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ABSTRACT

We prove existence of L%-weak solutions of a quasilinear wave equa-
tion with boundary conditions. This describes the isothermal evolu-
tion of a one dimensional non-linear elastic material, attached to a
fixed point on one side and subject to a force (tension) applied to
the other side. The L?-valued solutions appear naturally when study-
ing the hydrodynamic limit from a microscopic dynamics of a chain
of anharmonic springs connected to a thermal bath. The proof of
the existence is done using a vanishing viscosity approximation with
extra Neumann boundary conditions added. In this setting we obtain
a uniform a priori estimate in L2, allowing us to use L? Young meas-
ures, together with the classical tools of compensated compactness.
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We then prove that the viscous solutions converge to weak solutions
of the quasilinear wave equation strongly in L?, for any p € [1,2),
that satisfy, in a weak sense, the boundary conditions. Furthermore,
these solutions satisfy, beside the local Lax entropy condition, the
Clausius inequality: the change of the free energy is bounded by the
work done by the boundary tension. In this sense they are the cor-
rect thermodynamic solutions, and we conjecture their uniqueness.

MATHEMATICS SUBJECT
CLASSIFICATION
35L40; 35D40

1. Introduction

The problem of existence of weak solutions for hyperbolic systems of conservation law
in a bounded domain has been studied for solutions that are of bounded variation or in
L*> [1]. In the scalar case some works extend to L*° solutions, obtained from viscous
approximations [2]. But viscous approximations require extra boundary conditions that
are usually taken of Dirichlet type.

We present here an approach based on viscosity approximations, where the extra
boundary conditions are of Neumann type, to reflect the conservative nature of the vis-
cous approximation. We consider here the quasilinear wave equation

rt—pxzo

bt _T(r>x:0 (11)

, (t,x) € Ry x [0,1]

where 7(r) is a strictly increasing regular function of r such that 0 < ¢; < 7/(r) < ¢,
for some constant cj, ¢;. In Section 2, we will require some more technical assumption
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for 7. We add to the system the following boundary conditions:
p(t0)=0,  t(r(t,1)) =7(t) (1.2)

and initial data

r(0,x) = ro(x), P(0,x) = po(x). (1.3)
The boundary tension 7 : Ry — R is smooth and bounded with bounded derivative.

Eq. (1.1) describes the isothermal evolution of an elastic material in Lagrangian coordinates.
The material point x € [0, 1] has a volume strain r(t, x) at time ¢ (that can also have negative
values), and momentum (velocity) p(t, x). The Eulerian position of the material point x, with
respect to the position of the particle 0, is given by q(t,x) = [ r(t,y)dy, so that we can iden-
tify the position of the material point x =1 as the total extension of the material:

1

L) = q(t1) = J (8, y)dy. (1.4)

0

Let T < oo be given and arbitrary, and define Qr := [0, T] x [0, 1]. We shall construct
weak solutions u(t,y) = (7(t,),p(t,)), (t,¥) € Qr, to the quasilinear wave equation
such that u(t,-) € L*(0,1) for all + < T and satisfy the initial and boundary conditions
in the following weak sense:

Jl ot x)F (6, x)dx — J

0 0

1

¢l
(0, x)ro(x)dx = J J (@7 — @.p)dxds (1.5)

0J0

1 t

(0, x)po(x)dx = Jo L (Y p — W, 1(7))dxds + L (s, 1)7(s)ds
(1.6)

Jl W(t,x)p(t,x)dx — J

0 0

for all functions @, € C'(Qr) such that ¢(t,1) = y(¢,0) = 0 for all > 0.
Define the free energy of the system, associated to a profile u(x) = (r(x),p(x)) €
L*(0,1), as

