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Abstract
We prove the partial Holder continuity for minimizers of quasiconvex functionals
Flu): = / f(z,u, Du) da,
Q

where f satisfies a uniform VMO condition with respect to the z-variable and is continuous
with respect to u. The growth condition with respect to the gradient variable is assumed a
general one.
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1 Introduction

In this paper we study the partial regularity of minimizers of the integral functional
F(u): :/ f(z,u, Du)dz, (1.1)
Q

where Q C R” is an open bounded set and u : @ — RY, with n, N > 2 —i.e., we consider vectorial
minimizers of F. The growth conditions we impose on f = f(z,u,P) are quite general, being
as they permit “general growth conditions” with respect to the gradient variable. This allows us
to treat in a unified way the degenerate (when p > 2) or singular (when p < 2) behaviour. We
assume with respect to z a weak VMO condition, uniformly in (u, P), and continuity with respect
to u. Our main result, Theorem 1.1, proves that a minimizer of (1.1) is locally Holder continuous
for any Holder exponent 0 < o < 1 — i.e., if u is a minimizer of (1.1), then u € C'IOO’? (QO,RN),

where Qg C 2 is an open set of full measure specified in the statement of Theorem 1.1 later in
this section.

1.1 Literature Review

We begin by explaining how the study of functional (1.1) fits into the broader regularity theory
research over the past many years. Before proceeding further, we point out that Mingione [35]
has provided a comprehensive account of the various areas of study within regularity theory for
integral functionals and PDEs; it is an excellent reference for those wishing to read a broad
overview of the various areas of interest within the larger realm of regularity theory.

As already mentioned we allow f to satisfy a VMO-type condition with respect to z. More
f(z,u,P)
o(|P)
function — see condition (F4) later in this section for the precise formulation. As a consequence
we allow a certain controlled discontinuous behavior with respect to the spatial variable in the
integrand of (1.1). We prove partial Holder continuity for the local minimizers. The first paper

precisely the partial map = — satisfies a uniform VMO condition; here ¢ is an N-
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who considered low order regularity (for variational integrals) was the one by Foss & Mingione [23],
where they were assuming continuity with respect to x and u. Thereafter Kristensen & Mingione
[29] proved Holder continuity for convex integral functionals with continuous coefficients for a fixed
Holder exponent depending on the dimension and the growth exponent. Stronger assumptions
as Dini-type conditions [20] lead to partial Cl-regularity. It is worth mentioning the uniform
porosity of the singular set for Lipschitzian minimizers of quasiconvex functionals, [30].

The space of functions with vanishing mean oscillation (VMO) has been introduced by Sarason
in the realm of harmonic analysis, see [37]. It has had several applications in connection with
Hardy spaces, Riesz transforms or nonlinear commutators, see [39], [27] and references therein.
In the early 90’s Chiarenza, Frasca and Longo [8] studied non-divergence form equations with
VMO coefficients by means of singular integrals operators, see also [18], [19].

The study of functionals with VMO-type coefficients has been broadened considerably over
the past couple decades, see [38], [9]. Recently, Bogelein, Duzaar, Habermann, and Scheven [5]
considered a functional of the form (1.1) under the assumption that (z,u,P) — f(z, u, P) satisfies
a type of VMO assumption in z, uniformly with respect to u and P; they further considered an
analogous elliptic system of the form V - a(x,u, Du) = 0, in which, again, the coefficient a was
assumed to satisfy a VMO-type condition with respect to its spatial coordinate. Moreover, the
integral functional they studied was assumed to be quasi-convex. However, unlike our study, they
assumed that the growth of f with respect to P was standard p-growth, p > 2.

Similarly, Bogelein [4] studied quasi-convex integral functionals in the vectorial case. But
the assumed growth of the integrand with respect to the gradient was standard p-growth. It
f(z,u,P)
(1+[P])p
Bogelein, Duzaar, Habermann, and Scheven [6] made some similar assumptions when considering
a system of PDEs involving the symmetric part of the gradient Du, wherein the coefficients on
the symmetric part are VMO.

Goodrich [26] then further generalized, in part, the results of [5] by considering (1.1) in the
case where x — f(x,u,P) was VMO, uniformly with respect to u and P, and, furthermore, in
which f was only asymptotically convex.

Next, the study of problems with general growth conditions has been initiated by Marcellini
in a list of papers [32, 33, 34] and it is now very rich — see, e.g., [15, 16, 17, 7, 10, 40]. In
particular, Marcellini & Papi proved the Lipschitz bound for a solution of an elliptic system
with general growth of Uhlenbeck type. In view of comparison estimates, it is worth mentioning
the paper [15], where the C1'% regularity is proven via an excess decay estimate. Very recently,
DeFilippis & Mingione have relaxed the hypotheses by considering also growth of exponential
type (no Ag-condition), [11].

So, we see that many papers in recent years have treated either VM O-type coefficient problems
or general growth problems. To our knowledge, it seems that the combination of these two
generalities has not been considered as we do in this paper. Thus, the results of this paper
significantly generalize many of the previously mentioned papers.

was also assumed that the map = +— was VMO, uniformly with respect to u and P.

1.2 Strategy of the proof

We briefly explain the strategy of the proof of the main result. As a major difficulty with respect
to the proof by Bogelein or Duzaar et al. in the p-setting, we can’t rely on homogeneity of the
function ¢. In particular, an analog of the Campanato excess

W, (w0, 0) = 0~ ][ [u = (W)ay o|? da
B@(IO)

defined there and playing a key role in the iteration process could not be easily handled in the
Orlicz setting.
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Our strategy is to find carefully the two quantities which play the role both in the non-
degenerate and in the degenerate cases. The first leading quantity is the excess functional

(zo, 0) = ][ S1wys, ) (IDU = (D), ) da
BQ(”O)

(see (3.14)). In the non-degenerate case, when

P(x0,0) < @([(D)ag ol) (1.2)

we linearize the problem, via the .A-harmonic approximation [17]. This procedure, exploiting
assumptions (F4)-(F5) and a freezing technique (with respect to the variables « and u) based
on the Ekeland variational principle, provides a comparison map which is an almost minimizer
of the frozen functional and whose gradient is L!-close to that of the original minimizer (see
Lemma 3.8). Such comparison map is shown to be approximately A-harmonic, and this property
is inherited by the minimizer itself via the comparison estimate. This allows to prove an excess-
decay estimate, which, in turn, permits the iteration of the rescaled excess o b(z.0) N and of a

| (Du)mo 0
“Morrey-type” excess

O(z0, 0) = 0™ ][ o(|Dul) dz
BQ(IO)

at each scale. Namely, there exists ¢ € (0,1) such that, if the boundedness conditions

é(x07 Q)
——— _<eg, and O(zg,p0) <,
21Dy o) (w0, 0)

hold on some ball B,(zg), then

D(x, 9™
M <e, and O(xg,9™0) <0,
e(|(Du)gy,0mel)
hold for every m = 0,1, ..... Therefore, ©(x¢, o) is the adequate excess playing the role of ¥, in

our setting.
In the degenerate case, when

(20, 0) = Kp(|(D)z, 4

) (1.3)

for some k < 1, we perform a different linearization procedure: the assumption (F7) coupled
with an analogous freezing argument as before provides, now, the almost p-harmonicity of the
minimizer via the application of the p-harmonic approximation [16] to the comparison map. The
corresponding excess improvement implies that if the excess is small at radius g it is also small at
some smaller radius Ao, for < 1. The key point in this iteration process is that the boundedness
of both the excess @ and the Morrey excess © at some scale 96%0 o (“switching radius”) under
assumption (1.2) is satisfied exactly when the degenerate bound (1.3) fails and therefore we can
proceed the iteration in the non-degenerate regime. Notice that, if on the one hand [(Du), |
might blow up in the iteration since we cannot expect Cl-regularity, on the other hand the
Morrey excess O(zg, 0% ) stays bounded, exactly as it should be for a C%%-regularity result. In
addition, if at level kg the regime is non-degenerate, the behavior stays non-degenerate at any
subsequent level k > kg, and the iteration can proceed. The smallness of © at any level ensures
Holder continuity of u in zy provided the excess functionals ¢ and © are small at some initial
radius ¢ (actually, this holds in a neighborhood of x¢, since these smallness conditions are open).
Finally, it is then proven that such a smallness condition on the excesses is indeed satisfied on
the complement of the set X1 U X5 of Theorem 1.1.
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1.3 Assumptions and statement of the main result

We list here the main assumptions on the integral functional that we are going to study throughout
the paper. We assume that ¢ : [0,00) — [0, 00) is an N-function such that

(1) ¢ € C([0,00)) N C*((0,0));

(¢2) 0 < pp —1 <infisg w < supyg % < pg — 1, for suitable constants 1 < puy < po.

We may assume, without loss of generality, that 1 < p1 < 2 < po.

For the precise notation and definitions, as well as the additional assumptions we will require
on ¢, we refer to Section 2.

