trivial component in the highest weight vector v, and, since A acts diagonally, y "
has a non-trivial component in the vector vj,.

5.3. Proof of Theorem 4.7 for g of type G». The dual Coxeter number of gWishY =4
thus we set y = ¢ . Recall that in this case we have Lg = Df).
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Using the same notation of Sect. 5.2 with n = 3, the Chevalley generators of g = Dy
are:

fi = Fivi, hi = Fij — Fiqt,is1, e = Fi i1, i=1,2,3,
1

fa =2Gs;, hy = F33 + Fua, ey = §G35~

It is well-known that the representation L(w;) is given by the natural action of g on
L(w;) = C8.
Moreover we have that

2
L) = /\ L), L(w3) = L@)®. L(ws) = L),

where o is the Dynkin diagram automorphism of D4 defined in Table 2. A set of Chevalley
generators of D ‘(13) is:

x x -~ - ~
80ZIC(6_13F41+2G62+2813G51)t, e] =e1t+e3+ey, ey = ey,

ho = —=2F11 — Fx — F33 + 3c, hy =hi+h3+hs, hy=ho,
1( . | 1 .« ~ L _
f0=;(€l3Fl4+§G26+§€ ’3G15)t Lo A=h+f+h, Hh=hH

with k = ——. Using the definitions of the k;’s in Table 3 we have

3423

v = L(wy)y, V® = L()y.

The characteristic polynomial of the matrix A in the representation V(1 is p;(x) =
(x4 — 43+ 7) (x* — 1). Therefore the matrix A has maximal eigenvalue 1! = 1.

The vector () can be explicitly computed and its components in the standard basis
of C¥ are all non-zero. Hence, the proof of Theorem 4.7 in this case follows the same
lines as for the case of the non simply-laced Lie algebra of type C, in Sect. 5.2. We omit
the details. However we plot in Fig. 1 the spectrum of A in V(1 and V®. Remarkably,
even though the spectrum in V) has a Z/47 invariance, the spectrum of V® has a
Z/127 invariance, as predicted by the theory. This reflects in the special form of the
characteristic polynomial p;(x) of A in V(D).

5.4. Proof of Theorem 4.7 for g of type Fy. Recall that in this case we have Lg() = E&).

In order to study the algebra E (()2) we use the realization of E¢ proposed in [26] by
27 x 27 matrices, coinciding with the representation L(wp).

It is well-known from representation theory [23], that the representation L(wg) is
the dual representation of L(w1). Moreover, we have the following isomorphisms of
representations of the Lie algebra E¢:

2 3 3 2
L) = \ L), L@3) =\ L) = )\ Lws). L(ws)= )\ L(we).
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Fig. 1. The spectrum of A for the algebra D, in the representations v and v@

Finally, L (w4) is the adjoint representation and using standard tools in representation
theory we compute

2
N\ L@s) = L(3) & L(ws). (5.21)

Using the numbers k;, i = 1, ..., 6, for the Lie algebra Eg given by Table 3, we have

VD =L, V@ =L@);. VO = Lws), <
VE = La). VO = Lws),. VO = L(ws). 422
Following [28] we can compute a set of Chevalley generators of the Kac—Moody
algebra E éz) and then the characteristic polynomial of A in the representations listed in
(5.22).
The characteristic polynomials pj(x) and p4(x) of A in the representations v and
V@ are

p1(x) = —x? +168x'8 + 636x° + 8
and
pa(x) = (x7* — 2709288x>* — 7822776528x° + 250804880064x ' — 3673320192)x°.

Note that all the characteristic polynomials of A in the remaining representations in
(5.22) can be computed from pq(x).

Therefore the eigenvalues in all the representations in (5.22) can be computed finding
the roots of a third and fourth order polynomial.

We let the reader verify that in any representation V@ listed in (5.22) there exists a
maximal eigenvalue A®), and that the A()°s satisfy the relations (4.8). Moreover, in the
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weight vectors basis proposed in [26], the coefficients of the eigenvector (1) are all
strictly positive. Using these facts and the decomposition (5.21), the proof of Theorem
4.7 follows using the same method outlined for the cases of the non simply-laced Lie
algebras B,, and C,, in Sects. 5.1 and 5.2 respectively. We omit the details.