F(u) := J; (ngx)Jr F(r(x)))dx (1.7)

where F(r) is a primitive of ©(r) (F'(r) = t(r)), such that $r* < F(r) <%r* for any r €
R. This is possible thanks to the bounds we required on 7.
The solution % of (1.5) and (1.6) that we obtain has the following properties:

o u€L>0,T;L*0,1))
e u(0,x) = up(x) for a.e. x;
For any ¢ € C'([0,1]), the application
1
t— J ¢ (x)u(t, x)dx (1.8)
0
is Lipschitz continuous over [0, T;
o i satisfies Clausius inequality:

F(u(t)) — F(ug) < W(t), Vt € [0, T] (1.9)
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where 1y = (g, po) and

1 1

7(t,x)dx — 7(0) J ro(x)dx (1.10)

0

t 1

wuy:—Jf%ng@xmmk+qu

0 0 0

is the work done by the external tension up to time t. In this sense, we call our solu-

tion a thermodynamic entropy solution. For general discussion of the connection of
such thermodynamic solutions to the usual definition of entropic solutions, see [3,4].

Remark. If 7(¢,x) is differentiable with respect to time, we may perform an integration
by parts and obtain

t

W@zjf@ﬂ@. (1.11)

0

This recovers the usual mechanical definition of the work.
The construction of the solution is obtained from the following viscosity approximation

{;; :Z’Er;)jixépéx, (tx) € Ry x [0,1] (1.12)
with boundary conditions
P(60) =0, <(r(t,1))=7(t), pi(t,1)=0, r(t,0)=0 (1.13)
and initial data
r(0,x) =rg(x),  p(0,x) = py(x) (1.14)

such that rJ and pj are compatible with the boundary conditions, regular enough (see
(3.4) and (3.5)) and converge to r, and po, respectively, as 6 — 0.

Note that in the viscous approximation we have added two Neumann boundary con-
ditions that reflect the conservative nature of the viscous perturbation. Under these con-
ditions we have

I tpl
J |u® (£, x)|*dx + 5J J |u (s, x)|[dxds < C, YVt >0 (1.15)
0 0Jo

where C is independent of ¢ and . It is thus clear that {u’};_, and {v/0u’},., are uni-
formly bounded in L*(Qr). Then we rely on the existence of a family of bounded Lax
entropy-entropy fluxes as in [5-7], that allows us to apply the compensated compact-
ness in the L* version. The conditions assumed on t(r) are in fact those required to
apply [7] results. Under a slight different set of conditions, another L? extension of the
compensated compactness argument can be found in [8].

1.1. Physical motivations

The problem arises naturally considering hydrodynamic limit for a non-linear chain of
anharmonic oscillators in contact with a heat bath at a given temperature [9,10]. This
microscopic dynamics models an isothermal transformation with two locally conserved
quantities that evolve, on the macroscopic scale, following (1.1).
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Consider N+ 1 particles on the real line and, for i =0, ...N, call g; and p; the posi-
tions and the momenta of the ith particle, respectively. Particles i and i— 1 interact via
a nonlinear potential V(q; — g;—1). Particle i=0 is at position go =0 and does not
move, i.e. po(t) = 0. There is a time dependent force (tension) 7(t) acting on the last
particle. Then, defining r; := q; — g;—1 we have a system with Hamiltonian

Hy(t) = ; ( L+ V(r) > - r(t)Zr, (1.16)

The interaction with a heat bath at temperature ' is modeled by a stochastic per-
turbation of the dynamics that acts as a microscopic stochastic viscosity. Defining the dis-
crete gradient and laplacian as

Va; = aip1 — ais Aa; = aipy + aiy — 2a;,

the evolution equations are then given by the following system of stochastic differential

equations:
dr1 = pldt + 5VV/ Tl)dt \/ 2ﬁ dWl
= Vpidt + SAV'(r,)dt — /2716 Vdw;_,, 2<i<N-1

drN = Vpn_1dt + 5( (t)+ V'(rny_1) —2V'(ry ) \/T o0 Vdwyn_1,

dpy, = VV'(r))dt + 6(p, — 2p1)dt — /271 Vdw,,

dp; = VV'(r;)dt + dAp;dt — /276 Vdw,_,, 2<j<N-1
dpn = (t(t) = V'(ry))dt — 0Vpy_1dt + /285 dwy_,

(1.17)

Here fi~' > 0 is the temperature of the heat bath, and {w;}~ ", {#;}L," are families
of independent Brownian motions. The parameter 0 is the intensity of the action of
the heat bath, and is chosen depending on N such that ¢ ~ o(N). When §=0, Eq.
(1.17) is just the Newton deterministic equations for the Hamiltonian (1.16). Notice
the correspondence of the boundary conditions in (1.17) with the one chosen
in (1.12).

