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Abstract

What is the nature of the dark, massive ultracompact objects that populate our Uni-

verse? This question is the guiding line for the work developed in this thesis. Black holes

are an extremely successful model to describe these compact objects and are supported

by a solid theoretical foundation and consistent with all astrophysical observations. How-

ever, black holes have several theoretical problems that are not fully understood and could

potentially be an issue for the self-consistency of General Relativity. One way to evade

their outstanding issues is to consider that some new physics prevents the full collapse to a

black hole and an exotic compact object is formed. Quantifying the evidence for horizons

is, therefore, an essential and pressing task in future gravitational-wave observations. In

this thesis, we investigate a wide variety of phenomenological effects of exotic compact

objects and put them to test against the behavior of black holes. Some particularly rel-

evant quantities that we study here are the multipole moments of the object, which may

differ significantly from those of black holes and provide a good way to test the nature

of compact objects in a binary. We study in particular the multipole moments of (i)

fuzzballs - a multicenter microstate geometry arising from string theory - finding that the

multipolar structure is much richer than Kerr and can be used to put constraints on these

models with future gravitational wave observations; (ii) “soft” exotic compact objects - for

which the curvature at the surface is comparable with the corresponding curvature at the

horizon, and finding that the multipole moments that are not spin-induced are strongly

suppressed in the black-hole limit suggesting that their detection is challenging but pos-

sibly feasible with next-generation gravitational-wave detectors; (iii) neutron stars with

quadrupolar deformations, where the latter is induced by an anisotropic crust (modeled by

a thin shell), finding indications that a more complete of study of elastic properties of neu-

tron stars may be required to understand the gravitational-wave signatures of coalescing

neutron-star binaries. We also considered a particular model of an exotic compact object

with self-gravitating anisotropic matter, where we developed the first fully covariant study

for this type of object. We find that anisotropic stars have interesting phenomenological

signatures, such as tidal Love numbers and gravitational echoes, and can evade some of

the most pressing challenges that other exotic compact objects face when attempting to

mimic the black hole model. The fully covariant framework suggest that these objects

may be used to study numerically the behavior of ultracompact objects.
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1Introduction

It was barely more than a century ago when Albert Einstein formulated his vision for

a new theory of gravity [9] - the Theory of General Relativity (GR) as it came to be called

- where gravity was interpreted as a manifestation of the curvature of the spacetime or, in

the words of John Wheeler, “spacetime tells matter how to move; matter tells spacetime

how to curve” [10, 11]. This revolutionary theory paved the way to an even greater number

of outstanding discoveries, from bending of light rays to a new vision on the origin and

evolution of the Universe and many more phenomena [12]. Among these consequences of

GR, one can name two more that are particularly relevant for our discussion: the prediction

by Einstein of gravitational waves (GWs), weak spacetime oscillations that propagate at

the speed of light across the cosmos [13, 14, 15] and the prediction of black holes (BHs),

spacetime regions where the curvature is so high that nothing, not even light, can escape

from it [16, 17, 18].

1.1 Gravitational waves: The sound of spacetime

In 1916, when Einstein predicted the existence of GWs he understood that these “rip-

ples” are so small and so weakly-interacting with matter that only with a combination

of extremely sensitive detectors and ultra-energetic cosmic events one could produce and

detect gravitational waves. During the following 50 years, there was no overall consen-

sus among the scientific community about whether these GWs were a real physical phe-

nomenon or not. It was only after the first experimental efforts, culminating with the first

indirect evidence for GWs, that consensus was achieved. Ever since this point, the scien-

tific community has put a herculean effort in simultaneously planning challenging scientific

experiments, developing high-sensitivity instruments and techniques, and understanding

the astrophysical scenarios that produce GWs. In 2015, almost one hundred years after

3
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their prediction, all this effort was rewarded with the first detection by the LIGO-Virgo

Collaboration of GWs produced by a BH binary [19]. This event - GW150914 - opened

a new window to the universe and started the era of gravitational-wave astronomy that

allows us to probe the most extreme regions of spacetime and study phenomena and ef-

fects that are inaccessible with electromagnetic (EM) observations. This remarkable feat

was awarded the Nobel prize in Physics in 2017, precisely one hundred years after the

publication of the first work on GWs by Einstein.

Since then, the instruments’ sensitivity has been increased and more detectors have be-

come operational, culminating in an extensive and exciting catalog of detected events [20].

Between 12th September of 2015 to 25th August 2017, during the first two observation

runs of the detectors (O1 and O2, respectively), eleven GW events were detected by the

conjunction of the two LIGO detectors and the Virgo detector that became operative dur-

ing the second run. Remarkably, the addition of a third interferometer to the detectors’

network was fundamental to improve the sky-localization of the sources. It is worthy of

emphasis on the remarkable localization of the event GW170814, produced by a BH coales-

cence 2.5 billion light-years from Earth that was pinpointed with a precision of 39 square

degrees [21]. During O2, another milestone was achieved with the event GW170817, corre-

sponding to the detection of the first GW signal produced by a binary of two neutron stars

(NSs) [22]. In addition to this already remarkable fact, this detection stands among the

most relevant and meaningful events because it is the pioneer in the era of multimessenger

astronomy where the same event is observed in both GW and EM bands.

Recently, the catalog for the first half of the third observation run (O3) of the LIGO-

Virgo Collaboration was published, which added thirty-nine events and lifted the number

of GW detections to a total of fifty [23]. During this run, some notable events were

found, such as: the detection of a binary BH with the highest total mass, over 150 solar

masses [24]; the second detection consistent with a binary NS [25]; the first binary BH with

asymmetric component masses [26]; and binary BH events whose components masses look

incompatible with the standard astrophysical formation scenario for BHs, by being either

too light, as in the case of the lightest body in GW190814 and the GW190924 021846

event, or too massive as in the case of at least one of the bodies in GW190521.

At the time of this work, LIGO-VIRGO Collaboration is working on the catalog for

the second half of O3, which for sure will add a variety of new events to the ever-growing

catalog of GW detections. In the next few months and years, one can only expect that

the number of detections will quickly rise, especially with the addition of KAGRA (which
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became operational in February 2020) and LIGO-India (predicted to join during the fifth

observational run) to the network. Furthermore, projects for third-generation detectors

such as the Einstein Telescope [27] and the Cosmic Explorer [28], as well as projects for

space-based detectors such as LISA [29] are in development. The future of GW astronomy

and GW physics looks promising and exciting. The plethora of data that is starting to

become available allows us to develop precision-tests of the strong-gravity regime, where the

spacetime curvatures are very high and the speeds are typically close to the speed of light.

Current and future GW data will give us the unique opportunity to test fundamental

physics with GWs [30, 31] allowing us to study a wide diversity of topics such as: the

behavior of matter in extreme regimes, such as the structure and composition of matter at

supranuclear densities inside of NS [32, 33]; testing GR and modified gravity theories [34];

probing the nature of the compact objects and searching for signals of BH mimickers [35,

36].

1.2 Black holes, horizons and singularities

Without a doubt, one can say that the most simple macroscopic object that can be

conceived is a BH. A set of uniqueness and no-hair theorems in GR prove that any vac-

uum, stationary and asymptotically flat, regular solution to GR is described by the two-

parameter Kerr solution1. In other words, such theorems have the remarkable implication

that within GR any BH must be a Kerr BH2 (in the absence of other fields and in isola-

tion). Such elegant properties allow us to say that BHs are, in some sense the “fundamental

particle” of GR [36].

1.2.1 A brief history of black holes

The first BH solutions date back to 1916 [16, 17], shortly after the foundation of GR,

it took several years to fully understand the physical implications of these solutions. One

of the mysteries associated with these BH solutions was related to a particular surface

- dubbed by Schwarzschild radius - in which the solution became singular. It was only

later that Lemâıtre understood that this particular surface was not a physical singularity

but a coordinate singularity instead, and that appropriate choice of coordinates (firstly

1This family of solutions can be generalized to the Kerr-Newman family by including electromagnetic
fields and to the Herdeiro-Radu family of solutions by the inclusion of scalar fields [37]. In the latter,
although the metric is stationary, the scalar field oscilates.

2Upon realization of this uniqueness Chandrasekar said: “In my entire scientific life, extending over
forty-five years, the most shattering experience has been the realization that an exact solution of Einstein’s
equations [...] provides the absolutely exact representation of untold numbers of black holes that populate
the universe.” [38]
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devised by Eddington [39] and later rediscovered by Finkelstein [40]) can eliminate this

singularity [41].

The middle decades of the XX century were the first golden age for the study and

research of BHs. During the sixties, Kerr and Newman found solutions that describe ro-

tating BHs, uncharged and charged, respectively [18, 42]. In the following decade, a set

of uniqueness and no-hair theorems were found showing that the Kerr-Newman family

of solutions is the most general vacuum, stationary and asymptotically flat, regular so-

lution to GR [43, 44, 45, 46, 47]. Also during this period, several studies on spacetime

singularities were developed, where some remarkable theorems by Penrose, Hawking and

Geroch proved that singularities are not only real but very general phenomena that are

often unavoidable [48, 49, 50, 51, 52, 44], a result that was recognized with the Nobel

prize in Physics to Roger Penrose in 2020. Simultaneously to these works, a new field that

came to be known as black-hole thermodynamics was developed by pioneering works of

Bardeen, Bekenstein, Carter and Hawking, where the concepts of energy, temperature and

entropy were assigned to BHs and the famous second law of black-hole thermodynamics

was formulated [53, 54, 55]: “in black-hole processes the sum of the square of the irre-

ducible masses of all black holes involved can never decrease”. Arguably, the field of BH

thermodynamics reached a new milestone when in 1974, Hawking understood that, when

quantum effects are added to GR, BHs emit black-body radiation with a characteristic

temperature that is proportional to the surface area of the BH [56]. This effect, now called

Hawking radiation produces a new phenomenon known as black hole evaporation, in which

BHs lose energy and angular momentum by emission of Hawking radiation and, after an

extended period, they evaporate away [57].

However, BHs are more than just a mathematical solution to Einstein’s equations.

The first step that brought BHs from a purely mathematical solution to the real physical

world came from the pioneering work of Chandrasekhar [58, 59] which predicted that

self-gravitating matter configurations supported by electron-degeneracy pressure have no

stable solutions above a given mass limit known as Chandrasekhar limit implying that

white dwarfs cannot be the final fate of massive stars. It was later found that neutron-

degeneracy pressure could support more massive stable solutions that we now understand

as NSs. Nonetheless, a new upper limit for NSs was found [60] and Oppenheimer, Snyder,

and Volkoff conjectured that no new physics was able to stop the collapse of sufficiently

massive stars. Consequently, the ultimate fate of these objects had to be a BH [61, 62].

Interestingly, the final fate of compact objects’ gravitational collapse was the cause of the
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famous dissension between Chandrasekhar and Eddington. The former argued that BHs

are the final stage of gravitational collapse, whereas the latter believed nature would find a

way to prevent full collapse. This historical debate had repercussions across the following

decades. Although nowadays BHs are widely accepted as real astrophysical objects, the

gravitational collapse’s ultimate fate is still a topic under intense discussion.

The detection of BHs was a more challenging task since they do not emit EM radiation

themselves. Before the age of GW astronomy, finding evidence for BHs required the use

of indirect EM detections. Remarkably, such feat was achieved by observing systems such

as X-ray binaries [63, 64, 65] (cf. [66] for a review on indirect detections of BHs), by

tracking the motion of stars [67, 68] and observing accretion of matter around BHs [69].

This important achievement was acknowledged with the distinction of the 2020 Nobel

Prize in Physics awarded to Andrea Ghez and Reinhard Genzel (in addition to Roger

Penrose). After 2015, with the dawn of GW astronomy, forty-eight GW signals consistent

with binary BH were detected, providing direct evidence for BH’s existence. Moreover,

in recent years EM evidence for the existence of BHs took a new step forwards with the

publication of the results by the Event Horizon Telescope (ETH) collaboration, which

released the first image of a BH candidate3, by capturing the electromagnetic signals of

the gas in the vicinity of the BH [71, 72, 73].

1.3 Testing the black hole model

Despite their origin as exotic mathematical solutions of GR, BHs quickly became ac-

cepted by the scientific community as real astrophysical objects that populate the Universe.

In fact, BHs became so widely accepted that nowadays, every ultracompact, dark object

is assumed to be a BH. One can argue that, if BHs are one of the most remarkable and

best predictions of physics - possessing a unique and elegant simplicity, a solid formation

mechanism, by being sufficiently stable and with the exterior region devoided of patholo-

gies - why is there interest in testing the nature of black holes and exploring alternatives?

The answer to this question is twofold:

� The exotic properties of BHs: Even though they are well understood, BHs, as

we understand them, still show several intriguing properties that from a conceptual

point of view cannot leave physicists comfortable with. Perhaps the most famous

3It is worthy of mentioning that the ETH does not test the nature of the compact object by probing
spacetime close to the horizon, but instead checks the consistency between the edge observed shadow the
predicted shadow by a BH or other compact objects. Although interesting and timely, a discussion on
shadows of BHs is beyond the scope of this thesis, and one can refer to Ref. [70] for a review on the topic.
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of these is the existence of singularities. Unlike the exterior of a BH, which is

regular and devoided of pathologies, the interior is not. In the interior of BHs, one

may find real physical singularities and closed timelike curves, and more generically,

it features a Cauchy horizon. These properties indicate that causality can break,

and the theory loses its predictability power. Nonetheless, Penrose’s (weak) Cosmic

Censorship Conjecture proposes that singularities in the Universe are always covered

by a horizon, a very special surface in GR that causally disconnects two regions of

the spacetime. Thus, horizons are not only a prediction of GR but also an essential

result for the self-consistency of the theory. However, the existence of horizons

introduces additional problems. Arguably the most famous problem is related to

what is currently called by information-loss paradox where unitarity - a requirement

that physical theories should fulfill - is lost when quantum effects are combined with

BH spacetimes. Additionally, another pressing problem is related to a BH entropy

(proportional to the area of the horizon) that is typically much larger than the

entropy of the progenitor stars.

� Quantifying horizons: This second point is more subtle and motivated by the

core arguments of scientific method itself. As we have discussed, the horizons are

such a remarkable feature of GR that it is fundamental to support such claims

with remarkable evidence. This is the very foundation of the scientific method:

paradigms should be questioned and subjected to experimental and observational

testing. Furthermore, testing precisely the horizon is an impossible task for our

experiments on Earth. By being an infinite redshift surface, any information with

origin in the neighborhood of a horizon takes an infinite amount of time to reach an

observer at infinity (in our case, this would correspond to our detectors on Earth). To

circumvent the impossibility to test horizons, what experiments typically test is the

consistency between observations and the BH paradigm. However, here we will argue

that we should go beyond just testing for consistency; instead, we should develop

a solid framework to quantify the evidence for horizons. Similar approaches have

been made in the past applied to other contexts. In particular, within gravitational

physics, methods to quantify the evidence of GR and test for possible deviations have

been developed, for example, the parametrized post-Newtonian approach, which

allowed to constrain deviations from GR in a systematic way. It is of uttermost

importance to develop such a framework to fully understand how close to the horizon

do experiments probe and to quantify our evidence for horizons.
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Additionally, it is essential to remark that some of the most critical tests performed on

scientific paradigms were developed by conjecturing alternative models. If a scientific

paradigm survives experimental testing whereas other alternative hypotheses fail, it in-

creases the model’s validity, and the paradigm becomes stronger. In the context of BHs,

these alternative models that we want to compare and test against BHs are generically

called exotic compact objects.

1.3.1 Exotic compact objects

Testing and understanding the nature of dark ultracompact objects requires knowledge

of possible alternatives to BHs. As we have seen, BHs are widely accepted based on a “Ock-

ham’s razor” principle: the BH paradigm is the most well-understood and straightforward

model that explains all experimental observations. Nonetheless, there is no guarantee that

our knowledge of physics will not change in the future and that other compact objects or

other BH interpretation will take the place of BHs as the “kings of the cosmos”. If history

serves as a lesson, this “dethrone” of paradigms seems too often be the case. In modern

physics, this was seen not only when the theory of GR overthrown the Newtonian theory

of gravity but it is also reminiscent of the history of the atomic model when Thomson’s

“plum-pudding” model of the atom was at odds with some experimental evidence and was

later superseded by a more modern model of the atomic structure. Remarkably, some par-

allels can be drawn between the atomic model’s discoveries and our situation today with

GR and BHs. Both gravitational and electromagnetic interactions have a characteristic

behavior that decays with the square of the distance to the center, leading to the so-called

“inverse-square law problem”, whose GR analog can be interpreted as the singularity

problem. Successive developments in understanding the properties of this interaction in

the atomic model opened up the path to discovering a multitude of elementary particles.

One may conjecture that similarly to the elementary particles in particle physics, other

“elementary particles” of gravitation will be found to join or replace the BH model. As

we have seen, we generically name any alternative model of a compact object that is not

a BH by exotic compact object (ECO).

Multiple models of ECOs have been developed, some dating back to the foundation of

GR, while others are more recent and motivated by modern physics concepts. The first

challenge in the design of ECOs is finding a way to prevent the gravitational collapse to a

BH, which is typically done by modifications to the gravitational theory, finding new fields

and states of matter that help to support the gravitational collapse or a combination of
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both effects. The list of proposed ECOs is long with various models with very different

motivations. While some are studied as alternatives to the BH paradigm, there is also

the possibility that some ECO models coexist with BHs and form a larger zoo of compact

objects (cf. [36, 74, 75] for a comprehensive review). Although some models are promising

and produce exciting results, to the present date, none has been a successful alternative

to the BH paradigm. The reasons for this unsuccess are many and very dependent on the

particular object under consideration: some objects are unstable and cannot live in the real

physical world; others are good mathematical solutions, but an astrophysical mechanism

behind their formation is still missing; some require the existence of exotic matter and

break some energy conditions. Not only do we search for a model that satisfies these

conditions, but also we desire that it presents some distinguishing feature that allows us

to do experimental tests and comparisons with the BH paradigm.

This thesis is concerned precisely with this last point. In this work, we will review and

study the essential characteristics of ECOs to find phenomenological effects that can be

used in current and future GW observations to test the nature of compact objects and

quantify the evidence for horizons. Although all observations of binary BH events so far

were consistent with the BH paradigm and did not point for any obvious evidence of ECOs,

some intriguing results are starting to appear with particular relevance to the GW190814,

GW190924 021846 and GW190521 binary BH events whose components masses are in

disagreement with our current knowledge on the astrophysical formation scenario for BHs.

With the new observations of GWs, the prospects of the technical improvements in current

detectors, and the prospects of developing new generation detectors (including space-

based detectors), now more than ever, it is timely and relevant to study and prepare the

tools to test the BH paradigm. This extraordinary opportunity is in our reach, and the

results can only be positive: either the evidence for BH increases and its paradigm grows

stronger, cementing its place as the ultimate fate of compact objects; or new mysteries and

interesting properties may arise that may pave the way to a future revolution in physics.

1.4 Outline of this work

In this thesis, we will study compact objects within GR and modified theories of

gravity with the prospect of finding phenomenological effects that can be used in tests

of the black hole paradigm. For this reason, we start the core of this work in Chapter 2

where we will review and study some of the core properties of compact objects as well as

the most relevant phenomenological effects that we will use during the following parts of
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the work.

Following this, we deepen the study of multipole moments and deformations in Chap-

ter 3, where we study the multipolar structure of quasi-spherical objects and whose ex-

terior spacetime is described by small deformations of the Schwarzschild spacetime. In

particular, we apply this study to a particular class of ECOs and NSs as well.

Chapters 4 and 5 are the final two chapters of the core of this thesis, where we focus on

particular models of BH alternatives, one motivated by changes to the theory of gravity

and another obtained by modifying the matter components of the spacetime. In Chapter 4

we look into the fuzzball model, motivated by string theory, where we will firstly review

the concept behind this object followed by a discussion on the phenomenological imprints

of fuzzballs with emphasis on their multipolar structure. In Chapter 5 we look into matter

beyond the perfect fluid assumption focusing mainly on anisotropic fluids. In this chapter,

we provide the first covariant model of an anisotropic start and the first model of an

ultracompact object that can, in principle, be evolved numerically in a 1+1 formalism.

Similar to the previous cases, we will also study these compact objects’ phenomenological

effects, emphasizing the tidal Love numbers and GW echoes.





2Compact Objects
and Gravitational Waves

The perspective of studying compact objects and developing new techniques and meth-

ods to test the nature of compact objects requires that we first understand what a compact

object is and what are its characteristic properties. A quick, intuitive thought allows us

to connect our idea of compact objects with sources of large gravitational fields. However,

how large of a gravitational field should an object source to be considered a compact ob-

ject? To answer this question, let us first recall that the gravitational force is the weakest

of all forces in nature. It is governed by a law that in the Newtonian theory has the

form [76],

g = −Gm(r)

r2
er , (2.0.1)

where g is the gravitational field sourced by the object, G is Newton’s gravitational con-

stant, andm(r) is the object’s mass function. For simplicity, we have considered a spherical

object. However, we can advance that we will often deal with nonspherical bodies in this

work for which the gravitational field has a more general form. In the exterior of the

object Eq. (2.0.1) takes the well-known form of

g = −GM
r2

er . (2.0.2)

whereM is the total mass of the object. A first naive and uncareful glance would conclude

that the M is the only macroscopic quantity of the object that controls the gravitational

field. However, this is not true, and it is straightforward to see that the radius of the

object R also plays an essential factor. The presence of the radius is implicit within

Eq. (2.0.2) in the sense that this expression is only valid for r > R and also within the

13
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general expression (2.0.1) through the mass function

m(r) =

 4π
3 ρr

3 =M
(
r
R

)3
, r ≤ R

M , r ≥ R
, (2.0.3)

where ρ is the mass density, which for simplicity, we took to be constant within the object.

It is clear that the gravitational field of an object depends both on the mass and on its

radius,

g =

 −GMR3 r er , r ≥ R

−GM
r2

er , r ≥ R
, (2.0.4)

and that these two quantities are relevant to measure the intensity of the gravitational

field of a finite-sized body1. We shall now see a particularly suitable combination of mass

and radius that we should consider to quantify how compact a celestial body is. For this

purpose, let us consider now how difficult it is to escape a celestial body. This calculation

can be done by computing the “escape velocity” at the surface r = R, i.e., the minimum

velocity required by a particle (sitting at the surface) to escape the body’s gravitational

pull,

v2escape =
2GM
R

. (2.0.5)

Expression (2.0.5), although incredibly simple, is very interesting for a couple of rea-

sons. First, by setting the escape velocity to be the speed of light in vacuum c, it allows

us to identify what is called by dark star, a sort of Newtonian “black hole” analog from

which not even light can escape [77, 78]. It is easy to see that this is satisfied for objects

with radii smaller than

RS =
2GM
c2

, (2.0.6)

corresponding precisely to the Schwarzschild radius when we extend to the GR picture.

Second, this expression provides a natural way to introduce the following dimensionless

quantity

ε :=
GM
c2R

, (2.0.7)

which we shall name compactness. For the sake of clarity, we shall now move to geometrized

units by taking c = G = 1. In this system of units, the mass has dimensions of length,

and thus, the dimensionless compactness can be written as ε =M/R. It is clear that the

compactness (2.0.7) is the appropriate quantity to characterize compact objects and gives

1When an observer is sufficiently far away, finite-size effects are not relevant, and the body can be de-
scribed as a point particle. However, here we are interested in modeling compact objects and understanding
gravity close to the surface. Naturally, the size of the object is fundamental for this description.



15

Object Compactness parameter ε Closeness parameter δ

Earth 10−11 1011

Sun 10−6 106

Neutron star 0.3 0.6666
Anisotropic star (UCO) 0.4 0.25

Wormhole (ClePhO) 0.4999 . . . 9 10−40

Non-rotating black hole 0.5 0

Table 2.1: Compactness and closeness parameters for some examples of objects according
to the definition provided in Eq. (2.0.7) and Eq. (2.0.9). Higher values of compactness
(smaller closeness parameter) indicate that gravity is more relevant to the description of
spacetime.

us a good indicator to understand how strong gravity effects are and how important they

are in the description around the compact object. Naturally, the compactness takes a very

special value for ε = 1/2, corresponding to “dark stars”, i.e. objects satisfying exactly

Eq. (2.0.6). Even though in Newtonian gravity there is no upper limit to the compactness

of an object, in the GR picture, we find that (for a spherical body) a horizon is formed if an

object collapses beyond the Schwarzschild radius (2.0.6). Thus, the maximum compactness

possible corresponds to that of a BH, and consequently, objects will have a compactness

parameter that ranges between 0 and the BH value,

0 < ε < εBH =
1

2
, (2.0.8)

in the nonrotating case. If we consider rotating objects, the upper limit of the compactness

can increase where the maximum value occurs for extremely fast-rotating BHs character-

ized by ε = 1 (i.e., extremal Kerr solution). With the compactness parameter well-defined,

we can now propose a preliminary definition for a compact object as:

Compact object (preliminary): An object with a compactness parameter suffi-

ciently high and typically above ε & 0.1. Below, in Sec. 2.1, when we introduce the study

of the geodesic properties of spacetime, we shall provide a less-arbitrary definition for

compact object.

In Table. 2.2, we present the compactness parameter for some real (and hypothetical)

examples of celestial bodies. We put the wide gap in scales in perspective: for BHs, gravity

is “a million more times relevant” than the gravity around the Sun. This simple exercise

supports the argument that testing gravity and testing the nature of compact objects go

hand-in-hand. When we study high-compactness objects, we are simultaneously testing

gravity in a strong-field regime where gravitational effects become incredibly relevant, and

corrections to GR may be found.
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When we study ECOs, it will be convenient to introduce a closeness parameter that

denotes how close to the horizon an object surface r0 is2,

δ :=
r0

2M
− 1 , (2.0.9)

where one regains the BH spacetime by setting δ → 0. Here we follow the definition of

Ref. [36], although other choices have been proposed in the literature [79, 80]. As we shall

see further on into the chapter, this closeness parameter is handy for the study of compact

objects and will often appear in our results. Furthermore, the magnitude of δ allows us

to study different classes of compact objects: NSs have δ ∼ O(1). In contrast, objects

motivated by quantum gravity with corrections to the surface location of the order of the

Planck length `P can have δ ∼ 10−40.

2.1 Spacetime of spherical compact objects

With a definition of compactness, closeness, and a preliminary notion of compact

objects, we have the first tools to study the spacetime properties around compact objects.

For this purpose, let us consider spherically symmetric spacetimes whose metric can be

written as

ds2 = −eν(r)dt2 + eλ(r)dr2 + r2dΩ2 , (2.1.1)

with dΩ2 = dθ2 + sin2 θdϕ2. By virtue of Birkhoff’s theorem, which states that any

vacuum, spherically symmetric solution of Einstein’s field equations in GR is described by

Schwarzschild geometry, we know that in vacuum the metric functions read

eν(r) = e−λ(r) = 1− 2M
r

, (2.1.2)

such that the metric outside a compact object is simply described by the Schwarzschild

element,

ds2 = −
(

1− 2M
r

)
dt2 +

(
1− 2M

r

)−1
dr2 + r2dΩ2 , (2.1.3)

where M is the mass of the central compact object. It is known that metric (2.1.3) is

not well defined for r ≤ 2M due to the divergence of grr at r = 2M. A careful analysis

at the curvature invariants shows that the singularity at r = 2M is not physical but

2Although both r0 and R can be identified with the surface of a compact object, we shall make the
notation coherent with the literature and use R when we want to refer to the radius of a specific object
(e.g., the radius of a BH, radius of an NS, etc.) and use r0 when we want to parametrize the location of
the surface of an arbitrary ECO model.
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merely a coordinate singularity that can be removed by choosing an appropriate coordinate

system (however, a real singularity exists for r = 0). In our work, we are interested in

studying compact objects whose surface defined by r = r0 is located for r0 > 2M and so

Schwarzschild coordinates are perfectly valid and sufficient for our work.

In the interior of the compact object, the spacetime is in general not vacuum, and the

metric functions are obtained by solving Einstein’s equations with the specific stress-energy

of matter fields under consideration3,

Gµν = 8πTµν , (2.1.4)

where Gµν and Tµν are the Einstein and stress-energy tensors, respectively. In addition to

Einstein’s equation (2.1.4), one has to solve the conservation of the stress-energy tensor

to find the matter fields’ behavior4,

∇µTµν = 0 . (2.1.5)

2.1.1 Geodesic motion and classification of ECOs

Cardoso and Pani [36] showed that a natural classification of compact objects arises

from the properties of geodesic motions around them. Since the exterior of a spherical

compact object is described by the Schwarzschild geometry (2.1.3), the details of the

internal matter play no role in the motion of particles outside. For all purposes, until

it collides with the object’s surface, the particles’ movement is the same for all objects

with the same mass, regardless of their specific nature. Owing to the systems’ spherically

symmetry, we can restrict to the motion on the equatorial plane θ = π/2 without loss of

generality. The equations that govern the motion are then [10],

(
dr

dτ

)2

= E2 − Vgeo , (2.1.6)

r2
dϕ

dτ
= L , (2.1.7)

3Some models of ECOs can be modeled with a vacuum interior and a thin-shell of matter separating
the interior region from the outer region.

4Note that applying ∇µ on Einstein’s equation and making use of Bianchi’s identity to set the left-hand
side to zero, we obtain the equation for the conservation of the stress-energy tensor. Thus the latter is
encompassed on the former, and we write it only for clarity and ease of calculations.
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Figure 2.1: ECO classification and geodesics. Schematic representation of the space-
time around a black hole (left panel) and a compact object (right panel) and the principal
geodesics. Represented in the picture, we depict the innermost stable orbit (ISCO) (yellow
shell), the photon sphere (orange shell) with unstable light ring (ULR) in the blue curve,
the horizon (black shell on the left panel) and the surface of a compact object (blue shell
on the right panel). In some compact objects configurations, a secondary stable light ring
(SLR) may appear within the object’s surface (inner orange shell on the right). The prop-
erties and classification of compact objects vary depending on where the compact object’s
surface is located with respect to these geodesic surfaces.

where τ is the proper time and where

E =

(
1− 2M

r

)
dt

dτ
(2.1.8)

and L are two constants of motion associated with the specific energy and angular mo-

mentum, respectively. Vgeo is the effective geodesic potential

Vgeo =

(
1− 2M

r

)(
δgeo +

L2

r2

)
, (2.1.9)

where δgeo = 0, 1 for null or timelike orbits, respectively. Circular orbits are particularly

interesting to study, and they can be obtained by studying the extrema of the geodesic

potential (2.1.9). For timelike particles, the first two derivatives of the potential yield

V ′(r) =
L2(6M− 2r) + 2Mr2

r4
, V ′′(r) =

6L2(r − 4M)− 4Mr2

r5
, (2.1.10)

and we see that the first derivative vanishes for orbits with angular momentum

L2 =M
(

1− 3M
r

)−1
. (2.1.11)
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The stability of these circular orbits can be seen from the sign of the second derivative

of the potential. By substituting Eq. (2.1.11) in the second expression of Eq. (2.1.10) we

find that V ′′(r) > 0 for r ≥ 6M and thus stable circular orbits are only possible in this

region. The spherical surface defined by r = 6M defines the innermost stable circular

orbit (ISCO) and plays an important role in astrophysics, particularly in the accretion

process of compact objects [81, 82, 83]. Additionally, the ISCO allows us to provide a

more technical and less arbitrary definition for compact object:

Compact object: A self-gravitating object whose compactness is sufficiently high that

the spacetime outside the compact object contains an ISCO. The compactness and closeness

parameter satisfy,
M
R

>
1

6
, δ < 2 . (2.1.12)

Effects associated with the ISCO, such as accretion disks, should have similar charac-

teristics for compact objects of similar masses.

Let us now consider the case of the light rays, i.e. null geodesics. By setting δ = 0 the

first two derivatives of the geodesic potential read,

V ′(r) =
2L2(3M− r)

r4
, V ′′(r) = −6L2(4M− r)

r5
. (2.1.13)

Following a similar procedure, we see that circular orbits are only possible at the surface

r = 3M. This surface defines the photon sphere, which takes the name of light ring

when reduced to the equatorial plane. It is straightforward to see that the potential has

a maximum at this value (i.e., the second derivative of the potential is negative). Thus

these orbits are unstable5.

It is convenient to look more carefully at the properties of the light ring. In Fig. 2.7

we show the null trajectories on a Schwarzschild spacetime for different values of the

(dimensionless) impact parameter

b :=
L

ME
, (2.1.14)

which can represent, for example, the trajectories of light rays emitted from a star. Light

rays with high angular momentum have a very large impact parameter and can escape the

object’s gravitational pull. On the other hand, photons with lower angular momentum

approach the central compact object with a lower impact parameter and eventually hit the

5If it was possible to accumulate photons in a circular orbit without interacting with any matter (recall
that the geodesics here studied are defined in vacuum spacetimes) after some time one would store an
arbitrarily high amount of energy in a small region of the spacetime producing a spacetime instability. As
we will see below, the stability of light rings will appear again in the study of ECOs.
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Figure 2.2: Null trajectories around a Schwarzschild spacetime. A source (smaller
yellow circle) emits light rays in all directions. Close to the star, a BH (larger black
circle) bends the light rays (the three colored lines) that pass close to it. Photons emitted
with impact parameter smaller than a critical value (dashed red line) cannot escape the
gravitational pull and eventually hit the horizon. In contrast, those photons with impact
parameter sufficiently high (yellow dot-dashed line) are bent but can escape to observers
at infinity. Separating the two regimes, one finds photons that scatter on the BH with the
critical impact parameter b = 3

√
3 (solid blue line) and stay on an unstable circular orbit

at the photon sphere r = 3M.

object’s surface. Between both regimes, there is a critical value of the impact parameter

for which light rays are trapped in a circular orbit before either falling into the compact

object, being absorbed by the environment, or being scattered away,

bcrit = 3
√

3 . (2.1.15)

It is clear from this argument that the photon sphere is a fundamental property of how

compact objects look like when they are illuminated and define the so-called shadow of

the object. This property gives us an intuitive picture of the challenges that experiments

face to test compact objects’ nature through electromagnetic channels.

Similarly to what we described for the ISCO, the photon sphere allows us to introduce

a well-posed definition for a new subclass of compact objects, which we shall call:

Ultracompact object (UCO): A self-gravitating object whose compactness is suffi-

ciently high that the spacetime outside the compact object contains a photon sphere. The
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compactness and closeness parameter satisfy,

M
R

>
1

3
, δ <

1

2
. (2.1.16)

Let us now focus on the case where the central compact object is an UCO. We have

seen that the potential is positive close to the surface, has a maximum at the light ring, and

decreases at large distances. For regular matter, the potential at the center of the object

is positive with a negative derivative. This implies that there must be a second light-ring

in the spacetime, which is stable: “Light rings of UCOs always come in pairs” [84, 85, 86].

This stable light ring may be associated with very long-lived modes which may cause

instabilities on the system due to nonlinear effects [87, 88, 89, 90].

The instability of the light ring implies that a displacement ξ of null rays grows expo-

nentially over time,

ξ(t) ∼ ξ0eλt , (2.1.17)

where λ can be defined as [91, 87],

λ =

√
−
f2V ′′geo
2E2

=
1

3
√

3M
, (2.1.18)

where the derivative is evaluated at the light ring. Light and GWs persist at (or close to)

the photon sphere for time scales given by τ ' 1/λ = 3
√

3M .

As a final scenario, let us now consider an even more compact object with a closeness

parameter δ � 1, i.e., an object whose surface is sufficiently close to the putative location of

the horizon. A quick calculation with Eq. (2.1.17) shows that after three e-fold timescales

(t ∼ 15M), the amplitude of is less than 5% of its original value. For practical effects one

can consider that the signals dies after t = 15M [36]. Suppose the ingoing part of the

signal is still trapped between the surface and light ring during that period. In that case,

the relaxation of the photon sphere modes are identical to those of a BH and modifications

to the signal would only appear at later times6. The requirement for this condition can

be obtained by imposing that the time that a signal takes to travel from the light ring to

the surface of the object is larger than three e-fold timescales

τsignal ≡
∫ 3M

2M(1+δ)
& 15M , (2.1.19)

6We anticipate that this effect is intimately connected with another phenomenon - gravitational wave
echoes - which we will review later in Sec. 2.5.2
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or equivalently in terms of closeness parameter

δcrit . 0.019 . (2.1.20)

This property leads us to introduce a third classification of compact object, which we

shall denote by clean-photon sphere object defined by:

Clean-photon sphere object (ClePhO): A self-gravitating object whose compact-

ness is sufficiently high that the spacetime outside the compact object contains a “clean”

photon sphere. In terms of compactness and closeness parameter these objects satisfy,

M
R
& 0.4906 , δ . 0.019 . (2.1.21)

For these objects, the early-time dynamics are expected to be the same as that of a BH,

but signatures of the surface would start to show at later times, and the signal would be

distinguishable from that of a BH.

In summary, the study of spacetime geodesics provides us with a precise definition for

compact objects and allows us to extend it and classify ECOs in different subclasses:

� Compact objects: for M/R > 1/6;

� Ultracompact objects: for M/R > 1/3;

� Clean-photon sphere object : for M/R & 0.4906;

Some specific models of ECOs have continuous solutions that cover the entire range of this

classification (see Chap. 5 for an example of this case), while others may be restricted to

a limited range of compactness (cf. Table 2.2).

2.2 Neutron stars and perfect fluid stars

We now move our discussion to the exciting case of neutron stars (NSs). In addition to

BHs, NSs are the only compact objects predicted by a robust theory consistent with the

observations of real astrophysical bodies. NSs are the final products of stellar evolution.

When matter pressure is no longer sufficient to support the star’s self-gravitational force,

it inevitably succumbs to its gravity and collapses. The endpoint of this collapse is mostly

dependent on the mass of the star. For low mass stars, the remnant of the collapse is a

white dwarf, a compact object whose internal pressure comes from electron degeneracy.

However, when the mass of the core is larger than the Chandrasekar’s limit M & 1.4M�,
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the electron degeneracy pressure cannot balance the self-gravitational force and the core

collapse. The core reaches densities ρ0 ∼ 1014 g/cm3 and if the core is not excessively

massive, the neutron degeneracy pressure (which composes most of the core at this stage)

can support the gravitational force of the star7. During this process, a shock wave ejects

the outer layers in a supernova explosion, and the remnant of the core is the new-born NS.

Although this violent gravitational collapse makes NS very hot at the birth stages,

neutrino emission processes are extremely efficient in cooling down the NS. This very

effective cooling effect justifies the assumption that the matter inside an old NS is cold

(i.e. T = 0 K).

2.2.1 Internal structure of neutron stars

Understanding the structure of NSs is one of the most pressing points in astrophysics

and is still an active field of research. Current astrophysical results indicate that NSs

have a mass M ∼ 1.4M�, radius R ∼ 10km and average density ρ0 ∼ 1014 g/cm3.

Traditionally NSs are modeled as a sequence of spherical shells with qualitatively different

properties. NSs are naturally divided in four layers that are represented in Fig. 2.3: the

crust, divided in outer crust and inner crust ; and the core, divided into outer core and

inner core [92, 93, 94]:

� Outer crust: Layer with some finite thickness ∼ 0.5 km that ranges from the surface

of the star where there is a finite density ρ0 ∼ 107 g/cm3 to an inner limit where

the density reaches the so-called neutron-dip density ρ0 ∼ ρd ∼ 4 × 1011 g/cm3. In

this region, the matter is mostly composed by a degenerate electron gas which is the

main contributor to the internal pressure and a lattice of heavy nuclei immersed in

this fluid. At the neutron-drip density, all bound states for neutrons in the nuclei

are filled and the neutrons (produced by inverse β-decay) start to leak out.

� Inner crust: For densities above the neutron-drip density, until the equilibrium

density of nuclear matter ρs ∼ 2.7 × 1014 g/cm3 (ranging about ∼ 1 km) we find a

new layer where a degenerate gas of neutrons is mixed with neutron-rich nuclei and

electron gas. As the density increases across the three orders of magnitude range,

these two phases of matter mix and combine into different geometric structures

typically called by pasta phases.

� Outer core: Above the equilibrium density of nuclear matter ρ0 & ρs the main

7We remark that ρ0 here denotes the baryonic density whereas in some literature it is used to represent
the nuclear saturation density, which we will denote by ρs.



24 Compact Objects and Gravitational Waves

Outer crust
Inner crust
Outer core
Inner core

0 2 4 6 8 10 12 14
0

5

10

15

r/km

lo
g 1
0
(ρ
0
[g
cm

-
3
])

~
2⨯

ρ
s

~
ρ
s

~
ρ
d

Figure 2.3: Neutron star structure: Illustrative diagram of the four layers of a NS.
The density of each layer is compared with its thickness. The outermost layer is the outer
crust, composed of an electron gas and a heavy nuclei lattice; above the neutron-drip
density ρd ∼ 4× 1011g/cm3 there is an inner crust composed of a mixture of electron gas,
neutron gas, and the heavy-ion lattice; when densities reach the nuclear saturation density
ρs ∼ 2.7 × 1014g/cm3 there is an outer core where a homogeneous nepµ-fluid composes
the matter (see text); for sufficiently massive NSs (ρ0 > 2ρs) there may be an inner core
where other more strange states of matter may be present in addition to the nepµ-fluid.
We remark that the density profile is purely illustrative, and the thickness of the two
innermost layers is very dependent on how one models the matter.

uncertainties in the modeling of NS structure start to appear due to the impossibility

of reaching such densities on Earth laboratories. Nonetheless, all the nuclear physics

models agree that this region’s matter is composed of a homogeneous fluid - named

npeµ matter - composed of neutrons, protons, electrons and muons. At this density,

the strong-nuclear force between the neutrons and protons is extremely relevant and

is the main responsible for preventing the stellar collapse.