We assume the integrand f : Q x RV x RV*" — R, f = f(x,u,P) to be Borel-measurable,
such that the partial map P — f(-,-,P) € CHRY*") N C?(RN*"\{0}). We will denote by D f
and D? f the corresponding first and second gradients, respectively, for fixed z and u. We require
f to comply with the following assumptions:

(F1) coercivity: there exists v > 0 such that
ve(|P)) < f(z,0,P) - f(z,u,0)
uniformly in # € Q and u € RV, for every P € RV*";
(F2) @-growth conditions with respect to the P variable: there exists a constant L > 0 such that
IDf(z,u,P)| < L¢'(|P]),  |D*f(2,u,P)| < Lg"(|P]),
uniformly in z € Q and u € RY, for every P € RV*" with |P| # 0;

(F3) f is degenerate quasiconvez; i.e.,
| F@ P+ Dn(w) = feuP)dy = v [ it [P+ DR Dn)f .

for every z € Q, u € RY every ball B C Q, P € RV*" and n € C§°(B,RY), u > 0;

(F4) the function x — f(x,u,P)/o(|P|) satisfies a VMO-condition, uniformly with respect to
(u,P):

|f(1'7u7P) - (f('auaP))roJ’| § vfﬁo(xvr)(pOPDa for all x € BT’(‘TO)

where 79 € Q, r € (0,1] and P € RV*" and v,, : R" x [0, 1] — [0, 2L] are bounded functions

such that
lim V(o) = 0, where V(p) := sup sup ][ Vg (z,7) dz,
e—0 20€EQ0<r<p
By-(z0)
and .
(f('auaP))zg,r =T f(l&u,P) d{E;

|Br-(%0)| J B, (0)

(F5) f is uniformly continuous with respect to the u variable; i.e.,
|f(.’13, u, P) - f(xv u07P)| < Lw(|u - u0|)¢(|P|) )

where w : [0,00) — [0, 1] is a nondecreasing, concave modulus of continuity; i.e., limy o w(t) =
w(0) =0.
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(F6) the second derivatives D*f are Holder continuous away from O with some exponent By €
(0,1) such that uniformly in (z,u) and for 0 < |P| < 1|Q|

|D?f(z,u,P) — D*f(z,u,P + Q)| < co " (1Q]) QI [P|™;

(F7) the function P — D f(x,u,P) behaves asymptotically at 0 as the p-Laplacian; i.e.,
D
lim f(z,u,tP)
t—0 @' (t)
uniformly in {P € RV*" : |P| = 1} and uniformly for all z € Q and u € RV

:P’

Our main regularity result can be stated as follows. Note that the definition of V appearing
in ¥; can be found in (2.3).

Theorem 1.1: Let Q C R"™ be an open bounded domain, ¢ a convex function satisfying assump-
tions (¢1)~(03) and consider a minimizer u € W12 (Q,RYN) to the functional (1.1) under the
assumptions (F1)~(F7). Then there exists an open subset Qo C Q such that

u€ 0Pt (Q,RY) and  |Q\ Q| =0

loc

for every a € (0,1). Moreover, Q\ Q¢ C X1 U Xy where

Y1 =< x0€N: lim\j(r)lf ][ |V|(Du)$079|(Du — (DW)yy0)*dz >0y,
0

BQ(T«D)

Yo =< 2o € Q: limsup|(Du)y, | =400, .
N0

2 Preliminaries and basic results

2.1 Some basic facts on N—functions

We recall here some elementary definitions and basic results about Orlicz functions. The following
definitions and results can be found, e.g., in [28, 31, 3, 1].

A real-valued function ¢: R — R is said to be an N-function if it is convex and satisfies the
following conditions: ¢(0) = 0, ¢ admits the derivative ¢’ and this derivative is right continuous,
non-decreasing and satisfies ¢'(0) =0, ¢'(t) > 0 for ¢ > 0, and lim;_, o ¢’ (t) = 0.

We say that ¢ satisfies the Ag-condition if there exists ¢ > 0 such that for all ¢ > 0 holds
v(2t) < cyp(t). We denote the smallest possible such constant by As(yp). Since p(t) < (2t),
the As-condition is equivalent to ¢(2t) ~ ¢(t), where “~” indicates the equivalence between
N-functions.

By L¥ and W'¥ we denote the classical Orlicz and Orlicz-Sobolev spaces, i.e. f € L¥ iff

/ga(\f|)dm < oo and f € Whe iff f,Df € L¥. The space W, ¥(2) will denote the closure of

C§e () in Whe(Q).
We define the function (¢')~1: Rf — R as

()71 (t) :=sup{s e RJ : ¢'(s) < t}.

If ¢ is strictly increasing, then (')~! is the inverse function of ¢'. Then *: Rf — R{ with

(1) = / (o)1 (s) ds
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is again an N-function and (p*)'(t) = (¢')7(t) for t > 0. ¢* is the Young-Fenchel-Yosida
conjugate function of ¢. Note that ¢*(t) = sup,sq(at — ¢(a)) and (¢*)* = ¢. When both ¢ and
©* satisfy As-condition, by elementary convex analysis it is easy to see that for all § > 0 there
exists ¢s (only depending on As(p) and Ay(¢*)) such that for all ¢,a > 0 it holds that

at <dp(t)+cso(a).

Proposition 2.1: Let ¢ be an N-function complying with (¢1) and (¢2). Then

(i) it holds that
o'(t) ~te"(t) (2.1)

uniformly in t > 0. The constants in (2.1) are called the characteristics of p;

(i) 4t holds that
/ /
o ) D)
>0 p(t) T >0 @(t)

< pe;

(iii) the mappings

¢'(t)  ¢(t)
tri—17

¢t o)
tp2—=17  tpz

t € (0,+00) — and t € (0,400) —

are increasing and decreasing, respectively;

(iv) as for the functions ¢ and ¢’ applied to multiples of given arguments, the following inequal-
ities hold for every t > 0:

a"?p(t)

< p(at) <a"p(t) and a2 'Y (t) (at) <a™ 1/ (t) if 0<a<1;
a () < p(at

<o
(at) < a™2p(t) and o' "1'(t) < plat) < @ TH(t) if a>1.

In particular, from (iv) it follows that both ¢ and ¢* satisfy the As-condition with constants
As(p) and Ay(p*) determined by py and pe. We will denote by Aq(p, ¢*) constants depending
on Ay(p) and Ag(p*). Moreover, for ¢ > 0 we have

o(t) ~ o't t,  ot)~" ), (1) ~ @ (p(t)/t) ~ o(t).

We recall also that the following inequalities hold for the inverse function o~!:

L

at g7 (t) <p7M(at) < amz (1) (2:2)

for every t > 0 with 0 < a < 1. The same result holds also for a > 1 by exchanging the role of
and po.
For given ¢ we define the associated N-function ¢ by

() = Ve (t)t.

Notice that if ¢ satisfies assumption (2.1), then also ¢*, ¥, and ¥* satisfy this assumption.
Define V : RV*" — RNX7 in the following way:

v(Q) = v Qg (23)
It is easy to check that
VQ)I? ~¢(lQl),

uniformly in Q € RV*",
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Another important set of tools are the shifted N-functions {¢q,}a>0 (see [12]). We define for
t>0

eult) = [ Glds with )= larn
We have the following relations:
Pa(t) ~ @ (t)t;
_platt) o gllatt)
©a(t) ~ (a + t) (a nE t2 P t”, (2.4)
pla+1t) ~ [pa(t) + (a)]. (2.5)

The families {@q }o>0 and {(pa)* }a>0 satisfy the Ag-condition uniformly in @ > 0. The connection
between V and ¢, (see [12]) is the following:

[V(P) = V(Q)I” ~ ¢p (P - Ql), (2.6)

uniformly in P, Q € RV*",

The following lemma (see [14, Corollary 26]) deals with the change of shift for N-functions.

Lemma 2.2: Let ¢ be an N-function with As(p), Az(¢*) < co. Then for any n > 0 there ezists
¢n > 0, depending only on n and Ay (p), such that for all a,b € R? and t >0

Plal(t) < cpopp|(t) + 1¢jal(la —bl). (2.7)
We define the function V, : RVX" — RNX" for ¢ > 0 by

=, (1Q)IQl A~ |Q\

where ¢, is the shifted N-function of ¢. Since py = ¢, we retrieve in (2.8) the function V for
a = 0. With the following lemma, we list some properties of functions V, which will be useful in
the sequel.

(2.8)

Lemma 2.3: Let a > 0 and V, be as above. Then for any P, Q € RN*" a Young-type inequality
holds:

2. (1QDP| < c(|Va(Q)F + [Va(P)[) (2.9)

where the constant ¢ depends only on As(yp).

Let Po,P; € RVX" 9 ¢ [0,1] and define Py := (1 — )Py + 6P;. Then the following result
holds (see [12, Lemma 20]).

Lemma 2.4: Let p be a N-function with Ay (e, p*) < co. Then uniformly for all Py, Py € RN X"
with |Po| 4+ |P1] > 0 holds

/1 P'(IPol) 1o ¢ (Pol + [P1])
o |Pol [Po| + [P

where the constants only depend on As(p, p*).

In view of the previous considerations, the same proposition holds true for the shifted functions,
uniformly in a > 0.

From assumption (F2) we can easily infer an upper bound for f(z,u,P)— f(z, u, Q), uniformly
inz € Qand ueRY, for every P,Q € RV*™: namely,

1
fwP) — f(ru.Q) <[P Q| / Df(e, P+ H(Q — P))|dt

1
SLIPfQI/O (P +1(Q — P)))dr (2.10

< cLo(|P[+1Q]).
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The following estimate is a consequence of (F2) and Lemma 2.4 (see [17, eq. (2.14)]):
[Df(z,u,P) = Df(x,u, Q)| < c(p, L)¢"(IP| + Q)P — Q|
< (e, L)¢lp(IP - QJ)

AP+ P-Q)
=D e g

(2.11)

|P7Q|7

for every P, Q € RVx™,
The following version of Sobolev-Poincaré inequality can be found in [12, Lemma 7].