One of the effects of the action of the stochastic heat bath is to fix, in a large time
scale, the variance of the velocities (i.e. the temperature) at ﬁ_l, and establish a local
equilibrium, where space-time averages of V'(r;) around a macroscopic particle number
[Nx] at a macroscopic time Nt converges to the equilibrium tension (r(,x), ) at tem-
perature B! and volume stretch r(¢, x). Since f is fixed by the heat bath and do not
evolve in time, we drop it from the notation in the sequel.

The hydrodynamic limit consists in proving that, for any continuous function G(x)

on [0,1],
) = [oolGi)e o

in probability, with (r(t,x), p(t,x)) satisfying (1.5), (1.6). Of course a complete proof would
require the uniqueness of such L* valued solutions that satisfy (1.9): this remains an open
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problem. The results contained in [10] states that the limit distribution of the empirical dis-
tribution defined on the RHS of (1.18), concentrates on the possible solutions of (1.5) and
(1.6) that satisfy (1.9). Since we have no uniqueness result, we cannot assure that the solu-
tions constructed in the present paper coincide with those obtained with the hydrodynamic
limit from (1.17). One can however conjecture that this is the case.

This stochastic model was already considered by Fritz [11] in the infinite volume
without boundary conditions, and in [9], but without the characterization of the bound-
ary conditions.

In the hydrodynamic limit only L* bounds are available and we are constrained to
consider L* valued solutions. Since these solutions do not have definite values on the
boundary, boundary conditions have only a dynamical meaning in the sense of an evo-
lution in L? given by (1.5), (1.6).

2. Hyperbolic system and the existence of weak solutions

For r,p : Ry x [0,1] — R, consider the hyperbolic system

{ r—px=0 p(60)=0 r(t1)=11(z(1) 1)

pe—1(r),=0"" p(0,x) =po(x)  r(0,x) = ro(x)
The nonlinearity © € C*(R) is chosen to have the following properties.

(t-1) ¢ <7(r) < ¢, for some ¢;,¢; > 0 and all r € R;
(t-ii) 7"(r) #0 for all r € R;
(t-iii) 7"(r), 7" (r) € L*(R) N L>®(R).
We also assume that 7: R, — R is smooth. Moreover, there is a time T, such that

7/(t) = 0 for all £ > T,. The initial data ro, po € L?(0,1) are compatible with the bound-
ary conditions.

Remark. Conditions (r-i) and (t-ii) ensure that the system is strictly hyperbolic and
genuinely nonlinear, respectively. Condition (t-iii) is used later on to ensure some
boundedness properties of the Lax entropies.

Theorem 2.1. System (2.1) admits a weak solution u = (7,p) in the sense of (1.5) and
(1.6), such that u € L*(0,T;L*(0,1)), u(0,x) = uo(x) for a.e. x; and it satisfies the
Clausius inequality:

Fa(t) — Fluo) < W(t),  Vte[o,T] (2.2)

with W(t) as in (1.10). Furthermore u satisfies the local Lax entropy condition in the
sense specified in Section 6.