6. The Q-System (g-Bethe Ansatz)

Following the construction in the simply-laced case [33], in order to obtain the Q-system
(Bethe Ansatz) for the algebra g we consider the monodromy around the Fuchsian
singularity x = 0 of solutions to the linear differential equation (3.3) obtained applying
the connection (3.1) to an evaluation representation of ©g(1). More precisely, for i € I
we define a function Q) (E) as the coefficient of the most singular part in the expansion
around x = 0 of the fundamental solution W) in the representation V ). In the case Al ),
the function Q1 thus obtained corresponds to the spectral determinant of a Schrodinger
operator. Quite naturally, the functions Q). i € I, will be called below generalized
spectral determinants.

We restrict in this section to the case when Mh" € Z,. From the general theory of
Fuchsian singularities of linear ODEs, the singular behaviour at x = 0 depends on the
spectrum of the element £ € b. Therefore, we consider a dominant weight w € P* of g,
the related highest weight representation L(w), and the set P,, C P of weights appearing
in the weight space decomposition of L(w). Then, we describe some properties of the
spectrum of the element £ € o C h when acting on L(w). The eigenvalues of £ are of
the form A(¢) with A € P, a weight of L(w), and a generic choice of £ € hg leads to
non resonant eigenvalues, namely A(€) — A/ (£) ¢ Z if & # A'. We require £ to be generic
in the above sense as well as regular with respect to the set of roots R of g, namely to
induce a decomposition of the form R = sz U R, , where

RZ ={x € R|Rea(f) >0}, R, ={a € R|Rea(l) <0).

Associated to such a £ € 50 there are a Weyl chamber 20, an element w, of the Weyl
group of g, which maps the fundamental Weyl chamber relative to A C R into 20;, and
a set of simple roots Ay = {we(e;) | € A, i € I}.

Remark 6.1. For any £ € b the outer automorphism o acts on the Weyl group of g by
conjugation: Wy (¢) = owgo L. Since by definition £ € b is fixed by o, it follows that
the element wy obtained above from a generic £ € o commutes with o, and therefore it
belongs to the Weyl group of gp. Indeed, the latter can be characterized as the subgroup
of elements of the Weyl group of g commuting with o.

In [33] we proved the following result

Proposition 6.2. Let £ € EO be a generic element, and let wy be the associated element
of the Weyl group. Then the weight wy(w) € P,, w € P*, has multiplicity one in
L(w) and Rewy(A)(£) > ReA(£) for any weight . € P,, A # we(w). In the case
of a fundamental weight o = w;, i € I, of §, the weight wy(w; — ;) € Py, has
multiplicity one and Re wy(w;)(£) > Re wy(w; — o;)(£) > Re A (L), for any A € P,
A #F we(w;), we(w; — o).
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Let now X(i), (p(i) € L(w;) be weight vectors corresponding to the weights w (w;) and
we(w; — ;) respectively. Then, the elements

Bij—1

2
xO AV e \ L), ®jer 0, xV e R L))

are weight vectors with the same weight n; = > jel B jwj € PT. We normalize x @,
@@ i e I,in such a way that they are identified through the morphism (4.4):

mi(xD A ) =@jer ®, xY. 6.1)
As a consequence of the above results, and since Mh" € Z,, from the general theory of

Fuchsian singularities of linear ODEs it follows that for any evaluation representation

Vk(i), i € I and k € C, there exist normalized solutions Xk’)(x E) and go(l)(x, E) to
Eq. (3.3), which are eigenvectors of the monodromy matrix and have the most singular
behavior at x = 0, with asymptotic expansion:

1 E) = a7 O (D 1 0y,
o (6, E) = 70 @O 40 4 0 ().
In addition, x, )(x E) and <p,£’)(x E) are entire functions of E. Due to (3.4), and as a
result of a comparison of the asymptotic behaviors we obtain
0 M (@ x, @ E) = 07RO

—kh (D) k k —kwg(w;—a;)(E+h) (i) 6.2)

w (pk/ ((,() va E)Z(,() e ! (p (.X,E)k+k/,
for every k, k' € C. Since for generic £ € by, the eigenvalues —wy(w;)(£), and
—wg(w; — a;)(£) are non-resonant, we can uniquely define two functions Q(’)(E £)
and QW) (E; ¢) as the coefficients of the following expansion in the invariant subspaces
of the monodromy matrix,

O, E, 0) = QE; 0)xD(x, E) + QV(E; 09V (x, E) + v (x, E),  (6.3)

where, v (x, E ) belongs to an invariant subspace of lower weights vectors. We call
Q(’)(E £) and Q(’)(E £) the generalized spectral determinants of the Eq. (3.1). The
W-system (4.11) implies the following non-trivial functional relations among the gen-
eralized spectral determinants.