Theorem 2.5: Let ¢ be an N-function with As(p,¢*) < 4+00. Then there exist numbers a =
a(n, As(p,*)) € (0,1) and K = K(n, N, As(p, ™)) > 0 such that the following holds. If B C R™
is any ball with radius R and w € W% (B, RY), then

1

][ap (W) de < K ][<p°‘ (|Dw|) dz ) (2.12)

B B

where (W) g ::][W(x) dz. Moreover, if w € Wy #(B,RY), then
B

1

][<p<v];|> dz < K ][w(\Dw\) |

where K and « have the same dependencies as before.

2.2 Some useful lemmas

The following lemma, useful in order to re-absorb certain terms, is a variant of the classical [25,
Lemma 6.1] (see [17, Lemma 3.1]).

Lemma 2.6: Let 1 be an N-function with ¢ € Ag, let 0 > 0 and h € L¥(B,y(z0)). Let g :

[r, o] = R be nonnegative and bounded such that for allr < s <t <p
[h(y)] B
g(s) < fbg(t) + A d)( dy + +C,
By (z0) t—s (t—S)B

where A, B,C >0, >0 and 6 € [0,1). Then

Ih(y)l) B
A LAl -
/Bg(mo)d}(Q—T dy+(9—7“)ﬁ+c

The following lemma is useful to derive reverse Holder estimates. It is a variant of the results
by Gehring [24] and Giaquinta-Modica [25, Theorem 6.6].

Lemma 2.7: Let By C R™ be a ball, f € L*(By), and g € L°°(By) for some oo > 1. Assume
that for some 6 € (0,1), ¢; > 0 and all balls B with 2B C By

1/6
][Ifld:v <o ][de +][ gl dz.
B 2B 2B

Then there exist o1 > 1 and ca > 1 such that g € L7 (B) and for all o5 € [1,01]

loc

1/0’2 1/0'2

][ fPede | <e ][ flde+ e ][ 1917 de
B 2B 2B

g(r) <0, 82(¥), B)
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2.3 A-harmonic and p-harmonic functions

Let A be a bilinear form on RV*". We say that A is strongly elliptic in the sense of Legendre-
Hadamard if for all € € RV, ¢ € R™ it holds that

ral€P1C1* < (A€ ® Q)I(€ ® Q) < LaléPI¢I’ (2.13)
for some L4 > k4 > 0. We say that a Sobolev function w on a ball B,(z) is A-harmonic on
By(z0) if it satisfies —div(ADw) = 0 in the sense of distributions; i.e.,

/ (ADw|Dap)dx =0, for all ¥ € C5°(B,(x0), RY).
BQ(ID)

It is well known from the classical theory (see, e.g. [25, Chapter 10]) that w is smooth in the
interior of B,(zg), and it satisfies the estimate

sup |[Dw|?+¢* sup |D?*w|? <c(n,N,v, L) ][ |Dw|*dz. (2.14)

By /2(%0) By /2(x0) B (o)
o\Zo

Let ¢ be an Orlicz function. We say that a map w € W1?(B,(z¢), RY) is p-harmonic on B,(zo)
(see [16]) if and only if

/
/ UPW) o) de =0, for all v € C(B, (z0), RY) .
B,(z0) \ |DW]|

More precisely, Dw and V(Dw) are Holder continuous due to the following decay estimate,
see [15].
Proposition 2.8: Let ¢ be a convex function complying with (©1), (p2) and
(#3)

" is Holder continuous off the diagonal:

Bo
e+ - Ol <o (B) 7L o,

1
for allt >0 and s € R with |s| < it.

Then there exist a constant ¢ > 1 and an exponent yy € (0,1) depending only onn, N and the char-
acteristics of @, such that the following statement holds true: whenever w € W% (Bg(z¢), RY)
is a weak solution of the system

i (FUPUD) 5 :
d1v< Du] Du| =0 in Br(zo) ,

then for every T € (0,1) there hold

swp p((Dw) e p(Dwds,
Brry2(z0) B:r(z0)

][ |V(Dw) — (V(Dw))mo,ﬂﬂ2 dz < ¢ ][ |V (Dw) — (V(Dw))gc(h]ﬂ2 dz .
BTR(:E()) BR(mO)

This result can be viewed as the Orlicz version of the milestone theorem of Uhlenbeck [41] for
differential forms solving a p-harmonic system, see also [2].
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2.4 Harmonic type approximation results

We recall here two different harmonic type approximation results. The first one is the A-harmonic
approximation: given a Sobolev function u on a ball B, we want to find an .4-harmonic function w
which is “close” the function u. It will be the A-harmonic function with the same boundary values
as u; i.e., a Sobolev function w which satisfies

(2.15)
w=u on 0B

{—diV(ADW) =0 on B
in the sense of distributions.
Setting z := w — u, then (2.15) is equivalent to finding a Sobolev function z which satisfies

{—div(ADZ) = —div(ADu) on B (2.16)

z=0 on 0B

in the sense of distributions.
The following .A-harmonic approximation result in the setting of Orlicz spaces has been proved
in [17, Theorem 14].

Theorem 2.9: Let B CC Q be a ball with radius rg and let B C Q denote either B or 2B.
Let A be a strongly elliptic (in the sense of Legendre-Hadamard) bilinear form on RN*". Let
¥ be an N-function with ¢ € Ay(th,v*) and let s > 1. Then for every e > 0, there exists
d > 0 only depending on n, N, ka, |A|, Da(1,¥*) and s > 1 such that the following holds. Let
u e WH¥(B,RN) be almost A-harmonic on B in the sense that

[ apuipn)as| <5 f 1Dulaslonl e (2.17)
B B

for allm € C°(B,RN). Then the unique solution z € Wy (B,RN) of (2.16) satisfies

]ﬁ o) ars ]i w(paar <= | ( ][ (@z}uDun)sobc)i " ]i $(IDul) dz

B

Remark 2.10: We will exploit the previous approximation result in a slightly modified version.
Indeed, following [7, Lemma 2.7], under the additional assumption

1
s

][ $(|Dul)dz < ][[quu\)}de < (1)
B

B

for some exponent s > 1 and for a constant p > 0, and (2.17) replaced by

‘][<ADu|Dn) dz| < 6pllDnll 5y »
B

it can be seen with minor changes in the proof that the unique solution z € W, (B, RN) of (2.16)

satisfies
][w(@,') do+ f 6(IDal) do < ().
B B
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Now, moving on to ¢-harmonic functions, the following @-harmonic approximation lemma
([16, Lemma 1.1]) is the extension to general convex functions of the p-harmonic approximation
lemma [21], [22, Lemma 1], and allows to approximate “almost ¢-harmonic” functions by ¢-
harmonic functions.

Lemma 2.11: Let ¢ satisfy assumption (2.1). For every e >0 and 6 € (0,1) there exists § > 0
which only depends on €, 0, and the characteristics of ¢ such that the following holds. Let B C R™
be a ball and let B denote either B or 2B. If u € Wh?(B,RYN) is almost ¢-harmonic on a ball
B C R" in the sense that

[(Fhto

for all n € C$°(B,RY), then the unique @-harmonic w € W¥¢(B,RY) with w = u on 0B
satisfies

Dn> ar <6 | f o(1Du) s+ (D) (2.18)

0
][ V(Du) - V(DwW)|? dz | < 5][¢(|Du\> dz, (2.19)
B B
where V is as in (2.3).

The estimate (2.19) can be improved when ¢(|Du|) satisfies a reverse Holder inequality as
follows (see [7, Corollary 2.10]).

Lemma 2.12: Let B C R" be a ball. Let u € Wh%(2B,RY) be such that

1

s1

Feriuhar | < f epu)ar

B 2B

for s1 > 1 and éy > 0. Then for every € € (0,1) there exists 69 = do(n, N, i1, ft2, S1, o, &) > 0
such that the following holds: if u is almost p-harmonic as in (2.18) with &y in place of 0, then
the unique p-harmonic function w € WH%(B,RN) such that w = u on OB satisfies

][ IV(Du) — V(Dw)|? de < g][ o(|Du]) dz .

3 Partial regularity for functionals

3.1 Caccioppoli inequalities and higher integrability results

As usual, the first step in proving a regularity theorem for the minimizers of integral functionals
is to establish suitable Caccioppoli-type inequalities.

First, we state a “zero order” Caccioppoli inequality. The proof is an adaptation to the
p-setting of [4, Lemma 3.1], we then omit the details (see also [7, Theorem 2.4]).

Lemma 3.1: Letu € WH¢(Q,RY) be a minimizer of the functional (1.1), under the assumptions
(F1)-(F2). Then, for every ug € RN and zg € Q and all 0 < ¢ < dist(zg, Q) and r € [0/2, 0)

there holds
f eipupar<c f sa<'““') da
o—r

B*V‘(IO) BQ(IO)

for some constant ¢ = c(p, L,v) > 0.
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From Lemma 3.1 together with the Sobolev-Poincaré inequality (Theorem 2.5) and Gehring’s
Lemma (Lemma 2.7), one can infer in a standard way the following higher integrability result
(see, e.g., [7, Theorem 2.5]).