3. Viscous approximation and energy estimates
We consider the following parabolic approximation of the hyperbolic system (2.1)
fi-roin
Py =), = op,

for 6 > 0, with the boundary conditions:

(t,x) e Ry x [0,1] (3.1)
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P(t0) =0, (1) =11z(t), pi(t1)=0, ri(t,0)=0, (3.2)
and initial data:
P°(0,%) = pj(x),  r(0,x) = 1 (). (3.3)

The initial data rJ, pS € C*([0, 1]) are mollifications of r, and p, compatible with the
boundary conditions:

py(0) =0 rf(1) =7"(2(0)), Opy(1) =0 rg(0)=0. (3.4)
Moreover, there is C independent of 6 such that
752+ Nledll 2 + ([ Vo0srg]] o + [|Vo0:p5] 2 < € (3.5)

and (9, p3) — (ro, po) strongly in L2(0,1).
As shown in [12] in a more general setting, this system admits a global classical solu-
tion (r%,p°), with

r,p’ € C'(Ry; C°([0,1])) N C*(Ry; C*([0, 1])).
Remark. (i) We added two extra Neumann conditions, namely p(t,1) = r%(¢,0) = 0.
These conditions reflect the conservative nature of the viscous perturbation, and are
required in order to obtain the correct production of free energy.

(ii) One could introduce a nonlinear viscosity term: dt(r°)  in place of 6r° . This is a
term which comes naturally from a microscopic derivation of system (3.1), as described
in the introduction (see also [13]). Nevertheless, this does not drastically change the
problem, thus we shall consider only the linear viscosity or° .

Theorem 3.1 (Energy estimate). There there is a constant C> 0 independent of t and o
such that

1 t rl
J 18 (¢, %) Pl + 5J J 12 (5, ) Pdxds < C (3.6)
0 0J0
forall t >0 and 6 > 0.

Proof. Let F be a primitive of 7 such that $r*> < F(r) < %r*. By a direct calculation we

have
E <%)2 +F (ré)) dx - + JOT J: (5(r§)2 + 5(pﬁ)2)dxdt = LT T(t) J: Pdxdt  (37)

= (f(t) J: r%lx)

Write, for some ¢ > 0 to be chosen later,

t=T

T 1
—J f’(t)J rodxdt. (3.8)

0 0

t=0

2 (T) J: (T, x)dx < [2(T)| (i + EE (ra)z(T,x)dx> < % + %J; (PP, x)dx (3.9)

where C: = sup,.,(|7(t)| +[7'()|) depends on 7 only.
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Using F(r) > % r* we obtain

(-1) Lo [ [ s
C
=2

+Cy — JT 7'(t) Jl 7°(t, x)dxdt.

0

0
(3.10)

Recall that there is T, > 0 such that 7/(¢t) = 0 for ¢t > T,. Then, for T < T,, we write

(25 [ operamac+ 3| @rermass [ [ (5022 + otg0))

C2 1 T rl
<C_+c0+ fT+2J J ()2 (1, x)dx
0Jo

(3.11)
- C? | P ;
<o Gt ST | | (0708 + (00 (0 d
2¢ 220, )
v (3.12)
+—J JJ (2% + 6(p2)? ) s
2Jo JoJo
where C, depends on the initial data only. Choosing ¢ = ¢;/(2C:) gives
¢ c o c_ 1
— < <+ T +-= t)dt, 3.13
TEAS S R +2JOJ() (3.13)

where
1 t ol
1(1) = J (PP (6, %) + (p°)2 (8, x)) dx +J J (80:2)% + 6(p2)? ) dcs. (3.14)
0 0Jo
We apply Gronwall’s inequality. This, together with T < T,, gives
40,Co 4+ 2C2(2 + 1 T) (2T>
exp | —
Cl C1
LGt 2c2(2 +aT,) <2T*
> exp
1

J(T) <

(3.15)

) — Colen,7),

for all T € [0, T,), where Cy(c;,7) is independent of T and o
On the other hand, if T > T,, we have

C1

(2% [ operamac+ 3| @pirmacs [ [ (o002 + o) as

C* T, 1
< >+ Co — J 7'(t) J r°(t, x)dxdt
0

0
(3.16)

and the integral at the right-hand side is uniformly bounded in T, 6 and 0, since
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T, 1 T, (1
—J f’(t)J ro(t, x)dxdt < C%J J |7°(t, x)|dxdt

0 Jo

1/2
1 T* 1
< G T, (—J J (ré)z(t,x)dxdt>
T Jo Jo (3.17)

T. 1/2
C: T*<J ](t)dt)

< G T/ Coler, T)

IN

From (3.7) we also immediately obtain the following

Corollary 3.2 (Viscous Clausius inequality).