� Inner core: When densities are sufficiently high, above twice the equilibrium den-

sity of nuclear matter ρ0 & 2ρs g/cm3 a new layer may appear extending for several

kilometers depending on the specific model (for low mass NSs, the outer core can

extend until the center and the inner core may be absent). This layer is the most

intriguing and where the largest uncertainties about on the EOS reside. Different

nuclear models predict different compositions in addition to the npeµ matter, e.g.,

deconfined quark matter, the existence of hyperons, Bose-Einstein meson conden-

sates.
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2.2.2 Stress-energy tensor

Figure 2.4: General stress-energy tensor: Decomposition of the different parts of the
stress-energy tensor of a generic material in the local rest frame of a comoving observer,
following Ref. [95]. In such a frame the T 00 component (red) is the energy-density ρ, the T 0i

(dark blue) and T i0 (light blue) are the energy flux and momentum density, respectively,
and the T ij are the momentum flux (green) which include the pressures P1, P2 and P3

along the three spatial directions of a fluid element (in yellow). By construction, the
stress-energy tensor is symmetric. When the material is described by a perfect fluid, all
off-diagonal terms are identically zero. In addition, if the fluid is assumed to be isotropic,
the three pressures in the main diagonal are equal.

In this section, we look into the description of the matter that can be used to model

stars, particularly NSs. For equilibrium configurations, the information on the matter

content can be encompassed in the stress-energy tensor. In Fig. 2.4, we relate the stress-

energy components seen in a local rest frame comoving with a fluid element, with its

physical interpretation following Ref. [95]. Undoubtedly the most common stress-energy

tensor is that of fluid matter and is often used to characterize the matter of most self-

gravitating astrophysical bodies, from normal main-sequence stars to white dwarves and

neutron stars. To be precise, we consider a perfect fluid, i.e., a fluid without viscosity

and heat flow. Another assumption that we will make at this point is that the fluid is

isotropic, i.e., the pressure has the same value in every direction on a fluid element (see

Fig. 2.5), however later this assumption will be relaxed and we will consider anisotropic

self-gravitating objects (cf. Chap. 5). Thus, the stress-energy tensor of an isotropic perfect

fluid reads

Tµν = (ρ+ P )uµuν + Pgµν , (2.2.1)

where uµ =
(
e−ν/2, 0, 0, 0

)
is the four-velocity, ρ is the energy density and P is the isotropic

pressure. For static and spherically symmetric configurations all the functions depend only

on the radial coordinate.
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Figure 2.5: Fluid element and stress tensor: Pictorial representation of a fluid element
represented as an infinitesimal cube with volume dV = dx dy dz and the forces of the stress
tensor τij applied to it. The stress tensor describes what forces are applied to each of the
infinitesimal fluid element cube faces in each direction. The stress tensor’s diagonal terms
represent forces applied in the direction orthogonal to each face of the fluid element and
correspond to the pressures Px, Py, Pz. When the matter is described by a perfect fluid,
the non-diagonal terms of the stress-tensor vanish, and the resulting forces in the fluid
element are caused only by the pressure (in addition to other possible external forces).
When the fluid is assumed to be isotropic, the pressures have the same value in every
direction, P := Px = Py = Pz.

2.2.3 The Tolman-Oppenheimer-Volkoff equations

We now describe the relativistic equations for hydrostatic equilibrium for a spherical

star composed of a perfect fluid. We consider a spherically symmetric spacetime whose

geometry can be described by a spherically symmetric metric (2.1.1),

ds2 = −eν(r)dt2 + eλ(r)dr2 + r2dΩ2 , (2.2.2)

which in the vacuum external region reduces to the Schwarzschild solution (2.1.3),

eν(r) = e−λ(r) = 1− 2M/R. It will be convenient to define an enclosed mass function,

m(r) =
r

2

(
1− e−λ(r)

)
, (2.2.3)

allowing us to write the line element as

ds2 = −eν(r)dt2 +
1

1− 2m(r)/r
dr2 + r2dΩ2 . (2.2.4)

The equations that govern the system are the Einstein’s equations (2.1.4) and the



2.2 Neutron stars and perfect fluid stars 27

conservation of the stress-energy tensor (2.1.5),

Gµν = 8πTµν , ∇µTµν = 0 . (2.2.5)

Writing explicitly the different components of Eqs. (2.2.5), we see that the system

of Einstein’s equation and the conservation of the stress-energy tensor reduces to just

three independent differential equations known as Tolman-Oppenheimer-Volkoff (TOV)

equations,

m′ = 4πr2ρ , P ′ = −
(ρ+ P )

(
m+ 4πr3P

)
r (r − 2m)

, ν ′ =
2
(
m+ 4πr3P

)
r (r − 2m)

, (2.2.6)

where the prime denotes differentiation with respect to the radial coordinate r. The system

is not closed since there are four unknown functions (ν,m, ρ, P ) and only three independent

field equations (2.2.6). To completely close the system, we need a supplementary condition

that describes the microphysics of the system and relates the energy density with the

pressure, i.e., an equation of state (EOS),

P = P (ρ) . (2.2.7)

Once the EOS is specified, we can solve our system of Eqs. (2.2.6)–(2.2.7) from the center

r = 0 to the radius r = R where the solution is matched with the unique external

Schwarzschild spacetime. In general, there is no analytical solution to the system and

one needs to integrate it numerically. For this purpose, we need to specify the boundary

conditions of our system:

� The mass function must vanish at the center;

� The pressure must vanish at the radius;

� The ν function must match the corresponding Schwarzschild value, eν(R) = 1− 2M/R,

where the Schwarzschild mass is equal to the encompassed mass function at the ra-

dius, m(R) =M;

m(0) = 0 , P (R) = 0 , m(R) =M , eν(R) = 1− 2M
r

. (2.2.8)

In addition to the boundary conditions listed above, we still have an unspecified central

density ρc (or central pressure pc). Since this value can be chosen arbitrarily, we can

see that the TOV equations admit a one-parameter family of solution for a given EOS.

Thus, by varying ρc, we generate equilibrium configurations with different values of total
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mass M and radius R. Using this procedure to produce multiple combinations of mass

and radius, we can do a parametric plot M(R) as a function of the central density ρc,

which we call mass-radius diagram (see Fig. 2.6). This diagram is a useful tool to study

some general properties of stars. Interestingly, the qualitative behavior of the solutions

is the same for all EOS. As the central density increases, the star’s radius decreases,

and its mass increases until it reaches a maximum mass. Furthermore, from a stability

point-of-view, for higher central densities than those of the corresponding maximum mass,

small density perturbations increase exponentially over time, indicating that the solution

becomes unstable. This behavior makes it natural to divide the mass-radius diagram

into two branches, one on the right-hand side of the maximum mass, which corresponds

to stable configurations of the star, and a second branch on the left-hand side of the

maximum mass corresponding to unstable configurations of the star [96].

SLY
APR4
α2
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M
/M

⊙

Figure 2.6: Mass-radius diagram of a NS: The mass-radius curve is a parametric
plot obtained by integrating the TOV equations for different values of the central density
(or equivalently central pressure) for a given EOS. The profile and shape depend on the
underlying EOS but the overall features are similar. Here we have described the profiles
for three typical EOS: SLY (blue), APR4 (red) and α2 (yellow). Each EOS predicts a
maximum mass for a NS which also bounds the stability of its equilibrium configuration.
In the stable branch (solid line) the mass grows with increasing central density values,
and the solution is stable against small density perturbations. In contrast, in the unstable
branch (dashed line), the mass decreases with increasing central density, and the star
collapses with small density perturbations.
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2.3 The atlas of ECOs

2.3.1 Buchdahl’s theorem: a compass to navigate the ECO atlas

At this point in our discussion it is essential to ask ourselves the following question:

How compact can a “non-exotic” compact object be?

The answer to this question is essential to the study of ECOs and their properties.

It will allow us to gain a more profound knowledge of the main challenges in studying

ultracompact models. To pave the way for a complete answer to this question, let us

first consider a simple case of a spherical star modeled by a single perfect fluid. We shall

assume that the fluid is isotropic (i.e., the pressure in a fluid element is the same when

measured in each spatial direction), and for simplicity, let us consider that the fluid is

incompressible,

ρ(r) = ρc . (2.3.1)

As we have seen above, for self-gravitating perfect fluids, the field equations (2.1.4)–(2.1.5)

reduce to the TOV equations (2.2.6),

m′(r) = 4πr2ρ , (2.3.2)

ν ′(r) =
2(m+ 4πr3P )

r(r − 2m)
, (2.3.3)

P ′(r) = − (ρ+ P )
m+ 4πr3P

r(r − 2m)
. (2.3.4)

For the equation-of-state (2.3.1) the equation for the mass (2.3.2) decouples from the

other two equations and yields the trivial result8,

m(r) =
4

3
πρcr

3 . (2.3.5)

With the solution for the mass at hand, we can substitute the solution (2.3.5) into the

equation for the radial pressure (2.3.4) and obtain a differential equation for P . The

solution reads,

P = −
ρc

(
3pc

(√
9− 24πr2ρc − 1

)
+ ρc

(√
9− 24πr2ρc − 3

))
3pc

(√
9− 24πr2ρc − 3

)
+ ρc

(√
9− 24πr2ρc − 9

) (2.3.6)

To identify the maximum compactness of the object we first note that the radius can be

8Note that the in general Eqs (2.3.2) and (2.3.4) can be solved independently of the Eq. (2.3.3).
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written in terms of the compactness parameter M/R as,

R =

√
3

4πρc

M
R
. (2.3.7)

Finally, by setting r = R in Eq. (2.3.6), imposing that the pressure vanishes at the radius

and the relation (2.3.7) to get rid of the radius, we find

M
R

=
2
(
pcρc + 2p2c

)
(3pc + ρc) 2

. (2.3.8)

It is straightforward to verify that in the limit where the central pressure diverges

pc →∞ the compactness (2.3.8) tends to the value,

M
R

=
4

9
. (2.3.9)

This simple exercise allowed us to find one of the foundational results in GR [97]: Under

certain assumptions, the maximum compactness of a self-gravitating object of mass M

and radius R is (
M
R

)
max

=
4

9
. (2.3.10)

This result is known as the Buchdahl limit, and as a consequence, should a star reach such

compactness, its final state can only be that of a BH. In our simple exercise, we considered

a constant density star; however, this result is valid under more general conditions. Under

such assumptions, the existence of ECOs whose compactness can be arbitrarily close to

that of a Schwarzschild BH is ruled out. Thus, quantifying the evidence for horizons,

testing the BH paradigm, and devising new species of ultracompact objects seem to be

challenged by the existence of this theoretical bound [98, 35, 12, 75, 36].

Nevertheless, it has been realized that Buchdahl’s limit relies strongly on the assump-

tions under which it is built and that some of these assumptions may not be valid when

we study more general scenarios. Consequently, to circumvent the Buchdahl bound, one

has to break at least one of the underlying assumptions. More precisely the Buchdahl’s

bound is supported by six pillars [99]:

i) General Relativity is the correct theory of gravity;

ii) The system is spherically symmetric;

iii) Matter fields are described by only one perfect fluid;
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iv) Transversal pressure is always smaller or equal than the radial pressure (the fluid is

either isotropic or mildly anisotropic);

v) Radial pressure and density are always non-negative (no exotic matter);

vi) Energy density is monotonically decreasing within the star.

With this structured division, we can develop naturally a “compass to navigate the

ECO atlas” based on Buchdahl’s assumptions that they break [36] (see Fig 2.7), similarly to

the Lovelock’s theorem serving as a “compass to navigate the modified-gravity atlas” [34].

Figure 2.7: Buchdahl limit: Deconstruction of Buchdahl limit and its assumptions
according to Ref. [36]. The removal of each of Buchdahl’s assumptions unlocks a new type
of physics that can used to construct ECOs.

Object GR
Perfect

fluid
Isotropy

Regular
matter

Spherical
Decreasing

density

Boson stars 3 7 3 3 3 3

Anisotropic stars 3 3 7 3 3 3

Wormholes 3 3 3 7 3 3

Gravastar 3 3 3 7 3 3

Fuzzballs 7 – – – 7 –

Table 2.2: Buchdahl’s theorem as a compass to navigate the ECO atlas. We list how
different Buchdahl’s assumptions (represented in each column) hold for a selection of the
most well-studied ECO models (represented in the different rows). A red cross symbolizes
that the assumption is broken while a green checkmark means that the specific assumption
hold. A black dash represents that the assumption does not apply.
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2.3.2 ECO models in a nutshell

As we have anticipated, the range of ECO models is vast, and they can arise from the

most diverse of contexts. Typically, ECOs are obtained either by modifying the matter

field (exotic matter, new fields, anisotropic pressures, etc.) or by modifying the underlying

theory of gravity, in particular, due to the inclusion of quantum effects (fuzzballs, 2–2

holes, dark stars, firewalls, etc.). A review of all the possible models of ECOs would be

too complex and exhaustive for the purpose of this thesis, and for that, we refer to specific

reviews on the topic [36, 74, 75]. Nonetheless, for the sake of this thesis’s self-consistency

and the reader’s clarity, we can list few models that, for their constant presence and

extensive study in the literature, are worth delving into.

Boson stars

One of the simplest ECOs that we could devise consists of a bosonic field minimally

coupled to gravity. These self-gravitating solutions are generally called boson stars and

can be extend to include nonlinear self-interactions (c.f. Refs. [100, 101, 102] for a topical

review). The bosonic field can be either real, giving rise to oscillatons [103] - oscillating

geometries with a non-trivial time-dependent stress-energy tensor - or complex, giving rise

to static geometries but with an oscillating field [104, 105] (for more recent reviews we

refer to [100, 101, 102]).

Boson stars are the most well-studied ECO model and are arguably the ECO with the

most robust formulation. Both oscillatons and boson stars have a well-defined formation

mechanism - they arise naturally from the collapse of bosonic fields [103, 106, 107] - and

they have a similar stability profile to fluid stars, i.e., there is a maximum mass for which

the solution is stable. However, no solutions found for this model were able to break

Buchdahl bound, and thus no known self-gravitating boson configuration can mimic BH

models [108, 109].

Anisotropic stars

A core part of this thesis will be dedicated to the study of anisotropic stars and so we

refer the reader to Chap. 5 for a more detailed analysis.

Anisotropic stars is the denomination assigned to compact objects that are supported

by anisotropic stresses. The simplest example is a spherical perfect fluid with a tangential

pressure different from the radial pressure. Anisotropy effects are widespread in nature

and arise naturally in a wide variety of phenomena. Ordinary solid materials must be
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described using elasticity theory, and in these scenarios, anisotropies are the rule rather

than the exception. To the best of our knowledge, within GR, anisotropic stars have been

studied only in the spherically symmetric scenario and mostly in a non-covariant analysis.

In Chap. 5 we shall extend this analysis to a full covariant formulation, and in App. D we

introduce the formalism to generalize these objects beyond spherical symmetry [1].

Depending on the anisotropy scale, these objects can reach compactness beyond Buch-

dahl limit and close to BHs. Additionally, another advantageous feature of this model

is that it can cover a wide range of masses. In this way, a single model can mimic both

stellar BHs and the supermassive BHs in the center of galaxies, which is a shortcoming

for most ECO models.

Wormholes

Einstein and Rosen initially introduced the idea of wormholes in the 30s, where they

attempted to build a geometric model of a physical elementary “particle” in GR that was

regular everywhere [110]. However, they only became popular some years later, when it was

acknowledged that they provided a powerful tool to teach the geometric description of GR

and the maximal extension of Schwarzschild geometry [111, 112]. Nowadays, wormholes

are also used as a simple ECO model that mimics some characteristic effects of horizon

scale structure [113, 114].

The general concept behind wormholes is that they connect different regions of space-

time. To satisfy the matching of both pieces of the spacetime, some matter content is

required at the boundary. Interestingly, it was found that these objects can be built with

reasonable matter, which motivated further studies on these objects [112, 115, 116]. Unlike

boson stars, for which the formation is sufficiently well understood, and for anisotropic

stars, for which we have at least some conceptual connection with the perfect fluid case

(that has a robust formation mechanism), the wormhole model does not indicate how it

could form dynamically. Furthermore, several studies were developed on the stability of

wormholes, and it was found that these are generically unstable, and thus their role as

astrophysical ECOs is compromised [117, 118, 119, 120].

Gravastars

Some models of ECOs are motivated by possible semiclassical effects that may halt

the gravitational collapse to BHs. This motivation was used to formulate the so-called

gravitational-vacuum stars or gravastars [121, 122]. These solutions can have different
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compactness values depending on the specific model used to describe the supporting pres-

sure. In particular, these solutions can extend beyond Buchdahl’s limit since they are sup-

ported both by internal anisotropic fluids [123] and by negative pressures [124]. The foun-

dational gravastar solution has a multi-layered construction (a de Sitter core, connecting

to a perfect fluid “shell” and the external vacuum Schwarzschild spacetime, together with

two thin-shells of matter separating the boundaries between these three regions) [121, 122].

However, a considerable amount of literature focused on the simpler model of thin-shell

gravastar, which consists of a de Sitter interior separated by the Schwarzschild exterior

with a thin-shell of matter [125]. Similarly to wormholes, these models’ exoticism arises

from the fact that no formation mechanism for these objects is known. Furthermore, the

requirement of a region with negative pressure forces these objects to violate some of the

energy conditions.

Fuzzballs

Similar to the previous case, fuzzball phenomenology will also play an essential part

in this thesis results, and we refer the reader to Chap. 4 for a more in-depth analysis of

these solutions.

Some of the most pressing problems of BHs, such as the loss of unitarity and the

origin of the large BH entropy, are addressed in string theory [126, 127, 128]. In this

theory one can construct individual microstates that represent some specific configura-

tions of D-branes (in certain supersymmetric configurations) [129, 130, 131]. Remarkably,

these geometries are regular and horizonless and lead to the fuzzball paradigm where the

BH picture emerges in a coarse-grained description which averages over the multiple mi-

crostates [132, 133, 130, 134, 135]. In this perspective, the BH horizon corresponds to a

surface where the differences between different microstates start to be relevant [136, 137].

Unlike other models that try to reproduce quantum corrections, here, the quantum effects

do not appear just at the horizon, but rather all of the BH is described by these fluctuating

geometries (hence the name fuzzball). We point out that a similar motivation led to the

development of other models of ECOs denoted by “collapsed polymer” [138, 139, 140].

Unfortunately, none of the geometries that can be constructed in four-dimensional space-

times correspond to objects that could represent astrophysical BHs since typically, these

solutions represent non-rotating, charged, and extremal four-dimensional BHs.

Nonetheless, the solid theoretical foundation of the model lead to intense developments

on the study of phenomenological effects of this model [141, 142, 143, 144, 145, 146].
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Recently, a considerable amount of work was developed on the study fuzzball multipolar

structure and how it can be used to constrain and test the fuzzball paradigm [147, 4, 148, 5].

It is along these lines that we will extend our analysis in Chap. 4.

2.4 Multipole moments of compact objects

Up until this point, we restricted our analysis to perfectly spherical objects. However,

since most of the objects in nature have some deviations from spherical symmetry, it is

necessary to have a formalism for their description. Astrophysical objects are typically

rotating, which forces the object to take an oblate (flattened) shape; objects may suffer the

gravitational field of other celestial bodies, which induce a prolate (elongated) deformation,

among other effects. We will now describe how we can study objects with deviations from

spherical symmetry and how these deformations are connected with quantifying horizons’

existence. Below, we provide some specific descriptions for these spacetimes, which can

be directly applied to generic stationary and asymptotically flat solutions with no extra

symmetry.

2.4.1 Multipole moments in Newtonian gravity

Multipole moments were first introduced in the context of Newtonian mechanics (elec-

tromagnetism) as a set of scalar quantities that appear on a multipolar expansion used

to describe the gravitational (electrostatic) potential Φ(x resulting from a distribution of

masses (charges),

Φ(x) =
∞∑
`=0

∑̀
m=−`

M`m

r`+1

√
4π

2`+ 1
Y`m (θ, ϕ) , (2.4.1)

where in the gravitational case, the expansion coefficients M`m are the mass multipole

moments of the body and Y`m are the usual spherical harmonics. These are defined as

Y`m =

√
2`+ 1

4π

(`−m)!

(`+m)!
eimφP`m(cos θ) (2.4.2)

where P`m(x) are the associated Legendre polynomials

P`m(x) =


(−)m(1− x2)m/2

2``!

d`+m

dx`+m
(x2 − 1)` , m ≥ 0

(`+m)!

(`−m)!

(1− x2)−m/2

2``!

d`−m

dx`−m
(x2 − 1)` , m < 0

(2.4.3)
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In expansion (2.4.1), the multipole moments can in general be real or complex numbers.

Nonetheless, if the potential Φ is real, the multipole moments must satisfy,

M`−m = (−1)mM ∗
`m . (2.4.4)

From the point-of-view of the internal structure of the object, these multipoles are related

to the nonspherical distributions of matter within the body and they can be written as

M`m =

∫
ρ(x)r`P`md

3x . (2.4.5)

where ρ is the mass density.

This simple concept of multipolar expansion is much more involved in GR due to the

nonlinearity of Einstein’s equations. Nonetheless, a couple of independent definitions for

multipole moments were formulated in GR and are valid also for some modified gravity

theories. We shall now review the formulations for relativistic multipole moments.

2.4.2 Relativistic multipole moments: Geroch-Hansen formalism

Geroch and Hansen introduced an elegant formalism to properly define and compute

the multipole moments of stationary, asymptotically flat solutions in vacuum (initially

developed by Geroch [149] for static spacetimes and extended to stationary spacetimes by

Hansen [150]). In this approach, one considers a three-dimensional manifold M with a

three-dimensional metric hab induced by the full four-dimensional spacetime metric gµν .

Furthermore, one considers that there is a Killing vector ξ such that the manifold is

obtained by time-translation of Killing vector trajectories and thus,

hµν = −ξ2gµν + ξµξν , (2.4.6)

hab = −g00gab + g0ag0b , (2.4.7)

where in the last expression we chose a set of coordinates where ξ = ∂/∂t. Let us introduce

two scalar potentials ΦM and ΦS given by,

ΦM =
1

4λ

(
λ2 + ω2 − 1

)
, ΦS =

1

2λ
ω . (2.4.8)

with ω and λ two other scalar fields that are defined in terms of the Killing vector as,

λ = ξ2 , ∇ω = ∗ (ξ ∧ dξ) , (2.4.9)
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Geroch and Hansen proposed a conformal transformation to a new manifold M̃ with

metric h̃ab using a conformal factor that asymptotically decays with the square of the

distance to the source, i.e.,

h̃ab = Ω2hab , Ω(r →∞) ∼ 1

r2
, (2.4.10)

with the scalar potentials in the new metric defined as,

Φ̃X = Ω−1/2ΦX . (2.4.11)

where for conciseness, we shall write X = (M,S).

This conformal transformation has the property that it brings the spatial infinity of

the physical spacetime into a finite point Λ in M̃. If one chooses a conformal factor Ω

and metric h̃ab that are infinitely differentiable at Λ, it is possible to write two symmetric

trace-free tensors (STF) PMA` and PSA` on M̃ defined by the relation,

PX = Φ̃X , (2.4.12)

PXA`+1
=

〈
∇̃`+1P

X
A`
− 1

2
` (2`− 1) R̃a`a`+1

PXA`−1

〉STF

, (2.4.13)

with 〈. . .〉STF standing for taking the symmetric trace-free part of the argument and R̃ij is

the Ricci tensor in the 3-manifold M. Using this STF tensors, Geroch and Hansen define

the relativistic mass multipole moment MA` and current multipole moment SA` as,

MA` = PMA` (Λ) , SA` = PSA`(Λ) . (2.4.14)

The strength of Geroch-Hansen’s approach is that it takes full advantage of the co-

variant properties of GR (i.e., it does not rely on a specific coordinate system), and thus

it provides a powerfull tool to find and construct general theorems [151, 152, 153, 154].

Geroch-Hansen approach was later generalized to non-vacuum spacetimes, in particular

with electromagnetic fields [155, 156] and scalar fields [157]. Although it provides a very

elegant definition of the multipole moments and helpful to prove general theorems and

results this method is not useful to compute multipole moments in specific astrophysical

scenarios.
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2.4.3 Relativistic multipole moments: Thorne’s formalism

An alternative definition to extract the multipole moments of stationary and asymp-

totically flat spacetimes was introduced by Thorne [158] as an extension to the procedure

used to read the mass and the angular momentum from the asymptotic metric. Thorne’s

procedure requires the spacetime metric to be written in a specific system of coordinates

called “asymptotically Cartesian and mass centered” (ACMC) where the metric goes to

the asymptotically flat Minkowsky space sufficiently fast, and the mass dipole term van-

ishes. This last condition is equivalent to set the origin of the coordinates at the center of

mass of our system. In this ACMC form, the metric reads,

ds2 = dt2(−1 + c00) + c0i dt dxi + (1 + c00) dx
2
i , (2.4.15)

with c00 and c0i admitting an expansion in symmetric trace free tensors of the form

c00 =
2M
r

+ 2
∞∑
`=2

1

r1+`

(
(2`− 1)!!

`!
M〈A`〉n

〈A`〉+ `′<`

)
, (2.4.16)

c0i = 2
∞∑
`=1

1

r1+`

(
2`(2`− 1)!!

(`+ 1)!
εika`S〈kA`−1〉n

〈A`〉+ `′<`

)
,

where M〈A`〉 and S〈A`〉 are Thorne’s mass and current multipole moments, respectively.

The metric coefficients cµν can alternatively be written in a spherical harmonic expansion

in terms of the scalar (Y`m) and axial vector (Y B
i,`m) spherical harmonics as,

c00 = 2

∞∑
`=0

∑̀
m=−`

1

r1+`

√
4π

2`+ 1

(
M`mY`m + `′<`

)
, (2.4.17)

c0i = 2

∞∑
`=1

∑̀
m=−`

1

r1+`

√
4π(`+ 1)

`(2`+ 1)

(
S`mY B

i,`m + `′<`
)
,

where M`m and S`m are the respectively the mass and current multipole moments. For

the sake of generality we give here the definition of the (radial, electric, and magnetic)

vector spherical harmonics9

Y R
i;`m = niY`m . , Y E

i;`m =
r∂iY`m√
`(`+ 1)

, Y B
i;`m =

εijk nj r∂kY`m√
`(`+ 1)

(2.4.18)

Remarkably, as long as the metric is written in ACMC coordinates, the multipole

9Notice that Y Ri;`m = 1
r
Xi, Y`m, Y Ei;`m = rP iY`m and Y Bi;`m = LiY`m where Xi = xi, P i = ∂i and

Li = εijkx
i∂k are the coordinate, momentum, and angular momentum operators, respectively. Moreover

only Y Bi;`m are eigenfunctions of the Laplacian ∇2
S2 .
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moments are coordinate independent, and all coordinate dependence is pushed to the

subleading terms in the metric. Interestingly, it has been shown that the relativistic mul-

tipole moments given by Geroch-Hansen and by Thorne are equivalent [159]. Even though

Thorne’s original work [158] defines the multipole moments with a different normalization

than those proposed by Geroch-Hansen, most of the recent literature adopts the choice of

the latter [160]. In Eqs. (2.4.17) we already adopted the correct normalization factors to

coincide with Geroch-Hansen multipole moments, and it is this notation that we will use

throughout this thesis.

When the gravitational field source can be covered by the so-called “de Donder” coor-

dinates, one can adequately define the mass and current multipole moments using some

“effective” mass and momentum densities, respectively [158]. Multipole moments of com-

pact stars and ECOs can be computed using this method, however multipole moments of

BHs can only be defined in terms of the external spacetime geometry.

For later convenience, we introduce the dimensionless ratios

M`m =
M`m

M`+1
, S`m =

S`m
M`+1

, (2.4.19)

and the dimensionless spin parameter, χ = J /M2. Note that moments with m < 0 follow

from the symmetry M`,−m = (−1)mM ∗
`,m (and likewise for the current moments).

Furthermore, it is convenient to define the quadratic invariants which are proportional

to

M` ≡

√√√√ ∑̀
m=−`

|Mlm|2 , S` ≡

√√√√ ∑̀
m=−`

|Slm|2 , (2.4.20)

which reduce to the standard definitions of M` and S` in the axisymmetric case, modulo

the sign. More general invariants can be built analogously (see Appendix B for details).

2.4.4 Multipolar expansion of the Killing one-form associated to sta-

tionarity

The mass (M`m) and spin (S`m) multipole moments can be alternatively viewed as

the “electric” and “magnetic” spherical harmonic expansion coefficients of the Killing one-

form K = gtµdx
µ associated with the Killing vector ∂t of the stationary spacetime. Indeed,
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inverting formulae (2.4.17) one finds

M`m =

√
2`+ 1

2(`+ 1)
√

4π
lim
r→∞

r`
∫
Y ∗`m ∗ dK

S`m = −
√

2`+ 1

2(`+ 1)
√

4π
lim
r→∞

r`
∫
Y ∗`mdK

(2.4.21)

where we used ∇2
S2
Y`m = −`(` + 1)Y`m. Mass and angular momentum can be read off

from the lower multipole moments

M =M00 , |J | =
√
|S10|2 + |S11|2 + |S1−1|2 . (2.4.22)

2.4.5 Harmonic multipole function

It will be convenient to introduce a new complex function H that incorporates the

mass and current multipole moments,

H = H1 + iH2 =

∞∑
`=0

∑̀
m=−`

1

r1+`

√
4π

2`+ 1
(M`m + iS`m)Y`m . (2.4.23)

The expansion coefficientsM`m and S`m in Eq. (2.4.17) are the mass and current multipole

moments of the spacetime, respectively. In terms of these variables the ACMC metric

(2.4.15) can be written in the form

ds2 = −e−2H1(dt+ ω)2 + e2H1dx2i + . . .

∗3dω = εijk∂kc0jdx
i + . . . = 2 dH2 + . . .

(2.4.24)

with dots standing for lower harmonics.

For axisymmetric solutions (like the Kerr metric) it is convenient to rotate the co-

ordinate axes so that the angular momentum vector is aligned with the z-axis. In this

case the spherical harmonics with m 6= 0 vanish and one can write (defining from brevity

M`0 ≡M` and likewise for the current moments)

H =
∞∑
`=0

1

r1+`
(M` + iS`)P`(cos θ) . (2.4.25)

2.4.6 Multipolar structure of the Kerr(-Newman) metric

As a by-product of the black-hole (BH) uniqueness and no-hair theorems [43, 44] (see

also [45, 47, 161]), the most general BH solution in GR is the Kerr BH, which is entirely
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described in terms of only two parameters: its mass and its angular momentum. If we

consider the case of charged BHs, the theorems show that the most general BH solution

is the Kerr-Newman family, characterized by the BH’s mass, angular momentum, and

charge.

Although the multipolar structure of the neutral Kerr and charged Kerr-Newman

BHs coincide [156], here we focus on the latter since it is most general. In the Boyer-

Lindquist (BL) {t, r̂, θ̂, φ} coordinates the metric and gauge field describing the Kerr-

Newman solution can be written as10

ds2 = −(1−∆t)dt
2 − 2a sin2 θ∆tdt dφ+

Σ

∆r
dr2 + Σdθ̂2 +

sin2 θ̂

Σ

[
(r̂2+a2)2 − a2∆r sin2 θ̂

]
dφ2

A = −Qr̂
Σ

(dt− a sin2 θ̂ dφ)− P cos θ̂

Σ
[a dt− (a2 + r̂2) dφ] , (2.4.26)

where

Σ = r̂2 + a2 cos2 θ̂ , ∆t =
2Mr̂ − (Q2 + P 2)

Σ
, ∆r = r̂2 − 2M r̂ + a2 +Q2 + P 2 .

(2.4.27)

This solution is characterised by the massM, electric and magnetic charges Q and P , and

angular momentum J = aM defined as

M =
1

8π

∫
S2
∞

∗dK , J = − 3

16π
lim
r→∞

∫
S2
r

r cos θ dK = aM

Q =
1

4π

∫
S2
∞

∗F , P =
1

4π

∫
S2
∞

F .

(2.4.28)

Inner and outer horizons exist for masses satisfying M2 ≥ Q2 + P 2 + a2 and are located

at r̂± =M±
√
M2 − a2 −Q2 − P 2. A curvature singularity is found at Σ = 0. The area

of the BH horizon is AH = 4π(r̂2+ + a2).

The Kerr-Newman metric in the BL coordinates is not in the ACMC form. Indeed, in

spherical coordinates a metric in the ACMC form can be written as

ds2 = gµνdx
µdxν = ea eb(ηab + cab) , ea = (dt, dr, rdθ, r sin θdφ) , (2.4.29)

with cab such that only harmonics of order at most ` at order r−`+1 are present. It is

easy to see that cr̂r̂ and cθ̂θ̂ in the Kerr-Newman metric in BL coordinates fail to meet

this requirement. To bring the metric to the ACMC form one can perform the coordinate

10t ∈ (−∞,+∞) ; r̂ ∈ [0,+∞) ; θ̂ ∈ [0, π] ; φ ∈ [0, 2π].
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transformation

r2 = (r̂ −M)2 + a2 sin2 θ̂ , r cos θ = (r̂ −M) cos θ̂ , (2.4.30)

which reduces to the (perturbative) result found by Hartle and Thorne [162] to second

order in the spin.

In the new variables one finds the non-vanishing components

c00 = crr = cθθ = cφφ =
2M
r

∞∑
n=0

(−)n
a2n

r2n
P2n(cos θ) + . . .

c0φ =
2aM
r2

∞∑
n=0

(−)n
a2n

r2n
∂θP2n−1(cos θ)

2n− 1
+ . . . (2.4.31)

leading to [150, 163]

M2n = (−1)na2nM , S2n+1 = (−1)na2n+1M. (2.4.32)

The mass and current multipole moments combine into the single complex harmonic func-

tion

HKerr =
∞∑
`=0

(M` + iS`)
P`
r1+`

=
M√

x21 + x22 + (x3 − ia)2
(2.4.33)

We notice that real and imaginary parts of HKerr are given in terms of a sort of analytic

continuation of a two-center harmonic function with centers located at ±ia. In particular

the mass is M and the angular momentum J = aM. The Schwarzschild solution is

obtained by sending a→ 0 and the two centers coincide at the origin.

Finally, note that the multipole moments of the Kerr-Newman metric, Eq. (2.4.32), do

not depend explicitly on the charges, so they are the same in the neutral (Kerr) limit [156].

The same holds for Reissner-Nordström (the χ→ 0 limit of Kerr-Newman), whose multi-

polar structure is the same as for Schwarzschild.

2.5 Gravitational-wave tests

While electromagnetic tests are particularly useful for tests on NSs and to probe envi-

ronmental effects around compact objects, the most promising method to probe the nature

of ultracompact objects with BH-like compactness and test the horizon scale structure is

with GW astronomy. The preferred sources for GWs detections are compact object bi-

naries, i.e., a system where two compact objects are orbiting around each other and the
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loss of energy and angular momentum of the system is converted into emitted GWs. It is

natural to divide the GW emisson of a binary system into three stages:

1. Inspiral stage: where the orbital separation between the two compact objects d is

much larger than the typical length scale R of each object (e.g., the radius of the NS

or the horizon of the BH). At this stage, the system can be well approximated using

perturbative methods, in particular Post-Newtonian (PN) approximation [164]. In

Sec. 2.5.1 we will review this theory, which allows us to make the bridge between

some phenomenological effects that we will study and how they affect the GW signal

of a compact object binary;

2. Merger phase: During the evolution of the compact object binary, the orbital dis-

tance between the two bodies shrinks. At some point, the approximation that d� R

breaks and the only way to solve the system is by integrating the full non-linear Ein-

stein’s equations using the powerful framework of Numerical Relativity (cf. Ref [165]

for a review). At this stage, the compact object’s nature and its internal structure

play a fundamental role in determining the characteristic of the binary coalescence’s

final product and the characteristic of the emitted GW signal.

3. Post-merger phase: Once the two objects merge, we reach a new stage where one

obtains an excited final object called remnant that will relax to a stationary con-

figuration. At this point, the excited object’s properties and the GW signal can be

well-described by using a considering a linear-perturbation formalism on a stationary

object spacetime. Nonetheless, the final possibilities for the post-merger signal can

be very different depending on the nature of the binary components. The simplest

scenario corresponds to that of two BHs. The coalescence outcome - called ringdown

- is an excited BH remnant that relaxes to a stationary configuration by the emis-

sion of GWs characterized by the BHs quasi-normal frequencies. If one considers

the scenario of a mixed binary, i.e., a BH-NS inspiral, two scenarios are possible:

i) if the NS matter cannot support the tidal forces of the BH, it is torn apart in

a process called tidal disruption, forming an accretion disk surrounding the central

BH [166, 167, 168]; ii) on the other hand, if the tidal forces are not strong enough

or the NS matter is sufficiently rigid, the NS can remain intact until the final stages

of the merger where it plunges directly into the BH [168]. Finally, one can consider

the case where two NSs merge, which, depending on the NS parameters, can be

much richer than the ones we have just described. If the NSs mass is low enough,

the binary coalescence can result in a stable NS remnant [169]. In the opposite
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regime, if the NSs are sufficiently massive, the remnant can prompt collapse to a

BH right after the merger (∼ 1 ms). Between these two cases (i.e., when the mass

of the NSs are too high to produce a stable NS but not high enough to result in a

prompt collapse scenario), one can find remnants that are metastable: hypermassive

NSs [170] - which have a mass larger than the maximum stable mass of a rotating

NS, but are supported by fast differential rotation for a timescale of . 1 s before

collapsing to a BH - and supramassive NSs [171, 172, 173] - whose mass exceeds the

maximum mass of a stable non-rotating but their uniform rotation can support the

gravitational collapse during the spin-down timescale (1 s . t . 1 h).

Above, we have described that one can use three different and independent formalisms

to produce appropriate gravitational waveforms: PN formalism for inspiral, Numerical

Relativity for the merger, and perturbation theory for the post-merger signal. However, it

is essential to mention that other complete gravitational waveforms can be obtained using

a different approach named effective-one-body (EOB) formalism, which, although pertur-

bative in its essence, produces results that are accurate up to a few percent level [174]. This

formalism is a reformulation and extension of the post-Newtonian dynamics based on the

elegant proposal to map the two body-inspiral problem into a one-body problem in some

effective spacetime geometry. The EOB waveforms can be matched with the analytical

templates for the ringdown phase and calibrated by fitting against Numerical Relativity

templates [175]. This model’s strength is that one can produce multiple templates for the

GW signal of a binary coalescence (including NS binaries [176]) with very-low computa-

tional effort. This is particularly useful to build large template banks that can be used in

GW searches.

Since the GW signal of a compact object coalescence can be separated into different

stages, it is natural to expect that tests on the compact object’s nature must rely on differ-

ent phenomenological effects according to the respective stage. This feature is remarkably

useful since one can devise different ways to test the compact objects, perform them inde-

pendently, and compare the results to obtain the best constraints on these astrophysical

bodies’ nature. In the Sec. 2.5.1 and 2.5.2 we will look at the inspiral and post-merger

signal respectively, and we will discuss how they can be used to probe the nature of the

bodies and help to quantify the evidence for horizons.
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2.5.1 Inspiral-based tests

The orbital dynamics and GW emission during the inspiral phase of a compact object

coalescence can be well approximated using a PN formalism. In this perturbative frame-

work, Einstein’s equations are expanded around the Newtonian limit in terms of a small

expansion parameter. For a compact binary system, one can construct two small expan-

sion parameters by: (i) assuming that the typical orbital velocity v is much smaller than

the speed of light in vacuum c or (ii) considering that the orbital separation d between

the two gravitating bodies is much larger than the Schwarzschild radius RS = 2GM/c2

associated with the total mass of the source M ,

v2

c2
� 1 ,

RS
d
� 1 . (2.5.1)

Interestingly, due to the orbital nature of the bodies and due to the virial theorem, these

two expansions are not independent and one always has

(v
c

)2
∼ RS

d
� 1 . (2.5.2)

The implication of property (2.5.2) is that corrections to Newtonian gravity due to the

gravitational field’s strength are not independent from relativistic corrections due to the

kinematics and vice-versa. One must consider both simultaneously for the self-consistency

of the method [177]. Hence, this formalism is adapted to the study of slowly moving

sources and weakly gravitating systems. The more relativistic the source’s conditions are,

the higher the number of terms that we must consider in this expansion. At this point is

convenient to introduce the concept of PN-order, corresponding to the 2n-power of velocity

associated with a given term in the expansion, i.e. if we do a PN expansion of a quantity

X as11,

X = X0 +X1

(v
c

)
+X2

(v
c

)2
+ . . . (2.5.3)

the term X0 corresponds to a 0PN order (Newtonian) term, the term X1 corresponds to

a 0.5PN order term, the X2 to a 1PN and so on.

To accurately describe the dynamics of the sources, we need to understand how to

incorporate the correction to the linearized theory in an expansion of v/c in a systematic

and coherent method. For this purpose, we can trace an analogy with the motion of

charged (non-relativistic) sources in electrodynamics. The motion of the gravitational

11With this definition, the PN-orders will have integer and half-integer numbers.
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Figure 2.8: Post-Newtonian (PN) partition of the spacetime: Several regions of
the spacetime can be defined according to the system’s different scales. The PN expan-
sion holds in the near-zone (in blue), while in the exterior region (in green) the post-
Minkowskian (PM) expansion is used. When the exterior region intersects with the near
region in some part of the spacetime, both expansions can be matched and cover the en-
tirety of the spacetime.

sources emits GWs with wavelength,

λ ∼ c

v
d� d . (2.5.4)

We divide the spacetime into three regions (see Fig. 2.8):

� near zone: Corresponding to r � λ, where time-retardation effects are negligible

and the gravitational potentials can be considered as static and instantaneous. It

is convenient to further divide this zone by defining the exterior near zone which

corresponds to d < r � λ, i.e., the region within the near zone but outside the

typical size of the sources12. For convenience, we will introduce a new length scale

R � λ that limits the near zone, r < R.

� far zone or wave zone: This corresponds to the region r � λ where the dynamics is

governed by waves and retardation effects are crucial for the correct description.