Lemma 3.2: There exist an exponent so = so(n, N, o, L,v) > 1 and a constant ¢ depending only
on n, N, o, L,v such that, if u € WH¢(; RYN) is a minimizer of the functional (1.1), complying
with (F1)-(F2), then the following holds: for every s € (1,s¢], for any xo € Q, any radius
0 < o < dist(zg,00) and r € [0/2, 0), one has

/ w<|Du|>dec(er)n(s_l) [ etpupar

Br(wo) BQ(ZO)

S

Another useful tool will be the following global higher integrability result on balls for mini-
mizers of (1.1), which has been proven in the Orlicz setting for more general integrands in [10,
Lemma 4.3].

Lemma 3.3: Let u € WH¥(B,(z0),RY) be such that p(|Du|) € L% (B,(z0),RY) for some
so > 1. Then there exists an exponent s = s(n,N,p,L,v,s0) € (1,s0] and a constant ¢ =
¢(n, N, , L,v) such that, if v.€ u+ Wy ?(B,(zo),RN) is a minimizer of the functional G[v] :=

g(Dv)dx with a C*-integrand g : RN*" — R complying with the growth assumptions
BT(I())

ve(l€l) < g(§) < Le(1+[&])  and  [Dg(§)| < L&'(I€])

for all € € R™N | then we have p(|Dv|) € L*(B,(z0), RY) and

ol
o
S

][w(wvndx <e ][sﬂ(wundx
Br.(z0) Br(z0)

We have the following Caccioppoli inequality of second type for local minimizers of (1.1),
involving affine functions.

Lemma 3.4: There exists a constant ¢ = c(n, N, Aa(p),v, L) > 0 such that, if u € WH#(Q;RY)
is a minimizer of the functional (1.1) under the assumptions (F1)-(F7), and £ : R™ — RY is an
affine function, say £(x) :=ug + Q(z — x¢) for some ug € RN and Q € RVN*" then for any ball
By(z0) € Q with o < go there holds

][ o1 (|Du - Q) dz

By 2(xo)
1-5
u—~¢ _1
<c ][ Lo <|Q|> dz + cp(|Q]) |w ][ lu—ug| + [u—£|dz + V()]
By (o) By (z0)

for every s € (1, so] where sg is that of Lemma 3.2.

PrOOF: We follow the argument of [4, Lemma 3.5] for functionals with p-growth, just mentioning
how to obtain the analogous main estimates therein. We assume, without loss of generality,
that g = 0. For radii g <r<rt<t< % with 7 := TT'H we consider a cut-off function
n € C§°(B7;[0,1]) such that n =1 on B, and |Dn| < 7 on B;. Correspondingly, we define the

functions & := n(u —£) € WH?(B,;RY) and ¢ := (1 — n)(u — £) € WH#(B;RY). Note that
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L+ & =u— 1. From the quasi-convexity assumption (F3), (2.4) and simple manipulations we
obtain

/B 10 (IDED dz < c(v, o) / "(1Q| + | DE|)|DEP? de

-

<c / [(F(. 10, Q + DE@)))» — (f(- 0, Q)] de

.

=c(J+ 2+ Js+Ju+Js+ Js + J7),

where

Jyi= / [(/(-+ 00, Du(z) — Dep(a))); — (f(-ug, Du(x))),] d,
B,

Jy = / [(f( w0, Du(x))), — (£(-,u(x), Du(z))),] dx,
B,

Jy = /B [(f(- u(x), Du(2))), — f(z,u(z), Du(z))| dz,

Jii= / [f (. u(z), Du(x)) — f(z,u(z) — &(x), Du(x) — DE(x))] dx.,
B,

Js i /B [ u(z) — &), Q + Dyp(a)) — f(z, 19, Q + Dap())] da,

Jo = /B (2,00, Q + Dp(x)) — (£(--u0,Q + Dip(x)))] e,

Jr = /B [(f( 00, Q + D(2)))r — (-, 10, Q))-] da.

-

Now, we proceed to estimate each term above separately. From the minimizing property of u we
infer that J4 < 0, and by assumptions (F5) and (F4) we obtain the estimates

] < / w(lu - o|)p(|Dul) dz,

.

Js < /B w0l 7)p(| Du) de

-

respectively. Again by exploiting property (F5), the monotonicity of w and ¢, and the fact that

—£
€< u—tl, and [Dy|<[Du-Qf+4 |2 =F]
-7
we can estimate Js as
u—2/2¢

i< ele) [ wlu=ol + ja— ) (1Q1+ Dul + 7=

) as

u—~2

t—T1

pu

)

<ctp) [ wllu =l + fu - €) ol + Du + o

BT

whence, taking into account that by virtue of (2.5),

o ([1=5]) = ool ([1=5]) +evtia

< c(p) ’VQ (‘ltl—_fD

2
+ce(1Ql)
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and recalling that w < 1, we get

J5<c(s0)</B VIQI(?__f)

For what concerns Jg, an analogous computation as for the estimate of J5 based on (3.2) and the
VMO assumption (F4) gives

2
dx +/ w(lu—up| + [u—£])¢ (|Q| + |Dul) dx) )
B

T

T

Js < / v, 7)p(1Q + Dip]) da

< c(ATz(tp)) (/B Vial ( %_f )

The terms J; and J; can be combined together as

2

d:E-i—/B vo(+, 7)) (|Q| + | Dul) d:r) )

P

P

1
Jr+ :/ ][ / (Df(y,u0,Q+0D1p(x)) — Df(y,u0, Q)| Dep(x)) dfdyda
B, B 0

1
+/B£[/O (Df(y,u0,Q) — Df(y,ug, Du(zx) — (1 — 8)Dap(z))|Dap(z)) ddydx

= Jr+ J].

From the Cauchy-Schwarz inequality, (2.11) and the fact that D1 = 0 on B, we infer

1
g< [ [ 1Df00.Q+ 609 () - DS (g0, Q) D ()] dbdyas
B, B 0

1
<o /B / ¢l (01D () )| Dep ()| Az

< C/BT e1q|(|DY(z)]) dr < c/B IV q(De(2))| da .

T r

We can estimate J; analogously, by recalling that Du — (1 — 0)Dvp = Q + D& + 0D, Dy =0
on B, and applying the triangle inequality for %QI’ (2.11) and the Young’s inequality (2.9). In
this way we get

1
Ji < /B , é[ / IDf(y,0,Q) — Df(y, uo, Du(z) — (1 — 6) Dep(a)) || Dep(x)| dBdlyda

1
<e /B / ¢ (|DE + 0DY)) | Dp| d6da
<e /B Sl (ID¥)| D] dz + ¢ /B Yl (IDENI DY da

<cf (ViUDV)P +[Viq (DO de.

T r

Recalling the definitions of € and v, by a simple computation we find that

D¢ =(1-n)(Du—-Q) - Dne(u-4£),
D¢ =n(Du—-Q)+Dn®(u—1£)),
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whence

i

T r

(P1aiID¥]) + eiq(|DE]) do < C/ Plq(|Du - Qf)dz + c/B Yla (u - E) dz,

t—r

T s

so that combining with the previous estimates we get

2
J1+J7§C</ dl‘)
B.\B

Since £ =u— £ on B, and 7 < g, from (3.1) and the estimates for J; — J; we obtain
/B Viq|(Du— Q)|*dz

i —2\|?
SC(/;T\BT |VQ(DU—Q)|2d$+/;Q V|Q| (1;—7‘) dl‘)

+ 5/ (W(u=up| + [u—£€]) +vo(-, 7)) p(|Q[ + [Dul) dz .

-

u—4¢
Via| (t_r)

|V|Q|(Du - Q)|2 dx + /B

T

Now, in a standard way we “fill the hole” thus obtaining

/ Viq|(Du— Q)" dz
By

2
dzx (3.3)

SU/B |V‘Q‘(DU_Q)|2d$+/B

u—~£
Via| (t = T)
+ [ (llu— ol + [u = ) + o)) ¢(1QI + |Dul)

T

where o := ?61 < 1. In order to bound the latter term further, we exploit the higher integrability
result of Lemma 3.2. Thus, with fixed s € (1,s0], as a consequence of Holder’s inequality, the

concavity of w, the bounds w < 1 and vy < 2L, and Jensen’s inequality also we obtain

[ ol =l + fa =€) + (7)) 9(1QI + |Dul) da

BT

1-1 1
s

< ¢|B,| ][wuu |+ Ju— )T dx+][vo<-,v>ﬁ dz ][cf(IQI) + ¢*(|Dul) dz

B, B. B.