1 1

o (t, x)dx — T(O)J r9(x)dx. (3.18)
0

P ) - Ful) < - [ 76 [ Pl |

0 0 0

4. L? young measures and compensated compactness

Throughout this section, for any fixed T> 0 let u’(t,x) := (r°(t,x),p°(t,x)) be a strong
solution of (3.1) on Q. By Theorem 3.1 and after a time integration over [0, T| we obtain

||u6||L2(QT) <C (4.1)

for some C independent of &. Thus we can extract from {u’},., a subsequence that is
weakly convergent in L?(Qr). Namely, up to a subsequence, there exists u = (7,p) €
L*(Qr) such that

limJ uéq) = J ueQ, Vo € Lz(QT). (4.2)
Q Qr

0—0

All the limits 6 — 0 taken below are intended along a chosen subsequence.
In this section, we want to show that for any ¢ € L>(Qr) we have

limJ G (t, x)T(r°(t, x) )dxdt = J o(t, x)t(7(t, x))dxdt. (4.3)
Qr

0—0 Qr

This is done using a L* version of the compensated compactness, which is usually per-
formed in L™.
From the solution u°(t,x), we define the following Young measure on Qr x R*:

o .
V(t,x = 5u‘3(t,x)’ (44)
which is a Dirac mass centered at u’, i.e.

J ](t,x)f(u‘s(t,x))dxdtzj J J(t,x)f (&)dv? (&)dxdt
Qr QrJR?

for all measurable J : Qr — R and f : R? > R.
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Since we have L* bounds on u’, we refer at uf, . as a L’-Young measure [14]. In par-
ticular we have, from (4.1)

J J &P dv? (&)dxdt < C. (4.5)
QrJR?

We call Y the set of Young measures on Qr x R* and we make it a metric space by
endowing it with the Prohorov’s metric. By proposition 4.1 of [15], the set

K := {,, cy: J J &P dvy, o (€)dxdt < c} (4.6)
QrJR?

is compact in ). Then, by the fundamental theorem for Young measures ([14], section
2), there exists v, , € ) so that, up to a subsequence,

lim J J ](t,x)f(é)duix(é)dxdtzj J JLx)f ()dia(H)dxdt  (47)
QrJRr? Qr

0—0 R?

for all continuous and bounded ] :Qr — R and f: R? — R. We shall simply write
v® — v in place of (4.7). By a simple adaptation of proposition 4.2 of [15], (4.7) can be
extended to a function f : R? — R such that f(&)/|¢]> — 0 as |¢| — 4-o0.

In order to obtain (4.3), we need to prove that the limit Young measure v is a Dirac
mass: Uy x = Oy(1,x), for some u € L*(Qr) and for almost every (f,x) € Qr. This is done

using the classical argument by Tartar and Murat.

Definition 4.1. A Lax entropy-entropy flux pair for system (2.1) is a couple of differenti-
able functions (1,q) : R* — R? such that

{WH“LD:O

. 4.8
r’(r)np—i—qr:O (48)

We show that Tartar’s equation holds for any two suitable entropy pairs (1,q) and
(n',q') to be specified below and almost all (¢,x) € Qr :
<7’16]/ - ’1/% Dt,x> = <’7) Dt,x><ql> Dt,x> - <17l> Dt,x> <6L Dt,x>> (49)
where
(f> V1 x) :—J f(&)dv (&) (4.10)
RZ
for any measurable f. We employ the following argument due to Shearer [7].