� intermediate zone: region that separates the wave zone from the near zone where

r ∼ λ.
12Within the near zone other divisions can be considered, for example, when one considers strong-field

sources such as BHs and NSs, one can define a ball around each of the sources with a radius equal to a
few times the Schwarzschild radius of the object. The region within the ball is the strong-field near zone,
while the region outside is the weak-field near zone
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For weakly gravitating sources one can solve Einstein’s equations in the near region

using a PN expansion but in the intermediate region and in the wave zone the expansion

starts to break down. This can easily be seen if one considers a generic function of the

retarded time f(t− τ) and expand it for small values of the retardation τ := r/c [177],

f(t− τ) ∼ f(t)− r

c
ḟ + . . . (2.5.5)

Each derivative of F carries out a factor of the frequency of the emitted radiation ω,

ḟ ∼ ωf . If we take into account that ω ∼ c/λ, we can immediatly see that the series is in

fact an expansion in powers of r/λ,

f(t− τ) ∼ f(t)− r

λ
ḟ + . . . (2.5.6)

and thus, it converges poorly outside the near zone. Luckily, in the exterior region, r > d

Einstein’s equations in vacuum can be solved using a post-Minkowskian (PM) expansion,

i.e., an expansion for weak gravitational potentials, in powers of the gravitational constant

G. The PM expansion is well-behaved in the wave zone, but it breaks down at r ∼ d.

We now have two independent expansions valid in two different spacetime regions, the

PN expansion for the near zone and the PM expansion for the exterior region. If, in our

physical scenario, the near zone extends into the external region (R > d), we can define

an overlap region d < r < R where both expansions are valid. If this situation happens,

we can then match both expansions in this region and generate a solution of Einstein’s

equations that is valid everywhere and completely characterizes the system [178, 179, 180,

181, 182].

We now focus on evaluating the gravitational waveform phase, which contains most

of the effects that we are interested in studying. At large distances from the source,

the gravitational radiation emitted by a system is described as a small perturbation hµν

on the Minkowsky spacetime. In the transverse-traceless (TT) gauge, the asymptotic

waveform hTT
ij (with hTT

0µ = 0) has only two degrees of freedom associated with the two

polarizations of the GWs, h+ and h×. The two polarization states are obtained projecting

the waveform onto the orthonormal triad (er, eθ, eϕ), made of the spatial basis vectors of

spherical radiative coordinates (t, r, θ, ϕ). It is convenient to define the (scalar) waveform

h(t, r, θ, ϕ) is defined as the complex scalar h = h+ − ih×. It can be shown that h can be
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expanded in spin-weighted spherical harmonics with spin-weight s = −2,

h(t, r, θ, ϕ) =
∑
`≥2

∑
m

h`m(t, r)−2Y`m(θ, ϕ) . (2.5.7)

For a circular and planar binary system, it can be shown that we can restrict to the

leading quadrupolar mode ` = 2 since the contribution of higher-order modes is negligible.

Besides, at this leading quadrupolar order, only the |m| = 2 modes are nonzero (and we

have h`m = (−1)`h∗`−m). Therefore, we can write the gravitational waveform as

h(t) = A(t)e−iφ(t) , (2.5.8)

where φ(t) is the gravitational-wave phase, which can be defined in terms of the gravitational-

wave frequency ωGW as

φ(t) =

∫ t

ωGW(t′)dt′ . (2.5.9)

If we recall that ωGW = 2ω where ω is the orbital frequency, we can write the phase as

φ(t) =

∫ t

t0

ωGW(t′)dt′ + φ0 , (2.5.10)

where t0 and φ0 are two constants.

The conservation of energy relates the flux of emitted GWs is related with the loss of

the binary energy,

Ė = −F . (2.5.11)

Using the adiabatic approximation for the binary evolution we are able to write,

Ė =
dE

dω

dω

dt
=

1

2

dE

dω

d2φ

dt2
, (2.5.12)

and by replacing it in Eq. (2.5.11) we are able to write a second order differential equation

for the GW phase,
d2φ

dt2
= − 2F

dE/dω
. (2.5.13)

It is convenient to rewrite Eq. (2.5.13) into a system of two first-order differential

equations
dφ

dt
= 2ω ,

dω

dt
= − F

dE/dω
(2.5.14)

which can be solved according to various methods [183]. We can now write the waveform
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in the frequency domain h̃(f) using a Fourier transform,

h̃(f) =

∫ t

h(t)e2πiftdt =

∫ +∞

−∞
A(t)ei(2πft−φ(t))dt , (2.5.15)

and solve it assuming a stationary phase approximation13 yielding

h̃(f) = A(f)eiψ(f) , (2.5.16)

where A and ψ(f) are the new amplitude and phase in the frequency domain, respec-

tively. One can decompose the phase ψ of the GW signal into three different contributions

originating from three different physical effects,

ψ = ψPP + ψTH + ψTD , (2.5.17)

where ψPP is the “pointlike” phase [164], ψTH is the correction due to tidal heating and

ψTD is the correction caused by tidal deformability effects.

Multipole moment tests

Previously in Sec. 2.4 we have introduced the concept of multipole moments as a set

of parameters that characterize the deformations of compact objects and fully specify

the gravitational potential (in the Newtonian formulation) or stationary metric (in the

relativistic formulation) of an isolated body, through subleading, nonspherical corrections.

The multipole moments of compact objects in a binary change the phase of the emitted

GW signal. The quadrupole moment M2 is the most dominant moment for this effect

and enters at 2PN order in a post-Newtonian expansion [184],

ψ`=2 =
75

64

(
m2M(1)

2 +m1M(2)
2

)
(m1m2)

2

1

v
, (2.5.18)

with mi the mass of the individual bodies, M(i)
2 the quadrupole moments of the individ-

ual bodies and the expansion parameter in the post-Newtonian formalism is the orbital

velocity. When the two compact objects are BHs, the quadrupole is given by the Kerr

quadrupole M2/M3 = −χ2 and we see that the corresponding correction is proportional

to the square of the BH spin. In this thesis, we shall often deal with compact objects

that are not BHs and whose quadrupole moment can be different and may not even be

13Under this assumption, one assumes that the integrand is only relevant and the stationary point t = t∗

where φ̇(t∗) = 2πf , since everywhere else the integrand is highly oscillatory and the integral yields zero.
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spin-induced. Putting constrains at the quadrupole provides a way to test the nature of

compact objects already at 2PN-level.

Tidal deformability of compact objects

The last effect that we will study is how compact objects’ nature and internal structure

affect how they respond to external tidal fields. As we have seen, this response is encoded

in the TLNs of the compact objects. To quickly estimate at what PN order the leading

tidal effects enter in the wave phase, we can consider the gravitational force that acts one

each body

Fg ∼
GM
r2

+
GM2

r4
+ . . . (2.5.19)

where the ellipsis stands for subleading terms. When the quadrupole is tidally induced,

one can write it in terms of the tidal field, which corresponds to the second derivative of

the gravitational potential U ∼ GM/r.

M2 ∼ R5d
2U

dr2
. (2.5.20)

By substituting Eq. (2.5.20) in Eq. (2.5.19) we can quickly find that the gravitational force

takes the form of,

Fg ∼
GM
r2

[
1 +

(
R

r

)5
]

+ . . . (2.5.21)

Since we are considering compact objects one can write the radius as R ∼ GM/c2 and

use the virial theorem to identify,

Fg ∼
GM
r2

[
1 + a

(
v2

c2

)5
]

+ . . . (2.5.22)

where a is some factor that does not depend on the velocity. Thus, the leading correction to

the Newtonian force due to tidal interactions is a 5PN term. The appropriate calculation

was developed in the works of Vines, Flanagan and Hinderer [185].

For clarity, let us consider the leading corrections to the energy flux Ė dissipated by

the GWs

Ė = −32

5

q2

(1 + q)4
v10

(
1 +

4
(
k1q

4 (3 + q) + k2 (1 + 3q)
)

(1 + q5)
v10

)
, (2.5.23)
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and to the energy-frequency relation for circular orbits

E(f) = − mq

2(1 + q)2
v2

(
1−

6q
(
k1q

3 + k2
)

(1 + q)5
v10

)
. (2.5.24)

By plugging both of these equations into Eq. (2.5.14), written in the frequency domain,

d2ψ

df2
=

2π

Ė

dE

df
, (2.5.25)

we can integrate it to obtain the GW phase ψ(f). To leading order the correction due to

the tidal deformability of the bodies read

ψTD(f) = −ψN
624

m5
Λv10 , (2.5.26)

where Λ is the weighted tidal deformability. As expected, the tidal effects appear at 5PN

order relative to the Newtonian term. Interestingly, it has been shown that the tidal Love

numbers of BHs are precisely zero, implying that this phase correction is also zero for these

objects [186, 187, 188, 189, 190]. The derivation above considered a non-rotating object,

however calculations to include spin-effects were developed in the literature, introducing

a new class of rotational tidal Love numbers [188, 189, 191, 192, 193, 194] which enter at

higher PN-order (the leading term appears at 6.5PN order).

2.5.2 Post-merger signal

Complementary tests to the nature of a compact object can be executed with the

post-merger phase of a compact binary coalescence. In this phase of the coalescence, the

remnant is in a perturbed state that will, over time, relax to a stationary configuration

by emission of GWs. This signal is mostly characterized by a damped sinusoid with

characteristic modes called quasinormal modes (QNMs) [195]. These modes are very

dependent on the system’s dissipation channels and their values change drastically when

the boundary conditions change. In particular, if one considers that instead of a BH, one

has an ECO with a reflective surface, the QNMs are dramatically different [196, 197, 198].

While for a BH, the damped waves eventually die, and after some time, the spacetime

becomes stationary, for ECOs, a new phenomenon emerges: waves that propagated to-

wards the object (which for a BH would cross the horizon and be absorbed) are reflected

by the surface of the object and escape to infinity. This reflection process is repeated mul-

tiple times, giving rise to what is called gravitational echoes - repeated oscillatory pulses
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of decreasing amplitude that appear at very-late times in the signal. We shall now look at

both of these effects with more detail and understand how both can be used to quantify

the existence of horizons.

Quasinormal modes

Let us start by considering again the scenario of a spherically symmetric, stationary

compact object. Birkhoff’s theorem states that the spacetime metric outside the compact

object is described by the Schwarzschild geometry (2.1.3). This stationary solution can be

perturbed in some astrophysical scenarios, for example, by a close passage of a small star

or if this compact object is the end-product of a compact object coalescence. Over time,

these perturbed configurations will relax to a stationary configuration by the emission of

GWs, with a damped oscillatory behavior.

In scenarios such as the ones described above, the spacetime geometry can be well-

aproximated by using linear perturbation theory by adding a small, time-dependent per-

turbation hµν on top of the stationary object metric g
(0)
µν ,

gµν = g(0)µν + hµν . (2.5.27)

The metric perturbations hµν can written in terms of a single master function Ψ and

the oscillatory behavior of the system can be obtained from a master partial differential

equation,
∂2Ψ(t, x)

∂x2
− ∂2Ψ(t, x)

∂x2
− V (r)Ψ(t, x) = S(t, x) , (2.5.28)

where t is the time coordinate and x is an appropriate spatial coordinate that in the

Schwarzschild case here considered reduces to the traditional tortoise coordinate, x ≡ r∗

defined by,
dr

dr∗
= 1− 2M

r
, r∗ = r + 2M log

( r

2M
− 1
)
. (2.5.29)

The S(t, x) term in Eq. (2.5.28) is a source-term that incorporates the information about

the origin of the perturbation. If we want to study the late-time behavior of the perturbed

compact object, where the driving perturbative force has died off, we can set this source

term to zero,

S(t, r∗) = 0 , (2.5.30)

and master equation (2.5.28) reduces to a homogeneous partial differential equation.

The function V (r) is an effective potential whose specific form depends on the space-
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Figure 2.9: Effective potential of Schwarzschild perturbations. Effective potential
of a Schwarzschild perturbation for a BH spacetime (top panel) and an ECO (bottom
panel) as function of the tortoise coordinate r∗ = r + 2M log(r/(2M) − 1). For a BH,
the potential has the profile of a single potential barrier, with a vanishing potential at
the horizon (i.e., r∗ → −∞), reaches a peak, and then goes to zero asymptotically. The
potential’s peak is around the object’s photon sphere, r ≈ 3M. For ECOs, the potential
outside its surface is identical to a BH (the geometry in the exterior is given by Schwarz-
schild solution). However, at the surface (or within), there is a new maximum of the
potential due to geometry effects, reflective surfaces or centrifugal effects. For BHs, the
Schwarzschild perturbation is described by a set of QNMs, which characterize damped
waves that are purely outgoing at infinity and purely ingoing at the horizon. In contrast,
for ECOs, the existence of a potential well between the surface and the maximum of the
potential allows for the presence of long-lived modes that are quasi-trapped.

time under consideration and the spin s of the perturbation fields. In the case of a Schwarz-

schild exterior the effective potential is the Regge-Wheeler potential and it reads [199],

V =

(
1− 2M

r

)(
` (`+ 1)

r2
+ (1− s2)2M

r3

)
. (2.5.31)

with s = 0,±1,±2 for scalar, vector and tensor modes. Actually, for tensor modes, the

form of the potential Eq. (2.5.31) is only valid for the axial sector14. The polar part of

the gravitational mode is still described by the master equation (2.5.28) but the effective

14We denominate by axial and polar perturbations to those that under a parity transform as (−1)`+1

and (−1)`+1 repectively.
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potential is more involved and is given by Zerilli’s potential [200],

V (r) =

(
1− 2M

r

)
2n2(n+ 1)r3 + 6n2Mr2 + 18nM2r + 18M3

r3(nr + 3M)2
, (2.5.32)

where 2n = (`− 1) (`+ 2). The effective potential V has the form of a single potential

barrier with a peak around the unstable light ring of the BH at r = 3M (c.f. Fig. 2.9).

By defining the following Fourier transformation of the master function Ψ,

Ψ(t, r) =
1

2π

∫
e−iωtψ(ω, r)dr , (2.5.33)

and applying this it to Eq. (2.5.28) one can transform the partial differential equa-

tion (2.5.28) into a single ordinary differential equation,

d2ψ

dr2∗
+
(
ω2 − V

)
ψ = 0 , (2.5.34)

which is equivalent to a time-independent Schrödinger equation. Interestingly, if one takes

M = 0 and ` = 0, it is straightforward that r∗ = r and the new master equation (2.5.34)

describes simply the wave equation on a string. This classical system has been extensively

studied, and it reduces to an eigenvalue problem for ω when one fixes Dirichlet boundary

conditions on the string. The only possible solutions for this problem are a set of normal

frequencies ω that an integer n they must satisfy,

ωnormal =
nπ

L
, (2.5.35)

where L is the string’s length. Different integers n represent different wavefunctions and

they are called normal modes of the system. Any configuration of the string can be

represented as an expansion in a basis of these normal modes.

When a system is conservative, such as the one described that we just exemplified, the

frequencies are real. However, if one wants to fully solve Eq. (2.5.34) in a BH spacetime,

one has to deal with the fact that the system is not conservative since any perturbation

that falls into horizon is absorbed and at spatial infinity there is no incoming perturbation,

Ψ(r∗ → −∞)→ e−iω(r∗+t) , Ψ(r∗ →∞)→ eiω(r∗−t) , (2.5.36)

Another important difference of our problem when compared with the classic example

of the modes of a string is that in the BH case, due to backscattering effects on the
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potential V , one cannot solve the eigenvalue problem analytically, and the modes can only

be computed numerically [195, 201, 202]. In this scenario, the frequencies ω are complex

numbers,

ωBH = ωR + iωI , (2.5.37)

where the real part ωR controls the oscillatory frequency of the mode and ωI describes an

exponential decaying behaviour of the perturbation with a typical timescale,

τ =
1

|ωI |
. (2.5.38)

A mode that can be decomposed into real and imaginary parts is called quasinormal

mode (QNM) and is characteristic of open systems. Unlike normal modes, QNMs do not

form a complete set (in general), and thus one cannot describe all BH configurations in a

QNM basis expansion [195]. Remarkably, the BH QNM spectrum satisfies an isospectrality

property, i.e., the spectrum is the same for axial and polar gravitational perturbations [202].

In GR, the lowest fundamental mode that contributes to the gravitational perturbation is

the ` = 2 mode, which for a Schwarzschild BH is [203],

MωBH ≈ 0.373672− i0.0889623. (2.5.39)

It is clear that the QNMs are very dependent on the boundary conditions that are

imposed on the system. If instead of a horizon at r = 2M we consider an ECO with some

reflective surface r0 located very near the putative location of the horizon [196, 197, 198],

r0 = 2M (1 + δ) & 2M , (2.5.40)

the boundary conditions of the problem would need to change (e.g. Dirichlet or Neumann)

and the QNM spectrum would change considerably. Similarly to the BH case, the QNMs

of ECOs need to be computed numerically. However, in the low-frequency approximation

rω � 1 and for ultracompact configurations corresponding to δ → 0 limit read the QNMs

have analytical expressions that approximate sufficiently well the numerical values,

MωR ' −
πM

2|r∗(r0)|

(
q +

s(s+ 1)

2

)
∼ | log δ|−1 , (2.5.41)

MωI ' −β`s
M
|r∗(r0)|

(2MωR)2`+2 ∼ | log δ|−(2`+3) , (2.5.42)

where r∗(r0) ∼ 2M log δ, q is a positive odd (even) integer for polar (axial) modes and
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β`s :=
[
(`−s)!(`+s)!
(2`)!(2`+1)!!

]2
.

From the analytical expressions (2.5.41) we can immediately see some interesting prop-

erties of the ECO QNMs that distinguish them from the QNMs of BHs. First, the two

gravitational sectors (axial and polar) are the isospectrality property regained by setting

δ → 0. Furthermore, since a dissipation mechanism is removed from the system (the per-

turbation can no longer escape through the horizon), the modes are characterized by lower

frequencies and much higher characteristic decaying timescales. For a perfectly reflective

surface, the fundamental modes read,

Mωaxial ' 0.13109− i 2.3758× 10−7 , (2.5.43)

Mωpolar ' 0.13377− i 2.8385× 10−7 , (2.5.44)

for a surface characterized by δ = 10−6, which are much lower than the fundamental BH

QNM described in Eq. (2.5.39).

This discussion considered a perfectly reflective object, however, this is an idealization,

and physical objects will most likely be described by surfaces that reflect only part of the

radiation while the rest is absorbed. In particular, for specific models, only low-frequency

models are reflected by the object’s surface. At the same time, higher-frequency waves are

capable of crossing the surface of the object and probing its internal structure [204, 205].

The QNMs of ECOs with partially reflective surfaces were computed. It was found that

while the real part of the frequency barely changes from the perfectly reflective case, the

imaginary part can change drastically even for very small absorption coefficients [197, 198].

Gravitational echoes

Let us follow the recipe of Ref. [206] and write the full solution of master-equation for

Schwarzschild pertubations (2.5.28) in the Fourier space,

d2ψ

dx2
+
(
ω2 − V

)
ψ = Sψ , (2.5.45)

where Sψ represents the Fourier transformed source S. For the usual Schwarzschild space,

the potential vanishes at both boundaries x → ±∞, so we can solve locally the homo-

geneous system. Two linearly independent solutions of the system can be obtained by
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considering i) a purely ingoing wave at the horizon (i.e. towards the horizon),

ψ− =

 e−iωx , x→ −∞

Aine
−iωx +Aoute

iωx , x→ +∞
, (2.5.46)

and a ii) purely outgoing wave at infinity,

ψ+ =

 Bine
−iωx +Boute

iωx , x→ −∞

eiωx , x→ +∞
. (2.5.47)

Note that the latter has the appropriate boundary conditions required for an isolated

system (no waves are propagating to the system from external sources), whereas the former

has the appropriate boundary conditions for a BH (no wave can escape the horizon).

A quick analysis of the function ψ+ indicates us that we can define the reflection and

transmission coefficients,

RBH =
Bin

Bout
, TBH =

1

Bout
, (2.5.48)

from waves incident on the potential barrier V from the left15.

The most general solution to our inhomogeneous differential equation (2.5.45) is given

by [207],

ψ = ψ+

∫ x Sψ(z)ψ−(z)

W
dz + ψ−

∫ x Sψ(z)ψ+(z)

W
dz + C1ψ− + C2ψ+ , (2.5.49)

with C1 and C2 arbitrary integration constants and W ≡ ψ−ψ′+−ψ′−ψ+ (here ′ denotes a

derivative with respect to the tortoise coordinate x) is the Wronksian which is a constant

in the case of our ODE and at infinity can be evaluated as,

W (x→ +∞) = 2iωAin . (2.5.50)

Let us consider that at the ultracompact object is a BH. We need to impose the

boundary conditions of purely ingoing waves at the horizon and purely outgoing waves at

15Similar coefficients can be computed for waves incident on V from infinity. These can be useful to
study the scattering of waves in the Schwarzschild potential. However, for gravitational echoes, we are
interested in perturbations trapped in the potential well (between the object’s interior and the potential
barrier close to the photon sphere) and thus scatter on the potential barrier from the left.
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infinity. The solution that describes the BH spacetime to a source Sψ is then,

ψBH = ψ+

∫ x

−∞

Sψ(z)ψ−(z)

W
dz + ψ−

∫ +∞

x

Sψ(z)ψ+(z)

W
dz , (2.5.51)

where it is straightforward to see that the first term vanishes close to the horizon while

the second term vanishes at infinity16.

Let us now consider that the ultracompact object is an ECO characterized by a surface

r0 which correspond to a very large (negative) tortoise coordinate x0. The governing

ODE (2.5.45) is also valid for this scenario and thus the most general solution Eq. (2.5.49)

can be applied in this case. The clear distinction between the two scenarios happens for

the boundary conditions where now on the left we have a surface with a given reflectivity

R. Thus close the surface x0 we expect to have,

ψECO(x→ x0) = k0
(
e−iωx +Reiωx

)
. (2.5.52)

It is clear from Eq. (2.5.49) that the close to the horizon a solution with the correct

boundary conditions is given by,

ψECO =
(
e−iωx +K

(
Bine

−iωx +Boute
iωx
)) ∫ ∞

x0

Sψ(z)ψ+(z)

W
dz , (2.5.53)

whereas the signal of the ECO at infinity takes the form of

ψ (x→ +∞) = ψBH (x→ +∞) +Ke2iωxψBH (x ∼ −∞) . (2.5.54)

To fully understand the origin of echoes with this mathematical formulation we just

need to identify the form of K which can be done by comparing the boundary conditions

close to the surface given by Eqs. (2.5.52)–(2.5.53) yielding,

K =
TBHR

1−RBHR
= TBHR

∞∑
n=1

(RBHR)n−1 , (2.5.55)

where we have used the properties of the geometric series to obtain the last equality.

In summary, this mathematical formalism shows that when there is a reflective surface

close to the supposed location of the horizon, the GW signal observed at infinity is the

same as the one as expected for a BH with an additional piece which is mostly controlled

by the reflectivity coefficient of the surface. In other words, a perturbation with origin

16With this approach, one can interpret the QNMs of BHs as the poles of the propagator [208].
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Figure 2.10: Echoes of an ECO: Typical waveform signal of the gravitational-wave
echoes of an ultracompact object. The plot was done using the data publicly available in
the online repository [209] and obtained in Ref. [210]. As an illustration, here we have
depicted the case of perfectly reflective ECO with compactness δ/M = 10−7 and spin
χ = 0.7.

close to the light ring (e.g., due to a crossing of an object) propagates part towards the

object and part towards infinity. This latter part is identical to the BH case and gives rise

to the object’s prompt response to the perturbation. However, a fraction of the former is

reflected at the ECO surface (the amount is controlled by the reflectivity R) and bounces

back towards the peak of the potential where part of the wave escapes towards the infinity

(the fraction that escapes is controlled by the transmission coefficient of the effective

potential TBH with a delay time that is twice the distance between the peak and surface

of the object (this event corresponds to the n = 1 term in Eq. (2.5.55)). The part that

is “trapped” within the potential well bounces back towards the surface, and the process

repeats, giving rise to a series of echoes (the n > 1 terms in Eq. (2.5.55)), which repeat at

a constant rate.

The detectability of echoes is a topic that recently attracted significant attention for

its great potential in testing the BH paradigm. Some evidence for echoes in binary BH

and binary NS events detected by the LIGO-Virgo Collaboration has been studied [211,

212, 213], however the statistical significance of these results has been questioned [214,

215, 216, 217]. Recent works [218, 210] have shown that detecting or excluding echoes

requires detectors with signal-to-noise ratios in the post-merger phase of O(100). This

order of magnitude is inaccessible with current GW detectors but likely achievable with
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third-generation detectors (Einstein-Telescope and the Cosmic Explorer) [219] and space-

interferometers like LISA.



3Quasi-spherical
compact objects

As a by-product of the BH uniqueness and no-hair theorems, GR predicts that the

outcome of a gravitational collapse must be a Kerr BH [43, 44] (see also [45, 47, 220]). As

we have seen in Sec. 2.4.6 despite having an infinite multipolar structure, all the multipole

moments of a BH can be related uniquely to only two parameters, the BH massM and the

BH angular momentum J [163]. In absence of rotation, BHs are spherically symmetric

and the geometry reduces to the well-known Schwarzschild metric (2.1.3) where the only

nonvanishing multipole moment is the monopole, i.e. the mass. This multipolar structure

can be written as [150],

MBH
` + iSBH

` =M`+1 (iχ)` , (3.0.1)

whereM` and S` are respectively the mass and current multipole moments and χ := J /M2

is the dimensionless spin. Equivalently, the simplicity of the Kerr multipolar structure can

also be encoded in the harmonic function defined in Sec. 2.4.5 [cf. Eq. (2.4.33)],

HBH =
∞∑
`=0

(M` + S`)
P`
r`+1

=
M

|x− iJ/M|
, (3.0.2)

where x = (x1, x2, x3) and J = (0, 0,J ) in Cartesian coordinates.

As shown by Eqs. (3.0.1)–(3.0.2), only multipole moments with m = 0 are nonvan-

ishing as a result of the axisymmetry of the Kerr solution. It can also be checked that

Kerr BHs have vanishing mass multipole moments when ` is odd and vanishing current

multipole moments when ` is even. Consequently the Kerr solution is axially symmetric

and equatorially symmetric.

This elegant simplicity is not valid for other types of compact objects, regardless

if they are NSs or other ECOs. There are no physical reasons for compact objects to

have this same multipolar structure and nothing prevents them from being deformed

61
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even when non-rotating (i.e., there is no analog to Birkhoff’s theorem beyond spherical

symmetry). There is also no argument for the multipolar structure of these objects to be

axially and equatorially symmetric. In the most general scenario, it can be argued that

no symmetries are expected from these objects and they will show a rich and nontrivial

multipolar structure (we shall see a concrete example of this situation when we study the

fuzzball solution in Chap. 4). Thus, the multipole moments of an ECO will satisfy the

following relations

MECO
`m =MBH

` + δM`m , SECO
`m = SBH

` + δS`m , (3.0.3)

where δM`m and δS`m are some model-dependent corrections to the mass and current

multipole moments, whose value can be found by matching with the interior solution of

the object or by other microphysical arguments. As discussed before, although the Kerr

spacetime is axisymmetric, this is not necessarily true for multipole moments of ECOs

(the multipolar corrections δM`m and δS`m in Eq. (3.0.3) may generically have m 6= 0

moments).

As discussed in Chap. 2, multipole moments can provide a useful tool to test the nature

of compact objects in our universe and their measurement can be useful to quantify our

evidence for horizons. In this chapter, we discuss how multipole moments can be used to

distinguish between ECOs and BHs and we will identify some generic properties of the

multipolar structure of ECOs. We will also study a toy model for a deformed NS due to

crustal stresses and discuss how possible deformation effects can be important to consider

in the GW signal of these objects.

3.1 Executive Summary

For the reader’s convenience, here we summarize the main results of this chapter in

nontechnical terms. The results described here can be found in our works [2, 3].

3.1.1 Quasi-Schwarzschild geometry

In Sec. 3.2 we develop a method to study deformed spacetimes by constructing per-

turbative solutions obtained by solving the vacuum Einstein equations order by order in

a small multipole moment expansion. We follow the formalism developed in the pioneer-

ing works of Hartle and Throne [221, 162] and extend it to allow for arbitrary multipole

moments to leading order. Thus, in this section, we build the most general stationary and
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axisymmetric perturbative solution of vacuum Einstein’s equations, which we shall name

quasi-Schwarzschild metric [2].

We shall classify the solutions in terms of the type of independent multipole moments

they possess to leading order, which we denote by intrinsic moments. In this scheme, each

solution can contain an infinite tower of induced multipole moments which are sourced by

the leading-order ones. For example, a solution with only S1 = J to leading order will

contain an infinite number of multipole moments at higher orders. We shall refer to the

latter as spin-induced moments since they vanish as J → 0. On the other hand, we shall

refer to the multipole moments that remain nonzero as J → 0 as nonspin-induced.

We will study the general properties of the quasi-Schwarzschild metric. We will show

that the induced multipole moments present in the solution depend on the intrinsic mul-

tipole moments according to a specific set of three rules: i) the angular momentum sum

rule, ii) a parity rule and iii) an equatorial-reflection rule. This set of rules strongly

restricts the number of induced multipole moments present in the solution. Several inter-

esting particular solutions are explicitly discussed in Sec. 3.3, and their metric is publicly

available in closed form in an online repository containing supplemental Mathematica®

notebooks [209]. As an anticipation of our main result, Fig. 3.1 presents the embedding

diagrams for some representative solutions.

3.1.2 Deformations of soft ECOs

In Sec. 3.4, we will apply the formalism developed in Sec. 3.2 to the study of deformed

ECOs. We will frame this study by introducing two classes of ECO models based on the

spacetime curvature at its surface: “soft” ECOs for which the curvature is comparable

to that of a BH and “hard” ECOs for which the curvature can be much larger than the

horizon curvature. In this work we focus only on the former while the latter will appear

elsewhere [222]. Furthermore, we will assume that the “exoticism” resides entirely on the

matter sector (which we take to be confined to the interior of the object) and that GR

describes the gravity sector. Using this approach, we can study in a model-independent

way the deformed spacetime of ECOs since different models will only affect the boundary

conditions at the object’s surface, which uniquely define δM` and δS`.

As a result of this analysis we shall provide evidence for the following conjecture. In
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Figure 3.1: Quasi-Schwarzschild solutions: Embedding diagrams for some represen-
tative soft ECO solutions presented in the text. We show the embedding of gθθdΩ2 =
r2(1 +

∑
n,` ε

nKn`P`)dΩ2 for surfaces of constant r0 and t. The colors are weighted
according to gtϕ to represent the current multipole moments. The first row contains
equatorially-symmetric solutions, as evident by the symmetry between the North and
South hemispheres in each diagram. The second line contains nonequatorially symmetric
solutions: the differences between the North and South hemispheres are either in the colors
(for S` with even `), or in the shape (for M` with odd `). The shape of the [S2]-solution
is equatorially symmetric since it does not contain mass multipole moments of odd order.
For illustrative purposes the multipolar deviations δM` and δS` are chosen artificially
large to magnify the effect.

the BH limit, the deviations from the Kerr multipole moments (with ` ≥ 2) vanish as

δM`

M`+1
→ a`

χ`

log δ
+ b` δ + ... , (3.1.1)

δS`
M`+1

→ c`
χ`

log δ
+ d` δ + ... , (3.1.2)

or faster. Here a`, b`, c`, and d` are numbers of order unity or smaller, the ellipsis

stand for terms which are subleading in our expansion, whereas δ � 1 is the closeness

parameter (2.0.9) that can be expressed in terms of coordinate-independent geometrical

quantities (we recall here that the BH limit corresponds to δ → 0) in a way to be specified

below. In other words, in this perturbative scheme the deviations from the Kerr multipole

moments must die sufficiently fast as the compactness of the object approaches that of a

BH, or otherwise the curvature at the surface will grow and the models cannot classify as
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soft ECOs. As the ECO approach the BH limit, spin-induced moments are less suppressed

than other moments and are therefore easier to detect.

3.1.3 Deformations of neutron stars

Figure 3.2: Deformed NSs. Illustrative embedding diagrams of a deformed NS. The
arrow is the angular momentum vector and (if present) coincides with the axis of symmetry.
The colors are weighted to represent the current multipole moment. In this example the
body on the left is oblate due to a negative intrinsic quadrupole moment which adds to
the the spin-induced term (the latter contributes to make the star oblate), whereas the
body on the right is prolate because the effect of a positive intrinsic quadrupole moment
is stronger than the spin contribution.

In Sec. 3.5 we extended the perturbative framework of Sec. 3.2 to include matter fields,

in particular perfect fluids, which provide an accurate description of the interior of cold

NSs (see Sec. 2.2), constructing equilibrium configurations of self-gravitating bodies with

small (but otherwise generic) axisymmetric deformations away from spherical symmetry.

We will show that in the absence of source terms (e.g. tidal fields, angular momentum,

magnetic fields, shears, etc), the metric that describes a self-gravitating, perfect fluid

with a quadrupolar deformation is discontinuous across the surface of the object and

consequently a (single) perfect-fluid star does not support deviations away from spherical

symmetry in the static case [224]. However, here we will describe that a thin-shell of

anisotropic fluid matter can support relatively large quadrupolar deformations which we

interpret as a toy-model of a solid crust. The crust of a NS is crystallized, i.e. atomic nuclei

form a lattice [92, 93, 225] whose elasticity can support asymmetric distributions [223],

however the standard equation of state (EoS) of a NS (which include also the relatively

low-density region of the crust [226, 93]) typically assumes a perfect fluid for the latter,
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Figure 3.3: Properties of the crust thin-shell. Top panel: quadrupolar surface density
Q̄σ2 obtained with different tabulated EoS. This quantity is normalized by a quadrupole
value |Q̄| = 0.1 and by a typical reference value for the spherical surface density of the
shell σ0, corresponding to 1% of the NS mass. Due to the quadrupolar deformation of
the star, the density can be negative depending on the ratio between the magnitude of
the quadrupolar density deformation and the spherical shell density. For prolate (oblate)
configurations, the minimum value of the density occurs at the equator (poles) and the
limit of zero density is represented by the horizontal solid (dashed) black line. When
the ratio is below the black line, the surface density is positive everywhere, whereas it
can be negative for values above the curve. Bottom panel: surface anisotropy ∆γ ≡
γθ − γφ at the equator, normalized by Q̄ = 0.1 and by the pressure of the spherical shell,
γ0, corresponding to a crust with 1% of the NS mass. The quadrupolar deformation of
the star induces anisotropy in the surface pressure of the star between the two angular
directions. The relative magnitude is compatible with the maximum one allowed by elastic
shears [223]. Note that both σ2 and ∆γ grow monotonically with the compactness of the
star and are almost independent of the EoS.

and therefore neglecting possible anisotropies. In an attempt to build a more general and

less model-dependent configuration, we match our thin-shell properties with those of a

more realistic crust model (in the deformed case the discontinuity of the metric across the

stellar radius, together with the junction conditions at the surface [227, 112], dictate the

properties of the thin shell). A full analysis of NSs deformations and a correct modelling

of a “thick” crust using a relativistic theory of elasticity is in progress [7].

We have thus constructed explicitly a two-parameter family of NS equilibrium configu-

rations characterized – for each value of the central density ρc – by an intrinsic quadrupole

moment Q, which is proportional to the anisotropy of the thin-shell crust. It is straight-
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forward to add angular momentum J perturbatively in our framework, so this family of

solutions can be extended to a three-parameter model. Our method is similar to the linear

perturbations of NSs due to tidal effects [228] although in our case there is no external

source term such as a tidal field and, when the intrinsic quadrupole is set to zero the

solution reduces to the slowly rotating spherical NSs developed in the seminal papers by

Hartle and Thorne [221, 162] . For each value of (ρc,J , Q), we can compute the other

properties of the star, including the massM and radius R. We stress that these solutions

can be asymmetric even when nonrotating - for this reason we refer to them as deformed

NSs. An illustrative diagram of these solutions is presented in Fig. 3.1.

The junction conditions imply that the crust is made of an anisotropic fluid, whose

surface energy density can be written in general as

σ(θ) = σ0 + σ2Q̄P2(cos θ) , (3.1.3)

where the free parameter σ0 ∼ Mcrust/(4πR
2) is the surface density of the crust in the

spherical configuration, σ2 is the (normalized) amplitude of the axisymmetric perturbation

to the surface density, and P`(cos θ) is the Legendre polynomial (` = 0, 1, 2, ...). The

anisotropy of the fluid on the thin shell can be measured by the difference

∆γ ≡ γθ − γφ = Q̄
3 sin2 θ

8πR2
√

1− 2M/R
[[ξ]] , (3.1.4)

between the surface pressure γ along the two angular directions, where [[ξ]] is the jump

of the fluid displacement at the radius (see Sec. 3.5.3 for details). Note that both the

monopolar and quadrupolar components of the pressure are anisotropic.

In Fig. 3.3 we show the surface energy density Q̄σ2 (see Eq. (3.1.3)) and the surface

pressure anisotropy ∆γ (see Eq. (3.1.4)) at the equator as a function of the NS compactness

for some relevant EoS. We normalize both quantities by the quadrupole value |Q̄| = 0.1,

and by typical reference values, σ0 ∼ 1018 g cm−2 and γ0 ∼ 1017 g cm−2, respectively,

roughly corresponding to a crust containing 1% of the total NS mass [93]. In particular,

the values of the anisotropic pressure shown in Fig. 3.3 are compatible with the maximum

allowed by elasticity of the crust, ∆γ/γ0 ∼ (0.005 − 0.04)Z4/3, where Z & 26 is the

atomic number of the ions in the crust (mostly iron in the outer crust [93]) and the

prefactor depends on the type and direction of elastic deformations of the lattice [223].

The main result that can be inferred from Fig. 3.3 is the fact that realistic values of

the crust properties can sustain an intrinsic quadrupole as high as Q̄ = O(0.1), with
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more conservative values being Q̄ = O(0.01). We shall discuss the phenomenological

implications of this intrinsic quadrupole in Sec. 3.5.6.

3.2 Quasi-Schwarzchild metric

In this section we shall construct perturbative solutions obtained by solving the Ein-

stein’s vaccum field equations order by order in a small multipole moment expansion. The

formalism that we will present here can be seen as an extension of the famous Hartle-

Thorne small spin expansion [221, 162] to include more general deformations. Similarly to

the Hartle-Thorne solution, each solution written in our framework may be described by

infinite multipole moments sourced by the leading order multipole moments. To these

leading-order multipole moments we will call intrinsic multipole moments and to the

sourced multipole moments at higher-orders we will name induced multipole moments.

As an example we can consider the Hartle-Thorne solution which at leading order is de-

scribed only by the angular momentum (and the mass. However, as we start including

higher terms in this small spin-expansion, higher-order multipole moments start to appear

and thus the full solution contains infinite multipole moments. Since we are interested in

developing the formalism to include arbitrary moments to leading order it is convenient

to introduce the following nomenclature:

� spin-induced multipole moments: for those who are sourced by the spin and thus

vanish when J → 0.

� nonspin-induced multipole moments: for those who are sourced by intrinsic quadrupole

or higher moments and thus remain nonzero as J → 0.

The solution that we will describe is valid for general axisymmetric, asymptotically flat

vacuum solutions to Einstein’s equations in General Relativity with small deformations

upon which we will base our perturbative framework. Naturally, in the limit where the only

intrinsic multipole moment is the angular momentum our solution reduces to the Hartle-

Thorne metric [221, 162]. In contrast, when the spin is zero but there is a nonvanishing

quadrupole, our solution is reduces to that of a static quadrupolar deformation of a com-

pact object similarly to what was studied for tidal deformations of compact objects [228].

We will extend these solutions to simultaneously consider generic small deformations in-

duced by multipole moments other than the spin and study the solution to higher orders

in the perturbative framework. We will discuss the structure of the generic solution but
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we will also discuss in detail some particular examples of this generic quasi-Schwarzschild

metric with their closed form available in an online repository [209].

3.2.1 Perturbative Setup

We start by considering a spherically symmetric, stationary and background solution

of Einstein’s field equations. The line element for this system can be written as Eq. (5.3.1),

g(0)µν = diag

(
eν(r),

1

1− 2m(r)/r
, r2, r2 sin2 θ

)
. (3.2.1)

We focus our analysis only on the exterior region of the ECOs where we can restrict the

vacuum solutions of Einstein’s field equation and Eq. (3.2.1) reduces to the well-known

Schwarzschild solution in Schwarzschild coordinates (5.3.2),

g(0)µν = diag

(
−1 + 2M/r,

1

1− 2M/r
, r2, r2 sin2 θ

)
, (3.2.2)

where we use the superscript (0) to denote quantities of our background spacetime. We

consider now small and axisymmetric perturbations on our spherically symmetric back-

ground allowing us to write the metric as,

gµν = g(0)µν +
∞∑
n=1

εnh(n)µν , (3.2.3)

where ε is a small book-keeping parameter, and h
(n)
µν is the perturbation entering at order

O(εn). Note that, although we introduced a single book-keeping parameter ε, there might

exist several physical expansion parameters, one for each multipole moment introduced at

the leading order1.

We focus on stationary and axisymmetric perturbations, expand them in a complete

basis of spherical harmonics (reducing to Legendre polynomials P`(cos θ) in axisymmetry).