1
-5

n(s—1)
t 1
S( ) w ][|u_u0|+|u_e\dm +V(r)i ][ 2(1Ql) + ¢(|Dul) dz

t—r
B, By

1—1

s

n(s—1)
<e(;%) el fmowltmetiar ] evo| f e+ e(puhs,

B, B39/4
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where ¢ = ¢(n, N, As(p), v, L). This estimate, combined with (3.3) gives

/B |V|Q|(Du— Q)|2 dz
—£
Vial (ltl_r)

1
I-5

n(s—1)
+(tf’) o| fru-walsfu-gar| vt e+ e(Du s,

2

SO’/ |V‘Q‘(DU7Q)‘2d$+C/ dz
B B,

o

B, B3g/a

u—2¢ 2 0 n(s—1)
::0/ \V|Q|(Du*Q)|2dx+c/ Viq (t—> dl‘+0<t_ ) u.
B, B, T T

Now, since the previous estimate holds for arbitrary radii r, ¢ such that ¢/2 < r <t < 3p/4, the
constant ¢ depends only on n, N, As(¢),v, L and o < 1, as a consequence of Lemma 2.6 applied

with § :=n(s — 1) we obtain
u—~¢
v
a (")

[ Vawu-@Pd<e [ Vg (*F

e/2 Y

2
dz +cd . (3.4)

In view of Lemma 3.1 applied with g in place of t — s and from (3.2) we get

/339/4 o(|Dul) dz < C/B - ( ) dz

| ) dot eel)

cof of

co[f w25

which combined with (3.4) and using the fact that w <1 as well as V(p) < 2L gives
2
u—¢
[ Wau-aparse | [vig (2
B 0
1

dx
o/2 e
+co™o(|Q)) |w ][|u—uo|+|u—£\dm +V(T)1_~ ,
B

e

u— Uy

uﬁ‘
0

dz + @(IQI)] :

e

1—1

s

where ¢ = ¢(n, N, Ay(¢), v, L). The Caccioppoli inequality then follows by taking means on both
sides of the latter inequality. O

We can apply Lemma 3.4 to affine functions £,, ,-(7) := (1), +Q(z—1z0) for some Q € RV <",
and the resulting Caccioppoli inequality can be compared with that of [7, Theorem 3.1]. We notice
that, apart of an extra VMO term due to assumption (F4), the dependence of the integrand f
also on u implies that the remainder term inside w; i.e.,

R0, 0,1, Q) == ][ [ — (W ] + 1 — £y, ol d (3.5)
BQ(IO)

is, in general, non-monotone in the radius ¢. Indeed, it can be estimated from above by the
Morrey-type excess

O 0)i= oo | w(Duhs | (3.6)

BQ(TO)
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which fails to be monotone for small ¢ (Lemma 3.5(i)). This does not allow, in general, for an
application of Gehring’s lemma in order to infer an higher integrability result: for this purpose,
a suitable “smallness” regime (3.9) has to be imposed (Lemma 3.5(ii)).

Lemma 3.5: Let £,, , be an affine function as above, and R(x, 0,0, £y, ,) be defined as in (3.5).
Then

(i)

R(.’L’O,Q,u, Q) < c@(xo,g)+g|Q\ (37)
In particular, if Q = (Du)g,,,, we have
R(l’o,Q,U,Q) < Ce(xOMQ)' (38)
(ii) if the smallness assumption
¢iq|(|Du— Q) dz < Ap(|Q]) (3.9)
BQ(T«D)

holds for some A € (0,1], then there exists a constant ¢ = c¢(p) > 0 such that

][ [ — ()gq,o " dx) < O(xo, 0) < co(|Ql); (3.10)
BQ(JCO)

hence
R(zo,0,u,Q) < co(|Q]) .

PRroOF: (i) First, from Poincaré inequality and Jensen’s inequality we obtain

o f g o [ () el f pupas

By (o) By (wo) By (o)
whence
][ [u— (u)g,,oldz < cO(x0, 0) -
By (z0)

Then, recalling the definition of £, ,, it is immediate to infer the estimate (3.7). As for (3.8), it
follows from (3.7) since g|(Du)y,,,| < cO(z0, 0)-

(ii) We note from (p2) that o(t'/#1) is convex for t > 0. Applying Jensen’s inequality, the

Poincaré type estimate in Theorem 2.5 and the change-shift formula (2.7) with a = 0, and using
assumption (3.9), we obtain

S0((}[ o= ()" d>>< f () rce f spupar

Bg(x()) BQ(mO) Be(fo)
<c { w(Du-Q)do+ e
BQ(IO)
<c ][ eq|(|Du—Q)dz +cp(|Ql) < ¢ (<(1Q))),
BQ(IU)

which yields (3.10) up to applying ¢! to both sides. O
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Now, we are in position to establish a “conditioned” higher integrability result for ¢|q(|Du—
QJ), under the smallness assumption (3.9). The result follows as a consequence of Gehring’s
lemma with increasing supports (Lemma 2.7):

Corollary 3.6: Ifu € Wh#(Q;RY) is a minimizer of the functional (1.1) under the assumptions
(F1)-(F7), and Q € RN*" s such that (3.9) holds for some A € (0,1], then there exist a constant
c=c(n,N,As(p),v,L) >0 and o > 1 such that

Q=

| “alpu-api
Bg/z(fﬂo) (311)

<c | valDu-Qhds+ep(Q) [o (@) + Pl

BQ(IO)
holds for every s € (1, sg] where sg is that of Lemma 5.2.

PROOF: Let y € Q and r > 0 be such that Bs,(y) CC By(zp). In view of Lemma 3.4 applied
with o = 2r, g =y, up = (u)y,2, and an arbitrary Q, we obtain

][ ¢lq/(|[Du—Qf)dz <c ][ Qiq| (u — (u>y’zr2; Qlz - y”) dz

Br(y) Bar(y)

1-1 (3.12)
+C¢(|Q|)lw ][|U(U)y,2r|+Q||~Ty|dx> +V(2r)1i].

B27‘ (y)

Here, we observe that

lu— (u)y2-| +Q|lz —yldz < c ][ |u— (u)y,2r| dz + c|Q|r

Bar(y) Bar(y)

SC<Q|1(Q| ][ |u(u)y,2rdx+1>gQ|a

B2T (y)

which, recalling that w(ct) < cw(t) when ¢ > 1 since w is concave and w(0) = 0, yields

”(][ |“(“)yv2r|+|Q|xy|dx> §c<g|1Q| / |U(U)y,2r|dx+1)w(9Q|)ll.

Bar(y) Bar(y)

Moreover, as f32 Lt (0)y,2r — Q(z — y)dz = 0, by the Sobolev-Poincaré type inequality

(2.12),
/ %(|u—<u>y72Tr—Q<x—y>l>dxg(;( / gaaQuDu—cwdgc)i

B2, (y) Bar (y)

for some « € (0,1). Therefore, plugging the preceding two estimates into (3.12) and taking into
account that

[ — (), 2| dz < 2 ][ [ — (W) | e,

B (y) B2, (y)
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we obtain

o

][ <P|Q|(|DUQ|)deC< ][ soaQ(|DUQ)dl'>

BT (y) B27‘ (y)

p(lQDw(elQ)'
T dal B][( )“—(u)xo,gldx+c<p(Ql)[w(QIQI) V(o]

_|_

Now, since u — (u)g,,, € LM (B,(z0)), as a consequence of Gehring’s lemma there exists o =
o(n, N, 1, pa,v, L) € (1, p1) such that

o

][ ¢7Q|<|Ducz|>dx> <e ][ o1q(|Du — Q) dz

By /2(xo) By (o)
(1Q)w(lQ' oan) 1 L
o] [ = (W o7 de | +ep(1QN) [w el + V(0]
By (o)
Finally, applying Lemma 3.5 (ii), we obtain (3.11). O

We conclude this section by introducing the excess functional and other tools useful in the
sequel. Let L, , : R™ — RY be the affine function associated to u defined as

Ly 0(7) := (W)ag,0 + Qup,o(z — T0), (3.13)

where Qg = (Du)g,,,. For zp € Q and g € (0,dist(zg,09)), o < 1, we define the excess
functional as

D(x0,0) = P(x0, 0, Lyy,p) == ][ ap|(Du)mg|(|Du — (Du)y, ,|) dz (3.14)
BQ(IO)
and
U(zg, 0) := ][ © (Iu_(z)mo’Q') dx . (3.15)
BQ(IO)

Moreover, we define also

1 1 1
H(zg,0) == W ([W(9|(Du)xo,g|)}1 Ol ) ) (3.16)
and
~ 1 1—1 1—1
H(zg,0) := 1+ @it ([W(9($079))] =+ V(o) ) ; (3.17)

where s € (1, so] is the exponent of Lemma 3.3 and ©(xg, o) is the excess defined in (3.6). Since

w <1 and V(p) < 2L, we have that H(xo, 0), H(zo,0) < 1, and
H(ZI:(),Q) S Cﬁ(l‘(hg)

as a consequence of Lemma 3.5(1). Under the smallness assumption @(zo, 0) < Ap(|(Du)gq,0l)s
by virtue of Lemma 3.5(ii) there exists a constant ¢ = é(¢) such that

1~ ~
EH(IE(L Q) S H(x()v Q) S CH(J;Ov Q) .
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We can rewrite the Caccioppoli inequality (3.11) as
D(x0,0/2) < (w0, 0) + cp(|(D0)ag,0]) H (w0, 0) - (3.18)

Note also that by (2.6) and, e.g., [13, Lemma A.2] we have the following equivalence:

P(x0, 0) ~ ][ [V(Du) — V((Du)y, ,)[* da ~ ][ [V(Du) — (V(Du)) s, f* da.
By(zo) By(xo)

In the case zo = 0, we will use the shorthands @(0), ¥(0), ©(¢), H(e) and H(p) in place of
®(0, 0), ¥(0,0), ©(0,0), H(0, 0) and H(0, o), respectively.

3.2 Comparison maps via Ekeland’s variational principle

The proof of the main results will require suitable comparison functions, which will be constructed
with a freezing argument in the variables (z, u) based on Ekeland’s variational principle. We recall
below a version of this classical tool, whose proof can be found, e.g., in [25, Theorem 5.6].