Accordingly to Lemma 2 in [7], there exists a family of half-plain supported entropy-
entropy fluxes (77,q) such that n and g are bounded together with their first and second
derivatives. These are explicitly given as follows. We define z(r) := [; 1/7'(p)dp and we
define the Riemann coordinates w; = p + z,w, = p — z. We also pass from the depend-
ent variables 7, g to H,Q as follows:

@) H+ Q) (4.11)

(«)™*(H - Q) (4.12)
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so that (4.8) becomes

H,, =aQ
{sz _ a0 (4.13)

where

,L./I r Wi —Wwy
—wy) = / ( Sl_iz ))3/2. (4.14)
8(7'(r(7%)))
Then we fix wy,w, € R and we solve (4.13) with Goursat data given on the lines w; =
‘l'_Vl and Wy = 1/_1/22

a(w,

H(wi, wa) = g(w2)
Q(wy, w2) =0,

where g is continuous and compactly supported. Then one can explicitly solve (4.13)
and get

(4.15)

H(wy,wy) = Z (A"g) (w1, wy)
.o (4.16)
Q(wy, wp) = — J a(wy, — v)H(wy,v)dv,
where the operator A acts on functions f € L} (R?) as follows:
(Af) (w1, wp) = — J J a(v —wy)a(v — u)f (v, u)dudy. (4.17)

Finally, going back to 1 and g and using our assumptions on 7 it is possible to show
([7], Lemma 2) that # and g are bounded, together with their first and second
derivatives.

Now we have a suitable family of entropy-entropy flux pair, we use Tartar-Murat
Lemma in order to derive Tartar’s equation (4.9). We evaluate (17,q) along the approxi-
mate solutions #° and compute the entropy production:

1), + (), = 0 (nr? + mppd) =02 + 02 + 20, 5p2)  (418)

Since 7, and 7, are bounded and V618, \/5p° are bounded in L?(Qr), we have

hm5<m + 71pr> =0 in H'(Qr), (4.19)
while
Hé(nﬂ(n‘?)2 1y (02)” + 21,7507 <C (4.20)
L'(Qr)

uniformly with respect to d. Thus we have obtained an equality of the form

n(u), + qu), = 1’ +¥°,
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where {3°};., lies in a compact set of H™'(Qr) and {i°}s., is bounded in L'(Qr).
Moreover, since 1 and q are bounded, {n(u°), + q(4°), }s-, is bounded in W~P(Qr)
for some p > 2.

Therefore, we can apply Tartar-Murat and the div-curl lemma (cf [16], Theorem
16.2.1 and Lemma 16.2.2) and obtain Tartar’s equation (4.9).

The final step is to use Tartar’s equation to prove that the support of the limit Young
measure Uy , is a point. This is done in lemmas 4 to 7 of [7] and leads to the following

Proposition 4.2. There exists a u € L*(Qr) such that vy, = dy4,y for almost all
(t,x) € Qr. Moreover, u® — u strongly in LP(Qr) for any p € [1,2).

4.1. Regularity

Proposition 4.3. For the function u obtained in section 4,
€ L™(0,T;L*(0,1)).

Proof. Since u’ — # in L strong for p <2, we can extract a subsequence {u’%},  that

converges pointwise to # for almost all # and x. In particular, for almost all ¢, the

sequence u%(t,x) converges for almost all x. Therefore, by Fatou lemma and Theorem
3.1,

1 1
J | (t, x)[Pdx < 1i11(n ian |u® (t,x))?dx < C (4.21)
0 = Jo

for almost all ¢ € [0, T]. 0
The proof is of next lemma is standard and therefore omitted.