Under a rotation of the frame around the origin the ten independent components of the

metric transform like three scalar quantities (h00, h01, h11), two vector quantities ( ~h0 =

(h02, h03), ~h1 = (h12, h13)) and as a second-order tensor on the sphere. This behaviour

under rotation implies that the decomposition must use scalar, vector and tensor spherical

harmonics. It is convenient to separate the perturbations according to how they transform

1For example, if the spin J and the mass quadrupoleM2 are present at the leading order, the physical
expansion parameters are the dimensionless quantities εJ /M2 and εM2/M3; the latter are independent
from one another.
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under parity.

h(n)µν = hoddµν + hevenµν . (3.2.4)

The odd sector of perturbations can generically be written as:

hoddµν =


0 0 0 hn`0 P

′
`

0 0 0 hn`1 P
′
`

0 0 0 1
2h2

(
cos θ ∂

∂θ − sin θ ∂2

∂θ2

)
P`

hn`0 P
′
` hn`1 P

′
`

1
2h2

(
cos θ ∂

∂θ − sin θ ∂2

∂θ2

)
P` 0

 ,

(3.2.5)

with P`
′ = dP`(cos θ)

d cos θ , whereas the even sector reads,

hevenµν =


−fHn`

0 P` 0 hn`0
∂
∂θP` 0

0 f−1Hn`
2 P` hn`1

∂
∂θP` 0

hn`0
∂
∂θP` hn`1

∂
∂θP` r2

(
Kn` +Gn` ∂

2

∂θ2

)
P` 0

0 0 0 r2 sin2 θ
(
Kn` +Gn` ∂

2

∂θ2

)
P`

 .

(3.2.6)

with f(r) = 1− 2M/r. It has been noticed that not all functions in Eqs. (3.2.5)–(3.2.6)

are physical and that there is additional gauge freedom associated with freedom in coor-

dinate transformations [199]. To fix the gauge we consider the so-called Regge-Wheeler

gauge [199] allowing us to write the perturbation as:

h(n)µν =


−fHn`

0 P` 0 0 hn`0 P
′
`

0 f−1Hn`
2 P` 0 0

0 0 r2Kn`P` 0

hn`0 P
′
` 0 0 r2 sin2 θKn`P`

 . (3.2.7)

The parameter ` in the functions is related to the multipolar series in the Legendre poly-

nomials (a sum over ` is implicit), whereas n denotes the order of the perturbative scheme.

In the Regge-Wheeler gauge, the odd (or axial) sector contains only the function hn`0 (r),

whereas the even (or polar) sector contains the functions Hn`
0 (r), Hn`

2 (r), and Kn`(r). Ow-

ing to the harmonic decomposition and the stationarity assumption, all these functions

depend only on the radial coordinate r.
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3.2.2 Separation of variables

By inserting metric (3.2.3) into the vacuum equations,

Rµν = 0 , (3.2.8)

we obtain a set of ordinary differential equations for the perturbation functions h
(n)
µν (r).

We solve them analytically by using an extension of the perturbative scheme of Ref. [229]

that we now describe.

The odd parity sector is entirely characterized by the functions hn`0 . At each given

order n ≥ 1 the differential equations governing this parity sector can be obtained from

Rtϕ = 0. This governing equation is a sum of different terms with different ` that must

vanish independently. To separate the equations we make use of the orthogonality property

of the axisymmetric vector spherical harmonics,

∫ π

0
dθ sin θP`

′(cos θ)Rtϕ = 0 , (3.2.9)

with ` = 1, 2, 3, ... Due to the symmetry of the background and of the Einstein’s field

equations, this procedure gives a set of purely radial, ordinary differential equations for

hn`0 . These equations are inhomogeneous (for n ≥ 2) with source terms given by the

lower-order functions.

The even parity sector is characterized by the functions Hn`
0 , Hn`

2 and Kn`. Similarly

to the odd parity case, at each given order n ≥ 1 the differential equations can be obtained

from Ei ≡ (Rtt, Rrr, Rθθ) = 0. By using the orthogonality of the Legendre polynomials

P`, ∫ π

0
sin θP`(cos θ)Ei dθ = 0 , (3.2.10)

with ` = 0, 1, 2, 3, ... we obtain a set of purely radial, coupled, inhomogeneous differential

equations for Hn`
0 , Hn`

2 and Kn`, where again the source terms are given by the lower

order functions.

3.2.3 Solutions and multipole moments

Eqs. (3.2.9) and (3.2.10) provide a set of ordinary differential equations for different `

components that can be solved analytically for the metric functions to any given order.

As we shall discuss below, the structure of the solution is very similar order by order, so
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Symbol Definition

M Physical mass
J Physical angular momentum
M` Physical mass `-pole
S` Physical current `-pole
M` Leading-order mass `-pole
S` Leading-order current `-pole

M
(n)
` nth-order correction to the mass `-pole

S
(n)
` nth-order correction to the current `-pole

Table 3.1: Nomenclature used to describe the quantities of the quasi-Schwarzschild metric.
Calligraphic symbols are used to represent physical quantities, while Latin symbols rep-
resent expansion coefficients of the same quantity. The subscript ` denotes the multipole
order and the superscript (n) represents the order of the correction.

we expect that the following results to be true and hold to any order in the perturba-

tive formalism. This is due to the fact that each solution is a polynomial in M/r and

also contains terms such as log (1− 2M/r) and powers thereof [see Eq. (3.2.24) below].

When appearing in the source of the differential equation for the higher-order corrections,

these terms give rise to the same polynomial and logarithmic terms or a higher power of

such terms. The procedure continues iteratively order-by-order, although the higher-order

solutions are cumbersome due to the large number of terms that appear.. Table 3.1 sum-

marizes the notation used in this section. In the following we briefly outline how to obtain

the solution and extract the multipole moments.

O(ε) terms and ` ≥ 2

At linear order, from Eq. (3.2.9) we obtain a set of differential equations for the func-

tions h1`0 and, from Eq. (3.2.10), a set of differential equations for the functions H1`
0 , H1`

2 ,

K1`. For each value of ` ≥ 2, these systems can be reduced to two homogeneous differen-

tial equations a single homogeneous differential equation for H1`
0 and to a single equation

for h1`0 :

D1H
1`
0 = 0 , (3.2.11)

D2h
1`
0 = 0 , (3.2.12)
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where D1 and D2 are two second-order differential operators given by

D1 ≡
d2

dr2∗
+

2f

r

d

dr∗
−
(
f
`(`+ 1)

r2
+

4M2

r4

)
, (3.2.13)

D2 ≡
d2

dr2
+

4M− `(`+ 1)r

r2(r − 2M)
, (3.2.14)

and r∗ is the tortoise coordinate defined by dr/dr∗ = f . The above equations can be

solved analytically yielding,

H1`
0 = C1`

1 P`2

(
−1 +

r

M

)
+ C1`

2 Q`2

(
−1 +

r

M

)
, (3.2.15)

h1`0 = r2C1`
3 2F1

(
1− l, l + 2; 4;

r

2M

)
+ C1`

4 G
2,0
2,2

 r

2M
|

1− l, l + 2

−1, 2

 (3.2.16)

where P`m are the associated Legendre polynomials, Q`m are the associated Legendre

functions of the second kind, 2F1 is the hypergeometric function and Gm,np,q is the Meijer

function. Each function is defined by two arbitrary constants associated with two different

pieces of the solution: one term that grows asymptotically (proportional to C1`
1 or C1`

3 ,

for even and odd parity sector, respectively),

H1`
0 → C1`

1 r
` , h1`0 → C1`

3 r
`+1 , (3.2.17)

and a second one that goes to zero at large distances (proportional to C1`
2 or C1`

4 for

even and odd parity sector, respectively). The former we shall fix by imposing asymptotic

flatness2

C1`
1 = C1`

3 = 0 , (3.2.18)

whereas the latter we can relate with the multipole moment of order ` by comparing the

asymptotic solution with the structure of an ACMC metric defined in Sec. 2.4.3. Thus,

the large-distance behaviour of the solutions reads

H1`
0 → −

2M
(1)
`

r`+1
+O

(
r−(`+2)

)
, (3.2.19)

h1`0 → −
2

`

S
(1)
`

r`
+O

(
r−(`+1)

)
(3.2.20)

where M
(1)
` and S

(1)
` can be identified with the mass and current `-pole moment to linear

order in the perturbation scheme, respectively. Here we fixed the constant such that the

2For non-asymptotically flat this constant is related with the tidal field moments of order `.
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moments agree with the normalization introduced in Sec 2.4.

Since we are working at leading order in our perturbation formalism, the multipole

moments M
(1)
` and S

(1)
` are not sourced by any lower-order terms. Thus, their role is

analogous to the angular-momentum in Hartle-Throne’s approach. We can identify them

with intrinsic multipole moments according to the definition provided in the beginning

of this section. It is important to remind the reader that, for this vacuum solution, the

multipole moments are free constants. To compute the specific value of these moments,

one must match this external vacuum solution with the internal solution of the deformed

compact at the boundary using appropriate conditions that will depend on the nature of

the object. Suppose we imagine a scenario of a compact object with complex internal

stresses and shears in its internal structure. In that case, it is easy to argue that the most

general solution will have infinite tower of intrinsic multipole moments.

O(εn) terms and ` ≥ 2

Let us now consider what happens to the solutions of Einstein’s equations when we

increase the order of the perturbation framework. To O(εn) the functions that appear

in the metric are Hn`
0 , Hn`

2 , Kn` and hn`0 and, as we discussed above, the equations for

these solutions are sourced by the multipoles in the lower order terms. The differential

equations can be written as,

D1H
n`
0 = T n`1 , D2h

n`
0 = T n`2 , (3.2.21)

where T n`1 and T n`2 are the source terms generated by the lower order moments (e.g. to

second order in the perturbation formalism T n`1 and T n`2 contain the multipole moments

present to leading order).

To any order the new solution is defined by two new free constant associated with the

homogeneous solution of Eq. (3.2.21). Similarly to the homogeneous case, one is trivially

set to zero from the asymptotic flatness condition, while the second is related to the

corresponding multipole moments. In the asymptotic limit, the inhomogeneous solutions

read3

Hn`
0 → −

2M
(n)
`

r`+1
+O

(
r−`−2

)
, (3.2.22)

hn`0 → −
2

`

S
(n)
`

r`
+O

(
r−`−1

)
, (3.2.23)

3Although in this asymptotic limit it looks similar to the homogeneous case, this inhomogeneous solution
is much more complex and cumbersome, specially for sufficiently high perturbative orders
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where M
(n)
` (S

(n)
` ) is an nth-order correction to the object’s mass (current) `-pole moment.

These quantities are in general free constants that are proportional to the multipole mo-

ments which source them.

The analytical expressions of the metric functions are too cumbersome to present

them explicitly here but they are provided in an online repository [209]. For any n, their

schematic form reads

x
(n)
` =

n∑
i=0

a(i)(r) log(1− 2M/r)i (3.2.24)

where x
(n)
` =(Hn`

0 , Hn`
2 , Kn`, hn`0 ) collectively represents all variables, and a(i)(r) are

generic polynomials in M/r which are regular at r = 2M and depend on the multi-

pole moments of the object. This form will be particularly useful later on since it allows

us to understand that for ` ≥ 2 the solution is typically divergent at r = 2M and in

the metric functions this divergence is logarithmic. In particular we can summarize the

important information of Eq. (3.2.24) in the following statement: given a metric function

at some perturbative order n and with ` > 2, it will be logarithmically divergent at the

horizon and it diverges at most as ∼ log(1− 2M/r)n.

O(εn) terms and ` = 0, 1

For completeness let us now consider the remaining cases that consist of the multipole

moments with ` = 0 and ` = 1 which are not included (in general) in the treatment

we have just presented. For the axial sector of the perturbations, the structure of the

solutions described above is still valid even when ` = 1, however, in the polar sector

the case of ` = 0, 1 is different. For ` = 0 the perturbations only depend on the radial

coordinate and we can set Kn0 = 0 for any n without loss of generality, since the metric

is invariant under a transformation r → A(r) r. On the other hand, for ` = 1 the system

of ordinary differential equations is underdetermined. This is a consequence of the fact

that the ` = 1 polar perturbations include a displacement of the center of mass, which can

be compensated by an appropriate choice of coordinates. To fix this remaining freedom

we choose the constant Kn1 = 0 for any n. With this choice one can solve the system of

Eqs. (3.2.9) and (3.2.10). The equations for the ` = 0 and ` = 1 components of the polar

sector can be written schematically as

d2Hn0
0

dr2
+

2Hn0
0

r − 2M
= T n01 , (3.2.25)

dHn1
0

dr
+

2Hn1
0

r − 2M
= T n11 , (3.2.26)
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where the source terms are zero when n = 1. The functions Hn0
2 and Hn1

2 can be written

in terms of Hn0
0 and Hn1

0 .

Truncating the multipolar orders

Although our approach does not require to restrict to any given multipolar order, the

multipolar expansion needs to be truncated in order to obtain a finite set of equations.

The order of the truncation is in general arbitrary and depends on the particular solution.

For example, in Sec. 3.3.1 below we shall restrict to spin-induced multipole moments and

truncate the multipolar order by imposing that only ` = 1 perturbations are nonvanishing

at O(ε), whereas ` > 1 perturbations are sourced at higher order.

More in general, the couplings between multipoles follow the standard addition rules

for angular momenta in quantum mechanics, so that if a mode with `1 is present at O(ε)

and another mode with `2 > `1 is present at O(εn), to the next perturbative order O(ε)n+1

they will source a multipole moment with ` such that `2− `1 ≤ ` ≤ `2 + `1, provided some

order is not forbidden by the selection rules described in Sec. 3.2.4. (For a related and

more complete discussion, see Ref. [230].) For example, if only ` = 1 is present to O(ε), it

will source ` = 0, 1, 2 to O(ε2), and ` = 0, 1, 2, 3 to O(ε3), and so on (this particular case

is simply the Hartle-Thorne small-spin expansion [221, 162], cf. Sec. 3.3.1). On the other

hand, if only ` = 1, 2 are present to O(ε), they will source ` = 0, 1, 2, 3, 4 to O(ε2), and

` = 0, 1, 2, 3, 4, 5, 6 to O(ε3), and so on. In general, if the solution contains moments up to

multipolar index ` = L to the leading order, then moments up to index ` = n× L will be

induced to O(εn).

Thus, building a consistent solution requires to include at each given order n in ε� 1

a sufficiently high number of terms in the multipolar expansion, depending on initial

assumptions for the system under consideration. As we shall discuss, for some solutions

the number of terms in the ansatz can be significantly reduced by making use of some

parity rules.

3.2.4 Properties of the quasi-Schwarzschild soft ECO metric

A useful graphical representation of the general solution’s multipolar structure is given

in Fig. 3.4 where we represent a multipolar table. Each row represents the multipole

moments of order `, while each column represents theO(εn) correction to a given multipole.

We can identify each entry of the multipolar table 3.4 with a set (n, `) corresponding to its

parameters. Thus, each cell (n, `) represents a nth-order correction to a multipole moment
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Figure 3.4: Representation of the multipolar structure of a soft ECO (described by the
metric (3.2.3)) up to O(ε5) and ` ≤ 5. Each column corresponds to the different multipole
moments at a given perturbation order, while each line contains the different higher-order
corrections to a given `-pole. Each cell entry (n, `) is divided into two: the upper-right
(lower-left) entry corresponds to the n-th order coefficient of the mass (current) `-pole,

M
(n)
` (S

(n)
` ). Since our ansatz for metric (3.2.3) does not assume equatorial symmetry, all

the entries in this table are present in the solution, with the exception of M
(n)
1 , which can

always be set to zero without loss of generality. The blue (red) cells correspond to the
entries present in the Hartle-Thorne (Manko-Novikov) solution, whereas cells which are
half blue and half red represent entries present in both of these particular cases.

of order ` (cf. Table 3.2). Furthermore, each entry is divided into two subcells. The

upper right part represents the mass multipole moment contribution, whereas the bottom

left part represents the current multipole moment contribution. The solution given by

ansatz (3.2.3) contains all multipolar contributions represented in Table 3.4. Each line of

Table 3.4 can be reduced to two physical parameters, M` and S`, describing the physical

mass and current multipoles of that order4.

As we have anticipated, the most general quasi-Schwarzschild solution can be ex-

tremely complex with a very rich multipolar structure. Naturally, one could imagine that

depending on the combination of intrinsic multipoles of the body, the number of differ-

ential equations that one would need to solve is extremely large and increases order by

order depending on the number of different multipole moments that one has to leading

order and on their multipolar order. Remarkably, one can find a set of three selection

4The row corresponding to ` = 1 is characterized by one parameter only, since the mass dipole can be
set zero without loss of generality by setting the origin of the coordinate center at the center of mass.
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rules that can help us reduce the required number of equations to solve. In addition to

the sum rules for the multipolar index ` at each perturbative order, our framework also

enjoys two sets of symmetries, which are related to the properties of each term under a

parity transformation and under a reflection on the equatorial plane, respectively:

� Sum rule: Given a multipole moment of order `1 to leading order and a multipole

moment of order `2 to order εn with `2 > `1, to order εn+1 their coupling will source

multipole moments with `2 − `1 < ` < `2 + `1:

X
(1)
`1
×X(n)

`2
→


X

(n+1)
`2−`1

. . .

X
(n+1)
`1+`2

, (3.2.27)

where here X = (M,S) and the ellipsis represent all the multipolar indexes ` between

`1 + `2 and `2 − `1.

� Parity rule: Since mass (current) multipole moments are related with even (odd)

functions in the metric decomposition [cf. Eqs (3.2.22)–(3.2.23)], terms associated

to mass multipole moments are parity-even, whereas those associated to current

multipole moments are parity-odd. The coupling between two parity-even (-odd)

terms gives rise to a parity even term, whereas the coupling between a parity-even

and a parity-odd term gives rise to a parity-odd term.

M
(1)
`1
× S(n)

`2
→ S

(n+1)
`3

, M
(1)
`1
×M (n)

`2
→M

(n+1)
`3

,

S
(1)
`1
×M (n)

`2
→ S

(n+1)
`3

, S
(1)
`1
× S(n)

`2
→M

(n+1)
`3

, (3.2.28)

� Z2 rule: Terms associated to M` (S`) are symmetric under a reflection on the

equatorial plane when ` is even (odd), whereas they change sign when ` is odd

(even). Thus, as previously mentioned, equatorial symmetry of the full metric implies

M` = 0 (S` = 0) when ` is odd (even). In the general case, these restrictions do not

hold and the solution enjoys a simple “Z2 rule”: the coupling between two terms that

are both even or odd under this transformation gives rise to a Z2-even term, whereas

the coupling between an even and an odd term gives rise to a Z2-odd term. In other

words, the coupling between two (non)equatorially-symmetric moments gives rise to

equatorially-symmetric moments. In contrast, the coupling between an equatorially-

symmetric moment and a nonequatorial one gives rise to nonequatorially-symmetric
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moments.

The three selection rules above strongly constrain the types of multipole moments that

can be induced for each perturbative solution. For example, to order O(ε2) aM4 moment

cannot be induced by the coupling between M2 and S2, even if the angular-momentum

sum rules would allow for it. Indeed, both M2 and M4 are Z2 even while S2 is Z2 odd.

Likewise, a S3 moment (which is parity odd) cannot be induced by M2 (which is parity

even) to order O(ε2), even if both the angular-momentum sum and the Z2 rules would

allow for it. Explicit solutions in which all these rules are at play are discussed in Sec. 3.3

below.

As we shall discuss in the next section, our solution can be reduced to the Hartle-

Thorne small-spin expansion if we consider all multipole moments to be spin induced and

take the spin to be O(ε). In this particular case the only nonzero entries in the multipolar

table 3.4 are those identified in blue. Due to the aforementioned Z2 rule, these terms are

all equatorially symmetric since are sourced by powers of the spin J ≡ S1, which is Z2

even (coupling between Z2-even terms is Z2 even).

It is also informative to compare our quasi-Schwarzschild solution to known exact vac-

uum solutions to Einstein’s equation, for example with the Manko-Novikov metric [231]

with arbitrarily large multipole moments [222]. The Manko-Novikov solution has a mul-

tipolar structure that in Fig. 3.4 can be identified by the red cells. As it is clear from the

multipolar table, this solution is not a particular case of the Hartle-Thorne approximation

– even in the limit of small multipole moments – but it is actually orthogonal to it. This

is consistent with the fact that, in the small-multipole moment limit, the Manko-Novikov

solution contains quadratic spin terms in the multipole moments equal to or higher than

` = 4 (see, e.g., Ref. [232]), which is not the case for the Hartle-Thorne metric, since

in that case M` ∼ χ` and S` ∼ χ` (at least) to the leading order [221, 162, 233, 229]

(see discussion below). Also in this case, the selection rules discussed above enforce the

solution to be equatorially symmetric.

Besides these particular cases, the solution resulting from ansatz (3.2.3) is generically

not equatorially symmetric, as can be seen by the presence of even (odd) current (mass)

multipole moments in Table 3.4. Some specific nonequatorially symmetric solutions are

discussed in Sec. 3.3.2.

Since in this perturbative scheme each solution is completely characterized by its

leading-order corrections only, we shall denote it by the multipole moments that exist

at the linear level. Schematically, we shall denote as [MiSjMkSl . . .] a solution which
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hasMi,Mk, Sj , Sl, etc nonvanishing multipole moments (besides the mass) at the linear

order. We stress that the quantities within brackets are the multipole moments entering

at the leading order, but the full solution will contain more moments that are induced by

the fundamental ones.

3.3 Particular solutions

We have explicitly computed six different solutions, which we divide in two sets. The

first set are three equatorially-symmetric solutions (Sec. 3.3.1) and three nonequatorially

symmetric solutions (Sec. 3.3.2):

1. [J ]-solution (equatorially-symmetric): a small-multipole solution up to O(ε5) as-

suming only nonvanishing J at linear order;

2. [M2]-solution (equatorially-symmetric): a solution up to O(ε3) built by assuming

that only M2 is present at linear order;

3. [JM2]-solution (equatorially-symmetric): a more general solution up to O(ε2) which

assumes that both J and M2 are present at linear order;

4. [S2]-solution (nonequatorially-symmetric): a solution up to O(ε3) built with the

assumption that at linear order only the S2 multipole moment is present;

5. [JS2]-solution (nonequatorially-symmetric): a solution up to O(ε2) assuming both

J and S2 at linear order;

6. [JM2S2]-solution (nonequatorially-symmetric): a more general solution up to O(ε2)

constructed with the combination of J , M2 and S2 at linear order.

The explicit form of these metrics is provided in an online notebook [209], whereas

some illustrative embedding diagrams are given in Fig. 3.1.

We also remark that, beyond O(ε), a linear combination of two solutions is not a

solution of the field equations, e.g. we cannot simply combine the [J ]-solution and the

[M2]-solution to obtain the [JM2]-solution. This is a consequence of the nonlinearity

of Einstein’s equations. For example, the [JM2]-solution contains terms proportional to

JM2 at O(ε2), which do not appear in a linear combination of the [J ] and [M2] solutions.

To simplify the notation, in the following we will use the dimensionless multipole

moments defined in Eq. (2.4.19):

M̄` ≡
M`

M`+1
, S̄` ≡

S`
M`+1

. (3.3.1)
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3.3.1 Equatorially symmetric case

[J ]-solution

Let us assume that the multipole moments are sourced only by the object’s rotation.

Thus, to linear order in the spin, corresponding to O(ε), the multipolar structure of the

object is modified only through the body’s angular momentum, and all multipole moments

with ` ≥ 2 are spin induced. This allows us to truncate the multipole moments of O(ε)

at ` = 1, i.e. H1`
0 = H1`

2 = K1` = h1`0 = 0 for any ` > 1. This solution corresponds to

the Hartle-Thorne approximation for the external spacetime of slowly-rotating objects in

general relativity [221, 162, 233].

The properties of this solution are well-known but for the sake of clarity we will sum-

marize them here. Due to the Z2 rules presented in Sec. 3.2.4, this solution is equatorially

symmetric. Furthermore, due to the addition rules of angular momenta, to second or-

der in the spin, the object’s angular momentum (` = 1) will source a mass quadrupole

(` = 2) and a correction to the object’s mass (` = 0). Similarly, to third order in the

spin, it will source a current octupole (` = 3) and a correction to the object’s angular

momentum (` = 1). The corrections to the lower-order moments (mass and angular mo-

mentum) can be reabsorbed by defining the physical quantitiesM = M + ε2M
(2)
0 +O(ε4)

and J = εJ + ε3S
(3)
1 + O(ε5). We can summarize the structure of the equations in the

following form: to each even (odd) order n, the spin will source a mass (current) multi-

pole moment of order ` = n, and will also source corrections to the lower mass (current)

multipole moments. Schematically, the spin-induced multipole moments of this solution

read, to the leading order5 in the spin expansion:

M̄` ∝ χ` + ... , even ` ≥ 2 (3.3.2)

S̄` ∝ χ` + ... , odd ` ≥ 2 (3.3.3)

where the prefactors are model-dependent constants that depend only on the compactness,

M` = 0 (S` = 0) for odd (even) `, and we have defined the dimensionless moments as

in Eq. (3.3.1). This multipolar structure corresponds to the blue cells in Table 3.4. We

note that the exterior solution of a slowly-spinning object in general relativity has been

computed up to O(χ4) in Ref. [233]; our [J ] metric extends that result to O(χ5) and might

therefore be useful to construct more precise models of slowly-spinning neutron stars.

5Generically, the spin-induced moments M̄` and S̄` might also get corrections at order χ`+2n (n =
1, 2, 3, ..), but these are subleading in the small-spin expansion. Henceforth we shall denote the possible
subleading corrections with ellipsis.



82 Quasi-spherical compact objects

[M2]-solution

One of the simplest extensions to the previous model assumes that the multipole

moments are induced not by the spin but by the mass quadrupole moment. Similarly to the

role of the spin in the case above (Sec. 3.3.1), the quadrupole momentM2 will appear in the

source terms of the higher-order equations. For example, at second order in the expansion,

the coupling between two mass quadrupole terms will source an M4 multipole moment

and subleading corrections to the quadrupole and the mass. Similarly, at third order the

coupling between the multipoles will source an M6 multipole moment and corrections to

all the existing lower order multipole moments. As discussed previously, the subleading

corrections to the multipole moments existing to the leading order (mass monopole and

mass quadrupole) can be reabsorbed in the definition of the physical multipole moments.

In contrast to the [J ]-solution, this case does not contain current multipole moments (as

a consequence of the parity rule). At each order n only mass multipole moments up to

order ` = 2n will be sourced. Schematically, the quadrupole-induced multipole moments

of this solution read:

M̄` ∝
(
M̄2

)`/2
+ ... , even ` ≥ 4 (3.3.4)

S` = 0 , any ` , (3.3.5)

whereasM` = 0 for odd `. Again, the ellipsis in the above equation refer to the subleading

corrections entering at higher order in the M̄2 � 1 expansion, and the prefactors are

model-dependent constants that depend only on the compactness.

[JM2]-solution

Another interesting solution comes from the combination of the two cases above (il-

lustrated in the fourth figure of the top row of Fig. 3.1), namely when both the spin and

the quadrupole moment act as source terms. Obviously this solution must reduce to the

[J ]-solution when M2 → 0 and to the [M2]-solution when J → 0. However, the reverse

is not true, and one cannot obtain [JM2]-solution by a simple linear combination of [J ]

and [M2], since it also contains mixed coupling terms at O(ε2), i.e. terms proportional to

JM2. For example, at second order in the expansion, this coupling will source a current

octupole moment, S3, and a higher-order correction to the object’s angular momentum,

which can be reabsorbed as in the [J ] solution. The quasi-Schwarzschild solution’s selec-

tion rules imply that for each order n this solution contains mass multipole moments for
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even ` and current multipole moments for odd ` up to ` = 2n.

The induced multipole moments of this solution can be written as a combination of

terms sourced by the spin and by the quadrupole:

M̄` :=

`/2∑
p=0

αpχ
`−2p (M̄2

)p
+ ... , even ` ≥ 4 (3.3.6)

S̄` :=

(`−1)/2∑
p=0

βpχ
`−2p (M̄2

)p
+ ... , odd ` ≥ 3 , (3.3.7)

whereasM` = 0 (S` = 0) for odd (even) `. The prefactors αp and βp are model-dependent,

dimensionless constants that depend only on the compactness, and the ellipsis refers to

subleading terms.

The above formulas can be understood as follows. The angular-momentum addition

rules imply that, to the leading order, M` ∼ χq(M2)
p, with q + 2p = ` since χ is a ` = 1

moment and M2 is a ` = 2 moment. By replacing q = `− 2p for each order p, we obtain

Eq. (3.3.6). A similar argument applies to the derivation of Eq. (3.3.7).

For example, in this solution the (dimensionless) induced M̄4 up to O(ε4) reads

M̄4 = α2(M̄2)
2 + α1χ

2M̄2 + α0χ
4 , (3.3.8)

where the second term on the right-hand side is an example of the aforementioned coupling

terms between two different multipole moments existing at the leading order.

3.3.2 Nonequatorially symmetric case

[S2]-solution

The simplest nonequatorially symmetric solution can be obtained by including only

a current quadrupole moment at the leading order; i.e., higher-order multipoles will be

sourced exclusively by S2. Due to the angular momentum and the Z2 selection rules

described in Sec. 3.2.4, the current quadrupole moment will source, to second order in

the perturbation expansion, the (equatorial-symmetric) moments M4 and M2, and also

a subleading correction to M. Using the same selection rules we find that third-order

couplings between these multipole moments will source the nonequatorially symmetric

terms S4, S6 and a subleading correction to S2. As in the above cases, the subleading

corrections to the fundamental moments (mass monopole and current quadrupole) can

be consistently reabsorbed in the definition of the physical multipole moments M and
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S2. Although we computed the explicit solution up to third order in S̄2 � 1, from the

structure of the solution and the selection rules it is easy to find a peculiar general pattern,

namely that the current multipole moments appear only at odd orders in the expansion.

In contrast, the mass multipole moments are sourced only at even orders in the expansion.

Furthermore, it can also be shown that odd order terms are nonequatorially symmetric

while even order terms are equatorially symmetric.

Since this solution sources two new multipole moments at each perturbation order, a

schematic form for current quadrupole-induced multipole moments is more involved than

in the previous cases. Schematically, we obtain

M̄` ∝
(
S̄2
)b`/2+1,2c

+ ... even ` ≥ 2 (3.3.9)

S̄` ∝
(
S̄2
)b`/2,2c+1

+ ... even ` ≥ 4 (3.3.10)

whereas M` = S` = 0 for odd values of `. In the above expressions bx, 2c := max{2n ∈

Z | 2n ≤ x}. More explicitly, the above relations imply the multipole moments are sourced

in pairs: M̄2 ∝
(
S̄2
)2

, M̄4 ∝
(
S̄2
)2

, M̄6 ∝
(
S̄2
)4

, M̄8 ∝
(
S̄2
)4

, and likewise S̄4 ∝
(
S̄2
)3

,

S̄6 ∝
(
S̄2
)3

, S̄8 ∝
(
S̄2
)5

, S̄10 ∝
(
S̄2
)5

, and so on.

[JS2]-solution

In this case, the quadrupole moment S2 plays the same role of the mass quadrupole mo-

ment in the equatorially-symmetric case [JM2] (Sec. 3.3.1), and will appear in the source

terms of the higher-order equations. For example, at second order in the perturbation ex-

pansion, the coupling between the (nonequatorial-symmetric) current quadrupole moment

S2 and the (equatorial-symmetric) angular momentum J will source6 a (nonequatorial-

symmetric) mass octupole moment M3.

With this result in mind we can easily generalize the structure of the [JS2]-solution

in the following way. It describes a quasi-spherical symmetric body without equatorial-

symmetry with just two independent parameters (besides the mass): its spin J , and its

current quadrupole S2. To each even (odd) order n > 2, these two multipole moments

will source a mass (current) multipole moment of order ` = n, and will also source correc-

tions to all lower mass (current) multipole moments which can be consistently reabsorbed.

Up to O(ε4), the first induced multipole moments of this solution can be written as a

6In general alsoM1 would be sourced, however, choosing specific values for the integration constants of
the homogeneous part of the equation we can setM1=0, as expected since the mass dipole can be gauged
away in general relativity.
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combination of terms sourced by spin and by the current quadrupole:

M̄3 = a3χ
(
S̄2
)
, (3.3.11)

M̄4 = c4
(
S̄2
)2

+ b4χ
4 , (3.3.12)

S̄3 = d3χ
3 , (3.3.13)

S̄4 = f4
(
S̄2
)3

+ g4χ
2
(
S̄2
)
, (3.3.14)

where the prefactors a`, b`, c` and d`, f` and g` are again model-dependent constants that

depend only on the compactness.

[JM2S2]-solution

The most general solution which contains all multipole moments with ` ≤ 2 at the

leading order is the [JM2S2]-solution. This solution is characterized by three independent

“hairs” (in addition to the mass) – the angular momentum, the mass quadrupole moment,

and the current quadrupole moment – the combination of which will source higher-order

moments accordingly to the aforementioned selection rules. Similarly to the two previous

cases, the presence of a nonvanishing current quadrupole moment breaks the Z2 symmetry

of the solution. Indeed, all previous cases discussed so far are included in this solution

and can be obtained by setting some of the independent parameters to zero (e.g. the

[JM2S2]-solution reduces to [JM2] if we set S2 = 0). However, as mentioned before, a

linear combination of the previous models is not sufficient to describe this solution nor

will it be in general a solution of Einstein’s field equations.

The structure of the solution is similar to the previous ones with the exception of

new coupling terms that appear at higher order, as a consequence of the nonlinearity

of Einstein’s equations. In addition to the couplings described in the former cases, this

solution will contain a mixed coupling between S2 and M2 which will source higher-

order multipole moments. Due to the selection rules described in Sec. 3.2.4, the coupling

between the former (nonequatorial-symmetric) and the latter (equatorial-symmetric) will

induce two nonequatorially symmetric terms with ` = 2 and ` = 4 at second order in the

perturbative expansion. Thus, at second order the coupling S2M2 sources an S4 and a

subleading (and re-absorbable) correction to S2.

Up to O(ε4), the first induced multipole moments of this solution can be written as a
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combination of terms sourced by spin, the mass quadrupole, and the current quadrupole:

M̄3 = a110χS̄2 + a111χS̄2M̄2 + a310χ
3S̄2

+ a130χ
(
S̄2
)3

+ a112χS̄2
(
M̄2

)2
, (3.3.15)

M̄4 = a020
(
S̄2
)2

+ a002
(
M̄2

)2
+ a021

(
S̄2
)2 M̄2

+ a201χ
2M̄2 + a400χ

4 + a040
(
S̄2
)4

+ a004
(
M̄2

)4
+ a220χ

2
(
S̄2
)2

+ a202χ
2
(
M̄2

)2
+ a022

(
S̄2
)2 (M̄2

)2
, (3.3.16)

S̄3 = a101χM̄2 + a300χ
3 + a102χ

(
M̄2

)2
+ a120χ

(
S̄2
)2

+ a301χ
3M̄2 + a103χ

(
M̄2

)3
+ a121χ

(
S̄2
)2 M̄2 , (3.3.17)

S̄4 = a011S̄2M̄2 + a030
(
S̄2
)3

+ a210χ
2S̄2

+ a012S̄2
(
M̄2

)2
+ a031

(
S̄2
)3 M̄2 + a211χ

2S̄2M̄2 , (3.3.18)

where the prefactors aijk are again model-dependent constants that depend only on

the compactness, and the subscripts are assigned such that the terms are of the form

aijkχ
i
(
S̄2
)j (M̄2

)k
.

3.4 Multipole Moments of Exotic Compact Objects

There are several ways to classify and categorize ECOs according to their different

properties. This chapter will introduce a new classification that focuses on the magnitude

of the scale of the new physics effects that produce these objects. To quantify properly

this scale and keeping the models as generic as possible we will consider the value of the

spacetime curvature at the surface of the object as the reference point to classify the

object. As measure of the curvature we will consider the Kretschmann scalar K and the

Pontryagin scalar ∗RR defined as,

K ≡ RabcdRabcd , ∗RR ≡ 1

2
Rabcdε

baefRcdef . (3.4.1)

It is convenient to introduce two classes of ECO models:

� soft ECOs: for which boundary conditions are such that the curvature at the surface

is comparable to that at the horizon of corresponding BH, i.e., K1/2 ∼ 1/M2. In this

class of ECOs, there is no other length scale in the exterior beyond the mass of the

objects M or if a new scale L exists, this is parametrically close to M. A example

of this case is the scrambling time∼ −M log(L/M) &M [234, 235], where even if
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there is a new scale with L � M, it is logarithmically suppressed. In these soft

ECOs, with surface close r0 & 2M the near-surface structure is similar to that of a

BH and smoothly approaches the horizon in the BH limit (hence their “softness”).

� hard ECOs: for which the curvature at the surface can be much larger than that of

a BH. In this scenarios the theory may be described by an additional length scale L

smaller than that of the corresponding BH (L � M) allowing the ECO to sustain

large curvatures at the surface of the object without collapsing to a BH. The curva-

ture in these cases typically behaves like powers of L/M and hence K1/2 � 1/M2.

In these ECO models the high-energy effects can drastically change the near-surface

structure allowing the ECO to be extremely different from the corresponding BH

(hence their “hardness”).

This section will focus our attention on soft ECOs which we will also denote by ECOs

with soft hair. Using the formalism developed in Sec. 3.2 we will provide evidence for the

following conjecture: the multipole moments of soft ECOs must approach the corresponding

BH multipole moments logarithmically or faster as the surface of the objects approaches the

location of the would-be event horizon. Furthermore, we will show that the logarithmical

vanishing is only valid for spin-induced multipole moments. When the moments are not

spin induced (i.e. the object is deformed even when nonrotating) the multipole moments

must vanish linearly or faster in the BH limit.

3.4.1 Hair conditioner for ECOs: soft hair in the BH limit

With the explicit form of the soft ECO solutions at hand we can now study the mag-

nitude of the spacetime curvature at the ECO’s surface and thus explore under which

conditions the multipole moments constitute soft hair. As anticipated in the previous

section, to achieve this goal we look at two curvature invariants, namely the Kretschmann

scalar and the Pontryagin scalar [see Eqs. (3.4.1)]. These are the leading-order nonva-

nishing curvature scalars, since our solutions have a vanishing Ricci scalar by satisfying

Einstein’s field equations Rµν = 0.

The general expression of these invariants is cumbersome; however, they can be schemat-

ically decomposed into terms that are regular at r = 2M and terms that are divergent.

The latter describe a real curvature singularity at r = 2M and thus must vanish identically
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in the BH case (from regularity considerations), yielding the unique Kerr solution,


K(r = 2M) = const

∗RR(r = 2M) = const

⇒


δM` = 0

δS` = 0

. (3.4.2)

However, the singularity is avoided if the object is just slightly less compact than a BH,

i.e. if it has a radius r0 > 2M. This is the case (for instance) of perfect-fluid stars, whose

deformations can also be described by our solution. Therefore, an interesting question

happens for an object with r0 = 2M(1 + δ) in the δ → 0 limit. Here, r0 is the proper

circumferential radius of a circle around the axis of symmetry [222], so

δ =
r0

2M
− 1 (3.4.3)

is defined in terms of geometrical quantities. Likewise, one could also introduce [236] the

proper radial distance

∆ =

∫ r0

2M
dr
√
grr ≈ 4M

√
δ +O(δ) , (3.4.4)

Which is directly related to δ in a model-independent way in the ε→ 0 and δ → 0 limits.

Multipole moments that would have to vanish in the Kerr limit are ECO hair. We

will determine what their size can be, as a function of δ, in order for the curvature of the

solution not to be large (on the scale of M). Under these conditions the ECO hair will

remain soft.

Multipole moments sourced by ` = 1 moments

As a starting point we focus on the case of spin-induced multipole moments. For

this purpose we will use the [J ]- solution described in Sec. 3.3.1 and study its curvature

invariants. Up to the linear order, the only multipole moments existing in the solution

are the mass and the spin of the object and thus the curvature invariants are regular

everywhere. At second order a spin-induced quadrupole moment is sourced. In the r0 →

2M limit, the second-order correction to the Kretschmann scalar at the surface reads

K(2) ∼ −45χ2

4M4
(1 +A2(δ)) log

(
1− 2M

r0

)
P2(θ) , (3.4.5)

where we have explicitly factored out the spin dependence by defining

M̄2 = A2(δ)χ
2 +O(χ4), (3.4.6)
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with A2(δ) being a function of δ only. The logarithmic term above forces the curvature

to blow up when r0 → 2M unless 1 + A2(δ) → 0 logarithmically, or faster. That is,

1 +A2(δ)→ a2/ log(δ) or faster, where a2 is a model-dependent constant at most of order

unity. In other words, requiring that the curvature does not blow up in the BH limit

imposes

M̄2 → M̄BH
2 + a2

χ2

log δ
, (3.4.7)

or faster as δ → 0, for a purely spin-induced solution. Here

M̄BH
2 = −χ2 (3.4.8)

is the mass quadrupole moment of a Kerr BH [see Eq. (3.0.1)]. Thus, as the ECO’s

surface approaches the horizon, the ECO’s multipole moments must approach the BH

multipole moments as 1/ log δ or faster if the curvature is to remain of the same order as

the curvature at the horizon of the corresponding BH (i.e., for a soft ECO).

By extending this analysis to higher-order terms we find that this behaviour occurs for

all spin-induced multipole moments. As an example, to third order in the perturbation

scheme the corrections to the Pontryagin scalar take the form7 ,

∗RR(3) ∼ −315χ3

4M4
(1 + C3(δ)) log

(
1− 2M

r0

)
P3 , (3.4.9)

where similarly to the previous case we have defined

S̄3 = C3(δ)χ
3 +O(χ5). (3.4.10)

Thus, the Pontryagin scalar blows up in the BH limit unless 1 + C3(δ) → c3/ log(δ) or

faster, as δ → 0. In other words, the spin-induced current octupole moment of a “soft”

ECO must vanish as

S̄3 → S̄BH
3 + c3

χ3

log δ
, (3.4.11)

or faster, as δ → 0. Again, c3 is a new model-dependent constant of order unity or smaller,

and

S̄BH
3 = −χ3 (3.4.12)

corresponds to the Kerr current octupole moment.

These results lead to the conclusion that if an ECO is “soft” its spin-induced multipole

7For the sake of clarity, in Eq. (3.4.9) we have assumed δM2 = 0. Nevertheless, the same conclusions can
be reached if we assume that the quadrupole deviations vanish logarithmically, as requested by Eq. (3.4.7).
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moments must vanish logarithmically (or faster) as a function of δ → 0, as anticipated by

the first terms in Eqs. (3.1.1) and (3.1.2).