Lemma 3.7 (Ekeland’s principle): Let (X,d) be a complete metric space, and assume that
F: X — [0,00] be not identically oo and lower semicontinuous with respect to the metric topology
on X. If for some u € X and some k > 0, there holds

F(u) SiﬁfF—i—m,

then there exists v € X with the properties
d(u,v) <1 and F(v) < F(w) 4+ kd(v,w) Yw e X.

Although a similar analysis in the Orlicz setting, for integrands f = f(x, &), has been per-
formed in [7, Theorem 3.3], we will follow a quite different argument, which refers to the case of
p-growth as in [4, Lemma 3.7]. We will also specify the appropriate complete metric space X,
which is not explicitly mentioned in [7, Theorem 3.3].

To this aim, let B,(zo) C Q with ¢ < go and set

9(€) = 9ap.0(&) = (f(, (Wag,0:€))ap,e  for all § € RA, (3.19)

and

K(zo, 0) := H(20, 0)¥(z0, 0) (3.20)

where H(z, 0) and W(zo, o) are defined as in (3.17) and (3.15), respectively.
As for the complete metric space (X, d), following [36, Lemma 4.4] we consider

X =<{we u—l—Wol’l(BQ/Q(xo)) : ][ o(|Dw])dz < ][ ©(|Dul) dz
B, /2(x0) By /2(x0)
with the metric

1

11
m ][ |Dwq — Dwy|dz, for wi,ws € u+ W, (BQ/Q(wO)’RN)’

By /2(z0)

d(wq,wa) :=

and note that the functional
Glw] = ][ g(Dw)dz i u+ WE(B,a(zo), RY), (3.21)
By /2(xo0)

is lower semicontinuous in the metric topology. We would get a comparison map v € u +
Wol’l(Bg/g(xo),RN) by proving the following lemma.
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Lemma 3.8: Assume that u € WH%(Q,RY) is a minimizer of the functional (1.1), under the
assumptions (F1)-(F6). Then there exists a minimizer v € u + Wol’l(Bg/2(zo),RN) of the func-
tional

~ K(xg,
Glw] := ][ g(Dw)dx + @_1(;(?3057)9)) ][ |Dv — Dw|dz,
By2(wo) Bq/2(wo)
that satisfies
][ |Dv — Du|dz < .o Y (K (0, 0)) (3.22)
By 2 (zo)

for some constant ¢, = ci(n, N, Aq(p),v,L). Moreover, v fulfills the following Fuler-Lagrange
variational inequality:

K (w0, 0) ][
Dg(Dv)|Dn)dz| < ——————— Dn|dz 3.23
[ waovionad < 20 [ oy (323)
By /2(z0) B, /2(z0)

for every n € C§°(By2(x0),RY).

PROOF: We may assume, without loss of generality, that zy = 0 and, correspondingly, we use
the shorthand K (g) for K(0,0). As a first remark, we recall that from Lemma 3.1 with r = 3o

o f etpupassefo(BEE) ar—cora), o

B3g/a B,

where ¢ = ¢(Aa(p), L,v). We then denote by v € X a minimizer of the functional (3.21) whose
existence is ensured by the direct method under the assumptions (F1)-(F2). From the minimality
of v, assumption (F1) and (2.10) we get

fetipapar < f o9 - g0 as

B2 By2

1
<1 ][ g(Du) — g(0) dz < ][ (|Dul) dz
1%
Bg/2 BQ/2

(3.25)

c(p)L

By the sublinearity of ¢, the Poincaré inequality (Theorem 2.5), Jensen’s inequality and (3.24)
this gives

(g (5o f (e

B2 B2 B2

@

][ ©*(|Dv — Du|) dz + ][ ©*(|Du|) dz
B2 B2

Q=

IN
o

<e ][ o(ID¥)) + (| D) dz
Bg/2

<c [ eDu)s,

B2
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whence

][ |V — (u),]dz < c©(p) (3.26)

where ¢ = ¢(p,n, L,v). Moreover, as a consequence of the higher integrability results of both
Lemma 3.2 and 3.3, together with (3.25) and (3.24), we infer the higher integrability result

s

fewshas| <c f p(pu)de< ). (3.27)

By/2 B3g/a

where ¢ = ¢(n, N, p,v, L) and s = s(n, N, ¢, v, L) € (1, s0].
Now we prove that u is an almost minimizer of the functional G. Indeed, from the minimality
of u and assumptions (F4), (F3) we get

]l F(z,u, Du)dz — G[¥] < ][ F(z,%, DV) dz — G[¥]

B,/2 Be/2
_ ][ (2,9, D%) — (f(- ¥, D¥)), da
BQ/2
+ ][ (F(2 9, D9))y — (f(- (0)g, D¥))p dz
B2
< (L) ][ [wo(-+ 0) + w(¥ — ()| D¥]) da
BQ/Z

Then, by using Jensen’s inequality, the concavity and sub-linearity of w, (3.26) and (3.27), from
the previous estimate we obtain

][ f(z,u, Du)dz — G[V]

B2
selof £ m-@adar] 4@t | f eaps) (328)
BQ/Z o/2
< c[w(@()'"F + V(o) 7] W) = ek (o),
where ¢ = ¢(n, N, Ay(0),v, L). Arguing similarly, we can estimate
][ f(z,u,Du)d
9/2
= [ 1w D)), f (W D] da [ (o (), D) = (o, Dw)] da
Bg/2 B2
< ¢ [w(©(0)'* + V()] F| (o) = cK (o).
(3.29)

where the constant ¢ has the same dependencies as before. Adding term by term (3.28)-(3.29)
and taking into account the minimality of v, we infer

Gl <GFl+e.K(g)=  min  G+eK(o),
u+WO’ (BQ/Q,IRN)



Partial Holder Continuity for Minimizers of Discontinuous Quasiconvex Integrals 23

for a constant ¢, = c.(n, N, As(p),v,L). Finally, Ekeland’s variational principle (Lemma 3.7)
with the choice k = ¢.K (o) provides the existence of a function v € X with the desired property
of minimality for the functional G and such that d(u,v) < 1, which corresponds to (3.22). The
inequality (3.23) follows from the validity of the associated Euler-Lagrange variational inequality
for v in a standard way. O

3.3 Approximate A-harmonicity and ¢-harmonicity

In this section, we provide two different linearization strategies for the minimization problem,
along the lines of [4, Section 3.2], where an analogous analysis has been performed for functionals
with p-growth. On the one hand, with Lemma 3.9 we will show that the minimizer u of F is an
almost A-harmonic function for a suitable elliptic bilinear form A. On the other hand, this u
turns out to be an almost p-harmonic function (see Lemma 3.10). These results will allow us to
apply the A-harmonic approximation lemma, respectively the p-harmonic approximation lemma.
The proof will require, in both cases, the comparison maps obtained with Lemma 3.8.

We start by proving the approximate A-harmonicity of a minimizer to (1.1). To this aim,
only assumptions (F1)-(F6) are required on f.

Let Ly, , be the affine function associated to u as in (3.13), which complies with L, ,(zo) =
(W)ag,0 and DLy , = (DU)gy,0 =t Qaq,0- We set

e D20((D)y) _ (D2f (s (W)ap.0r (D)),
T @ ([(DWagel) @ (I(Dw) g, 0) '

We point out that A defined above is a bilinear form on RY*" satisfying the ellipticity
assumption (2.13) by virtue of (F2) and (F3).

Lemma 3.9: Letu € WH¥(Q,RY) be a minimizer of the functional (1.1), under the assumptions
(F1)-(F6), and assume that for a ball B,(xo) C Q the non-degeneracy assumptions

D(z0,0) < o(|(D0)gy,l) and o<1,

are satisfied. Then, u is approximately A-harmonic on the ball B,/3(x0), in the sense that there

exists /61 = /Bl(n7N7 ul’#Q’V’L7BO) € (0’ %) such that

‘.f (A(Du — (Du)s, )| D) da

By /2(0) » (3.30)
c|/(Du z B P(z0, 0) D(x0, 0) 2
= APWaellPnloc | [Hro. o) +¢MDwm@D+(quwm@Q

holds for every m € Cé’o(BQ/Q(xOMRN) for some constant ¢ = c¢(n, N, p1, pa, v, co, L) > 0, where
u1, e are the characteristics of ¢ and cg, By are the constants of assumption (F6).

PROOF: See [7, Lemma 4.1]. O

If, in addition, f complies also with (F7), we can show that each local minimizer of the
functional F(u) (eq. (1.1)) is almost (-harmonic.

For this, we preliminarly note (see [7, eq. (4.19)-(4.20)]) that assumption (F7) implies the
following:

P
for every § > 0, there exists ¢ = ¢(d) > 0 such that |Dg(P) — ﬁw'(|P|) <50 (IP]), (3.31)

for every P € RV*" with 0 < |P| < o, where the function g has been introduced in (3.19).
We then have the following result.
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Lemma 3.10: Let u € VVé’f(Q,RN) be a local minimizer of the functional (1.1), and assume
that f complies also with (F7). Then there exists B2 = Ba(n, N, 1, pi2, co, L) € (0, %) such that,
for every § > 0 and for o = o(§) > 0 given by (3.31), the inequality

f (5o oelon) o

By /2(x0)

(| Dul) dz + o (][ D)

By (wo)

<c(6+Uﬂm»mW2+¢_“ffm@»>

holds for every n € C° (B, a(x0), RY) for some constant ¢ = ¢(n, N, p1, p2, co, v, L) > 0.
PROOF: See [7, Lemma 4.3]. O

3.4 Excess decay estimates: the non-degenerate regime

We start by establishing excess improvement estimates in the non-degenerate regime characterized
by (3.33) below, i.e. the fact that &(zo, 0) < co(|(Du)g,,0|). The strategy of the proof is to exploit
Lemma 3.9 to approximate the given minimizer by .A-harmonic functions, for which suitable decay
estimates are available from Theorem 2.9.