Proposition 6.3. Let £ € ho be generic. Then, the spectral determinants QW(E; £) and
QY (E; ¢) are entire functions of E and satisfy the following 00- -system:

Bij—1
H H Q(j)(

jel =0

— 0 7 QV(QF E)OV(Q T E)

6.4)

_a)_

where 0; = wy(a;) (£ + h).
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Proof. Let £ be generic, so that the solutions x ) and ¢'") as defined above exist. Since
Eq. (3.3) depends linearly on E, then we have that the functions ¥, x ) and (p(’) are
entire with respect to the parameter E, from which it follows that also Q% and Q@ are
entire functions of E. In order to get the O Q system, we note that the expansion (6.3)
implies the following one:

w—kHw(i)(wkx’ QkE)
= 0 E)o M y D (wkx, @E) + 0P(QFE)w M oD (o x, QFE)

v (x, E)

= 0@ E)o ™ " (x, ) + 0V (@ E)o i (x E) + -+ |
where y; = we(w;)(£+h), §; = we(w; —a;)(€+h) and the remaining unspecified terms

are of lower weight. Substituting the above expansion into the W-system (4.11), we thus
obtain:

m; ( (Q(’)(SZ Y Eyo 2t x(’) (x, E))AQ(’)(QZE)w = ¢%)(x,E))

+m; ( (Q<’>(sz P Do 2o (x, E))/\Q(’)(Qz By 2y g;(x,E))
2

Bij—1 -
— ® ® Q(j) (Q

jel ¢=0

o Bij—1-2
E) X B;j-1-2¢ (x, Yo V1T 4

2r

Collecting on both sides above the coefficients of the hlghest weight vector, and intro-
ducing the quantities 6; = y; — §; = w¢(o;) (£ + h), one arrives at the QQ -system (6.4).
i

In the simply-laced case the Q-system follows from the Q é-system after a one-line
calculation. In the present case, some more work is needed.

Lemma 6.4. Fori € I, we have D;0; = Zjel aj,Bj, with Bj = we(w;) (€ + h).
Proof. Recall that from Proposition 6.3 that we defined 6; = wy(e;)(€ + h), for every
i € I.Foreveryi € I, we have thato; = D . jer Cjiwj. Moreover, by the construction

(2. 12) of the Chevalley generators of L g(l) it follows that w;(a) = we(j)(a) for every

a € hoand j € I. Now assume that D;6; = = Djer CijBj, fori € I and certain f;.
Then, for i € I, we have the following identities:

) Db = ; (E‘l)ﬂ D; we(;) (€ +h)
). Diwe( D Cuiwnte+ )

iel keT
) piw (> Z Cotoyi @t (€ +1))
),

kel (=0

D
g

¢ ( > Z Ciot iy k(L + h))

kel £=0
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— wy (Z (6‘1) D> Ciran(+ h))

iel ’ kel
= wy (Z (E‘l)ﬁ > Ciaxe +h)) = we(w;)(€ +h).
iel kel

The lemma is proved. O

We are now in the position to state our fundamental result:

Theorem 6.5. Let E* be a zero of Q, i € I, such that

Bij—1
H H Q(j)(

jel ¢=0

1—

) # 0. (6.5)
Then the following identity, known as Q-system (or g-Bethe Ansatz), holds:

HQ%&M
jel Q(J)(Q—*E*)

=1, (6.6)

where Ej = sz(w,/)(ﬁ +h).

. ~ D;
Proof. Let E* be a zero of Q). Evaluating the Q Q-system (6.4) at E = Q72 E* we
get

Bij—1 Bii—1-2¢
)Q(i)(QDiE*) — H H Q(‘/)(Q Yo +%E*

jel ¢=0

), 6.7)

D; .
while evaluating at E = Q™2 E* we obtain

Bij—1
H H Q(J)(Q

jel ¢=0

“BEY. (6.8

Due to the assumption (6.5) we can get rid of the function é @) obtaining the identity

B*-—l—Z[

. Bii—1 . L
o, 0D(QPE") j Q(J)(Q .