Multipole moments sourced by ` > 1 moments

An interesting question is how do the induced multipoles vanish when they are sourced

by multipole moments higher than the spin, e.g. by a leading-order quadrupole moment.

Let us consider the nonequatorially symmetric [S2]-solution as a simple representative

example. In this case the curvature invariants have pathologies at r = 2M already at the

linear order in the perturbative expansion,

∗RR(1) ∼ 90S2
M4r30

[
log

(
1− 2M

r0

)]
P2(θ) . (3.4.13)

Using the same arguments as in the previous case, the current quadrupole moment of a

soft ECO must go to zero as

S2 ∼ 1/ log δ , (3.4.14)

or faster, as δ → 0. This result contrasts with the previous scenario where at linear

order there was no restriction on the ` = 1 current multipole moment (i.e., the spin).

By analyzing the second-order corrections to the Kretschmann scalar, we find that the

curvature diverges in the BH limit as δ−2:

K(2) ∼−
225

(
S̄2
)2

sin4 θ

256M2(r0 − 2M)2
+ . . .

− S̄
2
2

M4

(
45

28
(7B2(δ) + 5)P2(θ) +

135

56
(147B4(δ) + 202)P4(θ)

)
log δ , (3.4.15)

where the ellipsis accounts for other regular second-order terms. Similarly to the previous

cases, in the above equation we defined

M̄2 = B2(δ)S̄22 +O(S̄42 ) , M̄4 = B4(δ)S̄22 +O(S̄42 ) . (3.4.16)

Therefore, in this case we find that the saturation of Eq. (3.4.14) is not enough to prevent

the curvature to blow up in the BH limit: the current quadrupole S2 must vanish as

S̄2 → d2δ , (3.4.17)
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or faster, as r0 → 2M. A similar argument can be presented for any multipole moment

with ` > 1 entering at the leading order.

The last term on the right hand side of Eq. (3.4.15), together with Eq. (3.4.17) and

the factorization (3.4.16), would impose that the multipole moments M2 and M4 should

vanish at least logarithmically in the δ → 0 limit. Nonetheless, by extending this analysis

to third order it is easy to show that they also must go to zero linearly,

M̄2 → b2δ , M̄4 → b4δ , (3.4.18)

or faster, similarly to the behaviour found for S2. (In the above equation bi are again

dimensionless constants which depend on the model.) Therefore, in this case all multipole

moments must vanish linearly or faster.

The above argument applies to any solution sourced by a single multipole moment with

` > 1, showing that multipolar deviations from Kerr sourced by multipole moments other

than the spin must vanish linearly or faster as δ → 0. This striking difference relative

to the spin-induced case is because, already to first order, the solution contains irregular

terms that must be suppressed as in Eq. (3.4.13). Since the leading-order moments with

` > 1 should already vanish logarithmically to the leading order, they induce power-law

scalings in the curvature to next-to-the-leading order. The net result is that all moments

should vanish at least linearly in this case. This does not happen in the spin-induced

case, where the first-order solution is everywhere regular, gtϕ = 2J sin2 θ/r, and therefore

induces only logarithmic corrections at higher orders.

The discussion above was inferred from particular solutions where only one multipole

moment was present to the leading order. However, as previously discussed, when two

or more multipole moments are present at the leading order, the higher-order multipole

moments can also be induced by mixing terms. One particular case of interest is the

vanishing of a multipole moment induced simultaneously by spin-spin couplings and by

the couplings with higher multipole moments. A representative case of this scenario is the

M4 moment in the [JM2]-solution, see Eq. (3.3.8). Although we did not compute the

solution up to sufficiently high orders in the perturbation expansion to check explicitly

the coupling terms in the curvature, results from the lower orders and the selection rules

imply that the first two terms in Eq. (3.3.8) must vanish linearly (or faster) as δ → 0,

whereas the last term must vanish logarithmically, α0 ∼ 1/ log δ. The net result is

M̄4 → a4
χ4

log δ
+ b4δ , (3.4.19)
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or faster, in agreement with Eq. (3.1.1).

Finally, for all solutions we have checked that if the nonspin-induced multipole mo-

ments vanish linearly (or faster) as δ → 0 and the spin-induced multipole moments vanish

logarithmically (or faster), then the whole solution is regular in the BH limit also at higher

order in the perturbative expansion.

3.4.2 A “soft-hair theorem” conjecture for ECOs

Given the general structure of the field equations, we expect the results obtained in

the previous section to be valid at any order in the small-multipole expansion and any

multipolar truncation order. Thus, a natural conjecture is that our results suggest is that:

Soft-hair theorem: Within GR, the multipole moments of any (axisymmetric) soft

ECO must go to the Kerr multipole moments logarithmically (or faster) for spin-induced

moments and linearly (or faster) for nonspin-induced moments.

In other words, the multipole moments of any (axisymmetric) ultracompact object

whose exterior spacetime is perturbatively close to a Schwarzschild metric must satisfy

Eqs. (3.1.1) and (3.1.2), with

δM` → a`
χ`

log δ
M`+1 , δS` → c`

χ`

log δ
M`+1 . (3.4.20)

or faster, as δ → 0, if the multipole moments are spin-induced. For all other types of

multipole moments,

δM` → b`M`+1δ , δS` → d`M`+1δ , (3.4.21)

or faster, as δ → 0. In the above expressions, a`, b`, c` and d` dimensionless numbers of

order unity or smaller, and the spin and compactness dependence has been completely

factored out. Overall, although we cannot prove it to arbitrary order, our results support

the conjecture that the multipolar corrections of a soft ECO in the BH limit should behave

as in Eqs. (3.1.1) and (3.1.2).

The interpretation of this conjecture is simple: the closer a soft ECO is to a BH, the

less hairy it will be, in the manner specified by (3.4.20) or (3.4.21). Furthermore, we can

see this property as a weaker version of Birkhoff’s theorem: beyond spherical symmetry,

external spacetime is different from Kerr, but the multipolar deviations must die off as

the BH limit is approached. Furthermore, spin-induced multipolar deviations die off much

more slowly than any other. While – simply by continuity arguments –it is not surprising
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that δM`, δS` → 0 in the BH limit, the logarithmic scaling with δ in the spin-induced case

is important, since it can give rise to potentially detectable effects, as we briefly discuss

in the next section.

3.4.3 Phenomenological considerations

Models of ECOs with soft hair can be constrained with future observations [113, 237,

114, 98, 35, 238, 239, 240]. In particular, extreme-mass ratio inspirals (EMRIs) detectable

by the future space mission LISA can place a constrain on the quadrupole moment of the

central supermassive object [241, 30] as good as

δM2

M3
< 10−4 (3.4.22)

The “soft-hair theorem” implies that the more compact a soft ECO is, the less hairy

it will be, where the deviations must vanish according to Eqs. (3.4.20)–(3.4.21). The

precise saturation of this decay allows us to put an upper bound on the compactness of

quasi-Schwarzschild ECOs.

When the aforementioned decay of hair is saturated, the quadrupolar deviation of soft

ECOs reads

δM2

M3
∼

 | log δ|−1 ∼ 10−2
∣∣∣log

(
106M�
`P

)∣∣∣−1
δ ∼ 10−4

(
L

106M�

) , (3.4.23)

for spin- and nonspin-induced quadrupolar hair, respectively. In the former case we defined

δ = `P /(2M), where `P is the Planck length, whereas in the latter case δ = L/(2M), where

L ≈ 50 km In other words, an EMRI detection by LISA has the potential to constrain spin-

induced multipolar deviations from Kerr even for objects motivated by quantum-gravity

considerations with a surface at a Planckian distance from the horizon [122, 133, 242, 243,

244, 245], whereas multipolar deviations which are not spin induced can be constrained

only for objects with compactness smaller than M/r0 ≈ 0.49995, nonetheless an impressive

constraint.

Furthermore, since spin-induced multipolar corrections die off much more slowly than

any other in the BH limit, they are the dominant corrections and those that might provide

the most stringent bounds on the ECO compactness. The scaling rules (3.1.1) and (3.1.2)

imply that a quadrupole moment measurement of a soft ECO will always be dominated
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by the spin-induced contribution, unless

χ�
√
δ| log δ| , (3.4.24)

where we assumed b2/a2 ∼ O(1). The above upper bound is very small for realistic values

of δ, e.g. χ� 0.03 when δ ≈ 10−4.

An extensive studied on the phenomenology of EMRIs in the case of soft ECOs and

the connection between our solution and existing parametrizations (e.g. with “bumpy”

BHs [246, 247]) was beyond the scope of this thesis and will appear elsewhere.

3.5 Deformations of Neutron Stars

We now move our analysis to a different topic and consider the scenario where the

deformed compact object is a NS following our work [3]. These objects harbor the highest

densities, the strongest magnetic fields, the highest binding energy per nucleon, and the

strongest spacetime curvatures in the universe. Provided their interior and spacetime can

be accurately modeled using nuclear physics and general relativity, NSs are unique probes

of all fundamental interactions and ideal laboratories to test foundational physics and

high-energy astrophysics [226].

However, at variance with BHs, NSs are not simple objects. While the former as the

elegant multipolar simplicity of Eq. (3.0.1), the latter (and other compact objects) do

not need to satisfy this relation and can be, in principle, arbitrarily deformed away from

spherical symmetry, even when nonspinning. One might even argue the opposite, namely

that the assumption of spherical symmetry is a mere idealization and that all astrophysical

formation processes are intrinsically asymmetric, e.g., due to magnetic fields, environmen-

tal effects, crust shears, elasticity, turbulence, convective instabilities, collimated neutrino

fluxes, gravitational-wave (GW) emission, kicks, deformations of the progenitor proto-NS,

etc. It is therefore natural to expect that a newly-born NS might be deformed to some

degree and that it can reach a stationary, axisymmetric (but not necessarily spherical)

configuration through GW emission [96] over long time scales.

In this section we will not attempt to model the complex physical mechanisms (e.g.,

core-collapse supernovae [248, 249] or a compact-binary coalescence [250, 22, 251]) that

may lead to the formation of a highly deformed stars, but rather we wish to understand

whether realistic matter can sustain emphstationary stars which deviate from spherical

symmetry and what are the implications of this deformations for GW astronomy. While
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the processes mentioned above may lead to large deviations from sphericity, we shall

work in a perturbative regime and treat these deviations as small perturbations around a

spherical star. This approximation is also consistent with the fact that – to the best of

our knowledge – these deformations have been so far neglected when modelling stationary

sources, e.g. old NS in low-mass X-ray binaries or coalescing binaries.

Non-axisymmetric deformations have been intensively studied as a source of quasi-

monochromatic GWs from isolated spinning NSs [252, 253, 254]. Strong constraints exist

on departures from axisymmetry, typically measured by the ellipticity of a NS [252, 255,

256, 257]. Additionally, axisymmetric deformations have also been studied in the past,

especially in the context of magnetized [258, 259, 260, 261, 262, 263] or spinning [221, 162]

stars. However, as we shall see in Sec. 3.5.3, in the absence of magnetic fields or rotation,

deformations can only be supported by the elastic properties of the material. The elastic

properties of NSs are under active scrutiny, both in the stellar core [264, 265, 266] and in the

crust (see, e.g., Ref. [93] for a review on the topic). Although axisymmetric deformations

do not destabilize the star through GW emission8, they might give rise to important

effects in isolated and binary NSs. The scope of this section is to discuss this scenario and

motivate further and more realistic studies on this topic.

3.5.1 Formalism

Our technique is an extension of the perturbative, general-relativistic framework de-

veloped to study generic axisymmetric departures from spherical symmetry in vacuum

spacetimes [2] that we described in Sec. 3.2. We first provide the general framework for

an arbitrary number of independent multipolar deformations, and then specialize it to the

case in which the only nonvanishing deformations are due to the mass quadrupole moment

(and, possibly, to the spin).

We consider a deformed metric of the form of Eq. (3.2.3) which we rewrite here for

convenience,

gµν = g(0)µν +
∞∑
n=1

εnh(n)µν , (3.5.1)

where g
(0)
µν is the stationary, spherically symmetric ansatz described in Eq. (2.1.1) which

describes the spherically-symmetric undeformed star and can be obtained by solving for

the Tolman-Oppenheimer-Volkoff equations [96], ε is a small book-keeping parameter, and

h
(n)
µν is the deformation entering at order O(εn). When only the mass quadrupole Q (and,

8GW emission from axisymmetric compact objects can occur only if the angular momentum is mis-
aligned with the axis of symmetry, leading to precession. We focus here on stationary NS configurations,
for which the angular momentum (if present) coincides with the symmetry axis.



96 Quasi-spherical compact objects

possibly, the angular moment J ) are present at the leading order, the physical expansion

parameters are the dimensionless quantities εQ/M3 and εJ /M2 ≡ εχ, which we will take

to be independent from one another.

As we have seen in for the quasi-Schwarzschild metric (cf. Sec. 3.2), stationary and

axisymmetric deformations can be expanded in a complete basis of Legendre polynomials

for which the perturbation hµν takes the form of Eq. (3.2.7) after considering the Regge-

Wheeler gauge. Recall, that it is convenient to separate the perturbations in two sets,

according to how they transform under parity. The odd (or axial) sector contains only

the radial function hn`0 (r), which is associated to the current multipole moments, S`. The

even (or polar) sector contains the radial functions Hn`
0 (r), Hn`

2 (r), and Kn`(r), which

are associated to the mass multipole moments, M`. Since we are mostly interested in

studying quadrupolar deformations, to keep consistency with the literature [163, 150] we

will rewrite the quadrupole M2 as

Q ≡M2 . (3.5.2)

We consider Einstein’s equations coupled to a perfect fluid that describes the interior

of the star. The corresponding fluid’s stress-energy tensor was written in Eq. (2.2.1) and

reads

Tµν = (P + ρ)uµuν + Pgµν , (3.5.3)

where, to keep consistency with the deformations in the exterior, we will consider defor-

mations to the pressure P and energy density ρ profiles as

P = P (0)(r) +

∞∑
n=1

∑
`

εnδPn`(r)P` cos(θ) , (3.5.4)

ρ = ρ(0)(r) +

∞∑
n=1

∑
`

εnδρn`(r)P` cos(θ) , (3.5.5)

where the background values are denoted by P (0)(r) and ρ(0)(r) and The functions δPn`(r)

and δρn`(r) are the corrections due to the fluid deformations which are polar quantities.

The four-velocity of a fluid element reads

uµ =
1√

−gtt − 2εΩgtφ − gφφε2Ω2
{1, 0, 0, εΩ} , (3.5.6)

where Ω is the fluid angular velocity and the normalization constant ensures that u2 = −1.

By inserting the above decomposition for the metric and the fluid variables into Ein-

stein’s equations (2.1.4), and separating the angular dependence by using the orthogonality
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of the Legendre polynomials [229, 2], we obtain a set of ordinary differential equations for

the deformation functions h
(n)
µν (r), δP (n)(r), and δρ(n)(r). The system is closed by assum-

ing a barotropic EoS, P = P (ρ).

In the exterior, the solution to the system can be found analytically at any given order

and it depends on an arbitrary number of (mass and current) multipole moments [2].

The explicit values of the multipole moments can be obtained by matching the external

solution to the internal one at the radius R of the star, defined by P (0)(r = R) = 0 at

the leading order. The internal solution is obtained numerically using a Runge-Kutta 4-th

order scheme with adaptive meshes [209].

The couplings between multipoles follow the selection rules described in Sec. 3.2.4. In

the specific case of deformations sourced by J and Q, only the ` = 1 axial deformation

and the ` = 2 polar deformation are respectively present to O(ε). Therefore, all induced

multipole moments of this family of solutions can be written as a combination of terms

sourced by the spin and by the quadrupole; to the leading order:

M̄` =

`/2∑
p=0

αpχ
`−2pQ̄p , even ` ≥ 4 ,

S̄` =

(`−1)/2∑
p=0

βpχ
`−2pQ̄p , odd ` ≥ 3 ,

whereas M` = 0 and S` = 0 for odd ` and even `, respectively and M̄`, S̄` are the

normalized multipole moments of degree ` defined in Eq. (2.4.19). The prefactors αp and

βp depend on the central density and on the EoS and have to be computed numerically.

The solution can be computed to any given order using the set of rules discussed above.

Nonetheless, to linear order in the perturbation framework the solution is very simple

since it is not affected by the field equations’ nonlinearities. Remarkably, the leading

order system can be reduced to one differential equation for H0 in the ` = 2-polar sector

and another for h0 in the ` = 1-axial sector. The remaining functions can be obtained

by algebraic equations related to the solution of these two equations. For convenience

we focus here on the polar sector (the ` = 1-axial treatment to linear order is the same

as Hartle-Thorne [221, 162] and to linear order one can simply add both solution) and
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summarize the final equations for the metric and matter fields here which read

H ′′0 +H ′0

(
1− 2m

r

)−1 [2

r
− 2m

r2
+ 4πr (P − ρ)

]
+H0

[(
1− 2m

r

)−1(
5ρ+ 9P − 6

r2
+

4π (P + ρ)

c2s

)
−
(
ν ′
)2]

, (3.5.7)

H2 = −H0 , (3.5.8)

K = −r
2ν ′

4

(
1− 2m

r

)
H ′0 −H0r

2

[
1

4

(
1− 2m

r

)
ν ′2 − 2π(P + ρ) +

1

r2
+
m

r3

]
, (3.5.9)

δP = −1

2
H0 . (3.5.10)

3.5.2 Explicit external solution to leading order

As we have discussed in Sec. 3.2, the solution to linear order in the exterior is extremely

simple to find, since it only requires to solve a set of two decoupled homogeneous differential

equations, one for the axial sector (for ` = 1) and another for the polar sector ` = 2.

Solving the solution with the conditions detailed in Sec. 3.2 we can write the nonvanishing

components of the metric to leading order,

gtt = −
(

1− 2M
r

)
−

5Q
(
2M

(
2M3 + 4M2r − 9Mr2 + 3r3

)
+ 3r2(r − 2M)2 log

(
1− 2M

r

))
8 (M5r2)

P2 ,

(3.5.11)

grr =

(
1− 2M

r

)−1
−

5Q
(
2M

(
2M3 + 4M2r − 9Mr2 + 3r3

)
+ 3r2(r − 2M)2 log

(
1− 2M

r

))
8M5(r − 2M)2

P2 ,

(3.5.12)

gθθ = r2 −
5Qr

(
−4M3 +

(
3r3 − 6M2r

)
log
(
1− 2M

r

)
+ 6M2r + 6Mr2

)
8M5

P2 , (3.5.13)

gφφ = gθθ sin2 θ , (3.5.14)

gtφ = −2J sin2 θ

r
. (3.5.15)

3.5.3 Thin shell crust and junction conditions

We can solve numerically the equations for the deformation in the interior of the star

and match them with the above analytical solution in the exterior using appropriate junc-

tion conditions [227, 112, 267, 268]. Let us now focus exactly on these junction conditions

and understand what they describe about the properties of the star (see Appendix A).
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The junction conditions

The first junction condition imposes continuity of the induced metric ηab across the

thin shell, while the second junction condition relates the jump of the extrinsic curvature

Kab with the stress-energy tensor,

[[ηab]] = 0 , (3.5.16)

Sab =
1

8π

(
[[Kab]]− ηab[[K̃]]

)
, (3.5.17)

with9 K̃ = ηabK
ab and [[X]] := Xout − Xin denotes a jump of a generic quantity X

across the radius of the thin shell. Furthermore, one can obtain the properties of the shell

material, i.e., the surface density σ and the projected stress-energy tensor of the shell γab,

Sab u
b = −σua , (3.5.18)

γab = Scdqacqbd . (3.5.19)

where we used the projection tensor qab := ηab + uaub.

Zeroth order conditions

To zeroth order in the deformations the first junction condition implies that

eν(R) = 1− 2M/R , (3.5.20)

which is the usual continuity of time-time component of the metric, and can be imposed

with a rescaling of the time coordinate in the interior of the star. By solving Eq. (3.5.18)

we find the expressions for the surface density components in terms of the jump of metric

functions. The zeroth order spherical case is particularly simple,

σ0 = − 1

4πR

[[(
g(0)rr

)−1/2]]
. (3.5.21)

Obviously, in the spherical-symmetric case the continuity of the mass function implies the

absence of any shell of matter. Conversely, assuming the existence of a thin shell with

mass Mcrust = δM := M −m(R) implies [[g
(0)
rr ]] 6= 0 and the presence of a surface energy

9Although the standard notation does not contain the tilde, here we included it to distinguish clearly
from the metric function K.



100 Quasi-spherical compact objects

density given by Eq. (3.5.21). For small thin-shell masses Eq. (3.5.21) becomes

σ0 =
1

4πR2

δM√
1− 2M/R

+O(δM2) , (3.5.22)

which reduces to the Newtonian case σ0 = δM/(4πR2) when M/R� 1.

In the spherical example, the stress-energy tensor of the shell is particularly simple

and reduces to the stress-energy tensor of a perfect fluid,

γab = γ0qab , (3.5.23)

where γ0 is the surface pressure of the shell. Comparing Eq. (3.5.19) with Eq. (3.5.23)

yields

γ0 =
1

8πR

1 + R
2
f ′

f√
g
(0)
rr

 , (3.5.24)

which for small thin-shell masses can be reduced to

γ0 ∼
M

8πR3

δM

(1− 2M/R)3/2
+O(δM2) . (3.5.25)

Linear order conditions

To linear order the first junction condition relates the jump of the metric functions

with the quadrupole of the NS,

[[H1`
0 ]] = −

[[
f ′

f
ξ2

]]
, (3.5.26)

[[K1`]] = − 2

R
[[ξ2]] , (3.5.27)

where fout = 1− 2M/r, fin = eν , and ξ := ξ2P2(θ) is the displacement of the thin shell.

The surface energy density can be written in general as in Eq. (3.1.3),

σ = σ0 + σ2Q̄P2(θ) , (3.5.28)

where σ0 is the surface density of the thin shell in the spherically-symmetric configuration,

whereas σ2 is the amplitude of the axisymmetric perturbation to the surface density. From

the second junction condition, the quadrupolar component of the surface energy density
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reads

σ2 =
1

8πR

([[√
1− 2M/RH2

]]
−

[[
4 + 6M/R

R
√

1− 2M/R
ξ2

]]
−
[[
R
√

1− 2M/RK ′
]])

.

(3.5.29)

Let us now consider the more interesting case of the shell stress. It is convenient to

define the the shell’s anisotropy ∆γ (which measures the difference between the pressures

on the shell, applied in two orthogonal directions) and the (halved) tension trace γ+

defined as

∆γ := Sθθ − S
φ
φ ≡ γ

θ
θ − γ

φ
φ , 2γ+ := Sθθ + Sφφ ≡ γ

θ
θ + γφφ , (3.5.30)

These two quantities together with the surface density completely characterize the matter

content of the shell. Interestingly, the anisotropy and the trace can be related with the

jump on the quantities of the shell as,

∆γ =
3 sin2(θ)

8πR2

[[
ξ2√

1− 2M/R

]]
, (3.5.31)

γ+ =
1

8πR

([[√
fR
(
K ′ +H ′0

)]]
+

[[
H2(M −R)

R
√
f

]]
+ 2

[[(
2R2 − 3M2 − 3MR

)
R3f3/2

ξ2

]])
.

(3.5.32)

Perfect-fluid configurations

Let us now consider the scenario for which the junction conditions above imply no

“surface matter” between the two spacetime regions. This situation corresponds to a

spacetime where the perfect fluid interior smoothly matches the deformed exterior without

any thin shell to intermediate. To zeroth order this scenario implies that the mass function

at the radius is continuous m(R) = M . To linear order it implies that ξ2 is continuous

and, in conjunction with the governing equations (3.5.7)–(3.5.9), that the metric functions

H0, H2, K and their derivatives are continuous at the radius R.

Consider now Eq. (3.5.7). In general the solution for this differential equation contains

two integration, C1 and C2, where without loss of generality we will associate C1 with a

divergent term at r = 0 while C2 we associate with a term regular at the center. Naturally

we want the solution to be regular at the center so we impose C1 = 0, leaving us with one

free constant in the interior whose value fixes the star’s quadrupole. Thus, the only free

parameter of the solution is the quadrupole in the exterior Q which is chosen to match

H0 across the radius. It is straightforward to check that this choice does not impose

continuity of H ′0 and consequently K is not continuous. This results imply that in the
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absence of a supporting shell there is no static configuration of deformed fluids10. However,

the full statement can be made more general by considering a supporting shell made of

a isotropic perfect fluid. This assumption implies that the anisotropy must vanish and

using Eq. (3.5.31) we find [[
ξ2
f

]]
= 0 . (3.5.33)

Following the same logic as before it can be checked that there are no enough parameters

to ensure the junction conditions (3.5.26)–(3.5.27) are satisfied. As a consequence of this,

the following statement holds:

Sphericity of self-gravitating fluids: Static self-gravitating configurations of perfect

fluids in isolation are spherically symmetric in the absence of other fields.

Elastic matter: Anisotropic fluid

To allow for quadrupolar deformations we will consider an anisotropic fluid for the

matter of the thin shell following a procedure similar to that developed in Chap. 5. For an

isotropic perfect fluid the projected stress-energy tensor γabis assumed to be proportional

to the projection tensor qab,

γab = γisoqab . (3.5.34)

However, for anisotropic fluids, the surface tension is not the same along every direction

tangential to the surface. Thus, to characterize the anisotropic matter we need to define

a system of two normal vectors ka and χa which are tangent to the thin shell, orthogonal

to the fluid-velocity ua and among themselves,

χak
a = kau

a = χau
a = 0 , kak

a = 1 = χaχ
a . (3.5.35)

Since three independent components characterize each vector, there are six unknown com-

ponents in total and thus, the latter five conditions do not specify the two vectors com-

pletely. One remaining degree of freedom is related to the orientation of the two vectors

with respect to the coordinate axis. While for an isotropic fluid the pressure value does not

depend on the direction you choose to measure, in the anisotropic case this choice matters

and a rotation of the orthogonal axis system yields different results. It is therefore natural

to have this extra degree of freedom, to reflect this choice. One can fix this freedom by

choosing to align ka with the θ-axis and χa with the φ-axis such that γab can be written

10Although we focused on ` = 2 perturbations it can be proven that the same result applies for ` > 2
deformations under the same assumption.
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as

γab = γθkakb + γφχaχb = γθkakb + γφ (ηab + uaub − kakb) , (3.5.36)

where in the last step we used the definition of the projector tensor in the direction

orthogonal to ka and ua. Thus the projected stress energy tensor can be written as the

isotropic projected stress energy tensor plus an anisotropic correction.

γab = γφ (ηab + uaub) +
(
γθ − γφ

)
kakb . (3.5.37)

From the last expression it can be easily seen that when the two pressures are identical, the

stress-energy tensor reduces to that of an isotropic perfect fluid. Combining Eq. (3.5.37)

with the definitions of anisotropy and the (half) trace of the pressures in Eq. (3.5.30) we

find that

∆γ =
3 sin2(θ)

8πR2

[[
ξ2√

1− 2M/R

]]
, (3.5.38)

2γ+ =
1

8πR

([[√
fR
(
K ′ +H ′0

)]]
+

[[
H2(M −R)

R
√
f

]]
+ 2

[[(
2R2 − 3M2 − 3MR

)
R3f3/2

ξ2

]])
.

(3.5.39)

Finally, it is possible to check that by adding the anisotropy as a new parameter

it is possible to fix the boundary conditions (3.5.26)–(3.5.27) with appropriate choices

of Q and ∆γ and as expected higher quadrupole moments of the star require higher

anisotropies to support it. Once the functions and their jumps at the radius are computed

it is straighforward to compute the density, and the two pressures from Eqs. (3.5.29),

(3.5.38) and (3.5.39). As a final note, if we assume that the jump in the shell’s mass is

small such that δM :=M−m(R), than we can take it as a perturbative parameter. At

linear order all the functions multiplying the linear order perturbation functions factor out

and the expression simplifies. With this choice one obtains the expressions for the surface

anisotropy obtained in Eq. (3.1.4).

Examples of deformed NS configurations

To summarize, the metric and fluid variables obtained numerically in the interior of

the object are then matched to the external solution through the above junction condi-

tions. The numerical solutions form a 3-parameter family, which depends on the central

density ρc, the angular momentum J (aligned with the symmetry axis, see Fig. 3.1) and

the mass quadrupole moment Q ≡M2.
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ρc [1015g/cm3] Ω/ΩK Q̄/10−2 m(R) [M�] R [km] Ī Q̄σ2/σ0 |∆γ/γ0|equator νISCO
φ [kHz] νISCO

θ [kHz]

1.540 0 0 2.00 11.0 6.18 0 0 1.10 1.10
0.985 0 0 1.40 11.4 11.1 0 0 1.57 1.57
0.875 0 0 1.20 11.5 14.3 0 0 1.84 1.84

1.540 5% 0 2.00 11.0 6.18 0 0 1.13 1.13
0.985 5% 0 1.40 11.4 11.1 0 0 1.62 1.61
0.875 5% 0 1.20 11.5 14.3 0 0 1.90 1.89
1.540 10% 0 2.00 11.0 6.18 0 0 1.17 1.15
0.985 10% 0 1.40 11.4 11.1 0 0 1.67 1.65
0.875 10% 0 1.20 11.5 14.3 0 0 1.96 1.94

1.540 0 1 2.00 11.0 6.18 0.297 0.445 1.10 1.10
0.985 0 1 1.40 11.4 11.1 0.133 0.200 1.57 1.57
0.875 0 1 1.20 11.5 14.3 0.0967 0.145 1.84 1.84
1.540 0 5 2.00 11.0 6.18 1.48 2.22 1.11 1.11
0.985 0 5 1.40 11.4 11.1 0.667 1.00 1.59 1.58
0.875 0 5 1.20 11.5 14.3 0.483 0.724 1.86 1.85

Table 3.2: Parameters of a deformed NS for AP4 EoS. ρc is the central energy den-
sity, Ω/ΩK is the angular velocity normalized by the mass-shedding limit ΩK =

√
M/R3,

Q̄ is the dimensionless quadrupole moment, M and R are the stellar mass and radius, Ī is
the normalized moment of inertia, Q̄σ2/σ0 is the amplitude of the shell’s surface density
due to the quadrupole moment Q̄ normalized by a typical surface density, σ0 ≈ 1018 g cm−2,
corresponding to 1% of the stellar mass, (∆γ/γ0)

equator is the anisotropy of the shell at
the equator normalized by the pressure of the spherical shell, and νISCO

φ and νISCO
θ are the

azimuthal frequency and the vertical epicyclic frequency at the innermost stable circular
orbit (ISCO), see Sec. 3.5.6.

As a reference, in Table 3.2 we provide some relevant quantities of the equilibrium

configurations obtained with this procedure and assuming the AP4 EoS. A representative

example of the fluid and metric variables in the interior of a deformed NS is shown in

Fig. 3.5.

3.5.4 Energy conditions

Due to the broken spherical symmetry of the system, there are values of the parameter

space for which the density might be negative, i.e, when Q̄σ2P2(θ) < −σ0 (see Eq. (3.1.3)).

However, as shown in Fig. 3.3, the surface density is always positive for a NS with |Q̄| . 0.1

and compactness M/R . 0.15. For the same range of quadrupole values, prolate stars

have positive density for realistic ranges of compactness (0.1 .M/R . 0.2), whereas more

massive and compact (M/R & 0.16) oblate stars require smaller quadrupoles to maintain

positive density at the poles.

More generically, it is noteworthy to study all the energy conditions for the thin-shell

fluid. The null energy condition reads σ+γi ≥ 0 (here i = θ, φ), the weak energy condition

additionally requires σ ≥ 0; in addition to the latter condition, the strong energy condition

also requires σ+
∑

i γi ≥ 0. Finally, the dominant energy condition requires only σ > |γi|.

A detailed numerical exploration of the parameter space shows that all energy conditions
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Figure 3.5: Internal solutions. Radial profiles of the fluid and metric variables in the
interior of a deformed NS evaluated along the equatorial direction (θ = π/2, dashed lines)
and polar direction (θ = 0, solid lines). We show the profile of the pressure deformation
(top panel) due to an intrinsic quadrupole deformation normalized by the central pressure
of the object, p̄2 ≡ (P (r, θ) − P0(r))/P0(0), and the metric deformation functions hµν ≡
gµν − g(0)µν (bottom panel). The solution corresponds to a nonspinning prolate object with
M = 1.4M� and Q̄ = 0.1 to linear order in the deformation. To this order the deformations
describing a nonrotating oblate object with the same magnitude of quadrupole (Q̄ = −0.1)
are identical to those shown in this plot but with the opposite sign.

are satisfied for any realistic ranges of compactness whenever Q̄ . Mcrust/M . For the

adopted reference value Mcrust/M ∼ 0.01, the condition |Q̄| . 0.01 ensures that all energy

conditions are satisfied for any compactness, whereas if |Q̄| . 0.1 all energy conditions are

satisfied for NSs with compactness M/R . 0.15.

3.5.5 Linear stability analysis

Performing a linear-stability analysis of deformed solution is challenging, owing to the

lack of symmetry of the background equilibrium solutions. To deal with this problem,

we adopted a multi-parameter perturbative framework, based on the techniques recently

developed to study perturbations of slowly-rotating compact objects [230, 189, 192] that
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we extend to include spacetimes with other deformations. The computation can be sum-

marized in the following routine [230]:

(i) Consider a complete set of small perturbations to the metric and the fluid variables,

expanded in a basis of spherical harmonics Y`m(θ, φ);

(ii) Solve for the dynamical equations perturbatively to leading order in the perturbation

and any given order in the background deformation;

(iii) Fourier-transform the perturbation functions and reduce the dynamical equations to

a system of ordinary (radial) differential equations;

(iv) Finally, solve for the system as an eigenvalue problem and obtain the characteristic

modes of vibration. The eigenfrequencies ω are generically complex numbers. The

sign of the imaginary part allows us to discriminate between stable and unstable

configurations, owing to the e−iωt time dependence of the perturbations.

This standard procedure is made more involved by the broken symmetry of the back-

ground and by the presence of a thin shell. In an axially symmetric background, perturba-

tions with different azimuthal number m are still decoupled, but the intrinsic quadrupole

deformation introduces mixing between modes with opposite parity and different multi-

polar indices.

Scalar perturbation

A first simple example that we can consider for heuristic purposes is that of the dynam-

ics of a test scalar field ψ on the geometry of a deformed NS. According to the procedure

developed above, we start by expanding the scalar field as

ψ =
∑
`m

R`m(r)r−1Y`m(θ, φ)e−iωt , (3.5.40)

and by applying it to the Klein-Gordon equation,

�ψ = 0, (3.5.41)

we obtain a set of equations with the following form

∞∑
l=0

(A`(r)Y`m +D`(r)P2(cos θ)Y`m(θ, φ)) = 0 , (3.5.42)
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where A` and D` are complicated functions of R`m(r) and of its derivatives up to second

order, and they also depend on the frequency ω and on the multipolar index `. The function

A` contains only quantities at zeroth order in the deformation, whereas the function D`

is proportional to the quadrupolar deformation. Using the properties of the spherical

harmonics [230], the above equation can be written as a system involving couplings between

modes with harmonic index ` and `± 2:

2

3
A` +

(
C2`+1 + C2` −

1

3

)
D` + C`C`−1D`−2 + C`+1C`+2D`+2 = 0 , (3.5.43)

where C` ≡
√

`2−m2

4`2−1 . Formally, the above equation forms an infinite cascade of coupled

ordinary differential equations since each ` mode is coupled to `±2. To solve this problem,

we will assume that only `-led perturbations exist to the leading order O(Q̄), and thus

the coupling to `± 2 modes is subleading (because D`±2 = O(Q̄2)). With this assumption

Eq. (3.5.43) reduces to

A` +
3

2

(
C2`+1 + C2` −

1

3

)
D` = 0 , (3.5.44)

which is now a single differential equation for the variable R`m (for each `).

Remarkably, for radial perturbations (` = m = 0) the term within the parenthesis

in Eq. (3.5.44) vanishes identically and therefore radial perturbations are described by a

simple equation A0 = 0 which coincides with the scalar ` = 0 perturbation on spherically-

symmetric NS. For ` > 0, this property is lost and the second term in Eq. (3.5.44) yields

some corrections. In this case the perturbation equation can be reduced to a Schröedinger-

like equation of the form d2R`m/dx
2 + (ω2 − V`m)R`m = 0, where x is a new coordinates

and the effective potential acquires a correction proportional to Q. In the exterior, the

form of the potential can be computed analytically. An analysis of the potential and

corresponding eigenvalue problem shows no unstable modes for any `.

Gravitational perturbation

Let us now turn to the more interesting case of gravitational perturbations. This

scenario is much more involved due to the perturbations’ tensorial nature and the coupling

to the fluid modes. Nonetheless, in the radial case we can still obtain a system of equations

which is formally equivalent to Eq. (3.5.44), where now A` and D` are vector functions of

all metric and fluid perturbations. Thus, we obtain the remarkable result that, to linear

order in the quadrupolar deformation, radial perturbations of a deformed NS are governed

by the same equations as in the spherical case. In particular, this implies that deformed
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NSs are stable under radial perturbations for configurations below the maximum mass [96].

The case of axial dipolar (` = 1) perturbations and axial and polar perturbations with

` ≥ 2 is much more involved, due to the coupling among different sectors, and is left for

future work.

However, even without solving the full equations we can extract some considerations

about the full gravitational stability. We note that, within our perturbative framework,

the characteristic frequencies acquire small corrections proportional to Q. Therefore, only

marginally stable modes in the spherical case can turn unstable. If they exist, instability

can only come from the fluid axial sector for ` ≥ 2, which contains a zero mode (ω = 0)

in the spherical case. This mode can turn unstable due to the term proportional to Q,

similarly to the case of the r-mode instability of slowly-spinning NSs [269, 270, 271], for

which the unstable mode has ω = mΩ. If present, an r-mode-like instability might remove

part of the intrinsic quadrupole moment until the mode is saturated.

3.5.6 Phenomenological implications

Let us conclude this study with some considerations about possible phenomenological

implications of NS deformations. As previously shown, a thin shell with reasonable values

of anisotropy can sustain an intrinsic (dimensionless) quadrupole moment as high as

Q̄ . O(0.1) , (3.5.45)

or using more conservative values for the crustal densities,

Q̄ . O(0.01) . (3.5.46)

The magnitude of the intrinsic quadrupole should be compared with the spin-induced

quadrupole moment of a slowly-spinning NS, which scales quadratically with the dimen-

sionless spin parameter, Q̄spin = −γχ2 (the minus sign indicates that the spin induces an

oblate shape on the object), where γ ≈ 4 ÷ 7 for compact stars with M ≈ 1.4M�, the

precise number depending on the EoS [221, 162, 272, 273]. Since the spin χ of a NS is

typically small [274] (roughly χ ≈ 0.1 for the fastest millisecond pulsars and likely much

smaller for old NSs in coalescing binaries detectable by LIGO/Virgo), the spin-induced

quadrupole moment is at most |Q̄spin| . 7× 10−2 and typically smaller. This suggests

that any putative quadrupole moment of an old NS might predominantly natal rather

than spin-induced. If this is the case, a deformed NS might provide a better model for the
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body’s external spacetime.

If we now recall our discussion on the quasi-Schwarzschild metric, particularly the

discussion on the [JM2]-solution in 3.3, we can infer that any quantity X of a spinning,

deformed NS contains independent J-induced and Q-induced corrections; schematically,

up to second order in the deformation,

X = X0 +X10χ+X01Q̄+X20χ
2 +X02Q̄

2 +X11χQ̄ , (3.5.47)

where X0 is the value of the corresponding spherically-symmetric star and Xij are correc-

tions that only depend on the EoS and the central density of the star. When Q = 0, we

recover the well-known case of a slowly-spinning NS [221, 162].

Corrections of geodesic frequencies due to an intrisic quadrupole

The external metric can be used to study how the spacetime of a deformed NS is

affected by its intrinsic quadrupole. All geodesic quantities – including the ISCO and the

epicyclic frequencies – acquire corrections as in Eq. (3.5.47), which affect properties such

as the innermost location of an accretion disk and, in turn, the corresponding electro-

magnetic flux from accreting low-mass X-ray binaries, whose signal originates very deep

in the gravitational field of the accreting object, at distances down to a few gravitational

radii [275].

The epicyclic frequencies can be computed for a generic stationary, axisymmetric space-

time [276]. Setting the spin to zero, to the leading order in Q̄, the azimuthal frequency

and the vertical and radial epicyclic frequencies read

νφ =
1

2πMx3/2
(
1 + ∆φQ̄

)
, (3.5.48)

νθ =
1

2πMx3/2
(
1 + ∆θQ̄

)
, (3.5.49)

νr =

√
x− 6

2πMx2
(
1 + ∆rQ̄

)
, (3.5.50)

respectively, where x ≡ r/M and

∆φ =
−15(x− 2)x

(
x3 − 2

)
log
(
x−2
x

)
+ 10x(x(2− 3(x− 1)x) + 8)− 60

32(x− 2)x
,

∆θ =
5

32

(
6x(2x− 7)− 12

(x− 2)x
+ 3(2x− 1)(x− 2)2 log

(
x− 2

x

)
+ 34

)
,

∆r =
10(48 + x(30 + x(26 + x(3(25− 4x)x− 127))))− 15(x− 2)2x2(x(4x− 13)− 2) log

(
x−2
x

)
32(x− 6)(x− 2)x

.