We introduce the hybrid excess functional

D, (20, 0) = P(0, 0) + P(|(DW)ay o) [H (20, 0))" , (3.32)

where (7 is the exponent of Lemma 3.9. Since ;1 < 1/2 and H(zg,0) < 1, we deduce, in
particular, that H(zo, 0) < [H(z0,0)]?*. Thus, the Caccioppoli inequality (3.18) can be re-read
as

@(J)O’ 9/2) < CE?*(J,‘O7 @) )
where ¢ = ¢(n, N, u1, pa, v, L).

Lemma 3.11: For everye € (0,1) there exist 61,02 € (0,1], where §; = 0;(n, N, 1, 2, Bo, v, L, €),
1= 1,2, with the following property: if

@(%0, Q)
————— < (3.33)
e(|(Du)aq,l)
[H(x0,0)]"" < 6, (3.34)
then the excess improvement estimate
€
P(z0,90) < CdectV” [1 + §n+2] P (o, 0) (3.35)

holds for every ¢ € (0,1) for some constant cgec = Cdoc(n, N, pt1, 2, v, L,c1) > 0, where . is
defined in (3.32).

PROOF: The proof follows the argument of [7, Lemma 4.2]. We emphasize that Corollary 3.6 is
crucial in order to obtain the estimate

P19,1(1Du = QD™ t e 4= Q) dz + [H (P
][ [ ©(1Qol) d = ¢(|QQ|)][‘PQQ(D Qo) dz + ¢[H(0)]
BQ/Q BQ
3. (o)
=l

which comes into play in applying the A-harmonic approximation theorem in the modified version
of Remark 2.10. O
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Lemma 3.12: Let 9 € (0,1), and assume that

dj(‘r07 Q) < "

< s 3.36
D) ]) = 2270c, (3.36)

where ¢, is the constant of the change of shift formula (2.7) with n = 2#2’% Then it holds that

[(D0) g, 0] < 2|(DW)y,0] - (3.37)

PROOF: As a consequence of (2.7) for n = st and with (3.36) we get

P(|(DW)g,o = (DW)zg,00]) < ][ o(|Du — (Du)s, of) dz

Buyo(zo)

n 1
< e, " D(20, 0) + W@(KDu)xo,gD

1
S ou2 @(KDU)GKU,QD ’

1

whence, passing to ¢~ ! and taking into account (2.2), we obtain

1
[(DW)zg.0 = (DW)ag 00| < 5[(DW)ag ] -

Now,

1
(D) g0l < (D)0 = (DW)rg 90| + (D) g 00| < 5[(DW)irg 0] + |(DW)irg,06]
2

whence (3.37) follows by re-absorbing the first term of the right-hand side into the left. ]

The excess-decay estimate (3.35) can be iterated, as the non-degeneracy conditions (3.33)-
(3.34) are also satisfied on any smaller ball Bym,(z), m € N, ¥ < 1.

Lemma 3.13: Let &(z0,0) and ©(xo, 0) be defined as in (3.14) and (3.6), respectively. Then
there exist constants 0y, £«, 0« € (0,1] and ¥ such that the following holds: if the conditions

_ P(wo,0) . N
(D)) =& wd @ o) <o (3.38)

hold on By(xg) C Q for o € (0, o.], then

¢(1‘07 9 Q)
————————<e¢e, and O(zx,9"0) < (3.39)
(|(D1)zg,9m 1)
for everym =0,1,..... As a consequence, for any a € (0,1) the following Morrey-type estimate
holds: N
O(y,r) < by (;) (3.40)

for ally € By/s(x0) and r € (0, 0/2].

PROOF: As usual, we omit the explicit dependence on zg. Let ¢ € (0,1) be such that

1 1
¥ < min {(cheCZM)é, T 3 } , (3.41)
2u1(1—a)
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where cgec is the constant of Lemma 3.11 depending only on n, N, p1, o, v, L, cg. Correspondingly,
let §; = 6;(n, N, u1, po, Bo,v, L,¥), i = 1,2 be the constants of Lemma 3.11, applied with the
choice € = 97 2. We choose €, > 0 such that

< 91 02 "
€« <ming —, =, ;
37 2 max{2cy,2#2F ¢y, }

(3.42)

where c1 is the constant in the change-shift formula (2.7) with n = %, and we fix the constant

x>0 S(Q) small that
w((s*)l_% ﬁl

Moreover, we choose a radius g, > 0 such that

Vet \”
0. <1 and BACONEE T (3.44)
1+ (20)t %

As a consequence, €4, d, and p, have the same dependencies as d1, d2. In addition, §, depends
also on w, while g, also on w and V.

We argue by induction on m. Since (3.39) are trivially true for m = 0 by assumption (3.38),
our aim is to show that if (3.39) holds for some m > 1, then the corresponding inequalities hold
with m 4+ 1 in place of m. Setting

E(Byny) = ][ (| Dul) dz,

Bym,

in order to prove the second inequalities in (3.39) it will suffice to show that

E(Bgm,) < ¢ (ﬁijg) . (3.45)

We have, with (3.39) at step m, the shift-change formula (2.7) with n = 1 and (3.42), the estimate

1
B(Byuiny) <27 (e 0070) + 4o((Dulan ) + ol Do)
< oH2—1 (c;ﬁ_"é(ﬁmg) + gE(Bﬁmg)>

S 2“2_1 (C;ﬁ_ns* + ) E(B,Lgmg) (346)

Now, we prove by induction the first inequality in (3.39) for m + 1. From (3.39) at step k and
the choices of d, and g, as in (3.43)-(3.44), we have
(9" o)
o(|(Da)ym,|)
[H(0™0))* < 26, < 65,

S5*<35*S51;
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and
D, (9™ 0) = B(9™0) + ¢ (|(Dw)ymo|)[H (9™ 0)]" < Beuip(|(Dw)gmyl) -

Then, by virtue of Lemma 3.11 and Lemma 3.12 applied with radius ¥™p in place of p, and
recalling the choice of ¥ (3.41), we get

@(ﬁm+19) S ZCdec'ﬁQ@* (ﬂmg) S GCdecg*ﬁ2¢(|(Du)§m9D
< evp(|(Dw)gm,l) -

Finally, since the iteration starting from m = 0 of the estimate ¢! (E(Bym+1,)) < 20t o Y E(Bym,)),
obtained by (3.46) and (2.2), with (3.41) yields

(0™ 0)' ¢ (E(Bymy)) < 0' "7 H(E(By)) < du0™?,

and this estimate a fortiori holds if we consider E(Bym,(y)) for y € B,/, in place of E(Bym,),
we deduce the Morrey-type estimate

r 0T (E(B,(y))) < b0

for all y € B, /5 and r < /2, which is equivalent to (3.40). The proof is now concluded. O

3.5 Excess decay estimate: the degenerate regime

In this section, with Lemma 3.14 we will establish an excess improvement estimate for the degen-
erate case which is characterized by the fact that ®(zo, ¢) is “large” compared to ¢(|(Du)y,,o)-

In view of Lemma 3.10, this will be achieved via the ¢-harmonic approximation lemma
(Lemma 2.11) which allows to approximate the original minimizer by a ¢-harmonic function.
In this way, one can transfer the a priori estimates for ¢-harmonic functions (Proposition 2.8) to
the minimizer.

Lemma 3.14: Let g > 0 be the exponent of Proposition 2.8. Then, for every 0 < v < 7
and every k, pu € (0,1) there exist ey, 7 € (0,1) and o4 € (0,1] depending on n, N, p1, f2, co, Bo,
L,v,v,7,p and k (g4 also depends on 7 and o(8), where § satisfies (3.51) below, and ox also
depends on w and V) with the following property: if

kp(|(Du)ag o) < P(0, 0) < £ (3.47)
for By(zo) C Q with o € (0, o], then

D(xo,70) < TQ’YQ(Z‘Q, 0) and O(xo,70) < 1. (3.48)

PRrOOF: Without loss of generality, we assume that o = 0 and, correspondingly, we use the
abbreviations ¢(g) = $(0,0), ¥(g) = ¥(0,0), O(0) = O(0,p). Let 0 < v < 7o be fixed, 7 €
(0, 2%2] to be specified later, and we set € := 7270F"_ Furthermore, let 6y = do(n, N, p,v, L,€) €
(0,1] be the constant according to the ep-harmonic approximation (Lemma 2.11) with 6 the
exponent of higher integrability as in (2.19).