Lemma 4.4. Let a(t) := t7'(3(t)). Then, the solutions (1°,p°) of the viscous system (3.1)
can be written as follows:
1

(t,x) = a(t) +J GO (2, X', 1) (r3(x') — a(0))dx’
oY (4.22)
+J J GO (x, X, t — ') (Oup (', &) — a(t)))dx'dt’
0Jo
1 ) t ol
(8, %) :J G, t)pg(x/)dx'+J J G0t — )0t (LX) dd (423)
0 0Jo
where the G° and Gg are Green functions of the heat operator O; — 00y, with homoge-
neous boundary conditions:
GO(1,%,t) = 0,G°(0,x,1) = 0 (4.24)
G;?(o,x’, t) = axG;j(l,x’, t)=0 (4.25)

forall x' € [0,1],t > 0 and 6 > 0.
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The Green’s functions G?(x,x’,t) and Gg(x, x/,t) are symmetric under the exchange
of x and x’. Moreover we have the following identities

8ng(x, K t) = —0uG(x, 4, 1), (4.26)

GO (x, %', t) = —0y G;j (x, %, 1). (4.27)

Remark. The functions G° and G‘s have the following explicit forms:

G‘) (x,%,1) Z e "% sin <\/7x) sin <\/7x> (4.28)

n odd

G“) (x,%,t) Z e 1% cos ( A"nx) cos (mx/), (4.29)

2.2

with 4, = .

Proposition 4.5. For any ¢ € C'([0,1]), the application
1

t— Iy(t) := J o(x)u(t, x)dx (4.30)

0

is Lipschitz continuous. Consequently u(t,-) € L*(0,1) for all t > 0.

Proof. We prove the statement for p, as the proof for 7 is similar. Furthermore, we
prove the proposition only between 0 and ¢, as in the general case, say between t; and ¢,
it is enough to replace the initial term p3(x) with p°(¢;, x). We let

1

Ij;(t) = J B (x)p° (£, x)dx (4.31)

0

and evaluate
1

Tg(t) — 14(0) = j J B (x) G (', £)pd ()l — j ()P (v)dx
R 0 (4.32)
_|_

L J; J $(x)Gy(x, X', t = )0 (r° (¢, x') ) dxd dt
{1 08220 s i

+Jt Jl quﬁ(x)afo(x,x’,t—t/)r( (¢, ') dxd'dt’ +J J ()G (x, 1, — ¢ )e(¢ ),
(4.33)

where we have used the symmetry of Gg as well as the property a,ng = —0,G°. The

t
< ||r||xj
0

< 7] NPl 2 (4.34)

boundary term is estimated as

Jt Jl D(x)Gy(x, 1,6 — ¢')T(¢')dxdt’

0J0

1 N
J q.')(x)G;(x, 1,t —t')dx|dt
0
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We estimate the term involving 7 as

Jt Jl Jl G (x)0Go(x, X', t — )T (r°(¢, x) ) dxdx’' dt’

0J0 JO

1 1 t , N 1 .
2ZJ A“nsin( A”M)d)(x)dxj dte(”””"J cos( inx/)f(ra(t/,x/))dx/

nodd ¥ 0 0 0
,1/2
< |||l 2 —Z(J dt' e~ (1=t 5J cos( A",,x’)r(r‘s(t',x’))dx'> ]
|~ nodd 0
- 712
1 1 — e—2t/ly,5 t 1 R
<11l |= ’ / e /
< ¢l 2’%<72/1n5 ) L dt <L cos (\/Zx)r(r (t x))dx) ]
- ,71/2
< ||| 2 tjt dtlz Jl cos( yl x’) (¢, x))dx’
B ' 2 0 nodd 0
A 1/2
10 |¢ | ar | <07y
o Jo
(4.35)
1 1/2
< gl | 07| <ol (4.30
0 1°(0,T)
where C is independent of t and 9.
In order to estimate the first term of (4.33) we write
1l
) / o / O () /
JO JO o(x) [Gp(x,x ) — (%, x )}po(x )dx'dx
o 1 o
ZJ sin ( }bnx) ¢ (x)dx(e 0 — I)J sin (\/Zx')pg (x')dx'
nodd 0 (437)
1 1
<td= Z/l J sin (mx)(b(x)dx J sin( )unx')pg(x’)dx'
nodd 0

< tl|¢'llpa100:p51l 2 < tll ¢l 2 C

where we have used the assumption that {v/60,p3}s., is bounded in L?(0,1). We have
also assumed, without loss of generality, 0 < 1.
Putting everything together, we have obtained