110 Quasi-spherical compact objects

For completeness, we also provide the leading-order quadrupolar corrections to the

ISCO radius in closed form, including also the well-known spin term at the linear order:

rISCO = 6M

[
1− 2

√
2

3
√

3
χ+

(
9325

96
− 480 coth−1(5)

)
Q̄

]
, (3.5.51)

and the corresponding analytical expressions for νφ and νθ at the ISCO:

νISCO
φ =

1

12π
√

6M

[
1 +

11

6
√

6
χ+

5

32

(
5892 coth−1(5)− 1193

)
Q̄

]
, (3.5.52)

νISCO
θ =

1

12π
√

6M

[
1 +

√
3

2
√

2
χ+

(
555 coth−1(5)− 3595

32

)
Q̄

]
. (3.5.53)

By performing a simple rescaling of Eqs. (3.5.52)–(3.5.53), the azimuthal frequency (νφ)

and the vertical epicyclic frequency (νθ) at the ISCO read

νISCO
φ ≈ 1.57

(
1 + 0.75χ+ 0.23Q̄

)(1.4M�
M

)
kHz , (3.5.54)

νISCO
θ ≈ 1.57

(
1 + 0.61χ+ 0.17Q̄

)(1.4M�
M

)
kHz , (3.5.55)

independently of the NS EoS11. When Q̄ ≈ 0.1, these frequencies can differ by a few

percent relative to the spherical case, leading to deviations in the emitted flux of the same

order. The quadrupolar correction is larger than the spin-induced linear term whenever

Q̄ & 0.18
( χ
0.05

)
.

GW phase corrections due to an intrisic quadrupole

NSs in compact binaries are assumed to be spherically symmetric at large orbital dis-

tance d, whereas they are deformed during the coalescence due to tidal interactions [279].

The tidally-induced quadrupole moment is proportional to the tidal field ∼ M/d3 and

the leading-order tidal correction to the GW phase enters at the fifth post-Newtonian

order [164], i.e. φtidal ∼ v5 (cf. Sec. 2.5.1). The leading order term was written explicitly

in Eq. (2.5.26) which we now rewrite for clarity sake,

ψTD(f) = −ψN
624

m5
Λv10 , (3.5.56)

and it is proportional to the tidal deformability Λ̃, which characterizes the size of the

tidally induced quadrupole deformations of the two stars [279, 22].

11As we have discussed previously, the object’s internal structure is only necessary to calculate the value
of the multipole moments, according to appropriate boundary conditions.
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Figure 3.6: GW phase. Phase contribution, φquadrupole, for the coalescence of two NSs
with intrinsic quadrupole moment relative to the leading-order Newtonian term in the
LIGO band. The red band corresponds to the range Q̄ ∈ (0.01, 0.2). The effect of the
intrinsic deformation is larger than that of the tidal deformability (blue band) below
100÷200 Hz even for (normalized) intrinsic quadrupole moment as small Q̄ ≈ 0.01, and it
always dominates at lower frequencies or for higher deformations. We use reference values
m1 = m2 = 1.4M�, and tidal deformability Λ̃ = 190+390

−120 [33, 277]. Similar effects were
studied in specific for spin-induced quadrupole moments [32, 278, 184].

On the other hand, as we have seen in Sec. 2.5.1 an intrinsic quadrupole moment

of the two inspiraling bodies affects the GW phase already at second post-Newtonian

order [164, 184]. Adapting the results for a spin-induced quadrupole moment, we find

that a generic quadrupole moment gives the following GW phase contribution

ψquadrupole =
75

64

(
m2

1Q̄1 +m2
2Q̄2

)
m1m2

1

v
' 75

32

Q̄

v
, (3.5.57)

where in the last step we assumed the same masses (m1 = m2 = M) and the same

intrinsic quadrupole moment (Q̄1 = Q̄2 = Q̄) for the two stars. As long as Q̄ ≈ 0.01 or

larger, the effect of the intrinsic quadrupole will dominate over the tidal term, especially

at low frequencies (cf. Fig. 3.6). To the best of our knowledge, this effect has never been
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considered before, but can dramatically affect the parameter estimation of NS binaries

and significantly modify the constraints on the NS EoS [22, 33, 277].



4Tests of the
Fuzzball Paradigm

Black holes are one of the most common and well-studied objects in physics. For

over a century the extensive study on their properties provided us with a more complete

picture of their nature. Perhaps one of the most interesting and characteristic properties

of black holes comes in the form of the so-called uniqueness and no-hair theorems [43, 44,

45, 47, 220] which state that within classical General Relativity (GR) the unique vacuum,

stationary solution is the Kerr metric [18].

Despite all the advantageous properties of black holes, these objects are also associated

with many theoretical and conceptual issues that are not well understood. Arguably two

of the most pressing problems are the singularity problem [280, 281, 282] - the theory of

General Relativity breaks down at the center of a black hole - and the so called information-

loss paradox [283] - what is the fate of the information trapped inside of a black hole once

the black hole evaporates completely?

Physicists have proposed some ideas on how to solve these conceptual issues using for

example, nonlocal effects, or the existence of remnants after the black hole evaporation.

Another leading idea for these problems’ solution is to consider that the near-horizon

structure of a black hole-like object is drastically different from what one would expect

from General Relativity. In the mist of all the models that follow this line one may find the

fuzzball proposal [136, 137, 133, 242, 283] arising from string theory which we will take as

our focus in this chapter. In this new paradigm, a black hole is entirely replaced by a new

object dubbed by fuzzball - a black hole microstate associated to smooth horizonless ge-

ometries. A fuzzball shares the same asymptotics (mass, charges, and angular momenta) as

those of a black hole, however the nontrivial structure at horizon scale makes its the geom-

etry drastically different from the black hole solution. Classical properties found for black

holes can be obtained in the fuzzball proposal using a coarse-graining averaging procedure

or as a ‘collective behavior’ of fuzzballs [284, 285, 286, 142, 143]. Currently it is extremely

113
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difficult to develop fuzzball models with the exception of particular cases. Unfortunately,

the most general solution for a fuzzball will be a complicated quantum object in string the-

ory that currently we do not have the tools to study. Some particular cases are possible to

study but even so finding a statistically significant fraction for five-dimensional (3-charge)

and for four-dimensional (4-charge) Bogomol’nyi-Prasad-Sommerfield (BPS) black holes

have proven to be too challenging of a task. Only a limited class of microstate geometries

have been found, multi-center or stratum ansatze [287, 288, 289, 290, 291, 292], that are

solutions of consistent quantum theory of gravity such as string theory [293, 294, 131].

Very little or nothing is known at the moment about microstates of neutral and non-BPS

black holes.

Until recently, not much has been done to investigate the phenomenological conse-

quences of the fuzzball proposal and to identify physical observables that can distinguish

an ensemble of microstates from the classical BH picture or from other exotic compact

objects which are still viable hypothesis [147, 4, 148, 5, 146]. Following this line, this

chapter’s scope is to review recent progress in the study of fuzzball phenomenology. We

will particularly emphasize the study of the fuzzball multipolar structure, where we will

describe that it can be much richer than the classical BH.

For the reasons aforementioned it is of extreme interest and urgency to test the “Kerr

hypothesis” and the nature of dark compact objects. This multipolar analysis add to other

observational tests of fuzzballs that have been recently proposed, see, e.g., Refs. [295, 296].

An additional motivation for this study comes from the fact that, quite intriguingly, the

current gravitational-wave observations have not yet excluded the possible existence of

exotic compact objects other than BHs and neutron stars [297, 24, 298]. In particular, the

measured masses of the binary components of GW190814 [297] and of GW190521 [24, 298]

are in discrepancy with the standard astrophysical formation scenario for BHs, being either

too light (as in the case of the lighest body in GW190814) or too massive (as it seems the

case for at least one of the bodies in GW190521).

While our approach is general and applies to any multi-center microstate geometry, we

shall focus on three-center solutions. As we shall show, the four-dimensional parameter

space of this family is very rich.

This chapter’s structure is as it follows: In Sec. 4.2 we will introduce with more detail

the concept of fuzzballs where we will culminate by presenting the spacetime metric for

a fuzzball. The core of this chapter is presented in Sec. 4.3 where we will show that the

metric of a fuzzball has nontrivial symmetries. Consequently, the spacetime will present a
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rich multipolar structure. In these section we identify some invariants associated with the

multipole moments and employ a statistical analysis to compare the multipole moments

of random microstate geometries with: a) those of a Kerr BH with the same mass and

angular momentum; and b) those of the corresponding solution in the (non-rotating) BH

limit, which is obtained when all centers coincide on a single point. In the former case

we find that more than 90% of the solutions have invariant moments larger than Kerr,

whereas in the latter case the invariants appear to be always larger than the corresponding

quantities in the BH limit. Interestingly, these invariants grow always monotonically with

the size (average distance between the centers) of the microstate (analogous to the fact

that the quasi-normal mode exponential decay rate is maximum for the BH solution [143]).

4.1 Executive summary

For the reader’s convenience, here we summarize the main results of this chapter in

nontechnical terms. The results described here can be found in our works [5, 4]. In this

chapter we study the multipolar structure of microstate geometries motivated by string

theory arguments. We focus a particular class of microstate with three centers but our

method is general and can be applied to more complex configurations.

The geometry of the fuzzball spacetime is characterized by an isotropic line element,

ds2 = −e2U (dt+ ω)2 + e−2U
3∑
i=1

dx2i , (4.1.1)

where U and ω are function for eight harmonic functions, {V,LI ,KI ,M}, I = 1, 2, 3 that

we write as,

V = v0 +

N∑
a=1

vi
ra

, LI = `0I +
N∑
a=1

`I,a ,

ra

KI = kI0 +

N∑
a=1

kIa
ra

, M = m0 +

N∑
a=1

ma

ra
. (4.1.2)

By virtue of these expressions, the fuzzball’s spacetime is written in ACMC coordinates

and the extraction of the multipole moments of the metric is straightforward.

By imposing appropriate asymptotes the metric functions are described entirelyby four

constants ki plus the positions of each center ri. Regularity of the solution at the centers

imposes that the distances between the centers rij are not free and must satisfy a set of
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equations called bubbling equations,

r12 =
2κ1κ4(κ2 − κ3)2r23

κ1κ4(2κ22 + 5κ2κ3 + 2κ23) + (κ2 + κ4 − κ1κ3 + κ1κ2κ3κ4)r23

r13 =
κ1κ4(2κ2 + κ3)(κ2 + 2κ3)r23

κ1κ4(2κ22 + 5κ2κ3 + 2κ23)− (κ1 − 1)(κ2 + κ3)r23
. (4.1.3)

By probing the parameter space composed of {k1, k2, k3, k4, r23} we compute the mul-

tipole moments for a wide variety of solutions. Our results are exciting and show that

fuzzballs’ multipolar structure is much richer than that of Kerr BHs. While Kerr BHs

are axisymmetric and equatorially symmetric, fuzzballs can have no symmetries at all,

even at the quadrupolar moment level. By studying both representative solutions and by

doing a full statistical analysis with samples over all the parameter space, we find that

the multipole moment invariants M` (S`)(see Sec. 2.4) are monotonically increasing with

the size of the microstate L and have a global minimum for L = 0 corresponding to the

BH limit. We also find that the multipole moments larger than the corresponding Kerr

multipole moments for more than 90% of the scenarios considered.

4.2 Microstate Geometries

In this section, we will review these multicenter bubbled geometries following the

constrution of Ref. [130]. So far we have provided a simple description of fuzzball as a

microstate geometry with the same asymptotics (mass, charge, angular momentum) as

those of a BH but differs at the horizon structure. The models that can be explicitly

constructed fall into two classes: i) multicentered bubbled geometries and ii) superstrata

geometries. Here we will focus on the former, where fuzzball solutions can be interpreted

as multi-center generalizations of the single center Schwarzschild and two-center Kerr

metrics.

The multicenter bubbled geometries are horizonless and smooth (i.e. no singularities)

solutions in five dimensional supergravity [130, 299, 300]. Typically they can have R4,1

asymptoptics where such solutions can be interpreted as a microstates of a supersymmet-

ric, three-charged black hole in five dimensions [301] or R3,1×S1 asymptoptics where these

solutions have the same mass and charges as those of a supersymmetric four-dimensional

black hole. In the latter case, one can reduce these solutions to multicenter solutions

of four-dimensional supergavity by compactifying over the (S1)ψ circle [300]. These mi-

crostates are described by several centers that although singular in the four-dimensional

compactification, correspond to regular structure in the full five-dimensional theory and
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thus not troublesome from a physical perspective.

4.2.1 Four and Five-dimensional geometries

We start by considering brane configurations that preserve the same supersymmetries

as those of a three-charge BH. In M-theory1 these can be constructed by considering a

compact six-dimensional torus T 6 with three M2 branes wrapping orthogonal two-tori

T 2. The eleven-dimensional spacetime metric describes the most general configuration

consistent with the symmetries of a three-charge BH,

ds211 = ds25 + ds2T 6 , (4.2.1)

where ds25 is the five-dimensional metric, ds2T 6 describes the metric on the compact T 6 and

they read,

ds25 = − (Z1Z2Z3)
− 2

3 (dt+ k)2 + (Z1Z2Z3)
1
3 ds24 , (4.2.2)

ds2T 6 =

3∑
I=1

(
Z1Z2Z3

Z3
I

)1/3 (
dy2I + dỹ2I

)
(4.2.3)

where ZI are called wrap functions, k is the five-dimensional rotation one-form and ds24 is

a pure spatial metric.

Five-dimensional solutions

Upon reduction on the T 6, one can reduce the study of the eleven dimensional system

into the study of the five dimensional metric (4.2.2) together with three scalar fields U I

and three gauge fields AI . We assume that the matter field are time independent an thus

the Maxwell fields can be decomposed into electric and magnetic components,

AI =
(
−Z−1I (dt+ k) +BI

)
, (4.2.4)

where BI are the magnetic potentials. To preserve the same supersymmetries as those of

a BPS black hole with the three charges, the scalar fields must be related to the electric

potential by,

U I =
(Z1Z2Z3)

1/3

ZI
, (4.2.5)

1M-theory was formulated as a theory that unifies all consistent versions of superstring theory. A review
on M-theory can be found in Refs. [302].
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The functions ZI , and the one-forms k and BI in Eqs. (4.2.2)–(4.2.1) depend only on the

four dimensional base space ds24. Supersymmetry arguments require ds24 to be a hyper-

Kähler metric [303]. From this class of metrics it is convenient to restrict our analysis to

microstate geometries in which the four-dimensional base is of the Gibbons-Hawking type,

ds24 = V −1 (dψ + ω0) + V
3∑
i=1

dxidxi , (4.2.6)

where V is an harmonic function on R3 and ω0 is related with V by,

∗3 dω0 = dV , (4.2.7)

with ∗3 denoting the 3-dimensional Hodge dual operator in the flat metric. Solutions in

a Gibbons-Hawking base are convenient because they have a natural interpretation upon

a Kaluza-Klein reduction along the ψ-fiber as four-dimensional multicentered solutions

which is our main focus here. In the standard form of Gibbons-Hawking spacetimes, V is

assumed to be described by a sum of multiple isolated sources. Let us denote the position

of the source point by xa - also called Gibbons-Hawking point - and ra = |x−xa| describes

the distance to the ath-source. Then, one writes V as,

V = v0 +
N∑
a=1

va
ra
. (4.2.8)

To obtain supersymmetric configurations the wrap factors ZI , the one-form k and the

magnetic potential BI must satisfy the BPS equations on a Gibbons-Hawking base [304,

305, 130],

ΘI − ∗4ΘI = 0 , (4.2.9)

∇2ZI −
1

2
|εIJK |2 ∗4 (ΘJ ∧ΘK) = 0 , (4.2.10)

dk + ∗4dk − ZIΘI = 0 , (4.2.11)

where we have introduced ΘI ≡ dBI is the magnetic field strength and the Hodge dual

is taken with respect to the Gibbons-Hawking base. It is straightforward to verify that
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Eqs. (4.2.9)–(4.2.11) are satisfied if the ZI , k and BI are written as,

ZI = LI +
|εIJK |

2

KJKK

V
, (4.2.12)

k = µ(dψ + ω0) + ω , (4.2.13)

BI =
KI

V
(dψ + ω0) + ξI . (4.2.14)

where LI and KI are two new harmonic functions, µ is given by

µ =
M

2
+
KILI

2V
+
εijkK

IKJKK

6V 2
, (4.2.15)

and by ω and ξI are are obtained from the following differential relations,

dξI = ∗3dKI , (4.2.16)

∗3dω =
1

2
(V dM −MdV +KIdLI − LIdKI) , (4.2.17)

where M is and additional harmonic function. Interestingly, we see that the solution is

entirely specified by eight harmonic functions {V,LI ,KI ,M}, I = 1, 2, 3. Following the

notation of Eq. (4.2.8) we can write the eight harmonic functions as,

V = v0 +
N∑
a=1

vi
ra

, LI = `0I +
N∑
a=1

`I,a ,

ra

KI = kI0 +
N∑
a=1

kIa
ra

, M = m0 +
N∑
a=1

ma

ra
. (4.2.18)

where the quantities (`Ia,ma) and (va, k
I
a) describe the electric and magnetic fluxes of the

four-dimensional gauge fields, and where (`0I ,m0) and (v0, k
I
0) quantify those fluxes at the

asymptotic infinity. Dirac quantisation requires that these fluxes are quantised and here

we adopt units such that they are all integers. Not all of these quantities are independent

since to require smoothness of the wrap functions ZI as ra → 0, one must require that the

sources of LI and M satisfy:

`Ia = −1

2
|εIJK |

kJi k
K
i

vi
, ma =

k1i k
2
i k

3
i

v2i
, (4.2.19)

As a final condition, we will restrict our analysis to supergravity solutions with asymp-

totics described by a system of four stacks of D3-branes intersecting orthogonally on T 6
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(considered in [291]):

V → 1 +
v

r
, LI → 1 +

`i
r
, M → 0 , KI → 0 . (4.2.20)

Under this restriction and by means of Eq. (4.2.19) we find that the harmonic function

coefficients must satisfy the following relations,

`0I = v0 = 1 , m0 = kI0 = 0 ,∑N
a=1 k

I
a = 0 ,

N∑
a=1

k1ak
2
ak

3
a

vi
= 0 . (4.2.21)

Following the notation of Refs. [291, 4, 5] for concreteness we shall take

vi = 1 , (4.2.22)

although this condition is not required by the asymptotics.

Box 1: Summary of the five-dimensional metric

For the reader’s convenience we highlight here the most relevant expressions from
Sec. 4.2.1. The five-dimensional metric written in a Gibbons-Hawking base reads,

ds25 = − (Z1Z2Z3)
− 2

3 [dt+ µ (dψ + ω0) + ω]2+(Z1Z2Z3)
1
3

[
V −1 (dψ + ω0) + V

3∑
i=1

dx2i

]
,

(4.2.23)
with the wrap functions ZI , and µ defined by

ZI = LI +
|εIJK |

2

KJKK

V
, µ =

M

2
+
KILI

2V
+
εijkK

IKJKK

6V 2
, (4.2.24)

whereas the one-forms ω a ω0 are defined by the differential relations,

∇× ω =
1

2
(V∇M −M∇V +KI∇LI − LI∇KI) , (4.2.25)

∇× ω0 = ∇V . (4.2.26)

The metric is completely described by eight harmonic functions{V,LI ,KI ,M}, I =
1, 2, 3 that we write as,

V = v0 +

N∑
a=1

vi
ra

, LI = `0I +

N∑
a=1

`I,a ,

ra

KI = kI0 +

N∑
a=1

kIa
ra

, M = m0 +

N∑
a=1

ma

ra
. (4.2.27)
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Four dimensional reduction

Metric (4.2.2) with a Gibbons-Hawking base (4.2.6) has a U(1) isometry associated

with ψ and hence we can study the four-dimensional case by taking a Kaluza-Klein re-

duction over the ψ-fiber. Naturally, the reduction will generate a N = 2 four-dimensional

supergravity with gravity minimally coupled to four Maxwell fields and three complex

scalars. It is possible to show that the most general time independent BPS configuration

in four dimensions obtained from a Kaluza-Klein reduction of Eq (4.2.2) is described by a

metric [306, 307, 300]

ds2 = −e2U (dt+ ω)2 + e−2U
3∑
i=1

dx2i , (4.2.28)

where U is defined by,

e−4U=V L1L2L3−K1K2K3M+1
2

3∑
I>J

KIKJLILJ−
MV

2

3∑
I=1

KILI−
M2V 2

4
−1

4

3∑
I=1

(KILI)
2

(4.2.29)

and ω is given by Eq. (4.2.17).

4.2.2 Regularity and smoothness of the solutions

Let us now consider the conditions for which these solutions are regular. There are

in principle several ways for which these solutions to be pathological: (i) as the solution

approaches ri → 0, singularities may appear in the spacetime due to the divergence of the

harmonic functions (4.2.18) the centers, (ii) closed timelike curves (CTCs) may be present

in the spacetime, (iii) at V = 0 where one could argue that the metric (4.2.2) becomes

singular since the wrap functions ZI are divergent for V = 0 (cf. Eq. (4.2.12)). We shall

now review these three cases separately.

Regularity at V → 0 limit

Let us start by studying the regularity of the spacetime as V → 0. We shall consider

only the spatial components of the metric by taking constant t slices of the spacetime2.

The resulting metric reads

ds2 = −W−2 [µ (dψ + ω0) + ω]2 +W
[
V −1 (dψ + ω0) + V

(
dr2 + r2dθ2 + r2 sin2 θdϕ2

)]
,

(4.2.30)

2A discussion on the regularity of the complete metric is presented on Ref. [130]
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where we have defined a new wrap factor W := (Z1Z2Z3)
1
3 and introduced spherical coor-

dinates x = (r, θ, ϕ). To study V → 0 limit it is convenient to expand the metric (4.2.30)

and rewrite it as,

ds24 = − e−4U

(VW )2
(
dψ + ω0 − µV 2e4Uω

)2
+WV

(
dr2 + r2dθ2 + r2 sin2 θdϕ2 − ω2e4U

)
,

(4.2.31)

where e−4U := W 3V − µ2V 2. If one expands W and µ in the harmonic functions using

Eqs. (4.2.12) and (4.2.15), one finds that the expression for e−4U in terms of the eight

harmonic functions reads,

e−4U = V L1L2L3−K1K2K3M+1
2

3∑
I>J

KIKJLILJ−
MV

2

3∑
I=1

KILI−
M2V 2

4
−1

4

3∑
I=1

(KILI)
2 .

(4.2.32)

From Eq. (4.2.31) we can find that V only enters the metric in the terms e4U and WV and

it is straightforward to check that both of these quantities are regular as V → 0. Thus,

one concludes that the spatial metric is regular across the surface V = 0.

Closed timelike curves

We now move our attention to the existence of CTCs in these solutions. Analysing the

spatial components of the six-dimensional metric (4.2.3) and the four dimensional basis

given in Eq. (4.2.31) we see that to ensure positivity of the spatial coefficients and avoid

CTCs the following conditions must be true everywhere,

W

ZI
> 0 , e2U > 0 , WV > 0 . (4.2.33)

Interestingly, we see that these three conditions can be summarized in just two conditions

that read,

e2U > 0 , LIV +
1

2
|εIJK |KJKK > 0 . (4.2.34)

Bubble equations

We shall now consider possible pathologies and divergences in the spacetime as one

approaches a Gibbons-Hawking point (i.e. as ri → 0). From Eq. (4.2.31) it is clear that

the circle defined by ψ will be a CTC as ri → 0 since we have

lim
ri→0

V −1 → 0 , lim
ri→0

e−4U → µ2V 2 , lim
ri→0

W → const . (4.2.35)
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One can check that the only way to avoid such pathologies is to impose an additional

restriction,

lim
ri→0

µ = 0 . (4.2.36)

A similar argument can be made about small ϕ-circles near the θ = 0, π whenever finite dϕ

terms are present in the one-form ω. These terms are associated with Dirac-Misner strings

in the solution. To regularize the spacetime one must avoid these string singularities.

Remarkably, it checks out that both of these conditions yield the same constrain. Thus,

using Eqs. (4.2.15) and the expressions for the harmonic functions and their coefficients

defined in Eqs. (4.2.18) and (4.2.21) we expand µ around the centers to find that regularity

implies a restriction on the kJa , the so called bubble equations,

N∑
i=1

Π
(1)
ai Π

(2)
ai Π

(3)
ai + v0

k1ak
2
ak

3
a

v2a
−

3∑
I=1

`0Ik
I
a − |εIJK |

kI0k
J
a k

K
a

2va
−m0va = 0 , (4.2.37)

where

Π
(I)
ab =

kIa
va
−
kIb
vb
. (4.2.38)

If we impose restrictions (4.2.21)–(4.2.22) we find that the bubbling equations simplify

into, ∑
b 6=a

1

ra,b

3∏
I=1

(kIa − kIj ) + k1ak
2
ak

3
a −

3∑
I=1

kIa = 0 . (4.2.39)

4.3 The multipolar structure of fuzzballs

We shall now consider the full multipolar structure of the fuzzball solution. We shall

focus our analysis on three center solutions since these are the simplest regular microstate

geometries, however for completeness we shall also discuss geometries with one and two

centers.

It is specially interesting to study multipole moments for a few reasons:

� The multipolar structure affects the motion of test particles around a central ob-

ject, the inspiral of a binary system, and therefore the electromagnetic signal from

accreting dark compact objects [308] and the gravitational-wave signal emitted by

coalescing binaries [164]. A deeper understanding of multipole moments is essential

to correctly model such systems and opens the path to use multipolar structure to

test models in these systems, particularly tests of the no-hair theorem.

� As we will show below, the multipolar structure of a fuzzball is significantly richer
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than that of a Kerr BH [147, 4, 148, 5, 146]. While the latter is equatorial and axial

symmetric, a microstate geometry can generically break any symmetry. This lack

of symmetry stems in new classes of multipole moments which are identically zero

in the Kerr case [2]. Furthermore, as dictated by the no-hair theorem [45, 47, 220],

all properties of a Kerr BH – including of course its infinite tower of multipole

moments – are determined in terms of its mass M and angular momentum J .

Therefore, measuring independently three arbitrary multipole moments (typically

the mass, spin, and the mass quadrupole moment) can place a strong constraint on

alternatives to the classical Kerr picture [308, 309, 310, 34, 160, 12, 2, 36].

� Unlike other observables, multipole moments have the practical advantage of being

easy to calculate, since they require only an asymptotic expansion of the metric. This

is particularly convenient in the context of fuzzballs, since the latter are generically

described by very complicated metrics with little or no symmetries at all. Further-

more, although microstate geometries are manifestly regular when lifted to higher

dimensions, they appear singular in four dimensions. The singularity is compensated

by some divergence of the scalar fields emerging from the sanctification. Although

this singularity is harmless from a physical point of view, this property together

with lack of symmetries is an hindrance to study some phenomenological effects,

for example the computation of quasi-normal modes of these solutions. Multipole

moments on the other hand are extracted at asymptotic infinity, where the solution

is simple and manifestly regular also in four spacetime dimensions.

If one chooses mass centered coordinates, metric (4.2.28) is automatically in ACMC

form since e2U and ω are defined in terms of harmonic functions. Restricting to leading

harmonic components, the formulae for the metric functions Eqs (4.2.32),(4.2.17) lead to

e−4U = 1 + 4

N∑
a=1

µa
ra

+ . . .

∗3dω =
1

2
d(v0M −m0 V + kI0LI − `0,IKI) + . . . = 2d

(
ja
ra

)
+ . . . (4.3.1)

where µa and ja are some rational numbers following from the expansion of the left-

hand side and the ellipsis corresponds to terms that dye faster than r−1a in the limit of

large ra since they contribute to lower harmonic components. Let us now compare these

expressions with the asymptotic definition of the metric in terms of the harmonic functions

and multipole moments that we presented in Chap. 2 (cf. Eqs. (2.4.23) and (2.4.24)). One
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finds that the complex harmonic function H = H1 + iH2 can then be written as a sum

over centers

H =
∞∑
`=0

∑̀
m=−`

√
4π

2`+ 1

Y`m
r1+`

(M`m + iS`m) =
N∑
a=1

µa + ija
ra

+ . . . (4.3.2)

where again the ellipsis denotes lower harmonic terms. Expanding the distance to the

centers ra in terms of spherical harmonics as

1

ra
=

∞∑
`=0

∑̀
m=−`

√
4π

2`+ 1

Ra`mY`m(θ, φ)

r`+1
(4.3.3)

with

Ra`m = |xa|`
√

4π

2`+ 1
Y ∗`m(θa, φa) (4.3.4)

with θa and φa the angular coordinates of the ath-center. One can use this expansion to

find the compact result

M`m + iS`m =

N∑
a=1

(µa + ija)R
a
`m . (4.3.5)

A straightforward analysis of Eq. (4.3.5) allow us to identify clearly µa and ja as the

individual mass and individual angular momentum of the ath-center, respectively. It is

noteworthy to mention here that although Eq. (4.3.5) is valid for ` = 0 one should note

that there is no physical meaning to S00 since this quantity never appears on the metric.

To completely set the metric in an ACMC form we need to remove possible mass

dipole terms. This can be easily done by choosing a reference frame such that the origin

of the coordinate system in the center-of-mass of the system. It will also be convenient to

rotate the frame such that the angular momentum is orientated with the z-axis. It can be

checked that these conditions can be summarized as

N∑
a=1

µaxa = 0 , J =

N∑
a=1

jaxa = J ez (4.3.6)

with ez the unit vector along z. With this choice M1m = 0, S1±1 = 0, and S10 = J .

As expected, in the limit where N = 3, conditions (4.3.6) are identical to the ones in

Eqs. (4.3.25) used to compute the location of the centers in the three-center solution.

Thus, the multipolar structure of the fuzzball solution is entirely characterized by

the individual masses µa and individual angular moments ja as well by each center’s

positions. If we restrict to supergravity solutions from orthogonal branes [291] using the
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conditions (4.2.21)–(4.2.22), we can expand Eq. (4.3.1) to leading order and find that

µa =
1

4

(
va +

3∑
I=1

`I,a

)
, ja =

1

4

(
ma −

3∑
I

kIa

)
. (4.3.7)

We will often display formulae for the following dimensionless ratios

M`0 =
M`0

χ`
, S`0 =

S` 0
χ`

, (4.3.8)

where ` is even and odd, respectively. These ratios are ±1 for Kerr BHs and are ill-defined

for Schwarzschild BHs (see [273] and references therein for early studies of these ratios

in the context of compact objects within GR and beyond). Furthermore, in the case of

neutron stars [221, 162, 273] and boson stars [311] they are always larger than in the BH

case, although these solutions are not continuously connected to the BH solution. For

other exotic compact objects that continuously connect to the BH metric (e.g., gravastars

or strongly anisotropic stars) these ratios approach the Kerr value in the BH limit [312,

313, 267, 268, 2]. In the context of microstates these ratios have been recently studied

in [147, 148].

We will provide some evidence that mass and current multipole moments of microstate

solutions are typically (but not always) bigger than those of a Kerr BH with the same mass

and angular momentum. Furthermore, it is convenient to define the quadratic invariants

which are proportional to

M` ≡

√√√√ ∑̀
m=−`

|Mlm|2 , S` ≡

√√√√ ∑̀
m=−`

|Slm|2 . (4.3.9)

More general invariants can be built analogously (see Appendix B for details). Note that

the above relations reduce to the standard definitions of M` and S` in the axisymmetric

case, modulo the sign. We will provide numerical evidence that for three-center microstate

geometries these invariants grow monotonically with the size L of the microstate, with a

global minimum at L = 0, where the microstate reduce to a spherical BH.

4.3.1 Single-center solutions

Single center solutions correspond to Reissner-Nordström BHs, their multipole struc-

ture coincides with the one of Schwarzschild BHs and reads

M00 =M , M`>0,m = 0 , S`m = 0 . (4.3.10)
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4.3.2 Two-center solutions

With only two centers, there is no solution to the bubble equations (4.2.39), so two-

center solutions are always singular and uninteresting. Still, their multipole moments bear

some similarity with those of STU BHs, so we will briefly review them. One can always

align the center position along the z-axis, i.e. θ1 = 0, θ2 = π and, by requiring that the

center of mass lies at the origin, we get

x1 =
µ2
M

L ez , x2 = − µ1
M

L ez . (4.3.11)

The multipole moments follow then from (4.3.5) and read

M`0 =

(
− L

M

)` [
µ`1µ2− (−µ2)`µ1

]
, S`0 =

(
− L

M

)` [
µ`1 j2 + (−µ2)` j1

]
. (4.3.12)

Notice that these solutions depend on five parameters, µ1, µ2, j1, j2, and L/M. These

formulae although different, bear some similarity with those recently obtained in [147] for

non-extremal STU BHs, which depend on four independent parameters, M, J , a, D and

read

M` = − i

2

(
− a

M

)`
ZZ

(
Z`−1 − Z`−1

)
, S` =

i

2

(
− a

M

)`−1 J
M

(
Z` − Z`

)
(4.3.13)

with Z = D − iM. The multipole expansion of the two-center solution significantly

simplifies for µ1 = µ2 =M/2, j1 = −j2 = j. The non-trivial moments in this case are

M2n 0 =
ML2n

22n
, S2n+10 = −jL

2n+1

22n
, n ≥ 0 (4.3.14)

and match those of Kerr BHs, Eq. (2.4.32), if one choose L = 2ia and j = iM/2, as

expected.

4.3.3 Three-center solutions

The simplest, regular, horizonless geometries arise for three-center solutions which

we will consider here. We restrict ourselves to fuzzballs of four-charged BHs (in four

dimensions) obtained from orthogonal branes (as in Refs. [291, 4, 5]) for which asymptotics

require the harmonic function to satisfy Eqs. (4.2.21) and (4.2.22). From these equations
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we see that the coefficients kIa are restricted by,

3∑
a=1

kIa =
3∑

a=1

k1ak
2
ak

3
a = 0 , (4.3.15)

which determine the kIa to be of the form

kIa =


−κ1κ2 −κ1κ3 κ1(κ2 + κ3)

κ3 κ2 −κ2 − κ3

−κ4 κ4 0

 . (4.3.16)

Thus, the eight functions {V,LI ,KI ,M} read,

V = 1 +

3∑
a=1

1

ra
, M = κ1 κ2 κ3 κ4

(
1

r1
− 1

r2

)
L1 = 1 + κ4

(
κ3
r1
− κ2
r2

)
, L2 = 1 + κ1κ4

(
−κ2
r1

+
κ3
r2

)
L3 = 1 + κ1

(
κ2κ3
r1

+
κ2κ3
r2

+
(κ2 + κ3)

2

r3

)
, K1 = κ1

(
−κ2
r1
− κ3
r2

+
κ2 + κ3
r3

)
K2 =

κ3
r1

+
κ2
r2
− κ2 + κ3

r3
, K3 = κ4

(
− 1

r1
+

1

r2

)
(4.3.17)

with κi some arbitrary integers. The bubble equations (4.2.39) constrain the distances

rab = |xa − xb| between the centers to be related by

r12 =
2κ1κ4(κ2 − κ3)2r23

κ1κ4(2κ22 + 5κ2κ3 + 2κ23) + (κ2 + κ4 − κ1κ3 + κ1κ2κ3κ4)r23

r13 =
κ1κ4(2κ2 + κ3)(κ2 + 2κ3)r23

κ1κ4(2κ22 + 5κ2κ3 + 2κ23)− (κ1 − 1)(κ2 + κ3)r23
. (4.3.18)

The three-center solution describes a microstate of a Reissner-Nordström BH with a

magnetic charge P0 and three electric charges QI given by

P0 = 3 , Q1 =κ4(κ3−κ2) , Q2 =κ1κ4(κ3−κ2) , Q3 =κ1(κ
2
2 + 4κ2κ3 +κ23) .

(4.3.19)

In addition to the parameters κi associated with the BH charges by Eq. (4.3.19), the

solution is described by a continuous parameter L ≡ r23 labelling the microstate. When

L→ 0 the three centers collapse to a single center at r = 0 and this three center microstate

solution approaches the corresponding BH geometry characterized in Sec. 4.3.1. As one

approaches this BH limit (also dubbed scaling limit [147, 148, 146]) the centers sit at

an increasingly deeper and redshift throat that approaches a single and infinite redshift
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Figure 4.1: Fuzzball throat. Schematic representation of a microstate geometry’s red-
shift throat with three centers (represented as red dots) that are separated by a distance
L. As the distance between the centers decreases, the microstate solution tends to a sin-
gle center BPS BH with the same asymptotic charges. Additionally, The redshift throat
where each center sits becomes increasingly deeper.

throat when L→ 0 (cf. Fig. 4.1).

To have non-zero and positive charges3 we require

κ1 > 0 , κ4 > 0 , κ3 > κ2 ≥ 0 . (4.3.20)

One can check that for κ3 > κ2 the regularity conditions (4.2.34) are always satisfied, so

from now on κ3 > κ2 > 0 will be always assumed.

Finally, the mass and angular momentum of the solution are given by

M = µ1 + µ2 + µ3 , J =
3∑

a=1

jaxa = J ez (4.3.21)

with xa the positions of the centers, and

µ1 =
1

4
(1 + κ1κ2κ3 − κ1κ2κ4 + κ3κ4) , µ2 =

1

4
(1 + κ1κ2κ3 + κ1κ3κ4 − κ2κ4) ,

µ3 =
1

4
(1 + κ1(κ2 + κ3)

2) ,

j1 =
1

4
[κ2 + κ4 + κ1κ3(κ2κ4 − 1) + (κ1 − 1)(κ2 + κ3)]

j2 = −1

4
(κ2 + κ4 + κ1κ3(κ2κ4 − 1)) , j3 = −1

4
(κ1 − 1)(κ2 + κ3) .

(4.3.22)

Notice that j1 + j2 + j3 = 0, so much so that J is invariant under rigid translations of the

centers.

3For BPS-ness it is enough that the charges be of the same sign and I4(P0, QI , P
I , Q0) > 0.
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Figure 4.2: Deformations of fuzzballs. Schematic representation of a slowly rotating
BH (on the left) and fuzzball (on the right). Fuzzballs can be interpreted as microstate
geometries described by several centers (depicted in the three red dots) corresponding to
a multicenter generalization of the single center BH solutions. Rotating BHs are equato-
rial and axisymmetric with an unique multipolar structure, whereas fuzzballs are can be
characterized by a more complex deformations with less symmetry.

The location of the centers

We define our coordinate system such that the three vertices lie on the (x, z)-plane

(ya = 0), with the center of mass at the origin and the angular momentum aligned along

the (positive) z direction. So we take

xa = (xa, 0, za) (4.3.23)

with

xa = α εabc µb jc , z1 = βµ2 + γµ3 , z2 = −βµ1 , z3 = −γµ1 , (4.3.24)

and α, β, γ three parameters to be determined. It is easy to see that this choice satisfies

the defining conditions

3∑
a=1

µaxa =

3∑
a=1

µaza = 0 =

3∑
a=1

jaxa . (4.3.25)
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The parameters α, β, γ are determined by the bubble equations that yield

r23 = L , r13 =
√
ρL , r12 =

√
σL (4.3.26)

with
√
ρ =

1

1− ã1L
,

√
σ =

ã2
1 + ã3L

(4.3.27)

and

ã1 =
(κ1−1)(κ2+κ3)

κ1κ4(2κ2+κ3)(κ2+2κ3)
, ã2 =

2(κ3−κ2)2

(2κ2+κ3)(κ2+2κ3)
, (4.3.28)

ã3 =
κ2+κ4+κ1κ3(κ2κ4−1)

κ1κ4(2κ2+κ3)(κ2+2κ3)
.

Under the assumptions (4.3.20), we find that the parameters ãi always span a finite domain

0 ≤ ã1 ≤
1

2
, 0 ≤ ã2 ≤ 1 , −1

2
≤ ã3 ≤

1

2
. (4.3.29)

Solving the bubble equations one finds

α =
L
√

2(ρ+σ)− 1− (ρ−σ)2

2M
√
j22 + ρj21 + (1− σ + ρ)j1j2

β =
L [j1(µ1(ρ+ σ − 1)− µ3(1 + ρ− σ))− j2(µ1(1− ρ+ σ) + 2µ3)]

2µ1M
√
j22 + ρj21 + (1− σ + ρ)j1j2

γ =
L [j1(µ2(1 + ρ− σ) + 2µ1ρ) + j2(µ1(1 + ρ− σ) + 2µ2)]

2µ1M
√
j22 + ρj21 + (1− σ + ρ)j1j2

(4.3.30)

Solutions exist only if the argument of the square root in the numerator of α is positive.4

Together with the positivity of rab, one finds that solutions exist for 0 < L < Lmax with

Lmax =
(1 + ã2)

2ã3

(√
1 +

4ã2ã3
ã1(ã2 + 1)2

− 1

)
, (4.3.31)

obtained by carefully inspecting the following inequalities

ã3L ≥ −1 , 0 ≤ ã1L ≤ 1 , 2(ρ+σ)− 1− (ρ−σ)2 ≥ 0 . (4.3.32)

For L = Lmax (i.e. at the boundary of the third inequality) the parameter α vanishes and

the centers are aligned along the z-axis, therefore the solution is axisymmetric. Since ρ

and σ respectively diverge when the second and first inequality above are saturated on

4One can check that the argument of the square root in the denominators is always positive.
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the right, it is easy to see that the last inequality is often the most stringent one.

We can distinguish two main classes of solutions:

� κ1 = 1: For this choice ã1 = 0, ρ = 1 so the triangle formed by the three centers is

isoscele or equilateral. The conditions (4.3.32) are always satisfied so solutions exist

for any choice of L.

� κ1 6= 1: This is the generic case, solutions exist only inside the finite domain L ∈

[0, Lmax].