Now, we have to check that u complies with (2.18), in order to apply Lemma 2.11. From the
Poincaré inequality, the shift change formula (2.7) with = x and (3.47) we have

W(e) < cr f wliDulde £ 2 ep(ont 1+ 87D < coel ey, (349
BQ
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where c(k, 2) = 227 (¢,, + 1+ k~1) > 1. An analogous computation and the concavity of =1

give
E(B,) = ][ ¢(|Dul)dz < ¢ ((‘0_1 <C<“’/Z)2)5#))
g S@Cdmm»jw*@ﬂ),
whence

a1 N _
O(0) < (c(k, p2)) ™1 0™ Heg) =t &k, 1, p2) 0™ (o) - (3.50)
In applying Lemma 3.10 we choose & > 0 (which, in turn, determines o = o(d) > 0 such that

(3.31) holds) in such a way that

c:0 < %O, (3.51)

where c, is the constant of Lemma 3.10. Then, we choose ex < 1 such that

< min 1 o (5oac*> o (,u) n o)
# = cpc(k, p2) 4 TN, p1,p2) ) 2cy ’

so that, with (3.49)-(3.50), we have

e ' ((0)

g

< %O and  O(zg,0) < p.

We also determine a radius gx € (0, 1] according to

_1 _11P2 o
W' V(e T < T,
where (35 is defined in Lemma 3.10. Recalling the definition of H (o), for o < g4 we then have

~ b
[H(0)]” ST

For such choice of €4 and gy it holds that

e (5 +[H (o)) + 901”’“’”) < &y,

o
so that, by Lemma 2.11, there exists a unique ¢-harmonic w & Wl"/’(Bg/Q, RN) with w = u on
0B,/ that satisfies

1

6
][ |[V(Du) — V(Dw)[*dz | < 7'27°+"][ ©(|Dul) dz,
Bo/2 B,

and

][ w(IDw\)dec][ ¢(|Dul) dz .

By/2 B, )2

Taking into account the higher integrability result of Lemma 3.2, Lemma 2.12 implies that

][ |V (Du) — V(Dw)|? dz < T270+"][ o(|Du|) dz, (3.52)

B, 2 B,
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and since T < %, from Proposition 2.8 we also have

][ 'V(Dw) — (V(Dw)),,[*dz < er?? ][ [V(Dw) — (V(Dw)),/2|* dz. (3.53)
Bro B2
Thus, with (3.52)-(3.53) we infer

d(10) < 4]{3 [V (Du) — (V(DW)),,|* dz

esf
Bro

< CT_"(727°+n)][ ¢(|Dul) dz + e ][ [V(Dw) = (V(DW)) g o da
B2

V(Du) — V(Dw)[2 dz + 8]{3 IV(Dw) — (V(Dw))»,|? dz
BQ

< G20 ][ (| Dul) dz
BE’

for some constant ¢; = é (n, N, p1, p2,¢1) > 0. Now, by virtue of the computation in (3.49) we
conclude that
B(r0) < Erc(k, pa) T2 D(0)

whence (3.48) follows if we choose 7 such that

( 1 >2<volw)
r<(—— .
CIC<K’7,U/2)

As for the second assertion in (3.48), the shift change formula (2.7) for n = 3, with (3.47), (3.50)
and the choice of ¢4 shows that

_ _ 3
E(B.,.Q) = ][ ¢(|Du|)dx§2ﬂz 1 ciT "][QPKDU)Q‘(‘Du—(Du)g‘)daj+§go(|(Du)g|)
Bro B,

< gn2—l (CéTn@(Q) + ;E(BQ))

_ —n 3
< on2l (CéT ex + E(BQ)>

2
< oy (ﬂ)
TO

whence the assertion follows since 7 < 1. g

3.6 Proof of Theorem 1.1

Lemma 3.15: Under the assumptions of Theorem 1.1, let aw € (0,1). Then there exist constants
€4, 05 and o such that the conditions

D(xg,0) <ex and O(zg,p0) < s, (3.54)
for B,(zg) C Q with o € (0, 8] imply

u € C"*(By2(x0)). (3.55)



30 C. S. Goodrich, G. Scilla and B. Stroffolini

PRrROOF: Without loss of generality, we assume that xy = 0 and, correspondingly, we omit the
dependence on it. Let e.,d,, ¥ € (0,1) and g, € (0, 1] be the constants of Lemma 3.13. We then
choose pt = ¢, in Lemma 3.14 leaving x unchanged. This fixes the constants €4, 7 and gx. We

set ¢ := min{p., 0 }.
We introduce the set of integers

Si={keNo: rp(|(Du),|) < &(r*0)} ,

and we distinguish between the cases S = Ny and S # Nj.
The case S = Ng. We prove by induction that the bounds

B(1ro) <ey and  O(7Fp) < 4. (3.56)

hold for every k € Ny. The case kK = 0 is trivial from the assumption (3.54). Now, since
k € S = Ny, the assumption (3.47) of Lemma 3.14 hold with 7%p in place of p. Then, an
application of Lemma 3.14 gives (3.56) for k + 1 (recall that 7 < 1). The validity of (3.56)
implies, as in Lemma 3.13, that the Morrey-type estimate

O(y,r) < cé, (2) ) (3.57)

holds for every a € (0, 1), for all y € B,/2(x0) and r € (0, 0/2]. For y,z € B, 5, with |y —z| < o/4
we estimate the telescopic sum

[u(y) —u(z)| ][ [u(z) — (u);] dr < ][ [u(z) — (u);] dx
ly—=z — 2J Iy—ZI 2J
€7 JEL

J
i

where B,.; := Byi—j|y_.|(y) for j > 0 and B, := Bai+j|y_|(z) for j < 0. Now, with the Poincaré
inequality we get

lu(y) —u(z)] <cz][|Du|d$<CZ‘P ' ][ (IDul) dz

|yiz| jEZB JEZ B,.
J
O(y,2' |y — 2|) O(z, 2" |y — 2|)
< - - .
_CZ 21_J|y_z‘ +CZ 21+J|y_z‘
7>0 3<0

Finally, with the estimate (3.57) we infer

[u(y) —u(z)] < cbuly — 2| | Y2007 3 "glamhli+)

= = (3.58)

< eduly — 2|%0™¢

which, in particular, implies that u € C%(B,s).
The case S # Np. In this case, there exists ko := min N\S. Since k € S for any integer k < ko we
can iterate as in the case S = Ny for k =0, 1,..., ko — 1 to infer that (3.56) holds for any k < k.
By the definition of S we have

B(7"0) < rp(|(Du),l),

which together with the second inequality in (3.56) with k = kg ensures that the assumptions
(3.38) of Lemma 3.13 are satisfied for o replaced by 7%0p. The, by virtue of this lemma, we have

d(Im 7k 9)

——— Y <k and OWMrMp) <4, 3.59
D gty (W7r0) (3.59)
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for every m € Np.

Now, we consider an arbitrary radius r € (0, ]. If » € (7%00/2, o] we find 0 < k < kg such
that 7#+1 < r < 0% and then we can argue as in the case S = Ny. In the case r € (0,7 0/2],
instead, we find m € Ny such that 9™+1rFop < r < 9™rkop. Then arguing as in the proof of
(3.40) and taking into account the second estimate in (3.59), we have

P BB W) < 0" T00) N (B Banrig) < s

for every y € Bymkoo/2 C By/o whence

S

At this point, we can argue as in the case S = Ny for the proof of (3.58), whence (3.55) follows
thus concluding the proof. (Il

PROOF (PROOF OF THEOREM 1.1): Let €4, 0. and g be the constants of Lemma 3.15. Let ¥4
and Yo be defined as in the statement of Theorem 1.1. Note that, by Lebesgue’s differentiation
theorem, it holds that |31 U 33| = 0. Thus, we are reduced to show that each zy € Q\ (X1 U )
belongs to the set

Qo= {20€Q: ueC*U,,,RY) for every a € (0,1) and for some U, C Q} ,

where U, is an open neighborhood of zy. For this, let xg € Q be such that both the conditions

lim inf ][ Vi(pu).. |(Du—(Du)y, o)) dz =0 and my, = limsup |[(Du),,,,| < +00 (3.60)
o0 0 o\0
BQ(“’O)
hold.
We set
. 1 EH#
= ————p(04), = 5, .61

o mm{%cgm)@( ) Cw} (3.61)
where the constants c,, cy are specified later and, correspondingly, with (3.60) we can find a
radius g such that

_ ©(ds)
< .62
0= 3.2kt p(my, + 1) (3.62)
and
][ |V|(Du)%§|(Du — (Du)x07§)|2 dr <o and |[(Du)g,z <mg +1. (3.63)

Bg(2o)
Now, recalling that

D 0) < co f [Viipur, o (Du— (Duls, ) do

B (o)

1
and observing that, as a consequence of the shift-change formula (2.7) with n = 2 conditions
(3.63) imply

_ 3
][ p(IDuf)dz <2271 | ye, ][ VDol (D1 = (D) ) i+ S (| (D) )

Bs(zo0) Bg(xo)

3 1
<2 (eyepot Splima, +1)) < 300 + el <0 (%)
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with the choice of o (3.61), corresponding to the radius g € (0, g] as in (3.62) there holds
D(x9,0) <ex and ©O(x0,0) < bs.
By the absolute continuity of the integral, we can find an open neighborhood U,, of ¢ such that
D(z,0) <eyxp and O(z,9) <

for every z € U,,. We can apply Lemma 3.15 at each point of U, proving that u € C%(U,,,,R"Y)
for every « € (0,1). Thus, g € Q¢ and the proof is concluded. O
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