DD i
QUQPED 1 1y ol @t

D;
,fE*)

—1. (6.9)

+2 E*)

To deduce the Q-system from the above, we consider three cases. First of all, recall that
if i # j then by definition C;; = —B;;. Therefore, if i # j and B;; = 1, then we have
6,']‘ = DiCij = —Di, and

B;i—1-2¢

! Q(j)(Q di o

D;
“2EY Q(”(Q2 ")

Q

] B;;—1-2t p;
=0 QUN(QT 7 *2TE*) QU(Q T E%
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On the other hand, if i # j and B;; > 1, then D; = } and B;; = r, from which it
follows that aj = D;C;j = —D;B;j = —1, and so

r22£

—2¢ D;
2 EY) [y 0V@r EY
;:725+% E*) HZZO Q(])(Q 2r E*)

Bij—1 0 (Q Beg

. Bij
=0 QW(Q™

T 0N QT E*) _ 00 Q"1 E%) ~ Qm(g 7

_ . r—2¢ - . 1
2 QVQ@F ED  QD@QEY)  giiq- Ly

Finally, note that C;i = D;C;; =2D;, so that

00@PEY) 0@ FEY
QD@ PiE")

Q(j)(Q_% E*)

1
As a consequence of these identities, and due to the relation w = Q¥ | Eq. (6.9) can
be written as

Qmn

. Cij =-1l
jel QUN(Q™ 2 E¥)

) (o
D;6; H oV (Q72 E*)

The last step we need is to write the quantities D;6;, i € I, in terms of the components
of the symmetrized matrix C. This is done in Lemma 6.4. The theorem is proved. O

6.1. Action of the Weyl group on solutions to the Bethe Ansatz. 1t is known that the Weyl
group acts on the space of solutions to the Bethe Ansatz equations, see e.g. [36]. We
now show how the Weyl group of gp acts on the solutions to the Bethe Ansatz equation
(6.6) in our construction, and we prove that for generic £ € hg the action is free. We
identify the Weyl group of g as the subgroup of the Weyl group of g whose elements
are fixed by the action of the outer automorphism o'; see Remark 6.1.

The action is described as follows. Fixed an element w of the Weyl group, we notice
that in the representation L (w;) the weights w(w(w;)) and wy(w(w; — «;)) have mul-
tiplicity one, as follows from Proposition 6.2 and the fact the multiplicity of a weight
is invariant under the Weyl group action. If ¢ is generic in the sense of Proposition 6.2,
we can define the two solutions Xw)(x E) and (p(’)(x, E) which are eigenvectors of
the monodromy matrix with eigenvalues ¢!27%¢(W(@))(0) apd 27 we(w(@i—ei)(®) regpec-
tively. We can therefore decompose the subdominant solution W (x, E) in (new) invariant
subspaces of the monodromy matrix as follows

VO (x, E 0) = QU(E; O)xD(x, E) + QV(E; )P (x, E) + v (x, E), (6.10)

where v(l)(x E) belongs to the other invariant subspaces of the monodromy matrix.
Equation (6.10) defines two new Q-functions, Q%) (E; ¢) and Q% (E; ¢). Following
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step by step all the reasoning that led to Theorem 6.5 above, we show that the functions
Ql(f,) satisfy the Bethe Ansatz equation

RPN ) PN/
[[eCm®, Lo @2ED _ ©6.11)
jel 0 (@ 7 E%)
where w(B); = 3 we (W (@) (€ +h).

Finally, we note that the stabilizer of the tuple (wy, ..., w,) consists of the identity
element only. In fact, if an element in the Weyl group of go stabilizes (wy, ..., w,)
then, since it is invariant under conjugation by o, it stabilizes the tuple (w1, ..., ®;),
where 7 is the rank of g; it is well known that the unique element of the Weyl group of
g stabilizing (w1, ..., ;) is the identity [27]. We deduce that for a generic £ also the
stabilizer of the Bethe Ansatz solution (Q(l), R Q(”)) is trivial. Indeed, the equality

Q(i)(E, L) = ff;)(E, £) cannot hold for any i € I, since w(ﬁ)j * Ej for at least one
jel.