The multipole moments

The resulting expressions for the multipole moments read

M`m + iS`m =

N∑
a=1

(µa + ija)R
a
`m . (4.3.33)

with

Ra`m = |xa|`
√

4π

2`+ 1
Y ∗`m(θa, φa) (4.3.34)

and

x1 = (α (µ2 j3−µ3j2), 0, βµ2+γµ3) , x2 = (α (µ3 j1−µ1j3), 0,−βµ1)

x3 = (α (µ1 j2−µ2j1), 0,−γµ1) (4.3.35)

so that

cos θa =
α εabc µbjc
|xa|

, cosφa = sign (εabc µb jc) (4.3.36)

The parameters α, β, γ are given by (4.3.30) while µa, ja are listed in (4.3.22). The mass

and angular momentum of the solution are given by

M = µ1 + µ2 + µ3 , J = j1(βµ2 + γµ3 + γµ1) + j2(γ − β)µ1 . (4.3.37)

4.3.4 Examples of three-center solutions

In this section we present the multipole moments for several interesting examples of

the three-center family of solutions. The general cases are presented in Appendix C.
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Solution (κ1, κ2, κ3, κ4) S10 M20 M21 M22 S20 S21 S22
A (1,0,λ,λ) 0 4L2

27λ4
0

√
2
3
2L2

9λ4
0 0 0

B (1,0,1,λ) L
λ

L2

λ2
0 3

√
3L2

2
√
2λ3

0 − 3L2
√
2λ3

0

C (3,0,λ,2λ) 4
√
3L

112 λ3
144L2

114 λ4
−72
√
2L2

114 λ4
72
√
6L2

114 λ4
−164L2

114λ5
48
√
2L2

114λ5
2
√
6L2

113λ5

Kerr-Newman χ −χ2 0 0 0 0 0

Table 4.1: The first dimensionless multipole moments of the first three representative 3-
center microstate geometries described in Sec. (4.3.4) in the λ� L. More general solutions
can be found in App.C. Moments with m < 0 follow from M`,−m = (−1)mM ∗

`,m.

Solution A: ~κ = (1, 0, λ, λ), scaling solution

The scaling solution is characterized by the following choice of the parameters:

κi = (1, 0, λ, λ) , µa =

(
1 +λ2

4
,
1 +λ2

4
,
1 +λ2

4

)
, ja = (0, 0, 0) (4.3.38)

P0 = 3 , QI = (λ2, λ2, λ2) , M =
3(1 +λ2)

4
, J = 0 (4.3.39)

ãi = (0, 1, 0) , ρ = σ = 1 . (4.3.40)

Therefore r12 = r23 = r13 =L, implying that the three centers are the vertices of an equi-

lateral triangle. Since ã1 = 0 the parameter L is unbounded.

The non-trivial mass multipole moments are5

M2p+3n ,3n =

√
(2p)!√

(6n+ 2p)!

ML3n+2p

√
3
3n+2p

[
P3n+2p ,3n(0) + 2(−1)nP3n+2p ,3n

(√
3

2

)]
(4.3.41)

with p, n ≥ 0, while all current multipoles vanish S`m = 0. More specifically, the first

nonvanishing moments are

M2,0 =
4L2

27 (1 + λ2)2
, M3,3 = −M∗3,−3 = − 4

√
5L3

81
√

3 (λ2 + 1)3
. (4.3.42)

Unlike the Kerr case, the mass quadrupole is non-vanishing even if the solution is non-

spinning. Furthermore, starting from the octupolar moments the solution contains also

moments with m 6= 0, consistently with the fact that axisymmetry is broken and reduced

to the (discrete) dihedral symmetry D3 = Z3 o Z2 = S3.

5The expression for the mass multipoles is different from the correspondent one in [4] since, at variance
with what we do here, in [4] vertices were taken to be lying on the (x, y)-plane.
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Solution B: ~κ = (1, 0, κ̄3, κ̄4λ)

We consider a non-scaling solution with parameters

κi = (1, 0, 1, λ) , P0 = 3 , QI = (λ, λ, 1) , M =
2 + λ

2

µa =

(
1 +λ

4
,
1 +λ

4
,
1

2

)
, ja =

(
λ− 1

4
,
1− λ

4
, 0

)
ãi =

(
0, 1,

λ− 1

2λ

)
, ρ = 1 , σ =

1

(1 + λ−1
2λ L)2

. (4.3.43)

Notice that ρ = 1, which implies r13 = r23, therefore the vertices form an isosceles triangle.

Again since ã1 = 0 the parameter L is unbounded. In the limit of large λ with L = O(λ0)

one finds

J ≈ Lλ

2(L+ 2)
, χ ≈ 2L

(L+ 2)λ

M2 ≈ 1 +
7− 4L− L2

2λ
, S3 ≈ 1 +

6

λ
.

(4.3.44)

Notice that, for large λ, χ� 1 for any value of L, which is consistent with these solutions

being microstates of a non-spinning BH. More generally, the non-trivial mass and spin

multipole moments in this limit take the form

M2n ,0 ≈
λ

2

(
L

2

)2n

, S2n+1 ,0 ≈
λ

2

(
L

2

)2n+1

. (4.3.45)

that coincide with those of Kerr metric apart from the missing alternating signs. This is

not surprising since in the limit of large λ the mass of two centers is much bigger than the

third one, so the system looks effectively as a 2-center solution.

Solution C: ~κ = (κ̄1, 0, κ̄3 λ, κ̄4 λ)

Here we consider the solution for which κ2 = 0 and κ3,4 � κ1, with arbitrary κ1.

Their analytic expressions are cumbersome and we present them in Appendix C. Here we

display the formulae for a given choice of the κ̄’s:

κi = (3, 0, λ, 2λ) , P0 = 3 , QI = (2λ2, 6λ2, 3λ2) , M =
3 + 11λ2

4

µa =

(
1 + 2λ2

4
,
1 + 6λ2

4
,
1 + 3λ2

4

)
, ja =

(
λ

4
,
λ

4
,−λ

2

)
ãi =

(
1

6λ2
, 1,− 1

12λ2

)
, ρ =

1

(1− L
6λ2

)2
, σ =

1

(1− L
12λ2

)2
. (4.3.46)
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The value of Lmax in this case is

Lmax = 12λ2
(

1− 1√
2

)
. (4.3.47)

The explicit formulae for the multipole moments are not very illuminating, therefore we

consider two subcases with large λ: L ∼ O(1) and L ≈ λ2. For these choices one finds

L = 1 : χ ≈ 4
√

3

121

L

λ3
, M2 ≈ 3λ2 , S3 ≈

49

8
λ2

L =λ2 : χ ≈ 0.05

λ
, M2 ≈ 2.76λ2 , S3 ≈ 3.55λ2 . (4.3.48)

The same scalings with λ are found also for the generic solution presented in Sec. C.2. In

particular, notice that in this case M2 and S3 are always much bigger than unity, which

seems a rather general property of this class of solutions [4].

Solution D: ~κ = (κ̄1, κ̄2 λ, κ̄3 λ, κ̄4 λ)

A representative example in this class is given by

κi = (3, λ, 3λ, 4λ) P0 = 3 , QI = (8λ2, 24λ2, 66λ2) , M =
3 + 98λ2

4

µa =

(
1 + 9λ2

4
,
1 + 41λ2

4
,
1 + 48λ2

4

)
, ja =

(
λ+ 9λ3, λ− 9λ3, − 2λ

)
ãi =

(
2

105λ2
,

8

35
,
9λ2 − 1

105λ2

)
, ρ =

1

(1− 2L
105λ2

)2
, σ =

82

352
1

(1 + L
105

9λ2−1
λ2

)2
.
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For this choice of κi the maximum value of L is

Lmax =
3λ2

2(9λ2 − 1)

(√
5040λ2 + 1289− 43

)
(4.3.50)

for large λ we obtain Lmax ≈ 2
√

35λ ∼ 11.8λ. Again we consider two subcases with large

λ:

L = 1 : χ ≈ 0.003

λ
, M2 ≈ −

20

λ2
, S3 ≈ −

57

λ2

L = 10λ : χ ≈ 0.04

λ
, M2 ≈ 6.9 , S3 ≈ 20

(4.3.51)

The same scalings with λ are found also for the more general solution of this class

presented in Sec. C.3. In particular, notice that when κ2 6= 0 the behavior of M2 and S3

is drastically different: in the large-λ limit they tend to vanish when L = O(1), whereas

they asymptote to a constant value in the opposite regime L → Lmax ∼ λ. In all cases,
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the dimensionless spin χ is vanishingly small.

Solution E: ~κ = (κ̄1λ, κ̄2 λ, κ̄3 λ, κ̄4 λ)

A representative example in this class is given by

κ = (2λ, λ, 4λ, 3λ) , P0 = 3 , QI = (9λ2, 18λ3, 66λ3) , M =
3(1 + 3λ2 + 28λ3)

4

µa =

(
1 + 12λ2 + 2λ3

4
,
1− 3λ2 + 32λ3

4
,
1 + 50λ3

4

)
ja =

(
λ

4

(
24λ3 + 2λ− 1

)
, λ
(
−6λ3 + 2λ− 1

)
,
5λ

4
(1− 2λ)

)
ãi =

(
5(2λ− 1)

324λ3
,
1

3
,
6λ3 − 2λ+ 1

81λ3

)
, ρ =

1

(1− 5(2λ−1)
324λ3

L)2
, σ =

1

3

1

(1 + 6λ3−2λ+1
81λ3

L)2
.

(4.3.52)

The exact value of Lmax is not so illuminating therefore we show the large λ limit

L ≤ Lmax ≈
27√

5
λ ∼ 12λ (4.3.53)

Again we consider two subcases with large λ: L ∼ O(1) and L ∼ 10λ < Lmax. One finds

L = 1 : χ ≈ 0.004

λ2
, M2 ≈ −

14

λ2
, S3 ≈ −

61

λ2

L = 10λ : χ ≈ 0.06

λ2
, M2 ≈ 2.9 , S3 ≈ 13

(4.3.54)

The same scalings with λ are found also for the more general solution of this class presented

in Sec. C.4. Similarly to Solution D above, also in this case M2 and S3 vanish in the

large-λ limit when L = O(1), whereas they asymptote to a constant value in the opposite

regime L→ Lmax ∼ λ� 1 limit.

4.3.5 A statistical approach

As clear from the previous sections, even in the simplest family of microstate geometries

(with three centers), the parameter space is very complex and it is hard to extract general

properties from particular classes of solutions. Nonetheless, our partial exploration of

certain classes of solutions suggests the following trend:

� In certain subspaces of the parameters (in particular when κ2 = 0), the solutions have

generically multipole moments larger (in absolute value) than their Kerr counterpart,

except for few isolated examples, whose measure is of lower dimension relative to

the subspace.
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Figure 4.3: Multipole invariants of fuzzballs. The quantities M2 (top panel), S2

(middle panel), and S3 (bottom panel) defined in Eq. (4.3.9) and the normalized compo-
nents of the corresponding moments for a representative choice of κi = (325, 751, 798, 272)
(corresponding to Lmax = 79.3361) as a function of L/Lmax ≤ 1.In the top and bottom
panels the horizontal thin black line refers to the fuzzball and Kerr moments being iden-
tical, whereas S2m are identically zero for Kerr. All quantities are larger than their Kerr
counterpart when L ∼ Lmax while in this example some can be smaller when L � Lmax.
In the L→ 0 limit the normalized quantities tend to some small but nonvanishing values.

� In general (i.e., if all κi 6= 0) there exists a critical value Lcrit such that the solutions

with L > Lcrit have multipole moments larger (in absolute value) than their Kerr

counterpart, whereas the opposite is true for L < Lcrit. The value of Lcrit depends

on the specific combination of κi and might also be zero, i.e. some solutions have

larger moments for any L > 0, as in the previous case.

A representative example of these different behaviors is presented in Fig. 4.3.

To gain some further insight and check these trends, we apply the method presented

in the previous sections to compute the multipole moments of general solutions found by

randomly selecting the parameters L and κi (with i = 1, 2, 3, 4). In particular, we draw
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104 realizations from a uniform distribution

κi ∈ [1, κmax] , (4.3.55)

constrained by imposing that the conditions in Eq. (4.3.20) be satisfied. As a represen-

tative case we choose κmax = 1000. For a given choice of κi, we draw L from a uniform

distribution

L ∈ (0, Lmax] , (4.3.56)

where Lmax is given in (4.3.31), or is chosen to be Lmax = 104 for those (few) isolated

cases in which L is unbounded.

We find two main results:

1. The normalized invariant M2 defined in (4.3.9) is bigger than its Kerr value MKerr
2 = 1

for about 90% of the solutions. These percentages are similar or higher for higher-

order moments and, in particular, to S3. We find that these percentages do not

depend on the choice of κmax, suggesting that both Lcrit and Lmax grow linearly

with κi � 1.

2. For each random realization of κi, the normalized invariants M` and S` are always

bigger than their value in the (non-rotating) BH limit, i.e. when L→ 0, even when

the corresponding moments are not defined in that limit [147, 148]. Indeed, we nu-

merically find that these quantities are always monotonous functions of L, attaining

a global minimum at L = 0. Note that this property holds only for the specific in-

variants defined by a specific combination of the components of each moment (e.g.,

Eq. (4.3.9), see also Appendix B) and not for the individual components of the

moments (e.g., M`0 and S`0 as defined in Eq. (4.3.8)).
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In Sec. 2.3.1 we have introduced the Buchdahl’s theorem, one of the core results in

GR: under certain assumptions, the maximum compactness of a self-gravitating object

of mass M and radius R is M/R = 4/9 [97]. As a corollary, any compact object that

reaches such compactness must collapse to a BH. Under such assumptions the existence

of ECOs whose compactness can be arbitrarily close to that of a Schwarzschild BH (i.e.

M/R = 1/2) is ruled out. Thus, quantifying the evidence for BHs, prospects of testing the

BH paradigm - are the dark ultracompact objects that we see really BHs? - and research

on new species of ultracompact objects seem to be challenged by the existence of this

theoretical bound [98, 35, 12, 75, 36]. Nevertheless, it has been realized that Buchdahl’s

limit relies strongly on the assumptions under which it is built and that some of them may

not be always valid. In Sec. 2.3.1 we have discussed that to circumvent the Buchdahl’s

bound one has to break at least one of the six underlying assumptions [99] (see also

Fig. 2.7): (i) GR is the correct theory of gravity; (ii) the solution is spherically-symmetric;

(iii) matter is described by a single perfect fluid; (iv) the fluid is either isotropic or mildly

anisotropic (the transversal pressure is always smaller than the radial pressure); (v) the

radial pressure and density are always non-negative and (vi) the energy density decreases

as one moves outwards within the star. This division provides us a path to classify ECOs

based on the Buchdahl’s assumptions that they break [36].

Perhaps one of the most simple assumptions to eliminate is the idea that the fluid

must be isotropic. Despite of being a common assumption that is extensivly used in most

of NS structure research, it is well known that on the other hand a wide variety of dif-

ferent physical effects can produce local anisotropies in neutron stars. Anisotropies can

emerge on stars with solid cores [314] or can even be induced by strong magnetic fields in

neutrons stars [315, 316, 317]. Other complex effects such as lasagna- and spaghetti-like

139
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structures can induce anisotropic elastic properties [318]. At very high densities matter

fields can become anisotropic and may play and important role in the structure of compact

objects [319, 320]. At these very high densities phase transitions can produce anisotropies

in nuclear matter, for example due to pion condensates [321] or due to superfluidity ef-

fects [322]. Perhaps the most simple example is that of a scalar field minimally coupled

to gravity that produces anisotropic pressure in boson stars [102]. Other exotic compact

objects such as gravastars also display anisotropic features [123, 323]. Additionally, from

a mathematical prespective, a system of two perfect fluids can be shown to be equivalent

to a single anisotropic fluid [324]. Thus, for the reasons aforementioned it can be argued

that isotropy is merely an idealization of real physical scenarios and that in the real world

anisotropies are the rule rather than the exception. Under these arguments one may con-

sider that it makes sense to break the Buchdahl’s assumptions by removing the argument

of isotropy and study ECOs that are anisotropic.

Surprisingly, anisotropies have been poorly studied in the context of general relativity.

Although, some studies have found anisotropic star solutions both analytically [325, 324,

326, 327, 328, 329, 330, 331] and numerically [332, 333, 334, 335, 312, 336], none arises

from a consistent covariant model. The lack of such framework prevents the exploration

of essential questions associated with the nature of these objects, such as their stability,

their dynamical formation and phenomenological effects. Recently some progress towards

the covariant formulation was developed [337], however a fully covariant analysis and

formulation of the problem was still missing.

5.1 Executive Summary

For the reader’s convenience, here we summarize the main results of this chapter in

nontechnical terms. The results described here can be found in our work [1]. In this

chapter we will introduce the first fully covariant and self-consistent model for spherically-

symmetric anisotropic fluids in general relativity that admit sable and well-behaved ultra-

compact solutions that we term C-stars. We derive a set of modified TOV equations (cf.

Eqs. (2.2.6) for the isotropic case) and we confirm that the only explicit modification due

to anisotropies appears in the equation for the pressure. While for the isotropic case, we

need to specify one EOS to close the system, here we need an additional equation to relate

the tangential pressure Pt with the remaining functions. We provide a new EOS for the

tangential pressure, that allow us to satisfy all the required boundary conditions while at

the same time persevering the covariance of the system.
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The system of anisotropic TOV equations admit a two-parameter family of solution,

characterized by an arbitrary anisotropy scale C and an arbitrary central density ρc (or

pressure pc). Similarly to the isotropic case, by changing the central density we obtain

self-gravitating solutions with different masses and radii, while changing C moves between

different anisotropic families of solutions. We show that C-stars have a profile qualitatively

similar to isotropic stars (i.e., as the central density increases, the mass increases up to

a maximum value and then starts do decrease) and is qualitatively similar for all EOS of

radial pressure and density. We find that as the anisotropy scale increases, this maximum

value is increasingly higher, superseding isotropic configurations, and the compactness of

the C-star can break Buchdahl’s limit reaching BH-like compactness. In addition, the

covariant formalism allows us to study the stability of the starts, both analytically with

linear radial perturbations and non-linearly with a 1+1 evolution. The main results of

this chapter can be summarized in five points:

1. C-stars can be in general more compact and massive than their isotropic analogous.

Furthermore, the maximum compactness of a C-star always approachesM/R = 1/2

for any values parameter C. In addition, they exist in wide range of masses (evad-

ing one of the outstanding issues with BH mimickers) being capable of describing

both stellar and supermassive BH candidates across several orders of magnitude (see

Fig. 5.1).

2. The qualitative behaviour of these solutions does not depend strongly on C explicitly,

but it is very dependent on the compactness of the star. Configurations with rela-

tively low compactness are qualitatively similar to their isotropic analogues, while

for more compact configurations the density and radial pressure tend to constant

profiles in the interior of the star and the anisotropy tends to a thin peak around

the radius of the star (see Fig. 5.2).

3. Low and moderately compact solutions satisfy the energy conditions for any value

of C, while very compact configurations violate the dominant energy condition. .

4. The linearised calculation of the stability is in good agreement with the 1+1 nu-

merical evolution and shows that the configurations are stable below the maximum

mass.

5. The phenomenology of C-stars is rich. Their GW signal of C-stars is characterized

by tidal Love numbers that vanish in the BH limit according to a polynomial law,
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and in the post-merger signal ultracompact configurations show gravitational echoes,

providing a smoking-gun for their detection.
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Figure 5.1: C-star diagrams: Mass-radius and compactness diagram for C-stars with var-
ious values of the anisotropy parameter C (here and in the following we define C̄ = C/M3

�).
Note that when C̄ is small the M −R diagram shows peculiar turning points, which “open
up” in the large-C̄ limit. The inset shows the deviation 1/2−M/R from the compactness
of a Schwarzschild BH in a logarithmic scale. C-stars exist continuously across all classifi-
cations introduced in Sec. 2.1.1, from compact objects to ClePhOs.

5.2 Spherically symmetric anisotropic fluids

Let us consider a spherically symmetric stellar configuration composed by an anisotropic

perfect fluid. In Sec. 2.2 we have seen that choosing a specific frame of reference, the stress-

energy tensor of this configuration can be written in a diagonal form that reads [338, 95]

Tµν =


ρ 0 0 0

0 Pr 0 0

0 0 Pθ 0

0 0 0 Pϕ

 (5.2.1)
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Figure 5.2: Fluid variables of C-stars: Energy density (top panel), radial pressure
(middle panel), and tangential pressure (bottom panel) profiles for different configurations
of C-stars with different anisotropy parameters and compactness. The density and radial
pressure are normalized by the corresponding values at the center, while the tangential
pressure is normalized with the radial pressure at the same radius. The black solid line
represents an isotropic configuration with M/R = 0.14, the dashed thin (thick) red lines
corresponds to an anisotropic configuration with C̄ = 103 for M/R = 0.35 (M/R =
0.49), and the dot-dashed thin (thick) yellow lines corresponds to another anisotropic
configuration with C̄ = 104 for M/R = 0.35 (M/R = 0.49). The results indicate that the
qualitative behaviour of the fluid variables in this model is roughly independent of C̄ but
depends on the compactness of the configuration. As M/R → 0.5, the star tends to a
constant-density configuration, while the tangential pressure profile tends to have a very
sharp peak near the radius of the star.

where ρ is the total energy density, Pr is the radial pressure and Pθ and Pϕ are the

pressures along the eθ and eϕ directions, respectively. In the limit case where the three

pressure components are identical Pr = Pθ = Pϕ = P , the stress-energy tensor reduces to
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the well-known isotropic perfect fluid,

Tµν =


ρ 0 0 0

0 P 0 0

0 0 P 0

0 0 0 P

 (5.2.2)

Fluid elements can have three independent pressure components, however, the assumption

of spherical symmetry forces that in fact can only be two different pressure components,

i.e. the pressure measured along any two directions orthogonal to er have the same value

(Pθ = Pϕ). Thus, in a local rest frame of comoving observer with the fluid element, the

most general stress-energy tensor that describes a spherically-symmetric static anisotropic

perfect fluid is given by

Tµν =


ρ 0 0 0

0 Pr 0 0

0 0 Pt 0

0 0 0 Pt

 , (5.2.3)

where Pt := Pθ = Pϕ denotes the transversal pressure, i.e. the pressure orthogonal to

the unit spacelike vector in the radial direction. We want to write the stress-energy

tensor (5.2.3) in terms of the fluid velocity and the radial unit vectors. We start by

defining the fluid four-velocity uµ whose contravariant components in a coordinate system

xµ = (t, xi) are defined as,

uµ :=
dxµ

dτ
, (5.2.4)

where τ is the fluid proper time, i.e., the proper time of an observer comoving with the

fluid. The four-velocity satisfies the normalization condition,

uµuµ = −1 . (5.2.5)

We can also define the unit vector kµ orthogonal to the four-velocity,

kµkµ = 1 , kµu
µ = 0 . (5.2.6)

With these elements it is possible to write the stress-energy tensor as,

Tµν = ρuµuν + Prkµkν + PtΠµν , (5.2.7)
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where Πµν := gµν + uµuν − kµkν is an operator that projects a vector onto a spacelike

two-surface orthogonal to uµ and kµ, i.e.,

uµΠµνVν = kµΠµνVν = 0 , (5.2.8)

for any vector V µ.

5.3 Equilibrium configurations - C-stars

We know consider equilibrium self-gravitating solutions for this fluid model. In this

scenario, the metric that appears in Eq. (5.2.7) is the metric for a static and spherically

symmetric solution in the interior of the object and it can be written as,

ds2 = −eν(r)dt2 +

(
1− 2m(r)

r

)−1
dr2 + r2

(
dθ2 + sin2 θdϕ2

)
, (5.3.1)

whereas due to Birkhoff’s theorem the external metric is given by the Schwarzschild line

element,

ds2 = −
(

1− 2M
r

)
dt2 +

(
1− 2M

r

)−1
dr2 + r2

(
dθ2 + sin2 θdϕ2

)
, (5.3.2)

where M denotes the mass of the object. In spherical symmetry the angular components

of the fluid velocity uµ and the unit vector kµ are zero,

uµ =
(
u0, u1, 0, 0

)
, kµ =

(
k0, k1, 0, 0

)
, (5.3.3)

and the orthogonality and normalization conditions (5.2.6) provide two constrains on kµ

which becomes completely fixed in terms of uµ.

As in the isotropic case, the metric and matter distribution functions are determined

by the Einstein equations and the conservation of the stress energy tensor,

Gµν = 8πTµν , ∇µTµν = 0 . (5.3.4)

The only independent equations in Eqs. (5.3.4) are from the (tt)-, (rr)-components

of Einstein’s equations and the r-component of the equations for the conservation of the

stress-energy tensor. Some simple manipulations of these equations show that the metric
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variables satisfy the relations,

m′(r) = 4πr2ρ , (5.3.5)

ν ′(r) =
2(m+ 4πr3Pr)

r(r − 2m)
, (5.3.6)

whereas the radial pressure satisfies,

P ′r(r) = − (ρ+ Pr)
m+ 4πr3Pr
r(r − 2m)

+
2

r
(Pt − Pr) . (5.3.7)

Equations (5.3.5)–(5.3.7) are the anisotropic Tolman-Oppenheimer-Volkoff equations

(TOV) [325]. When the tangential pressure is equal to the radial pressure, the equation

reduce to the well-studied isotropic TOV equations. It is worth to notice that the term

2
r (Pt−Pr) that appears on the second term on the right-hand side of Eq. (5.3.7) represents

a force due to the anisotropy of the fluid. This force is directed outwards when Pt > Pr

and inwards when Pt < Pr. The repulsive force present in anisotropic stars when Pt > Pr

will contrabalance the self-gravity of the object and allow for the construction of more

compact objects than when using an isotropic fluid.

The system of equations (5.3.5)–(5.3.7) is not sufficient to solve the problem since

there are five unknown functions (ν, m, ρ, Pr and Pt). Typically this system is closed

with the introduction of one equation-of-state that describes the microphysics of the object.

While in the isotropic case one equation-of-state is sufficient to close the system, in the

anisotropic case two equations of state are required. Similarly to the isotropic case we use

one equation-of-state that specifies the radial pressure in terms of the density and we use

an additional one that relates the tangential pressure with the density1,

Pr = Pr(ρ) , Pt = Pt(ρ) . (5.3.8)

A solution to the system of equations (5.3.5)–(5.3.8) is only possible when boundary

conditions are specified. We impose that the radial pressure and the density vanish at the

surface r = R,

Pr(R) = 0 , ρ(R) = 0 , (5.3.9)

and we impose that the metric must match Schwarzschild (5.3.2) at the radius. At the

center of the object we require that the matter distribution must be free of singularities.

1In general the equation of state may relate the pressure with additional microphysical variables, how-
ever in this work we will not consider those cases.
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This implies that,

ρ(r)→ ρc ν(r)→ ν0 , m(r)→ 4

3
πr3ρc , (5.3.10)

as r → 0, where ν0 is a constant that can be set such that the metric matches Schwarzschild

at the radius and ρc is the central density. The regularity conditions for the pressure

are completely specified from the equation of state. It is straightforward to check from

Eqs. (5.3.7) and (5.3.10) that to keep P ′r(r) finite, it is required that

Pt(0)− Pr(0) = 0 , (5.3.11)

i.e., the anisotropy must vanish at the center of the object.

5.3.1 A covariant approach to anisotropies

The requirement that tangential and radial pressures must be the same at the center

of the object (5.3.11) is not a trivial task and imposes some restrictions in the choice of

the equation of state for the tangential pressure. Perhaps the most simple and common

equation-of-state is the one introduced by Bowers and Liang [325]

Pt = Pr + Cf(Pr, r)(Pr + ρ)rn , (5.3.12)

where the C is the anisotropy parameter that measures the relative strength of the anisotropy

and f(Pr, r) is a function that allows the anisotropy to vary radially within the star and

to depend nonlinearly on the pressure. Another option that satisfies the requirements is

the quasi-local equation-of-state introduced by Horvat et al. [339],

Pt = Pr + CPr
2m(r)

r
, (5.3.13)

where m(r) is the mass function present in Eq. (5.3.1) and represents the mass contained

within a radius r, and thus m(r)/r represents a local measure of compactness. Although

Eqs. (5.3.12)–(5.3.13) satisfy the regularity conditions at the center and in spite of the

extensive use in the literature [334, 335, 312, 336, 340], the explicit dependence on the

radial coordinate or the dependence on the metric functions break the covariance of the

problem. There is some degree of arbitrarily in which one can build a covariant equation-

of-state for the tangential pressure and simultaneously satisfy the regularity conditions at
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the center. In this work we consider the simplest possibility that reads,

Pt = Pr + Cf(ρ)kµ∇µPr , (5.3.14)

where again C is the anisotropy parameter and f(ρ) a generic function of the density. It

is convenient to define an anisotropy function,

σ := f(ρ)kµ∇µPr , (5.3.15)

and write the anisotropic stress-energy tensor (5.2.7) as,

Tµν = (ρ+ Pr)u
µuν + Prg

µ
ν − CσΠµ

ν , (5.3.16)

which has the form of the stress-energy tensor of an isotropic perfect fluid plus an anisotropic

contribution.

It can also be checked that the TOV equation for the radial variation of the tangential

pressure (5.3.7) can be written as,

P ′r(r) = − (ρ+ Pr)

r(r − 2m)

m+ 4πr3Pr

1 + 2
rCf(ρ)

√
1− 2m

r
. (5.3.17)

5.3.2 Equilibrium solutions

Once we choose the covariant equation of state for the tangential pressure (5.3.14)

equilibrium configurations can be found by solving the system of Eqs. (5.3.5)–(5.3.6) and

(5.3.17). To solve the equations one has to provide the EOS for Pr(ρ) and specify the

form of f(ρ). The simplest form for the function f is f(ρ) = 1, however in this model the

derivative of the tangential pressure across the radius is nonvanishing, Pt(R) 6= 0. The

simplest model that guarantees the continuity of the tangential pressure and its derivative

across the radius is f(ρ) = ρ. In this thesis we will focus on this model although similar

models, e.g. (f(ρ) = ρn, n > 0), were studied and provide qualitatively similar results.

Thus, our choices guarantee that

Pr(R) = P ′r(R) = Pt(R) = P ′t(R) = 0. (5.3.18)
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Constant density star

Remarkably, and analogously to the isotropic case, a solution to the TOV equa-

tions (5.3.5)–(5.3.17) can be found analytically for an incompressible fluid model whose

equation of state satisfy,

ρ(r) = ρc . (5.3.19)

For this equation-of-state the equation for the mass (5.3.5) decouples from the rest and

yields the trivial result,

m(r) =
4

3
πρcr

3 . (5.3.20)

One can substitute the solution (5.3.20) into the equation for the radial pressure (5.3.17)

and obtain a differential equation for Pr that can be easily solved. Although cumbersome,

the solution for this equation can be schematically written as,

Pr(r) = −ρc
3

1− 3c1
√

3− 8πr2ρcA(r)eB(r)

1− c1
√

3− 8πr2ρcA(r)eB(r)
(5.3.21)

where A(r) and B(r) are just some auxiliary functions that read,

A(r) =
(
r2
(
32πC2ρ3c + 3

)
− 12C2ρ2c

)− 16πC2ρ3c
32πC2ρ3c+3 , (5.3.22)

B =

4
√

6πCρ3/2c sin−1
(

2
√

2π
3 r
√
ρc

)
− 32πC2ρ3c tanh−1

(
r

2Cρc
√

1− 8
3
πr2ρc

)
32πC2ρ3c + 3

. (5.3.23)

Parameter c1 in B(r) (5.3.23) is integration constant that can be related with the central

pressure of the star pc,

Pr(0) = pc . (5.3.24)

With this choice one finds that the integration constant must be

c1 =
(3pc + ρc)

3
√

3 (pc + ρc)

(
−12C2ρ2c

) 16πC2ρ3c
32πC2ρ3c+3 . (5.3.25)

We now make use of the analytical expression (5.3.21) to generalize the Buchdahl bound

in the presence of anisotropies following a similar structure to that of an isotropic star

detailed in Sec. 2.3.1. To study the extension of this limit to the anisotropic case we will

focus on two particular cases: (i) small-anisotropy limit where we consider C � 1 and (ii)

large-anisotropy limit where we take the case where C � 1.

We consider firstly the small-anisotropy limit where we can use a perturbative approach
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by considering that the anisotropy is a small correction to the isotropic results allowing

us to expand the equations linearly in C. To linear order in C the radial pressure (5.3.21)

takes the form,

Pr = P iso
r +

24
√

2πCρ5/2c (pc + ρc) (3pc + ρc)
√

3− 8πr2ρc sin−1
(

2
√

2π
3 r
√
ρc

)
(

3pc

(√
9− 24πr2ρc − 3

)
+ ρc

(√
9− 24πr2ρc − 9

))
2

. (5.3.26)

We follow the same procedure as the isotropic case by evaluating Eq. (5.3.26) at r = R

together with the boundary condition (5.3.9) and solve to obtain an expression for the

compactness. However this anisotropic expression cannot be solved directly due to M/R

terms that appear within the argument of the sin−1 function. To solve this equation we

once more rely on the perturbative scheme and expand the compactness as

M
R

=

(
M
R

)
iso

+ C δ
(
M
R

)
, (5.3.27)

where (M/R)ISO is the compactness in the isotropic case and the δ (M/R) is the correction

due to the anisotropy. With this perturbative method and following the same procedure

as before we find that the compactness of an anisotropic star in the small-anisotropy limit

reads,

M
R

=
2
(
pcρc + 2p2c

)
(3pc + ρc) 2

+ C
4
√

2π
3 ρ

3/2
c (pc + ρc)

2 sin−1
(
2
√
pc
√
2pc+ρc

3pc+ρc

)
(3pc + ρc) 2

, (5.3.28)

where the first term in the right-hand side is the compactness in the isotropic case and

the second term in right-hand side is the small correction due to the anisotropy. The

generalized Buchdahl bound can be computed by taking the limit of expression (5.3.28)

when the central pressure tends to infinity,

(
M
R

)C�1

Buchdahl

=
4

9

(
1 + C

√
2π

3
ρ3/2c sin−1

(
2
√

2

3

))
, (5.3.29)

Expression (5.3.29) is the generalized Buchdahl bound and sets the maximum compactness

that an anisotropic star can have in the small anisotropy limit. Interestingly, we find that

since C > 0 the Buchdahl bound increases with the anisotropy of the fluid. One may

expect that the M/R = 4/9 corresponds to the minimum Buchdahl bound and that this

limit increases with the scale of the anisotropy of the fluid until it reaches the black hole

compactness. To test this conjecture we study the large-anisotropy limit and expand
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Eq. (5.3.21) for C � 1 which reads,

P (r) = pc+

√
3
(
4pcρc + 3p2c + ρ2c

) (
4r
√
ρc
√

3− 8πr2ρc +
√

2
π

(
8πr2ρc − 3

)
sin−1

(
2
√

2π
3 r
√
ρc

))
16Cρ5/2c (8πr2ρc − 3)

.

(5.3.30)

Interestingly, from Eq. (5.3.30) we note that in the large anisotropy limit not only is

the density constant but also the pressure tends to a constant profile. Following the same

procedure as before and using boundary condition (5.3.9) we find that Eq. (5.3.30) reduces

to, (√
2− 4ε sin−1

(√
2
√
ε
)
− 2
√
ε
) (√

3
√

2pc + ρc −
√
ρc
)

8
√

3π
√

1− 2εCρc
+ pc = 0 . (5.3.31)

where for ease of notation we have used the notation of Chap. 2 ε :=M/R. To solve this

equation we first notice that the only way for the pressure to vanish at the radius is if

the compactness tends to ε→ 1/2, in such a way that the square root in the denominator

counter-balances the divergence of the 1/C factor. It is clear that a possible solution must

take the form of

ε =
1

2
− ε1
C2
. (5.3.32)

where ε1 is constant to be found. Substituting this ansatz in Eq. (5.3.31) and solving for

ε1 we find that the for large anisotropies the compactness takes the form of

ε =
1

2
−

3pc + 2ρc −
√

3
√
ρc
√

2pc + ρc

96πp2cρ
2
cC2

. (5.3.33)

As before we are now interested in studying what is the maximum compactness supported

by this configuration. It is clear that when the central pressure diverges the compactness

tends to the Schwarzschild compactness,

(
M
R

)C�1

Buchdahl

=
1

2
. (5.3.34)

The result in Eq. (5.3.34) is the equivalent of the Buchdahl’s limit for a strongly anisotropic

star. In summary, this result shows that by increasing the anisotropy scale of a C-star

solution we can build compact objects that cover all range of physical compactness.

Polytropic Model

Despite its usefulness for its analytical properties the incompressible fluid model (5.3.19)

is not appropriate to describe the EOS of a neutron star. To extend our results to more
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C̄ ρc (×1015gcm3) R/M� M/M� σ̄max

103 2.42 5.97 2.09 2.04
103 3.70 4.46 1.80 4.66
103 17.0 1.11 0.54 682
104 0.90 9.28 3.25 6.90
104 1.20 8.04 3.24 11.4
104 3.50 3.84 1.88 110

Table 5.1: Properties of some representative C-star solutions. The last column presents
the values of σ̄max := max {(Pt − Pr)/Pr}, which gives a measurement of the maximum
anisotropy in the interior of the star. Anisotropies are moderate for mildly compact
configurations, whereas more compact configurations exhibit larger anisotropies, as also
shown in the bottom panel of Fig. 5.2.

general scenarios here we will mode our fluid with a polytropic equation of state,

Pr = Kργ0 , (5.3.35)

with adiabatic index γ = 2 and where,

ρ0 = ρ− Pr
γ − 1

(5.3.36)

is the rest-mass density. We have also studied models with more realistic EOS and found

that the results are qualitatively similar to the polytropic model. Thus, for simplicity we

will focus on this model and argue that the results shown below will also be valid for any

other realistic equation-of-state.

We solve numerically the anisotropic TOV equations (5.3.5)–(5.3.6) and (5.3.17) with

boundary conditions (5.3.10) using a Runge-Kutta numerical method of 4th order. To

solve our system of equations we need to specify the two free parameters of our system

- the central density ρc and the anisotropic parameter C. We study different stellar con-

figurations for diverse combinations of these two parameters. As a first analysis we plot

the mass and radius of these stellar configurations to study the so-called mass-radius dia-

gram [96] which can be found in Fig. 5.1. In Fig. 5.2 we also plot the density ρ, the radial

pressure Pr and the tangential pressure Pt as a function of the radius. There are several

important features that we find and worth some highlighting.

� C-stars can be in general more compact and massive than their isotropic analogous.

Furthermore, the maximum compactness of a C-star always approaches the BH,

M/R = 1/2 for any values parameter C. In the isotropic case, i.e. C = 0, the

compactness is always much smaller than the BH case. In the large anisotropy limit
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these result can also be found with the incompressible fluid model.

� As observed from the inset of Fig. 5.1 compact configurations of this stars exceed

the Buchdahl’s limit and can be compact enough to be classified as ClePhOs in the

classification introduced [98, 35, 36] and described in Chapter 2.

� C-stars exist in wide range of masses, evading one of the outstading issues with BH

mimickers: in most of theories of gravity that give rise to ECOs, these approach

the BH compactness only in a limited range of masses. Instead, this C-star model

can describe both stellar and supermassive BH candidates across several orders of

magnitude for large C̄ := C/M3.

� The qualitative behaviour of these solutions depends mildly on C but it depends

strongly on the compactness of the star. In Fig. 5.2 we show that configurations

with moderately low compactness display fluid profiles that are qualitatively similar

to isotropic stars. However, as the compactness increases, the density and radial

pressure tend to constant profiles in the interior of the star (c.f. top two panels of

Fig. 5.2) whereas the anisotropy vanishes at the center. For very compact configu-

rations the anisotropy has a peak close the radius of the star. When M/R → 0.5

this peak becomes very sharp, infinitesimally thin and locates at the radius of the

star. Interestingly this is reminiscent of the gravastar model with a thin layer of

anisotropic pressure. For comparison purposes, in Table 5.1 we present data for

representative stellar configurations.

� When C ≥ 0 the fluid Pt > 0 everywhere and satisfies the weak and the strong energy

conditions, (ρ+ Pr + 2Pt ≥ 0, ρ+ Pr ≥ 0 and ρ+ Pt ≥ 0). However, very compact

configurations violate the dominant energy condition (ρ ≥ Pr and ρ ≥ Pt) near the

radius since the tangential pressure tens to that peak profile that is presented in the

bottom panel of Fig. 5.2.

5.4 Radial stability

We know move our attention to the study of the stability of these C-stars. An inter-

esting question that poses is if the ultracompact configurations that we observe for these

anisotropic stars are stable. As discussed before, gor any C > 0 the compactness and the

anisotropy grow in the high-density region, eventually reaching the BH compactness (see

inset of Fig. 5.1). Thus, even a vanishingly small value of anisotropy parameter C can give
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Figure 5.3: Timescale of C-star perturbations. The timescale τ = 1/|ω| for C-stars as a
function of the compactness for various values of C̄ (continuous curves). Configurations on
the left of the cusps (corresponding to the zero crossing of ω2) are linearly stable, whereas
those on the right are linearly unstable. The threshold corresponds to the maximum mass
of the object shown in Fig. 5.1. We also show the echo delay time (5.6.11) for these
configurations (dashed curves). The markers refer to the time scale extracted from the
nonlinear evolutions, which systematically predict more stable configurations.

rise to strongly-anisotropic quasi-Schwarzschild equilibrium solutions if the densities are

sufficiently high. When C is small standard analysis of the turning points in the mass-

radius diagram [96] suggests that these configurations are unstable. On the other hand,

in the strong-anisotropy regime C � 1, the mass-radius relation of a C-star approaches

that of a black hole already on the stable branch. To test these issues, we perform a linear

stability analysis of C-stars under radial perturbations. The spacetime metric is written

as

gµν = g(0)µν + hµν , (5.4.1)

where g
(0)
µν is the metric of a background C-star solution (5.3.1) and

hµν = diag (H0(r), H2(r), 0, 0) e−iωt , (5.4.2)

is a small perturbation in Fourier space with some frequency ω. Likewise, we expand the

fluid density, pressure, and vector components u0,1 and k0,1 as

u0,1 = ū0,1 + δu0,1e−iωt , k0,1 = k̄0,1 + δk0,1e−iωt , ρ = ρ̄+ δρe−iωt , (5.4.3)

Pr = P̄r + δPre
−iωt , Pt = P̄t + δPte

−iωt (5.4.4)
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where the variables in the form X̄ denote the background quantities whereas the variables

in the form denote δX the corresponding radial perturbation. The orthogonality conditions

on uµ and kµ can be used to relate δu0, δk0 and δk1 to the remaining functions.