15(6) = 15(0)] < eC(1l1: + 1 8].2) (438)

for some constant C independent of ¢ and 6. This leads to the conclusion after passing
to the limit 6 — 0. O
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5. Proof of Theorem 2.1 and Clausius inequality

All is left to prove is that the function # obtained in the previous section is to a weak
solution of the hyperbolic system (2.1), in the sense of Section 2. Let ¥ € C'(Qr) with
Y(t,0) = 0 for all t € [0, T]. Then, for any ¢ € [0, T| we have

0= J; Ll (wp? = ye(r”), — o, ) dvds
1

= J Y(t,x)p° (¢, x)dx — J lﬁ(O,x)pg(x)dx+ (5.1)

0 0
t ol 00
=] (7 = ) = gt = | w10
0Jo 0
where we have used the initial-boundary conditions t(r’(t,1)) =7(¢) and po(t, 1) =
0,p°(0,x) = p5(x) as well as y(t,0) = 0. Since pJ converges to p, in L*(0,1), we have
1

l_imJ ¥ (0, x)pd (x)dx = J (0, x)po(x)dx. (5.2)

0—0 0 0

Furthermore, Theorem 3.1 implies v/dp? € L*(Qr), consequently [ [, 3/, p2dxds van-
ishes as 0 — 0. Moreover, (4.2) implies, along the subsequence that defines # = (7, p),

t ol ) t ol
l_imJ J l//tp‘)ddeZJ J W pdxdt, (5.3)
0=0Jo Jo 0Jo
while by (4.3) we have that
tpl tpl
limj J lpxr(r‘s)dxds:J J W, t(7)dxds,
0=0Jo Jo 0Jo

so that (1.6) is satisfied. The (1.5) is linear and it follows similarly.

Proposition 5.1. The solution u satisfies Clausius inequality
F(u(t)) — F(uo) < W(t) (5.4)
for all t € [0, T), where

W(t) = —J

0

t 1 1

#(t,x)dx — f(o)J 1o (x)dx. (55)

0

#(s) J; (s, x)dx + T(t)J

0

Proof. By Proposition 4.3, Corollary 3.1, and Lemma 4.5, we have, for all ¢ € [0, T],

Jl <Iy +F(r(t, x))> dx < liminf Jl (M +E(r (1, x))) dx (56)

1 1

< lim (f(ugk) —Jt 7'(s) Jl rék(s,x)dxdsﬁ(t)J rg"k(x)dx> (5.7)

k—o0 0 0 0

ro(t, x)dx — T(O)J

0

1 1

7(t,x)dx — 7(0) J ro(x)dx, (5.8)

0

= F(uo) — Jt T'(s) Jl 7(s x)dxds +7(t) J

0 0 0
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where we have used the fact that u$ converges to u, in L* strongly in order to conclude

that F(u3) — F(up). Moreover, all the integrals are well defined, since the application
1
t— J 7(t, x)dx
0
is continuous. O
Thanks to the Clausius inequality, the solutions we have constructed are natural can-

didates for being the thermodynamic entropy solution of Eq. (3.1) and one can conjec-
ture that such limit is unique.

6. Lax entropy condition

From (4.18), if 7 is a convex Lax entropy, we have that
n(u®), + q(ua)x > 5(11/,‘3 + nppﬁ) . (6.1)
X

If 7 grows at most quadratically, the right hand side of (6.1) vanished in H™!(Qr), and by
(4.19), for the limit we have that n(u), + q(u), > 0 as a distribution in H™*(Qr). This is
the usual local characterization of weak entropy solutions, that is independent of the
boundary conditions and does not give informations of the behavior at the boundary. Our
solutions obtained from viscosity approximation satisfy such local entropy condition.

Our point is that this local characterization should be implemented by the global
entropy production for the entropy given by the free energy n(u) = F(u), ie. the
Clausius inequality.
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