7. Airy Functions for Twisted Kac-Moody Algebras

We consider in more detail the special case of (3.6) with a linear potential p(x, E) = x
and with £ = 0. The element £ = 0 is clearly non-generic, however the Q-functions can
be easily defined in this case. Following [33], we fix an element w in the Weyl group
of go and we call v} the weight vector of L(w;) with weight w(e;). Finally 0Y(E)is
just the coefficient with respect to v}” of lIl(")()c, E)|x=0, where in the case of a linear
potential we further have W (0, E) = WO (—E, 0).

For a non simply-laced Lie algebra g, and given an evaluation representation of L g(!),
we look for solutions of the equation

W (x) + (e + xeo)\IJ(x) =0, (7.1)
in the Airy-like form

Y(x) = /e_XSCD(s)ds, (7.2)

where @ (s) is an analytic function and c is some path in the complex plane. We differ-
entiate and integrate by parts to get

d
/e_xs( —s+e+ eod—)d>(s)ds + e_xseOCD(S)L. =0, (7.3)
. s

where the integral ¢ must be chosen so that the boundary term vanishes. If this is the
case, the Airy solution (7.2) can be expressed in terms of the solution to the simpler
equation

d
(—s+e+eo—)<l>(s)=0 (7.4)
ds
which we solve below for three important examples.

Before tackling the analysis of the Airy solutions, we recall a well-known asymptotic
formula.
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Lemma 7.1. Fix M € Z, M > 2 and a point s, > 0. Let c be the curve passing trough
sy such that Re s™ = Re si"l for any point s on the curve (the positive orientation is the
one for which Im s™ is increasing). This contour is called a Stokes line for the action
sM It is asymptotic to the rays of argument +54; and it is the boundary of the Stokes

sector © = {s € C | ResM > ResM}. Let moreover f(s) be a function, analytic in s
for s € ¥ and with the asymptotics limg_, ;oo % = 1 for some K € C. Then

2w 1 2Ke2-M oy gty

xM
/f(s)e_x”st ~ (M )2x 2000 ¢~ ' forx > 0. (7.5)
C

Proof. The statement follows from a simple steepest descent analysis. See [34, Chapter
4.7]. o

7.1. A%)_l in the standard representation. We study the Aéi)_l—Airy function, n > 3,
in the standard representation V(1) = C?". Namely, we want to find a solution for Eq.

(7.4) in the representation V() of the twisted Kac-Moody algebra A%l)_l. Using the
explicit form of Chevalley generators e;, i = 0, ..., n, which is provided in Sect. 5.1,
and denoting by ®; (s) the components of ®(s) in the standard basis of Cc2, Eq. (7.4)
reads

Diy1(s) = sD; (s), i=1,...,2n-2,
D (s) + 2P, (5) = 25D, 1(5) (7.6)
D) (5) = 25D, (s).

The general solution of (7.6) is

2n

Di(s) = ks e, Di(s)=s"Di(s), i=2,...2n—1,

1 1
P2 (s) = 5 (2s2”—1 + ;) ®i(s),

where k is an arbitrary complex number.
We choose the path ¢ as in Lemma 7.1 with M = 2n. It eventually lies on the rays

of arguments e*r, and it is clockwise oriented. On this path the exponential function
is oscillatory, therefore fixed & > 0, for any x such that [argx| < Z(1 — 2%1) — ¢ the
integral formula (7.2) and the boundary terms in (7.3) vanish.

By Eq. (7.5) we get

: 2 2j+1—2n n— %
/e””s]d)l(s)ds ~ ./ P =Pt e , x>0, (7.7
c 2n — 1

and thus the Airy function coincides with the fundamental solution ¥'!) - up to a multi-
plicative constant. The solutions ‘PIEI) ,k € Z, |k| < n, are obtained by integrating (7.2)

along the contour obtained rotating ¢ by e 3
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2)