M/R=0.35
M/R=0.49

0.0 0.2 0.4 0.6 0.8 1.0
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Figure 5.4: Radial sound speed. Plot of the squared value of the radial sound speed
within the C-star with C = 103. The sound speed is always subluminal, even for extremely
compact configurations.

Radial fluid perturbations propagate at the speed,

cs =
√
∂Pr/∂ρ , (5.4.5)

which is always real and subluminal for these configurations (see Fig.5.4). On the other

hand, and although interesting to study, the tangential speed of sound cannot be computed

in our framework since it requires nonspherical perturbations.

The linear system can be reduced to a second-order differential equation for the fluid

displacement, ξ(r) = iu
r

ω e
ν/2. The eigenvalue problem is solved by requiring ξ(0) = 0 and

∆Pr(R) = 0, where ∆Pr = δp + ξ∂rPr is the Lagrangian variation of the pressure [341].

This eigenproblem allows us to select a discrete set of frequencies ω2, for which those that

satisfy ω2 > 0 define the stable modes for the star and those who satisfy ω2 < 0 correspond

to the unstable modes. Once the mode is computed, we can also define a typical timescale

associated with that mode as,

τ = 1/|ω| , (5.4.6)

where τ represents the instability timescale in case the mode is unstable or the oscillation

timescale in case the mode is stable.

We summarize our results in Fig. 5.3, where we show the fundamental modes ω as a
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function of the compactness for representative values of C. The stability considerations

that we took from standard analysis of the mass-radius diagrams are confirmed: config-

urations with central density below (above) that corresponding to the maximum mass

are linearly stable (unstable). Strongly-anisotropic configurations are linearly stable for

M/R . 0.42, while they become linearly unstable for higher values of the compactness.

5.5 Evolution equations of anisotropic fluids

With the prospect of understanding the full radial stability of the problem we now

discuss the complete nonlinear theory using numerical techniques. The conservation of

stress-energy momentum and the conservation of baryonic current

∇µTµν = 0 , ∇µ(ρ0u
µ) = 0 , (5.5.1)

implies, respectively, the conservation of energy and momentum density and the conser-

vation of mass that govern the fluid equations.

In a generic scenario to write these covariant conservation laws 5.5.1 as an evolution

system, one needs to split the spacetime tensors into their time and space components by

means of the 3 + 1 decomposition. Since our system is spherically symmetric we can focus

only on the radial and time components and consider a simple 1 + 1 decomposition. The

line element can be decomposed as

ds2 = −α2(t, r)dt2 + grr(t, r)dr
2 + gθθ(t, r)dΩ2, (5.5.2)

where α is the lapse function, grr and gθθ are positive metric functions, and dΩ2 = dθ2 +

sin2 θdϕ2 the solid angle element. These quantities are defined on each spatial foliation

Σt with normal na = (−α, 0) and extrinsic curvature Kij ≡ −1
2Lnγij , where Ln is the Lie

derivative along na.

Notice that, since Πµ
ν = diag(0, 0, 1, 1) in spherical symmetry, the anisotropy function

σ enters only in T θθ and T φφ , being the rest of Tµν formally the same as for an isotropic

fluid. The projections of this tensor and the baryonic current, in spherical symmetry, are

given by

D = ρ0W , U = hW 2 − Pr , Sr = hW 2vr, (5.5.3)

Sr r = hW 2vrvr + Pr , Sθ θ = Pr − Cσ, (5.5.4)
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where we have defined the enthalpy h = ρ + p = ρ0(1 + ε) + p in terms of the rest mass

density ρ0 and the internal energy ε. Furthermore, we have defined

σ = ρ(1 + ε)
W
√
grr

[vr
α
∂tPr + ∂rPr

]
, (5.5.5)

∂tPr = f(α, grr, u
r, ∂ur, ∂rPr, ∂rρ, σ; C̄) , (5.5.6)

ur ≡ Wvr , W ≡ 1√
1− vrvr

. (5.5.7)

It is straightforward to obtain generic evolution equations, in the sense that they do

not depend on the specific form of the stress-energy tensor, for these projected quantities

by projecting the conserved Eqs. 5.5.1. The evolved conserved quantities {D,U, Sr} are

not modified by the anisotropies. Therefore, the algorithm to convert from conserved to

primitive or physical fields {ρ0, ε, Pr, vr}, given an equation of state Pr = Pr(ρ0, ε), is the

same as for isotropic fluids.

Einstein’s equations can be written by using the Z3 formulation in spherical symme-

try [342]. This formulation introduces independent variables in order to form a first order

evolution system. The final system must be complemented with gauge conditions for the

lapse. We use the harmonic slicing condition ∂t lnα = −α trK, where trK = Kr
r + 2Kθ

θ.

Finally, the evolution system is written in balance law form [343]

∂tU + ∂iF
i(U) = G(U) , (5.5.8)

where U = {α, grr, gθθ,Kr
r ,K

θ
θ, Ar, D

r
rr, D

r
rθ, Zr, D, U, Sr}, is a vector containing the final

set of evolution field.

Thus, one of our main results is that the systems of partial differential equations

describing the anisotropic fluid and the dynamical spacetime, which are detailed above, is

well behaved, and fully nonlinear simulations can be performed. Our simulations confirm

the stability properties of the equilibrium configurations found in the previous section.

Figure 5.5 displays the evolution of the central value of the rest-mass density of both

stable and unstable equilibrium configurations, for different values of the parameter C, as

a function of time. Clearly, small numerical perturbations drive unstable solutions away

from their original configuration, whereas they remain bound for solutions in the stable

branch.

The full nonlinear results for the timescale τ are compared with the linear analysis

in Fig. 5.3. We find good agreement for stable configurations at moderately small com-

pactness. While our code agrees very well with the linearized analysis for C = 0, for large
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Figure 5.5: Numerical stability of C-stars. Central density ρ0 as a function of time
for various configurations in the stable (continuous curves) and in the unstable (dotted
curves) branch.

compactness and large values of C̄, the nonlinear evolution shows that the threshold for

stability is pushed to larger compactness, as compared to linear analysis. Furthermore,

although not shown in Fig. 5.3, we find indication that unstable configurations typically

have a lifetime longer than the one predicted solely by linearized studies. We do not have a

solid explanation for this discrepancy; it could be due to nonlinearities driving the energy

to higher modes, or to other effects. We postpone a detailed analysis for the future, but we

point out that such nonlinear results are potentially exciting: the merger of two C-stars

might form an ultracompact configuration which lies on the unstable branch, but with

long lifetimes and therefore with the potential to impart unique signatures on the post-

merger gravitational-wave (GW) signal, some described below. In addition, C-stars with

compactness M/R ≈ 0.4 are nonlinearly stable. To the best of our knowledge, this is the

first model of stable ultracompact objects featuring a clear photon-sphere (at R = 3M)

and which are dynamically well-behaved.

5.6 Phenomenology of C-stars

To conclude this chapter we now look into possible phenomenological effects associated

with C-stars that can be used in GW detections to detect or constrain this ECO model. We

focus particularly on two effects: the tidal Love numbers which is particularly relevant in

the inspiral signal of a binary system (cf. Sec. 2.5.1); and the GW echoes, a characteristic

feature of an ECO in the post-merger GW signal (cf. Sec. 2.5.2).
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5.6.1 Tidal Love numbers

Tidal Love numbers define the deformability of a star immersed in an external tidal

field, such as the one produced by a companion body in a binary. These quantities are

particularly useful in gravitational-wave astronomy since the Love numbers affect the phase

of the late-stage inspiral gravitational signal of a compact object merger. Love numbers

are also particularly interesting for the study of fundamental physics since they contain

information about the nature of the inspiraling compact objects and on the nature of the

gravity theory itself. The prime motivation to study tidal Love numbers is to constrain

neutron star equation of state and to convey information on the nature of compact objects.

In general relativity, the tidal Love numbers of black holes are precisely zero, while exotic

compact objects have nonvanishing tidal Love numbers, thus being a good smoking gun

for tests of ultracompact horizonless objects.

Tidal Love numbers can be computed with standard techniques based on linear and

static perturbations of the spacetime metric. However these require a formalism for non-

spherically symmetric gravitational perturbations which is beyond the scope of this frame-

work. This issue can be solved by considering instead the quadrupolar scalar tidal Love

numbers which are expected to scale and be qualitatively similar to the gravitational

case [114].

We consider a scalar field perturbation δφ to our background described by a C-star. To

linear order in the scalar field, the equation that governs the system is the wave equation

for the scalar field,

�δφ = 0 , (5.6.1)

where � =
(

1/
√
|g|
)
∂µ

(√
|g|gµν∂ν

)
is the general covariant d’Alembertian . On the

external vacuum region the metric in the d’Alambertian is the Schwarzschild metric (5.3.2)

and so in this region a solution to Eq. (5.6.1) can be found analytically,

φ = c1
(
3r2 − 6rM+ 2M2

)
+ c2

((
3r2 − 6rM+ 2M2

)
log

(
1− 2M

r

)
+ 6M(r −M)

)
,

(5.6.2)

where c1 and c2 are two arbitrary integration. Comparing tha asympotic limit of Eq. (5.6.2)

with the asymptotic definition of the scalar field [analogous to Eq. (2.4.17)] [114] one can

relate the integration constants with our definitions of scalar tidal field and scalar tidal

Love number. After this comparison the constants read,

c1 = −1

3
ES2 , c2 =

15

16

√
5

π
kS2ES2 . (5.6.3)
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Figure 5.6: Love numbers of C-stars. Analysis of the scalar tidal Love number kS2
as a function of the compactness of the C-star for different values of the dimensionless
anisotropy parameter C̄ in the large-compactness limit. We observe that for any value
of compactness the magnitude of the scalar tidal Love number grows with the C and
that it decreases with increasing compactnesses, approaching zero polynomially as the
compactness approaches the corresponding black hole one (M/R = 1/2). In the black
hole limit the behavior of the Love number is at contrast with that of other models of
exotic compact objects for which the Love numbers were found to vanish logarithmically.
This behavior suggests that detecting C-stars with tidal Love numbers may be challenging
unless the anisotropic scales are sufficiently high and the compactness is not extremely
close to that of a black hole.

On the interior region composed by the anisotropic matter Eq. (5.6.1) does not have an

analytical solution and must be solved using numerical methods. We also make use of the

fact that δφ is a small perturbation such that the metric in the d’Alembertian operator is

the spherically background metric of a C-star. We follow the same procedure as developed

in Sec. 5.3.2 but in addition to the boundary conditions (5.3.10) used to compute the

stellar interior functions we also impose that δφ must be well behaved close to the origin.

This condition implies that,

δφ ∼ φ0r2 , (5.6.4)

for r close to the origin and where φ0 is a free constant related to the magnitude of

the scalar perturbation. The scalar tidal Love number can be obtained by matching the

interior solution for the scalar field and its derivative with the analytical external solutions,

at the radius r = R.

In Fig. 5.6 we plot the values of the scalar tidal Love number for different values of the

dimensionless anisotropy parameter C̄ as a function of the compactness of the C-star. It

can be seen that the scalar tidal Love numbers decrease as the compactness of the object

increase, tending to zero in the black hole limit. We also observe that for the same value

of compactness the scalar Love number is grows with C̄.
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In the large-compactness limit, our results are consistent with the relation

kS2 ∼ a C̄p
(

∆

M

)n
, (5.6.5)

where ∆ is the proper distance [236] between R and the Schwarzschild radius 2M , and

a ∼ O(1), p ≈ 1.2, and n ≈ (3− 3.5) mildly depend on C.

Interestingly, this behaviour is markedly distinct from that of other exotic compact

object models, for which the tidal Love numbers vanish logarithmically,

kECO
2 ∼ 1/ log(∆/M) , (5.6.6)

in the limit where the compactness aproaches that of a black hole [114, 239], and addi-

tionally implies that the tidal Love numbers of C-stars are extremely small as M/R →

1/2. For reference purposes, the tidal Love numbers for a neutron star are typically

kscalar2 ≈ kgravitational2 ≈ 200 or larger [33].

5.6.2 Gravitational echoes

Gravitational wave echoes are one of the most promising smoking gun effects to find

new structure at the horizon scale (c.f. discussion in Sec. 2.5.2). These gravitational wave

echoes are a distinguishing characteristic of objects that are sufficiently compact to have

a light-ring, but have a surface instead of an event horizon. Our results for the equilibrum

configurations of C-stars show that any configuration of C-stars can be sufficiently compact

to have a light-ring if the densities are sufficiently hight or if the anisotropy scale is large

enough. Thus one expects that gravitational wave echoes should be one of the main

smoking-gun effects for these class of objects.

As a simple and representative example of gravitational wave echoes we will consider

the case of a scalar perturbation moving in the C-star background instead of considering

the full case of a gravitational perturbation. Nonetheless, the results that we find here

should be qualitatively similar to the full case which is left for future work.

We consider a test free scalar field on the background of a C-star. Standard spherical-

harmonic and Fourier decomposition lead to

(∂xx − ∂tt − V )ψ(x, t) = 0 , (5.6.7)
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where x is the tortoise coordinate defined by

dr/dx =
√
−g00g11 , (5.6.8)

and the V is the effective potential that reads

V (r) = −g00
(
`(`+ 1)

r2
− g′11

2rg2rr
+

g′00
2rg11g00

)
, (5.6.9)

where here ` = 0, 1, 2, .. is the harmonic index and ′ ≡ d/dr.
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Figure 5.7: Echoes of C-stars: GW echoes from a C-star with C̄ = 105 and for two
values of the compactness. We consider quadrupolar scalar perturbations with an initial
Gaussian profile with parameters x0 = 5M and σ = 4M . The corresponding response of
a Schwarzschild BH is shown by a continuous black curve for comparison. The waveforms
(normalized by their peak value) are available online [209].

Figure 5.7 shows the linear response of a C-star for a scalar perturbation with gaussian

initial conditions

∂tψ(x, 0) = exp(−(x− x0)2/σ2) , ψ(x, 0) = 0 . (5.6.10)

As discussed in Sec. 2.5.2, echoes are associated with radiation that bounces back and

forth between the object and the photon-sphere [85], slowly leaking to infinity through

wave tunneling [113, 237]. One can estimate roughly the delay time between two consecu-

tive echoes as the time that it takes the perturbation to ravel between the photon sphere

to the center of the star and back [113, 237, 344]

τecho = 2

∫ 3M

0

dr√
eν(1− 2m/r)

. (5.6.11)
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Typically one can consider two different regimes that the perturbation must cross, a

first one outside the star, in the vacuum region between the photosphere and the surface

of the body,

τ extecho =

∫ 3M

R

dr

(1− 2M/r)
. (5.6.12)

and a second one where the perturbation must travel within the star

τ intecho =

∫ R

0

dr√
eν(1− 2m/r)

. (5.6.13)

Interestingly, we notice that the travel time within the star is much larger than the

this delay time is typically the Shapiro delay factor τecho ∼ log(1 − 2M/R) near the

surface [237], τ intecho � τ extecho and consequently the scale of the travel time is mostly set by

the internal structure of the body

τecho ∼ τ intecho . (5.6.14)

This property is akin to (isotropic) ultracompact stars near the Buchdahl’s limit [35, 344]

and to certain phenomenological models [345] considered in the past. These results to-

gether with the scaling found for the scalar tidal Love number suggests that the logarithmic

behavior that is traditionally found in models of exotic compact objects is not found for

this model of C-star.

It is expected that the generic features of C-star echoes do not change when we consider

full gravitational perturbations. Future third-generation detectors such as the Einstein

Telescope may be used to detect or constrain these models and the putting bounds on the

anisotropy scale C.
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We conclude this thesis by looking again at the question that guided all of this work:

What is the nature of the dark, massive ultracompact objects that populate our Universe?.

In this thesis, we have discussed that the true nature of these objects remains elusive.

Classical black holes are a strong candidate but are associated with theoretical issues

that need to be solved. On the other hand, models of alternatives to black holes are

possible but extremely difficult to devise. However, replacing the black hole model is

not an easy task. It is a difficult task to conceive models that are theoretical robust,

with dynamical mechanism and stable, that can be used to explain the observations of

dark ultracompact objects in our Universe. Since it is clear that black holes have some

theoretical problems, quantifying the evidence for horizons is a pressing issue in future

gravitational-wave astrophysics. An unbiased approach and scientific open-mindedness

are essential skills required for the progress in the field of gravitational-wave physics.

Opening our minds to black hole alternatives can undoubtedly help in this task. Even if

some specific models of exotic compact objects end up not being viable alternatives, their

study may still enlighten us about the nature of black holes, horizons, and gravity. It is

not by any means a worthless task.

6.1 Conclusions

This thesis has looked at several phenomenological effects that can quantify the evi-

dence of horizons for some selected solutions of exotic compact objects. A worth-mentioning

feature that we studied is the multipolar structure of compact objects. Within this line,

we study its application to tests of gravity and the study of deformed neutron stars and

their gravitational wave-signal.
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Our main results are present in Chapters 3, 4 and 5 and can be summarized in five

general points:

1. Quasi-Schwarzschild metric. In Chapter 3, we have constructed and analyzed a class

of axisymmetric solutions to Einstein’s vacuum equations describing small (but oth-

erwise generic) multipolar deformations of a Schwarzschild geometry. We extended

the formalism already in the literature to take into account solutions that break

equatorial symmetry and we have included deformations induced by moments other

than the spin (which we named intrinsic multipole moments), obtaining the most

general axisymmetric quasi-Schwarzschild solution to Einstein’s vacuum equations.

We have applied this solution to study the multipole moments of soft exotic compact

objects and deformed neutron stars.

2. Multipole moments of soft exotic compact objects. Here we have looked at a par-

ticular class of exotic compact objects for which the curvature at the surface is

comparable to that at the corresponding black hole horizon. For this family of so-

lutions, we showed that all spin-induced deviations from the black hole multipole

moments have to vanish logarithmically (or faster) as a function of the compactness

parameter δ [see Eq. (3.4.3)] in the black hole limit (see Ref. [313] for a particular

case of this logarithmic behavior). In contrast, nonspin induced must vanish linearly

(or faster) being thus suppressed relative to the spin-induced moments (in general)

and more difficult to constrain. The logarithmic behavior is a promising feature

to constrain the spin-induced multipolar deviations with future gravitational-wave

detectors, particularly LISA [see Eq. (3.4.23)].

3. Neutron stars with quadrupolar deformations. In Chapter 3 we have also extended

the quasi-Schwarzschild metric to the interior region of a neutron star and studied

the phenomenology of neutron stars with intrinsic quadrupole moments. Our analy-

sis considered the deformation supported by anisotropic stresses in the neutron star’s

crust, which we studied with a thin-shell toy model. Although our analysis is based

on some simplified assumptions, it suggests that intrinsic deformations in neutrons

stars could have important implications for high-energy astrophysics, GW astron-

omy, and nuclear physics. Deformed NSs might provide a more accurate description

for the interior of NSs in binary systems and, in turn, for all the strong-gravity

phenomena which are analyzed to infer the neutron star EoS. In summary, using a

simple thin-shell model, we showed that anisotropic crust stresses could support sig-

nificant quadrupolar deformations while satisfying all energy conditions. We argue
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that if neutron stars display some departure from spherical symmetry of the order of

at least a few tenths of a percent, their intrinsic quadrupole moment will introduce

corrections that are more important than the spin and tidal deformations. These

results suggest that it is urgent to quantify neutron star intrinsic deformations and

include them in the parameter estimation of electromagnetic and gravitational-wave

signals from isolated and binary neutron stars.

4. Multipole moments of fuzzballs. In Chapter 4 we used an extended and refined general

method that we developed to determine the multipole moments of spacetimes with

a single timelike Killing vector field and no additional symmetry (see Sec. 2.4) and

applied it to study the moments of fuzzball microstate geometries. These typically

have little to no symmetries, including breaking the axial and equatorial symmetries

of the Kerr metric. We focused on the simpler case of three-center solutions, but

our analysis can be straightforwardly applied to generic multi-center solutions and

generic BH solutions. Our results suggest that the invariant multipole moments

of fuzzballs are monotonically increasing with its size (with a global minimum at

the black hole limit) and that the invariant built from the dimensionless multipole

moments of the Kerr metric are smaller than those of a given microstate with the

same mass and spin in approximately 90% of the four-dimensional parameter space.

There is a long way to go before observational imprints of fuzzballs in astrophysical

systems can be modeled accurately, and more work on the theoretical formulation

of fuzzballs is urgent. Nonetheless, we believe that the analysis of the multipole

moments can provide a new portal to constrain fuzzball models with current and

future observations, using both electromagnetic and gravitational-wave probes.

5. C-stars. In Chapter 5 we discussed self-gravitating configurations of anisotropic flu-

ids. We introduced a covariant framework to study a model of anisotropic stars in GR

that we name C-stars and whose resulting evolution system is well-posed. Thus, rel-

ativistic anisotropic fluids can be explored in full-blown nonlinear evolutions. These

results are promising: C-stars provide a prototypical model for ultracompact objects,

of immense utility in the quest to quantify the evidence for horizons and probing

signs of new physics. Our analytical and numerical results suggest that these objects’

configurations can be metastable and display the whole phenomenology recently pre-

dicted for ultracompact horizonless objects. In particular, they can be as massive

and compact as black holes for a wide range of masses, have vanishingly small tidal

Love numbers, and produce gravitational echoes when perturbed.
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6.2 Future work

There is extensive work to be done on the road ahead, which in part is already in

progress.

� Fuzzballs. Regarding the study of fuzzballs, there are some interesting extensions

of our work. A first extension is to find an analytical proof of the monotonous

behavior of the invariant multipole moments with the microstate’s size and check

whether the above properties also hold for other multi-center microstate geometries.

In the future, when non-BPS, rotating, solutions exist in 4-dimensions, one could

develop a similar study and try to compare with the observational bounds. A point

of research that is currently in progress is related to other smoking-gun effects of

fuzzballs, such as the study of tidal Love numbers and gravitational echoes [6].

� Anisotropic stars beyond spherical symmetry. In our work, we considered nonlinear

dynamics in the spherically symmetric case. Extensions of our covariant formalism to

less symmetric configurations and on simulations of binary C-stars are ongoing, based

on the general covariant framework presented in Appendix D. This is particularly

interesting in light of our results that suggest that there may be scenarios when

the coalescence of two anisotropic stars may produce an ultracompact but stable

anisotropic star, being thus a viable candidate to study an ECO + ECO → ECO

coalescence.

� Relativistic elasticity. Anisotropic stresses were in the foundation of the results

obtained for C-stars and the deformation of neutron stars supported by crustal

anisotropies. Anisotropies can naturally arise in a relativistic formulation of elastic-

ity. An interesting project currently in development is to compare some of our results

with models of ultracompact elastic configurations with some physically motivated

EOS [7].

� Numerical studies of ultracompact objects. Developing a consistent framework to

study ultracompact objects’ behavior with the full power of Numerical Relativity

is a promising project. The covariant framework developed for the C-stars or the

elastic models currently under investigation provide a good starting point for this

analysis. This analysis is currently in preliminary stages and will be made public in

the future somewhere else [8].
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AThin shell formalism

In this appendix we shall describe the junction conditions required to match two space-

times [227, 112, 267, 268]. We are going to focus particularly on the case of spacetimes

which can be described with a quadrupolar deformation. These spacetimes can generically

be written in terms of a spherical background spacetime plus an additional quadrupolar

deformation,

g±µν =
(
g(0)µν

)±
+ ε h±µν . (A.0.1)

Here, g
(0)
µν denotes the spherical background metric, ε is a bookkeeping parameter, and

hµν is a small perturbation which takes the form of Eq. (3.2.7). Here we denote with

superscript + (−) quantities in the external (internal) spacetime. The metric can be

written in terms of two coordinate systems,

(xµ)± =
(
t±, r±, θ±, ϕ±

)
, (A.0.2)

We denote the by ya = (T,Θ,Φ) the intrinsic coordinates on the thin-shell. Thus, the

thin-shell location can be written in terms of the inner and outer coordinates as

(xµ)± =
(
A±T,R+ ε ξ±,Θ + ε l±,Φ

)
, (A.0.3)

where A± and R denote the time rescalings and the radius of the undeformed spherical

object, respectively. The functions ξ± and l± stand for functions of Θ that relate to the

thin-shell position. There is an additional degree of freedom associated with the choice

of coordinates and thus we may assume that without loss of generality A+ = 1 and

l+ = 0. To separate the equations according to the harmonic components it is convenient
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200 Thin shell formalism

to decompose the ,

ξ± =
∑
`>0

ξ±` P`(Θ) , l− =
∑
`>0

l` P`(Θ) , (A.0.4)

where for quadrupolar deformations reduce to the usual

ξ± = ξ±2 P2(Θ) , l− = l2 P2(Θ) . (A.0.5)

One can define a set of three orthogonal vectors that are tangent to the thin-shell by

eµa =
∂xµ

∂ya
, (A.0.6)

and a single normal vector to the shell nµ. The induced metric on the thin-shell can be

defined by

ηab := gµνe
µ
ae
ν
b , (A.0.7)

and the first junction condition imposes its continuity across the shell.

[[hab]] = 0 , (A.0.8)

where the double-squared brackets denote the jump of a quantity across the shell’s surface,

[[X]] = X+ −X− , (A.0.9)

Finally, the second junction condition relates the stress-energy tensor Sab with the

extrinsic curvature Kab,

[[Kab]]− [[K]]hab = 8πSab , (A.0.10)

where

Kab := −nα;βeαae
β
b , K := ηabK

ab . (A.0.11)

The stress-energy tensor computed in this way can than be compared with specific

stress-energy tensors of matter (e.g. perfect fluid, anisotropic fluid, elastic matter, etc.)

to obtain the physical properties of the shell’s matter.



BInvariants associated
to multipole moments

Using the Cartesian description of the multipoles we can construct some quantities

which are invariant under rotations. We start from the general formula which connects

the Cartesian and the spherical descriptions,

1

`!
Qi1...i`ni1 . . . ni` =

√
4π

2`+ 1

+∑̀
m=−`

M`mY`m (B.0.1)

where Qi1...i` is a symmetric traceless tensor. We now specialize our computation to the

cases ` = 1, 2, 3 (` = 0 is trivial).

Dipole moments. For ` = 1, Qi1 is a vector. Using (B.0.1) we can write the components

of Qi in terms of M1m:

Qx1 =
√

2(M1−1 −M11) , Qy1 = −i
√

2(M1−1 +M11) , Qz1 = 2M10 . (B.0.2)

The only invariant associated to Qi1 is

1

4
| ~Q1|2 =

1

4
Qi1Q1,i =M2

10 + 2|M11|2 (B.0.3)

Quadrupole moments. For ` = 2, Qij2 is a symmetric traceless matrix, therefore there

are 5 (real) independent components. In terms of the M2m we have

Qxx2 =

√
3

2
(M22 +M2−2)−M20 , Qyy2 = −

√
3

2
(M22 +M2−2)−M20

Qxy2 = i

√
3

2
(M22−M2−2) , Qxz2 =

√
3

2
(M2−1−M21) , Qyz2 = −i

√
3

2
(M2−1+M21)

Qzz2 = −Qxx2 −Q
yy
2 = 2M20

.

(B.0.4)
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We can associate two invariants to the Q matrix, namely its trace and determinant. In

terms of M2m they read

1

6
TrQ2 =M2

20 + 2|M22|2 + 2|M21|2

1

2
DetQ =M3

20 + 3M20(|M21|2 − 2|M22|2) + 3
√

6 Re[M∗22M2
21]

. (B.0.5)

Octupole moments. In a similar fashion one can compute the trace invariant associated

to Q3, which is defined as

1

3!
Qijk3 ninjnk =

√
4π

7

+3∑
m=−3

M3mY3m . (B.0.6)

The octupole tensor Qijk3 has 7 independent components. The relations with the M3m

are the following

Qxxx3 =
3

2
(
√

5M3−3 −
√

3M3−1 +
√

3M31 −
√

5M3,3)

Qxxy3 = − i
2

(3
√

5M3−3 −
√

3M3−1 −
√

3M31 + 3
√

5M3,3)

Qxxz3 =
1

2
(
√

30M3−2 − 6M30 +
√

30M32)

Qxyy3 =
1

2
(−3
√

5M3−3 −
√

3M3−1 +
√

3M31 + 3
√

5M3,3)

Qxyz3 = −i
√

15

2
(M3−2 −M32)

Qyyy3 =
3i

2
(
√

5M3−3 +
√

3M3−1 +
√

3M31 +
√

5M3,3)

Qyyz3 = −1

2
(
√

30M3−2 + 6M30 +
√

30M32)

Qxzz3 = −Qxxx3 −Qxyy3 = 2
√

3 (M3−1 −M31)

Qyzz3 = −Qxxy3 −Qyyy3 = −2i
√

3 (M3−1 +M31)

Qzzz3 = −Qxxz3 −Qyyz3 = 6M30

. (B.0.7)

We can compute TrQ2
3 = Qijk3 Q3, ijk obtaining

1

90
TrQ2

3 =M2
30 + 2|M33|2 + 2|M32|2 + 2|M31|2 . (B.0.8)



CMultipole moments of
microstate geometries

In this appendix we provide the multipole moments for some generic class of solutions.

As discussed in the main text the parameter L is generically bounded, L ≤ Lmax, except

for some particular solutions. Since in the large-κ limit typically Lmax = O(κ), we shall

distinguish between two opposite regimes:

1. L is much smaller than the leading parameter(s) κi (this includes the small-L limit);

2. L ∼ Lmax = O(κ).

C.1 General solution with κ1 = O(1), κ2 = 0, κ3 = O(1),

κ4 � 1

We consider the case in which κ2 = 0, κ1,3 ∼ O(1) and κ4 � κ1,3. To simplify the

notation we define (κ1, κ3, κ4) = (κ̄1, κ̄3, κ̄4λ), where κ̄i ∼ O(1) and λ� 1.

C.1.1 Small L

If L� λ, to leading order in λ the centers are located at

x1 =

(
−
(
κ̄21κ̄

2
3 − 2κ̄1κ̄

2
3 − 1

)
L
√

3κ̄21κ̄
4
3 + L2 + 4κ̄1κ̄23L

(κ̄1 + 1) κ̄3κ̄4λ
(
2κ̄1κ̄23 + L

) , 0,
2κ̄21κ̄

2
3L

(κ̄1 + 1)
(
2κ̄1κ̄23 + L

)) ,
(C.1.1)

x2 =

((
(2κ̄1 − 1) κ̄23 + 1

)
L
√

3κ̄21κ̄
4
3 + L2 + 4κ̄1κ̄23L

(κ̄1 + 1) κ̄3κ̄4λ
(
2κ̄1κ̄23 + L

) , 0,− 2κ̄1κ̄
2
3L

(κ̄1 + 1)
(
2κ̄1κ̄23 + L

)) ,
(C.1.2)

x3 =

(
−L
√

3κ̄21κ̄
4
3 + L2 + 4κ̄1κ̄23L

2κ̄1κ̄23 + L
, 0,

(κ̄1 − 1) κ̄1κ̄
2
3L

(κ̄1 + 1)
(
2κ̄1κ̄23 + L

)) , (C.1.3)
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and the first multipole moments of this solution read

M00 =
1

4
λ (κ̄1 + 1) κ̄3κ̄4 , S10 =

λLκ̄1κ̄
2
3κ̄4

4κ̄1κ̄23 + 2L
,

M22 = O
(
λ0
)
, M21 = O

(
λ0
)
, M20 =

λL2κ̄31κ̄
5
3κ̄4

(κ̄1 + 1)
(
2κ̄1κ̄23 + L

)
2
,

S22 = O
(
λ0
)
, S21 = O

(
λ0
)
, S20 =

λL2 (κ̄1 − 1) κ̄21κ̄
4
3κ̄4

(κ̄1 + 1)
(
2κ̄1κ̄23 + L

)
2
.

(C.1.4)

C.2 General solution with κ1 = O(1), κ2 = 0, and κ3,4 � 1

Here we consider the solution for which κ2 = 0 and κ3,4 � κ1. We define (κ1, κ3, κ4) =

(κ̄1, κ̄3λ, κ̄4λ), where κ̄i ∼ O(1) and λ� 1.

C.2.1 Small L

If L� λ, to leading order in the expansion for large λ, the coordinates of the centers

are

x1 =
1

A

(
−
(√

3κ̄1κ̄3 (κ̄1 (κ̄3 + κ̄4)− 2κ̄4)
)
, 0,−κ̄1 ((κ̄1 − 2) κ̄3 − 2κ̄4) (κ̄3 − κ̄4)

)
,

(C.2.1)

x2 =
1

A

(
−
√

3κ̄3 (κ̄4 + κ̄1 (κ̄3 − 2κ̄4)) , 0,−2κ̄21κ̄
2
3 + κ̄1κ̄

2
3 + κ̄4 (2κ̄4 − κ̄3)

)
, (C.2.2)

x3 =
1

A

(
−
√

3κ̄4 (κ̄4 + κ̄1 (κ̄4 − 2κ̄3)) , 0, (κ̄1 − 1) (2 (κ̄1 + 1) κ̄3 − κ̄4) κ̄4
)
, (C.2.3)

where the denominator isA = 2 (κ̄4 + κ̄1 (κ̄3 + κ̄4))
√(

κ̄21 − κ̄1 + 1
)
κ̄23 − (κ̄1 + 1) κ̄4κ̄3 + κ̄24.

Note that the square root in A is proportional to the angular momentum, which implies

that the zero angular momentum limit is singular. Indeed, this general solution does not

include Solution A in the main text. The latter (as well as all solutions in this class for

which J = 0) must be studied separately.
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To leading order in λ, the first multipole moments of this solution read

M00 =
1

4
λ2κ̄3 (κ̄4 + κ̄1 (κ̄3 + κ̄4)) , S10 =

1

4
λL
√(

κ̄21 − κ̄1 + 1
)
κ̄23 − (κ̄1 + 1) κ̄4κ̄3 + κ̄24 ,

M22 =
λ2L2

A2

3

8

√
3

2
κ̄1κ̄

2
3κ̄4 (κ̄4 + κ̄1 (κ̄3 + κ̄4))

(
κ̄3 (κ̄3 + κ̄4) κ̄

2
1 +

(
κ̄23 − 6κ̄4κ̄3 + κ̄24

)
κ̄1 + κ̄4 (κ̄3 + κ̄4)

)
,

M21 =
λ2L2

A2

9

4
√

2
(κ̄1 − 1) κ̄1κ̄

2
3 (κ̄3 − κ̄4) (κ̄1κ̄3 − κ̄4) κ̄4 (κ̄4 + κ̄1 (κ̄3 + κ̄4)) ,

M20 =
λ2L2

A2

1

8
κ̄1κ̄3κ̄4

((
8κ̄31 − 9κ̄21 − 9κ̄1 + 8

)
κ̄33 − 3

(
3κ̄21 − 10κ̄1 + 3

)
κ̄4κ̄

2
3 − 9 (κ̄1 + 1) κ̄24κ̄3

+8κ̄34
)

(κ̄4 + κ̄1 (κ̄3 + κ̄4)) ,

S22 = −λL
2

A2

3

8

√
3

2
(κ̄1 − 1) κ̄3 (κ̄3 − κ̄4) (κ̄1κ̄3 − κ̄4) (κ̄4 + κ̄1 (κ̄3 + κ̄4))

2 ,

S21 =
λL2

A2

3

4
√

2
κ̄3 (κ̄4 + κ̄1 (κ̄3 + κ̄4))

(
κ̄3
(
κ̄23 − 4κ̄4κ̄3 + κ̄24

)
κ̄31 +

(
κ̄33 + 2κ̄4κ̄

2
3 + 2κ̄24κ̄3 + κ̄34

)
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+2κ̄4
(
−2κ̄23 + κ̄4κ̄3 − 2κ̄24

)
κ̄1 + κ̄24 (κ̄3 + κ̄4)

)
,

S20 =
λL2

A2

1

8
(κ̄4 + κ̄1 (κ̄3 + κ̄4))

(
8κ̄33 (κ̄3 − κ̄4) κ̄41 − 7

(
κ̄43 − κ̄23κ̄24

)
κ̄31 + 7

(
κ̄43 − κ̄3κ̄34

)
κ̄21

−8
(
κ̄43 − κ̄44

)
κ̄1 + κ̄4

(
8κ̄33 − 7κ̄4κ̄

2
3 + 7κ̄24κ̄3 − 8κ̄34

))
,

(C.2.4)

Notice that in the denominator of each of the multipoles there is a term proportional

to the angular momentum.

C.3 General solution with κ1 = O(1) and κ2,3,4 � 1

An even more general solution with κ2 6= 0 can be constructed analytically when

(κ1, κ2, κ3, κ4) = (κ̄1, κ̄2λ, κ̄3λ, κ̄4λ), where κ̄i ∼ O(1) and λ� 1.

C.3.1 Small L

If L� λ, to leading order in λ� 1 the first multipole moments of this class of solutions

are
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M00 =
1

4
λ2
(
κ̄1κ̄

2
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2
3 + κ̄1κ̄3κ̄4 + κ̄3κ̄4
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(C.3.1)

where for readability we have defined

Z = 8
(
(κ̄3 − κ̄2) κ̄4 + κ̄1

(
κ̄22 + (4κ̄3 − κ̄4) κ̄2 + κ̄3 (κ̄3 + κ̄4)

)) (
2κ̄22 + 2κ̄23 + (L+ 5)κ̄3κ̄2

)
2 .

(C.3.2)

C.3.2 L ∼ Lmax

Since L ∼ Lmax ∼ λ, we can define L = L̄λ and, to leading order in λ, the multipole

moments read
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(C.3.3)

Note that in this case the moments with m 6= 0 vanish, consistently with the fact that

when L→ Lmax the solution is axisymmetric.

C.4 General solution with κ1,2,3,4 � 1

Finally, let us consider the case in which all κ’s are large, i.e. κi = κ̄iλ (i = 1, 2, 3, 4),

with κ̄i = O(1) and λ� 1.

C.4.1 Small L

If L� λ, to leading order in λ� 1, the multipole moments in this case read
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(C.4.1)

where we have defined

Υ = 8
(
κ̄22 + (4κ̄3 − κ̄4) κ̄2 + κ̄3 (κ̄3 + κ̄4)

) (
2κ̄22 + 2κ̄23 + (L+ 5)κ̄3κ̄2

)
2 . (C.4.2)

Notice that this solution can be also obtained from the one in Sec. C.3 in the κ̄1 � 1

limit.

C.4.2 L ∼ Lmax

Since L = L̄λ ∼ Lmax, to leading order in λ and with L̄ = O(1), the multipole moments

read
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4
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) ,

(C.4.3)

and also in this case the solution is axisymmetric, as expected.



DAnisotropic stars beyond
spherical symmetry

In this short appendix we develop the first steps to extend the analysis developed in

Chap. 5 to systems without symmetry. As we have discussed previously, in the most

general case, the pressure can be different along three generic spatial directions, identified

by a triad of unit space-like vectors, kµ, ξµ and ηµ. The anisotropies can be defined in

terms of deviations σ1, σ2 and σ3 from a reference isotropic pressure function, PISO. The

stress-energy tensor describing the resulting anisotropic fluid can be written as

Tµν = T ISO
µν + σ1kµkν + σ2ξµξν + σ3ηµην , (D.0.1)

where we have defined the stress-energy tensor of an ordinary isotropic fluid as

T ISO
µν = (ρ+ PISO)uµuν + gµνPISO , (D.0.2)

with uµ being the usual fluid four-velocity.

The unit vectors kµ, ξµ and ηµ are orthogonal to each other and to uµ, i.e. they are

constrained by the nine conditions: kµkµ = ξµξµ = ηµηµ = 1, and uµkµ = uµξµ = kµξµ =

kµηµ = ξµηµ = uµηµ = 0. These conditions can be used to fix nine out of the 3 × 4

components of kµ, ξµ and ηµ. The remaining three components can be arbitrarily fixed

without loss of generality, since they are associated with the translation of the origin of

the frame identified by the triad of pressure vectors.
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Using the above conditions, we can define the projections

uµTµν = ρuν , (D.0.3)

kµTµν = (PISO + σ1) kν = P1kν , (D.0.4)

ξµTµν = (PISO + σ2) ξν = P2ξν , (D.0.5)

ηµTµν = (PISO + σ3) ην = P3ην , (D.0.6)

where we defined Pi := PISO + σi. Thus, in this notation each vector is related with a

specific direction of anisotropy. When σ1 = σ2 = σ3 = 0 the stress-energy tensor above

reduces to the usual stress-energy tensor for an isotropic perfect fluid.

In analogy to the spherically symmetric case, we provide three equations of state for

P1, P2 and P3 of the form

σ1 = P1 − PISO = C1f1(ρ)kµ∇µρ , (D.0.7)

σ2 = P2 − PISO = C2f2(ρ)ξµ∇µρ , (D.0.8)

σ3 = P3 − PISO = C3f3(ρ)ηµ∇µρ , (D.0.9)

where the free constants C1, C2 and C3 are generically dimensionful. Since the in the most

general case the pressure is dependent on the direction that we choose to measure, we

have defined the EOS in terms of covariant derivatives of the density which is unique.

Let us now show that the general framework reduces to the spherically symmetric case

considered in Chap 5. In spherical symmetry, the angular components of the vectors must

vanish. In this case, kµ = (k0, k1, 0, 0) and the other two vectors are identically zero,

ξµ = 0 and ηµ = 0. Equations (D.0.7)-(D.0.9) then take the form

P1 = PISO + C1f1(ρ)kµ∇µρ , (D.0.10)

P2 = PISO , (D.0.11)

P3 = PISO , (D.0.12)

and therefore σ2 = σ3 = 0. The spherically-symmetric case is recovered by defining

Pt = PISO, Pt = Pr −C1f1(ρ)kµ∇µρ, and f1(ρ) = f(ρ)∂Pr/∂ρ, to account for the different

definition in the equation of state.
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