7.2. Dr(l +1 in the standard representation. We study the Dr(i)l -Airy function, n > 2,

in the standard representation. Namely, we want to find a solution for Eq. (7.4) in
the representation V() = C>**! of the twisted Kac—Moody algebra D,(i)l. Using the
explicit form of Chevalley generators ¢;, i = 0, ..., n, which is provided in Sect. 5.2,
and denoting by ®; (s) the components of @ (s) in the standard basis of C+2, Eq. (7.4)
reads

d>i+1(s)=Sq>i(s)7 i=17"'1n_]’
ori=n+3,...,2n+1,
2<Dn+l + q)n+2(s) = zsq)l’l(s) (7 8)
€n (D/l (8) + Pp43(s) = 25Dy41(5) ’
—€, D (5) + Ppy3(s) = sPpy2(s)
ZCDLH.] (s) — @;HQ(S) = 2€,5D2u42(5).
The general solution of (7.8) is
O;(s)=s"1Di(s), i=1,...,n,
st (5) = Z01(5) + L0} (s)
) = —®(s) + — D7 (s),
n+l ) 1 25 1
n €n o
Dpi2(s) = s" @i (s) — ?431(5),
Dpi4i(s) =™ D1 (s), i=1,....n,
where ®1(s) is a general solution to the Sturm—Liouville type equation
1 /
(;cb’1 (s)) = "1, (s). (7.9)

Even though Eq. (7.9) has a two dimensional space of solutions, these corresponds to a
one dimensional space of solutions to Eq. (7.1), as the integral (7.2) vanishes on a one
dimensional subspace of solutions of (7.9). To prove this fact we proceed as follows.

The function IT(s) = s_% ® (s) satisfies

452

To study the integrals of the form (7.2) we use the WKB analysis of Eq. (7.10). The

(semiclassical) action of the potential s2"*> + & is simply % We define therefore the
Stokes line ¢ and the Stokes Sector ¥ as in Lemma 7.1 with M = n + 2. From standard
WKB theory [17], we know that there exist two linearly independent solutions of (7.10)
which inside the Stokes sector have the following uniform asymptotics

" (s) = (s2"+2 + i) I1(s). (7.10)

n+l s+2

Hiws_Ze n+2 |

Notice that the integral [ . ske™ T4 (s)ds is well defined for any k € C if x > 0
because IT4(s) are oscillatory on the Stokes line. Moreover, by the Cauchy Theorem
we have that fc ske™TI_(s)ds = 0if x > 0, because sXe™**TI_(s) is both analytic
and exponentially small in the Stokes sector. After the above discussion and using the
asymptotic expansion (7.5) we obtain

27T 2j+l-n_ prl 2
X 2n+2 e n+2
1

/ske_”s% (K+H+(S) + K_H_(s))ds ~ Ky
c
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By Theorem 3.2, the Airy function is the fundamental solution U of the Eq. (7.1).
We notice further that the general solution of (7.9) can be written by means of modified

§nt2

Bessel functions 7, (z) [16] after the transformation of the independent variable z = R

In fact one easily gets

2+n

2+n
Di(s) =5 (cllﬁ(%)+czlﬁ(§? ) ci, ¢ € C. (7.11)

It is well known [16] that [,,(z) ~ .,/ ﬁzez, argz < % Therefore, the fundamental

solution W (x) written in the integral form (7.2) depends on the sum c; + ¢z only.
Moreover, the solutions \Plgl)(x), k] < n+1and x > 0, are obtained by integrating

ki

(7.2) along the contour obtained rotating ¢ by e2#+2) .

7.3. Df) in the standard representation. Let us study the Df)—Airy function in the
standard representation. Namely, we want to find a solution for Eq. (7.4) in the repre-

sentation V(1 = C? of the twisted Kac-Moody algebra Df). Using the explicit form
of Chevalley generators e;, i = 0, 1, 2, which is provided in Sect. 5.3, and denoting by
®; (s) the components of ®(s) in the standard basis of C8, Eq. (7.4) reads

Diri(s) = sPi(s), i=1,2,

204(s) + Ds(s) = 25P3(s)

—2kn* @' (s) + D (s) = 25P4(s),

2@ (s) + Pe(s) = sPs(s) (7.12)
2 P (s) + P7(s) = sPg

2k D5 (5) + Pg(s) = sP7(s)

2kn®) — KnZCD’S = sdg(s).

andn = ¢!

T
3.

where k =

1
34243
The general solution of (7.12) is

®;(s) =s" ' Di(s), i=2,3,
3 I{\/§

P4(s) = S B1(5) = i =@ ().
Ds5(s) = 3P (5) +i’“/§<1>1(s>,
S

De(s) = s @1 (s) — kP (s),
D7(s) = (57 — 26) D1 (s) — 3ks D) (s),
g (s) = (s° — 6Ks) D1 (s) — Sws? D) (s),

where @1 (s) is a general solution to the equation

3/{2(%@'1 () = (s" = 9sH P (s) — 6k D (s). (7.13)
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To analyze Eq. (7.13) we can proceed as in Sect. 7.2. Letting I1(s) = §T2e532V3)
@ (s) we obtain

' (s) = ((28 +16v/3)s% + iz) TI(s).
4s

As we did in the previous subsection, we use the WKB method to study solutions to
the latter equation. By this mean, we easily prove that in the Stokes sector X defined
as in Lemma 7.1 with M = 5 there is a basis of solutions IT4(s) with the following
asymptotic behavior

2 5
M (s) ~ s_zg:l:s (2+\/§)s )
Therefore the general solution of the Eq. (7.13) can be expressed in the basis Cbli with
the following behavior in the Stokes sector

[SI[o%)

1gs I SN

QDTNS_ es’, @ ~s e

The path of integration ¢ in the integral formula (7.2) is naturally, as in the previous

examples, the boundary of the Stokes sector X. Reasoning as in the case of the Diﬁ)l—

Airy function we deduce that the choice @ leads to the zero solution of (7.1). On the
other hand, after the steepest descent Lemma 7.1 we obtain that the choice ®} defines,
up to a multiplicative constant, the subdominant solution WV (x) of (7.1).

We conclude by noticing that the general solution of (7.13) can be expressed in terms
of modified Bessel functions

Di(s) == e_%(3+2\/§)x5 (6‘1 1_% (%(2 + \/§)S5) +c I% (%(2 + ﬁ)SS)) .

Remark 7.2. Recently Bertola, Dubrovin and Yang [8] studied Eq. (7.1) and the integral
formula (7.2) in the case of an untwisted Kac—Moody algebra g(!) for a fixed represen-
tation, namely the evaluation representation at # = 1 of the adjoint representation of g.
The motivation of their work comes from Topological Field Theory and computations
of Tau-functions and—quite naturally—they called Eq. (7.1) the Topological ODE. The
same equations were already studied in our previous work [33] in relation with the Bethe
Ansatz of quantum g-KdV model for a simply-laced Lie algebra g. In [8] the solutions
of interest are the ones that grow polynomially at co inside a fixed Stokes sector. Since
Eq. (7.1) can be reduced to the almost diagonal form (3.12), one deduces immediately
that the sought solution is of the asymptotic form

adh
T(x)=x # (h+o(1)), x>0, (7.14)

where h € Eis the special element defined by relations (2.15), and A’ is any non-zero
element of the kernel of the adjoint action of A, in other words an element of the Cartan
subalgebra {g € g|[g, A] = 0}. The asymptotic expansion of a topological solution
is fully determined by formula (7.14). However, the asymptotic expansion does not
determine a unique solution but an affine space of solutions, because the asymptotic
expansion does not change when adding an asymptotically small solution. In view of the
discussion after formula (3.12), this affine space is naturally associated with @ge 3.~ o 91
where g,, is the eigenspace of the adjoint action of A with eigenvector A;.
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Using formula (7.14), the topological solutions of [8] can be constructed from the
subdominant solutions W ()’s considered in [33]. For example, choosing g of type A,

and considering the untwisted algebra A,(,”, then due to the decomposition of g-modules
L(w1) ® L(wy) = g @ C, a full set of asymptotic expansions (7.14) can be written in

terms of\lllgl)(x)@)\ll(") wr (0), k= L_T” e, L%J;heresk =—1lifk >0andg, =1
k+€kT

if k < 0. It follows that one can write the Topological Tau-functions by means of the
Bethe Ansatz solutions Q(l) ey Q(”) . It would be interesting to understand whether this
apparent coincidence is the manifestation of a relation between the underlying physical
theories, also with the aim of fixing the ambiguity in the choice of topological solutions.
We will tackle this question in a forthcoming paper.
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